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1. Introduction. We study equilibrium solutions of 

( 1 ) u t = b.u + f (x , u , Ilu ) i n rI C Rn 

(which may be a system, u=col (u 1 ' •.. ,u p ))' with boundary 

conditions. 

(2 ) u o or Clu / aN g(x,u) on Clrl. 

and of the corresponding damped wave equation with "u +r(x)u" 
tt t 

in place of "Ut"' The equilibrium problem 

(3) LlU + f(x,u,llu) = 0 in rI, with boundary conditions, 

arethe same in each case, but the eigenvalue problem for 

the I inearization 

n 
(4) LlV+ L: b.(x)Clv!dx. + (c(x)-g(x,A))v=O in rI 

j = 1 J J 

has g(x,>..)=>.. in the parabol i c case, 

wave equation. Here 

2 
g(x,>..)=>.. +r(x)>.. for the 

Clf df 
(bj,c)(x) = (-,-)(x,u(x),llu(x)) 

Cl ß. ay 
J 

wherJe u solves (3) for f (x,y,ß 1 , ... ,ß n )· If v(x) is a nontri-
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vial solution of (4) for some ;>.. e C , then eAtv(x) is a 

nontrivial solution of the I inearization of (1), or of 

the corresponding wave equation, about the equilibrium. 

Under various hypotheses about fand g, we can prove 

that -for most choices of the bounded smooth region n -

a I I e q u i I i b r i ums 0 I u t ion s u are s im pIe an d (w i t h mo re res­

trictive hypotheses), all equilibria are hyperbolic, i.e. 

(4) has no non-trivial solutions when Re;>" =0. 

The results are far from complete, but seem sufficient 

to demonstrate that generecity with respect to perturbation 

of the boundary -holding fand 9 fixed- is a very strong 

condition, worthy of further investigation. In many problems, 

it is also reasonable to require genericity with respect to 

perturbations of fand g; some studies of this kind are due 

toUhlenbeck [5], Saut and Temam [4],Foias and Temam [1]. S~ 

me problems -such as the Navier-Stokes equation- are quite 

rigid, and it seems the only infinite-dimensional class of 

perturbations naturally allowed is perturbation of the boun 

dary. In any case, we concentrate on perturbing the bounda­

ry, though the Navier-Stokes problem is stil I out of r~ach. 

Results will merely be sketched, with no attempt at 

proof; details of the argument will be published in [2]. 

2. Differential calculus of boundary perturbations. 

Given a bounded open set noc Rn, consider the collec­

tion of all regions Ck-diffeomorphic to no (k~ 1). We in­

troduce a topology by defining (a sub-basis of the) neigh­

borhoods of a given n a~ 

his in a small Ck(n,Rn)-neighborhood 

of the inclusion in: nCR n } 
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When "h-in" k is small, h is a Ck imbedding of nin Rn, a 
C 

Ck diffeomorphism to its image h(n). Micheletti [3] shows 

this topology is metrizable, and the set of regions Ck-di­

ffeomorphic to a given bounded Ck region may be considered 

a separable complete metric space. We say a function F de-

f i n ed 0 n t his s pa c e (w i t h val u es i n a Ban ach s p ace) iso f 

c las s C r 0 r C 00 0 r a n a 1 y t i c i f h -+ F (h ( n») i s C r 0 r c'" 0 r 

analytic as a map of Banach spaces (h near in in Ck(n, Rn». 

Thus, for example, a simple eigenvalue of the Laplacian, for 

the Dirichlet or Neummann, problem in a bounded CZ region 

nCRn , is an analytic function of n (in the space of regions 

CZ-diffeomorphic to n). 

In this sense, we may express problems of perturbation 

of the boundary (or, of the domain of definition) of a bou~ 

dary-value problem as problems of differential calculus in 

Banach spaces. Specifically consider a non-linear formal di 

fferential operator Fn 

Fn(u)(x) = f(x,Lu(x) for x En, 

where L is a constant coefficient I inear differential opera­

tor of order m, say 

Lu (x) (u(x); ~(x) (1 ~j ~n) ox. 
J 

and f(x,A) is a given smooth function. We may consider F n as 

a map from Cm(n) to CO(n), or from Wm(n) to L (n) (under 
p p 

appropriate hypotheses). Then if h:n -+ h(n) C Rn is a Cm im 

be d d i n g, i tin duc e 5 iso m ° r phi 5 m 5 h * : C k ( h (n) ) -+C k (n) 

[or Wk(h(n) -+ Wk(n)] for 0 ~ k ~ m, by 
p P 

h*~ ~oh (the pul I-back of ~ by h) 
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*-1 m 0 
h*Fh(n)h :C (n) + C (n) acting in spaces independent .... of 

h. The degree of differentiability of (h,u) + h*F h (n)h"-l(u), 

m appropriate function spaces, follows from the chain rule 

and if h(x,t) = x+th (x)+o(t), u(x,t)=u(x)+tü(x)+o(t), as 

t + 0, we have 

af 0 n 0 

where Fn'(u)v(x)= ~(x,Lu(x»Lv(x) for xE n,h 01/= L: h.Cl/Clx .• 
0/\ j=l J J 

Note that, when Fn is linear, the contribution to the de­

rivative from variation of n is simply the commutator of 
o 

Fn and h 0'V. 

3. The transversal i ty theorem. 

Our "generic" results are obtained by applying the 

transversal ity (or transversal density) theorem. In the 

usual formulation, for a sufficiently smooth map (C k ) of 

separable Banach manifolds f:XxY + Z, with 

Clf/Clx (x,y):T X x T Y + TZ . Fredholm or semi-Fredholm 
x y f(x,y) 

with index strictly less than k, if I;EZ is a regular value 

of f, then it is also a regular value of x + f(x,y) for 

"most" fixed y EY, the exceptional set being small in the 

sense of Baire category. The hypothesis says whenever 

f() h d . . Df( ) ( .. ) af. Clf.. . x,y =1;, te erlvatlve x,y: x,y + axx+Clyy IS surJe~ 

tive. Thus the range R(Clf/Cly) must make up any deficit in 

R(Clf/ax (x,y». 

However, many cases arise where af/ax has index -00, 

so R(Clf/Clx) has infinite codimension and this hypothesis is 

difficult to verify. In fact, it is sufficient that the qu~ 

tient space 

Of 
R(Df(x,y» /R(a;z(x,y» 
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has suffieiently high dimension at eaeh point of f- 1 (i;") -in 

praetiee, we show it is infinite- dimensional (by eontradic 

tion). This extension of the usual transversality theorem is 

erueial for most of the results below. 

4. Generie simplieity of equilibria (sealar ease). 

For the sealar Diriehlet problem 

~u + f(x,u,vu)= 0 in ~ u = 0 in an , 

given f:RnxRxR n 7 R of elass C2 , for most bounded C2 regions 

~ (in the sense of Baire eategory), al I solutions u are sim­

ple; that is, the linerization 

n 
~v + af ( av df I ---(x u x) vu(x)) --- + ~'((xu,vu)v 

. 1 as." ax. 0 
o i n ~, 

J = J J v ° on a~ 

has only the trivial solution v:::O. 

When f(x,O,O):::O, this may be proved with the usual 

transversal i ty theorem (and was proved by the author and by 

Saut and Temam [4], who inadvertantly omitted this hypothe­

sis). In the general ease, one must show the over determined 

problem. 

~u+f(x,u,vu)=O 
dU 

in ~, u=O and aN =0 on d~ 

has no solution, if f(x,O,O)$ 0 on d~. It is easy to eons-

truet eounter-examples; but one may prove that (for fixed f), 

there are no solutions for most ehoiees of ~, exeluding only 

a elosed set, of infinite eodimension. This suffiees to pr~ 
2 

ve the result claimed. Note u 7 ~u:Ho(~) 7 L2(~) has index -00 

all harmonie polynomials (for example) being orthogonal to 

the image. This is a typieal example of a problem with Fredholm 

index -00 • 
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We have the same conclusion if the boundary condition 

requires u=O on certain components of d~, while (for exa~ 
dU 

pIe) äN = g(x,u} on other components. lt is sufficient to 

perturb only the "Dirichlet" components of d~ to obtain sim 

pIe solutions. 

lf there are no "Dirichlet" components, the problem is 

more complicated. We mention only one example, motivated by 

appl ications to population genetics. Suppose h:R ~ R has on 

ly simple zeros, and S:Rn + R is C3 with 

dS/dX. (x)=O, 
I 

d3S/dX dX dX (x)=O} 
m p q 

for all i ,j ,k,m,p,q 

empty, or of dimension <n-l. 

Then for most bounded connected C2 regions ~CRn, all solu­

tions u of 

/:, u + S(x)h(u)=O in S"l, du/dN o on dS"l 

are simple. This problem typically has "trivial" solutions 

u =constant. 

5. Generic simplicity of equilibria for a system. 

Let p > 2 and suppose f:R n xR P+ RP is smooth and consi­

der the problem 

/:'u + f(x,u)=O in S"l, u=O on (lS"l 

where u=col (u 1 ' ... ,u p)' Under various hypotheses about f 

(besides smoothness), it may be proved most solutions u are 

simple. 
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Specifically suppose fand f' are at least Cl, where 

f'(x,u) =[ <lf.(x,u)/<lu.1 P €RPxP 
I J i, j = 1 

and that x + f(x,O), f' (x,O) are at least C2 . Define linear spaces 

F C C(Rn,R P) and M C C(Rn,R Pxp ) as foliows: 

F M UM. 
j ~ ° J 

Fo s pan { f ( x , ° ) }, M =span{l ,f' (x,O)} 
o 

M j+l span { M j; <l A/<l x k for 1 < k < n, AEM/' Cl ;f' (X,O)A(X)+A~X)f' (X,O)} 

for A € M. n C 
J 

A(x)f(x,O) for A€Mjn C 1 ;f'(x,O)a(x) for 1 
a€F.nc 2 

J 

For example, M contains (at least) all polynomials in f'(x,O), 

and F contains {(polynomial in f' (x,O)) .f(x,O)}. 

( 1 ) I f {a (x) I a €F} =R P f 0 rad e n ses e t 0 f x € Rn, t h e n 

for most bounded C 2 regions rl eRn, all solutions are simple. 

(2) If f(x,O)::::O then F ={O}; but suppose for a dense 

set of x€R n , that 

a,ß€ R P , aoA(x)ß=O for all A€M => lallßI = 0. 

Then for most bounded C2 rlCR n , all solutions are simple. 

(3) If f(x,u)=f(u) is independent of x and f(O)=O, then 

F ={ O} , M 
p-l 

{ l.: 
j=O 

c.f'(O)j 
J 

c. € R } 
J 

and hypothes i s (2) 
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rarely holds. (Perhaps the only exception being when p=2 

and f' (0) has complex eigenvalues). 

In this case, assume fis C4 , f'(O) has only simple 

eigenvalues and (writing *! f(k)(O)Sk for the k-order homo­

geneous polynomial) in the Taylor expansion for f(S)) assu-

me 

for all j > 0, imply laiiSI = O. 

Then for most choices of bounded C2 ~ eRn, al I solutions 

are simple. 

For example, in case f(x,u)=f(u) is independent of x 

but f(O)~O, hypothesis (,) is verified when f' (O)jf(O) (0";;;;]( p-l) 

are I inearly independent; and this holds for most choices of 

f(O) provided f'(O) has only simple eigenvalues. If f(O)=O and 

f'(O) has two distinct real eigenvalues, for example, then hy­

pothesis (Z) fails: there exist a~O and S~O in RP such that 

T 
f' (0)0.=1..0., f' (O)S = ]JS(A~]J) and then 

o for all j > 0 but laIIßI~O. 

Consider the system with p=z 

1 
+g, (uZ)+k, (u 3 ) 

4 
lI u , + AU, + O(lul ) 0 

z 3 4 
lIu Z + ]JuZ +gZ(u )+kZ(u ) + O(lul ) 0 

with A~]J, where the g. [or k.l are homogeneous quadratic 
J J 

[or cubicl polynomials. If e, = col(',O), eZ=col(O,,) 

Ig,(e~)1 + Ikl(e~)1 ~ 0 

and Igz(e~)I+lkz(e~)I~O 
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Then hypothesis (3) holds and solutions (u 1 ,u 2 ) of this 

Dirichlet problem are simple in most bounded C2 regions. 

If p .:;;; 3, the conditions of hypothesis (3) hold for 

most choices of f"(O),f'"(O), given f'(O); but if f'{O) has 

four distinct real eigenvalues (for example), the conditions 

hold on an open, but not dense, set of fll(O) ,f"' (0). 

6. Generic hyperbolicity of equilibria. 

In some cases, hyperbolicity follows from simplicity. 

For example, suppose the (scalar) problem 

/;,v + (c{x)-g{X,A))V=O in ~ , v=O or Clv / ClN y{x)v on Cl~ 

has a non-trivial solution v(x) for some A with Re A=O. We 

assume c(x) and y(x) are real-valued, and then multiplica­

tion by v and integration by parts yields J~(lmg) Iv 12 = O. 

In the parabolic case g{X,A)=A we conclude A =0; for the 

damped wave equation g(X,A)=A 2 +r(x)A we conclude either 

A=O or J~r(x)lvI2 = 0, so if r{x»O somewhere in each com-

ponent ~, we again conclude that A=O, and simplicity im-

plies hyperbolicity. 

Consider now some problems which are not (formally) 

self-adjoint. 

For the 

n 
/;,v + L 

j = 1 

inear problem 

b . (x) 
J 

Clv/Clx. + (c{x)-g(X,A))V=O in ~, v=O on 
J 

with bj,c,m,r real-valued and C2 ,g{x,A)=m{x)A 2 +r{x)A, if 

either m:::O and r{x);<fO on a dense set (the parabolic case) 

or m{x);<fO and r{x);<fO on a dense set (the damped wave equa­

tion), then for most choices of ~, the above problem has no 

nontrivial solutions with ReA=O. This assumes the b.,c,m,r 
J 

are given independent of ~. 
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The more interesting ease is when the equation is ob­

tained by linearization about some equilibrium of a nonli­

near problem. 

Consider the equilibrium problem 

n 
ßU + E b.(x,u)au/ax. + e(x,u )=0 in n, u=O on an, 

j = 1 J J 

where the b.(x,u),e(x,u) are given C3 funetions, so we assu 
J 

me 1 inear dependenee on Vu in f(x,u,Vu) - this greatly simpll 

fies the problem, making if sometimes solvable. Speeifieally 
2 

if C(x,O)~O on a dense set and g(x,~)=m(x)~ +r(x)~ as befo-
2 re with r(x)~O on a dense set, then for most bounded C re-

n 
gions nC R , all solutions u of the above non-linear Diriehlet 

problem are hyperbol ie, so the 1 inearization of 

m(x)utt+r(x)u t = f'.u + b(x,u) oVu + c(x,u) in n, u=O on an 

about any equilibrium has no non-trivial solutions of the 
At form e v(x). If e(x,O)~O, the zero solution will be hyperb~ 

1 ie for most n, but I have no information about the non-zero 

equil ibria (unless we also perturb e). There is also no in­

formation about the ease when f(x,u,Vu) has non-l inear depe!!., 

denee on Vu. Clearly, much remains to be done. 
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