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LINEAR STIELTJES EQUATION WITH 
GENERALIZED RIEMANN INTEGRAL AND 
EXISTENCE OF REGULATED SOLUTIONS* 

L. BARBANTI 

In this work we establish an existence theorem of regulated so­
lutions for a class of Stieltjes equations which involve generalized Riemann 

kind of integrals. The general method applied consists in considering the 
continuous-time Stieltjes equation as limit of discrete processes. This ap­
proach will be fruitfull into works on the controllability of Stieltjes systems, 

because it will be possible to get properties on the continuous time equation 
by transferring properties of the discrete ones. 

1. INTRODUCTION 

In the last two decades the Riemann generalized integral, having 

values in B-spaces, has been increasingly studied. 

The development in this area concerns mainly with the Henstock­

Kurzweil (see e.g. [l], [2]), and the Dushnik and the Young integrals(see e.g. 

[3]). Recently it appeared in the literature many proper applications in this 

field (proper here considered in the sense that the results are not disguises 

of an essentially finite dimensional frame) (see e.g. [4], [5]). 

In this work we establish an existence theorem of regulated so­

lutions for a class of Stieltjes equations which involve generalized Riemann 

kind of integrals. 

The general method applied consists in considering the continuous­

time Stieltjes equation as limit of discrete processes. This approach will be 

fruitfull into works on the controllability of Stieltjes systems, because it will 

be possible to get properties on the continuous time equation &y transferring 

properties of the discrete ones. 

•This work was developed a.t the Institute of Mathematics of the 

Czech Republic Academy of Sciences at Praha, with financial support by FAPESP 
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2. TIME DISCRETE STIELTJES EQUATION 

2.1 The equation (LN)• 

Let be X a B-spa.ce, and N E "ll. + (the set of all positive integers) 

and xN the set of the N-uples of elements in X and L(X) the class of all linear 

bounded operators on X. Let us consider. 

and 

(1) 

in this way: 

and 

Qm,n E L(X) 

Jp,p = 0 

Jp,q :i: = L Q.-1., :r:. 
p+l!',;a!',;q 

(m,nEll+, m$n:5N) 

(p < q) 

with :i: = (.2:1, ••• , ZN)- The next result is immediate: 

PROPOSITION 2.1. For all p $ r $ q we get: 

and 

Denoting by 1r;{l :5 i $ N) the usual linear projection on XN: 
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we can define for x, u E XN the linear Stieltjes equation (LN) on XN: 

(2) 

At this point it is possible to formulate two immediate questions 

concerning the existence of the (LN) solutions. The first is: 

(P) For a fixed u E xN, is it possible to synthetize an x E XN in such a way to 

make ( L N) fulfilled? 

The second, more general than (P), is the following: 

(Pe) For every fixed u E xN and e > 0 is it possible to have u• and x in xN in 

such a way: II u - u• II< e and 

(1 $ r $ N) 

The next theorem will give us an answer to the problem (P.). After, 

in a corollary, we will solve (P) too. 

THEOREM 2.2. Consider the (LN} equation (2) and the hypothesis, 

(3) (1 $ r $ N), 

where T* denotes the adjoint operator for TE L(X). Then for every e > 0 there 

exists u., x E XN with II u• - u II< e and satisfying the equality: 

PROOF. The properties showed in the Proposition 2.1 together with 

hypothesis (3) yield for every r > 0: 

(4) (I+ Q,-t,r )X = X 

[here A denotes the closure of A C X]. In this way, there exists z1 and Ui in X 

satisfying II u! - u1 II< e with 
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(5) 

The equality ( 4) allows us to say that for every z,. = Ur - Ur-1 + Zr-1 

(2 :5 r :5 N) there exists an x, such that for some z: satisfying 11 Z: - Zr 11 < e/ N, 

the equality 

(6) 

holds. 

(7) 

In fact: 

the term 

On other hand, the expression of u~ will be: 

u~ =Zr+ M - z1) + L (zJ - Xj) 
2~j~r 

II [xr + M - X1) + L (..J - z;)] - Ur II < 
2~j~r 

< II I: (zJ - Zj) II+ 11 u~ - Ur+ L (xj - x;-1) II < 
2~;~r 2~j~r 

r -1 r 
< ---w-e+ II ur - U1 11:5 Ne ~ e . 

Observing that the right hand side term of the equality (7) is exactly 

and then using (5), we end the proof. ■ 

Let us give now an answer for the (P) problem: if the operator 

71", + lr-1,r has closed range (for every r ~ 1) we can reproduce the proof in the 

preceeding theorem making e = 0, instead ofc > 0. Ifwe have Ker(1rr+lr-1,r) = 
{ 0} and moreover the hypothesis 

(8) 

fullfied, it is possible to state the 



COROLARY 2.3. Under the hypothesis (8), for every u e XN there 

exists an x E XN such that (P) is fulfilled. 

2.2 The Stieltjes equation on partitions: the system (L1c11)· 

For the rea.l closed interval [a, b] let D[a,b] - or simply D - be the class 

of all proper finite divisions of [a, b], and d ={to= a< t1 < ... < t1c11 = b} ED. 

Considering 

A : [a, b]-+ L(X) 

let us define, for every d E D, 

and analogously, as in ( 1), 

The Stieltjes equation, taking into account J:,q, is in fact an (LN) 

type equation: it is enough to make the identification: n t-+ tn (1 :5 n :5 jdl). We 

will denote this equation by (L1c11)[ldl = N]. Concerning the existence of solutions 

problem, it is possible finally, in an immediate way, to give a. sufficient condition 

for having (3) fulfilled in every (L1c11)[d E D]: 

(9) for every a :5 ti :5 t2 :5 b let be Ker(/ - [A(t2) - A(ti)])* = {O} 

3. AN EXAMPLE. EXISTENCE THEOREM FOR 

CONTINUOUS TIME STIELTJES EQUATION 

In this pa.rt we will show that a. Stieltjes linear equation considered on 

B-spaces with Riemman-genera.lized integrals inside, satisfying (9), has a solution 

- that will be done in a. constructive way. 
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3.1 The Stieltjes equation (L). 

Let be a-([a, b], X) the B-spa.ce of the left continuous regulated func­

tions, endowed with the sup norm and a : [a, b] -+ L(X) a map of bounded semi­

variation, [a E SV([a, b], X), see e.g. [3]). 

The linear Stieltjes equation (L) will be the system, 

0{' z(t) + j,. da(s)z(s) = u(t) 

where z, u E a-([a, b], X) and 
0j symbolizes an integral satisfying for every a$ 

t1 5 t2 5 ta 5 b and !/ E X: 

eltta 01.ta 01'1 da(s)x(s) + da(s)x(s) = da(s)x(s) 
~ - ~ 

and 

If in the part 01' da(s)z(s) of (L) we use, for instance, either the 

Dushnik or the Henstock-Kurzweil or the Young integrals then / 1 and h will be 

fulfilled. On the other hand, with the usual Riemann integral we will not have Ii 
always true. 

For the sake of well-definiteness in (10), we took the map Ia, 

[lay](t) = 01' da(s)y(s) 

as an (integral) operator on a-([a, b], X). A sufficient condition to achieve this 

situation consists in to have a being weak regulated, [see [2] and [3]]. Notice that 

when the space X is itself a Hilbert space then this condition can be dropped out 

[see e.g. [6]]. 

3.2 The Stieltjes equation (L,1) on step function. 

Let d = {a = to < t1 < ... < t1tll = b} E 1Jr11 ,b]· A step function u,1 

over d on a-([a, b], X) is a function of the form: 



ldl 
Ud(t) = Xc,o,•tl Yt + LX<•,-1,•;I Yi 

i=2 

where Yt, ... , Yldl E X and x,. is the usual characteristic map on A. For every 

d E D, it is possible to identify the step function Yd, over d with the element 

(Yo, Y1, ... , Yldl) E Xldl, making: 

Then if we define 

A : [a, b] -+ L(X) 

as 

0r J A(t)x = ja do(s)x g [a(t) - o(a)]x , 

the following system is well-defined on Xldl: 

(11) 

3.3 Extending (Ldn) to (L). 

There are systems for which it is possible to extend the discrete equar 

i-ion (LN) to the continuous time equation (L). The system which we are dealing 

with in this paper is an example of that. The fundamental property that allows 

us to do so is given in the next theorem 

THEOREM 3.1 ([6, Theorem 3]). Assume (10} and take o E SV([a,b], L(X)) 

weak regulated. Then there exists a division depending on a 
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in D[,i,bJ in such a way that: if us and Z& are step functions over 6, for which the 

equality 

II zs(T;) + 0[·; da(s)zs(s) - u5(r;) II< e , 

hold8 for some i E {l, 2, .. , M}, then for all t E [a, T;] we get 

(12) 

0{' II zs(t) + J,. do(s)z.(s) - us(t) II< e . 

3.4 Existence of solutions for the equation (L). 

Let be the equation (L) - as in (10) -

0r z(t) + ·1,. da(s)x(s) = u(t) 

with z, u E G-([a, b], X), and consider (un)neN a sequence of step functions u,. 

over dn (hence over dn U dQ) such that Un ..!!:.+u. In thill way it is possible to define 

the sequence of systems: 

(13) 0r Zn(t) + ·},. do(s)xn(s) = Un(t) 

Suppose, now, the hypothesis (9) being true. Then we have a sequence 

(zn)neN of step functions satisfying 

in G-([a, b], X). 

Gathering all the previous results it is possible to state: 

THEOREN 3.2. Suppose that I+ Ia (where I is the identit11 op­

erator on G-([a,b],X)) is an operator of Fredholm type. ~n, for every u E 

G-([a,b],X), there exists an x E G-([a,b]X) such that (12} is fulfilled. 

PROOF. If/+ Ia is Fredholm then it has closed range. Following 

[7; Ch. V, Th. 1.4], then there exists an Ao E L(X) and a sequence (zn)neN, in 



a-([a,b],x), in such a. way that 

for the solutions Zn = Zn+ x~ of (13). The split pa.rt x~ corresponds to the part 

of Zn belonging to the set Ker (I+ l0 ). ■ 

Furthermore, still according (7; Ch. V], it is possible to replace the 

condition that /+Ia is of Fredholm type, by a stronger one. In fact, it is enough 

to have dim Ker(I + Ia) < oo to assure the operator Ao defined and so, the result 

as in the above theorem. Note that (I+ Ia) is a. Fredholm operator if, for instance 

I!, (i.e. Ia o ... o la, k times) is a compact operator for some k E 71.. +. 

Finally, if (I+ Ia) is a. Fredholm operator then the hypothesis (9) ca.n 

be replaced (see e.g. (8]) by the local equivalent property: 

(14) Ker(/ - (a(t+) - a(t)))* = {0} for every t E [a,b) , 

in where a(t+) == Jim a(t + t:). 
•➔O+ 
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