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This is an account of some aspects, methods questions arid ideas 
related to the theory of vector fields It doesn't claim to be complete 
Rather, it gives a tendentious view of some phenomena known for a long time 
The main topic in this introduction will be related to certain complex vector 
fields over manifolds of dimension 3, and how they can be understood using 
some complex manifolds techniques Most of it is based on (FI.
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1 Introduction

f.l Root vector Yields.

To start with, consider the physically Intuitive concept of real vector 
field. Let M be a manifold and Til its tangent bundle A reel vector field is 
simply a differentiable section L : tt -»TM. At this stage. It is belter to 
suppose everything is in the C00 category

If we choose local coordinates around a point P, say (x1,... , x^) in a 
manifold of dimension n, we ore allowed to write a vector field in the 
following form

L(x) = J a\x)-i-
3xi

It is clear then, that it is a linear first order partial differential operator 
with reel coeficients The study of such vector fields is multiple in the sense
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that we can either study equations of the form Lu=f, where u and f are 
functions defined over the manifold, or study integral curves x(t), satisfying 
locally the equations

i
dx(t) i

= a (x(t)).
dt

The problems related to the integral curves are properly studied by the theory 
of dynamical systems. Observe that the field L has the same integral curves 
as the vector field hL, where h is a nowhere vanishing function, also, the 
equation hLu=f has the same solutions as Lurfh"’. This leads us to introduce 
the direction field os the primary object of our study, that is, subbundles of 
codimension 1 of the tangent bundle, which we will denote also generically by 
L. A nowhere vanishing vector field L defines clearly a direction field, but 
there ore direction fields which are not defined by any vector field as we see 
in the following figure of a direction field on (^-{(0,0)}.

We soy that two direction fields L on M end L‘ on M’ ore equivalent if 
there exists a diffeomorphism + : M -* M' such that ##(L) = L' In terms of 
vector fields P and P*, that might define the direction field, we have that 
♦#(P) = hP', where h is a nowhere vanishing function.

Although the two problems, solving equations and finding integral 
curves, seem to be of different nature, they ere related. Consider the cose of 
a nowhere vanishing vector field L If u(x) is a solution to Lu=f (*) on an open 
set A of M, then restricted to the integral curves x(t) we hove

i
du(t) ax au au— = e(x(t)) — = f •«

dt i iat ax ax
Therefore, to solve the partial differential equation *, it Is enough to give 
initial values on a hypersurface of codimension 1 transversal to the vector 
field and solve the ordinary differential equations **

There is a greet local simplification of the problem in this case 
Locally, all nonvanishlrig vector fields, on a n-dlmenslonal manifold, ore 
equivalent (up to multiplication by a nonvenlshlng function) to the vector
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field d/dxn on R" In this cose we ore free to dedicate ourselves to global 
problems

1.2 Complex vector fields in dimension 2.

A complex vector field on o manifold M is on expression of the form 
L= L,4 il_2, where L,and L2 ore real vector fields on M. We con define it then os
o section L : M -* CTM, where CTM is the complexified tangent bundle We 
ogoin consider everything within the C°° category

The first important observation is that we don't hove any more 
integral curves associated to a general complex vector field. On the other 
hand we continue to have the equation Lu = f to solve.
The first example to keep in mind is the Couchy-Riemonn field

L -4-if—+i—) 
az 2\8x ay/

defined on on open set Q c R2.
As in the case of real vector fields, we soy that two vector fields L 

on M and L‘ on M' ore equivalent if there exists a diffeomorphism +: M -> n 
such that 6#(L) = hL', where h is 0 nowhere vanishing function.

The simplest case to be considered after that, is the generalization of 
the Cauchy-Riemonn field in the sense that L,and Lj are linearly independent
at each point It is surprising that it is not essentially different from the 
Cauchy-Riemonn operator. For a proof of the following theorem end 
generalizations to higher dimensions see [H] We assume L= L, ♦ L2.

Theorem 1.2.1. If Lt andLs ore linearly independent real vector fields on t 
manifold of dimension 2, then locally L is equivalent to the Cauchy-Riemanr 
field on the disc D = {>c * tf < !}

Corollary 1.2.1. //Lf endl , ore linearly independent reel vector fields on 6 
manifold of dimension 2 then L defines a complex structure on ft

Using the theory of Riemann surfaces, we are able to prove the following

Theorem 1.2.2. If L is a complex vector field, generating a complex structure 
on a manifold of dimension 2. ends? c fl is an open non-compact subset, then
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D the equation Lu=f is always solvable on O
21 the equation Lu-0 has many solutions on j?. Precisely, we can use thost 
solutions to construct a proper hoiomorphic embedding of Q in Cn. for some n

In more general cases, that is when L, and are not linearly independent, we 
don’t have the complex structure to guide us. It might happen that the 
equation Lu = f is not locally solvable for some C°°-functions f, even if it has 
analytic coefficients and is nonvanishing at every point. Also, the 
homogeneous equation might have only constant solutions The phenomenon of 
local nonsolvability was discovered by Lewy in 1957 (Lw) in complex vector 
fields over manifolds of dimension 3 Later it was shown that this 
phenomenon ocurred also in dimension 2.(1G]) The simplest example is the 
hizohata operator

* * *L -—+ ix—
dx *y

For this example see INI). For the example of a field with no nonconstant 
solutions to the homogeneous equation see also INI). For further results on 
general complex vector fields in two dimensions see IT).

1.3 Complex vector fields In dimension 3.

A complex vector field in dimension 3 has a disadvantage with 
respect to the previous two cases While the Intuition for real vector fields 
is the strongest, complex vector fields in two dimension manifolds have the 
well developed theory of Riemann surfaces as an experimented guide.
Our first need is to find examples where such vector fields naturally arise 
Those models will be 3-real-dimensional submanifolds (hypersurfaces) of 
complex manifolds of complex dimension 2.

Consider the complex manifold C2 = { (z,,^) I zx,z2 «C ). The

complexified tangent bundle CTC2 has a special subbundle of complex 
dimension 2, that is the space V»°C2 generated by the vectors d/dz) and d/dz^

(observe that nonzero vectors in this space hove linearly independent real and 
imaginary parts). Consider now a hypersurface ncC2 The intersection A ■ 
CTfl r> T1,0C2 ore the vectors tangent to M which are linear combinations of 
d/dz] and d/dz2 Observe that dimA = dimCTfl ♦ dimT''°C2 - dim(CTM u 
T1 '°C2) i 3+2 -4=1. On the other hand dimA s 1 because A is properly
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contained in T’^C2 We conclude that dimA = 1, that is, locally, A is 
generated by a complex vector field with linearly independent reel end 
complex parts

Examples.
1) Consider R5 = {(z,,t) I z, « C, t « R} c C2. In this cose A is generated by 
the Held d/dz. We have, then, a foliation of R3 by complex planesi
2) Consider the sphere S3= {(zt,z2)eC2 I |ztP * IZjPr I). The distribution A is 
generated by the field

Zjd/dZj - z^/d?,

We have given an interpretation to vector fields over 3-dimensionel 
manifolds We now give the more general definition of a Cauchy-Riemann 
structure, which is the analogous of the direction field in the case of real 
vector fields.

Definition 1.3.1. A CR-structure over a manifold ff is a suhhundie a of the 
comploxi tied tangent bundle CTtl such that 
Da nA = { 0)
2) A is ineolutive. that is, if L andL ' are local sections of a , then so is [L,L'J.

Some comments are due concerning this definition 
interested is when the subbundle is of rank I, that is, it is generated locally 
by a complex vector field In this case condition 2 is vacuous, and condition 1 
simply means that this complex vector field has linearly independent real and 
imaginary parts We will mostly deal with manifolds M of real dimension 3. 
The two examples above are opposite in the sense that the first manifold is 
foliated by Riemann surfaces and in the second manifold does not contain any 
Riemann surface To exclude the first cose we will assume o condition 
called pseudoconvexity

The cose we ore

Definition t.3.2. A CR-structure a over a 2-dimensional manifold fl is 
strict lu pseudoconvex if for any local section L generating a we have that L, I 
and fl .Tjare linearly independent

Example Considers3 with the CR-structure generated by the field
L = z}d/dz2 - z2d/dz1 Where z^Cx^y,), z^x^) 

Then (L,I] = iL? , where L? =. Xjd/dy, - yt d/dxf ♦ x2d/dy2 - y^/dXj 
It is easy to see that L, L and are linearly independent, therefore L defines
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6 strictly pseudoconvex CR-structure on S3

We associated a CR-structure to any hypersurtece in C2, the natural 
question to ask is whether a CR-structure is always obtained in this way We 
will frequently confuse the notion of a CR-structure A on a manifold and a 
complex field L which generates the subbundle.

Definition 1.3.3. 1) A CR-structure A over M is equivalent to o CR-structure 
A over hif there exists o difIsomorphism F. h-*h' such that f, (A ) = a :
2) We say that a CR-structure l on a manifold h is emheddahle if there existi 
an embeddingF:h -*Cn for somen. where f# (L) * T1*°Cn.

.V A CR-structure on h is locally emheddahle at a yiven p • 11, if there exists 
a neighborhood of p which is emheddahle.
4) A complex function f h ->C on a manifold with CR-structure L is said tc 
he a CR- function if L f=0

Of course, the existence of many solutions to the homogeneous 
equation is a necessary condition for the existence of on embedding

CR-structures os boundaries of complex manifolds were first 
studied by Poincarfc in 1907 [P], where he showed that the polydisc is not 
blholomorphic to the boll in two complex dimensions. The abstract definition 
of the boundary as a CR structure on a manifold is essentially in E Carton |C), 
where it is given a classification of the 3-dimensional homogeneous 
structures. We will not deal in these notes with the problem of 
classification (see 1C-M1), rather, we will analyse the problem of embedding, 
or in other words, solving the homogeneous equation The following example 
will be essencial in further development.

Example. The quadric in C2 is the real 3-dimensionol manifold defined os Q 
= {(z,,Zj) « C2 / ImZjsIZjP) ond its CR-structure is given by the complex 
vector field

1 J- - 27, J-

The quadric Q is CR-equivalent to sMp) c C2 , where p=( 1,0) e C2 , by 
the following transformations 

t\ - z2-i / z2+i
If we choose coordinates (z,t)=(z,,Rez2) we gel the following CR-structure on 
R3 equivalent to the quadric

Z r
dz,

$ = 2z, / z2+i
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Lii-izA
ataz

We will start giving the fundamental examples of global non-embeddebility 
and local non-embeddebility.

1.4 Local solvability

We will follow (JT1, Lw] closely in this section Consider the vector 
field L of the previous example over R3

Theorem 1.4.1. L is not locally solvoble.

Proof ODserve that L is real analytic, therefore the equation Lh=f is always 
solvable if f is analytic by Ceuchy-Kowalevski To prove the theorem we will 
construct a C°°-function f which rends the equation with no C1-solution 
We observe that the functions z and w = t+ilzp are solutions of the 
homogeneous equation LhzO, and that the forms dz and dw are linearly 
independent at every point As Lh=0 is equivalent to dh(l)=0 and the 
dimension of the space which annihilates L has dimension 2, we must have dh 
= pdz ♦ qdw Fixing w = t+ilzf2 we get a circle in the z-plane which we denote 
by r(w). Consider a sequence Tn of disjoint tori converging to the origin
obtained as in the figure usinp a sequence of circles In the w-plane

•L

Let f be a C°°-function which vanishes in the complement of the tori end is 
strictly positive the interior of each torus 

We claim that, if r(w) doesn't intersect any torus
hdz = 0

We first prove that it is holomorphic in w in the complement of the full 
circles, we parametrize r(w) end note that if h is a CR-function

/
r(v)
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Hhdz' = -= hz*d8

= f (h^e*h2epd0= f (pz^e-h^pd6+ f*"(hz;)ed0
■'* ■'i

= C (pz^z, -pz*z^)d8 = 0
*•

/, hdz‘ is holomorphic in w.

Observe now that in the real axis of the w-plane r(w) degenerates to a point 
By Redo s theorem we obtain that

■C(w)
Inside the tori Tn we have Lh=f > 0 We compute

j| (Lh)dzdzdt = (h*- izht)dzdzdt = -id(hdzdt)*^ d(zhdzdz)

= -i f hdz(dt * izdz ♦ izdz) = -i f hdzdw 
■/3Tn

Therefore, r(v)

hdz = 0

0 <

k- -vhdzdt ♦ zhdzdz

Parametrizing each torus using two circles with parameters y for the circle 
in the w-plane and o for the circle in the z-plene, we get

-f, w^dti = Jl f = f if
S xS S s s 1

= / I
'3T„ hdz)wKdp = 0hdzdw r(v)

a contradiction. We conclude that there is no C’-solution.

1.5 Local non-embeddability

We will follow !JT1] to show that a smell deformation of L as above 
gives a CR-structure on R3 which is not locally embeddable at 0

Consider the same sequence of tori Tftas in the section above and the
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same function f Define the vector field L, which is equal to the standard one 
outside the tori and is defined os 

Lf = -4 on Tn when n is even
atdz

= fi-.-i -izi- on Tn when n is odd

Theorem 1.5.1. Lf is not locally embeddable at the ong/n.

Lf dz ataz

Proof. Suppose, by contradiction, that the CR-structure, in a neighbourhood of 
the origin, defined by this vector field is embeddable in C°, for some n. There 
should exist a CR-function h, such that the gradient at the origin is 
nonvanishing Suppose ht(0) * 0 Then, using the integral computed above, for
even n
0 = ^(LhXJzdzdt = (h^-izht-fh^dzdzdt = - fhtdzdzdt)

Suppose that t^(0) or ^(0)
Computing now for n odd 
0 = f (Lh)dzdzdt = / fhrdzdzdt

This contradiction shows that this CR_structure is not locally embeddable at 
the origin

* 0 for large n 

are nonvanishing this means that 1^(0) * 0

* 0 for large n.

This surprising phenomenom was shown for the first time by Nirenberg [N], 
although an example of a globally non-embeddable CR-structure was known 
before (see bellow) This situation was further analysed by Jacobowitz and 
Treves (JT1,2| to show that, in fact, non-embeddable CR-structures are, in 
some sense, dense in the space of CR-structures over a 3-dimensionel 
manifold
embeddebiiity occurs always in dimensons i 7 ( for CR-structures of reel 
codimension l)[k) {A], but the 5-dimensionel case is unsettled

In the higher dimensional case, it is known that local

1.6 Global non-embeddobility

In IBM) Boutet de Monvel showed that any compact, onentable 
d-dimensionel, d > 5, strictly pseudoconvex CR-structure (of reel codimension 
1) is embeddable in some CN By a result of Harvey and Lawson (HL). this
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memfold is the boundary of a subvariety in On the other hend 
3-dimensional
embeddoble (they ere even not locelly embeddeble in generol os we've seen 
above), the first exemple is ettributed to Andreotti in [R], This exemple is 
actually in the list of homogeneous structures of Certan, but by thet time it 
wes uncleer whether it wes embeddoble or not.

In this section we follow 16] to show thet Rossi's exemple is not

compect orienteble CR-menifolds ere not necessonly

embeddeble.

Example. Consider the field L = Zjd/dZj - z^/dz, defined over the sphere S3
This is e strictly pseudoconvex CR-structure on the sphere. We define o 
l-poremeter family of fields by ^ = L ♦ tL , where t is a complex number in 
the unit complex disc. It is easy to see that this new field defines a strictly 
pseudoconvex CR-structure

Theorem 1.6.1. Zf defines nonembeddobie CR-structures for t*0 Precisely., 
solutions (o Zffi - 0 ore even functions.that is. hizf.z,J = hi -zf, -z.J.

Proof Observe that S? is diffeomorphic to the group SU(2) As e matrix 
group we-can write

Zl -22 
22 2t

such thet|zif* |zaf = 1SU(2) =

end this gives a diffeomorphism with S3 . This is also o representation of 
SU(2) acting on C2. We define the action of SU(2) on L2(S3) by g.f(x) = f(g" lx) 
II is easy to see that the operator L defined above is invariant by this action, 
in the sense that it commutes with the action. Therefore ^ also is invariant 
To analyse the equation ^h=0 we decompose L2(S3) in irreducible factors and 
take advantage of the invariance of the operator Zt

It is known that L2(S3) = X Hp*q, that is, a direct sum of irreducible
p+qio

representation spaces of SU(2) of dimension p+q*1(the spherical harmonics), 
where each Hp'q is the restriction of harmonic polynomials on C2 of type (p,q) 
to S3 Noting that L( HM) c Hp‘1/q4t end is nonvanishing, we conclude using 
Schur's lemma, that L . Hp'q -> Hp_1'q+1 is an isomorphism for p-1 > 0 and q i 0. 
We have, by the same reason, L Hp'q -» HP41,9'1 an isomorphism for q-1 > 0 
and p 2 0
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As = Z HM is on Invariant subspece of l2(S3), to solve the equation

hM, where rZ,h=0, it is enough to solve for h^H*. Assume h= Z

We show that for k odd h = 0. Decomposing the equation Zth=0 we get 
0 s L< )

-tL( h*'0) = L( hk'2'2)
(k,o)
(k-1,1)
(k-2,2) -tL( h*'"1'1 ) =L(h^-3^)

(l,k-1) -tL( h2'k"2) = L( h°>)
(0,k)
If k is odd, clearly the only solution to this sistem of equations is h = 0 In 
section 3 we will give a different proof of this theorem, and will relate it to 
the local non-embeddable examples

—tL( h" ) rO
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2 Stein Manifolds

2.1 Topology.

We sow the phenomena of locol ond global non-embeddability It is 
not cleor that the examples we showed hove a common source, especially 
because the global example is in the analytic category, while the locol 
example is a C00 phenomenon. Our goal, from now on is to unify both 
phenomena in a common source. In particular, we will obtain locol examples 
by pasting global examples. In some sense, we gave priority to global 
examples and tried to identify a possible mechanism for it.

Strictly pseudoconvex CR-monifolds arise naturally as boundaries of 
Stein spaces (see bellow) By a theorem of Andreotti-Fronkel-Milnor IMI), if 
a Stein manifold is simply connected its boundary is also simply connected in 
dimensions > 2 This is not the cose in complex dimension 2. We will give a 
construction of non-embeddable compact and non-compact 3-dimensional 
CR-structures arising from covers of boundaries of simply connected Stein 
manifolds of dimension 2. The construction arises naturally from surface 
singularities whose links ore not simply connected. Specifically, we show 
that there ore deformations of the CR-structures on the covers of those links 
such that the CR-functions ore invariant by the covering group We also show 
that the series Ap of singularities gives rise to the existence of locally
non-embeddable structures. The construction is based on the possibility of 
pasting CR-structures analogously os to what happens In the theory of 
Riemann surfaces.

Stein manifolds ore generalizations of open Riemann surfaces to 
higher dimensions. In the sense that they hove plenty of holomorphic 
functions.

Definition 2.1.1. A complex manifold S is a Stein manifold if there exists a 
proper imbedding i S -» Cn, for some n.

We recall that a a map is proper if inverse images of compact sets are 
compact It is important to have on intrinsic characterization of Stein 
manifolds, because the existence of an embedding is difficult to verify This 
is the result of Greuert's deep theorem |Gr). We will need some definitions 
before stating it
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Deftnftion 2.1.2
1. A C function f Q -* R, where O c Cn is a domain, is strictly 
piurisubharmonic (spsh), if for any point in fi, the complex hessian

2
b 1— is positive definite.

dz^zj
2. A r function f : M -» R, defined on a complex manifold is strictly 
plurisubharmomc, iff in local coordinates it is strictly plurisubharmonic.
3 A strictly plurisubharmomc function f on M is an exhaustion function, iff 
the set ( x « M / f(x) < c } is compact, for any c « R.

Examples
1. Every open Riemann surface is a Stein manifold.
2. The function f=lz,l2* ... *\Zj)2 defined on Cn is strictly plurisubharmonic 
More generally the distance function from a fixed point PQ to a proper 
embedding of a complex manifold M c Cn is a strictly plurisubharmonic 
exhaustion function for each fixed P0 in o dense subset of Cn - M. The 
converse of this result is Grauert’s theorem.

Theorem 2.1.1 .IGr] // S is a complex manifold which has a strictIj, 
p/unsuhharmomc exhaustion function, then 5“ is a Stein manifold.

The strictly plurisubharmonic exhaustion function can be eproximatedby a 
Morse function, that is, a function with no degenerate critical points. This 
gives us imediately an information on the topology of a Stein manifold

Theorem 2.1.2JM1) If S is a Stein manifold, then S is homotopic to o 
CW-complex of d)mention n

Proof. Consider a splush exhaustion function f: S -> R, which is furthermore 
a Morse function. If we introduce local complex coordinates z^ri^ » lhe 
real hessian can be written as

2a2*2
b 1

2
d fa f a f ♦2■cufcj+2---------afip---- -—fliL = 2Re

dx^axj J ax,ay3 y ay^ay, J
where w^rip, The last term on the right is the complex hessian which we

=T" WjWjWiWj
dZ|dZj az^azj

suppose positive It remains to analyse the first term on the right. Observe 
now that if (w,,..wn) is an eigenvector of this term with negative
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eiqenvoiue then flw,... Jw.) will h.ve positive eigenvB,ue We therefore hove

mrse theory we conclude thot S 1s homotopic to o CW-complex of dimention

n.
The problem of classifying by homotopy types Stein manifolds Is not 

completely solved. Some partial results were already obtained in 16) and 
recently in (EH.

In the next section we will examine a phenomenon which occurs at 
neighborhoods of boundaries of Stein manifolds, we then give background on 
the topology of the boundaries.

Let X be a topological space. Suppose X is a relatively compact subset
of a larger space Y. We say that on open set V c X is a neighborhood of ex if It 
is the intersection of a neighborhood of 3X in Y and X. A distinguished 
neighborhood of ax is defined to be such a neighborhood which doesn't have 
relatively compact components in X. If X is not e subspace of a larger space 
we still can define a distinguished neighborhood of the boundary of X os on 
open set V such that V = X - K , where K Is a compact in X and there are no 
relatively compact components of X - K. We say then thot V is a neighborhood 
of ax, as we will consider only distinguished neighborhoods.

Observe that this definition doesn’t imply thot the neighborhood is 
connected. As an example, consider the cylinder S^O,!) which clearly has 
neighborhoods of the boundary which have two connected components. As ony 
open Riemenn surface is a Stein space, there aren’t restrictions on the 
possible boundaries of 1-dimensional Stein spaces. In particular, as in the 
cose of the cylinder, the boundary might not be connected. The situation 
changes completly in higher dimensions. In foct we hove the following 
theorem, where we identify, by abuse of language, dS with a neighbourhood of
as.

Theorem 2.1.3.|f11 ] If S is a Stem manifold of dimension n, then nfl‘ dS) r C 
forr<n

Proof Consider on S a strictly plurisubharmonic exhaustion function f with 
no degenerate critical points and nonvanishing everywhere If the dimension 
of S is n, the function 1/f doesn't have also degenerate critical points and the 
Index of these Is i n. Therefore given any neighborhood V of as, by Morse 
theory, S is homotopic to a space obtained by attaching a finite number of
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cells of dimension i n to V. This implies that «^(S) = nf(V) for r < n.

2.2 Covers of boundaries of Stein manifolds

In this section we will examine a phenomenon which occurs at 
neighborhoods of boundaries of Stein manifolds f^ost of our notation is token 
from (GR] which will be used olso os basic reference

As we will wort with spaces with singularities we recall now the 
definition of a complex space ( for a complete treatment see (GRl). Let A c 
Cn be a domain. A subset V c A is on analytic subvariety if every point a « A 
has a neighbourhood N# such that N^n V s { z • I f,(z) = f2(z) s ... = fB(z) = 
0 }, where the f,(z) ore holomorphlc functions. A continuous, complex valued 
function on on open subset of V is said to be holomorphic if it is locally the 
restriction of a function holomorphic in A. A complex space Is a space 
modeled locally os on analytic subvariety of Cn A Housdorff topological 
space X is colled a complex space if every point has a neighbourhood such that 
it is a an onolytic subvariety in some open subset of Cn. Moreover, we 
consider holomorphic functions on X, locally, os pullbacks of holomorphic 
functions on these onalytic subsets. A complex space is said to be reducible if 
it con be written os a union of two complex spaces A point in a complex 
space is called regular if the there is a neighbourhood of ft which is a 
manifold, and is called singular if it Is not regular.

Ws ere interested on boundaries of Stein spoces We hove already 
seen that the topology of the boundory is reloted to the topology of the 
interior of a Stein manifold. Although we deduced this fact from the 
existence of a strictly plurisubhermonic function, it is interesting to get 
those results in a more direct way, relating them to complex function 
theoretic properties. One of the fundamental results responsible for this is 
Hartogs' extension theorem for which we give the following version

Theorem 2.2.1. ( Sunning - fiossi, th VH 04) Let Sbe on irreducible Steir. 
space of dimension n > /. Let h be o localfy bounded function defined ant 
holomorphic on the regular set of a neighborhood of JS Then, there is t 
locally bounded continuous function defined on the set of irreducible points Oi 
S end holomorphic on the regular points

An immediate consequence of this result is the following corollary, a
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special case of theorem 2 1.3.

Cord 1 ary 2.2.1 L et S be e connect ad Stein manifoid of dimension strict ft, 
greeter then i. Then e neighborhood of iS is connected.

If M is a subvariety of a domain in Cn we soy that aDefinition 2.2.1
continuous function on M is strictly plurisubhormonic if It has a continuous 
extension to a strictly plurisubhormonic function on the domain.

Patching together this definition we define strictly plurtsubharmonic 
functions on complex spaces as we defined on complex manifolds

Definitions 2.2.2
Let X be on analytic space and M on open subset of X. Let ^ « ah We 

soy that h is stnctly pseudoconvex ( strictly pseudoconcove ) at x0 if there 
exists a neighborhood U of and a strictly plurisubharmonic function f 
defined on U such that

finU = { x « U / f(x)<f(x0))

( hnU = {x « U / YOOXGfa)))
If at every point a boundary component B is strictly pseudoconvex ( strictly 
pseudoconcave ) we cell B strictly pseudoconvex ( strictly pseudoconcove ).

Let X be an analytic space and V a component of a neighborhood of ax 
We soy that the boundary at V Is pseudoconvex (pseudoconcove) If there exists 
a strictly plurisubhormonic exhaustion function f defined on V, that is, 
for every c « R , the closure of (x / f(x) < c } ((x / f(x) > c }) in X is 
compact.

The two definitions are related as the following lemma shows On the 
other hand, there are domains In Cn which ore pseudoconvex at the boundary 
but do not hove a strictly pseudoconvex boundary

Lemma 2.2.1 IR1. Let X be on analytic space and h an open subset of X. Let B 
be a strictly pseudoconvex boundary component of M then there exists a 
neighborhood of B with a strictly pseudoconvex exhaustion function

Definition 2.2.3. Filling a hole Let M be a complex space and suppose V is a 
component of a neighborhood of eh. If the boundary at V is not pseudoconvex
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we soy that there is o hole at V We say that the hole at V can be filled if M 
is biholomorphic to on open set, which is denoted M by abuse of language, of a 
complex space M such that the closure of H - U is compact, where U is the 
complement of V in M. Observe, therefore, that a pseudoconvex boundary is 
not considered to be a hole.

Function theory on spaces which hove boundaries with many connected 
components which ore not pseudoconvex is not completely understood. One 
approach is to try to fill the holes and get a simpler manifold. This, however, 
is not always possible as is shown in the following proposition which is 
essentially in |A-S], but for convenience we give a version adopted to our 
purposes. First, we collect some definitions.

Definition 2.2.3. A surjective holomorphic mapping n : X -* V of complex 
spaces is colled a cover if each y « Y has a neighborhood U such that n maps 
every connected component of n'Vu) biholomorphicolly onto U.

Definttion 2.2.4. An open, proper and discrete holomorphic mopping n: X -e Y 
between analytic spaces is called a finite branched cover if there exists a 
nowhere dense analytic set A 1 V such that if1 (A) is nowhere dense in X and 
«: X- nT*(A) -» Y-A is a cover. The set A is called the branch locus

Proposition 2.2.2 Let S be o simply connected Stein menifoid of dimension 
greeter then or eouei to two.

Let V be e neighborhood of fS.
Suppose thet n: ft V is e nontnvieJ drenched coyer by e complex 

spece with discrete brench /ecus
Then the holes of ft cennot be filled

Proof Suppose we could fill the holes of 11. We can suppose then the 
existence of an embeding it1->B such thetfl-M is compact. Observe that {1 is 
a modification of a Stein space with isolated singularities ( Gunning - Rossi, 
th. IX C 4). We may then os well suppose that |1 is a Stein space with a 
discrete set of singular points Using Hortogs' extension theorem we obtain 
the extension of a; n :tl->S We claim that n is proper To see this, let F 
be a compact in S. In particular it is closed and is contained in the 
complement a neighborhood of dS Therefore its Inverse image is a closed set 
in H which is contained in a compact set of fl, namely, the complement of a 
neighborhood of the strictly pseudoconvex boundary of {1 As n is proper by
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the proper mapping theorem its image is an analytic space and therefore it is 
surjective because its image contains an open set. We conclude that n is a 
non ramified cover of S outside a subvariety A. But observe that in a 
neighborhood of the boundary of ft the cover is non-ramified outside a 
discrete set by hypotheses. This Implies that A is a discrete set Deleting 
those points from S we get a non-ramified cover of S - A which is still 
simply connected, a contradiction.

We compare now proposition 2.2.2 with the following proposition by
RossilRJ

Proposition 2.2.3. Let ff be a relatively compact subspace of an analytic 
space of pure dimension n>2 with boundaries fff and where fff is strictly

pseudoconvex and B£ is strictly pseudoconcave. Then the pseudoconcave holes 
of ft can be filled

The proof involves essentially two ingredients. First, the fact that 
holomorphic functions separate points near a strictly pseudoconvex 
hypersurface of on analytic space of dimension 
the cohomology group H'(M,0) in dimensions > 2. Apparently, it is not known 
whether this proposition is valid In dimension 2 if we assume that 
holomorphic functions separote points in H. We then get the following 
corollory generalizing corollary 2.2.1.

> 2. Second, the finiteness of

Corollary 2.2.2. Let S be a simply connected Stein manifold of dimension 
strictly greater than 2.

Let V be a neighborhood of dS such that V = S - K with aK strictly
pseudoconvex

Then nfCV) doesn t have subgroups of finite index.

This corollory is o special cose of theorem 2 1.3 In fact, n,(V) is 
trivial in this case, and generaly n^S) = r,(V) for dimensions > 2

We conclude that the situation occuring in proposition 2.2 2 happens 
only in complex dimension 2. In complex dimension 2 we can also obtain a 
more general version of proposition I, namely, if ti,(V) is diferent fromn,(S)
and M covers V with covering group 6 such that no subgroup of n^S) hes the 
some Index then the holes of n can not be filled

The fact that we cannot fill the holes of n as in proposition 2.2.2
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implies, In particular, that M is not an open set of a Stein space We might 
suspect, then, that holomorphic functions don’t separate points of M. As the 
next proposition shows this is indeed what is happening. As a preparation, we 
need the following lemma

Lemma 2.2.1. ( IKK) prop 71 15 ) If f X Y Is a holomorphic mapping 
between analytic spaces end r’dyeY, yOy is not normal}) is a nowhere dense 
subset of X, then there exists exactly one holomorphic mapping f between the 
normalizations such that the diagram below commutes.

* 1

inn)

fX Y

Proposition 2.2.4 Let S fie o simply connected Stein manifold of 
dimension 2.

Let V be & neighborhood of JS.
Suppose thet m il -+ V is a finite nonremified cover of complex 

manifolds Then holomorphic functions of M ere pull-backs of holomorphic 
functions on V.

Proof Consider a holomorphic function f: M ->C end assume thet f separates 
2 points over a point in V We will construct a ramified cover of S using f. 
Let n be the degree of the cover n : n -» V. Over each point of V there are, 
therefore, counting multiplicities, n values of f. In other words over each 
point z • V the values of f satisfy a polynomial P(z,w) of degree n in the 
variable w Using Hertogs extension theorem we obtain a polynomial P(z,w) 
defined on S.

Consider now the set 
W=((z,w)«SxC / P(z,w)=0) 

with the obvious projection p W-»S
W is a subvariety of SxC therefore It has a natural structure of an analytic 
space. Moreover it is a Stein space which might have singularities. Let 
nif->W be the normalization of W The singularity set A of & is discrete 
(Laufer, th. 3 12).

Observe now thet we have a natural map F: H ■» W; F(x) = Gi(x), f(x)).
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The singularity set of W is a proper subvariety T c W. We will prove that 
Fl(T) is nowhere dense. Observe that p(T) is a proper subvariety by the 
proper mapping theorem , therefore n_1(p(T)) 1s a proper subvariety 
because n is a local blholomorphlsm. But clearly n~l( p(T)) c F’(T), so that 
we conclude that F'CD Is nowhere dense. By lemma 2.2.1 applied to our case 
we get the map £: n -> Jtf. such that the following diagram Is commutative

Therefore, over V we have also the commutativity of the diagram below

Observe that F : H -* W|y is surjective and as £: H -» jtfjy is proper, 
we conclude that £: n -> Jtflv Is also surjective.

As n is a nonromified cover, we conclude that p*n is a branched cover 
with romificotion set at most a discrete set contained in A over V. We 
arrived at a situation contradicting theorem 2.2.2 because fills the holes of 
Uy which has only isolated singularities This implies that f con not 
separate points.

We will need a more general form for proposition 2 2.4. The idea is to 
cut open neighborhoods of the boundary and construct new manifolds by 
pasting them together. The following version will allow us to carry on this 
construction by showing that the same conclusion of the proposition above 
holds if we have a cover of just a large enough piece of V.
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Let S be a simply connected Stein manifold 01Proposition 2.2.5
Oimenswn 2.

Let V be o neighborhood of dS.
Let Tc V beec/osedset such that

1) holomorphic functions on V- T extend to V-F. where F c T is closed
2) V-F contains the boundary of a Stein manifold.
JJ S-F is simply connected.

Suppose that a. ft-.* V-T is a finite nonramified coyer.
Then holomorphic functions of ft ere pull-backs of holomorphic 

functions on V-T.

Proof. The proof follows the some lines os proposition 2.2.4. Consider a 
holomorphic function ff1-*C ond assume that f separates 2 points over a 
point in V-T As before we construct the polynomial P(z,w), where now z « 
V-T. By condition 1 we can extend it to be defined over V-F Using Hortogs 
extension theorem ond condition 2 we obtain again a polynomial P(z,w) 
defined on S - F. We consider again the set

W r {(z,w) « (S - F)xC / P(z,w) = 0 } with projection p: W -> S - F , 
and its normalization n : J£-*W.
Therefore, over V-T we hove the commutativity of the diagram below

As n is a nonremlfied cover over V-T, we conclude that p»n is also a 
nonromified cover over V-T outside the isolated singularities of The 
ramification set RcS should therefore pass through T, that 1s. RnV c T. 
By hypothesis, holomorphic functions on V - T extend to V-F. This implies 
that RnV c F Also, by condition 2, R doesn’t meet the boundary of a Stein 
manifold in V, therefore R c F We conclude that p*n is nonramified over 
S-F which is simply connected by assumption 3, a contradiction.

To illustrate the situation occuring In proposition 2.2.5 we will start 
with the following lemma by Hartogs, which is a consequence of the Laurent 
series expansion. See IS] or section 4 1 for a more generol formulation.
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Lemma 2.2.2. Let f(z.w)be o holomorphic function on (A(r)-A)xo, r> /. 
ond i?cC open connected Suppose B is on open set in Q such that if we B, 
ffa w) extends to e ho/omorphic function on Air). Then f extends to t 
holomorphic function on Air)x Q

Proof Consider the Laurent series expansion 
f(z,w) = X cft(w) t

where cft(w) is holomorphic on ft. For w In the open set B, f extends to Mr), 
this means c^(w) = 0 for n < 0 . As cn(w) is holomorphic and B is open we 
conclude that it vanishes in ft, end therefore f is holomorphic on A(r)x ft

1 < I z I < r, n« Z

Examples
2.2.1) Consider the set V={ (x^y^x^y^C2 / -1< <1 } and

let ft={ (Xj,^) «C / -1< Vb <1 )
A={ (Xj,^) «C / -t < Xj < e and -l<y2<i)
T= ax A

According to the lemma if a holomorphic function Is defined on V - T then It 
extends to V.

2.2 2) Consider the set
V={ (x1,y,,x2,y2)«C2 / I < X,2^,2*)^2*^2 < 2 > 
letTrfCx^yj.Xj.yjJ.V/ x,2*y,2-X22 <6
Then using example 1 we show that any holomorphic function defined on V-T
extends to V-F where _____
Fs {(x1,y,#x2,y2)«V / y2 > V2(1-$))

F
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2.2 3) In general, let S be a Stein manifold and + S -» R a stnctly 
plurisubharmonic exeustion function without degenerate critical points The 
set V = { z« S / a < 4(z) < b } is relatively compact. Let P be a point of the 
strictly pseudoconvex boundary of V There is then a coordinate chart 
(x^y^Xj.yj) around P such that the boundary of V is given by the graph Of o 
convex function y2=f(xI,yvx2) As in example 2, we consider T= {(x, ,y,
« V / ftXj.y^Xj) > f(0,0,0)- 6 for small 6>0) Locally in this coordinate chart 
any holomorphic function on V-T extends to V-F where F={ (x1,y1,x2>y2)«V / 
^ > f(0,0,0)- 6} Observe that we've defined T only on a neighborhood of P, 
but that will be enough and we can extend T to any form we want with the 
only requirement that it stay below the level sets which pass through F

Corollary 2.2.3 let l c R* fie eknot. Let TL = L xRci? (Note that C-TL 
is homotopjcony equivalent to &-L)

if n tl -* C*-Tt is d finite cover then holomorphic functions on h 
ere the puH-fiecks of holomorphic functions on t?~TL

Proof: Use proposition 2.2.5 in the cose where V = S = C2 (K = 0) and T=TL. 
Observe that In this cose F = 0

A less explicit proof can be given of proposition 2.2 4 using the 
existence of the envelope of holomorphy. The proof should give a mere 
general result

01,«)A Riemann domain over a Stein manifold S is a pairDefinition 
where n: tt -» S is a local biholomorphism.

Definition. The envelope of holomorphy of (11, n) is another Riemann domain 
(E(n), n) together with a map p M -» E01) such that 
1) the diagram below is comutative

P E(M)M

innl
ids s
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2) it is maximal, in the sense that if (E'(M), a ) is another 6uch pair, then 
there exists a map e : E*(M) -> E(M) satisfying a = a* e

With those definitions, the content of proposition 2.2.4 is that the 
envelope of holomorphy of the Riemann domain (M, n) which is the cover of a 
neighborhood of the boundary of S is S itself

Suppose now that N is a Riemann domain which is a tubular 
neighborhood of a closed strictly pseudoconvex hypersurf ace contained in M 
and which divides it in 2 components as in the figure

We wont to show that holomorphic functions on N ere the pull-backs 
of holomorphic functions on n(N). Or, what is equivalent, that E(N) = E(n(N))

Conjecture. Let She a simply connected Stein manifold of dimension 2 
Let ¥ be a neighborhood of JS.
Suppose that n ft -+ ¥ is a finite nonramified cover of complex 

manifo/ds Furthermore, suppose that ft is a tuhu/ar neighborhood of a closet 
strictly pseudoconvex hypersurf ace contained in ft as above 

Then E(ft) - £(n(tt»

A special case of this conjecture is proved in IF) Another approach to this 
problem is being developed in |F2).
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3 Singularities

The question now arises os to whether the situation described in 
proposition 2.2 4 can be encountered in ‘nature* That is, the problem is to 
find simply connected Stein manifolds of dimension 2 with non-stmply 
connected boundaries in this section we will gather results about surface 
singularities which show that the situation we are looking for is not 
exceptional but, on the contrary, the rule in singularity theory.

Let A c C* be on analytic variety of dimension 2 with p « A on 
isolated singular point. Consider a ball Bf c C" of radius e centered at p. Then 
S* = Bfr»A is a Stein neighborhood of p in A.

In lM2-th 2.10] it Is proved that, for small e, S' is homeomorphic to 
the cone over IS1. On the other hand, Mumford showed Ittm] that for every 
normal isolated singularity «,(*?) is non-trivial We therefore have that for 
any normal isolated surface singularity S' is a simply connected Stein space 
with non-simply connected boundary. The situation looks very promising 
except for the singularity in S'. What we need is to find a smooth 
deformation of S' and hope that the first homotopy group remains trivial.

We will first prove a proposition which shows that the hypothesis in 
proposition 2.2.4 that S be a monifold is essential.

Theorem 3.1. Let S be o smell Stein neighborhood of on isolated singularity 
p as above.
Suppose OS has a nontrivial finite cover
Than, than there exists an analytic space if and a branched cover m. Jf -*S 
with branch focus p

Proof As the Stein neighborhood is small, it is homeomorphic to the cone 
over the boundary as If there exists e finite cover an of as define ft to be 
the cone over an Define In the obvious woy a map n extending the cover at 
the boundary We constructed a topologlcol space and a cover with branch 
locus p It remains to show that it can be given the structure of an analytic 
space such thot the cover is holomorphic. This will follow from the theorem 
by Grauert and Remmert (GR) that analytic covers are analytic spaces. Choose 
S small ond a map c S -+ U to be an analytic cover |G-R theorem HI CIO}, 
then the map con from ft to U is also an analytic cover; the only nontrivial
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condition to venfy is the existence of a thin branch locus and that the 
complement of its inverse image is dense, but this follows easily because the 
map c has these properties and the mop n is branched only at one point Using 
|GR) we conclude that is an analytic space. The fact that the projection is 
holomorphic follows easily if we substitute by a normalization.

Definition 3.1. Smoothing of a singularity Let S -> C* be a pure 
n-dimensional complex space with an isoloted singularity at the origin The 
singularity is said to be smoothable if there exists an open ball B -* C* and 
a small disc D -> C with centers at the origin, a closed nonsingular 
subspace X -» BxD and a holomorphic map f : X -> D which is a submersion 
outside the origin and the restriction to X of the projection p ; BxD -»D such 
that f1 (0) = S. A mop f : X -> D satisfying these conditions is called a 
smoothing

Given a smoothing of a singularity, if we choose B and D small enough, 
define S to be the closure of S in BxD and Se the closure of Sc= r’(c) in Bx{c).
Then S-{01 is a manifold with boundary aS which is diffeomorphic to the 
boundary aSc of the manifold Sc for all c*0. Moreover f : X-S -> D-{0) is a 
smooth fiber bundle

Definition 3.2. in the situation above, we call BxD a Milnor tube end Sc a 
Milnor fiber of the smoothing. aSc is the link of the Milnor fiber

Not every singularity Is smoothable, and even if it is, the Milnor 
fibers might not be simply connected For a review see |G-S). We quote here a 
positive result which will suffice for our applications.

Theorem 3.2JH1. Any isolated singular point af a complete intersection is 
smoothable, moreover the Milnor fibers of a smoothing are simply connected.

Therefore, holomorphic functions on finite covers of a neighborhood of the 
link of a Milnor fiber are pull-backs of holomorphic functions on the
neighborhood.

The simplest case of the proposition above occurs when the complete 
intersection is actually an hypersurf ace (M2):

Consider a polynomial ffx^x^Xj) which vanishes at the origin and A
the algebraic set with an isolated singularity at the origin
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A = { (X, ^Xj) ■ C3 / f(x, ^.Xj) = 0 }

As ebove we define the Stein neighborhood S1: AnB( where Bf is a small ball

centered at the origin. In the following we will fix on arbitrarily small c and 
denote the Stein neighborhood simply by S droping the superscript A 
smoothing of S is the family S€ = {(x^x^x,) « B, / f(x,,x2,x3) = c }.

In particular we will consider the quotient singularities Those ore 
precisely the ones for which a’taS) is finite. .Let G c SU(2) be a finite 
subgroup. We consider SU(2) acting on C2 os a matrix group It is a classical 
result that 6\C2 con be given a structure of an analytic space with one 
isolated singularity. In fact, the ring of polynomials In Clz,,^) which ore 
invariant by G is generated by 3 polynomials and those con be used to 
construct a map n: C2 -*C3 that induces on isomorphism on the quotient to on 
hypersurf ace in C3. Observe then that GXS3 is diffeomorphic to as, the 
boundary of a Stein neighborhood of the isolated singularity.

Example 3.1. As a specific example let G be the cyclic subgroup of order k 
given by

SU(2) 1 gk = 1 }Gk= {

The invariant polynomials ore generated by z,k , zj and z|. . so by the
observations above Gk\C2 is isomorphic to the hypersurf ace defined by the 
equation x^-Xj* = 0

Ak.1 = {(x,, x^ Xj) « C3 / xt.x2-x3k=0)
The map n. C2 -> C3 defines a non-romifled cover outside the origin, that is 
r • C2—{0} -> Ak.J- {0} is a k-sheeted holomorphic cover Analogous 
descriptions can be given for the groups Dk, E^, E7, Eg See 111.

If we construct Sc as indicated above then a neighborhood Vc of as# 
will have a differential cover diffeomorphic to the space between two 
concentric spheres in C2. Therefore on a tubular neighborhood of S3 c C2 
there exists a family of complex structures and we denote by rit the 
neighborhood with complex structure structure such that n -» V# is a
holomorphic cover Observe that V# and S# satisfy the hypotheses of 
proposition 3 , therefore we get the following
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Theorem 3.3 For each fini to subgroup 6 of SU(2) we get fami/ies o» 
complex structures on o tubular neighborhood of Sf c t? such thm 
be/amorphic functions are invariant under G

Observe however thot the central fiber of the fomily 1s the tubular 
neighborhood with the standard complex structure Induced os on open set of 
C2, so holomorphlc functions separate points. Besides, the complex 
structures on nearby fibers con be made arbitrarily close to the standard one 
This Is on example of the " symmetry breaking phenomenon we con think of 
the family of complex structures on a tubular neighborhood of S3 c C2 
as given by a family of Cauchy-Rlemann operators invariant under the 
group 6 with the property that holomorphlc functions are also invariant The 
symmetry Is broken at the central fiber because the operator Is still 
Invariant but holomorphlc functions ore not any more invariant

Example 3.2. This example Is attributed to Andreottl in (R], see also IB] and 
section 1.6. It corresponds to the proposition above 1n the cose of the 
quadratic quotient singularity

A, *((x|fx2#xi)«C® / x,.x2“X,2 = 01 
Lit h: {(z1# Zj) « C2 / 1- t < lz,P ♦ lz/ < !♦ e } be a tubulor
neighborhood
of the sphere S3 1C2. For a small complex number c define 
t = c / (lz,P ♦ lz/)2 and the map ne: n -> A, given by

¥ziJ“V

V*lVt?l*2
It is then clear that the mop has Its image onto a neighborhood of the image 
of S3 inside the manifold

S« 2 • X2' *3* * ^ xrK2*xs2 = c *
Observe thot the Image of S3 Is precisely the Intersection 

Sc n {(xf, Xj, x,) • C3 / lx,P ♦ lx/ ♦ 2lx/ = 1 ).
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4 CR-stnictures

4.1 Extension and Pasting

We were looking for simply connected Stein manifolds S of dimension 
2 with a non-simply connected neighborhood V of iS. In the cose when S is a 
manifold with boundary we con think of V os a tubular neighborhood of a real 
codimension one hypersurfoce. This introduces naturally the theory of CR 
manifolds (see 1.3) into the picture.

The fundamental result we wilt use is an extension theorem, due to 
Lewy, for CR-holomorphic functions defined on a CR manifold N embedded in a 
complex manifold M. We will follow the proof in iLw] ond also (JTIJ. Hartogs 
proved the extension theorem for holomorphic functions and Lewy proved 
essentiely the same theorem for extension of CR-functions.
A defining function for a hypersurface H defined in an open set U c C1* is a 
function p : U -* R such that dp^ * 0 and H = { z • U I p(z) = 0 }. We will 
suppose that p can always be chosen to be a C2 function.

Definition 4.1.1. A hypersurf oce H c C" is pseudoconvex at P if it has a 
defining function p such that 

2
* P_ <P)VjVk i 0 for every v • C* satisfying -^P)Vj = 0. 

azjdZfc iZj
If strict inequality holds the hypersurface is said to be strictly pseudoconvex.

Definition 4.1.2. A hypersurface H c R1* is convex at P if it has a defining 
function p such that

2

--<P)ViVk i 0 for every v « Tp(H)
8Xj*X|«

If strict inequality holds the hypersurf oce is said to be strictly convex

Lemma 4.1.1 Let P « H be a strongly pseudoconvex point. Then, there exists 
a neighborhood U c C* of P ond a biholomorphic coordinate change 4, so that 
4< U n H ) is strongly convex
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Proof By o complex linear transformation end a translation of coordinates, 
we may assume that P = 0 end (1, 0,0) is the unit outward normal to H at P 
Choose a defining function p such that

2
-■ *L<P)VjVk 2 Clv|2 for every v « C* 

azjaz*
Then we have the expansion

2 2 2
f(v)« p(0) « —V* « ♦ 3 P. V#k ♦ HMk * -iLMMk ♦ Oflvl2)

azj azj izfik
2 2

p(v)- 2Re{—Vj ♦_L£_vjvk}+ 3 p. VjVk ♦ 0(|v|2) 
azj azjdzk azjaZk

Define then, in a small neighborhood U of P, the following blholomorphic 
transformation

2
V'| =»,(v)r -^P)V. ♦_i-E_(P)vjyk 

azj 2azjazk

V'2 = MV> = V2

v« = ^(v) = vB

Remenbering that -^-(P) = 6tj, in the new coordinates we have
a2j

2
p(v). 2Rb{v‘i) ♦ _ii_<P)vyk ♦ OdVl2) 

azjaiif
Thus the real Hessian ot P is precisely the Levi form which is positive 
definite and that proves the lemma.

If we diegonalyse the Levi form by a change of coordinates we can 
further simplify the expression of the defining equation of a strictly 
pseudoconvex hypersurf ace. 
constderantIons in this worK don't Involve higher dimensions, we will restrict

To keep notation simple and os the
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the further discussion to the two dimensional cose From the lost expression 
above, o strictly pseudoconvex hypersurfoce H in C2, defined by an equation 
p(z, w) = 0, can be supposed, without loss of generality, to be written in 
appropriate coordinates, locally, os a graph of a strictly convex function

v = H(x, y, u) where we suppose w = v ♦ iu and z = x ♦ iy

that to second order is
v = x2 ♦ y2 * axu + byu ♦ cu2*

Consider the sets
H* = {(z,w) « H I a < v < p}

= {(z,w) « C2 I v i H and a< v < p} 
We con, then, formulate Hartog's-Lewy extension theorem

and

A CR-function defined on N. extends to o hoiomorphicTheorem 4.1.1
function on

3
Proof Fixing Vq, the set Sv#= {(x,y,u) «R I H(x,y,u) = v0) is o surface 
which, for small v0 , is diffeomorphic to S2 Naturally, we con suppose it to
be convex. Define

^ »ya(x,y,u) = u*v.: S».--------* R

For each u in the Image of n, we define also the set rw#=r(VftM^ = nVg(Uo) 
which is a closed curve. Let f be a CR-function defined on . The extension 
will be defined by the function

-l

■/

•'r(w)
Clearly, this function is hoiomorphic in z To prove that it is hoiomorphic in 
w, we proceed os in sections 1.4 and further. We parametrize r(w) and note 
that if h is a CR-function, than dh = pdz ♦ qdw so

z - zF(z,w)
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if
iW J0

hz$d8

= f (h^# ♦ hz^dB = ( (pz^-h^dB^ f’fozJedB 
■% •'• A

= f (pz^t-pz^de = o

Therefore, Ĵ 1
We conclude that F is holomorphic. To prove that F is on extension of f, we 
observe thot there is o curve in the w-plane where r(w) degenerates to a 
point. By Redo's theorem we obtain that

hdz' is holomorphic in w.r(v)

hdz = 0

Therefore F(z,w) is 0 for z in the interior of r(w) and this implies 
that F(z,w), defined in the interior of r(w), is the extension of f.

Remark 4.1.1. We will apply the theorem above in the situation where N is a 
CR-manifold contained in a complex manifold Nell. Then there exists on 
open set V of n such that N c aV and any CR function on N extends 
continuously to an holomorphic function on V.

Remark 4.1.2 We will encounter situations where it might happen that only 
part of N is embedded in a complex manifold. For Instance, as in example 
2.23, consider a coordinate chart (x,,y,^.yj) in C2 and N given by the graph
of a strictly convex function #x^) with 0=f(0,0,0). Let t\ = {

(x^y^x^) / - 6 > yj for 6 > 0 ). In principle, we could change the 
CR-structure on the piece of N in the complement of t\, so that it is not 
anymore embedded. In any case it is still true thot a CR function on N n 
extends to the convex hull in R4.

Observe also that if f.tx^y,,)^) defines a smooth family of strictly
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convex hypersurfaces with f0 = f, choosing 6, for small e we hove thot Nf 
Is homeomorphic to N with o 3-boll deleted

Theorem 4.1.2 Let $ be d strictly plurisubharmonic exeustion function of t
simply connected Stein mem fold S of dimension 2
Let V be a neighborhood of JS end n. tl e finite nonremifiedcover.
Then the compact connected level sets of u*(4) ere non-embeddable 
CR-menifolds In fact CR functions ere pull-backs of CR functions of the 
level set of 4 in V.

Proof The CR functions on o compoct level set of n*(4) extend to on 
holomorphic function between 2 level sets by the proposition 4 1 We then ore 
in the situotion of proposition 2.2.3, end thot proves the proposition

Remark 4.1.3. Observe thot if we delete a small enough tube T from V, such 
thot still n : 11- n*(T) -+ V-T is o cover, then by proposition 2.2.4 and the 
remark above, the some result is true. Thot is, CR functions defined on o 
compoct level set of **(♦) ond outside ti*(T) ore pull-bocks of CR functions 
defined on the level set of ♦ In V ond otside T. This allows us to change the 
CR-structure of the level set inside n*(T).

To be able to deal with limits of CR-structures, we introduce in the 
following o concept of distance between CR-structures

Let X,, Xj, Xj be a parallelization of a 3-dimensionol orientoble
manifold N. Given two vector fields L, ond t^, we express them using the 
basis and then, using the coeficients and their derivatives up to order k define 
a metric IIL, - 1^. We can also define a C°° metric II L, - Lj A different 
choice of porollelizotion gives rise to an equivalent metric. If a relatively 
compact domain B 1 N has C00 boundary, we con extend vector fields defined on 
Its closure to N, therefore the metric defined above is complete for the space 
of vector fields defined on the closure of B.

Fix a Riemannlon metric on N. Given two CR-structures ond ^ 
We define their distance to be the infimum of II Lt - II taken over all L1 ond 
l_2 normalized global sections of the CR-structures If there are no global
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sections we use e partition of unity
Let S be o Stein neighborhood of o smoothable isolated singularity as 

in section 3. The link aS is diffeomorphic to the links aSc of the Milnor fibers 
and the diffeomorphlsms can be given by o family Fe such that F0 is the 
identity We pull-back the CR-structures on the links of the Milnor fibers by 
the diffeomorphisms to get a family of CR-structures on the link of the 
singularity. It should be clear that these CR-structures can be made 
arbitrarily close to the original CR-structure on the link in the metric defined 
above.

From those observations and proposition 3.2 we get the following 
construction of non-embeddable CR-structures

Theorem 4.1.3. For each finite subgroup 6 of SU(2) there is e family L 6e or 
6-invariant CR-structures on S3, deformation of the standard structure, suet 
that CR-f unctions ore invariant under 6 for c* 0.

One of the most fundamental facts in 1 dimensional complex 
manifolds is that we can make connected sums, this fact is essentially a 
consequence of the fact that a disc in C is biholomorphic to the complement 
of any disc centered at the compactification point of C, and is reflected by 
the observation that there exist inversions of the annulus mopping one 
boundary component to the other

This situation is no longer true in higher dimensions Essentially 
because there ere no one point compactifications of C*. n>1. Fortunately, 
things are different for CR-structures. Analogously to the 1-dimensional 
complex case, the quadric, which is the standard open model, admits a 1-point 
compactification which is S5 c C2 end an open ball in the quadric is 
CR-biholomorphlc to a complement of a neighborhood of the compactification 
point.

We recall that the quadric in C2 is the real 3-dimensionel manifold defined as 
Q r { (2,,^) « C2 / Im Zj = I^P ) and its CR-structure is given by the 
complex vector field

Z s
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The quadric Q Is CR-bihoiomorphic to SMp) c C2 , where p=(1,0)«C2, 
by the following transformations

r\ = Zj-t / Zj^i <=2z, /z^i

Consider the point (0,0)«Q and the neighborhood 
B^Uz,,^). Q/ |z,|z«x22<6).

By the transformation (z,^) -> (tz1# t2z2 ) , t • R\ the neighborhood Bt is
dilated. 6iven a neighborhood of p it is clear then that, for a sufictently large 
t. is CR-blholomorphlc to the complement of a closed set contained in this
neighborhood.

Theorem 4.1.4. Let tl ondfl'be CP-monifolds which hove bolls 8 end 8' witt 
the stonderd structure. Then they odmit o posting which doesn 't change thi 
structure in the complement of these bolls.

Without loss of generality, we assume the balls to beProof.
CR-bihoiomorphic to . We think of B' as a neighborhood of paS3 and B , by 
the observations above is CR-biholomorphic to on open set U c S3 such that 
dU c B'. Coll S3-B‘ = M ond S*-U=N . Then U-M = B4-N, or B^-tt - E^-N But
observe that by the CR-biholomorphism the boundaries components are 
interchanged, therefore we con paste the structures by the 2 onnuli without 
changing the structure elsewhere.

Now, posting together the examples of non-embeddable CR-structures 
on S3 of proposition 4.4 we will obtain an example of o CR-structure which is 
not locally embeddable. Before that, we prove the following lemma.

Lemma 4.1.2. Let L°e denote a family of vector fields defining the 
CR-structures on S3 obtained in propositon 4.3. Then, there exists an open set 
U, such that, for sufficiently smoll c, we can deform Lcc to agree with the 
standard structure on an open subset D c U and remain unchanged on the 
complement of U, and such that the CR-functions continue to be G-invariant in 
S3 - G(U) Moreover these new vector fields can be chosen arbitrarily near the 
standard one in the C00 metric.



Proof To find U, note that, locally, those CR-structures are induced, via a 
family of diffeomorphisms, from an embedded one given by the intersection 
in C3 of a family of subvarieties f(x,y,z)=c and S5. Choosing a point P in the 
intersection for c=0 such that x and y are local coordinates of the subvariety, 
we see that the family of CR-structures is given, locally, by a family of 
hypersurfaces in C2 If we choose coordinates so that the hypersurfaces be 
strictly convex, by remark 4.2 and 4.3 we can choose an open set U uniformly 
such that, for small c<0, CR-functions continue to be 6-invariant in S3 - G(U) 

Choose a support function + with value I on D and equal to zero on the 
complement of U. Define then the deformation to be = (1- ♦) Lc ♦ 4 L , where 
L denotes the standard vector field. It is clear that, if c is sufficiently 
small, it defines a CR-structure and moreover II L -II = II (1- ♦)( L - Lc) II so 
that also can be chosen arbitrarily close to L.

Theorem 4.1.5 There exists a CR-structure on arbitrarily near the

standard one» such that\ any germ of CR-f unction at the origin has vanishing 
first derivatives.

For n given we constructed examples of CR-structures on S5Proof
arbitrarily near the standard one such that CR-functions don't separate n 
points. By lemma 4.1 we can choose a small bell in S3 end modify those 
CR-structures inside it to agree with the standard one so that, moreover, 
CR-functions still don’t separate n points Choose a sequence of balls in
converging to the origin on each of the coordinate axis and paste the above 
structures choosing representative vector fields such that n goes to infinity 
as the balls aproech the origin. Moreover, we paste those vector fields such 
that their distance to the standard one goes to zero os we approach the origin. 
As the metric defined above on the space of vector fields is complete on 
compact sets, there exists a limit vector field and it defines a CR-structure. 
A CR-function defined on a neighborhood of the origin will assume the same 
value at n different points for each n and each boll containing the origin. This 
clearly implies the proportion.
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4.2 Dilations and Deformations of embeddable structures

The general case of non embeddable deformations of any embeddable 
CR-structure can be treated in a similar fashion by using the dilation to pass 
from a local situation to a situation which aproximates the global situation 
of proposition 4.1.3. The essential observation that allows us to carry on this 
case is the following

Remark 4.2.1.
embeddable CR manifold. As we saw in section 4.1 we con consider It to be 
given locally, as a strictly convex hypersurface, by a graph of a function, 
which up to second order is

Let H be a small neighborhood around o point S of an

x2 ♦ y2 ♦ axu ♦ byu ♦ cu2

By a translation, we can arrange it so that S = (-1, 0). Furthermore, by a 
convenient dilation, and perhaps after taking a smaller neighborhood H, we 
can suppose that H is between two spheres; one of them being S5 and the 
other one of smaller radius r and center (-Ur, 0), which we denote by Sr3.

V s

As in the case of the standard structure on the sphere, we analyse 
what happens to a small neighborhood of the origin when we apply a dilation. 
With this objective in mind, we recall that the dilation on the quadric 
Q = 1 (z, ,Zj)« C2 / Im Zj = IZjj2 } is given by the transformation 

(z1,z2)-»(tz,,t2z2),t«R4.

The quadric Q is CR-biholomorphic to sMp) c C2 , where p = (1,0) « C2 , by 
the following Cayley transformations

q= Zj-I / Zj+t

And the dilation becomes
<=22, /yt

2t ___t(1,0 - tTTtl,
♦ i
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By the transformation UtgB we can write the dilation as T# B3 -> B3 given

i\ - cos0 £sin0 \ 
ivl“nc°80 1 “ T)COS0 J

by

f(n.O -*

What happens when 0 -» a ?
As a first step to analyse this question, consider the hobius transformation 
T#. D1 O’ given by

- cosBT6(n>= 3 — < 0 < n
2l- T|COS0

If 0 < a < 1 then the image of the line {r\ I Re i\ = - «} by T# is the circle with
center in the real axis and intersecting it at the points 

cos0 ♦ a-(cosB) and p»-
1 +C&COS0

If r < 1, the image of the circle {q I I ip(-1«r)l = r} is the circle with center 
in the real axis and intersecting it at the points

-1 ♦ 2r ♦ cosB(-1,0) and 

So that the image of the set
Vs {q|Req<-tt)n{q| I q-(-1 *r)l > r ) is, as shown in the figure for 0 near 
n, almost a ‘complete* neighborhood of S

I -(-1*2r)cos0

i
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A similar result is true In higher dimensions We will moke It explicit in 2 
dimensions, os we will use this cose in the construction of non-embeddoble 
3-dimenslonol CR-structures
For 0 < o < 1 , we define the neighborhood h_4 = {(n,OI Ren < > It's imoge
will contain the neighbortiood

-e - COS0
HfcsUn,?)! R®n<b)withb-

!♦ OCOS0
To estimate the thickness of the image of the set

{<n,?N lM>-(-iT,0)Ur)
2 2 2

observe that l(q +6,01* r Implies that Iql i r - b\ ♦ 61

r = 1 -6

So

f |_jstnef
J I 1 - T)C0S8 |

cos8(n*T)) ♦cos^ ♦sin^f

11 - ncos® f
If we coll A the expression above, we obtain the following estimate

H- cosB
1 - noose

|nf- cos0(rj+n) ♦cos20 ♦sin
i A & 1

|t - ncosof

Simplifying this formula, we get
2

sin 8(2+n*n M1 s A <
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let n=xMy, then

2 2Ssin56(l«x> SainVltx) 
1-------------------------•----------------

1- 2XC03® tC03 6x j 1-XC0S8I

2sin*{?+ntij)6 2foin 0{Hx>
■ ■■ ■ — — —

||-1jC03e[ 1- 2*038 ♦ CO A Gm^)

Cel) the lest term R(8,x). To find the maximum of R(0,x) we compute its 
derivatives

-2

*R(0£) _ 26sin20(H xcos0 ♦ cos0)
* . .3

(I- XCOS01
So, if n/218 < n end a are fixed, the maximum of R(0,x) occurs at x = -a In 
this case

> 0
ax

2Ssin20(1- a) < 2Ssin20

. ~
(!♦ acosej

Now it is clear that, for fixed a, R tends to zero as 8 goes to n. We resume the 
discussion above in the following lemma.

R(8, a) -
1 - a

Lemma 4.2.1. Let 0 < 8 < i and 0 < a < 1 be fixed. Given e and b, there 
exists a a Bp such that, for 0O < 0 < n, the image by the MObius 
transformation^ of the set

Ren<-o)MM)l

Is outside a ball of radius 1 -1, and such that RenTi> b for Rerj s -a.

Proof. By the above estimates we just need to choose Bp such that
-a - cos80 
U acos0o

^ 26sin28e
1 -1

l - a
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With this lemma, we ere reedy now to epply theorem 2 2 5 end proposition 3.3 
to get non-embeddoble deformations of any given embeddable CR-manifold.

Theorem 4.2.2
CR-manifotd. there exists a deformation of the CR-structure in thii 
neighborhood such that CR-functions don't separate at least 2points

Given any neighborhood of a point P in an ambeddabh

Proof By remark 4.2.1, without loss of generality' we can suppose that this 
neighborhood is contained in the domain between two spheres S3 and Sr*, with 
P = (-1, 0) the intersection point of those two spheres We will intersect this 
neighborhood with a sphere of radius l-y, call it S®( I - y), with the some 
center as S5 and arrange the deformations so that the Intersection points 
between this sphere and the neighborhood are not separated.
To see this, restrict attention to the plane £ = 0 Call C it s intersection with 
with the CR-menifold neighborhood If we intersect C with a circle of radius 
l-y centered at the origin the angle between the points of intersection 
decreases continuously os y decreases to zero. If y is small enough there will 
exist a nontrivial Intersection. Fix, then, on angle of 2i/m so that m Is large 
enough to insure the existence of Intersections with that angle. We now apply 
Tf, with 8 large enough so that T#(Ren=-o) Is contained in a small region

comprised In a total angle much less than 2n/m. In this way we will be able 
to use remark 4.1.2. By applying T, the angle between the points of 
intersection increases, so by taking a circle of larger radius we con moke it 
intersect C again at, soy and C^, with an angle between them of 2i/m. 
Using now proposition 3.3 so that CR-functions are invariant by the group of 
rotations of angle ai/m we conclude that CR-functions won t separate points 
C, and Cj In the deformed CR-structures

As in proposition 4.1.5 we can use the above result to show the following

Theorem 4.2.3 Given any point P in an embeddable CR-structure oi 
dimension .T there exists a deformation so that CR-functions have vanishing 
first den vatives at P
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Finally, to complete the picture we should mention the result of [JT2] 
that, whenever proposition 4.2.3 is true, we con show the existence of 
aberrant structures by using a Baire category argument. Dilations were also 
used in [FI] to obtain different examples of non-embeddable CR-structures
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