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Preface 

These notes were prepared 11B a guide for the lectures of one semester course 
on Geometric Mechanics. They were written inside the level of a master course. · 
I started some years ago teaching them at the "Instituto de Matema.tica e Es­
tatistica" of the "Universidade de Sao Paulo", and, more recently, at the "In­
stituto Superior Tecnico" of the "l:niversidade Tecnica de Lisboa". 

The spectrum of the participants of such a course ranges usually from young 
Master students to Phd students. So, it is always very difficult to decide how to 
organize all the material to be taught. I decided that the expositions should be 
self contained, so some material that we expect to be interesting for someone, 
results, often, tedious for others and frequently unreachable for a few ones. 

In any case, for young researchers interested in differential geometry and or 
dynamical systems it is basic and fundamental to see the foundations and the 
development of a classical subject like Mechanics. 

Geometric Mechanics in this monograph means Mechanics on a pseudo-rie­
mannian manifold and the main goal is the study of some mechanical models 
and concepts, with emphasis on the intrinsic and geometric aspects arising in 
classical problems. Topics like calculus of variation and the theories of symplec­
tic, hamiltonian and poissonian structures including reduction by symmetries, 
integrability etc., also related with most of the considered models, were avoided 
because they already appear in many modern books on the subject and are 
also contained in other courses of the majority of Master and PhD programs of 
many Institutions (see [AM],[Ma),[MR]). In Chapter 1 I started with Newtonian 
mechanics where it is described the galilean space-time structure and Newton 
equations; the chapter ends with some critical remarks in order to motivate the 
introduction of special and general relativity. Chapter 2 and 3 include the fun­
damental calculus on a differential manifold with a brief introduction on vector 
fields, differential forms and tensor fields. Chapter 4 starts with the concept of 
affine connections and special attention is given to the notion of curvature; E. 
Cartan structural equations of a connection are also derived in chapter 4. Chap­
ter 5 deals with Mechanical systems on a riemannian manifold including some 
classical examples like the dynamics of rigid and pseudo-rigid bodies and notions 
derived from the dissipation in mechanical systems like Monie-Smale systems 
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and structural stability; also some generic properties are discussed. Chapter 
6 considers mechanical systems with non-holonomic constraints and describes 
d'Alembertian geometric mechanics including conservative and dissipative situ­
ations. In Chapter 7 one talks about hyperbolicity and Anosov systems arising 
in mechanics and it is also mentioned the so-called non-holonomic mechanics of 
vaconomic type. The last two chapters deal mainly with some topics on special 
and general relativity. 

I wish to thank a number of colleagues from several different Institutions as 
well as Master and PhD students from Sao Paulo and Lisbon who motivated 
and helped us with comments and suggestions when I was writing this text. 
Among them we mention Jack Hale, Ivan Kupka, Giorgio Fusco, Paulo Cordaro, 
Carlos Rocha, Luis Magalhii.es, Esmeralda Dias, Zaqueu Coelho, Helena Castro, 
Marcelo Kobayashi, Sonia Garcia, Diogo Gomes and Manuel Natario. Thauk8 
are also due to Ana Bordalo for her fine typing of this work. 

Lisbon, June 2000. 
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·chapter 1 

Newtonian mechanics 

1.1 Galilean space-time structure and Newton 
equations 

Let A be an affine space associated to a finite dimensional vector space 

V, that is, it is defined a map 

Ax V ➔ A 

called sum ( z + v) E A of a point z E A with a vector v E V, and the following 
axioms hold: 

ai) z + 0 = z, for all z EA and O the zero vector in V. 

a2) z + (v1 + v2) = (z + v1) + v2, for all z EA and v1,v2 EV. 

aa) Given z, y EA, there is just one vector u E V such that z + u = y; u is 
denoted by (y - z). 

Example 1.1 Any finite dimensional vector space can be considered as an affine 
space associated to itself. Note that the cartesian product A1 x A 2 of two affine 

spaces A1 and A2 is an affine space. 

If the vector space Vis euclidean (in Vis defined an inner product (,)),we 
say that any affine space associated to V is euclidean. In this last case one can 

talk about the distance between two points z, y E A, by setting: 

p(z,y) d~II z-y II= J ((z -y), (z -y)} . 
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The presentation of this section 1.1, follows closely (Ar] "Mathematical Meth­
ods of Classical Mechanics" by V.1. Arnold, Springer-Verlag, 1980, p.3 to 11. 

A galilean space-time structure is a triple (A4, r, (, )) where A4 is a 
dimension four affine space associated to a vector space V 4 , T is a non-zero 
linear form 

r: V4 --+R 

and (,) is an inner product defined on the three dimensional kernel S = T-i(O) 
of r. The elements in A4 are the world points or events, r is the absolute 
time and r(:i: - y) is the time interval from event x to event y. When 
r(x-y) = 0, z and y are said to be simultaneous events and then (z-y) ES. 

The set S., = :t + S of a.II events simultaneous to x is a three dimensional 
euclidean affine space associated to S; in fact S is a.n euclidean vector space 
with the given inner product (, ). Then it makes sense to talk about the distance 
between two simultaneous events but does not makes sense to talk about the 
distance between two events with a positive time interval. 

Let Ai , A2 be two affine spaces associated to vector spaces Vi, Vi respectively. 
An affine transformation (affine isomorphism) between Ai and A2 is a 
bijection T: A 1 ➔ A2 such that there exists a. bijective linear map r• : Vi ➔ V2 
and T(z) -T(y) = T-(z - y) for all z,y E A1. When A1 = A2 = A and 
Vi = Vi = V the affine transformations form a. group ca.lied the affine group 
of A. 

One defines the galilean group of a ga.lilea.n structure ( A 4 , r, (, ) ) as the sub­
group GA• of the affine group of A4 whose elements preserve the time intervals 
of any pair of events and also preserve the distances between two simultaneous 
events. 

So TE GA• means that Tis an affine transformation of A4 and, moreover: 

Gi) r(.r - y) = r(T(.r) - T(y)) for any .r, y E A4; 

It is clear that conditions G1) and G2) a.hove are equivalent to the following: 

Gi) r = ror- (that, in particular, shows that r• leaves invariant the subspace 
S = T-i (Q)). 

G2) The restriction of r• to S is a.n orthogonal transformation on S, that is 
(T-v, r-u) = (v, u) for all t1, u ES. 

Example 2.1 Let us consider Rx R3 as an affine space, r : Rx R3 ➔ R be the 
projection r(t,.r) = t for all (t,.r) ER x R 3

, and S = r- 1 (0) = {(0,z)l.r E R 3
) 
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with the inner product (, ) induced by Ra. The galilean space-time structure 
(R x Ra, r, (, ))is the so called galilean coordinate space and its galilean 

group GRxR• will be denoted by G. 

Exercise 1.1 The following affine transformations of Rx Ra belong to G: 

gi) Uniform motion with velocity v: 

U1((t, x)) = (t, x + tv), (t, x) ER x Ra; 

92) Translation of the origin(O,O) to (s,w) ER x Ra : 

92((t, z)) = (t + s, z + "-'), (t, z) E Rx R 3
; 

93) Rotation R of the coordinate axes: 

9a((t,z)) = (t,&), (t,x) ER x Ra and R 

is an orthogonal transformation of R3 (proper (det R = 1) or not). 

Exercise 2.1 Show that any transformation g E G can be written in a unique 
way as a composition 9 = 91 o 92 o 9a; specify 91 •, 92 •, 93". 

Remark that the group G has dimension 10 and the affine group of R x R 3 

has dimension 20 (here dimension means the number of real parameters that 
one needs to determine a generic element of the group). 

Two galilean space-time structures (A1,TJ.,(,)i) and (A2,T2,(,)2) are said 
to be isomorphic if there exists an affine isomorphism T : A1 ---+ A2 such that 

i) r1 = r2 oT" (and in particular r takes r 1- 1(0) onto r 2- 1(0)); 

ii) The restriction r•/r1- 1(0): r 1- 1 (0)-+ r 2- 1(0) preserves the euclidean 
structures, that is, (T"u,T"vh = (u,v)i for all u, v E r1- 1(0). 

Exercise 3.1 Show that any two ga!ilean space-time structures are isomorphic. 
Start by showing that any galilean space-time structure is isomorphic to the 
galilean coordinate space. 

Let M be a set and ',01 : M -+ R x R3 a bijective map that it is called a 
galilean coordinate system on M . If ',02 is another galilean system such that 
',02 o ',01-1 : Rx R 3 -+ R x Ra belongs to the galilean group G, one says that 

',02 moves uniformly with respect to 'i"l · 

Using a galilean coordinate system ip1 on M and the galilean coordinate 
space (RxR3

, r, (,)),one easily define a galilee.n space-time structure (A1 , r1, (, )i). 
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In fact let Vi = y,1 -
1(R x R3

) with the structure of a four dimensional vec­
tor space induced by the vector space R x R3

, and let A1 = M = Vi be the 
four dimensional affine space associated to itself. The map r1 = r o y,1 is obvi­
ously a non zero linear map T1 : Vi -+ R and on the three dimensional kernel 
r1 -

1 (0) = 1,01- 1 ( {O} x R3
) one defines the inner product (, h induced by (, ). 

It is clear that if 'P2 moves uniformly with respect to 'Pl (that is \02 o cp1- 1 E 
G), the galilean space-time structure (A2 , r2 , (, )2) defined by i.p2 , as above, is 
isomorphic to (A1, r1, (, )i) and, of course, isomorphic to the galilean coordinate 
space (Rx R3

, r, (, )). 

A motion in RN is a C2 map x : I -+ RN where I C R is an open interval. 
The vectors x(t 0 ) and :i:(t0 ) in RN are the velocity and the acceleration at 
the point t0 E J. The image x(I) C RN is called a curve in RN. 

Let o : I-+ R 3 be a motion in R 3 . The graph {(t, a(t))lt E I} is a. curve in 
Rx R3

. 

Let us come back to the case of a set M with a galilean system of coordinates 
\01 : M ➔ Rx R3 and the corresponding galilean space-time structure induced 
by ',?t on M. Consider also the atlas a = { cp : M -+ R x R 3 lcp o ip1 -

1 E G}, 
that is, this atlas is the collection a = {g o <p1 ID E G}. 

A world line on M relative to a is the image "f(J) C M of a map 1 : J ➔ 
M (JC R is an interval) such that cp1(-y(J)) is the graph {(t, a(t))lt E J} of a 
motion o: I ➔ R3

. 

Remark: If instead of 'Pl we use any cp Ea, one can show that cp(-y(J)) is also 
the graph of a motion in R 3

• This fact follows from what can be proved in the 
next Exercise. 

Exercise 4.1 Show that the maps 91, 92 and 93 considered in Exercise 1.1 
transform graphs of motions in R 3 into graphs of motions in R 3 . 

Example 3.1 Let E 3 be the affine space whose elements are the points of the 
euclidean geometry; E 3 is associated to the set V 3 of all translations of E 3 

which is a three dimensional vector space. The set M = R x E3 is an affine 
space associated to the four dimensional vector space R x V3 . M = R x E 3 is 
a model for the so called physical space-time; E 3 is said to be the absolute 
space and the first projection is the absolute time. 

Any galilean system of coordinates (bijection) \01 : M -+ Rx R 3 induces 
on M, as we saw, a galilean space-time structure and also defines the atlas 
a = {g o 1,0ilg E G}. 

A motion of a mechanical system of n points defined on M, will give 
on M n world lines relative to a and correspondly n mappings z; : I ➔ R3

, 

i = 1, ... , n that define one mapping x : J ➔ R 3
n called a motion of a system 
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of n points in the galilean coordinate space Rx R 3
. The direct product R 3 x 

... x R3 = R3" is called the configuration space. 

According to the Newton principle of determinacy all motions of a me­

chanical system of n points are uniquely determined by their initial positions 

z(t0 ) E RN and initial velocities i:(t 0 ) E RN, N = 3n. In particular the accel­
erations are determined. So, there is a function F: RN x RN x R ➔ RN such 

that x = F(:c, i:, t), the Newton equation, is assumed to be of class C1
. This 

second order differential equation is determined experimentally for each specific 

mechanical system and constitutes a definition of it. By a classical theorem of 

existence and uniqueness of solutions, each motion is uniquely determined by 

z(t 0 ) and i:(t0 ). 

Galileo principle of relativity imposes ~trong constraints to Newton 
equations of a mechanical system. Its statement is the following: " The physi­

cal space-time R x E3 has a special galilean coordinate system "Pl and its atlas 

a = {9 o \0119 E G} {the elements in a are rolled the inertial coordinate sys­
tems) having the following property: If we subject the world lines relative to a 
of all the n points of any mechanical system to one and the same galilean trans­

formation, we obtain world lines relative to a of the same mechanical system 
(with new initial conditions/'. 

This imposes a series of restrictions on the form of the right-hand side F of 
Newton equations written in an inertial coordinate system. 

Example 4.1 Since 92 E G (see Exercise 4.1), if z(t) is a solution of z = 
F(z, i:, t) then z(t + s) is also a solution for all s E R, so we have z(t + s) = 
F(~(t + s), z(t + sJ;. t). As a conseque~ce we have F(z, i:, t) = F(z, z, t - s) 
which shows that Tt = 0, so F = F(z, z). 

The invariance with respect to the translations g2 E G means that "the space 
is homogeneous" . 

Exercise 5.1 Show that the second member of Newton equation depends only 

on the relative coordinates z; - zi, and i; - z1c, that is z = F(z, z) is written 
in its components z; as 

Hint: First use 92 (with (s,w) = (0, -z2)) and see that the F; depend on z;-z2 

only; after use 91 (with v = -i2) to show that the F; depend on the relative 



i:; - i:2 only. 

Remark: The invariance under 93 E G means that "the space is isotropic". 

Exercise 6.1 Analyze the invariance under 93 E G to see what one can say 
about the right hand side F(x,x) of the Newton equation. After that, show 
that if a mechanical system consists of only one point, then its acceleration (in 
an inertial coordinate system) is equal to zero ("Newton's first law"). 

Hint: Use the results of Exercise 5.1 and the invariance under ga E G. 

Example 5.1 A mechanical system consists of two points. At the initial mo­
ment their velocities (in some inertial coordinate system) are equal to zero. 
Show that the points will stay on the line which connected them at the initial 
moment. 

The two points satisfy x 1 (0) - x 2{0) = a :/= 0, :i:i(O) = .r2(0) = 0 and the 
system is 

{ 
Z1 = F1(.x1 - X2, :i:1 - .r2) 
z2 = F2(x1 - x2,z1 - i:2) 

(1.1) 

where F1 and F2 are C 1-functions; by the invariance under 93 E G we know 
that if (x1, .x2) is a motion then (z1 = Rx1, z2 = Rx2) is also a motion, that is, 

xi Rz1 = RF1(x1 - x2,x1 - z2) = F1(R(x1 - x2), R(:i:1 - :i:2)) 
i2 Rz2 = RF2(x1 - X2, z1 - :i:2) = F2(R(x1 - z2), R(z1 - .r2)) . 

Assume, by contradiction, that or .x1 (t) or .z:2(t) does not remain on the 
line defined by z1 (0) and z2(0). So, with a small rotation R(O) (of angle 9) 
a.round that line (we may also assume that OE R3 is on the same line), one has 
:i:1 (t) :/= z1 (t) or i2(t) :/= z2(t). But 

i1{0) = Rz1 (0) = 0 
i1(0) == Rz1(0) = z1(0) and 

i2(0) = Rz2(0) = 0 
i2(0) = Rz2(0) = z2(0) 

and, then, by uniqueness of solution of system (1.1) one has xi(t) = z1 (t) and 
x2 (t) = z2(t), which is a contradiction. So xi(t) and z2(t) remain on the line 
defined by z1 (0), x2(0), for all values oft . 
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1.2 Critical remarks on newtonian mechanics 

By the end of the last century, the existence of an absolute space in the model 

R x E3 of the physical space-time as an example of a galilean space-time struc­

ture, as well as the existence of a special galilean coordinate system that appears 

in the Galileo's principle of relativity, became dubious when highly accurate op­

tical experiments were performed. 

On a "human scale", the account of motion in Newtonian Mechanics is quite 

accurate but when it is pushed to extremes, some difficulties arise. For instance, 

no material object has been observed to travel faster than the (finite) speed c of 

light in a vacuum; but, in Newtonian theory, c plays no special role. Moreover, 

the light is propagated isotropically (with the same speed in all directions) in 

each supposed inertial system; if two inertial systems are passing one another 

(one inertial coordinate system is in uniform translation motion with respect to 

the other) and assuming a light pulse is emitted at their common origin at time 

zero, it is observed that both systems see their respective origins as the centers 

of the resulting spherical light pulse for all time. This phenomenon is known 

as the light pulse paradox and the observation was done, essentially, in the 
Michelson-Morley experiment. 

This, together with other electromagnetic considerations, led Albert Einstein 

and other people to reject the notion of an absolute space. He still retained, 

however, the notion of a distinguished (but undefined) class of inertial systems. 

Einstein then showed that this rejection of an absolute space and the resulting 

notion of absolute motion of an inertial system forces us to abandon also the idea 

of an absolute time! (see [Fl, "Gravitational Curvature" by Theodore Frankel, 

W.H. Freeman and Co., San Francisco,1979). 
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Chapter 2 

Differentiable manifolds 

A topological manifold Q of dimension n is a topological Hausdorff 
space with a countable basis of open sets such that each x E Q has an open neigh­
borhood homeomorphic to an open subset of the euclidean space R". Each pair 
( U, '{)) where U is open in R" and 'P is a homeomorphism of U onto the open set 
'f'(U) ofQ is called a local chart, '{)(U) is a coordinate neighborhood and the 
inverse 'P-l : 'P(U) -+ U, given by y E 'P(U) ➔ l.()- 1(y) = (x1(y), . . . , x"(y)), is 
called a local system of coordinates. If a point x E Q is associated to two 
local charts ,p: U-+ Q and v;: U-+ Q, that is z E ,p(U) nv;(U), one obtains 
the bijection W- 1 o 'P: W -+ W where the open sets WC U and WC If are 
given by 

W = 'P- 1 ['P(U) nio(U)] and W = W- 1 ['P(U) nio(U)] 

The charts (<p, U) and (io, U) are said to be C"- compatible if W- 1 o '{) : 
W-+ Wis a c1t-diffeomorphism, k 2: 1, le= oo or le= w. 

A Ck-atlas is a set of C" compatible charts covering Q. Two C"-atlases 
are said to be equivalent if their union is a C"-atlas. A Ck differentiable 
manifold is a topological manifold Q with a class of equivalence of Ck-atlases. 
A manifold is connected if it cannot be divided into two disjoint open subsets 
(if no mention is ma.de, a manifold means a C 00-differentiable manifold). 

Examples of differentiable manifolds: 

1.2 R" 

2.2 The sphere S2 = {(x,y,z) E R 3 1x2 + y2 + z2 = I}. 

3.2 The configuration space S1 of the planar pendulum. 
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4.2 The configuration space of the double planar pendulum, that is, the torus 

T2=s1 x s1
• 

5.2 The configuration space of the double spherical pendulum, that is, the 

product S2 x S2 of two spheres. 

6.2 The configuration space of a "rigid" line segment in the plane, R2 x S1. 

7.2 The configuration space of a "rigid" right triangle AOB, 6 = 90°, that 

moves around O; it can be identified with the set S0(3) of all 3 x 3 

orthogonal matrices with determinant 1. 

8.2 pn(R), then-dimensional real projective space (set oflines passing through 

oERn+1),n~l. 

2.1 Imhedded manifolds in RN 

We say that Qn C RN is a Ck submanifold of (manifold imhedded in) 

RN with dimension n :5 N, if Qn is covered by a finite or countable number of 

images ip(U) of the so called regular parametrizations, that is, Cle-maps, 

k 2: 1, 

'P : U C R" --+ RN , U open set of R", such that: 

i) 'P: U--+ ip(U) is a homeomorphism where ip(U) is open in Q" with the 

topology induced by RN; 

ii) ~(zo): Rn --+ RN is injective for all z 0 EU. 

Here ip(z1, ... ,zn) = (ip1(z1, ... 1 zn), ... ,~(z1, ... ,z,.)) and ~(zo) is the 

N x n matrix ~(.:z:0 ) = (¾f,-(zo)). 

To show that Q" is a Ck-manifold we prove the next two propositions: 

Proposition 1.2 Let Q" be a Cle submanifold of RN with dimension n and 

'P : U --t RN a regular parametrization in a neighborhood of Yo E ip(U) C Q". 

Then, there exist an open neighborhood n of y0 in RN and a C"-map Ii : 0 --t 
RN such that 

Proof We may 88Sume, without loss of generality, that the first determinant (n 

first lines and n columns) of 4;(zo) does not vanish (here Yo = cp(.:z:0)). Define 

the function F : U x RN-n --t RN by F(.:z:; z) = (cp1 (z), ... , ip"(.:z:)); ipn+1(z) + 
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z1, . . . ,<pN(z) + ZN-n) which is of class Ck; we have, clearly, F(z,O) = l"(z), 
for all z EU, so F(zo,0) = <p(zo) = Yo and 

~) §:,;; (xo 0 

6F i , j = 1, ... , n 
6(z, z) (zo,O) = 

* I 

From this it follows that deth(x 0 , 0) :f. 0. The result comes, using the u~x , i) 

inverse function theorem, that is, F is a (local) diffeomorphism onto an open 
neighborhood n of y0 in RN with an inverse \Jf defined in n. It is also clear 
that ~l(Qn n !1) = <p- 1 l(Qn n 0). 

Remark: Denote by rr2 the second projection 71'2 : U x RN-n -+ RN-n and 
let f be the composition f = 71'2 o \Jf : 0 -+ RN-n, so, to any y E Qn that 
belongs to 0, one associates N - n functions / 1 , ... , f N-n : 0 ---+ R such that 
f = Ui, . .. JN-n) and n n Qn is given by the equations /1 = ... = /N-n == 0, 
the differentials dfi (y), . .. , df N-n (y) being linearly independent. 

Conversely we have the following: 

Proposition 2.2 Let Q C RN be a set such that any point y E Q has an open 
neighborhood n in RN and N - n Ck-differentiable functions , k ~ l, 

Ji : n-+ R, . .. JN-n ; n-+ R 

such that On Q is given by Ji = ... = !N-n = 0, with dfi (y) , ... , dfN-n(Y) 
linearly independent. Then Q is a C 11 submanifold of (manifold imbedded in) 
RN with dimension n. 

Proof The linear forms df;(y) : RN-+ R, i =I, . .. , N -n, define a surjective 
linear transformation 

with an-dimensional kernel K C RN. Let L : RN -+ R" be any linear 
transformation such that the restriction LIK is an isomorphism from K onto 
R". Define G: n C RN --t RN by 
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whose derivative at 1J E Q is given by 

dG(y)v = (dfi(y)v, ... , dfN-n(Y)V, L(v)). 

Then dG(y)v is non singular and so, by the inverse function theorem, G 
takes an open neighborhood fl of 11, diffeomorphically onto a neighborhood 

- . d!J -1 - -
G(O) of (o, L(y)). Note that 1f f - (Ji, ... , !N-n), / (o) n fl = Q n fl 
corresponds, under the action of G, to points of the hyperplane (o, Rn) since G 

takes J- 1 (0)nfi onto (0, Rn)nG(O). The inverse r.p of G restricted to 1-1(o)nfl 
is a Ck-bijection: 

cp : u d~ (o, R") n G(f!) --+ cp(U) = Q n n. 
To the pointy E Q then corresponds a local chart (r.p, U), that is, Q is a C"­

submanifold of RN, with dimension n. 

Exercise 1.2 The orthogonal matrices are obtained between the real 3 x 3 ma­
trices (these are essentially R 9 ) as the zeros of six functions (the orthogonality 
conditions). This way we obtain two connected components, since the deter­

minant of an orthogonal matrix is equal to + I or -1. The component with 

determinant +1 is the group S0(3) of rotations ofR3
• Show that SO(3) is a 

compact subma.nifold of R9 of dimension 3. 

2.2 The tangent space 

Let Q be a n-dimensional submanifold of RN. To any y E Q is associated 

a subspace TyQ of dimension n; in the notation of Proposition 2.2, T11 Q is the 
kernel K of the linear map 

The vectors of T11Q = K are called the tangent vectors to Q at the point 

y E Q and the subspace T11 Q is the tangent space of Q at the point y. The 

tangent vectors at¼ can also be defined as the velocities ;, (0) of all C1-curves 

1: (-e,+e)--+ R with values on Q and such that 1(0) = y. 

In the general case of a manifold Q one defines an equivalence relation at 

y E Q between smooth curves. So, a continuous curve 1 : I --+ Q (I is any 

interval containing O e R) is said to be smooth at zero if for any local chart 

(U;cp),1(0) = y E cp(U), the curve r.p- 1 o 'Yl-,-•(l"(U)) : -y-1 (r.p(U)) --+ R" 
is smooth. Two smooth curves ')'1 : Ii --+ Q and -y,1 : l2 --+ Q such that 

11(0) = 1'2(0) = Y are equivalent if .fi(cp-1 o ,dlt=O = fi(r.p- 1 o ')'2)l1=0· This 
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concept does not depend on the local chart (U; I")- A tangent vector v11 at 
y E Q is a class of equivalence of that equivalence relation. We write simply . . 
Vy ="/1 (0) ="/2 (0). One defines sum of tangent vectors at y and product of a 
real number by a tangent vector. This way the set TyQ of all tangent vectors to 
Q at y E Q is a vector space with dimension n. With a local chart (U; I") and 
the canonical basis { e; }( i = 1, ... , n) of Rn , it is possible to construct a basis of 
TyQ at y E l"(U); ifwe set zo = \C- 1 (y), consider the tangent vectors associated 
to the curves 'Yi : t ➔ \C- 1(zo + te;) and Jet 8!, (y) ag 'Yi (0), i = I, ... , n. 

2.3 The derivative of a differentiable function 

A continuous function / : Q1 --+ Q2 defined on a differentiable manifold Qi 
with values on a differentiable manifold Q2 is said to be er - differentiable at 
y E Q1 if for any two charts (U,t.p) and (U,~), cp- 1(y) EU and ?-1(f(y)) E 7!, 
the map ip 1 .f.tp : U --+ 7J is er differentiable at tp(y), r > 0; of course we 
are assuming (as we can) f(<p(U)) C i,o(U) (reducing U if necessary), due to the 
continuity off at y E Q1 . The notion of differentiability does not depend on 
the used local charts. One uses to say smooth instead of C00

• The derivative 
df(y) or f.(y) of a C1- differentiable function f : Q1 --+ Q2 at y E Q1 is a 
linear map 

f.(y): T,,Q1 ---t T,MQ2 

that sends a tangent vector represented by a curve 'Y : / ---t Q1, -y(O) == y E Qi, 
into the tangent vector at /(y) E Q2 represented by the curve fo'Y : I---+ Q2. 
One can show that f. (y) is linear. 

If g : Q2 --+ Q3 is another C 1-differentiable function one has: 

J.(y) g.(j(y)) 
T11 Q1 --+ T1( 11 )Q2 --+ Tg(J(y ))Q3 

and it can be proved that 

(go /).(Y) = g.(f(y)) o f.(y) for all y E Qi . 

A er -diffeomorphism / : Q1 --+ Q2 is a bijection such that / and J- 1 

are er -differentiable, r ~ 1 . 

2.4 Tangent and cotangent bundles of a mani­
fold 

Let Q be a Ck-differentiable manifold, k :2:'. 2. Consider the sets TQ = 
U11 eQ T

11 Q and T*Q = U11eqT11 •Q where T11 •Q, y E Q, is the dual ofT11 Q, that 
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is, T1,*Q is the set of all linear forms defined on T11 Q. 

Exercise 2.2 Show that TQ and T"Q are Ck-1-manifolds if Q is a C"-manifold, 

k ~ 2. Show also that the canonical projections: 

T t>11 E TQ ...+ y E Q and 

r• W11 E r·Q >-+ y E Q 

are cl,-l maps. 

TQ and T* Q are called the tangent and cotangent bundles of Q, respec­

tively. 

Exercise 3.2 The cartesian product of two manifolds is a manifold. 

Exercise 4.2 (Inverse image of a regular value) Let F: UC Rn ---+ Rm be a 

differentiable map defined on an open set U C Rn. A point p E U is a critical 

point of F if dF(p) : Rn ---+ Rm is not surjective. The image F(p) E Rm of a 
critical point is said to be a critical value of F. A point a E Rm is a regular 

value of F if it is not a critical value. Show that the inverse image F- 1 (a) of 

a regular value a E Rm either is a submanifold of Rn, contained in U, with 

dimension equal ton - m, or F-1(a) = tf,. 

Let Q be a differentiable manifold. Q is said to be orientable if Q has an 

atlas a= {(Ua,\Oa)} such that (Ua,\Oa) and (U,11,\0,11) in a satisfying \Oa(U0 ) n 
<,0,11(U,11) # tf,, the derivative of \0,11- 1 o ({)a at any ;i: E \Oa -l [<,0 0 (U0 ) n \Op(U,11)] 

has positive determinant. If one fix such an atlas, Q is said to be oriented. If 

Q is orientable and connected, it can be oriented in exactly to ways. 

Exercise 5.2 Show that TQ is orientable (even if Q is not orientable). Show 

that a two-dimensional submanifold Q of R3 is orientable if, and only if, there 

is on Q a differentiable normal unitary vector field N : Q ---+ R3
, that is, for 

ally E Q, N(y) is orthogonal to T11Q. 

Exercise 6.2 Use the stereofiaphic projections and show that the sphere S" = 
{(:i:1, ... , :i:,.+1) E R"+l I~=/ :i:2; = I} is orientable. 

2.5 Discontinuous action of a group on a mani­
fold 

An action of a group G on a differentiable manifold M is a map 
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'{) : GxM-+M 

such that: 

1) for any fixed g E G , the map '{)g: M-+ M given by '{)g(p) = 'f'(g,p) is a 
diffeomorphism and 'fie= Identity of M (e E G is the identity); 

2) if g and h are in G then 'f/gh = 'f/g o 'f/h where gh is the product in G . 

An action I{) : G x M ---+ M is said to be properly discontinuous if any 
p E M has a neighborhood Up in M such that Up n ,p9 (Up) == </) for all g # e, 
gEG. 

Any action of G on M defines an equivalence relation ~ between elements 
of M; in fact, one says that P1 ~ P2 (P1 equivalent to p2) if there exists g E G 
such that '{)9 (pi) = P2 · The quotient space M/G under ~ with the quotient 
topology is such that the canonical projection 1r : M -+ M/G is continuous 
and open. (1r(p) E M/G is the class of equivalence of p EM). 

The open sets in M/G are the images by 1r of open set.sin M. Since M has 
a countable basis of open sets, M/G also has a countable basis of open sets. 

Exercise 7.2 Show that the topology of M/G is Hausdorff if and only if given 
two non equivalent points Pi, p2 in M, there exist neighborhoods U1 and U2 of 
Pl and P2 such that U1 n 'f/g(U2 ) = efi for all g E G. 

Exercise 8.2 Show that if 'f' : G x M -+ Mis properly discontinuous and M /G 
is Hausdorff then M/G is a differentiable manifold and 1r : M -+ M/G is a 
local diffeomorphism, that is, any point of M has an open neighborhood n such 
that 1r sends n diffeomorphically onto the open set 1r(O) of M/G . Show also 
that M / G is orientable if and only if M is oriented by a.n atlas a = {( U a, 'Pa)} 
preserved by the diffeomorphisms '{)g, g E G (that is, (Ua, ,p9 o 'Pa) belongs to a 
for all (Ua, 'f'a) Ea). 

Examples: 9.2 Let M = S" C Rn+l and G be the group of diffeomorphisms 
of S" with two elements: the identity and the antipodal map A : z >-+ -z. The 
quotient S"/G can be identified with the projective space pn(R). 

10.2 Let M = R" and G be the group zk of all integer translations, that 
is, the action of g = (n 1 , .•. ,n1,) E zic on r = (z1, .. . ,r1c) E Ri, means to 
obtain z + g E R". The quotient R,. /Z" is the torus Tic . The torus T 2 is 
diffeomorphic to the torus of revolution T2 , submanifold of R3 obtained as 
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the inverse image of zero under the map /(z, y, z) = z2 + ( ✓z2 + y2 - a)2 - r2
. 

11.2 Let S be a submanifold of R3 symmetric with respect to the origin and 

G = {e,A} be the group considered in example 9.2 above. The special case 

S = T2 (torus of revolution in R3) gives us the quotient manifold T2 /G d;f K, 

the so called Klein bottle. When Sis the manifold S = {(z, y, z) E R 3 jz2 + 
y2 = 1, -1 < z < 1} then S/G is called the Mobius band. 

Exercise 9.2 Show that the Klein bottle, the Mobius band and P 2(R) are not 

orientable. Show also that pn(R) is orientable if and only if n is odd. 

2.6 Immersions and imbeddings . Submanifolds 

Let M and N be differentiable manifolds and i.p : M -+ N be a differentiable 

map. r.p is said to be an inunersion of Minto N if ,p.(p) : TpM-+ Tip(p)N is 

injective for all p E M. 

An imbedding of M into N is an immersion ,p : M -+ N such that <p is 

a homeomorphism of M onto i.p(M) C N, ,p(M) with the topology induced by 

N. If M C N and the inclusion i : M -+ N is an imbedding of M into N, M 

is said to be a submanifold of N. 

Examples: 12.2 The map tp : R-+ R2 given by ,p(t) = (t, !ti) is not differ­

entiable at t = 0. 

13.2 The map 'P : R -+ R 2 defined by cp(t) = (t3 , t 2) is differentiable but is not 

an immersion because ,p.(0): R-+ R 2 is the zero map that is not injective. 

14.2 The map cp: (0, 2,r)-+ R7 defined by 

,p(t) = (2cos(t- i), sin2(t - i-)) 

is an immersion but is not a imbedding. The image M = i.p((0, 2,r)) is an "eight". 

Also, the inclusion i: M-+ R2 is not a.n imbedding, so M = <p((0, 2,r)) is not 

a submanifold of R2
. 

15.2 The curve <p: (-3, 0) -+ R2 given by: 

{ 

(0, -(t + 2)) if t E (-3, -1) 
,p(t) = a regular curve for t E (-1, -¼) 

(-t,-sin½) if t E (-¼,0) 
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is an immersion but is not an imbedding. 

A neighborhood of O = (0, 0) has infinitely many connected components if 
one considers the induced topology for the set tp(-3, 0) C R 2 . 

16.2 tp : R ----4 R 3 defined by rp(t) = (cos 2irt, sin 2irt, t) is an imbedding. The image ',?(R) is homeomorphic to R. 

17 .2 The image rp(R) of the map',?: R -+ R 2 given by \O(t) = (cos 2irt, sin 2irt) 
is 51 C R 2

. The map ',? is an immersion but not an imbedding since is not 
injective. But ',?(R) = 51 is a submanifold of R2 if we consider the inclusion 
map i: 5 1 ----t R2

. 

18.2 Analyze the maps: 

( ! cos27!'t, ! sin 2rrt), t E (1, oo); t t 
t+l t+I. {2tcos27rt, ~sm2rrt), t E (1,oo) 

2. 7 Partition of unity 

Let X be a topological space. A covering of X is a family { U;} of open sets 
U; in X such that LJ. U; = X. A covering of X is said to be locally finite if 
any point of X has a neighborhood that intersects a finite number of elements in the covering, only. One says that a covering {Vk} is subordinated to {U;} if 
each Vi, is contained in some U;. Let Br be the ball of Rm centered at OE Rm 
and radius r > 0. 

Proposition 3.2 Let X be a differentiable manifold, dim X = m. Given a 
covering of X, there exists an atlas {(Vk, <fk)} where { Vk} is a locally finite 
covering of X subordinated to the given covering, and such that ip;1 (Vk) is the 
ball B3 and, moreover, the open sets Wk= \Ok(Bi) cover X. 

For a. proof see the book [L] "Differential Manifolds" by S. Lang, Addison 
Wesley Pu. Co .. p. 33, taking into account that in the last Proposition 3.2 X 
is Hausdorff, finite dimensional and has a countable basis. 

The support supp (!) of a function f : X -+ R is the closure of the set of points where f does not vanish. We say that a family {/,.} of differentiable 
functions /1c : X ➔ R is a differentiable partition of unity subordinated 
to a covering {Vi} of X if: 

(I) For any k, A ~ 0 and supp (I,.) is contained in a coordinate neighborhood 
Vi, of an atlas {(V,,,, \Ok)} of X. 

(2) The family {V,.} is a locally finite covering of X. 
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(3) La /,.(p) = 1 for any p EX (this condition makes sense since for each p, 

J,.(p) :/; 0 for a finite number of indices, only). 

Proposition 4.2 Any connected differentiable manifold X haa a differentiable 

partition of unity. 

Proof The idea is the following: by Proposition 3.2, for each k one defines a 

smooth "cut ofl" function 'Pk : X ➔ R of compact support contained in Vi 

such that T/J1r is identically 1 on w,. and ,j;,.;:;:: 0 on X. From the fa.ct that {V,.} 

is a locally finite covering of X subordinated to the given initial covering {U,} 

of X, the sum t;,. ,J;,. = ,j; exists; moreover I/; is smooth and ,Ji(p) > 0 for any 

p EX. Then the functions/,.= t/11rN have the desired properties (1), (2) and 

(3) above. 

For a complete proof see also the book [R] "Differentiable Manifolds" by G. 

de Rham, Springer-Verlag 1984, p.4. 
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Chapter 3 

Vector fields, differential 
forms and tensor fields 

We already saw that given a. local chart rp : U -----+ rp(U) = V of a differen­
tiable manifold Q, to ea.ch x = (x 1 , .. . , xn) E U ~ Rn corresponds the vectors 
x + e; E Rn, (e;) being the canonical basis. The curves rp(x + te; ), i = I, . .. , n, 
for jtj < t, (t > 0 small in order that x + te; EU) define the tangent vectors to 
Q a.t rp(x) denoted by k(rp(x)) . We may also write 

8 
rp.(x)e; = ax/rp(x)), i= l, ... ,n 

and 

A vector field X on a C 00-manifold Q is a. map y E Q >-+ X(y) E T'IIQ C 
TQ. It is clear tha.t if rp : U ~ V C Q is a local chart, the maps a~, : y E V -----+ 
k(Y) are vector fields on V. A vector field X on Q is said to be of class Cc,:, 
(or smooth) if given any local chart rp : U -----+ V C Q, X is written as 

with the functions a; : y E V >-+ a;(y) E R being C00 -functions. This means 
that the map X : Q ..-+ TQ satisfies To X = idQ and is a Cc,::,-differentiable 
ma.p ( T : TQ -----+ Q is the canonical projection a.nd idQ is the identity map on 
Q). Let D(Q) be the set of all C 00-functions f : Q -----+ R and X(Q) be the 
set of all C 00-vector fields on Q. Any XE X(Q) is a derivative of functions, in 
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the sense that given a C00-differentiable function /: Q--+ R, / E D(Q), then 

X(/) E D(Q) is the C00-differentiable function defined as 

X(f)(y) = df(y) [X(y)] for any y E Q. 

In local coordinates, if X = E;'.,1 a; a!. then X(f) = Ef:1 a;-/t (this 

equality holds in V). 

Remark also that /;-;(Io li'Hz) = -/t(ll'(z)), for all z EU. 

It is easy to see that if f and g are C00-differentiable functions and a, /3 E R 

we have, for any C00-vector field X, the equalities: 

X(af + {3g) = o:X(f) + {JX(g), 

X(fg) = JX(g) + gX(f). 

Given two C"°-vector fields X and Y defined on a C 00-ma.nifold Q, they define 

the Lie bracket [X, Y] a.s the unique C00-vector field Z such that, for any C00
-

differentia.ble function/: Q --+ R, one has 2/ = [X, Y]f d;f X(Y /) - Y(X /). 

If, in local coordinates, we have the expressions: 

then, a simple computation shows that 

so, the uniqueness follows. To prove the existence of [X, Y] we define, locally 

and show that the definition is coherent in the intersection of two coordinate 

neighborhoods. 

Exercise 1.3 Complete the proof of the existence of [X, YJ. 

Exercise 2.3 Show that if X, Y,Z are C00 vector fields, f,g C 00-functions and 

a:, /J ER one has: 
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[X, Y) = -[Y, X]; [a-X + {3Y, Z] = a-[X, Z] + {3[Y, Z]. 

[JX,gY] 

([X, Y], Z] 

fg[X., Y] + f(X.g)Y - g(Yf)X.. 

+ ([Y, Z], X] + [[Z, X), Y] = 0 (Jacobi identity). 

We want now to introduce some other machinery used on manifolds: differen­
tial forms, exterior derivative, interior product, tensor fields and Lie derivative. 

Let A"Q be the manifold of all extel'ior k-forms on Q. This means that 

where //'Ty "Q is the space of all alternate k-linear forms on T11 Q; recall that 
A1Q = T"Q and A0Q = D(Q). Denote by rk : N'Q -t Q the natural projection and by I'k(Q) the set of all C 00-differentiable k-forms on Q, that 
is, u E r" ( Q) is a cross section, with respect to r1', of the vector bundle 
(AkQ, Q, r"); sou is a C 00-map u; Q -t AkQ such that r" o u = id Q. 

Any smooth map f: Q1 -t Q2 from a manifold Q1 into a manifold Q2 has 
a natural extension r that acts on the k-forms u E r" (Q2); in fact, r u E fkQ1 
is defined as follows: 

(r u)(y)(X.1 (y), ... , X1<(Y)) d~ u(J(y))(f. X1 (y), ... ,f.X,.(y)) 

for ally E Qi and X1, ... ,Xk E X(Q1). 

We also write, for simplicity, 

(3.1) 
It is clear that /* is linear . 

If u" and u1 are in r.1c ( Q) and f 1 ( Q), respectively, uk I\ u' is the ( k + /)-form 
in r"+'(Q) defined by 

the E being extended to all sequences (i 1 < ... < i.1c; ii < . . . < j,) where 
( i1 , ... , i.1c, j 1 , •.. , j 1) is a sign € permutation of the indices ( 1, ... , k + I) such 
that i1 < i2 < ... < i1, and ii < h < ... < j,. 

Given u" E f,.(Q), u1 E f 1(Q) and f: Q -t Q differentiable, one has: 

f*(uk I\ u1) = f*u" I\ f"u1, 
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For u1< E f,.(Q) and local coordinates (V;z1, .. . ,zn) on Q, we have: 

ulc(y) = E S1(y)dz;1(Y) A . .. A dz;1c(Y), 

i,< ... <i• 

where I= (i1, ... ,ii,) and S1(y) = ST(z1 , .. ,,zn) are differentiable functions 

on V. Omitting the pointy EV we set, simply, 

"" = "" /V = E S1dziJ /\ . .. A dz;,. . 
i,< .. . <i• 

One can also show that: 

",. A ('111 + '12
1

) = ",. A'11
1 + "le A'12

1
; 

~ A("' (\ '1m) = ('1" (\"')(\um 

(3.3) 

(3.4) 

(3.5) 

The exterior derivative d: f(Q) -+ f(Q) is an operation on the algebra 

r(Q) = I r1c(Q), where n = dim Q and k ~ 0, which is linear and 
k=o 

for "le E f"(Q); 

d",. /\w + (-I)"u1< /\ dJ..i; 

0. 

(3.6) 

(3.7) 

In local coordinates (V; z1, ... , Zn) on Q, if f E D(Q) = f 0 (Q), on has 

df = 1::7:::1 -/tdz; and by (3.6) if t1" == Li,< ... <i• S1dzil /\ . .. A dzfo, then 

d",. = L dS1 A dz;1 /\ ... /\ dz;1c, 
i,< ... <i• 

The properties of d imply that if/ : Qi -+ Q2 is differentiable, then 

d(f"") = f*(d") for all 

(3.8) 

(3.9) 

The interior product of <TE r"(Q), k ~ 0, by a vector field X E X(Q) is 

the (k - !)-form i(X)t1 (also denoted by XJ") such that 

i(X)J = 0 if k = 0 (f E V(Q)); (3.10) 

i(X)o- = <r(X) if le = I; (3.11) 

i(X)o-(X1, ... ,X1r-1) = t1(X,X1 , ... ,X,._i) if k > I. (3.12) 
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It can be shown that 

i(X)(au1 + bu2) 

i(X)(uk i\w) 

= ai(X)u1+bi(X)u2 , a,bER, u1,u2 EI'"{Q}(3.13) 

[i(X)uk] i\w + (-ltuk I\ [i(X)w]. (3 .14) 

3.1 Lie derivative of tensor fields 

A covariant tensor field of order r on Q is a multilinear map 

<[, : X(Q)x .. xX(Q) -+ T>(Q) 

that is,<[, is T>(Q)-linear in each one of the r factors : 

cI>(Y1, . . . ,IX+ gY, . . . , Yr)= f<P(Y1 , . .. ,X, .. . , Y,) + g<[i(Y1, ... ,Y, .. . , Yr) 
for all X, YE X(Q) and f,g E T>(Q) . 

In an analogous way one defines a contravariant tensor field using f 1Q instead of X( Q). Also one defines mixed tensor fieldof type (r, s) as a T>( Q)­multilinear map<[,: (f1(Q)tx(X(Q))' ---+ V(Q), and so c)(u1, .. . , ur, Y1 , • .. , Y,) E V(Q) . One sa.ys that the one form ui occupies the ith contra.variant slot and that the vector field Yj occupies the jth covariant slot of Cl>. 

Exercise 3.3 Show tha.t the covariant tensor fields of order l are naturally identified with the elements of f 1 (Q) a.nd the contravaria.nt tensor fields oforder 1 are identified with vector fields. 

Exercise 4.3 Define the contraction Cj(<[i) of a tensor field <11 of type (r, s) which is a tensor field of type (r-1, s- 1) . Hint: Start defining the contraction C(A) of a tensor field of type (1 , 1) a.s a function on Q, using local coordinates z 1 , . . . , zn, by C(A) = E:':,1 A(dzi, 8~. ), and show that the definition does not depend on the used coordinates. Follow defining (Cj(<[i)](u1, .. . , ur-1, Y1, . . . , Y.-1) as the contraction C(A) of the following tensor field A of type (1,1): 

where 6 occupies the ith contrava.riant slot and X occupies the jth covariant slot of<[, , 

Let X E X(Q) be a vector field on Q. The local flow X1 of X is a one­parameter group of diffeomorphisms that act in a neighborhood V of a point y E Q, for it! < f , ( > 0 small. Given a covariant tensor field <[, one can 
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compute the derivative of c) along integral curves of X; in other words, the 

diffeomorphism X 1 induces a map X 1 • that acts on covariant tensor fields in V. 

So X1 •4>(X1(y)) is a tensor at y then X1 "c)(X1(y))-4>(y) makes sense. The Lie 

derivative of c) is another tensor field Lx c) of the same type ( also denoted by 

fJ(X)c)) defined by 

Let us see some properties of the Lie derivative: 

Lx (a.Ji + bc)2) = aLx4>1 + bLxi/>2, a, b ER (3.16) 

If / is a diffeomorphism of Q, Lx(rcJ) = /" LxcJ. (3.17) 

When B is a bilinear map of tensors, that is, if B(cJ1 , c)2) is a tensor that 

depends linearly on cJ 1 and c)2, then 

In particular: 
(3.19) 

For the case in which c) =/is a function (f E z:>(Q)) one has: 

Lxf = X(I). (3.20) 

Let c) = ~ be an exterior differential k-form and take a local system of 

coordinates (V; 111 , ••• , y,.) for Q where X = E:':1 Xi k and the local diffeo­

morphism X1 has the components 

Each function Xt' (Y1, . •. , y,.) depends, in a differentiable way, on t and 

i · £.1.:.... ~•1._ 
111, .. ·, Yn, so Xi (111, ... , y,.) = f (t,111, ••. , fin) and 81811; = r,;at· Thus, for 

er"= dy; on has: 
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Now, if~= u" is a one form u, locally given by: 

n n 

tr= L S;dy; = L S,(Y1, ... , Yn)dy;, 
i=l i=l 

applying the properties of the Lie derivative and the fact that (S, dy) E f 0
( Q) x 

f 1 (Q) ➔ Sdy E f 1(Q) is a bilinear map of tensors, then 

n n 

Lxu = L Lx(S,dyi) = L (LxS;) dy, + (S,Lxdy;) 
i=l i=l 

so 

(3 .22) 

Finally, ¢ = 17" = L;, <--<i• S1dy; 1 /\ . .. /\ dy;1, being an exterior differential 
k-form, one uses (3.16) and (3.19) and Lxa1' i~ obtained under the usual rules. 

Exercise 5.3 Try to define the Lie derivative of a contra.variant tensor field. 

Let now cf>= Y E X(Q) be a vector field on Q and let us show that Lx Y = 
[X, Y], that is, Lx Y is precisely the Lie bracket [X, Y] introduced above. In 
fact, in local coordinates (V, Yi, ... , Yn) one can write X = L=l X' o!, and 

Y = I::':,1 Y'k- We start computing Lx (k) = ftX-t• ( 8~,) lt=O. The 

j-component of the vector field X-t• -8
8 at p E Q is 
Y, 

so that, 

dyi(P) [x-to 8~; (X-t(P))] = dX~t [a~; (X_i(p))] 

axi 
- 8 -t (X-t(p)) 

Yi 
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and 

Lx(Y) 

so, 

Lx(Y) = t (xi 0y; _ y;oX;) ~ = [X, Y]. I (3.23) 
.. _

1 
oy; oyi 811,· 

1,J-

The next formulae (3.24), (3.25), (3.26), (3.27) and (3.28) are useful and 
relate the notions of exterior derivative, interior product and Lie derivative. 

Lx(du) = dLxu, u E f(Q); 

this follows because Xt*du = dX1*u. 

Lx[i(Y)u] = i[X, Y]u + i(Y)Lxu; 

(3.24) 

(3.25) 

it is enough to observe that i(Y)u is bilinear in Y and u, so by (3.18) we have 

Lx [i(Y)u] = i(Lx Y)u + i(Y)Lxu, 

and by (3.23) formula (3.25) follows. 

3.2 The H. Cartan formula 

Consider now the so called H. Cartan formula: 

Lxu = i(X)du + d[i(X)u], u E f(Q). (3.26) 

To prove (3.26) one remarks that the second member of this last formula is a 
derivation on the algebra r(Q) and then, it is enough to show that the equality 
holds when applied to functions and I-forms. 

If f E P(Q) = 'D(Q) and since by (3.10) i(X)f = 0, formula (3.26) reduces, 
due to (3.11), to 

Lx f = df(X) = i(X)df (3.27) 
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If u E r1(Q), u is locally the sum u = E?=1 S;dx; and so, it is enough to 
prove now formula (3 .26) for the I-forms of type g.df, f,g E V(Q). 

We have Lx (g.df) = (Lxg)df + gLxdf by (3 .19), and 

Lx(g.df) = X(g)df + g.d(i(X)df) (3.28) 
by (3.20), (3.24) and (3.27). On the other hand, (3 .6) and (3 .7) imply 

i(X)d(g.df) + d(i(X)(g.df)) = i(X)(dg I\ df) + d(i(X)(g.df)); 

by (3.14), (3.11) and (3.10) one obtains 

i(X)d(g.df) + d(i(X)(g.d/)) = X(y)df - X(l).dg + d(g .df(X)), 

so, by (3 .6) one has 

i(X)d(g.df) + d(i(X)(g.d/)) = X(g)d/ - X(f).dg + dg.X(f) + g.d(X(f)) 
= X(g)df + g .d(i(X)df), 

thus, by (3.28) we finally have 

Lx(g.df) == i(X)d(g.df) + d(i(X)(g.df)), 

and (3.26) is proved. I 

Exercise 6.3 Prove that L[x,Y] = [Lx, Ly] where, as usual , t.he right-hand side 
means LxLy - LvLx. 

Exercise 7.3 In the following two examples, which one is a tensor field: 

i) (u, X) E f 1 (Q) x X(Q) 1--4 u(X) E D(Q) 

ii) (X, Y) E X(Q) x X(Q) 1--4 X(O(Y)) E 'D(Q) 
where O E r 1 ( Q) is a fixed one form. 

Exercise 8.3 Show that if u is a k-form and Xo, Xi, ... , Xk, are vector-fields 
one has 

k 

du(X0,X1, ... ,X1:) = ~)-l);X;(u(Xo, .. . , .. X;, .. . ,Xk)) + 
i=O 

+ 1)-l)i+iu([X;X;], X 0 , . •• , X;, ... ,X;, ... , X1<)- (3.29) 
i<j 

" Lxu(X1, ... ,X.,,) = X(u(X1, . . . ,X1r)) - L u(X1, ... , [X, X;],· ... , X1<)-(3.30) 
i=l 
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Chapter 4 

Pseudo-riemannian 
manifolds 

A pseudo-riemannian metric on a differentiable manifold Q is a law 

that to each point y E Q associates a non degenerate symmetric bilinear form 
(, ) 11 on the tangent space T11 Q, varying smoothly, that is, given a local system 
of coordinates (V; z1, ... , Zn), y E V, and considered the local vector fields 
/i-;,i = l,, .. ,n, the functions 9ij: V-+ R defined by g;j = (k,~} are 

differentiable. Then x n matrix (g;;) is symmetric and (,)11 be non degenerate 
means det g;j (y) -:f. 0 for all y E V. If t.he pseudo riema.nnian metric is such 
that {, )11 is positive definite for all y E Q we say that the law (,) : y ➔ (, )11 is 
a riemannian metric on Q. In both cases we use to say that {,) is simply a 
metric. 

A pseudo-riemannian (riemannian) manifold is a pair (Q,(,)) where 
(,) is a pseudo-riemannia.n (riemannian) metric on a differentiable manifold Q. 
If one computes the composition g;; o r.p of 9ij with the local chart r.p: U ➔ V, 

one obtains g;; o r.p(z1, ... , Zn) or simply g;;(z1, ... , zn)-

Given two pseudo-riemannian (riemannian) manifolds (Q1, {, )i), (Q2, (, )2) 
and a diffeomorphism / : Q1 -+ Q2 such tha.t (u11 ,v11)i = (f.u",f.v")2 for 
all II E Q1 and u11 , vll E T11 Q1, then / is said to be a pseudo-riemannian 
(riemannian) isometry. 

Exercise 1.4 Show that the product of two pseudo-riemannian (riemannian) 
manifolds is a pseudo-riemannian (riemannian) manifold. 

Examples: 1.4 Any submanifold Q C RN has a riema.nnian metric induced by 
RN with its usual inner product. The flat torus is the manifold S1 x ... x S1 
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with the product metric, provided that S1 C R2 has the induced metric. 

2.4 A Lie group is a group G with a structure of differentiable manifold such 
that the map 

(x, y) E G x G >-4 xy- 1 E G 

is differentiable. The left and right translations L,,, Rx by an element x E G are 
the diffeomorphisms of G given by L.,,(y) = xy and R,,y = yx, respectively. A 
pseudo-riemannian (or riemannian) metric on G is said to be left invariant if 
L,, is an isometry for all x E G. An analogous definition for right invariant 
metric can be introduced using R., instead Lx. The left invariant metrics on G 
are obtained if one introduces at T.G (e is the identity of G) a non degenerat.e 
bilinear form (,) and defines (, )., for any x E G using L,,-1, that is 

for all u, v E T,,G. 

3.4 - Immersed pseudo-riemannian (riemannian) manifolds 
Let / : N ➔ Q be an immersion that is, / is differentiable and /.(p) : TpN ➔ 
T/(p)Q is injective for all p E N (this implies that dim N $ dimQ). If Q 
has a pseudo-riemannian (riemannian) structure (, ), / induces on N a pseudo­
riemannian (riemannian) structure by the formula 

def 
« u, v »p = (f.u, f.v), for all p EN 

and all u, v E TpN. It is easy to see that/. injective implies that«, »Pis non­
degenerate, (positive definite), so«,» is a pseudo-riemannian (riemannian) 
metric on N. 

Let Q be a C00 manifold, r : TQ ➔ Q the canonical differentiable projection 
and let c : I ➔ Q (I C R an open interval) be a differentiable curve (not 
necessarily injective). A vector field V along a differentiable curve c: I ➔ 
Q is a map V : I ➔ TQ such that to each t E J corresponds V(t) E Tc(i)Q, 
that is, r o V = c. V is said to be differentiable if the map V : t E l ➔ 
V(t) E TQ is differentiable. This means that given (in Q) any coordinate 
neighborhood {n; XI, ... ' Xn) and any to E J such that c(to) E n, we have 
V(t) = E?=I a;(t) 8!, (c(t)) for t in a neighborhood of to with the a;(t) being 

differentiable functions. The vector field c = ~ d~ c. (ft) is called the velocity 
field or the tangent field of c = c(t). 

When c : I ➔ Q is of class C2 , the velocity field c is of class ct. A segment 
is the restriction of a ct curve c : I ➔ Q to a closed interval [a, b] C I. It 
is possible to compute the length of a segment, provided that (Q,(,)) is a 
pseudo-riemannian structure: 
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b def f b de de 112 
length of (c I [a, bl)= la (c) = la ( dt, dt) dt. 

Remark that the integral above makes sense because t E [a, b] ➔ ( l, l )112 E R 
is a continuous map. 

Example 4.4 Recall that the torus T" in Example 10.2 is the quotient n• / Z" 
and that R" / z" is diffeomorphic to S1 

X • , , X S1 j so, the quotient map corre­
sponds to the natural projection ir(z1 , ... , .x1c) = (e;.,,,, ... , eir•) which is a local 
isometry from R" onto the manifold R" ;z• with a suitable riemannian struc­
ture. One can show that T" with that structure and the flat torus 5 1 x ... x 51 

are isometric riemannian manifolds. 

Example 5.4 The flat torus T2 = 3 1 x 3 1 and the torus of revolution T2 C 
R 3 (see example 11.2) with the induced metric are not isometric riemannian 
manifolds. Why? 

Example 6.4 Let R be considered as an affine spa.ce and G be the Lie group 
of all proper affine transformations, that is, g E G means that g : R ➔ R is 
given by 

g(t) = yt + .x for all t ER, 

with y > 0 and z ER being fixed numbers. So G, as a differentiable manifold, 
can be identified with the set 

{(z,y) E R2 I y > OJ, 

with the differentiable structure induced by R 2 • The left invariant riemannian 
metric on G that at the identity e(e(t) = t for all t E R or e = (0, 1)) of the 
group G is the usual metric (given by iiu = ii22 = l,ii12 = 0), is defined by 
911 = 922 = -J,r and 912 = 0. That metric (g;;) is the riemannian metric of the 
non euclidean geometry of Lobatchevski. 

4.1 Affine connections 

Let Q be a C 00 differentiable manifold, X(Q) be the set of C00 vector fields 
on Q and V(Q) be the collection of all real valued C00 functions defined on Q. 
An affine connection on Q is a map 

V: X(Q) x X(Q) --t X(Q) 
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def 
(one denotes v'(X, Y) = v'xY) such that 

= f'vxZ+gv'yZ, v'1x+9yZ 

v'x(Y + Z) = 
v' x(/Y) 

v'xY + v'xZ, 

fv' x Y + X(f)Y, 

for all X, Y, Z E X(Q) and all f,g E D(D). 

(4.1) 

(4.2) 

(4.3) 

Proposition 1.4 Let v' be an affine connection on a C00 -manifold Q. Then: 

i) If X or Y is zero on an open set n of Q thrn v'xY = 0 inn. 

ii) If X,Y E X(Q) and p E Q, then (v'xY)(p) depends on the value X(p) 
and on the values of Y along a curve tangent to X at p, only. 

iii) If X(p) = 0 then (v' x Y)(p) = 0. 

Proof To prove i) when X = 0, one uses (4.1) making/= g = 0 and Z = Y; 
when Y = 0 one uses (4.3) making f = 0. (In particular v' defines on the 
manifold O an affine connection V; if X; Y are vector fields on n we extend them 
to X, Y E X(Q) and define VyX as the restriction to O of v'yX. It follows 
from i) that v'yX does not depend on the extensions chosen. To simplify the 
notation, 'Vy X is also denoted by "vy X. To prove ii) we write in a coordinate 
neighborhood (O; .t1, ... , Xn): 

using (4.1), (4.2), and (4.3) one obtains locally: 

VxY = v''<;""' " (" b;_!!_) ="a· [v B (" b;_!!_) ] 
L,; a;r.-; ~ ax; 7 J ~ ~ ax; 

One denotes, 

°"a. [°" b·v' _!!_ + °" ab; _!!_] . ~; ~' kax; ~axjax; ' 
J t I 

y' _!!__ d!J "f~. ~ k ax; - L, 1·ax,. 
" 

(4.4) 

where the functions fj; ( x1 , ... , Xn) are called the Christoffel symbols of the 
connection v', relative to the coordinate neighborhood (O; xi, ... , Xn)- So, we 
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have: 

v'xY 

(4.5) 

Then: 

(V x Y)(p) = ~ [ fr ,,(p)b,(p)r;,'(p) + X(b,)(p)] ,:, (p) (4.6) 

where X(b1,)(p) = (X(p))(b1,) = db,.(p)[X(p)]. 

Formula ( 4.6) shows that (v' x Y)(p) depends on the values a; (p) ( value of 
X(p) in the chose coordinates) and on (X(p))(b1,) only; but (X(p))(b,,) depends 
on the values of Y along a curve tangent to the vector field X at p, only. That 
proves ii). The expression (4.6) also proves iii). I 

Proposition 2.4 Let Q be a C 00 differentiable manifold with an affine connec­
tion v'. So, there exists a unique law ¥t that to each differentiable vector field 
V along a differentiable curve c : I ➔ Q (I C R an open interval) as5ociates 
another vector field ¥t along c, called the covariant derivative of V along c, 
such that: 

a1) £(V + W) = ¥t + llJt-. 
a2) £(IV) = (ft)V + !If{-, where V and W are differentiable vector fields 

along c and f E "D(I). 

03) If V i5 induced by a vector field Y E X(Q), that is, V(t) = Y(c(t)), then 
~; = v' c Y, where c is the velocity field of c. 

Remarks: In the last condition o3 ), the expression v'.;Y makes sense by con­
dition ii) of proposition 1 .4; in fact v' c Y is a tangent vector to the manifold Q 
at the point c(t). When c(t) = c0 E Q, ~i is the UBual derivative on T00Q. 

Proof Assume there exists such a law verifying ai), a2) and a3 ). Let us 
assume also that in a coordinate neighborhood (11; z1, ... , Zn) of Q, the local 
expressions of V = V(t) and c(t) are 

8 
V(t) = L v;(t)-

8 
(c(t)) and c(t) = (z1(t), ... , zn(t)), . z, 

' . 
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for all t in a suitable interval contained in I where v,(t) and z;(t) are differen­
tiable functions. Using ai) and a2) we may write: 

DV 
dt 

using a3 ) we have that 

and so 

DV ~ [dv;(t) f:J ~ . ( f:J ) l dt = ~ ---;ft f:Jz; (c(t)) + v;(t) '7 Xj(t) v' 8:; f:Jx; (c(t)) (4.7) 

Last formula ( 4. 7) shows that ~; is uniquely determined because the right 
hand side depends on the curve c = c( t), on V = V ( t) and on v', through 
(v' ~ a:, )(c(t)), only. To show the existence of the law, one uses, in the same , 
coordinate neighborhood, the expression (4.7) to define ¥i and verify that ¥i 
has the desired properties at), a2) and a3). If we take another coordinate neigh­
borhood (O; x1 , ••• , xn) on Q such that n n O -f:. ¢, one defines, analogously, 
¥i on fl using (4.7); clearly the two definitions coincide on n n fl due to the 
uniqueness of ~; on n. This way ~; can be extended to the entire manifold 
Q, using an atlas. I 

Given an affine connection 'v on a differentiable manifold and a differentiable 
vector field V = V(t) along a differentiable curve c: t E J t-+ c(t) E Q, one says 
that V is parallel along c if ¥i = 0. 

Proposition 3.4 (Parallel translation) Let Q be a C 00 differentiable manifold 
with an affine connection 'v, c = c(t) a differentiable curve on Q and V0 E 
Tc(t.)Q a tangent vector to Q at the point c(t 0 ) of the curve. Then there exists 
a unique parallel vector field V along c such that V(to) = V0 • 

Proof If c : I C R --t Q is the given differentiable curve, let [t 0 , t1] C I be a 
closed interval (then compact) and assume that the compact image c([t0 , t1]) C 
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Q is covered by a finite number of coordinate neighborhoods (!l; z1, ... , Zn). 
For simplicity let us suppose that c([t0 ,t1]) C n. Using (4.4) and (4.7) we have 
that ~i = 0 on [t01 ti] if, and only if, 

dv1c(t) ~ . 1e 
- d - + LJ v;(t)z;(t)f;;(c(t)) = 0, 

t .. 
k = l, ... ,n. (4.8) 

1,J 

The last equations ( 4.8) is a system of ordinary differential equations in the 
unknowns 111,(t), k = 1, ... , n (:i:j(t) and rJ,(c(t)) are given functions oft). Since 
that system is linear with coefficients given by continuous functions defined on 
the interval [t 0 ,ti], it is well known that it has a unique solution (v1c(t)) defined 
on [t 0 , ti] provided that (111c(t 0 )) are given. In the present case one can make 
v1c (to) equal to the k-component of V0 , that is, 

So, the vector field along c, defined by 

dg'°' 8 V = V(t) - L., v1e(t)-
8 

(c(t)), 
le Zk 

is parallel along c and it is clearly unique. The general case in which c([t 0 , t 1]) 

has to be covered by a finite number of local coordinate neighborhoods can be 
easily formalized. I 

A geodesic of an affine connection 'v on Q is a differentiable curve c = c(t) 
on Q such that the corresponding velocity field V = c(t) is parallel along c, 
i.e. ~1° = 0 for all t. In local coordinates, c(t) = (z1(t), ... , Zn(t)), the system 
of ordinary differential equations giving the geodesics is obtained from (4.8) 
making v1,(t) = :i:1c(t): 

x1,(t) + L :i:;z;r";,(z1(t), ... , Zn(t)) = 0, k = 1, ... , n. (4.9) 
iJ 

Equations ( 4.9) show that the geodesics are at least of class C2 • 

4.2 The Levi-Civita connection 

Assume it is given a C00-pseudo-riemannian manifold (Q, (,})with an affine 
connection 'v on Q. We say that 'v is compatible with the metric (,} if 
for any differentiable curve c = c(t) on Q and all pair of parallel vector-fields 
E1 (t), E2(t) along c we have that 

(4.10) 
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where k does not depend on t. 

Proposition 4.4 Let ( Q, {,)) be a C 00 -pseudo-riemannian manifold with an 
affine connection 'il on Q. Then 'il is compatible with the metric (,) if, and 
only if, for any differentiable curve c = c(t) and any two differentiable vector 
fields V and W along c we have: 

d DV DW 
dt (V, W) = ( dt' W) + (V, dt). (4.11) 

Proof To see that (4.11) implies (4.10) it is enough to choose V = E1(t) and 
W = E2(t), both parallel along c so D~~(t) = D~~(t) = 0 and then 
fi(E1(t), E 2(t)) = 0 for all t, which implies (4.10). Conversely, assume (4.10) 
is true and consider an orthonormal basis (E1(t 0 ), •.• , En(t0 )) for Tc(to)Q (see 
Exercise 2.4 below). Using Proposition 3.4 we obtain by parallel translation 
an orthonormal basis (E1 (t), ... , En(t)) for all t because (E;(t 0 ), Ej(t 0 )) = fij 
(t;; = +I or -1 and f;j = 0 if i # j) , and by ( 4.10) we also have (E;(t), Ej(t)) = 
<,j- In particular V and W can be written as 

and then 

But 

DV 

dt 

V(t) = L v;(t)E,(t), W(t) = L Wj(t)Ej(t) 
j 

d -(:E v;(t)E;(t), L Wj(t)Ej(t)) 
dt ; i 

(4.12) 

= dd (L v;(t)w;(t)t;j) = dd L c;;v,(t)w;(t). (4.13) t . . t . 
•J ' 

= ¥t (E v;(t)E;(t)) = E v;(t)E,(t) + E v,(t) Dd~i (t) 
I I t 

= E v,E;(t), (4.14) 

because D~;(t) = O; analogously, 

(4.15) 
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Substituting (4.12), (4.14) and (4.15) in the right hand side of (4.11) one 
obtains 

+ '(L t1i(t)E;(t), L w1(t)E;(t)) = : L £;;t1;(t)w;(t). 
. . t . 
I J I 

The last equality and (4 .13) prove that (4.11) holds. I 

Exercise 2.4 Show that any finite dimensional vector space with a non degen­
erate and symmetric bilinear form has an orthonormal basis. Give a counter­
example showing that, in this case, is not true, in general, the Gram-Schmidt 
method used to obtain orthonormal basis relative to a positive definite symmet­
ric bilinear form. 

Exercise 3.4 Show that an affine connection 'v on a pseudo-riemannian mani­
fold {Q, {,))is compatible with the metric(,) if, and only if, for any X, Y, Z E 
X(Q) we have 

X(Y,Z) = ('vxY,Z} + (Y, 'vxZ). (4.16) 

Given two vector fields X, YE X(Q) one can construct [X, Y] depending on 
Q only, and 'v x Y - 'vy X that depends on e. given affine connection 'v on a 
C00 differentiable manifold Q. We say that 'vis symmetric if 

'vxY - 'vyX = [X, Y] for all X, YE X(Q). (4.17) 

Exercise 4.4 Show that 'iJ is symmetric if and only if for any coordinate neigh­
borhood (O; z1, ... , Zn) the corresponding Christoffel symbols (see 4.4) are sym­
metric, that is, 

i,j, Ir:= 1, . . . , n. (4.18) 

Proposition 5.4 (Levi-Ci vita) Given a pseudo-riemannian metric (,) on a C00 

differentiable manifold Q, there e:r:ista a unique affine connection 'v on Q such 
that 

a) 'v i& symmetric; 

b) 'v ia compatible with the metric (, ). 
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Proof Let us define 'v by the formula: 

2('vyX,Z) = X(Y,Z)+Y(Z,X)-Z(Y,X) 

- ([X, Z], Y) - ([Y, Z], X) - ([X, Y], Z) (4.19) 

for all X, Y, Z E X(Q). Since (,) is non degenerate, 'vy X is well defined. 
Now it is a simple computation to show that 'v is an affine connection and that 
(4.16) and (4.17) hold, so, there exists such a 'v. But conversely, given any affine 
connection 'iJ satisfying a) and b) one can compute X(Y, Z)+ Y(Z, X)-Z(Y, X) 
using ( 4.16) for the three terms of that expression; aft.er this one uses ( 4.17) and 
see that 'iJyX satisfies (4.19), that proves uniqueness. I 

The affine connection given by Proposition 5.4 is called the Levi-Civita 
connection associated to the pseudo-riemannian metric(,) on Q. 

Exercise 5.4 If 'v is the Levi-Civita connection associated to the pseudo­
riemannian metric(,) on a manifold Q and (!1; .r1, ... , Xn) is a coordinate neigh­
borhood, show that: 

(4 .20} 

where r:; are the Christoffel symbols of 'v relative to (!1; x 1, ... , Xn), (see 4.4), 
g,;· = (-BB,~) and (gkm) is the inverse matrix of the matrix (U1<m)-:r, oz; 

Let (Q, (,))be a smooth pseudo-riemannian manifold and V be the Levi­
Civita connection associated to the pseudo-riemannian metric (, ). We saw that 
the geodesics of V are the curves c = c(t) such that the vector field V = c(t} is 
parallel along c, i.e. ~j = 0 for all t. Locally c(t) = (x1 (t), ... , Zn(t)) and the 
z;(t) must satisfy (4.9), that is the system: 

Xk(t) + L:i:;(t):i:;(t}f";;(z1(t), .. . ,Xn(t)) = 0, 
i ,j 

k = l, ... ,n. We know that 

so, the norm ic(t)I is constant. We will assume that !c(t) I = Co f:. 0, that is, we 
will exclude the geodesics given by constant functions (cannot be reduced to a 
point). The length of c = c(t) from f tot is given by s(t) = J/lc(u)ldu = co(t-l); 
that shows that the parameter (t-f) ofany geodesic is proportional to the length 
from f to l. 
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The second order system of ordinary differential equations { 4.9) defining the 
geodesics, can be written as a first order system: 

{ 
ZI, = Vi, (4.21) 
v,. = - Eij r";;(x1, .. . ,xn)v;v;. 

So, in natural coordinates (x,., v1,), k = I, ... , n, of TQ, corresponding to the 
local system of coordinates (x1, ... , xn) in Q, equations (4.21) describe the 
intrinsic condition ~j = 0 and it is defined a vector-field on TQ 

S: vp E TQ ➔ S(vp) E T.,p(TQ) 

called the geodesic fl.ow of the pseudo-riemannian metric(.); in the coordinates 
above we have 

and S(vp) = ((x1r,v1c),(v1,,-Er";;v;vj)). 
ij 

The trajectories of S are projected onto the geodesics by the canonical pro­
jection r : TQ ➔ Q; the condition i:1, = Vk shows that the trajectories of S 
are, precisely, the curves t >-+ (c(t), c(t)) E TQ, derivatives of the geodesics. By 
Exercise 5.4 we see that (,) E C", k ~ 2, implies that S is of class c"-1

. 

The vector S( Vp) can be also obtained through the horizontal lifting op­
erator H.,, : wp E T,,Q --t T.,,(TQ) defined as follows. Take the geodesic 
c(t) characterized by the conditions c(O) = p, c(O) = wp, and consider the curve 

· V(t) as the parallel transport of Vp along c(t), that is, such that V(O) = Vp and 
D~?) = 0. So; Hv,(wp) is, by definition, the tangent vector at t = 0 to the 
curve (c(t), V(t)) E TQ. We easily see that dr(vp)(H.,,wp) = wp and that H.,, 
is linear and injective. On the other hand S(vp) = H.,,(vp)- The elements of 
H.,,(TpQ) C T.,,(TQ) are said to be horizontal vectors at Vp. 

From the theory of ordinary differential equations applied to (4.21), one can 
state the following result: 

Proposition 6.4 Given a point p E Q one can find: an open set U in TQ, 
U C TV, where (V, x1, ... , xn) is a local system of coordinates around p E V, U 
containing Op= (p, o) E TV, a number 8 > 0 and a differentiable map 

,i, : (-8, 8) x U ➔ TV, 

such thatt i-t ,i,(t, q, v) is the unique trajectory of the geodesic flow S that verifies 
the initial condition cI>(o, q, v) = (q, v) for all (q, v) EU. 

If we call c = r o ,i,, Proposition 6.4 implies the following 

Proposition 7.4 Given a point p E Q, there exist an open set V C Q, p EV, 
real numbers 8, e > 0 and a differentiable map 

c:(-8,+8) xU ➔ Q, 
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U being the set U = {(q,v)lq E V,v E TqQ,lvl < t}, such that the curoe 
to-+ c(t, q,v), t E (-6,+6), is the unique geodesic o/(Q,(,)) that passes through 
q E Q at the time t = 0 with velocity v, for all q E V and all v E TqQ such that 
lvl < t. 

lt can be seen that it is possible to increase the initial velocity of a geodesic 
if one decreases, properly, the interval of definition, and conversely. In fact we 
have 

Proposition 8.4 If the geodesic c = c(t, q, v) is defined fort E (-o, +6), 
then the geodesic c(t,q,av),a > 0, is defined in the interval (-6/a,+o/a) and 
c(t, q, av)= c(at, q, v). 

Proof Let h: (-6/a, +6/a) -+ Q be the c~rve defined by h(t) = c(at, q, v). It 
is clear that h,(0) = c(0, q, v) = q and that h(0) = ac(0, q, v) = av. Moreover, h 
is a geodesic because 

Dh d ? • dt = "il -f,c(at,q,v)Jic(at, q, v) = a""ilc(at,q,v)C(at, q, v) = 0 

where in "v, ftc(at, q, v) represents an extension of h to a neighborhood of 
c(at, q, v), in Q. The uniqueness of geodesics gives finally: 

h(t)=c(at,q,v)=c(t,q,av) for tE(-6/a,+6/a). 

From what was said above, one can define a local exponential map: 

exp: U-+ Q, given by 

exp(q, v) = c(l. q, v) = c ( !vi, q, l:I) (4.22) 

called the exponential map in U, which is a differentiable map. If we fix 
q E Q, one may consider Bi(0) C Un TqQ where Bi(0) is a ball centered at 
0 E TqQ with a suitable radius t > 0, and define 

expq : B.(0) -+ Q 

by expq(v) = exp(q, v), v E B;(0). One can see that d(expq)(0) is non singular 
because 

d d 
d(exp9 )(0)[v) = dt exp9 (tv) lr=o= dt c(l, q, tv) bo 

d 
d{(t, q, v)lt=O = v 

that is, d(exp
9

)(0) = id T9Q. So, by the inverse function theorem, exp9 is a 
local diffeomorphism, that is, there exists F; > 0 and a ball B,(O) centered at 
0 E TqQ with radius c > 0 such that the exponential map at q E Q. 
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is a diffeomorphism from B,(O) onto an open neighborhood of q in Q. Denote 
by B,(q) the set B,(q) = expq(B,(O)) called a normal ballor a geodesic ball 
of center q and radius e > 0. "Geometrically speaking", expq(v) is the point 
of Q obtained on the geodesic passing through q E Q at the time t = 0 with 
velocity v/lvl, after "walking" a length equal to Iv/. 

4.3 Tubular neighborhood 

Let N be a manifold imbedded in Q, n = dim N < dim Q. Let E be the 
normal bundle over N, that is, E is the union U.,eNT., l. N where T., l. N is the 
subspace of TrQ orthogonal to T., N in the metric (, ) of the pseudo-riemannian 
manifold (Q, (, )). So we have a direct sum T., l. N ffJ T.,N = T,,Q for each point 
z E N. The fiber bundle Eis a submanifold of TQ. Let 1r : E ---+ N be the 
restriction rlE. Note that E and Q have the same dimension. 

A tubular neighborhood of N in Q is a diffeomorphism f : Z ----+ n 
from an open neighborhood Z of the zero section in E onto an open set O in Q 
containing N and such that f(O.,) = z for any zero vector 0., EE, z EN. The 
neighborhood Z is said to be a tube in E while n = f(Z) is a tube in Q. The 
composition p = 1r o J- 1 : n---+ N is a projection (p2 = p) from the tube n onto 
N. In fact, given y En, y = f(fi.,) with fi,, EE. So, p(y) = 1rJ-1 (y) = 1rfj,, = z 
and p2(y) = p(z) = 1rJ-1(z) = 1r(O,,) = z. It is also usual to call the pair ('2,p) 
a tubular neighborhood of Nin Q. 

Proposition 9.4 (Tubular neighborhood) Given a pseudo-riemannian man­
ifold (Q, (, }), Q E C00

, (,) E Cle, k ~ 2 and a 6ubmanifold N C Q {N i., 

imbedded in Q), n = dim N < dim Q, then there ezists a tubular neighborhood 
f : Z----+ n of clas6 c1c-i of N in Q. 

Proof To each z E Q one associates an open neighborhood U = U(z) in 
TQ and a local exponential map ezp : U ----+ Q of class c1c- 1 (the class of 
the geodesic flow S). It is clear that in 'D = U.,eqU(z) it is defined a global 
exponential map: 

exp : 'D --+ Q 

extending all the local exponential maps. Let Z = 'D n E which is an open 
neighborhood (inE) of the zero section of E. To each 0., in this zero section, 
f = ezplZ is a local diffeomorphism because its "vertical" derivative is the 
identity of T,/ N (restriction of d ezp.,(O) = id(T.,Q)) and the "horizontal" 
derivative is also an isomorphism since the restriction of f to the zero section 
of E satisfies f(0,,) = z. The images in Q of all these local diffeomorphisms 
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(that are restrictions of/) define a covering of N by open sets of the manifold 
Q. So, one can apply the results of Proposition 3.2 to the manifold N that has 
the induced topology of Q (N is a submanifold of Q) and obtain a covering of 
N by open sets V; in Q such that to each i we have ditfeomorphisms 

/; ; z, -+ V; and g;: V;-+ Z; 

( one is the inverse of the other) between V; and open sets Z; in Z, such that 
each Z; contains a point 0., of the zero section of E, with z EN; moreover, the 
f; act like identities when restricted to the zero section of E while the g;IN are 
also identities; but the /; are restrictions to Z; of the same map f. One can also 
obtain a locally finite covering { W;} of N by open sets in Q such that W; C V;. 
Define W = U; W; and denote by W the set of all elements y E W such that, 
if y belongs to an intersection W, n Wj, one has g;(y) = gi(y). It is clear that 
W contains N. Let us show that W contains an open set of Q containing N. 
Take z EN; there exists an open neighborhood Gx of :x in Q that meets a finite 
number of the W;, only, say W, 1 n ... n W;,. Choosing G., sufficiently small 
one can (not only) assume that x is in W;1 n ... n W;, and (also) that G,, is 
.contained in each one of the sets V;,, ... , V;,. Since :x E W,

1 
n ... n W;, we have 

G., C [V; 1 n ... n If;,] (because W; C V;) and then the maps g; 1 , ... , g;, take the 
same value o., at x. Since the /; 1 , ••• , /;, are restrictions of/, one concludes 
that the corresponding g;,, ... , g;,, have to agree at the points of G,, which can 
be reduced again to obtain Gx C [W;, n ... , nW;,] that is, G., is open and is 
contained in W. So we have 

- def w :JG = u.,ENG.,. 

The set G is open and one can define g : G -+ g(G) C Z taking g = g; over 
Gn W,. The set g(G) is open in Zand the restriction of/ to /(G) is an inverse 
for g. We get, this way, a tubular neighborhood for N, f : Z --t n, where 
Z = g(G) and n = G. I. 

Exercise 6.4 Show that in a normal ball B,(q) = expq(B,(o)) there are coor­
dinates (z1, ... , Zn) determined by an orthonormal basis (e1, ... , en) at TqQ; 
that is, to each { E B,(q) the coordinates (x1({), ... , Xn({)) are given by 
exp91({) = L~=I z;({)e;. Prove that in these coordinates we have 

g;;(q) = 5;;<; where (e;, e;} = O;;c;, <j = +1 or - 1 

and f~;(q) = 0. (B.(q), z1, ... , Zn) is called a normal coordinate system. 

4.4 Curvature 

Let (Q,(,)) be a pseudo-riemannian manifold and Van affine connection. 
The function R: X(Q) x X(Q) x X(Q) --t X(Q) given by 
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Rx,yZ = v'[x,YJZ - (v'x, v'y]Z 

= v'[x,YJZ -v'x(v'yZ) + v'y(v'xZ) (4.23) 

is called the curvature tensor on Q of the connection v'. If v' is the Levi-Ci vita 
connection, R is said to be the riemannian curvature tensor. 

In fa.ct, to the map R corresponds the map 

R: (u, X, Y, Z) E r1 (Q) x X3 (Q) .......+ u(Rx,YZ) E V(Q) 

and one has the following: 

Proposition 11.4 The map R. is a mixed tensor field of type {1,9). 

Proof It is enough to show that the map R is z>(Q)-multilinear. But since the 
linearity in each variable is quite obvious, we only need to check that one can 
factor out functions. For instance: 

Rx,JYZ = v'1x,/Y]Z -Vx(v'1yZ) + "7Jy(VxZ) 

(Xf)v'yZ + fv'[X,Ylz - v'x(f''vyZ) + /Vy(v'xZ) 

= /Rx,yZ. I. 

If we fix a point p E Q and take x, y E TpQ one can also consider the so 
called curvature operator, the linear operator: 

R.,11 : TpQ ---+ TpQ 

sending z E TpQ to R.,yz E TpQ-

The reason of this is the fact that any tensor field 4/ on Q, and in particular 
the tensor field R. associated to R, is a field on Q, assigning a value tl>p at each 
point p E Q. The main point is that, when 4/ is computed on one-forms and 
vector fields to give a real valued function 

tli(o-1, ... , u'" ,Xi, ... ,X,), 

the value of this function at p E Q depends on the values of the arguments at 
p, only. 

Exercise 7.4 Prove this last fact. 

The tensor product A© B of a mixed tensor field A of type (r, s) by a 
mixed tensor field B of type ( r', s') is a mixed tensor field of type ( r + r', s + s') 
defined as 
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The case r' = s' = 0 (B is a function f E V(Q)) can be also included in this 
definition and get 

A@ f = f ®A= f A. 

(the same for A. of type (r,s) = (0,0).) 

Remark The tensor product is an associative (but not commutative) oper-
ation. In fact, in a local system of coordinates x 1 , ... , x", we have 

Using Exercise 7.4 it is an easy matter to show that in a local system of 
coordinates (U;x1, ... ,x") a mixed tensor field A of type (r,s) has, uniquely 
defined, its (local) components A.t::::~:, that are real-valued functions defined 
in U, by: 

A•• ····••r - A(d •• d ir 8 8 ) 
J. J. - X , ••• , X •~•···,~, 1 ,···, • vxJ 1 ux11 

where all the indices run from l ton= dimQ. One can see also that the tensor 
fields a a . . 

,;-:- 0 ... 0 -
8

. 0 dxJ' 0 ... , ©dx3• 
v:c-' 1 x•,. 

generate all mixed tensor fields of type (r, s) in the sense that 

A - EA;•,···••r O O d h dxi• - i ..... ,j, OX'• 0 ... 0 ozir @ X @ ... @ 

where each index is summed from 1 to n. In particular, for a (0, 1) tensor, that 
is, a one-form u, we have 

and, for a (1,0} tensor, that is, a vector field Y, one can write 

n a 
y = ~[dx;(Y)] oxi. 

One can extend the notion of components ~~::::::~: of a tensor field ~ of a 
type (r, s) with respect to any (local) basis X1, ... , Xn of vector fields defined 
in U and to its dual basis w 1 , ... , w"; they are the coefficients of the expression 
of ~ when it is written in terms of the local basis for the tensor fields in U of 
type (r, s), that is, in terms of the family of tensor fields 

X;. 0 . .. ©X;r@ui• 0 ... 0 ui•. 
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Explicitly we write 

where ea.ch index is summed from 1 to n. 

Example 7.4 If A is a type (2, 3) tensor field, we know that the contraction 
CJ (A), or simply CJA, is the type (1, 2) tensor field given by (see Exercise 4.3): 

(CJA)(u,X, Y) = C{A(•,u,X, Y, ·)}; 

then, relative to a given system of coordinates, the components of CJA are: 

1 k 8 {) { ( k {) fj )} (C3 A)(dz , .,--,, -{).) = C A ·, dz , -
0

., ;;--=-, · = 
u;i;' ;i;J z' u;J;J 

~ I k {) {) {) ~ 11, = L...JA(dx,dz 'Bxi'Bxi'Bz')=LJA;31· 
l=l l:al 

In generalizing that example, if A is a mixed tensor field of type (r, s), and 
for fixed i,j, 1 :Si$ rand 1 :S j $ s, the local components of CjA are 

(the I "up" is the ith index, the I "down" is the jth index and A;:::::j, are the 
local components of A). 

If A is a mixed tensor field of type (r, s) and when we fix two integers a, b, 
1 <a< rand 1 < b < s the tensor field A can be identified with a mixed tensor 

fi~ld X";J Dg A ~f ty~ ( r - 1, s + l) using the isomorphism 

µ:VE .t'(Q) -t µ(V) E f 1(Q) 

where µ(V) E f 1(Q) is given by 

µ(V)(X) = (V, X), for all X E X(Q). (4.24) 

(The inverse isomorphism µ- 1 : u E f 1 (Q) -t µ- 1 (u) =VE X(Q) is given by 
o-(·) = (V,·) = (µ- 1 (u),-)). More precisely, DgA is defined by 

DgA(91, ... , Br-1, Y1,• .. , Y,+i) = 
A(91, ... , u, ... , 9,-1, Y1, ... , Yb-1, ¼+1, ... , Y,+1) 

where is the right hand side we lose the bth covariant slot and in the ath 
contravariant slot appears the I-form u = µ(Yb) given by (4.24) with V = Yb, 
For example, let A be a (2,2) tensor field and A be the (1,3) tensor field given 
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as A= D~A; so A(8, Yi, Y2, Y3) = A(u, 8, Yi, Y3) for all 8 E f 1 (Q), and all Y; E 
X(Q), i = 1, 2, 3, fr being obtained from Y2 through (4.24), that is, fr= µ(Y2). 

In a local system of c_oordinates x1, ... , x", (4.24) ma~es -/;, corresponding 
to the one form Ej9ijdx1 , so, the (local) components of A are 

n 

= LYirmA'J/i, 
m=l 

The operation D½ uses (,) to turn first superscripts into second subscripts. We 
have an isomorphism inverse for the operation n;, denoted as the operation u;, 
that, analogously, takes the ath one-form and inserts its corresponding vector 
field given by (4 .24) in the bth slot among the vector fields; Db acts lowering 
an index and Ut acts raising an index; they are type-changing operations. 

In local coordinates, f.'1= 1gii 0:, is the vector field that corresponds to the 
one-form d2:i ((ii) is the inverse of the matrix 9ii = (8:,, a:,)). 

For exampl~, as above, if A = D1A is the type (1,3) tensor field with local 
components At,,. then (UJA) is the corresponding (2,2) tensor field with local 
components 

So, [U! o D~A]:.{ = 1:;;::1lr At, = 1:;;=1girI;~=l9rmAi":j; = A~, that is, Ui o 
D1 = id. In general Ut o Dg = id. 

Using the operations Dg and Ut we can also define contractions either be­
tween two covariant slots or between two contravariant slots; these are the so 
called metric contractions. In fact, for instance, if A is a mixed tensor field 
of type (1,3) we define the contraction between the 2nd and 3rd covariant slots; 

· from the components A}1r, of A one obtains Ei:,,=1yi" A}kr for the components of 
the contraction C2a.A- In terms of the operations Dg and Ut, C23A = C?UJ A, 
and we obtain 

n n 

(u2A)ir - ~ ' 1Ai and 3 jlc-L.,9 jlcl (C?U;A); = E g'1 Aj,/• 
l=l l,r=l 

Analogously, it is possible to define a (metric) contraction between contravariant 
slots. For instance if A is of type (3,1) and has components A;P' one can obtain 
the C23 contraction between the 2nd and 3rd contravariant slots: (C23 A)i = 
'<'n A;;1c . al I C 23A - C2 D3 A h t . ( n.1 A)ii - A;;, d L.lcJ=I9;k 1 , or eqmv ent y, - 2 2 , t a 1s, .u2 lk - 9kr I an 
SO (C~~A)/ = E~,k=l9krA/"'• 

Proposition 12.4 If z, 1/, z, v, w E TpQ and if "v is the Levi-Civita connection, 
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then 

(e.) R,,11 = -Ry,,. 

(b) {R:ryv, w) = -(v, R,,11 w). 

(c) R.,11 z + lly6 Z +Ruy= 0. 

(d) (R.,11v, w) = (R,,..,z, y). 

Proof Since the operations V x and bracket on vector fields are local operations, 

we only need to work locally, that is, on a coordinate neighborhood, and since the 
equalities to be proved are equivalent to tensor equations, the vectors z, y, z, v, w 

can be extended to vector fields X, Y, Z, V, W with constant components, so their 

brackets are zero and,in particular, Rx,YZ reduces to Vy('y xZ)- Vx(VyZ). 
Then: 

(a) is immediate. 

(b) By polarization of bilinear forrna it is enough to show that {R.,.,v, v) = 0, 
and this follows from the fact that the connection V is compatible with 
{,), that is, from (4.16) . 

(c) follows from the fact that V is symmetric, that is from (4.17), and (d) is 

just an algebraic exercise that uses (a), (b) and (c). In fact to prove (d) 
we use (c) and write 

(Ryw V, X) + {Rvy W, X) + (Rwv Y, X} = 0 

(RYX V, W) + {Rvy X, W} + (Rxv Y, W} = 0 

{RywX, V) + {RXYW, V} + {RwxY, V) = 0 

(RvwX, Y) + (RxvW, Y) + (RwxV, Y) = 0. 

Using (a) and (b) one obtains, after summation of the four equations: 

2{Rvw X, Y) + 2(Rxy W, V) = 0 or 

(RvwX, Y) = (RXYV, W). I 

The last proposition showed the symmetries of the curvature operator, and 

also, the considerable skew-symmetry it has. Property (b) says that R,,11 is a 
skew-symmetric linear operator; (a) and (c) hold for any symmetric connection 
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.1.; (c) is called the first Bianchi identity and (d) is said to be the symmetry 
by pairs. 

Exercise 8.4 Show that, in local coordinates (x1 , ... , xn), we have 

where 

R; a ri a r; '<' ri rm ., i m 
jkl =-;:;- kj - ,.- lj + "-'m Im kj - "-'mfkmflj · 

UX/ UXk 

Remark that Jr;ki = -Jr;ik· 

As we saw above, to the curvature tensor R corresponds the mixed tensor 
field R of type (1,3) that is, R: f 1 (Q) x X 3(Q)-+ V(Q), defined by 

R(u, X, Y, Z) = u(Rx,Y Z). (4.25) 

In order to introduce the notion of covariant derivative of tensors, we start 
defining the covariant differential v'u1 of a one-form u1 , that is, of a tensor 
field of type (0, 1); v' u1 is a (O, 2) tensor field defined as 

and the covariant derivative '17wu 1 of u 1 with respect to W is the (0 , 1) 
tensor field given by 

( 4.26) 

Given any mixed tensor field 4> of type (r, s): 

one can define its covariant differential , which is a mixed tensor field v'<l> of 
type ( r, s + 1), by the equality: 

(v'4>)(u1, ... , ur, Yi, . .. , Y,, W) = W(4>(u1
, .. . ,ur, Y1, ... , Y,)) -

4>(u1, . .. 1 D'r, 'v'w Y1,. , ., Y,) - ... - 4>(u1, . .. , Ur, Yi, ... , 'vw Y,) -

4>(v'wu1 , u2 , .•. , ur, Y1, ... , Y,) - .. . - 4>(u1 , ... , 'v'wur, Y1, .. . , Y,), 

where 'v'wu\ i = 1, ... , r, is the covariant derivative introduced in (4.26). 

It is a trivial matter to show that one can factor out functions and so v'<l> is 
really a mixed tensor field of type (r, s + 1). 

We also define 'vi= df, for any/ E V(Q) . 
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The covariant derivative Vw<I> of<) by the vector field W is the tensor 
field defined by 

(Vw<))(u1, . . • , qr, Yi, .• . , Y,) = v'<)(u1, .. . , (Tr, Y1, .•. , Y., W) . (4.27) 

Exercise 9.4 Covariant derivative Vw and covariant differential V of a mixed 
tensor field, commute with both contraction and type changing operations. 

To the curvature tensor R, or to the associated mixed tensor field R of type 
(1,3), there correspond the covariant differential V R, which is a type (1,4) tensor 
field, as well as v'w fl, a type (1.3) tensor field . 

More precisely, from (4.23), (4.25) and (4.27) one has 

('vw.R)(u,X, Y,Z) == W(R(u,X, Y,Z))-ft(u, v'wX, Y,Z) -

R(u,X, v'wY,Z)- Jl.(q,X, Y, VwZ) 

R(v'wu,X, Y,Z), 

where Vwu is defined in (4.26), so 

(Vw R)(u, X, Y, Z) = W(u(Rx,Y Z)) -

- u(Rx, V°Rx,VwYZ + Rvwx,YZ + Rx,y(VwZ))- (VwtT)(Rx,yZ). 

Using (4.24) we identify IT with the vector field V given by u(·) = {V, •), then 
(Vwu)(X) = (VwV,X) for all XE X(Q). We can give an interpretation to the 
last equality in the following way: for fixed W, X, YE X(Q), to each Z E X(Q) 
one associates the vector field (v'wR)(X, Y)Z defined by 

(V,(VwR)(X,Y)Z) = W((V,Rx,yZ})-

(V,Rvwx,YZ + Rx,VwYZ + Rx,Y(VwZ))-(VwV,RXYZ) 

for all VE X(Q). (4.28) 

As before, (4.28) makes sense for individual tangent vectors ofTpQ, say v, w, z, y, z, 
and then (V,., R) ( z, y) is considered as a linear operator acting on Tp Q. 

Proposition 13.4 (second Bianchi identity) For any z, y, z E Tj,Q one has 
(V,R)(z,y) + (v'.,,R)(y,z) + ('v~R)(z,z) = 0, provided that Vis compatible 
with the metric. 

Proof Apply the first member of the second Bianchi identity to a general vector 
w E TpQ and compute the scalar product of the result with a vector v E 
TpQ- We have to extend v,z,y,z,w, to vector fields V,X, Y, Z, W, respectively, 
defined on a neighborhood of p E Q. We choose a normal coordinate system 
(see Exercise 6.4) and let these extensions have constant components; then all 
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the brackets [ , ] vanish and, for instance, Rx,Y W reduces to V'y(V x W) -
Vx(VyW) in (4.23); moreover, rri(p) = 0 and also all the covariant derivatives 
involving only V, X, Y, Z, Ware equal to zero at p E Q (see (4.5)). 

From (4.23) and (4.28) and the fact that V is compatible with the metric 
we have at the point p E Q: 

(V, [('v7zR)(X, Y)W + ('v7xR)(Y, Z)W + (v'yR)(Z,X)W]} = 
= Z(V, Rx,Y W) + X(V, Ry,zW) + Y(V, Rz,xW) 

= (VzV,Rx,YW)+(V,Vz(Rx,YW))+ 

+ (VxV, Ry,zW) + (V, v'x(Ry,zW)) + 
+ (v'yV, Rz,xW) + (V, v'y(Rz,x W)) = 0. 

Then, the last equation evaluated at p E Q gives (v, [(v', R)(x, y)+(v' .,R)(y, z)+ 
(v' yR)(z, x)]w) = 0 and since v and w are generic vectors of TpQ the second 
Bianchi Identity follows. I 

The covariant derivative law i of a vector field V along a differentiable 
curve C: J ➔ Q, introduced in Proposition 2.4, can be extended to any tensor 
field 4> of type (r,s), by the use of the definitions (4.26) and (4.27). Assume 
that the vector field Wand the curve c satisfy c(O) = p E Q and c'(t) = W(c(t)) 
for all t. From (4.26) we define 

(D;l )Y(c(t)) d~ (W(u1(Y)))(c(t)) - o-1
( ~!' (c(t)) 

and, analogously, from (4.27) we set 

( ~:) (o-1
, ... , ur, Y1 , ... , Y,)(c(t)) d~ (W(4>(u1, ... , ur, Y1 , ... , Y,)))(c(t)) 

1 r DY1 1 r DY, ( -<l>(u , .. . ,u , dt' .. . , Y,)(c(t)) - ... - 4>(u , .. . ,u, Y1, ... , dt)(c t)) 

(
Do-1 

) Du' -4> dt' ... ,u', Yi, ... , Y, (c(t)) -4>(u1
, ... , dt' Y1 , ... , Y,)(c((X)i.29) 

If we start with an orthonormal basis (e 1 , ... , en) at the point p of a pseudo­
riemannian manifold (Q,(,)), and ifwe work with the parallel transport ofv' 
to construct a basis (e1 (t), ... , en(t)) along c = c(t), and if (w1 (t), .. . ,wn(t)) is 
the corresponding dual basis, the _resti:iction <l>(c(t)) of the tensor field 4> to the 
curve c = c(t) has components 4>;.::::::'.;:(t) relative to (e1(t), ... ,en(t)). And it 
is easy to see that the components of lJ/ at c(t) relative to (e1(t), ... , en(t)) are 
precisely the usual derivatives <I>t.:::t (t) with respect to the real variable t. 
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Another notion to be considered is the sectional curvature that will be 
a simpler real-valued function K which completely determines the riemannian 
tensor field R. This function K is defined on the set of all non-degenerate tan­
gent planes; recall that a tangent plane at p E Q is a two-dimensional subspace 
P of T,Q and to be non degenerate means that 

q(v, w) d;j (v, v)(w, w) - (v, w)2 f: 0 

for one (hence every) basis { v, w} of P. In fact if { z, y} is another basis of P 
we have 

v = ax+ by 

w = ex+ dy 

with ad - be 'f: O, and so, q(v, w) = (ad - bc)2q(z, y). Since (.R,, ,..,v, w) = 
(ad - bc) 2(R.,,11z, y), the value 

K(P) d~ {R.,,,,,v, w)/q(v, w) (4.30) 

depends only on the non-degenerate tangent plane P and not on the basis { v, w} 
used in the definition (4.30) of the sectional curvature K(P) of P. 

Proposition 14.4 If the sectional curoature satisfies K(P) = 0 for all non 
degenerote tangent planes P at p E Q, then the temor field R is zero at p. 

We need, for the proof, the following result: 

Lemma If u, v are vectors of a vector space endowed with a non degenerote 
bilinear form (, ), there exist vectors u, ii arbitrarily close to u, v, respectively, 
such that 

q(u, ii)= (u, u)(ii, ii) - (u, ii)2 f: o. 

Proof (of the Lemma) Assume u, v linearly independent (because any two 
vectors can be approximated by independent ones) such that q(u, v) = 0. If 
there is a neighborhood of (u, v) such that q(u, ii) = 0 for all (u, ii) in that 
neighborhood, the analyticity implies that q is identically zero and this is a 
contradiction. In fact if(,) is indefinite there exists a vector w 'f: 0 such that 
(w, w) = 0 and also z such that (w, z) -:/;: 0 (otherwise (,) is degenerate), then 
q(w,z) = -(w,z)2(0; if(,) is definite, we choose non zero orthogonal vectors 
a, b; then q = 0 gives {a, b)2 = (a, a).(b, b} = 0, so {a, a) = 0 with a /; 0 that 
cannot be. I • 

Proof (of Proposition 14.4). The first step is to see that {R.,,..,v, w) = 0 
for all v, w E T,Q; the hypothesis implies that this is true if v, w span a non 
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degenerate plane. If otherwise v, w span a degenerate plan, the last lemma 
together with the continuity of the function (z, y) ~ (R,,,11 x, y) imply that 
(R,,,wv, w) = 0 for all v, w E TpQ- Now, for v, w E Tp(Q) and arbitrary z E TpQ 
we have O = (R,,,w+:,:V, w + .z:) = (Rv,:,:V, w) + (Rv,wV, z); the symmetry by pairs 
(Proposition 12.4 (d)) implies (R,,,wv, x) + (R,,,wv, z) = 0 and so R,,,wv = 0 for 
all v, w E TpQ, In particular we also have O = Rv+,,,w(v + x) = Rx,wV + Rv,wZ 
that together with Proposition 12.4 (c) imply 

or Rw,vx = 0 for all x E ~Q, that means Rw,v = 0. Since v, w are arbitrary 
one obtains R = 0 at p. ■ 

Given a tensor field cl> on Q of type (r, s), one considers its covariant differ­
ential 'vcl>; the contraction C!+i ('vcl>) of the (s+ l)th covariant slot with the ith 
contravariant slot is a tensor field of type (r - 1, s) called the ith-divergence 
of cl>, denoted by div;cf>, that is, 

div;cI> = C!+i('vcI>). (4.31) 

Remark that cl> has r divergences (see Exercise 4.3). 

Example 8.4 A vector field V on Q can be considered as a. tensor field of type 
(1, 0) (see Exercise 3.3) so 'vV is a tensor field of type (1,1). The divergence 
of V (in this case 'vV has one only divergence) is the contraction 

div V = Cf ('vV). (4.32) 

From the definition of 'vV we have ('vV)(u, W) = W(V(u)) - V(v'wu) = 
W(u(V))-('vwu)(V) = u('vwV); in local coordinates (x 1 , •. . ,xn), V = EmVm 8!.,. 
and then ('vV)} = ('vV)(dx;, a!,) = dx; ('v ..!L V) = dx; ('v .i. (Em vm a!-)) = 

azJ a~, 

dxi[Em Vm'v ..L ~+Em 8~7 af.;.]. Then divV = E;( ~ + Ekf},. Vk). a~, a,:•-

When Q = R 3 with the natural metric, one obtains the usual formula for 
the divergence of a vector field on R 3

• 

Example 9.4 The Hessian H(f) of a function f E V(Q) is the covariant 
differential of df: 

H(f) = 'v(df). (4.33) 

Since df E f 1 (Q), it can be considered as a tensor field of type (0, 1) (see Exercise 
3.3) then H(f) is a tensor field of type (0,2). Moreover, H(f) is a symmetric 
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tensor. In fact 

(H(f))(X, Y) = (V(df))(X, Y) = Y(df(X)) - df(VyX) 
= Y(X(t)) - (VyX)(/); 

But since XY - Y X = [X, Y] and the Levi-Civita connection is symmetric, we 
have 

XY-YX = VxY -VyX; 

this last equality, allows us to write 

(H(f))(X, Y) = (YX - 'vyX)(f) = (XY- 'vxY)(f) = (H(f))(Y,X). 

The gradient of a smooth function / : Q --+ R, characterized by 
(grad /,X} = d/(X) for all XE X(Q), makes sense in any pseudo-riemannian 
manifold (Q, (, )). In local coordinates (x1 , ••. , xn) we have / = /(x1 , ... , xn) 
and then df = Ef::1 /f.dxi and so grad f = E;,jg'i If.¾,. 

The Laplacian VJ ofa function/ E V(Q) is the divergence of its gradient: 

VJ= div (grad f) = Ci(V(grad !)). (4.34) 

To the riemannian curvature tensor R of ( Q, (,)) there corresponds a tensor 
field fl of type (1,3), (see (4.25)). The contraction CJ(R.), also denoted GJ(R), 
is a mixed tensor field of type (0, 2) called the Ricci curvature tensor of 
(Q,(,)), that is 

Ric (X, Y) = (CJR)(X, Y). (4.35) 

Proposition 15.4 The Ricci curvature tensor of (Q,(,}) is a type (0,2) sym­
metric tensor. 

Proof In local coordinates ( x1 , ... , xn), the components of R are denoted 
· - · 8 8 8 1- · by ~kl= R(dx',F,;,,a;.,e;r) and the components of C3 R are (Ric);; = 

(CJR)( 8~., ~) = C{R(·, 8~., 8~,, •)} = Ef=1R(dx1
, £;, b, £r) = Ef=1R};1, 

so 

(Ric);; = Ric( al)., al)·) = Ef=l ~3'/• x• z3 
(4.36) 

On the other hand, from Proposition 12.4 (d), the symmetry by pairs implies 

a a a a 
{R-L ....L - -} - (R ,, ,, - -) 

t1z• • t1z1 lJxk' l)xr - ;;;I'•T."" lJxi' 8xi 

that is, 
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where repetition of indices rneallll summation of that index from 1 to n. Equiv­
alently, we have: 

for all r , k,i,j= I, .. . ,n. 

From the last expression we get 

,r nl ar RI 
9 9lr n,kij = 9 9lj ikr, 

or 
R• "RI kij = 9 ikr91j · (4 .37) 

Contracting sand j one obtains mij = R'ikr and, using (4 .36) , we show that 

(Ric)1<; = (Ric),1< , I 

The scalar curvature of ( Q, (, }) is the (metric) contraction S of the Ricci 
curvature tensor, that is, 

S = C;(Uf Ric) . 

In local coordinates (x 1 , •.. , xn), one can write: (Uf Ric)t = gii (Ric)jr, and 
so, S = gii (Ric),j = gii R~;1; from this it follows that dS = 8:5... dxm implies 

(4 .38) 

Remark By definition Ric = U/ Ric and we have divRic = Cj(v' Ric). Since 
Ric is a symmetric tensor field of type (0, 2) , the tensor fields Ul Ric and UJ Ric 
coincide as type (1,1) tensors; then divRic depends on Ric, only. 

Proposition 16.4 dS = 2div.Ric wherP Ric= Uf Ric. 

Proof We will fix a point p E Q and choose a normal coordinate system in 
a neighborhood of p as we did in Proposition 13.4. Since r\j(p) = 0 for all 
i,j, l = 1, ... , n, we have v' ...L 8a,(p) = 0 for all i,j = 1, ... ,n and 

l'J~' ,: 

{} {j {j fJg;k {}gik 
[-{} . (-{} . ,-

8 
.)](p)= -

8
. (p)=O (also -

8
. (p)=O), for all i,j,k=l, . . . ,n. 

x• xJ :r~ x' x• 

On the other hand (4.27) implies 

- . 8 {j 
= (v' Ric)(dx', fJxi, fJxk) = 

a (k )' R" (d ; v' a ) k (v' d j a ) {}xk IC j - IC z ' i- {}xi - IC ~ X ' {}xi . 

57 



From (4.26), (4.36) and the definition of Uf we obtain 

(..,R-· )' {) ( ir :o1 ) r' ir i::,m + r• rm .--.1 
v ic j/c = {)z" 9 I~jl - jlc9 "'rim Jcr9 ri;,.;1, 

so we have 

[div.Ric];= [CJ(V.Ric)); = (VRic);, = 
[ {) ( irRI ) r' irRm + r· rm .-.I ) = lJzi g rjl - jig rlm ir9 Ltfnjl · 

The choice of the normal coordinate system implies at p E Q: 

- a . .-.1 . aH;.;, 
[divRic];(P) = [-{). (g" it~;1)](p) = g"(p) ,.---,--(p). (4.39) 

z' uZ' 

The second Bianchi identity, for all r, m, s = 1, ... , n, gives us 

and, if we use (4.28) and introduce the notation R}mri s by the condition 

one obtains, at the point p E Q, R}mr;, = ~(R}m,) and so 

[~m,;r + R}rm;• + R}.,;m](P) = 0. 

(4.41) 

(4.42) 

From Exercise 8.4, we see that reversing r with s in the last parcel (so, with 
change of sign) and making the contraction of indices i and s one gets (R}mi;r + 
R}rm;i - R},,;mHP) = O, and then, by (4.36) we arrive to 

(4.43) 

Contracting (metrically) the covariant slots j and r, (4.43) gives us 

Using (4.38) and (4.44) we can write 

{JS . . . . 
[{Jzm )(p) = [g'' Rjmi;rHP) + [g'' Rjrm;i](p). (4.45) 

From (4.39) we have 

2[div.Ric]m (p) = 2&," R!-m,,,](p) . ( 4.46) 
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Our point now is to show that the second members of (4.45) and (4.46) coincide; 
for that we use (4.37) and write 

tfR• - "Rt g kij - g ikr> (4.47) 

that, after derivative, gives us at p E Q: 

(4.48) 

By contracting indices (t, m) and (s, i) one obtains 

(4.49) 

or equivalently 
(4.50) 

The last equation shows that the following permutation between the covariant 
indices hold: 

(kijr) --+ (jkri). 

Now, using ( 4.50) and the symmetry of the Ricci tensor, we have the equalities: 

[gfr R;mi;r)(p) = [gfr R!,,ji;r)(P) = [gfr R!,,ri;j](p) = [gfr R~mi;j](p) 

[g-ir R;rm;;](p) = [gir R.-;m;;](p) = [gir R!,,,.;j](p) = [gir R~mi;j](p); 

with the last two equalities, (4.45) and (4.46) imply 

ctS(p) = [2ctivRic)(p) 

and the proof of Proposition (16.4) is complete. I 

4.5 E. Cartan structural equations of a connec­
tion 

Given an affine connection 'v, we put 

T(X, Y) = 'hX - v'xY + [X, Y]. (4.51) 

The mapping 

(u, X, Y) E r 1 (Q) X X 2(Q) ➔ u(T(X, Y)) E V(Q) 

is a mixed tensor field of type (1,2) called the torsion tensor field of v'. 

From (3.2) and (3.29), w, u being two one differential forms on Q we have 

(w I\ u)(X, Y) = w(X)u(Y) - w(Y)u(X), (4.52) 
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dw(X, Y) = X(w(Y)) - Y(w(X)) - w([X, Yl) (4.53) 

where X, Y E X(Q). The covariant derivative of 1-fonns is given in (4.26) by 
("vxw)(Y) = X(w(Y)) -w("vxY). This last equality together with (4.51) and 
(4.52) imply 

dw(X, Y) = (v'xw)(Y) - (v'yw){X) - w(T(X, Y)). (4.54) 

Let p E Q and ( X 1, X 2, ••• , X n) a basis for the vector fields in some neighbor­
hood Np of p, that is, any vector field X on Np can be written as X = Ei=l f;X, 
where /; E V(Np). 

Let wi, wj(l $ i, j, k $ n) be the one-differential forms in Np characterized 
by the equalities 

and 

the f7; being smooth functions on Np defined by the formula v' x,X; = I::;=1 f7;Xk. 

It is easy to see that the 1-forms wJ determine the connection v' on Np, 
The structural equations of E. Cartan (see the next equations (4.55) and 
( 4.56)) relate the differentials dw' with special 2-forms..,.; (T) and nJ associated 
with the torsion T(X, Y) and with the curvature tensor field Rx,YZ, defined in 
(4.23) and (4.51), respectively. 

Proposition 17.4 (E. Cartan) The following structural equations hold: 

n 

dwi = LWk AJ,.-wi(T) (4.55) 
k=l 

(4.56) 

wherewi (T) and n; are 2-differentialfonns given bywi(T))(X, Y) = wi(T(X, Y)) 
and nJ(X, Y) = w (Rx,YX;). 

Proof We start by observing that if Z E X(Np) we have 

n 

"vzX; = L(wj(Z))XJ<. (4.57) 
k=l 

From the equalities 

n 

(v'zw1)(X;) = Z(w1(X;))-w1(V'zX;) = -w1(v'zX;) = -w1(Lwj(Z)Xk) = -w}(Z) 
lr=l 
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we get 
n 

'vzw1 = - }:H·(Z))wi. (4.58) 
j:l 

From (4.52) and (4.53) we have 

n 

dwi(X, Y) - 1)wk J\w{)(X, Y) = 
k:1 

X(wi(Y))- Y(wi(X)) -wJ([X, Y])-
n n 

- 1::W,.(X)w{(Y) + L:W,.(Y)w{(X), 
k=l k=l 

and using (4.58) we arrive to 

n 

dwi (X, Y) - l)wk J\ w{)(X, Y) = wi (v' x Y - v'yX - [X.Y]). 
k=l 

Taking into account the definition (4.51) of T(X, Y) we obtain (4.55). We now 
consider (4.53) applied to the 2-form dwj and use (4.57) twice to get: 

n 

'vy('vxXj) = 'vy(~)wJ(X))Xk) 
k:I 

n n 

= :[)Y(w}(X))Xk + I)wJ(X))('vyXk)] 
l=l 

n n 

= L[Y(w~(X)) + EwJ(X)wi(X)]X1. 
I=! 

With the last equality one can write the expression of Rx,Y Xj given in ( 4.23) 
and obtain from (4.57): 

n n 

= I)-dw}(X, Y) + L)wJ Awi)(X, Y]X,. 
1=1 k:l 

Finally, the definition of n} gives 

n 

n~(X, Y) = w1(Rx,YXj) = -dw}(X, Y) + I)wJ Awi)(X, Y) 
le=! 

and the proof is complete. I 
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As a consequence of Proposition 17.4 one can analyze the case of a rieman­

nian manifold ( Q, (,)) with the Levi-Ci vita connection 'v. If we assume that 

(X1 , •.. , Xn) is an orthonormal basis, that is (X,,X,) = 6~, r, s = 1, ... , n, we 

obtain T(X, Y) = 0 for all X, YE X(Np) and then the structural equations 

of E. Cartan for the riemannian case reduce to 

n 

rJwi = I:W" "wi,. 
k=I 

n 

dwk ~ I k fi° 
j = L...,, w, t\ w, - j 

l=l 

and the forms w1,. and OJ satisfy 

" i W; + Wj, = Q 

,. . 
ni +~ = o. 

In fact, since (4.57) holds we obtain 

wJ(Z) = ('vzX;,X1,). 

But Z(X;,X1r} = Z(6!) = 0 and then 

('vzX;,X1c} + (Xj, 'vzX1c) = 0 

(4.59) 

{4.60) 

(4.61) 

(4.62) 

is true, that is, w1, +wj = O. But, moreover, (4.60) and (4.61) imply (4.62) . 
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Chapter 5 

Mechanical systems on 
riemannian man if olds 

5.1 The generalized Newton law 

Let (Q, (,))be a riemannian manifold, q = 9(t) be a C 2-curve on Q and 'v 
be the Levi-Civita connection associated to the given riemannian metric <, >. 
The acceleration of 9(t) is the covariant derivative of the velocity field q = q(t), 
that is, 

. , deJ Dq 
accelerat10n of q(t) = Tt· (5.1) 

If V is any (local) vector field extending cj = cj(t), we also write, for simplicity, 
%f = v'qcj = 'v4V. When q(t)-::/:- 0, there exists such a Vin a neighborhood of 
q(t). 

In local coordinates (fl; 91, ... , 9n) of Q, the functions g;i =< 11!,, 11!; > and 
the rkij given by 'v ___L Q

8 _ =~;-Ir;/'..#-, are well known C1-functions on n ~ vq, - uq1i: 

and the expressions (4 .20) give each r·\; as a function of the g;3 (q1, .. . , 9,.), so 
as a function of 91 , .•. , 9,.. If ( q;, q;) are the corresponding natural coordinates 
of TQ on ,.- 1(0), one can write: 

. ~ - a 
9= L,9i~ 

i:l q, 

and so, we have along q = q(t) (see (4.7)): 
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Dq ~ [.. ' ' . ..,Jr l {} dt = L., qlt + L., q;q;li°j 8q 
k=l iJ le 

(5.3) 

The kinetic energy associated to the riemannian metric <, > is the C"­

function K: TQ ➔ R given by K(vp) = ½ < v,,, Vp >. 

As we will see in some examples, the masses appear in the definition of 

the metric <, >; the Legendre transformation or mass operator µ is a 

diffeomorphism from TQ onto T"Q, 

µ :TQ ➔ T•Q (5.4) 

given by µ(v,,)(.) = (vp, ,} for all v,, E TQ. TQ is also called the phase space 

of velocities and T-Q is called the phase space of momenta. Since {, ),, is non 

degenerate, we see easily that µ takes the fiber TpQ onto the fiber T,, "Q and µ 

identifies, diffeomorphically, TQ with T"Q. A field of (external) forces is a 

C1-differentiable map 
T:TQ ➔ T•Q (5.5) 

that sends the fiber T,,Q into the fiber T'" ,,Q, for all p E Q. 

Remark that, by definition, T is not necessarily surjective but sends fibers 

into fibers. When T(v,,) is constant (for all p E Q and v,, E T,,Q) the field of 

forces is said to be positional. For an example of a positional field of forces 

one defines 

where U: Q ➔ R, the potential energy, is a given C2-differentiable function. 

ln that case one says that Tu is a conservative field of forces. It is clear that 

Tu is a positional field of forces. The map µ- 1 oTu: TQ ➔ TQ defines, in this 

case, a vector field X on the manifold Q: 

X: p E Q .......+ µ-1 oTu(v,,) E T,,Q, 

that does not depend on v,, E T,,Q, .but on U and p E Q, only. In fact Xis 

equal to -grad U {- gradient of U); take w,, E T,,Q and so: 

{X(p), w,,} = (µ- 1 Tu(v,,), wp) = µ(µ- 1 Tu(v,,))(w,,) 

= Tu(v,,)(w,,) = -dU(p)(w,,), that is X(p) == -(grad U)(p). 

Exercise 1.5 Show that in local coordinates we have 

(5.6) 
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A mechanical system on a riemannian manifold ( Q, {,)) is a triplet 
(Q,{,),.1") where .1" is an (external) field of forces. The manifold Q is said to be 
the configuration space a.nd the corresponding generalized Newton law is 
the relation 

µ(~:) = .r(q) . (5 .7) 

A motion q = q(t) is a C2-curve, with values on Q, that satisfies the Newton 
law (5.7). A conservative mechanical system is a triplet (Q, (, ), .1" = -dU) 
where U : Q --t R is its potential energy. The function Em = K + U o T is the 
mechanical energy. 

Proposition 1.5 (Conservation of energy) 

In any conservative mechanical system (Q, <, >, -dU) the mechanical energy 
Em = K + U or is constant along a given motion q = q(t) . 

Proof: 

-9tEm(<i) = ft [K(q) + U o r(cj)] =ft[½< q, ,j > +U(q)] = 
= ((~),cj) + (dU(q))q = (µ- 1 [-dU(q)),q) + (dU(q))q 

= -(dU(q))q + (dU(q))q = 0. I 

5.2 The Jacobi riemannian metric 

Let ( Q, (, ) , -dU) be a conservative mechanical system on a riemannian man­
ifold (Q, <,>)and Ube a C 2-potential energy. Let Vp E TQ be a critical point 
of the mechanical energy Em = K + U or : TQ --t R, that is, dEm(vp) = 0. 
In local coordinates we have Vp = (q;,q;) and Em(vp) = ½ Eij g;j(p)q;qj + 
U(q1 (p), ... , qn(P)), so 

dEm(q;,q;) = t [~ E 8:ij q;q; + ;u] dq1c + t r~g,1cq; ] dcj,. = 0 
ic=l ij q1c qk k=l • 

and that implies the following equations: 

k = l, . .. ,n. (5.8) 

k = 1, .. . ,n. (5.9) 
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By (5.8) and (5.9), and since det(g;j) ::f. 0, v,, E TQ is a critical point of Em 
if, and only if: 

q;=O, i=l, ... ,n, 
au 

and -
8 

(p) = 0. 
9k 

This means that vp is a critical point of Em if, and only if, p E Q is a 

critical point of U and 11P = op E TpQ. 

Let h ER be a regular value of the mechanical energy Em with E;.1 (h) -::/; 4,; 
so the points in E;,1 (h) are not critical points. Consider the open set of Q: 

Qh={pEQIU(p)<h}. (5.10) 

On the manifold Qh one can define the so called Jacobi metric 9h ftllsoci­

ated to(,}; for each p E Qh define 9h(P) by 

(5.11) 

Since (h - U(p)) > 0 for p E Qh, one sees that 9h is a riemannian metric on 
· Q,.. 

Proposition 2.5 (Jacobi) The motions of a conservative mechanical system 

(Q, (, ), -dU) with mechanical energy h are, up to reparametrization, geodesics 

of the open manifold Q,. with the Jacobi metric associated to(,). 

Before proving the proposition 2.5 one goes to show the following: 

Proposition 3.5 Let (Q, {, }) be a riemannian manifold, p: Q ➔ R to be a C2 

function and grad p denote a vector field on Q, the gradient corresponding to 

<, > of the function p. Let V and V be the Levi-Civita connections associated 

to<,> and e2P(, ), respectively. Then, for all X, YE X(Q) we have: 

VxY = 'vxY + dp(X)Y +dp(Y)X -(X, Y)gradp (5.12) 

Proof By the definition of V and making«,»= e2P(, }, formula (4.19) gives 

2 « VxY,Z»= Y « x,z » +x « z, Y »-z « X, Y » 
- « [Y,Z],X »- « [X,Z], Y » - « [Y,X],Z ». 

On the other hand we have 

Y « X,Z » = Y(e2P(X, Z}) = e2PY(X,Z) + (X, Z)Y(e2P) = 
= e2P(Y(X, Z} + (X, Z)Y(2p)], 
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so, 

2«~xY,Z» = e2P{Y(X,Z)+(X,Z)Y(2p)+X(Z,Y}+ 
+ (Z, Y)X(2p) - Z(X, Y) - (X, Y)Z(2p) 

- ([Y, Z], X) - ((X, Z], Y) - ([Y, X], Z)}. 

From (4.19) one obtains 

2«VxY,Z» = 2e2P<v'xY,Z>+e2P{(X,Z)Y(2p) 
+ (Z, Y)X(2p) - (X, Y)Z(2p)} 

= 2«VxY,Z»+«x,z»Y(2p) 
+ « Z, Y » X(2p)- « X, Y » Z(2p). 

Since Y(2p) = 2Y(p) = 2dp(Y) we have 

«VxY,Z» = «v'xY,Z»+«X,Z»dp(Y) 
+ « Z, Y » dp(X}- « X, Y >> dp(Z). 

The definition of grad p gives 

dp(Z) = (grad p, Z) 

for all Z, thus 

(V x Y, Z) = ('v x Y, Z) + (X, Z)dp(Y) + (Z, Y)dp(X) 

- (X, Y)(grad p, Z) for all Z. 

So, one obtains (5.12). 

Proof of Proposition 2.5 

One defines p : Q,. -+ R by the equality e2P = 2(h - U) so e2Pdp = -dU 
and then 

e2Pgrad p = -grad U with respect to (, ), (5.13) 

that is 
2(h - U)dp = -dU. (5.14) 

Let -, = -y(t) be a motion of (Q, (, }, -dU) with mechanical energy h and 
contained in Q1,. By (5.7) we have 

because 

V-,-y = -(grad U}(-y(t)} 

2J<(-y) = (-i,,-y) = 2(h- U(,(t}) = e2P(-,(tll, 
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that implies -y(t) '# 0 for all t in the maximal interval of -y. 

Using (5.12), (5.15), (5.13) and (5.14) one can write 

V-,i' = V-,i' + 2dp(-y)-y - (-y,-y}grad p 

= -(grad U)(i,(t)) + 2dp(-y)-y- e2Ph(t)lgrad p, so 

(5.16) 

Let s and i be the arc lengths in (,) and «, » respectively. Call µ(s) = 
-y(t(s)) andc(s) =µ(a(s)). Soc(s) =-y(t(s(s)))andc

1

(a) = tkjJ> = -y(t(s(i)))*(s(i)) = 
-y(t(s(s))).!!!J!-1. d~~l. 

But (¥)2 = (~)-2 = (i',i')- 1 = e- 2Pb(t(,))l and then 

(5.17) 

Analogously 

(
dsd(

8

!)) 3 = (dii(s) )-
3 

_ -;I;- =« µ'(s),µ'(s) »-1 

= « -y(t(s)) dt(s) "'t(t(s)) dt(s) »-l 
ds ' ds 

= ( d~~) r2 « -y(t(s)),-y(t(s)) »-1 
that gives 

(
ds(i)) (dt(s)) _ , ( ( )) . ( ( )) -1/2 

di . ds - « -, t s ' -, t s » 
= e-p(-r(t(•l))(-y(t(s)), -y(t(s))}- 1/ 2 

then (d1Jl).(¥l = e-2P(1(t(,)l) and 

c'(i) = i'(t(s(i))).e- 2P('Y(t(,))) _ (5.18) 

Now compute 'C' e'(i)c'(i) using (5.18) and obtain 

Ve,c' = V ·-•,-,e-2P-y = e-2,v .,e-2P-y = e-2P[e-2PV ,,..,. + [d(e-2'hhl 
= e-4'{-ti' -,"Y - 2dp("'th]; 

using (5.16) we get 'C' e'c' = 0, so c(i) = 7(t(s(i))) is a geodesic in the 
Jacobi metric. I 
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5.3 Mechanical systems as second order vector 
fields 

Let (Q, (, ), F) be a mechanical system on the riemannian manifold(~,(,)) 
and q(t) a motion, that is, a solution of the generalized Newton law ( Tt) = 
µ-1(.F(q)) . 

In local coordinates we have (see (5.3)): 

where the fk(q, q) are the components of µ- 1(.F(q)), that is, the Newton law is 
locally equivalent to the 2nd order system of ordinary differential equations: 

qk=-°Lf7j<ii<ii+fk(q,q), k=l, ... ,n, 
i,j 

or, to the first order system of ordinary differential equations: 

k = 1, .. . ,n. 

Using (5.6) we ali;o have 

(5.19) 

d 8K 8K n . 
dt~ - 7r = E9jk/1c(q,q), j = 1, . .. ,n (5.20) 

qJ q) k=I 

that are called the Lagrange equations for the system. 

This way, in natural coordinates (q, <i) = (q, v) of TQ we have, well defined, 
the vector-field 

E: (q, v) t---t ((q, v), (q, v)) 

where the (g, 11) are given by (5.19) . The map above is a vector field Eon TQ, 

E: vp E TQ >---+ E(vp) E T(TQ). 

The tangent space TQ is called the phase space and the vector field E 
defined on TQ is said to be a second order vector field because the first 
equation (see (5.19)) is q = v. This is equivalent to say that any trajectory of 
E = E(v,,) is the derivative of its projection on Q. In the special case where 
:F = 0, the vector field E reduces to the geodesic flow S of(,), (see (4.21)), 
given locally by 

S: (q, v) >----+ ((q, v), (v,-y)) 
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where;= (;1r) is given by 11r = - ~;; r~;v,v,. 

In order to write an explicit expression for E = E(vp), Jet us introduce the 

concept of vertical lifting operator. Is an operator denoted by C.,, ·associated 

to an element Vp E T,Q. C.,, is a map 

defined by 

(5.21) 

C.,P takes wp E TpQ into a tangent vector of T(TQ) at the point Vp E TQ . 

This tangent vector C.,,(wp) is vertical, that is, is tangent at the point Vp to 
the fiber T'pQ since the curve s ,--+ IJp + swp passes through v, at s = 0 and has 
values on TpQ for alls. In local coordinates, if v, = (qi, Vi) and wp = (qi, wi), 
we have 

c", : (q;, w;) ~ ((q;, v;), (0, w;)) 

because the curve v,, + swp is given, in local coordinates by v,, + swp = ( q1, v, + 
sw;) and its tangent vector at s = 0 is written as ((q;,v;),(O,w;)). 

The map C.,, is linear and injective so is an isomorphism of TpQ onto its 
image 

So, the vector field E = E( Vp) is given, in local coordinates, by the expression 

E(v,,) = E((q;, v;)) = ((q;, v;), (v;, 1; + /;)) 

where 'Yi= - I:r,, r~,VrV, and the(/;) defined by 

Then 
E(vp) = ((q; , v;), (v;,-y;)) + ((q;,v;), (0,/;)), so 

E(vp) = S(v,,) +C.,,(µ- 1(F(vp))) , (5.22) 

Proposition 4.5 The second order vector field E = E(v,) defined on TQ 

and associated to the generalized Newton law of the mechanical system ( Q, {,), F), 
is given by the expression (5.22} where S = S(vp) is the geodesic flow of(,}. 

The trajectories of E are the derivatives of the motions ,atisfying µ( ~) = F( q). 
When F(v,) = -dU(p), and h is a regular value of Em, the manifold E;;;1(h) 

is invariant under the flow of the uector field E = E(v,). 
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5.4 Mechanical systems with holonomic constraints 

Let :F: TQ ➔ T*Q be a C1-field of external forces acting on a riemannian 
manifold (Q, (, )). 

A holonomic constraint is a submanifold N C Q such that dim N < 
dim Q. A C2-curve q : I C R ➔ Q is said to be compatible with N if 
q(t) E N for all t E /. In order to obtain motions compatible with N we have 
to introduce a field of reactive external forces 'R, : TN -4 r• Q depending 
on Q, (, ), N and :F, only, and to consider the generalized Newton law 

(5.23) 

The constraint N is said to be perfect (or to satisfy d' Alembert principle) 
if, for a given :F, the field ofreactive external forces n has to satisfy "µ- 1'R,( vq) 
is orthogonal to Tq N for all Vq E TN". Here orthogonality is understood with 
respect to (, ), µ is the mass operator and 'v is the Levi-Civita connection 
associated to the riemannian structure (Q, (, )). Using the decomposition VqT + 
Vq.L = Vq for all q EN and v9 E TqQ, that is 

TqN EB (T9N)-1. = T9Q, q EN, 

one obtains from (5.23), assuming ,j =j: 0, the following relations: 

(v'q,jf - [µ- 1(:F(,j))f = 0 

µ-lR(q) = (v'q,jf - [µ-l(.1"(,j)))-1.. 

(5.24) 

(5.25) 

If we denote by D the Levi-Civita connection associated to the riemannian 
metric «, » induced by (, ) on N, the next Exercise 2.5 shows that if N is 
perfect, the C 2 solution curves compatible with N are precisely the motions of 
the mechanical system (without constraints) (N, «, », FN) where .1"N(v9) = 
µN[(µ- 1 F(vq))T], vq E T9N, the µN being the mass operator of (N, «, »). 

In fact, since D9q = ('v9,jf (by Exercise 2.5) one obtains from (5.24) that 

which is the generalized Newton law corresponding to (N, «, », :F N)­

Also, from (5.25) we see that 

µ-l'R,(q) = 'vqq - (Vqqf - [µ-1:F(q)]-1. 
= V9q- D,/1.- [µ- 1.1"(,j)f. 

(5.26) 

(5.27) 

If X, Y are local vector fields on N and X, Y be local extensions to Q, we 
have 

B(X, Y) = VxY - DxY (5.28) 
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where B is bilinear and symmetric with B(X, Y)(q) depending only on X(q) 

and Y(q); B is called the second fundamental form of the imbedding 

i: N ➔ Q (see "Geometria lliemanniana" by M.P. do Carmo, 2" edi~ao pag. 

128). So, from (5.27) and (5.28) we can write µ- 1'R.(4) = B(q,q)- [µ- 1-1"(4)]-l· 

that suggests 

(5 .29) 

for all q e N and v9 E TqN. The last expression gives the way to compute the 

reactive external forceintroduced in (5.23) when the constraint is perfect. 

Using (5.6) for µN(Dqq) with 4 I- 0, in local coordinates of N, and also 

(5.26), we obtain the so-called Lagrange equations for obtaining the motions 

compatible with the perfect constraints without computing the reaction of the 
constraints. 

Exercise 2.5 Let N be a submanifold of a pseudo-riemannian manifold 

(Q, (, )) with Levi-Civita connection V. For any pair of vector fields X, Y on 

N we define Dx Y as the vector field on N that at the point p E N is equal to 

(Dx Y)(p) = [(V xY)(p)]T where X, Y are local vector fields that extend X and 

Y in a neighborhood of p e Q, respectively, [(V gY)(p}jT being the orthogonal 
projection of (VxY)(p) onto TpN, under(,). 

Show that (Dx Y)p does not depend on the chosen extensions and that 

D: X(N) x X(N) ➔ X(N) 

has the properties of an affine connection. Verify also that D is symmetric and 

compatible with the pseudo-riemannian metric«,» induced by (,} on N . So, 

Dis the Levi-Civita connection associated to the pseudo-riemannian manifold 

(N,«,»). 

5.5 Some classical examples 

The study of a system of particles with or without constraints starts, in 

classical analytical mechanics, with the consideration of a manifold of config­

urations Q endowed, in general, with two metrics: (,) and (, }; the first one 

is called the spatial metric and the second is the one corresponding to the 

kinetic energy that defines the mass operator µ : TQ ➔ T"Q. With the two 

metrics one introduces the tensor of inertia I: X(Q) ➔ X(Q) characterized by 
the relation 

(I(X),Z) = (X ,Z} 

for all X, Z E X(Q). It is clear that: 
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i) l is non degenerate with respect to (,) so 1-1 exists. 

ii) l is symmetric with respect to (,),since: 

(l(X),Z) = (X,Z) = (Z,X) = (I(Z),X) = (X,l(Z)) . 

iii) l is symmetric with respect to (, ). In fact, 

(l(l(X)) , Z) = (l(X), Z) and 

(I(I(X)) , Z) = (J(X), I(Z)) = (J(l(Z)), X) = (J(Z), X) 

iv) 1-1 is symmetric with respect to (,) and (, ): 

and 

u-1 (X) ,Z) = u- 1(X),I(r 1 (Z))) = u-1 (X),J- 1(Z)) 
(I(r 1 (X)), r 1 (Z)) = (X,r 1(Z)). 

v) Assume (,) and (,) are positive definite. Then I and 1-1 are positive 
definite with respect to the rnetrk-s: 

(I(X), X) = (X, X); 

(J(X), X) = (J(X), r 1 (J(X})) = (J(X), J(X}}; 

(J- 1(X),X) = (X,X); 

u- 1 (X),X) = (J- 1(X),J(r 1 (X))) = u- 1(X),r 1 (X)}. 

In the appli,cations, the usual forces are given by a map F : TQ ➔ TQ which 
is fiber preserving that is F(TpQ) C TpQ for all p E Q; the notion of work is 
introduced using the spatial metric. So, the work of F(vp) along Wp is defined 
as (F(vp) , wp) - To obtain the external field of forces :F: TQ ➔ T•Q from F we 
write 

(5.31) 
and, then, the generalized Newton law can be written under one of the two 
equivalent forms: 

<~!)=r1F(q) or I(~:}=F(q) 

(In (5.31), so in the last formulae, I is considered as a fiber preserving map 
J : TQ-+ TQ.) 

Example 1.5 - The system of n mass points 
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Let k be a three dimensional oriented euclidean vector space also consi­

dered as affine space associated to itself. A pair (q,, m;) such that q; E k and 

m; > 0 is said to be a mass point and m; is the mass of point q;, i = 1, .. . , n. 

To give n mass points is to consider q = (q1, . .. , qn) E k" and (m1, .. . , mn) E 

R+"· 
Assume that at each point q; Ek acts an external force /;"rt= f;""t(q, q) E 

k and (n - 1) internal forces /;; E k,j E {l, . .. , n} \ {i}, due to the action of 

q, on q;. The laws, in classical mechanics, relative to the motions q;(t) of the 

mass points (q;, m,) are the following: 

I - Newton laws: 
n 

m;q; = f; d~ (1/"1 + L /;;), 
;:1 
j,ti 

II - Principle of action and reaction: 

i = 1, .. . ,n. 

f,; and (q; - q;) are linearly dependent and/,; = -/;;. 

Remark: The two laws above imply the following: 

(a) E.":1 m;ij; = E?:1 /;""t 

(b) E~1 m;ij; x (q, - c) = Ef=1 /;""
1 x (q, - c) for any c Ek. 

(here x means the usual vector product in k). 

In fa.ct, case (a) is trivial. Using Newton's law one proves case (b) under the 

hypothesis c = 0, provided that LiJ /,; x q, = O; but since/;; X (q; - q;) = 0, 

we have 

i ,j i,j ij i,j 

The case (b) for arbitrary c E k follows from case (a) and from case (b) with 

c= 0. 

The kinetic energy of a motion is K = ½ E?=l m;(q,, q;) where (,) is the 

inner product of k. The manifold Q = k" is the configuration spBCe that can 

be endowed with two riemannian metrics: 
(u, v) = (u1, vi)+ . .. + (un, vn), the spatial metric, and (u, v) = m1(u1, vi)+ 

... + ffln (Un, vn), the metric corresponding to the kinetic energy, where the 

masses appear. 

The Levi-Civita connection "il associated to {,) has the g,; as constant func­

tions, so the Christoffel symbols are all zero (see Exercise 5.4) and then 

( Dq) .. (- .. ) dt = q = q1' .. . 'q,. . 
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The ma.<JS operator µ : Tkn ➔ T°kn is defined by µ(w,,)(.) = (w:r, .ffor 
all w., E T:rkn ~ kn. If the usual forces are given by F : Tkn ➔ Tkn with 
F = (ft, ... , fn), one defines :F : Tkn ➔ T* kn, the field of external forces, 
using the formula :F = µJ- 1 F where I is given by (5.30). Then one can write: 

so, 

.r(v,,)u,, = (µr 1 F)(v,,)u,, = (r 1 F(v.,), u,,) 
(Jo r 1 F(v,,), u,,) = (F(v,,), url, 

n 

.1"(v.,)u,, = E(f;(v.,), u,,i), where u., = (u,, 1 , ... , Urn). (5.32) 
i:l 

Then .1"( v,,) u,, is the total work of the external forces /1 ( Vr) along u,,i. 

From the generalized Newton law (5.7) we have 

and (5.32) implies .r(q)ur = L~=1 (f;(q,q),u,,i); so, since u,, is arbitrary in kn 
one obtains the classical Newton's law: 

m;q; = f;(q, q), i = 1, ... , n, 

and conversely. 

Example 2.5 - The planar double pendulum 

One may think about two mass points (q1 ,mi) and (q2,m2), q; E R2
, i = 1,2, 

in the configuration space Q = R 2 x R 2 = R 4 and about a holonomic constraint 
N, the submanifold defined by the conditions: 

where O E R2 is the origin. 

I q1 - o 12 = f1
2 

lq2-q1 12 = l2 2
, 

(5.33) 
(5.34) 

If a, b E R 2, a.b denotes the usual inner product of R 2. Let u = ( u1, u2) and 
v = (v1 , v2) vectors in R4, that is, u;, v;, E R2

, i = 1, 2. 

The spatial metric in R4 is given by 
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and 
(u, v} = m1 t11 .v1 + m2t12 .t12 

is the metric corresponding to the kinetic energy 

The Levi-Civita connection v' associated to the metric(,) gives the acceler­
ation of q(t) = {q1 (t), q2(t)) E R4 with Christoffel symbols equal to zero: 

(5.35) 

The usual external forces acting on q1 and q2 are 

respectively. As in the previous Example 1.5, one defines the field of external 
forces 

:F: T(R2 x R 2
) ➔ r•(R2 x R 2

) 

using the total work of the physical external forces: 

:F(q}(t11, u2) = (F1(q), u1) + (F2(q), u2) 

where F;(q) = F; = (0, m;g), i = 1, 2. 

(5.36) 

Assuming that the submanifold N defined by (5.33) and (5.34) is a perfect 
constraint, that is, satisfies the d'Alembert principle, we have by (5.23) that for 
any C 2 curve compatible with N, 

is such that the vector µ- 1 (7'(q)) is, at the point q(t) E N, orthogonal to Tq(t)N 
with respect to the metric (, ), for all t; that is, 

(5.37) 

for all (t11, v2) E Tq(t)N. But (111, t12) E Tq(t)N means that 111 and t12 in R2 have 
to satisfy: 

111.(q1 - 0) = 0 

(t12 - t11),(q2 - qi)= 0 

(5.38) 

(5.39) 

where (5.38) and (5.39) were obtained by derivative, with respect to time, of 
(5.33) and (5.34), respectively. If one denotes ' 
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Jµ-1'R.(q) d!:J (R1(<i),R2(<i)), 

condition {5.37) and the definitions {5.30) and (5.40) give 

0 = (µ- 1'R.(<i), (vi, v2)) = (lµ- 1'R.(<i), (vi, v2)) 
= ((R1(<i),R2(<i)),(v1,v2)) = (Ri(<i)).v1 + (R2(<i)).v2 

so, R1 (<i) and R2(<i) defined in (5.40) satisfy 

(R1(<i)).v1 + (R2(q)).v2 = 0 
for all v1, v2 in R 2 that verify (5.38) and (5.39). 

From (5.35) , and the definition ofµ we obtain 

n· n· 
µ( di)(u1,u2) = (( di),(u1,u2)) = ((t11,i12),(u1,u2)) 

= miq1.u1 + m2qz.Uz. 

From (5.23), (5.36), (5.40) and (5.42) we have 

m1Q1.u1 + m2Q2.u2 = (A(<i)).u1 + (F2(<i)).u2 + ~-(<i)(u1, u2) 

(5.40) 

(5.41) 

(5.42) 

= (Fi(ij)).u1 + (F2(ci)).u2 + (Ri(ij)).111 + (R2(ii)).u2; 
in fact, 

then 

'R.(<j)(u1, u2) = µr 1(R1(ii) , R2(<i))(u1, u2) 
= (J-1 (R1(ii), R2(<i)), (u1, u2)) 
= ((R1(ii), R2(<i)), (u1, u2)) 

= (R1(4)).u1 + (R2(ii)).u2 , 

m1q1.u1 + m2q;u2 = (F1(<i) + R1(<i)).u1 + (F2(<i) + R2(<i)).u2 

and since (u1, u2) E R 2 x R 2 is arbitrary (see (5 .24)) we have 

miij1 = F1(<i) + R1(<i) 
m2ih = F2(<i) + R2(<i). (5.43) 

Equations (5.43) are the classical Newton law for two mass points; R1 (q), R2(ti) 
are the constraint's reactions that have to satisfy (5.41) for all (v1, v2) such that 
(5.38) and (5.39) hold, that is, "the virtual work of the reactive forces is equal 
to zero (cl118Sical d'Alembert principle)". 

Exercise 3.5 Show that (5.41) for all (v1 , v2) such that (5.38) and (5.39) hold 
is equivalent to 

R2(<i) = p(q2 - q1) 
Rt(<i) + R2(<i) = o(q1 - 0), (p, a ER). 
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Let us derive now the Lagrange equations (5.20) corresponding to the 

generalized Newton law (5 .26) for the planar double pendulum. From (5.36) 
the field of external forces is given by 

provided that u 1 = ( uf , un and u2 = ( u~, u~). 

The function U: R 2 x R 2 ➔ R defined by 

U(q,,q2) = -m,gy1 - m2gY2, where q, = (x1,Y1) 

and q2 = (:z:2,Y2), is such that F(t1p) = -dU(p),vp E TpR4. 

So, F is a conservative field of forces. The manifold N is a torus with 
coordinates ( 'r', 8), so, the potential energy U and the kinetic energy K restricted 

to N are f; and f< respectively : 

(j = -m1gl1 cos (J - m2g(l1 cos 9 + l2 cos <p) 
2 

f< l [ ( . . ) ( . . )) 1 °" ( . 2 • , ) = 2 m1 q1, q1 + m2 q2, q2 = 2 L...J m; x; + y; 
i=l 

where '11 = (z1,!i1) and '12 = (z2,Y2) for "'1 = l 1sin~, y1 = i 1 coe9, ."'2 = 
l1sin9+t2sincp, 112=l1cos9+l2coscp.Then:i:1=l19cos9, fi1=-l19sin9, :i:2= 

l19 cos (J + l2ipcos 'P, il2 = -tiiJ sin(} - l2ij,sin 'P and consequently: 

so, 

so, 

~~ =(m1+m2)gl1sin(J, :: =m2gl2sinip, 

af< 
88 = 

= m1l19cos9(-l19sin9) + m1l 19sin9(t19cos9) 

+ m2(l1Bcos (J + l2tpcoe ip)(-l18 sin 9) 

+ m2(l19sin8 + l2,psinip)l10cosO, 

{) f< . 8:i:2 . 8112 
{)rp = m2:z:2 {}rp + m2Y2 {)rp 

= m2(l19cos (J + l2,j,cos rp)(-l2,j,sin rp) 

+ m2(l18 sin (J + l2v,sin rp)l2ij, cos <p, 
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so, 

so, 

8k 
80 = m1f1 29 cos2 

() + m1f1 29 sin2 ll + m2(f19 cos ll + f2,j;cos y,)l1 cos ll 

+ m2(l18sin8+l<iisinip)i1 sin8, 

fJK 
&,j; 

= m2 (l19 cos ll + f2,p cos 1.p )£2 cos 1.p 

+ m2(f18 sin ll + f2ip sin ;p)l2 sin <p, 

The two Lagrange's equations are 

d 81? 8K au d ak ak 

and then 

d ? • 2. . . dt [m1f1-B + m2f1 (} + m2l1f2<pcos(B - ,p)] - m2l1f2<pllsin(ll - <p) 

= -(m1 + m2)gl1 sin ll 

m2f1l2cp0 sin(O - ,p) 

= -m2gl2 sin <p . 

These two equations determine a second order system of ordinary differential 
equations on the torus of coordinates (ll, ,p): 

(m1 + m2)l~O + m2l1l2(cpcos(0- <p) - ,j,(8-<j,)sin(ll- cp)]-
- m2l1l2ip0 sin(O - cp) + (m1 + m2)gl1 sin 0 = 0, (5.44) 

m2l~cp + m2l1l2(0cos(O- 'P) - 0(0- ,j;)sin(ll- 1.p)]-
m2l1l2<p8 sin(O - ,p) + m2gl2 sin <p = O. (5.45) 

One can compute O and ,jJ in (5.44) and (5.45) and get a system of two 
ordinary differential equations in the normal form; in fact the matrix 
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[ 

(m1 + m2)li 

m2l1l2 cos(9 - <p) 

m2l1l2cos(9-1") l 
m2l~ 

is positive definite, with determinant equal to 

The mechanical energy Em = K + (J is a first integral of system (5.44), 

(5.45) (see Proposition 1.5) expressed as: 

1 2 ·2 1 2 2 . = 2(m1 + m2)l18 + 2m2l2,p + m2l1l28,pcos(8-1") -

(m1 + m2)gl1 cos 8 - m2gl2 cos 'P· 

The critical points are the zero vectors Op E TpN such that dU(p) = 0, that 

is, ti (p) = ~(p) = O, or, equivalently, p = (9, I") such that sin 9 = sin 'f' = O; 

so, one has 4 critical configurations on the torus N: 

P1 = (0, 0), P2 = (0, 1r), Pa= (-1r, 0) and p,i, = (1r, 1r). 

5.6 The dynamics of rigid bodies 

Let K and k be two oriented euclidean vector spaces also considered as 

affine spaces associated to K and k, respectively. Assume that both spaces have 

dimension 3 so, each one has well defined the vector product operation (denoted 

by x) corre.spcnding to the inner product (, ) . 

An isometry M : K ➔ k is a distance preserving map, that is, IIX - YII = 
IIMX - MYII for all X, YE K. The induced map M• : K ➔ Iris defined by: 

(0 E K is the zero vector) 

M• X = M(X) - M(O), for all XE K (5.46) 

Proposition 5.5 Let M" be the induced map of an isometry M. Then one has 

the following: 

1. M• is modulus preserving. 
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2. M• preserves inner product and is linear. 

3. M• is a bijection, so M is an affine (bijective) transformation. 

4. The inverse of M is an isometry. 

5. If M• is orientation preserving then M• preserves vector product. 

Proof 

1. IIM* XII= IIM(X) - M(0)II = 11x - 011 = 11x11. 
2. 

(M•x,M•Y) = !rnM· x112 + IIM*Yll2 -1\M· X - M·Yll2
) 2 

~(IIXll 2 + IIYll2 
- IIX - Yll2

) = (X, Y) 

so, M* preserves inner product. Moreover M • is linear because: for any 
a E R and X E !( we have 

IIM•(aX)-aM*Xll 2 = IIM*(aX)Jl2 +a2 IIM*Xll2 -2(M•(az),aM"X) 
= llaXll 2 + o2IIXll2 

- 2o(.M•(aX), M* X) 
= 2a2IIXll 2 

- 2a(oX,X) = 0; 

and also: 

IIM.(X - Y) - (M 0 X - M*Y)Jl2 = 
= IIM.(X - Y)ll 2 + IIM* X - M*YW - 2(M*(X - Y), M* X - M*Y) = 
= IIX - Yll 2 + IIX - Yll2 

- 2(X - Y, X) + 2(X - Y, Y) = 0, 

that shows that M* is linear. 

3. Since M• is linear, it is enough to prove that M* is an injection; but if 
M* X = o (o Ek is the zero vector) one has IIM* XII = IIXII = 0, so X = 0 
and M• has an inverse (M•)- 1 . 

4. The map N : k ➔ K defined by 

N(z) = (M*)- 1 (z - M(0)) for all z Ek, (5.47) 

is the inverse of M since by (5.46) and (5.47) we have: 

M(N(z)) = M(O) + M*(N(z)) = M(0) + (z - M(0)) = z 

But (5.47) gives N(o) = -(M•)- 1(M(0)), so, 

N(z) = (M*)- 1z - (M*)-1(M(0)) = N(o) + (M*)- 1z (5.48) 
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and N is an isometry with N• = (M•)-1 as induced map. In fact (5.48) 

shows that N• = (M*)-1 and (5.47) implies: 

IIN(z)-N(y)II = ll(M*)z-(M*)- 1YII = IIM*(M*)- 1z-M"(M*)- 1yll = llr-yll, 

so N preserves distances. I 

Exercise 4.5 Prove property 5. in Proposition 5.5. 

An isometry M : K ➔ k is said to be a proper isonietry if its induced 

map M• : K -+ k is orientation preserving. 

A rigid motion of K relative to k is a C 2 curve 

M :t--+ M1 

where M1 is a proper isometry. If, moreover, Mt(O) = o for all t, then Mis said 

to be a rotation. 

Proposition 6.5 Any rigid motion M of K relative to k is such that Mt 
ha11 a unique decompo11ition M1 = Tt o R,. where R,. = M, • : K ➔ k definea a 

rotation and 1i : k -+ k i11 given by T,z = z + r(t), that is, T1 is a translation 

ink, for each t. 

Proof From (5.46) we have: 

M1(X) = Mt"(X - 0) + M,(O) = Mt" X + M1(0) 

= R,X + M1 (0) = T,(R,X) = (1i o R1)X 

where Tt(z) d~ x + r(t) for all x E k, r(t) d~ M1 (0). If M1 = t, o Rt is 

another decomposition such that Tt(z) = z + i'(t) for all z E k and .RiO = o 

then T,(R1X) = 1i(M,"X) or .RiX + r(t) = M,*X + r(t) for all XE K; in 

particular for X = 0 one gets r(t) = r(t) and consequently R.1 = M1 •. I 

A rigid motion M is said to be translational if in the (unique) decompo­

sition M1 = T1 o M1 • , the linear isometry M1 • does not depend on t, that is, 

M, • =Mt.• for some t0 • In that case we have M1(X) =Mt.• X + r(t). 

We will derive now, the expression that describes the kinematics of a rigid 

motion M of a (moving) system K with respect to a (stationary) system k, 

that is, for t in some interval I of the real line, M1 : K -+ k is the corresponding 

proper isometry. Let us denote by Q(t) E K a moving C 2 radius vector also 

defined in I and let q(t) = M,(Q(t)) be the radius vector, in k, corresponding 

to the action of M1 on the moving point Q(t). Let us denote by r(t) E k the 

vector r(t) = M,(O). 
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Taking into account that Mt(X) =- M1 • X + M1(0) for all X E K one obtains: 

q(t) == Mt(Q(t)) == M;Q(t) + r(t). 

By derivative of (5.49) with respect to time one has 

q(t) = Mt"Q(t) + Mt"Q(t) + r(t). 

Special cases: 

(5.49) 

(5.50) 

a) If the rigid motion M is translational, that is, Mt• = M,. • for all t, one 
obtains from (5.50) that 

q(t) = M10 •iJ(t) + r(t) (5.51) 

and so, the absolute velocity q(t) is equal to the sum of the relative 
velocity M1o'Q(t) with the velocity r(t) (of the origin 0) of the moving 
system K. 

b) If the rigid motion M is a rotation of the moving system K with respect 
to the stationary system k, that is, if r(t) = 0 for all t, one obtains from 
(5.49): 

q(t) = M1 •Q(t) and q(t) = M1 • Q(t) + Mt *Q(t). (5.52) 

If, moreover, Q(t) == ~ = constant, (5 .52) shows that 

q(t) = M1*! for all t 

and the motion of q(t) is called a transferred rotation of e. 
(5 .53) 

Exercise 5.5 Assume it is given a skew-symmetric linear operator A : V -+ V 
acting on an oriented 3-dimensional euclidean vector space V. Then there exists 
a unique vector w E V such that Ay == w x y for all !/ E V . Also w = 0 if and 
only if A = 0. We use to denote simply A = w x . 

Let us consider the induced linear map Af1 • associated to a rigid motion 
M : t ➔ M 1 of K with respect to k. One can construct two linear operators 
(depending C1 on time): 

Mt(Mt")- 1
: k-+ k and (M,·r 1Mt: I{ ➔ K. 

From Proposition 5.5 (2. and 3.) M1 • is a linear isometry: 

(Mi°X,Mt"Y) = (X,Y), for all X,Y EK. 
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By derivative of (5.54) with respect to time we obtain 

(Mt X, M1 *Y) +(Mt• X, MtY) = 0, for all X, Y E I<. (5.55) 

Since (M1 *)- 1 is also a linear isometry one gets from (5.55) that 

((Mi")-1 Mt X, Y) + (X, (Mi")- 1 M;Y)) = 0, for all X, Y E K (5.56) 

and alllo 

(M1"(M, *)- 1z, y) + (z, Mt"(Mt")- 1y) = 0 for all :r, y Ek, (5.57) 

where x = M,* X and y = M1 •y are arbitrary in k. Then (5.56) and (5.57) show 

that (Mt)- 1 M,* and Mt(M;)-1 are skew-symmetric linear operators <M;ting on 

I< and k, respectively. Using the result of Exercise 5.5 above one can state the 

following: 

Proposition 7.5 Let M : t ➔ M1 be a rigid motion of K with respect to k and 

Mt• its induced linear isometry. Then there exist unique vectors O(t) E K and 

w(t) Ek such that (Mt")- 1 Mt" = !1(t)x and Mt"(M1*)- 1 = w(t)x. Moreover 

w(t) = Mt "O(t). 

Proof We only need to prove that w(t) = M 1*0(t). But from the definition of 

O(t) we know that 

(M, *)- 1 MtY = O(t) x Y for all YE K; 

so, making Y = (M1 *)-1y, one obtains 

(Mt *)- 1 M,* (Mt")- 1 y = O(t) X (Mt ·t1 y, 

and then 

The last expression and Proposition 5.5 (5.) show that 

Mt M,- 1y = [M1"0(t)] x y for all y E le, 

thus the definition and the uniqueness of w(t) enable us to conclude the result. 

I 

We will give now the interpretation of w(t) and O(t) when we are dealing 

with the special cases considered above. Sta.rt with a rotation M (r(t) = O for 

all t) such that Q(t) = e = constant, that is, the motion of q(t) is a transferred 

rotation of€ E K. We have the following result: 

Proposition 8.5 If q(t) is a tmnsferred rotation of e, to each time t for which 

M,* -:j: o there corresponds an axis of rotation, that is, a line in k through the 
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origin whose points have zero velocity at that time, and at the same time, each 
point out of the axis of rotation has velocity orthogonal to the axis with the 
modulus proportional_ to the distance from the point to the mentioned axis; if, 
otherwise, we have Mt = 0, then all the points in k have zero velocity at this 
time t. 

Proof By (5.53) we have 

(5 .58) 

If i1; = 0, (5.58) shows that q(t) = 0. Assume otherwise Mt ,f. 0; in this 
Ja.5t case (5.53) and (5.58) imply that 

rj(t) = M((M1 ")- 1q(t). (5.59) 

One sees that the linear operator Mt(M1 •)- 1 : k ➔ k is non zero and skew­
symmetric; in fac_t Mt"(Mi*)- 1 = 0 implies Mt = 0 (contradiction). From 
Proposition 7.5 Mt(Mt")- 1 is skew-symmetric and moreover , there exists a 
unique non zero vector w(t) E k such that 

M; (M,*)- 1 = w(t) x ; 

then equations (5.59) and (5.60) imply that 

q(t) = w(t) X q(t). 

(5.60) 

(5.61) 

The instantaneous axis of rotation at the time t is the line in k through 
the origin and direction pw(t) , p E R, and (5.61) shows that lti(t)I = lw(t)I lq(t)I sin 8 
where lq(t)I sin(} is the distance from q(t) to the axis of rotation. . I 

Another case to be considered is a general rotation (r(t) = 0 for all t) ; so 
equations (5.52) imply 

q(t) = Mt(Mt')- 1q(t) + Mt"Q(t) (5.62) 

and using Proposition 7.5 there exists a unique w(t) E k so that equation (5.62} 
can be written 

q(t) = w(t) x q(t) + MiQ(t} . (5 .63) 
So, for a rotation M, the absolute velocity q(t) is equal to the sum of the 
relative velocity M1 "Q(t) and the transferred velocity of rotation w(t) x 
q(t). 

The dynamics of mass points in a non-inertial frame can be studied 
by assuming that k is an inertial and that K is a non-inertial coordinate system 
subjected to a rigid motion M : t -+ Mt . From (5.50) we know that q(t) = 
Mt'Q(t) + Mt"Q(t) + r(t). Let us suppose also that the motion of the point 
q Ek with mass m > 0 satisfies the Newton's equation 

mq = f(q,q); (5.64) 
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so we have: 

f(q, q) = mij = m[Mt"Q(t) + 2M,°Q(t) + Mt "Q(t) + r(t)J . (5.65) 

The special case in which Mis translational (Mt = Mt. = constant) implies 

that 

or 

mMt". Q(t) = m(ij - r) = f(q, q) - mr(t) 

mQ(t) = (Mc. ")-1 f(q, q) - (Mt. ·)-1mr(t) . 

The case in which M is a rotation (r(t) = 0 for all t) gives from (5.65): 

mQ(t) = (M/)- 1[f(q,q)- m.Mt"Q(t) - 2mMt"Q(t)l, 

so 

mQ(t) = (Mt ")-1 f(q, q) - 2m0(t) X Q(t) - m(Mt •)- 1 Mc"Q(t) . 

From the definition of O(t) we have 

(Mt •i-1 Mt"Y = O(t) x Y or 

Mt"Y = M,"(O(t) x Y) for all YE K; 

The derivative of (5.67) gives 

MtY = Mi"(O(t) X Y) + Mi"(O(t) X Y) 

and so, 
(Mt ")- 1 MtY = O(t) X (O(t) X Y) + O(t) X Y 

for all YE Kand, in particular, for Y = Q(t), that is, 

(Mt *)-1 M1"Q(t) = O(t) x (O(t) x Q(t)) + !l(t) x Q(t) 

• 
(5.66) 

(5.67) 

and this last equality can be introduced in (5.66) giving, after setting (M1 •i-1 f(q, q) = 
F(t, q, q) : 

mQ(t) = -mO(t) x (O(t) x Q(t)) - 2mS1(t) x Q(t) - m!l(t) x Q(t) + F(t, q, q) 

where one calls 
Fi= -mr!(t) x Q{t) : the inertial force of rotation, 
F2 = -2mO(t) x Q(t): the Coriolis force, · 
F3 = -mO(t) x (!l(t) x Q(t)) : the centrifugal force . 

Thus one can state the following: 

Proposition 9.5 The motion in a {non inertial) rotating coordinate 1Jystem 

takes place as if three additional inertial forces {the inertial force of rotation 
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F1 , the Coriolis force F2 and the centrifugal force Fa) together with the erternal 
force F(t, q, q) = (Mt')- 1 f(q, q) acted on every moving point Q(t) of mass m. 

For the purposes of giving a mathematical definition of a rigid body, we 
start saying that a body is a bounded borelian S C K. Since the physical 
meaning of a body corresponds to the consideration of a system of mass points, 
the rigid body is a body in which the distance between points is constant; 
so, the characterization of a rigid body S C K is done saying that S is a 
bounded connected Borel set in K such that during the action of any rigid 
motion M : t >-+ Mt of K relative to k, the points e E S do not move, that is 

Q(t, e) = e for any t and any e E S. (5.68) 

The distribution of the masses on S will be considered in the sequel. Without 
loss of generality one assumes, from now on, that the origin O of K belongs to 
s. 

A rigid motion M of K relative to k induces, by restriction, a motion of S 
relative to k, and, when Sis a rigid body, we have from (5.49) and (5.68): 

q(t,{) = Mt(Q(t,e)) =Mt({)= Mt•e + r(t) 

for any t and any e E 5. 

(5.69) 

If a rigid motion is a rotation (r(t) ;;; 0), its action on the rigid body S is 
given, from (5 .69), by the equation 

q(t,e) = M,*e, for all {ES, (5.70) 
that is, by a transferred rotation of each e E S; so, a rotation acting on a 
rigid body S is said to be a motion of S with a fixed point, the origin 
0 E K, since r(t) = Mt(0) = o. At each instant t, either the image M1(S) 
of S has an instantaneous axis of rotation passing through o E k, the points 
q(t, e) E Mt(S) with velocities w(t) x q(t, e), or all the points of M,(S) have zero 
velocity, according what states Proposition 8.5 above. 

If M is translational (Mt" = Mt: for all t), its action on a rigid body Sis 
given, from (5.69) by the equation 

q(t,e) = Mt. •e + r(t) = Mt. •e + Mr(O) 
so, q(t,{) = r(t), that is, the velocity of any point of M 1{S) is equal to the 
velocity r(t) of Mt(0). 

We go to introduce now the notions of mass, center of mass, kinetic 
energy and kinetic momentum of a rigid body S. 

A distribution of mass on a rigid body S is defined through a positive 
scalar measure m on K; the following hypothesis is often used: 

"m(U) > 0 for all non empty open set U of S". (5.71) 
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The center of mass of S corresponding to a distribution of mass m is the 

point G E K given by 

(5.72) 

where m(S) is the total mass of the rigid body S which is a positive number 

(see the fundamental hypothesis). 

Under the action of a rigid motion t ---+ Mt, the center of mass describes a 

curve in k given by: 

d~ 1 / 1 [ 
g(t) - M1(G) = m(S) ls M1{dm({) = m(S) ls q(t,{)dm({) (5. 73) 

Proposition 10.5 The velocity q(t,{) of a point { of a given rigid body Sunder 

the action of o rigid motion t ➔ M1 is given by 

q(t, {) = g(t) + w(t) X [q(t, {) - g(t)) 

where w(t) x = Mt" (M, •)-1 . 

Proof By (5.68) and (5 .69) we have for all {EK: 

q(t,{) = M1*{ + r(t) a.nd { = (M1")- 1[q(t,{)- r(t)]; 

so, by derivative one obtains: 

q(t,{) = Mte + r(t) = Mt(Mt")- 1 [q(t, {) - r(t)J + r(t) or 

q(t, {) = w(t) x [q(t, {) - r(t)] + r(t), for all { E K. (5.74) 

Choosing € = G we get 

g(t) = w(t) X [q(t) - r(t)] + r(t); 

then (5.74) and (5.75) prove the result. I 

{5.75) 

The kinetic energyof the motion of a rigid body S at a certain time t is, 
by definition, 

(5.76) 

. The vectors w(t) and fl(t) = (Mt)-1w(t) characterized by the equalities 

Mt(Mt)- 1 = w(t)x and (Mt)- 1Mt = O(t)x are called the instantaneous 

angular velocities relative to k and K, respectively. 

88 



The kinetic momentum relative to k of the motion of S at a certain 
time t is the vector 

p(t) = fs[q(t,e) x q(t,e)]dm(e) (5.77) 

and the kinetic momentum relative to the body is 

(5.78) 

Special case: rigid body with a fixed point. 

In that case r(t) = 0 for all t and then: 

q(t,{) = w(t) X q(t,e); 

I<°(t) = ~ fs I w(t) X q(t,{)j 2dm({) = ~ 1 IO(t) X {/
2dm({) 

p(t) = fs[Mi°{ x (w(t) x Mi°i;)]dm(i;); 

P(t) = fs[e X (O(t) X e)]dm({). (5.79) 

The last expression in (5. 79) suggests how to give a definition for the inertia 
operator of a rigid body S: 

A : X E K i--t [ls { x (X x {)dm({)] E K. (5.80) 

Proposition 11.5 The inertia operator A of a rigid body S C K i.s .symmetric 
and positive with re.spect to the inner product of K. If, moreover, S has at least 
two points whose radii vectors are linearly independent and the distribution of 
mass satisfies (5. 71}, then A is positive de.finite. 

Proof 

(AX, Y) = (Y, 1 ex (Xx {)dm(e)) = 1 (Y,{ x (Xx {))dm({) 

then 

(AX, Y) = 1 (Xx{, Y x e)dm(e) = (X,AY), (5.81) 

80 A is symmetric. Assume now that (AY, Y) = Is IY X {j2dm(e) = 0. This 
implies that the set E = {e E SIIY X el f. O} has measure m(E) = o. On 
the other hand there exist a, b E S and neighborhoods U0 , Ub in K of a and b, 

89 



such that v 1, v 2 are linearly independent for all v1 E Uo and v2 E Ub. From the 
hypothesis on the measure m we have m(U0 nS) > 0 and m(UbnS) > 0; so, there 

exist u E UanS and v E ubns such that u, v ~ E, that is IY x ul = IY xvi= 0, 

that imply Y = 0, that is, A is positive definite. I 

If we come back to the special case of the motion of a rigid body S with a 

fixed point OE K, we have from (5.79): 

P(t) = A!l(t) 

W(t) = ~(AO(t), O(t)). (5.82) 

In fa.ct, 

Kc(t) = ~ Is IO(t) X cl 2dm(c) = i Is (!l(t), C X (!l(t) X c))dm(c) 

= i(O(t), ls c x (O(t) X c)dm(()) 

== ~(!l(t), Ail(t)) . 

Another remark on the inertia operator A is the following: since A is linear 
and symmetric, there exists an orthonormal basis (E1, E2, Es) in K where E1 is 
an eigenvector of a (real) eigenvalue/; of A; since A is positive, l; ~ 0, i = 1, 2, 3. 

If O(t) = O1(t)E1 + 02(t)E2 + Os(t)E3 we have 

Since AE; = l;E;, i = 1, 2, 3, and because we had assumed, without loss of 
generality, that the fixed point O belongs to S, the three lines: 0 + >.E;,). E 
R, i = 1, 2, 3, are mutually orthogonal, and are called the principal axis of S 
at the point 0. 

The set {OE Kl(AO, 0) = 1} is called the inertia ellipsoid of the rigid 
body S at the point 0. The equation of such ellipsoid, with respect to the 
reference frame (0,E1,E2,Es), is 

Specia.l case: motion of a rigid body with a fixed axis. 
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If SC K is a rigid body with a fixed point (r(t) = Mt(O) = o for all t) and 
if w(t) = w f= 0 is constant, we say that S rotates around the axis e = g E k 
with constant angular velocity w. In this case, the motions q(t, €) of S satisfy: 

q(t,{) = W X q(t,{) 

q(o,e) = M;e. 

The solution of that ordinary differential equation, with the initial condition 
above, can be easily found. In fact let w = w x be the skew symmetric operator 
corresponding to the vector w f= 0; so the solution is 

q(t,{) = ezp(tw)M;e 

Since in the present case q(t,{) = Mte one has: 

Mt' = exp(tw).M: 

Exercise 6.5 Assume that S rotates around the axis e = fwr with constant 
angular velocity; then: 

1) Thedistancep({) between q(t,{) and the axis {..\e lA ER} does not depend 
on t. 

2) The kinetic energy is given by 

is called the moment of inertia of the rigid body with respect to the axis { ..\ej..\ E 
R}. 

3) O(t) = (Mt")- 1w = n is constant and 

Io = ls IE X {l2dm({) 

is the moment of inertia of the rigid body with respect to the axis {AEIA E 
R}, E = rfh· 
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4) The eigenvalues /1, / 2 and Ia of the inertia operator A are the momenta 

of inertia of the rigid body with respect to the principal axis of S. 

Exercise 7.5 (Steiner) The moment of inertia of the rigid body with respect 

to an axis is equal to the sum of the moment of inertia with respect to another 

axis through the center of mass and parallel to the first one plus m(S)d2 where 

d is the distance between the two axis. 

The dynamics of a rigid body S is introduced for the bodies S that 

have at least three points not in a straight line. Let us fix, from now on, a 

proper linear isometry B: J{ ➔ k. The Lie group SO(k; 3) ofall proper (linear) 

orthogonal operators of k is a compact manifold with dimension three. The 

configuration space of a rigid body is a six-dimensional manifold, namely 

k x SO(k;3). 

Proposition 12.5 The set of all proper isometries M of K onto k is diffeo­

morphic to the six-dimensional manifold k x SO(k; 3) . 

Proof Let us consider the map 

~s , M >---+ (M(O), M• n-1 ) (5.83) 

where B is the linear isometry fixed above and M• is the linear map associated 

to M, that is, 

M•(x) = M(X) - M(O) for all X EK. 

It is easy to see that 4>B is differentiable, injective and has a differentiable inverse 

'ilfB given by 
'ilfB: (r,h) Ek x SO(k;3) i---t N 

where N is the proper isometry defined by N(X) = r + hB(X). 

By (5.69) the motion of S is given by 

r(t) = Mt(O); 

taking into account the map ~B (see (5.69)), to the proper isometry Mt there 

corresponds a pair (r(t), h(t)) Ek x SO(k; 3) that is: 

(5.84) 

So, we can write: 

q(t, e) = r(t) + M, • (el = r(t) + h(t)Be. (5 .85) 

Let us denote by {J the u-algebra of all Borel sets of K, by >. a real­

valued measure on (K, f:J) and let / : K ➔ R be a (real-valued) >.­
measurable function. The correspondence 
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(5.86) 

is a real-valued measure on (K, /3). Moreover, for any >.-measurable function 
g : K ➔ R, one has 

(5.87) 

Given a vector-valued >.-measurable function G: l( ➔ k, one obtains 

(taking ink a positive orthonormal basis) its components g;, i = 1, 2, 3, that are 

(real-values) >.-measurable functions. So, the vector v(E) = JE G(e)d>.(e) has 
three components: 

i = 1,2,3. (5.88) 

It can be also introduced the notion of vector-valued measure on(K, /3) or 

measure on (K,j,) with values on k, through the utilization of its three 
components. In fact if cf> is a measure on (K, /3) with values on k and cf>1, cf>2 , cf>3 

its components in a positive orthonormal basis of k, and given a cl>-measurable 

(real-valued) function / : K ➔ R, one denotes by JE J(e)dcf>(e) the vector in 

k with components f E J(e)dcf>;(e). i = 1, 2, 3. Given a <l>-measurable vector­

valued function V : K ➔ k, we have that fe v(e).d<J>(e) is the number given by 

'E,(f E vi(e)d<Ji;(O) and IE v(e) X d<)(e) is the vector in k with components: 

L v2(e)dcf>3(e) - L V3{e)d<l>:i(O; L V3(e)dcf>1 ({) - L V1 (e)dcf>3(e); 

L v1(e)dcf>2(e) - L v2(e)dcf>1(e). 

If II is the vector-valued measure introduced by (5.88) depending on a >.­
measurable function G : K ➔ k with components g; ; K ➔ R, we have 

We want to consider now the notion of (physical) fields of forces acting 
on a rigid body S. If S is under the action of the gravitational acceleration 

g E k, 191 = g, one understands that each m-measurable subset E C S with 
mass m(E), is subjected to an external force m(E)g. So, one can define the 

weight field of forces as a vector-valued measure on S: 

EC s i--t m(E)g= Ludm(e). 
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In general, a field of forces acting on S C K is a law 

w E T(k x SO(k; 3)) ---+ fw 

where f w is a vector-valued measure on S with values on k. 

Since q(t, e) = r(t) + h(t)B{ (see 5.85) and so: 

<i(t,{) = r(t) + Ase, (5.90) 

we see that to each w = (u, s) E 7!r,h) (k x SO(k; 3)) there correspond the maps 
q,v: K ➔ k defined by 

q(e) = r + hB{, v({) = u + sB{. (5.91) 

It is usual, in Physics, to consider surface forces, volume forces, etc, in 
the following way: one defines on S a (real-valued) measure u and a bounded 
function et : k x k ➔ k such that it is well defined the vector-valued measure on 
S, with values on k, by: 

fw(E) = L a(q(,;),v(,;))du(,;) 

for any Borel subset EC S. 

(5.92) 

Like in the case of a finite system of mass points, it is usual to consider the 
field of external forces f w ezt and the field of internal forces fw int. Given 
a rigid motion M : t >-+ Mt of K with respect to k, from (5.85) and (5.90) each 
proper isometry M1 is represented by the pair_ (r(t), h(t)) E k x SO(k, 3) and, 
at this point, the tangent vector w(t) = (r(t),h(t)) determines the measures 

f, ezt = f w(t) e:i:t and f, int /, int 
I = w(t) 2 for each t. 

We say that two ~elds of forces f w and g,,,, acting on a rigid body S C K, 
are said to be equivalent with respect to Mt if 

ls d/1 ({) = ls dg,({) and 

L Mt{ X d/1({) = ls Mt{ X dg1({) (5.93) 

As in the case of a finite number of mass points, the fundamental laws, in 
classical mechanics, relative to the motions of a rigid body S, are: 
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I - Newton law 

"The sum of the internal and external fields of forces is, at each time t, 
equal to the kinematical distribution D1 {assumed to be well defined)", that 
is: 

for all Borel sets E of S. 

II - Action and reaction principle: 

" The field of internal forces f w int is equivalent to zero, with respect to any 
proper isometry Mt of an arbitrary rigid motion M of I{ with rnspect to 
k. 

The general equations for the motion of a rigid body S are the equations 
EG1) and EG2) below that follow from I and II: 

EGi) Is ij(t,f.)dm(f.) = Is dft°'"1(f.) d;j F/"'1 (5.94) 

EG2) fs((q(t,f.)-c) x ij(t,f.)]dm(f.) = fs(q(t,f.)- c) x dft'"'1(f.) d~ Pt,/"'1 

for all c Ek. (5.95) 

Exercise 8.5 Prove the following formula that gives the variation (derivative) 
of the kinetic energy K<(t) (see (5.76)): 

where F1'"'t and Pt,c""'1 (for c = g(t)) appear in EG1 and EG2. 

A rigid body S is said to be free under the action of a rigid motion M : t ~ 
Mt of K relatively to k, if ft e:r:t is equivalent to zero with respect to Mt for all 
t. In particular, if fw e:r:t = 0 that is, in the absence of external forces, the rigid 
body is said to be isolated; for an (approximate) example we can think about 
the rolling of a spaceship. 

If G is the center of ma.55 of S, that is, G = m(s) fs f.dm(f.), then g(t) = 
MtG = m{sj fs Mtf.dm(f.) = mfsj fs q(t,f.)dm(f.). 
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After two derivatives with respect to time one has: m( S)g(t) = f 5 q( t, €)dm(€); 
by EGi) and assuming that S is free, one obtains g(t) = 0 for all t: 

Proposition 13.5 If a rigid body Sis free under the action of M : t >-+ M1, its 
center of mass moves uniformly and linearly. Moreover, the kinetic momentum 
and the kinetic energy are constants of motion. 

Proof From ( 5. 77) one obtains 

p(t) = 1(q(t,€) x q(t,()]dm({) 

and EG2) (with c = 0) implies: 

but, the fact that S is free under the action of M : t ...+ M1 gives, together with 
(5.93), that p(t) = 0. With an analogous argument with the expression of dKd:(t) 

given by the result of Exercise 8.5 we see that dKd:(t) = O; so, p(t) and K 0 (t) are 
constants of motion. More precisely, since p(t) is a vector-valued constant of 
motion, one obtains four (scalar valued) constants of motion for any rigid body 
S free under the action of M. I 

Assume we are looking at an inertial coordinate system where the center of 
mass is stationary. Then 

Proposition 14.5 A free rigid body rotates around its center of mass as if the 
center of mass was fixed. 

Let us consider the motion of a rigid body around a stationary point, in the 
absence of external forces. In this case, there exist four real valued constants of 
motion given by Proposition 13.5. One can also consider the induced functions 

defined by 

Ke : T(SO(k; 3)) -+ R p: T(SO(/r; 3)) -+ k, 

lln E T(SO(k; 3)) t---+ Ke(s11) = ~ L /sB{l2dm(€), 

s11 E T(SO(k; 3)) t---+ p(sh) = L (hB( x sB€)dm(€), 

(5.96) 

(5.97) 

respectively. In general (if the rigid body does not have any particular sym­
metry) the four scalar-valued maps (Kc and the components p; of pin a basis 
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of k) defined on the six-dimensional manifold T(SO(k, 3)) are independent in 
the sense that they do not have critical points, that is, the inverse image of any 
value (K0 , p0 ) (if non empty) is a two dimensional orientable compact invariant 
manifold, provided that the value K0 of Kc(sh) be positive. Moreover, K0 > 0 
implies that the vector field induced on the inverse image of (K0 ,p0 ) by (J<e,p) 
has no singular points, that is, each connected component (KC,p)- 1 (K0 ,p0 ) is 
a bi-dimensional torus. 

Proposition 15.5 The kinetic momentum P(t) relative to a rigid body S that 
is free under the action of M : t >-+ Mt, satisfies the Euler equation: P(t) = 
P(t) x !1(t).Moreover, !1(t) is given by the relation, Ar2(t) = (A!1(t)] x 11(t), A. 
being the inertia operator. 

Proofln fact, p(t) = Mt' P(t), so by Proposition 13.5 we have 

p(t) = i-1; P(t) + Mt P(t) = 0, and so 

P(t) = -(Mt *)- 1 if; P(t) = -!1(t) X P(t) = P(t) X !1(t). 

But, since P(t) = A!1(t), we also have AQ(t) = [A!1(t)] x !1(t). I 

Proposition 16.5 In the motion of a rigid body S with a fixed point, subjected to 
a field of external forces, the kinetic momenta p(t) and P(t) satisfy the equations 

p(t) = 1<Mi"f.) x df/:rt(f,), 

P(t) = P(t) x !1(t) + 1 f, x [(Mt")- 1dft":r1(f,)]. 

Proof From (5.77) one obtains p(t) = f5 [q(t,f,) x q(t,f,)]dm(f,) and since 
there is a fixed point we can write q(t,f,) = Mt"f.; using EG2) with c = 0 we 
have the equation for p(t). Since P(t) = (M1*)- 1p(t) and using again (5.77) 
one can write by derivative: 

P(t) = (.Mt)- 1 1 [q(t, f,) x q(t, f,)]dm(f,) + (Mt ")-1ji(t); 

but Mt" (Mt")- 1 = Id implies, by derivative, that (Mt)- 1 = -(Mt)- 1 Mt(Mt *)- 1 

so, 

.P(t) = fsle X (M1*)- 1d/t":rt(f,)]- !1(t) X [(Mi*)-1 l[q(t,f,) X q(t,f,)]dm(f,)] 

and finally, 
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In order to relate the properties EG1) and EG2) with the abstract Newton 
law, we start by defining the metric(,) on k x SO(k; 3). This metric is induced 
by the kinetic energy. Since (see (5.90)) 

we have 

q(t, {) = r(t) + h(t)B{ 

q(t, {) = r(t) + h(t)B{, 

and 

(5.98) 

We will assume that the origin 0 E K _ coincides with the center of mass 
G = m(S) Is {dm({); so, we have Is {dm({) = 0, that implies 

Kc(t) = ~m(S)lr(t)l 2 +~ls lh(t)B!lldmU). 

The last. expression suggests the introduction of a metric on k x SO(k; 3); in 
fact, given two tangent vectors (u,s),(u,s) at the point (r,h) Ek x SO(k;3) 
one defines 

((u, s), (u, s))(r,h) ~f m(S)(u, ii)+ L (sB{, sB{)dm({) 

in which the right hand side defines two inner products, 

(u, u)r = m(S)(u, u) and (s, s)h = L (sB{, sB{)dm({), (5.99) 

on k and SO(k; 3), respectively. Recall that s and ii are tangent vectors at 
h E SO(k; 3). So, it is defined on SO(k; 3) a riemannian metric which is left in­
variant, that is, the left translations are isometries. In fact, given g E SO(k; 3), 
the left translation L9 is defined by the expression £9 (:i:) = gz, for all z E 
SO(k; 3) and, since g is a linear transformation acting on k, its derivative sat­
isfies dL9 (:i:) = L 9 ; so one obtains 

dL9(h)s, dL11 (h}ii) 11h = (gs, gs)gh 

= L (gsB{,giiB{)dm({) = L (sB{, iBe)dm({) 

= (s,i}h, 

The acceleration, in the product metric, corresponding to a vector q = ( r, h) 
tangent to k x SO(k; 3) at the point (r, h), is equal to 

Dq = D (. h.) = ( .. Dh) 
dt dt r, r, dt . 

The mass operator in the product metric acts on ~ as 
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Let us introduce now an abstract field of forces :F : T(k x SO(k; 3)) ~ 
r(k x SO(k; 3)) in a. suitable way such that the genera.lized Newton law 

becomes equivalent to the general equations EGi) and EG2), for the motion of 
a rigid body. The way we define :Fis the following: for (ii, s) and w = (u, s) in 
Tr,h (k x SO(k; 3)) we state: 

(5.100) 

Recall (see (5.94), (5.95)) the general equations: 

EG1) ls ij(t,{)dm({) = ls dft"r1(0 = Ft"1 

EG2) ls (q(t,{) - c) X q(t,{)dm(<) = ls (q(t,<) - c) x dJ;r1
({) = P1~~t, 

for all c E k. 

It is a simple matter to see that EG1 ) and EG2) are equivalent to EGi) and 
EG'2), where 

EG;) : ls (q(t,{)-g(t)) x ij(t,{}dm({) = ls (q(t, {)-g(t)) x df:':t ({) = P,~;(,) 

with 

G being the center of mass of S, that we already made equal to the origin O of 
K. Thus we can write: 

(5 .101) 

The expression of q(t,{) = M,({) is, in this case, q(t ,{) = M,(O) +Mt{= 
g(t) + h(t)B{, with Mt = h(t)B. So we have 

4(t,e) = u(t) + Mte 

then EG1) becomes equivalent to 

and ii(t, O = ii(t) + if;e, 

1 g(t)dm({) + Mt ls {dm({) = Ftrt = m(S)g(t), 

and, by (5.101), we have EGi) equivalent to 

m(S)(jj(t),ii) = (Ft"'',ii), for all iiE k. 
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On the other hand EG2)' is equivalent to 

pe,:t 
t,g(t) = ls Mte X (g(t) + Mt{)dm({) 

= (ls Mt{dm(e)) X g(t) + ls !(Mte X Mt{)dm({) = 

= Mt (ls {dm({)) X jj(t) + ! ls (Mt e X Mt· {)dm({), 

and by (5.101) EG2)
1 

is equivalent to 

(! fscM:e x Mt{)dm(e), ii)= (Pt~;(t), 11) for all u Ek. (5.103) 

From what is said in Exercise 5.5 there is a linear isomorphism~ between k 
and the space s(k) of all linear skew-symmetric operators of k. In fact, for any 
A E s(k), ct>(A) is the unique vector ink such that Av= <11(A) xv for all v Ek. 
With that notation, EG2) be equivalent to (5.103) means be equivalent to 

(Pt~;(t),ct>(A)) = ! ls(Mte X Mt·e,ct>(A))dm(e) 

= ! h(()(A) x Mt'{,M."{)dm({); 

then EG2)' is equivalent to 

(P1~:(t)• ()(A))= :i ls (AMt{, Mt{)dm({), A E s(k). 

(5.104) 

There is also a linear isomorphism between the tangent space ThSO(k; 3) 
and s(k) (see Exercise 9.5 below) using the map 

for all 

h E Ti.SO(k,3)-+ h h- 1 E s(k) (5.105) 

which is the derivative of the right translation Rh-• defined as Rh-' (:r) = :rh- 1, 

for all :r E SO(k; 3). 

Exercise 9.5 Prove that h h- 1 E s(k) in (5.104) and that the map is a linear 
isomorphism. 

We recall that Mt = h(t)B, so (5.104) and (5.105) imply that EG2)
1 

is 
equivalent to 

(P1~;(t)• ct>(h h- 1 (t)) :t ls (h h- 1 (t)h(t)B{, h(t)B{)dm({) 

= ! ls (hB{, h(t)B{)dm(e) for all h E Th(t)SO(k; 3). 
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From (5.99), (5.102) and the last expression, one can say that EG1) and 
EG2)' are equivalent to 

(Ft't, u) + (Pi~;(t)> ~(h h- 1 (t)) = 

= ! [ m(S)(g(t), ii) + h (hB{, h(t)B{)dm({)] 

d . ~ 
dt ((g(t), h(t)), (u, h)) 

for all (u, h) E T(g(t),h(t)) k x SO(k; 3). (5.106) 

Remark that if we extend, by parallel transport, the vector ( ii, h) along the 
motion q(t) = (g(t), h(t)), one obtains a vector field along q(t) still denoted by 

(u, h) so that £(u, h) = 0 and then the second member of (5.106) can be written 
8$ 

d . _ ~ Dq _ .:. . D _ .:. Dq _ .:. 
dt (q, (u, h)) = ( dt' (u, h)) + (q, dt (u, h)) = ( dt' (u, h)). (5.107) 

Let us recall the field of forces 

:F: T(k x SO(k; 3)) -t T*(k x SO(k; 3)) 

given in the following way: if(u,s) E T(r,h)(kxSO(k;3)) then wehave:F(u,s) E 
T(r,h/k x SO(k, 3)) if, and only if (5.100) holds, that is, for (u, s) = q: 

(5.108) 

The constructions of h- 1(t), Ft°"'t and P1~;(t ) are possible because given (r, h) E 
k x_SO(k;3) and (u,~) E Ty-,hJ(k x SO(k;3)) we are able to ~nd_q(t,{) and 
so q(t!{) that determme h- (t),Ft"' and P,~;(t)· The conclus1on IS then the 
followmg result: 

Proposition 17.5 The general equations EGt) and EG2) that govern the mo­
tions of a rigid body S (see (5.9,l} and (5.95)) are equivalent to the generalized 
Newton lawµ(~) = :F(q) on the manifold k x S0(3) with the riemannian met­
ric given by equations (5.99) and the field of forces :F characterized by (5.100). 

Proof As we saw, the equations EG1) and EG2) are equivalent to (5.106); 
using (5.106) and (5.107) we see that 

( ~:, v) = [:F(q)]v for all v E Tq(t)[k x SO(k; 3)), 

so, 

I 
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We intend, now, to derive the Lagrange equations for the motion of 
a rigid body S; then the take a positive orthonormal basis { e1, e2, ea} for 
the vector space k and denote by ( r1 , r2, r3) the coordinates of a vector r E k. 
Let (h 1 ,h2 ,h3 ) be a local system of coordinates for SO(k;3). So if (u,s) E 

Tcr,h)(k x SO(k; 3)) we have u = Ef=t Uiei ands= Ef=1 s;/,;;(h). The forcer 
defined above in (5.100) has the following expression in those local coordinates 

Then ift ➔ (r(t), h(t)) E k x SO(k; 3) is a motion of Sunder the external forces 
r:i:t and being K 0 (t) the kinetic energy along this motion, the Newton law gives 

i=l,2,3, (5.110) 

i=l,2,3. (5.111) 

We will relate the right hand sides of equations (5.110) and (5.111) above, 
with the physical notions of total force and momentum of external forces with 
respect to a point. 

Since fr,-(h)h- 1 (t) E T.(SO(k, 3)), it follows that, for each t, there exist 
vectors w;(l) Ek such that 

(5.112) 

This implies 

L(w;(t) X h(t)B{,df:''1
({)) = 

= (w;(t), L hBe x df;'"1(e)), i = 1, 2, 3. (5.113) 

Introducing the usual notation Ft""'1 = Is dff"'1(e) (total force at t) and P{,:t = 
pt~~(t) = fs(q(t,e) - r(t)) X dff"'1(e) = Is hBe X df;"'1(e) (the momentum of 
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external forces with respect to r(t) at the time t) we obtain the Lagrange 
equations for the motions of a rigid body S: 

i=l,2,3 (5.114) 

d f}KC {)KC 

d
----.-- "h =(w;(t),Pt'"), i=l,2,3. (5.115) 
t oh; u ; 

Since Kc(t) = ½m(S)jrj 2 + ½ fs jhB~j 2dm(~) the first Lagrange equation gives 
us 

m(S)r(t) = Ft" 1
, 

and the hypothesis G = 0 implies r(t) = g(t) so we obtain the classical Newton 
law for the motion of G. If the rigid body moves with a fixed point, the second 
of the Lagrange equations are the only ones to be considered. 

Exercise 10.5 Let S C K be a rigid body with fixed point O E 5. Assume 
K = k, B = id, (0, e.,,e11 ,e,) and (O,e1 ,e2 ,e3 ) orthogonal positively oriented 
frames fixed in k and in S, respectively. If e, x e3 f:. 0, let eN = 1:: ~!:1. The 
nodal line passes through O and has direction e N. The Euler angles ( <p, 0, ip) 
are defined as follows: <p is the angle of rotation along the axis (0, e,) and sends 
e,, to eN; 0 is the angle of rotation along (0, EN) and sends e, to e3; 1/J is the 
rotation along (0, ea) and sends EN to e1. Show that to each (';?, 0, ip) satisfying 
0 < <p < 2ir, 0 < ip < 2ir, 0 < 0 < ir, corresponds a rotation R(';?, 0, I/!) defining 
local coordinates for SO(k; 3).Denote by 11, /2, h the moments of inertia of 
S relative to (e1, e2, e3) and prove that fl = Ae1 + Be2 + Ce3, w = Ae., + 
Bey+ Ce,, W = ½(I1A2 + /iB 2 + IaC2 ) where A= (pSin(?j,) sin(0) + (ibcos(i,!,), 
B = 'Pcos(,fi) sin(0) - Osin(,/;) and C = (pCos(0) + (ib. Compute A, iJ and C. 

5. 7 Dynamics of pseudo-rigid bodies 

The present section corresponds to Dirichlet-Riemann formulation of ellipsoidal 
motions for fluid masses also called pseudo-rigid bodies. 

As in the previous section, k and K are two 3-dimensional euclidean vector 
spaces considered as affine spaces; they represent the fixed (inertial) space and 
the moving space respectively. 

A motion t >-+ M 1 is a smooth map where each Mt : K ➔ k is an orientation 
preserving affine transformation (bijection) such that takes the zero vector O E 
K into the zero O E k. 

If we fix a ball Br C K of radius r and centered in 0, a motion of a pseudo­
rigid body is the motion 
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of a solid ellipsoid. 

Given Mt, we call B = Mt=o and set Q1 = Mt o s- 1 
: k ➔ k, so Qi E 

GL+(k,3). The derivative Q1 = M1 o s-1 represents the tangent vector at 
the point Q1 E GL+(k, 3) to the curve t t-+ Q1• Take_ a point X E Br; then 
q(t,X) = M1X is a curve ink with velocity q(t,X) = M1X. 

The kinetic energy of the motion of the solid ellipsoid is 

W(t) = !1 14(t,X)l2 dm(X) 
2 B, 

where the positive measure m is the distribution of mass. So 

where p is the density and V is the Lebesgue volume. When p = constant, 

In order to work with matrices, we fix two positive orthonormal bases (e1, e2, e3) 
and (E1 , E 2 • E3 ) ink and K, respectively, so that the matrix Bis Id, the identity 
matrix. We shall denote by Q1 and X the corresponding matrices of Q1 and X 
with respect to the fixed bases. Then 

K'(t) = i 1 IQ1Xl2 dV(X). 
B, 

(5.116) 

Proposition 18.5 Any real fl x fl matrix G has a (not unique) bipolar decompo­
sition G = LDR, that is L, Rare orthogonal matrices and D = diag (Jui, ... , ju,;). 
Moreover c:r1 ~ • • • ~ c:r,. ~ 0 are the non negative eigenvalues of (fI' G ((JI' is 
the transpose of G). 

Proposition 19.5 The matrix £0 = p fs, X xT dV(X) is given by £0 = 4e;;". 

Proposition20.5 The kinetic energy (5.116) is given by K'(t) = ½tr(Q1 t'o QT). 
(Here tr A denotes the trace of the matrix A). 

From the propositions above it follows that 

(5.117) 

Exercise 11.5 Prove the three last propositions. 
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Let us assume, from now on, that m = 1. 

Remark The expression (5.117) suggests the following R.iemannian metric for 
the group GL+(3) of all 3 x 3 matrices of positive determinant: 

(A, B )q := tr (ABT), 

for all Q E GL+(3) and all A,B E TqGL+(3). 

(5.118) 

Assume that a smooth motion has a (not necessarily unique) smooth bipolar 
decomposition Q1 = T[ A 1 S1 (i.e. three smooth paths: A1 diagonal, and T1 , S1 

orthogonal paths). 

In the case Q, is analytic, this is always possible; also, if the eigenvalues of 
Q,Q[ are two by two distinct and Q1 is not analytic, the smooth decomposition 
is still possible. However, there are examples of C00 paths Q1 for which there 
is no continuous bipolar decomposition (see Montaldi ['.\-Ion], Kato (Ka] and 
Roberts- S. Dias [RS]). We have: 

Propositfon 21.5 From the equation of continuity in hydrodynamics and p = 
constant, it follows that a smooth path Q1 = M1 o B- 1 corresponding to an 
ellipsoidal motion satisfies det Q1 = 1, that is, Qi is a curve in the Lie group 
SL(3) . 

Proof: Assume Qi = T{ A 1St and call 

where Ti = (T1c;) means a rotation that takes ( e1, e2, e3) to the orthonormal 
3 

basis (e1{t), e2 (t), e3 (t)), that is ei(t) = L T1c;e1c, i = 1, 2, 3. One may visualize 
k=l 

the isomorphisms: 

. '""au,. · _1 1 d 
and div u = "i;-- ax,. = tr (Q1Q1 ) = det Q, dt (det Qc). Finally div u = 0 iff 

! (detQt) = 0 iff detQ1 = cte. Thus detQ1 = 1 because fort= 0 we have 

det Qo = det (BB- 1 ) = 1. 
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From Dirichlet-Riemann formulation (see Chandrasekhar [Ch] and Mon­
taldi(Mon]) the motions of pseudo-rigid bodies are given by a generalized Newton 
law describing a mechanical system on the configuration space GL+(3) with a 
holonomic constraint defined by the submanifold S£(3) of GL +(3), that is: 

DQ 
µ - = - dV + Adlf 

dt ' 
Q E S£(3). (5.119) 

Here / : GL(3) ➔ R is the determinant function and A : TSL(3) ➔ R 
is the Lagrange multiplier; also, S£(3) = J- 1(1) C G£+(3) is an analytic 8-
dimensional orientable submanifold of G£+(3), 

is the mass operator (Legendre transformation) relative to the trace metric, 

µ(v)(·) := (v, •), see (5.118), and P/1- is the covariant derivative of Q(t) (accel­
eration) alongQ(t) is that metric of trace. The map df : TG£+(3) ➔ T 0 GL+(3) 
is given by 

v t-+ d/(1rv) 

where 1r ; TGL+(3) ➔ GL+(3) is the canonical bundle projection. We still 
denote by df its restriction to TSL(3). We will show that µ- 1df ; TSL(3) ➔ 
TGL+(3) satisfies d'Alembert principle. In fact for any A E TSL(3) we have 

(µ- 1df)A = w E T.-(A)GL+(3) 

where w is such that (w, •) = [d/r(A)] (·),sow is orthogonal to T.-(A)SL(3). 

Then, as we already saw in 5.4, there exists a unique function A ; TSL(3) ➔ 
R, the so called Lagrange multiplier. The function 

is the potential energy and corresponds to the gravitational potential (see 
examples below). 

Proposition 22.5 The generalized Newton law (5.119) is equivalent to the 
system 

det Q = 1. (5.120) 

Proof: Here Q,Q,~, ~ are 3x3 matrices: Q = (q;;),Q = (q;;), g~ = (g
9
~) 

and¼= ( 8:f.i, respectively. We also have that (see Exercise 1.5): 
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where 

K c 1 (Q. Q.) 1 [ -2 -2 -2 l = 2 • = 2 qll + ql2 + .. . + q33 · 

Then 

µ (~~) = -dV + )..df = L'lii dq;; = L (-%'~. + >.:
1.) dq;i 

ij ij q,J q,J 

and the proof is complete. 

For the Dirichlet-Riemann formulation (see[Ch]) one considers, from the 
smooth bi-polar decomposition Q1 = T{ A1 S1 , the new variables 

which are skew symmetric paths because the derivative of TT1' = SfP' = I 
gives 

We thus obtain: 

and also 

Q = tT ( n·r A+ A.+ AA·) s + rr ( n·r A+ A.+ AA·) s+ 

+rr AS+ T1' [-!t- (AA· - n· A)] s = 

-[-&V +>.~] - BQ oQ Q:TTAS. 

Then one obtains the equation of motion: 

- [-r (0v) sr + >.T (~) sr] - !JQ Q:TT AS Q Q:TT AS . 

(5.121) 

Exercise 12.5 

I. If/= detQ, Q E GL+(3), then dfq(B) = (detQ) tr(Q- 1 B) for any 3 x 3 
real matrix B. 

II. For any function¢: GL+(3) ➔ R then ~ = [dt/>q(B;;)];; where B;; is 
the matrix with I at the (ij)-entry and zero otherwise. 

III. T ~ST= A- 1 (detA) for any Q E GL(3) . 
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Examples of potentials 

Assume that V: L(3) ➔ R is of the form: 

V(Q) = V (I(C), II(C),IIHC)) 

where C = QQT and I(C) = trC, II(C) = ½ ((trC) 2 -tr(C2
))], III(C) = 

detC. 

1. Gravitational potential 

V- -2rrG - loo ds 
- p o [(s3 + I(C) s2 + II(C) s + III(C)j1/2

. 

2. Ciarlet-Geymonat material (see[LS]) 

- 1 1 ) V = 2 A (III(C) - 1 - lnll(C)) + 2 µ (I(C) - 3 - ln UI(C). 

3. Saint Venant-Kirchhoff material (see[LS)) 

Remark In equations (5.121) we need 

av av o1 (c) av an (Cl av am (C) 
oQ = TI ~ + an ~ + am ~ -

Proposition 23.5 (see (SD]) 

8l(C) _ 2Q 
8Q -

8l!~C) = 2 (Idtr (QQT) _ QQT] Q 

8I~~C) = 2det(QQT)(Q-l)T. 

Final Remark Using the expression of the gravitational potential and the 
result of exercise 12.5, III, we see that the equations (5.121) are precisely the 
~ailed Dirichlet-Riemann equations (see [Ch) p. 71). 
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5.8 Dissipative mechanical systems 

The results we will present in this section have their proofs in the article "Dissi­
pative Mechanical Systems", by I. Kupka and W.M. Oliva, appeared in Resenhas 
IME-USP 1993, vol. I, no. I, 69-115 (see [KO]). 

A mechanical system (Q,(,),:F), is said to be dissipative if the field of 
external forces :F: TQ ➔ T*Q is given by 

:F(v) = -dV(p) + D(v) for all v E TpQ; 

where V : Q ➔ R is a cr+l(r ~ 1) potential energy and f> E C 1 verifies 
(D(v))v < 0 for all O -:j:. v E TQ. f> is called a dissipative external field of 
forces (or simply a dissipative force) and (-dV) is said to be the conservative 
force. 

Remarks I. D(Op) = 0 't/p E Q (Op is the zero vector of TpQ). In fact, 
continuity of D shows that (D(Op))v = lim>.➔O ¾(D(,\v)),\v :5 0 for,\> 0 and 
0 =/:- v E TpQ implies (D(Op))v = 0 (otherwise (D(rn))v < 0 for small f < 0 and 
then (.D(f v)){ v)O which is a contradiction). 

2. The mass operatorµ : TQ ➔ T*Q defines D = µ- 1 D: TQ ➔ TQ and 
(.D(v))v < 0 is equivalent to ((D(v), v)) < 0 for all O :j, v E TQ. 

It is usual to say that D is a dissipative force when D = µDis a dissipative 
force. 

Let us denote by OMS the set of all vector fields X E cr(TQ, TTQ) such 
that X is defined by a dissipative mechanical system, that is, by a pair (V, D) as 
above. If z is a trajectory of (V, D) and q its projection on Q, then z = * = q 
and the motion q = q(t) satisfies the generalized Newton law 

~: = -(grad V)(q) + D(q). (5.122) 

It is useful to remark that the mechanical energy Em decreases along non trivial 
integral curves of any mechanical system (V, D). In fact, we have: 

which shows that Em decreases on all integral curves not reduced to a singular 
point. The singular points of X lie on the zero section O(Q); moreover OE O(Q) 
is a singular point if and only if p is critical for V. 

We say that a function VE cr+l(Q,R) is said to be a Morse function 
if the Hessian of V at each critical point is a non-degenerate quadratic form. 
It is well known that the set of all Morse functions is an open dense subset of 
cr+l(Q,R) with the standard C•+l topology. 
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A dissipative mechanical system (V, D) is said to be strongly dissipative if 
V is a Morse function and D comes from a strongly dissipative force that is, 
satisfies the following additional condition: for all p E Q and all w -::/:- 0, w E TpQ, 
one has ((dvD(0p)w,w}) < 0 where dvD denotes the vertical differential of D. 

From now on let us denote by SDMS the set of all X E DMS such that 
X = (V, D) is strongly dissipative and by V the set of all strongly dissipative 
forces D. 

Proposition 24.5 Let (V, D} be a strongly dissipative mechanical system. Then 

the following properties hold: 

i) The singular paints of (V, D) are hyperbolic. 

ii) The stable and unstable manifolds W'(0) and W"(0) of a singular point 
0 are properly embedded. 

iii) dim W"(0) is the Morse index of V at r(0) E Q. 

iv) dim W"(0) ~ dimQ ~ dim W'(0). 

Exercise 11.5 Prove property (ii) in the last proposition. 

Two submanifolds S1 and S2 of a manifold M are said to be in general 
position or transversal indexsubmanifold ! transversalif either S1 n S2 is 
empty or at each point z E S1 n S2 the tangent spa.ces T:rS1 and T:rS~ span the 
tangent space T., M. 

Let us denote by SDMS(D) the set of all C" strongly dissipative mechan­
ical systems X = (V, D) with a fixed D. Analogously we introduce the set 
SDMS(V). 

All the subsets of DMS are endowed with the topology induced by the 
er -Whitney topology of C" (TQ, TTQ). 

This topology possesses the Ba.ire property. 

Proposition 25.5 The set of all systems X in SDM S such that their stable 
and unstable manifolds are pairwise transversal is open in SDMS. 

Proposition 26.5 Assume dimQ > 1, r > 3(1 +dimQ) and let g be the subset 
of SDMS(D) (resp. SDMS(V)) of all systems X such that their invariant 
manifolds are pairwise transversal. Then g is open dense in SDM S(D) (resp. 
SDMS(V)). 

As usual, we say that X E SDM S is structurally stable if there exists 
a neighborhood W of X (in the Whitney C"-topology) and a continuous map 
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h from W into the set of all homeomorphisms of TQ (with the compact open 
topology), such that: 

1) h(X) is the identity map; 

2) h(Y) takes orbits of X into orbits of Y, for all YEW, that is, h(Y) is a 
topological equivalence between X and Y. 

If the topological equivalence h(Y) preserves the time, that is, if Xi (resp. 
Yi) is the flow map of X (resp Y) and h(Y) o Xi = Yt o h(Y) for all t E R, 
then we say that h(Y) is a conjugacy between X and Y. 

Recall that the subset of all complete C' vector fields X on a manifold M 
(the flow map Xt of X is defined for all t E R) is open in the set of all 
C' -vector fields with the Whitney C' -topology. 

Proposition 27.5 Any complete strongly dissipative mechanical system such 
that all the stable and unstable manifolds of singular points are in generol posi­
tion is structurally stable and the topological equivalence is a conjugacy. 

If in the last proposition we do not assume the mechanical system to be com­
plete, the same arguments used in the proof also show that the corresponding 
time-one map flow is a Morse-Smale map in the sense presented in [HMO), then 
stable with respect to the attractor A (\I, D), which in this case is the union of 
the unstable manifolds of all singular points of (V, D). 

Let us consider an example of a strongly dissipative mechanical system which 
does not satisfy the conclusions of Proposition 26.5 in the sense that it does not 
belong to 9; it is the system which describes the motions of a particle (unit 
mass) constrained on the surface Q of a symmetric vertical solid torus of R 3 

obtained by the rotation around the :z:-axis, of a circle defined by the equations 
y = 0 and :z: 2 + (z - 3)2 = 1. The potential is proportional to the height 
function of Q and the dissipative force D is given by D(v) = -cv, c > 0, for 
all v E TQ. These data define a strongly dissipative mechanical system with 
Q as the configuration space. The metric of Q is the one induced by the usual 
inner product of R3 and the potential is a well known Morse function with four 
critical points. The symmetry of the problem shows that the unstable manifold 
of dimension one of a saddle is contained in the stable manifold of dimension 3 
of the other saddle hence they are not in general position since dim TQ = 4. 

A dissipative force D is said to be complete if, for any Morse function V, 
the vector field associated to (V, D) is complete, that is, all of its integral curves 
are defined for all time. 

Let us consider a linear dissipative field of forces, that is, a function D defined 
by 

D(v) = -c(r(v))v, for all v E TQ 
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where c : Q ➔ R is a strictly positive C"' function and Q is compact. It is 
a simple matter to show that D is a strongly dissipative force. We will show 

that D is complete. If it were not the case, there would exist a smooth function 

V : Q ➔ R and a motion t -t q(t) of (V, D) whose maximal interval of a. 

existence is ]a, +oo[ with -oo < a < 0. We know that t(Em(q)) = {D(q), q} 
is negative and also that 

O{l(D(q),q}/ :$ µjq/ 2 :$ 2µ(Em(q) + A:) 

where µ > 0 is the maximum of con Q and k = /11I, 11 being the minimum of V 
on Q. For all t, a< t < 0, we may write 

or 

which implies 

d(Em(q) + k) > _2 dt 
Em(q) +k - µ 

Em(,j) + k::, (Em(,j(O)) + k)e- 2"1 

and then Em (q(t)) is bounded and strictly decreasing, so there exists limt➔a- Em(q(t)) = 
L < +oo. This shows that l<i/2 = 2(Em(4) - V(q(t)) is also bounded, because 
V is bounded; now it is immediate that we have a contradiction. 

112 



Chapter 6 

Mechanical systems with 
non-holonomic constraints 

6.1 D' Alembert principle 

Let (Q,{,}) be a C 00 riemannian manifold where Q is still called the con­
figuration space. A constraint E is a distribution of subspaces on Q, that 
is, a map 

E:qEQ--+Eq 

where Eq is a (linear) subspace of T9 Q with dimE9 = m < n = dimQ, for all 
q E Q. Assume also that E is C00

, that is, there exist a neighborhood of each 
point q E Q and m C 00 local vector fields Y 1 , ... , ym that generate Er in all 
the points x of the neighborhood above. The riemannian metric {, } enable us 
to construct E;, the orthogonal subspace to Eq, for any q E Q. We have, then, 
two complementary vector subbundles 

EQ= LJ Eq and 
qEQ 

with dimensions (n + m) and n + (n - m), respectively. 

There are, well defined, two C00 projections denoted by 

P:TQ-+EQ and 

· that project each v9 E TqQ into the orthogonal components P(vq) E Eq and 
p.L ( vq) E E;, respectively. 

Let pk, k ~ I, to be the set of all Ck fields of external forces and F~ be the 
subset of all(} E F" such that <}(v) = <}(Pv) for all v E TQ. Recall that any 
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g E F" sends the fiber TqQ into the fiber r;Q, for all q E Q, and that to define 
g E F! it is enough to know the values of g on the vectors v E EQ. 

A mechanical system with constraints on a riemannian manifold (Q, 
(,}) is a set (Q,{,),E,.1") of data where .1" E F" is an external field of forces 
and E is a C00 constraint. 

For our purposes it is convenient to recall now the classical Frobenius theo­
rem. A C00 distribution E of dimension m on the manifold Q admits, at each 
point q E Q, the local C00 generators vector-fields Y 1, ... , ym, defined in a 
neighborhood Uq of q. We use to say that a vector-field Y belongs to E(Y EE) 
if Yp E Ep for all p where Y is defined. It is clear, by this definition, that the 
yi e E, i = 1, ... , m. A distribution E is said to be integrable if through 
each point q E Q passes an integral submanifold M of Q, that is, T,..M = E,.. 
for all "' E M. A leaf of an integrable distribution E is a maximal integral 
submanifold M (so any leaf is connected). 

Frobenius theorem - A C00 distribution E on Q is integrable if, and only if, 
Y, Y EE implies that [Y, Y] EE. 

To check the integrability of E it is enough that to each point q E Q and 
any corresponding local generators Y 1 , •.. , Y"' we have that [Y;, Y;] E I: for 
all i, i = 1, ... , m. 

The distribution E is often given locally (in an open set U) by the zeros 
( n - m) linearly independent I-differential forms w1 , ... , Wn-m, that is, a vector 
tip E TQ, p E U is also in EQ if, and only if, w.,(p)(vp) = 0 for all 11 = 
1, .. . ,(n - m). A dual statement for the Frobenius theorem is the following: 
The C00 distribution is integrable if, and only if, to each point q E Q and (n-m) 
local forms w.,, defined in a neighborhood of q, whose zeros span E, we have that 
dw., /l.w1 /1. ••• /1.Wn-m = 0, /or all 11 = 1, .. . ,n-m. 

When E is a non integrable distribution the mechani1:al system is said to 
be non-holonomic. If, otherwise, E is integrable, the mechanical system is 
said to be semi-holonomic . A true non-holonomic mechanical system is 
a non-holonomic one such that the restriction of E to any neighborhood of any 
point of Q is a (local) non-integrable distribution. If Q is a connected analytic 
manifold with an analytic distribution E, the concepts "non-holonomic" and 
"true non holonomic" coincide. 

A C2-curve t ➔ q(t) on Q is said to be compatible with a distribution E if 
q(t) E Eq(t) for all t. 

Given a mechanical system with constraints: (Q,(,),E,.1"), and, in order 
to obtain motions on Q compatible with :E, we have to introduce a field of 
reactive forces n E F! depending on Q, {, ), E and .1" and to consider the 
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generalized Newton law: 

n· 
µ(di)= (:F + 'R)(q). 

A constraint 'I:, is said to be perfect ( or to satisfy d' Alembert principle for 
constraints} if, for any :FE :Fk, the field of reactive external forces 'R, has to 
satisfy 

for any Vq E 'I:,Q, 

Example 1.6 A planar disc of radius r rolls without slipping along another 

disc of radius R on the same plane. The equality rd81 = Rd02 is the physical 
condition corresponding to the motion without slipping, 81 and 82 being angles 
that measure the two rotations. One considers Q = 5 1 x 5 1 and :E spanned 
by the vector fields v = A a: + Bat such that w ( v) = O, w = rd8 1 - Rd82 • 

Since n = 2 and dim 'I:, = 1, !; is an integrable distribution on the manifold of 
configurations Q. 

Example 2.6 Consider the motion of a vertical knife that is free to slip a.long 
itself on a horizontal plane and also free to make pivotations around the vertical 
line passing through a point P of the knife. Let (x, y) to be cartesian coordinates 
of P in the horizontal plane and '{) the angle between the knife and the x-axis. 
The manifold of configurations Q is R 2 x 8 1 with (local) coordinates (x, y, '{)) 
and there are physical conditions dx = ds cos ip and dy = ds sin 'f', ds being 
the elementary slippjng; that implies (sin ,p)dz = (cos ,p)dy and so E on the 
manifold Q is spanned by the vectors that makes equal to zero the I-differential 
form 

w = (sin'{))dx-(cos'{))dy. 

It can be seen that 'I:, is a non integrable distribution. 

Exam.ple 3.6 Motions of a vertical planar disc that one allows to roll without 
slipping on a horizontal plane and also can make pivotations around the vertical 
line passing through the center. The manifold of configurations Q is R 2 xS1 x 8 1 

with local coordinates (x, y, <p, 1/J) where (x, y) are coordinates on the horizontal 
plane for the point of contact between the disc and the plane, 'fJ is the angle 
between the x-axis and the trace of the plane of the disc with the horizontal 
plane, and ,p measures the rotation of the disc when rolling. If r is the radius 
of the given disc, the physical conditions imply that 

dx = dscos'{), dy = dssin'{) and ds = rdl/). 

We define two I-differential forms w1 and w2 by 

w1 = dz - r(cos '{))dip and w2 = dy - r(sin i.p)d'I/J 
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a.nd the distribution Eis spanned by the vectors v E TQ such that w1(t1) = 
w2 (v) = O. So the distribution E has dimension m = 2 and the dimension of Q 
is n = 4. This analytic distribution is non-integrable. 

Exercise 1.6 Prove, using the Frobenius theorem and also through physical 
arguments, that the constraints in Examples 2.6 and 3.6 are non-integrable. 

Given a mechanical system with constraints (Q, (, ), E, F), then a C2-motion 
t o-+ q(t) on Q is compatible with E if, and only if, 

i=l, ... ,(n-m), (6.1) 

for each t in the interval of definition of the curve, where the local C00-vector­
fields (Z1 , ... , zn-m) form an orthonormal set at each point, are defined in 
a neighborhood of q(t) and span the distribution E.L in all the points of that 
neighborhood. 

To prove the existence of the field of reactive forces, we start by introducing 
the total second fundamental form of E: 

(6.2) 

defined IMI follows: if~ e TqQ, 71 e Eq imd z e Ei, let X, Y, Z, three germs of 

vector-fields at q E Q, Y EE and Z E El., such that X(q) = t Y(q) = 17 and 
Z(q) = z; one defines the bilinear form B({, 17) by 

(6.3) 

Remark that 
(B({, 17), z) = -(v' x Z, Y)(q), (6.4) 

and that the number (v'xY,Z)(q) = -(v'xZ, Y)(q) depends on the values 
X(q), Y(q), Z(q), only. 

Proposition 1.6 Given a mechanical system with perfect constraints (Q, (, ), E, :F), 
:F E F", k ~ 1, then there erists a unique field of reactive forces 1l E F~ such 
that: 

(i) µ- 17l(v9 ) E Et for all v9 E EQ; 

(ii) for each v9 E EQ, the marimal solution to-+ q(t) that satisfies 

(6.5) 

and initial condition q(O) = v9 , is compatible with E. Moreover, 

(iii) the motion in (ii) is of cl0$s Ck+2 and is uniquely determined by vq E EQ; 
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(iv) The reactive field of forces 'R, is given by 

'R.(vq} = µB(vq, vq) - µ([µ- 1 F(vq)].L), 

'R.(wq) = 'R.(Pwq), otherwise. 

Yvq E 'EQ (6.6) 

(6.7) 

Proof Let RE Ft be another field of forces in the conditions (i), (ii), (iii) of 
the proposition; then by (ii) we obtain 

and so 

µ-I R(q) = p.L µ-1 R(q) = p.L( ~tq) - p.L µ-I .T(q). (6.8) 

From (6.1) one obtains by covariant derivative: 

(~:, zi) + (ij, 'v gZ;) = 0 

and, since (Z1 , ... , zn-m) is orthonormal we have 

From (6.9) and (6.10) it follows 

p.L(~:) = - I:(ij, 'vgZi)zi 
i:l 

and fort= 0 (6.11) implies 

Then (6.8), fort= 0, gives 

(6.9) 

(6.10) 

(6.11) 

(6.12) 

µ- 1R.(vq) = B(vq,vq)- p.Lµ- 1.T(vq), Yvq E E9 (6.13) 

and the uniqueness of the field of forces 'R, E Ft follows. The conditions (i) and 
(iii) with 'R, given by (iv) are trivial ones. It remains only to prove condition 
(ii). Using the expression (6.6) of 'R.(vq), vq E 'EQ, we can look for a C 2 curve 
t --t q(t) on Q, compatible with I:: and satisfying (6.5), or, in other words, 
verifying 

Dq 
dt 

= µ- 1 F(q) + B(q, q) - [µ- 1 F(q)].l. = 

= p[µ-1.T(q)]+B(ij,q). 
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For that, let (Y1, ... , ym) be an orthonormal local basis for E, and so we need 
to find functions vr(t), r = 1, .. . , m, such that one has, locally, 

m 

q(t) = L Vk(t)Y". 
k=l 

Equation (6.14) is equivalent to the following two equations: 

t<~tq, yr)Yr = P[µ-1.1"(q)], 
r:1 

~(Dq Zj)zj - B( . ') 
~ dt' - q,q . 
j:l 

But (6.15) and (6.16) give, for any r = 1, ... , m: 

(6.15) 

(6.16) 

(6.17) 

Vr(t) + f VI, (t)( D!", yr>= (P[µ- 1 F(q)], r). (6.18) 
k=l 

Equations (6.18) define a system of ordinary differential equations that has 
a unique solution (v.(t)),r = 1, ... ,m, provided that the values v.(O),r = 
1, .. . , m, are fixed as the components of the vector Vq E Eq with respect to 
the basis (Y1(q), ... ,Ym(q)) ofEq, On the other hand condition (6.17) is au­
tomatically satisfied because it is precisely (6.10) . It is clear that (6.15) can 
be integrated giving us t ➔ q(t), compatible with E, uniquely, since we can fix 
q(O) = q E Q. The proof of Proposition 1.6 is then complete. I 

Let us consider again, the vertical lifting operator 

given by the formula (5 .21): 

that, in natural coordinates of TQ, if 

then G.,. has the expression 

Wq = (q, w) = (qi, ... , qn, W1, •.. , Wn) i--t ((q, v), (O, w)). (6.19) 

The following formula holds: 

c~.(PWq) = TP(C.,,wq) for all Vq E EQ and Wq E TQ (6.20) 
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where T P denotes the derivative of the projection P : TQ >--+ EQ. In fact, 

d d 
= ds (vq + sPwq)J.,=o = ds P(vq + swq)l,=o 

d 
= TP ds (vq + s1vq)l,=o = TPCvq(wq), 

In these local coordinates, since for any C 2 curve t ---+ q(t) one has ~ = 
I;;=l (qk + E;,; r~i'j;rj;) a:., the expression (6.19) for Cv. implies that 

((q,rj), (O, (ih + I:rtri;<i;)k)) 
i,j 

= q-S(q). 

where we recall the expression of the geodesic flow of ( , ): 

and we also have 

S(ti) = ((q,rj),(ri,(- Lrtri;ri;)kl 
it) 

ij = ((g, q), (q, (qk)k)-

or 

(6.21) 

(6.22) 

(6.23) 

Since C4 is injective, (6.5) is locally equivalent to the second order ordinary 
differential equation 

q = E(rj) d~ S(tj) + Cq([µ- 1 F + µ- 1'.R]rj) 

obtained using (6.5) and (6.21). From (6.20) and (6.24) one obtains 

(6.24) 

E(rj) S(rj) + C9P((µ- 1 F + µ- 1'.R]rj) + C<iP.L ([µ- 1 F + µ- 1'.R]q) 

= TP(S(,j) + Cq([µ- 1 F + µ- 1 "R]rj)) + 

(6.25) 

Since, by the last proposition , the solution t ➔ q(t) is compatible with E, 
that is, rj = Prj, with (6.11) and (6.21) on can write 

C4P.L([µ- 1F + µ- 1'.R]rj) = C4P.L(Drj) = 
dt 

C·(Drj) - C·(PDq) = 
9 dt 9 dt 

q- S(tj)-TP(ij- S(ri)) = TP(S(rj))- S(q) (6.26) 
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becaUBe q = Pq implies q = Pij. Then (6.25) and (6.26) gives us, 

The last condition shows, in particular, that given a mechanical system with 
constraints (Q, (, ), E, F) there is well defined a vector field Vq >--t E(v9 ) on the 
vector bundle EQ C TQ. In fact we have explicitly: 

E(v9 ) = S(v9 ) + Cv,((µ- 1.1' + µ- 1R)v9] = TP(E(vq)) (6.28) 

for all v9 E E9 • 

The vector-field (6.28) defined on the manifold 'EQ is a second order vector­
field and then any trajectory is the derivative of its projection on the configu­
ration space Q. 

Use the proof above to show, from equation (6.24) and further considerations, 
that one can solve the following: 

Exercise 2.6 Given a mechanical system with perfect constraints (Q, (, ), 
E,F), FE F,.(k 2:: I), and denoting by X:F the vector-field on TQ correspond­
ing to the mechanical system (without constraints) (Q, (, ), F), then the vector 
field E = E(v9 ) associated to (Q, {, ), 'E,F) is given by E = TP(X.:F), 

The geometrical meaning of the last statement is that at each point v9 of 
EQ we have two elements of T.,. (TQ): the first one is X.:F(vq) and the other is 
its projection E(v9 ) = TP(X:F (v9)) that belongs to T.,,(EQ), that is, we have 
on 'EQ the equality E = TP(X.:F), 

Example 4.6 A rigid body S C K which beside having a fixed point is con­
strained to move in a such a way that the angular velocity is always orthogonal 
to a straight line l fixed in S passing through the fixed point. We assume K = k 
and B = id. In this case Q = SO(k; 3) and m = 2. Let ( e1, e2, ea) a positively 
oriented basis with ea in the direction of l then, as local coordinates in a neigh­
borhood of any given position of S, one can take the Euler's angles (,p, 0, 'P) (see 
Exercise 10.5) and the distribution Eis characterized by C = l(JCOS0 + '¢ = 0 
that is, it has 11. basis given by the vector fields 

1 a 2 a a 
Y = 80 , Y = 81.p -cosU81/J' 

or by the zeros of the one form w = dt/J+cos 0d1.p, so, by the Frobenius theorem, 
Eis true non holonomic. In fact [X1 ,X2] = sinU~. Assume I1,I2,Ia are the 
moments of inertia with respect to e1, e2, ea, respectively, and that Ii = h i-
13 > 0. The kinetic energy is given by 

W = ½(/1('()2 sin1 0 + 02) + la(cpcos0 + ~)2). 
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In the metric of SO(k; 3) defined by Ke, the vector field Z = t; ½ 4 is a unit 
vector orthogonal to E. Let us show that, in the present case, B(q, q) = 0. To 

( · ") °"3 d &K" &K" compute B q,q, we recall that o = L..,,-d;ir"if'"7" - a-:--)dqj (here (q1,q2,q3) = 
J - 91 q, 

(,p, 9, it,)) satisfies a(v) = ( ~' v), v E TQ . Therefore we have 

(6.29) 

In the present case equation (6.1) becomes ipcos9 + ,P = 0 that together 
with (6.23) implies B(q, q) = 0. 

6.2 Orientability of a distribution and conserva­
tion of volume 

Given a mechanical system with contitraints say, with data (Q , (, ),I:, F), 
we will come back to the flow defined by the vector field on EQ of equation 
(6.28) ; such a vector field is also called GMA which stands for Gibbs, Maggi 
and Appell, who first derived the equations for mechanical systems with non 
holonomic constraints. The statement of Proposition 1.6 describes the way of 
finding the C 2-motions t ---t q(t) on Q, compatible with the distribution ~­
In fact we have to look for a C2-curve on Q such that q{O) = p E Q and 
q{O) = 11,, E EQ and satisfying the equation (6.14), that is 

~: = P[µ- 1 F(q)] + B(q, q). 

Using the E. Cartan structural equations (see section 4.5) it is also possible to 
derive the second order ordinary differential equation above. In fact, take in 
an open neighborhood Np of p E Q, an orthonormal basis (X 1, . .. , Xm) for E 
and also an orthonormal basis (Xm+l , ... , Xn) for El.. Then they define the 
orthonormal basis (Xi, -- . , Xm,Xm+l,· ·· ,Xn) ofTNp. 

Now we are able to introduce the 1-formswi on Np by the relationswi(X;) = 
6j, i,j = 1, .. . ,n, and we obtain the dual basis (w 1 ,w2, .. . ,wm,,.,m+1 , •• • ,wn) 
of (X1, X2, .. . , Xn)- The corresponding structural equations (4.59) and (4 .61) 
are: 

n 

dw; + Z:w! I\ wP = 0, i = 1, .. . ,n, 
p=l 

w!+wf=O, i,p=l, . .. ,n, 
and the distribution E is given in terms of these local forms as 

Eq = n:=m+lker w"(q), for any q E Np. (6 .30) 
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Assume that E is perfect, that is, for any given field of external forces :F 
d'Alembert motions t EI ➔ q(t) E Q imply, for all t EI: 

Dq -1 ( ') .L dt - µ :,: q E Eq(t)• I 

that is, q = q(t) satisfies, for all t E I: 

w 0 (q)=O, o=m+l, ... ,n, (6.31) 

,./' (~:-µ- 1:F(q)) =0, k=: 1, ... ,m. (6.32) 

Let us suppose that q(t) #- 0 and also that a local vector field W extends q(t), 
that is, W(q(t)) = q(t). Then by (4.26) we have 

(Vww")(W) = W(w 0 (W)) - w0 (VwW), 

that, computed at q(t) gives 

(Vqw")(q) = q(w0 (q))-w 0
(~

1
q); 

from (6.31) and (4.58) we obtain 

w 0
(~

1
9) + f: wf(q)w1(q) = 0, o = m + 1, ... , n. (6.33) 

i=l 

The total second fundamental form introduced in (6.2) gives to us: 

n 

B(q,q) = L (B(q,q),Xa(q(t)))Xa(q(t)) 

n 

= L ((V4W)(q(t)),X0 (q(t)))X0 (q(t)) 

n D' 
= E ( d: ,X,,(q(t)))X,,(q(t)) 

a=m+l 

= t ( w" ( ~n) Xa(q(t)), 
a=m+l 

then, 
n m 

B(q,q) = - L [Lwf(q)w1(q)]Xa(q(t)). (6.34) 

So, (6.33) and (6.34) imply 

w"(~:-B(q,q))=O, o=m+l, . .. ,n. (6.35} 

122 



Equations (6.32) also gives: 

pl.(Dq - -1;:( ')) = Dq - -l(F( .)) 
dt µ q dt µ q ' so, from (6.35) 

we have 

P( Dq B(q' q0

)) - Dq B(q' q') Tt:- , -Tt:- , . 

Adding the two last equalities we obtain (6.14). If, otherwise, q(t) = 0 for some 
t E /, the reactive field of forces 7?., can be introduced, anyway, by continuity. 
In fact we obtain (6.6) since (6.34) makes sense for any v9 E EQ: 

n m 

B(v9 ,v9 ) = - L [Lwr(vq)w;(vq)]X,,(q); (6.36) 
a=m+l i=l 

then, 'R, is defined by the next two equalities: 

1?.,(vq) d9 µB(vq,vq)-µPl.µ- 1F(v9 ), Vv
9

EEQ, 

'R,(wq) d9 1?.-(Pw9 ), Vwq E TQ. 

Thus, the generalized Newton law µ!/1 = F(q) + 'R,(q) has a meaning on TQ 
and its flow on TQ leaves EQ invariant. 

The conservative field of forces F(vq) = -dV(q) defined by a C 2 potential 
energy V: Q ➔ R allow us to rewrite (6.14) as 

~: = -(P grad V)q(t) + B(q, ,j) (6.37) 

and there is the conservation of energy along trajectories on EQ. In fact, if 
q(t) is such that q(O) E Eq(O) and satisfies (6.37) we know by Proposition 1.6 
that q(t) E Eq(t) for all t and we have 

ft[Em(q(t))] :t ( i(q, ,j) + V(q(t))) = ( ~:, q) + [dV(q(t))]q(t) 

= {-(P grad V)q(t), ,j) + ((grad V)(q(t)), q) = 0. 

The orientability of a distribution E, that is, the orientability of the vector 
subbundle E, can be explained in the following way (see Definition 2.1 of [KOl]): 
"A distribution .E on the riemannian manifold ( Q, (,)) is orientable if there 
exists a differentiable exterior (n-m)-form ll' on Q such that, for any q E Q, and 
any sequence (z1, ... , Zn-m) of elements in E;, Wq(z1, ... , Zn-m) -:/= 0 if, and 

only if, (z1, ... , Zn-m) is a basis of E;". In fact this is equivalent to say that EQ 
is orientable. In the codimension one case ( m = n-1), V orientable is equivalent 
to the existence of a globally defined unitary vector field N, orthogonal to }:

9
, 

Vq EQ. 
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In( (KOl] Proposition 2.2) it appears a necessary and sufficient condition for 
the conservation of a volume form in EQ: 

Proposition 2.6 (Kupka and Oliva) If E is orientable there is a volume form 
on EQ invariant under the flow defined by the mechanical system (Q, (, }, E, .r = 
-dV) if, and only if, the trace of the restriction of BJ. (total second fundamental 
form of EJ.) to EJ.Q xq EJ.Q, vanishes. 

The conservation of a volume form means that there is a (global) non zero 
exterior (n + m)-form w on EQ such that the Lie derivative Lxw = 0, X being 
the GMA vector field associated to the data (Q, (, ), E , .1" = -dV) . 

Remark finally that Proposition 2.6 remains true for the flow defined on :EQ 
by the equation 

when .1" is a positional field of external forces that is, µ- 1.F is a vector field on 
Q (not necessarily a gradient vector field). 

6.3 Semi-holonomic constraints 

Let N C Q, 0 < n = dimN < dimQ = m , a C00 submanifold, that is, a 
C00 holonomic constraint of a mechanical system (Q , (, ), .1"). Take a tubular 
neighborhood of N in Q (see Proposition 9.4) and p : n ➔ N the projection 
from the tube n onto N (recall that n is an open set of Q that contains N). 

Fix z EN and consider the fiber p- 1(z) C n C Q. Take y E p- 1(z) and use 
the Levi-Ci vita connection to construct Ev as the subspace of TvO whose vectors 
are obtained from the elements of T.,N by parallel transport along the unique 
geodesic -y = -y(s) passing through z at t = 0 with velocity -y(O) = exp;1(y); we 
also have -y(l) = y. Ifwe ma.ke z vary in None obtains on n a C00 distribution. 
The sequence of data (0, (, ), E, .1") defines on n a mechanical system with an 
integrable constraint I: . This way the holonomic constraint has been considered 
as a constraint of a semi-holonomic system. 

Exercise 3,6 Consider Proposition 1.6 applied to the mechanical system with 
constraints (0, {,},I:, .1"); assume the submanifold N C n C Q thought as a 
holonomic constraint for the holonomic mechanical system (Q, (, ),.r); compare 
the field of reactive forces given by (6.6) and (6 .7) with the reaction of the 
constraint defined in 5.29. Show that the motions compatible with N are the 
same in both cases. 
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6.4 The attractor of a dissipative system 

The next notions and results that will be state in this chapter, appear in 
the paper [FO] "Dissipative systems with constraints" by G. Fusco and W.M. 
Oliva, Journal of Differential Equations, vol. 63, n° 3, July 1986, p. 362-388. 
We will describe the discussion that was made there on the qualitative behavior 
of the flow defined by the vector field on EQ given by equation (6.28) called 
the GMA vector field. We shall focus our attention on the set A given by the 
initial conditions in EQ of all global bounded solutions of (6.28). As we shall 
see, strictly dissipativeness implies that A is a global attractor. 

For the study and the statements we will present from now on, the GMA or 
(Q, (, }, E,F) has Q compact and E perfect. Assume the field of forces F: TQ ➔ 
T•Q is a C" function, k ~ 1, given by :F = d(V o -r) + D, such that V: Q ➔ R 
is a C"+1 function and D = µ- 1 D is dissipative with respect to E, that 
is, (PD(v),v} SO for each v E EQ, strictly dissipative if (PD(v),v) = O 
implies v = 0, strongly dissipative if there is a continuous function c : Q ➔ 
R+ \ {O} such that (P Dv, v) S -clvl2 . The GMA is said to be dissipative 
(strictly dissipative) if the function V: Q ➔ R is C"+1 and Dis dissipative 
(strictly dissipative) with respect to E. A strictly dissipative GMA is said to 
be strongly dissipative if V is a Morse function and D is strongly dissipative. 
Denote by O : Q ➔ EQ C TQ the zero section and by Xv the vector field on Q 
defined as the orthogonal projection on Lq of (gradV)(q), for any q E Q, that 
is, Xv= PgradV. 

Exercise 4.6 Compare these notions of dissipativeness with the ones presented 
in chapter 5. 

Proposition 3.6 (i) The set G"+1 of potential functions VE C"+1(Q, R) (k ~ 
1) such that Xv (Q) and O(Q) are transversal is open and dense in Ck+l(Q, .R); 

(ii) If V E Gk+ 1 , then the 6et Cv of the critical points of G MA, or equiva­
lently, the set ev of the equilibria of the underlying dissipative system is a Ck 
compact manifold of dimension r = dim Q - dim .E; 

iii) Cv, ev depend C" continuously on V E G"+l. 

From this theorem it follows that, generically, for a holonomic mechanical 
system, the set of equilibria is made of a finite number of points; when r = 1 as 
in the case of the rigid body in Example 4.6, the set of equilibria is generically 
the union of a finite number of circles. 

Proposition 4.6 The trajectories t ➔ v(t) of the GMA vector field associated 
with a dissipative system are globally defined in the future and bounded. If the 
system is strictly dissipative all trajectories approach the set Cv of the critical 
points as t ➔ oo. Moreover if t ➔ v(t) is defined also for negative time and 
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bounded, then v(t) approachea Cv as t ➔ -oo. 

Strictly dissipativeness implies that all"hajectories of GMA approach the set 
of critical points but it is not a sufficient condition in order that the w-limit set 
of any orbit contains just one point. For instance, when Q is a circle G C R3

, 

s the curvilinear abscissa along C, T the unit vector tangent to Cat a, V = 0, 
D(vT)(wT) = -v2w for all v, w E R, the equations of motion take the form 
i; = v, i, = -v3 • From that, 11 ➔ 0 as t ➔ oo while s grows unboundedly if the 
initial value is not zero. Therefore the w-limit of any orbit through any point 
in TC\ O(C) is all the O(C) . 

The main point in this example is the nongenericity of V; in fact we know 
that for r = 0 and V E G~+l the critical points of GMA are isolated and 
then the w-limit set of any orbit must be a single point if the system is strictly 
dissipative. In the case r = l, even for V E Glr+1 , the critical points are not 
isolated. Using a general theorem in transversality theory have the following 
result: 

Proposition 5.6 Let r = 1. Then there is an open and dense set in Glc+l, 
k ~ 2, such that if a function V is in this set, V is a Morse function and 
there are at most a finite number of points in Cv for which VICv is not strictly 

monotonic. Moreover, if the system is strictly dissipative, then thew-limit set of 
any orbit of the GMA contains just one point. The aame is true for the a-limit 
set of any negatively bounded orbit. 

The next proposition concerns the case of a generic value of r and gives 
conditions in order that the w-limit of any orbit contains just one point. We 
state the theorem without specific reference to the GMA because the result 
can be applied to any evolutionary equation that satisfies the property that the 
w-limit set of any bounded orbit contains only critical points. 

Proposition 6.6 Suppose that the w-limit set w(-r) of a bounded orbit '"'t of 
a vector field X E C1(n,Rn) contains only critical points. Then a sufficient 
condition in order that w( 1) contains just one point is that the local center 
manifold at each critical point coincides locally with the set of critical points. A 
aimilar result holds true for the a-limit set of a negatively bounded orbit. 

We now begin the study of .A by giving a characterization of the attractor 
and some of its properties. 

Proposition 1.6 If~ : V C (EQ)xR ➔ EQ is the dynamical system associated 
with a E-strictly dissipative mechanical system and 

.A= {z E EQl~(z,t) is defined for t E (-oo,+oo) and bounded}, 

then: 
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(i) A it is compact, connected, invariant and maximal. 

(ii) A is uniformly asymptotically stable for the flow 11. 

(iii) A is an upper semicontinuous function of the potential V and of the dis­
sipative field of force D. 

(iv) lf<I>1 is the time one map associated with 4> and B = {x E EQIEm(z) < a} 
with a sufficiently large a > 0, then A= nn~O 4>1 B. 

It is interesting to remark that, if the a-limit set of any negatively bounded 
orbit contains just one point, as for instance in the cases described in Proposi- · 
tions 3.6, 4.6 and 5.6, then A = UreCv W;', w; being the unstable manifold 
corresponding to the critical point x. 

One of the basic questions in the description of the structure of A, which is 
a subset of EQ, is to see bow is its relation with the configuration space Q. The 
following theorem says that A is at least as large as Q. 

Proposition 8.6 Let A be the attractor of a strictly dissipative system. Then 
the image of A under the canonical projection r: TQ ➔ Q is all the (compact) 
configuration space. 

This result implies that given any point q E Q there is a v9 E E9 such that 
the orbit of GMA through v9 is globally defined and bounded. 

The next theorem gives conditions in order that the attractor and the con­
figuration space have the same dimension. Proposition 9.6 If the GMA is 

strongly dissipative (so V is a Morse function) and A is a differentiable manifold 
then dimA = dimQ. 

In the remaining part of this section we shall discuss some aspects of the 
dependence of the attractor on the potential function V and on the dissipative 
field of forces D. 

Proposition 10.6 Given a strongly di.fsipative field of forces D E C" (with the 
Whitney topology) there is a neighborhood N of OE Ck+l(Q,R) such that, if 
Av is the attmctor corresponding to VEN and the given D, then 

(i) Av is a Ck differentiable manifold and rlAv is a Ck diffeomorphism of 
Av onto Q. 

(ii) Av depends Ck continuously on VEN and A0 = O(Q). 

Since all the orbits of GMA approach the attractor as t ➔ oo, once A is 
known, an important step towards understanding the flow is to know the flow 
of GMA on the attractor. When, as in the situation of the last theorem, A is 
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diffeomorphic to Q, to study the flow on .A is the same as to study a first order 
equation on Q. We consider a potential of type EV, V E C2(Q, R), f 2: 0, and 
a strongly dissipative field of forces D E C1 ; then Theorem 9 .6 implies that the 
attractor A• is a ct manifold diffeomorphic to O(Q) and approaches O(Q) in 
the C1 sense as f ➔ 0. This implies that r!A' is a diffeomorphism of .A• onto 
Q if e is sufficiently small. It follows that given q E Q, there is a unique point 
(rl.A')- 1 (q) in I:q n.A• . Therefore t-+ 4,(t) is an orbit of GMA in A' if and 
only if 

that is, if and only if the corresponding motion t ➔ qe(t) i.s a solution of the 
first order equation 

The vector field x• depends on .A' and cannot be computed explicitly unless 
one knows A' which is not, in general, the case. Since A' approaches O(Q) as 
f ➔ 0, we have X'(q) approaches zero as f ➔ 0, thus we consider the vector 

field Y' "!:f £- 1 X' which has the same orbits as X' and study the limit yo of 
Y• as, ➔ 0 . If yo exists and is structurally stable then for , sufficienLly small 

the flow of X' is topologically equivalent to Y0
• If (q, q) = (q, v) are natural 

local coordinates on TQ then the function u' := O(Q) ➔ EQ describing A' has 
a local representation q ➔ (q(f,q), ii(E,q)), g(E, .), ii(£,.) are ct functions such 
that g(c, .) ➔ id, v(c, .) ➔ 0, in the C 1 topology, as E ➔ 0. 

Moreover q(t, .) has a C1 inverse because (r!.A') is a C1 diffeomorphism and 
the same is true for u•. 

Proposition 11.6 If A' is a smooth function of E in the sense that q, ii and 
their derivatives with respect to q are continuously differentiable with respect to 
e then, as E ➔ 0, Y' converges in the C1 sense to the C1 vector field given by 
yo =-(Po (F D))- 1 P gradV, FD being the fiber (vertical) derivative of D. 

Remark that Po (FD) : EQ ➔ EQ is a diffeomorphism because D is a 
strongly dissipative field of forces. 
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Chapter 7 

Hyperbolicity and Anosov 
systems. Vaconomic 
mechanics 

7.1 Hyperbolic and partial hyperbolic structures 

In Chapter 5, section 5.7, we saw that, generically, holonomic dissipative 
mechanical systems have a very simple dynamics with a Morse-Smale flow and, 
moreover, they are structurally stable and the topological equivalence is a con­
jugacy (see Propositions 18.5, 19.5, 20.5, 21.5, and [KO]). 

During many years the mathematical community believed that the structural 
stability of flows was generically related with simple structures; in fact, that 
is true in two dimensions. But, in 1967, D.V. Anosov studied, extensively, 
special flows, nowadays called Anosov flows, which are structurally stable 
and constitute a class of non trivial and complex dynamical systems. Moreover, 
an Anosov flow which is Holder C 1 and has an invariant measure (generated by 
a volume's form) is ergodic. 

The structural stability for Holder C 1 Anosov flows, as well as the ergodic­
ity when there is an invariant measure, were proved by Anosov in his book [A] 
where one can also see a proof of the fact that the geodesic flow on the unitary 
tangent bundle of a compact riemannian manifold having strictly negative all 
their sectional curvatures satisfies definition 7.1 below and, moreover, is Anosov; 
other geometrical proofs of this last fact are also available in Arnold and A vez 
[AA] as well as an analytical proof in Moser [M]. As a matter of fact, the last 
result goes back to Hadamard's work that, essentially, gave a proof for it; in [HJ 
1934, Hedlund proved the ergodicity of the geodesic flow on the (3-dimensional) 

129 



unitary tangent bundle of a closed surface, with constant and strictly negative 
curvature, and Hopf in (Ho], 1940, extended the result for the general case of 
surfaces with strictly negative curvature. 

Definition 7.1 Let M be a C00 compact riemannian manifold. A non 
singular flow T': M-+ Mis partially hyperbolic if the (derivative) variational 
flow DT' ; TM ➔ TM satisfies: 

(i) for any p EM, TpM = Xp EBYp (I) Zp, where X,Y,Z are invariant 
sub-bundles of TM, dimXp = f ~ 1, dimYp = k ~ 1, Zp ::> [(T'p);=0]; 

· (ii) there exist a, c > 0 such that 

IDT'~I ~ al~l_,-ct' \Jt ~ 0, \;/~ E Xp, pEM, 

that IS IDT'El > a- 1 IEle-ct, Vt :5 0, VEE Xp, pEM; 

IDT'µI :.::; alµlect' Vt :5 0, Vµ E Yp, pEM, 

that is IDTtµI ~ a-llµlect, Vt~ 0, Vµ E Yp, pEM; 

X and Y are said to be uniformly contracting and expanding, respectively; 

(iii) Z is neutral in the sense that it is neither uniformly contracting nor 
uniformly expanding; 

If, in particular, Zp = [(T'p);=0], (iii) is satisfied and the flow is said to be 
hyperbolic or Anosov. 

Under that definition one uses to say that thP. manifold M has a partja] 
hyperbolic structure under Tt (hyperbolic structure in the Anosov case). 

The flows with hyperbolic behavior on the trajectories , and the structure of 
manifolds of non positive curvature were considered in two surveys, respectively, 
by Pesin in (Pel, 1981, and by Eberlein in [E], 1984; both papers present an 
extensive and fundamental list of references on the subjects under consideration. 

Castro and Oliva in [CO], constructed an Anosov flow obtained as the quo­
tient by a suitable vector field of a partially hyperbolic flow over a codimension 
one true non-holonomic orientable distribution of a compact riemannian man­
ifold. The distribution is constant umbilical (see [CO]) and conserves volume 
(see the previous Chapter 6, section 6.2.). The manifold is supposed to have 
sufficiently negative sectional curvatures on the 2-planes contained in the dis­
tribution and only on them. An explicit example is also presented there. 

In [CKO] the authors presented examples of partially hyperbolic flows moti­
vated by the study of the E-geodesic flows i.e., dynamic free systems (see (6.37) 
with V = 0). Suitable conditions properly decouple its variational equation and 
imply the hyperbolic properties of the trajectories; the cases of a general Lie 
group and of a semi-simple Lie group are also analyzed. 
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In [G], 1997, Gouda regarded a magnetic field as a closed 2-form-B on a 
riemannian manifold Q and defined a magnetic flow which is, in fact, a pertur­
bation of a geodesic flow. A sufficient condition is presented there for a magnetic 
flow to become an Anosov flow (see (G], Theorem 7.2). The second order dif­
ferential system considered in [G] is a holonomic mechanical system; the closed 
2-form iJ on Q defines the Lorentz field of forces: 

fl: TQ-+ T*Q, 

by fl(vp)(wp) = (wp, Bp(Wp, vp)) for all vp, Wp E TpQ- The generalized Newton 
law (see Chapter 5, section 5.1) defines, for that field of forces, the second order 
mechanical system introduced by Gouda: 

whereµ : TQ-+ T*Q is the mass operator. 

It is our understanding that many interesting questions, especially in the 

non-holonomic context, can be analyzed trying to obtain more examples giving 
rise to other kinds of complex and hyperbolic dynamics. 

7 .2 Vaconomic mechanics 

The non-holonomic mechanics has two fundamental approaches for its develop­
ment. One is based in the d'Alembert principle for which we gave the foun­
dations in Chapter 6. But, since many years, it is known that the D'alembert 
approach, for the (true) non-holonomic mechanics, does not have a parallel 
within the so called variational principles. 

In [AK], Arnold and Kozlov introduced the non-holonomic Mechanics under 
the Lagrange variational point of view for constrained systems; then it appeared 
the so-called Vaconomic Mechanics. Vershic and Gershkovich also developed 
that approach including in the survey [VG] most of the recent contributions that 
appeared on that field of geometric mechanics. 

Kupka and Oliva wrote a monograph (see (KOl]) on the non-holonomic 
mechanics trying to put in evidence the main differences between the d'Alem­
bertian and the Vaconomic approaches. The last one also works with motions 
compatible with a (non-integrable) distribution by they are determined by a 
variational method; in fact, each motion q(t) with values on the configuration 
space Q corresponding to a potential V and a distribution E, is a stationary 
point q = q(t) of a functional C, given by C(q) = J;[½ II q 11 2 -V(q)]dt; C is 
defined in a suitable Hilbert manifold. The stationary points of C are the non­
holonomic variational trajectories; there are singular and regular (non 
singular) trajectories and they are characterized in [KOi] . The (global) sec­
ond order ordinary differential equation for the regular vaconomic trajectories 
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is also derived there; it defines a flow of a Hamiltonian vector field on the tan­
gent bundle considered as the Whitney sum EQ $ EJ.Q, on the configuration 
space. The solutions of that vector-field are, then, of type (,j(t), P(t)) where 

,j(t) E Eq(t) and P(t) E l:i(t)• q = q(t) being a regular vaconomic trajectory. 

The component q(t) is compatible with E and the kinetic energy is conserved, 

but the bundle EQ is not invariant under the flow; the component P(t) gives, 
locally, the classical Lagrange multipliers. 

It is particularly interesting, to analyze the hyperbolic and all the ergodic 

aspects of the vaconomic flows; some of them, already appear in [VG] and this 
investigation still remains as a very nice field of research. 
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Chapter 8 

Special relativity 

As we already said in Chapter 1, the first difficulty that arises in Newtonian 
mechanics is the fact that no material object has been observed traveling faster 
than the speed c of the light in a vacuum. The way to eliminate that is to 
consider the tangent vector (1, a(t)) to the particle's world line (t, a(t)) in (Rx 
R3

) (relatively to an inertial coordinate system), and compare la(t)I with c. 
Since one needs to obtain la(t)I < c, it is enough to observe that the tangent 
directions of pulses of light, always at constant speed c, define a circular cone at 
each point of R x R3

, with vertex in that point, semi-angle rp equal to arctan c 
and axis parallel to the time axis R; then we require the motion a(t) be such 
that, for each t, the vector (1, a(t)) is inside the corresponding cone at the point 
(t,a(t)) of the world line. 

In the context of pseudo-riemannian geometry, the idea is to change the 
sign in the time coordinate of the metric tensor on Rx R 3

; with this idea one 
constructs some special quadratic cones to argiie with, as above. As we will see, 
this is a starting point to introduce special relativity. 

From now on we will assume that units were chosen so that the fundamental 
constant, the speed of light, is unity, that is, we shall assume c = 1, so cp = tr/4. 

This Chapter 8 has its presentation based in part on chapter 5. and 6. of 
the book [ON] "Semi-lliemannian Geometry - with applications to Relativity" 
by B. O'Neill, Academic Press, 1983. 

8 .1 Lorentz manifolds 

Let (Q, (, }) be a pseudo-riemannian manifold. The index of(,) at p E Q 
is the largest integer which is the dimension of a subspace WC TpQ such that 
the restriction of the quadratic form (, )p to W is negative definite. Since Q is 
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supposed to be connected and the bilinear form (up, vp) is symmetric and non 
degenerate, the index is constant with p E Q. So, one can talk about the index 
v of (Q, (,) ). We have O $ v $ n = dimQ and it is clear that v = 0, if, and 
only if, (,} is a riemannian metric. If we fix an orthonormal basis (e1, ... , en) 
for TpQ (with respect to (,} ), for each vector Vp = t::?:i v;e; one can write 
vp = E?:i e;(vp, e;}e, where e; = (e;, e;} = +1 or -1. The number of e; equal 
to -1 is the index v. 

Examples 

8.1. Q = R2, (v, w} = v1w1 - v2w2 for v = (vi, v2), w = (w1, w2). In this case 
V = 1. 

8.2. Q = R"+l and {,) is such that v = ( V1, ••• , Vn+1) implies 

(v, v} = -(vr + ... + v;) + v;+1 + ... + v~+l. (8.1) 

In this case the index of (R"+l, {,)) is equal to II and the pseudo-riemannian 
manifold (Rn+l, (,)) is simply denoted by R~+l. 

Definition 8.1 A Lorentz manifold is a pseudo-riemannian manifold with 
index v = 1. The Lorentz manifold Rr is called the Minkowski n-space. 

Let {Q, {, )) be a Lorentz manifold. There are three categories of tangent 
vectors: 

Definition 8.2 A vector t1 E TpQ is said to be 

(i) space like if {v, t1} > 0 or t1 = O; 

(ii) light like or null if (v, v) = 0 and t1 I- 0; 

(iii) time like if (v, t1} < 0. 

The set of null vectors in Tp Q is called the null cone at p E Q. 

Proposition 8.lLet V be the Levi-Civita connection associated to (,) in the 
Lorentz manifold (Q,{,)). Then, the tangent vectors to a geodesic of'v belong 
always to one and the same category. 

Prooflft ~ q(t) is a geodesic and ~ is the covariant derivative associated to 
V one obtains: 

d(. ') 2(" Dq) 0 bee Dq -O· 
dt q, q = q, dt = ' ause dt - ' 
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so, (q(t), q(t)) does not depend on t. I 

Exercise 8.1 The last proposition is not true for a general smooth curve on Q; 
show this with a counter-example. 

8.2 The quadratic map of R~+t 

The quadratic form q on R~+l defined with (,) and 11 = 1 in (8.1) is given 
by 

and is called the quadratic map of the Minkowski space R~+I _ If u = 
(u1, ... , un+1), one can write: u = l:?f/u;e;, (e1, ... , en+1) being the canonical 
basis of Rn+! . So, 

where 9ij = (e;,ej} =g;;. 

n+l 

q(u) = L 9;ju•ui 
i,j=l 

(8.3) 

Proposition 8.2 The symmetric matrix (9ij/ of the bilinear form (u, v), as­
sociated with the quadratic map (8.2) of R~ , is diagonal with 911 = -1 and 
g;; = +l,i= 2, ... ,n+ 1. 

Proof In fact, as usually, the formula 

(u + v, u + v) = (u, v) + (v, v) + 2(u, v) (8.4) 

gives 
1 

(u,v) = 2{(u+ v,u+ v)-{u, u)-{v,v)}. (8.5) 

Since by (8 .2) we have 

{u, u) = ((u1, ... , Un+1), (u1, ... , Un+1)) = -u~ + u~ + ... + u~+l> (8 .6) 

and because 9ii = (e,,e;), we use (8.5) and (8 .6) and one completes the proof. 
I 

The only critical point of the map q in (8.2) (or (8.6)) is the origin in Rn+i; 
so, any real number (except zero) is a regular value of q. The vector gradient of 
q at w E R~+I, is, by definition, given by 

((grad q)(w), v) = [dq(w)](v), 'riv E TwRr+i = Rn+l. (8.7) 
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Using (8.3) and Proposition 8.2 we see that dq( w) = -2w1 du1 + 2 Ef:d2
1 

w;du;, 
so 

Since (8.7) and (8.8) imply 

((grad q)(w), e1) = -2w1, ((grad q)(w), e;) = 2w;, i = 2, ... , n + 1, 

then 

and 

n+l 
(grad q)(w) = 2w1e1 + 2 L w;e; = 2w 

i=2 

(8.9) 

((grad q)(w), (grad q)(w)) = -4w~ + 4w~ + ... + 4w~+l = 4q(w). (8.10) 

Given r > 0 and e = ±1, the number er2 is a regular value of q; so, Qn d~ 

q- 1 (er2 ) is an imbedded n-dimensional submanifold of R"+1 called a central 
hyperquadric. Take w E Q11

; by (8.7) and (8.10) we have 

q(w) = -w~ + w; + ... + w~+1 = er2 

and 
dq(w)[(grad q)(w)] = 4q(w) = 4er2

• 

But the tangent space TwQ" is the set T.,,Q" = {v E R"+lj[dq(w)]v = O}, that 
is, by (8.7), TwQ" = {v E R"+ll((grad q)(w),v) = O}. 

If one considers an orthogonal basis (v1 , ... , vn) of TwQn (with respect to 
the metric induced on Qn by(,)), then (t,:(grad q)(w),v1, ... ,vn) is an 
orthonormal basis of TwR"+l = Rn+i. Since (8.8) and w E Q" imply 

<
(grad q)(w) (grad q)(w)) __ 1 

4 
( )-

2r ' 2r - 4r2 q w - e' 

we have the following result: 

Proposition 8.3 Let r be a positive number. Then if e = + 1, the central hy­
perquadric Sf = q- 1 (er2 ) = q-1 (r2) is a Lorentz manifold {the Lorentz sphere). 
lf e = -1, q- 1 (er2 ) = q- 1(-r2) is a riemannian manifold. 

Proposition 8.4 Let a be a nonconstant geodesic of the Lorentz sphere Sf. 
Then: 

(i) If a is time like, a is a parametrization of one branch of a hyperbola in 
Rf+i. 
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(ii) If o is light like, o is a straight line, that is, a geodesic of R~+l. 

(iii) lf a is space like, o is a periodic parametrization of an ellipse in R~+I . 

Proof Let p E sr, that is, q(p) = r 2, so p is space like. Consider a 2-plane 
1r C R~+i through the origin of R"+I and p. Now one considers the restriction 
of g, the metric of R?+l, to the plane 11'. We have three possibilities: (a) gj11' 
is nondegenerate with index l. Let ( e1 , e2) be an orthonormal basis of 11' with 
respect to gj'll' such that e2 = f, so e1 is necessarily time like. A generic point 
(ae1 + be2) E 11' n sr satisfies r2 = -a2 + b2. This implies that 11' n Sf is a 
hyperbola in 11' and the branch through p can be parametrized by 

o(t) = rSh(t)e1 + rCh(t)e2, t E R ; 

so, a(t) = rCh(t)e 1 + rSh(t)e2 , 

and then (a, a)= -r2Ch 2 (t) + r2Sh2(t) = -r2, that means, a is time like. 

On the other hand a(t) = o(t) and from (8 .9) we get 

ii(t) = ~(grad q)(a(t)), 

so, ii(t) is orthogonal to Sf at the point o(t). Then o(t) is a time like geodesic 
(see Exercise 2.5) that proves (i). The second possibility is: (b) gj'll' is posi­
tive definite. In this case we take an orthonormal basis (e2, e3) for ,r then a 
point ae2 + be3 on 1r belongs to Sf = {v E R~+1 j(v,v) = r 2 } if, and only if, 
a2 + b2 = r 2 . Thus, the parametrization a(t) = r(cost)e2 + r(sint)e3 satisfies 
(o(t), o(t)) = r 2 and o is space like. But ii(t) = -o(t) = -½9rad o(t), so a(t) 
is a space like geodesic of Sf, that proves (iii). The third and last possibility is: 
(c) gj,r is degenerate with a null space of dimension 1. If v # 0 is a null vector, 
the pair (p, v) is an orthogonal basis for ir and ap + bv E 11' n Sf if, and only 
if, q(ap + bv) = r 2 or (ap + bv, ap + bv) = a 2r 2 = r 2 that gives a = ±1. The 
set 11' n Sf is the union of two parallel straight lines, one of them containing p, 
parametrized by 

o(t) =p+tv 

and such that a(t) = v; so a is light like and since a(t) = 0, a is a light like 
geodesic of sr that proves (ii). Finally, any other geodesic of S'i passing through 
p E sr is in one of ~hree classes considered above. In fact, if /3 == /1(t) is such 
that /3(0) = p and /1(0) is its tangent vector at p, we construct the 2-pl~e 1r 

passing through the origin O E R"+l and p, and also containing the vector /3(0); 
by uniqueness, /j(t) is in one of the classes above. I 

The set q- 1 (0) is the union of the null cone .N = q- 1 (0) - { 0} with the origin 
{O} . In coordinates we have that 

q- 1 (0) = {u E R"+llur = u~ + ... + u~+l}. 
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Remark The null cone }/ has two connected components and is a submanifold 
of codimension one of Rn+l, because O E R is a regular value of q restricted 
to R"+1 - {O}. }/ is invariant under multiplication by a real number A #; O; 
moreover, it is diffeomorphic to (R - {O}) x sn-1 (where sn-1 is a (n - 1)­
dimensional sphere) and is not a pseudo-riemannian manifold (in fact, any u E 
,}/ is, at the same time, tangent and orthogonal to N, so the restriction of{,} 
to }/ is degenerate). 

8.3 Time-cones and time-orientability of a Lorentz 
manifold 

We will introduce, in the sequel, the notion of time-orientability of a Lorentz 
manifold (Q, (,))of dimension n ~ 2. Fix a point p E Q and consider a subspace 
WC T,Q. As in the case of vectors, there are three categories of subspaces: 

Definition 8.3 

(i) W is space like if(, )lw is positive definite; 

(ii) Wis time like if{, )lw is non degenerate of index 1; 

(iii) W is light like if(,) lw is degenerate. 

Observe that the category of a vector v E TpQ is the category of the subspace 
Rv, spanned by v. 

Let w.i. denote the linear subspace of all vectors v in T,Q such that (v, u}, = 
0 for all u E W. It is easy to show that dim w.i. = n - dim W and that 
W = (W.l.).L. The standard identity 

dim W + dim W.L = dim(W n w.L) + dim(W + W.L) ' 

implies that W n W.l = {O} if, and only if, W + W.l = T,Q and that W is 
non degenerate if, and only if, W n W.l = {O}. As a counter example, take in 
Ri the subspace W spanned by the vector v = (1, 1). Since (v, v) = 0 we have 
W n W.l. I- {O} and then W + W.L I- TpQ. 

Proposition 8.5 If z E T,,Q is a time like vector ((z, z) < 0), then z.l = 
{ u E T,,Ql{u, z) = O} is a (n - !)-dimensional space like subspace such that 
T,,Q=Rz~z.L. 

Proof Since z is a time like vector, the subspace Rz is a nondegenerate. Then 
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we only need to check that z.1 is space like. But this follows because the index 
of(Q, (,)) is equal to 1. I 

Corollary 8.1 A subspace WC TpQ is time like if, and only if, w1. is space 
like. Since W = ( w .1) .J.. then W is space like if, and only if, W l. is time like. 

Let us denote by r the set of all time like vectors of TpQ, that is u E r means 
that (u, u) < O. For a given u Er, the set 

C(u) = {v E rl(u,v) < O} (8.11} 

is called the time cone of TpQ containing u. It is clear that v E C(u) implies 
AVE C(u) for all A> O; also C(-u) = -C(u) is the opposite cone to C(u). 

Proposition 8.6 T is the (disjoint) union of C(u) and C(-u). 

Proof In fact v Er implies either (u, v) < O (v E C(u)) or (u, u) > 0 (v E 
C(-u)), because (u, v) = 0 means v E ul. and ul. is space like by Proposition 
8.5, that is, (v, v) > 0 (contradiction). Then r C C(u) U C(-u). Conversely, 
v E C(u) UC(-u) means v Er that follows from (8.11). I 

Proposition 8. 7 Two time like vectors v, w belong to the same time cone if, 
and only if, (v, w) < 0. 

Proof Use Proposition 8.5 and write for u E r : 

V 

w 

au+ii, 
bu+ w, 

The time cone being C(u) = C(r,!r), one assumes, for simplicity, that lul = 1. 
But v and w are time like, and so (v, v) = (a2 (u, u) + (ii, ii)) < 0, or /vl 2 = 
-a2 + liil2 , because v is space like and u E r . Then lal > lvl; analogously, 
lbl > ltiil. Since (v, w) = -ab+ (ti, tii) and vl., wl. are space like (so, for then one 
can apply Schwarz inequality), we have l(ii, w)I :5 liillwl < lab/. Assume now, by 
hypothesis, that v and ware in C(u); then (v, u) and (w, u) are strictly negative 
numbers and that implies a > 0 and b > 0 and by consequence (v, w) < 0. 
Conversely, if (v, w) < 0, the condition (-ab+ (ii, tii)) < 0 implies ab> 0. So 
if a > 0 (then b > 0) we have: 

(v,u) = -a< 0 so v E C(u), 

(w,u) = -b < 0 so w E C(u); 

the case a < 0 (and then b < 0) gives, analogously: (v, u) 
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(w, u) = lbl > 0 that means w and v belong to C(-u). I 

Corollary 8.2 If u, v are time like vectors then 

u E C(v) {::::::> v E C(u) {::::::> C(u) = C(v). 

Moreover, time cones are convex sets. 

Proof We only prove convexity; if v, w are in C(u) and a ~ 0, b ~ 0 with 

a2 + b2 > 0, then ((av+ bw), u) < 0 or av+ bw E C(u). I 

Proposition 8.8 Let v, w E T. Then: 
(i) l(v, w)I ~ lvl.lwl, with equality if, and only if, v and w are linearly dependent 
(backwards Schwarz inequality) . 

(ii) If v, w belong to the same cone ofTpQ, there i.! a unique r.p ~ 0 (the hyperbolic 

angle between v and w) such that (v, w) = -lvllwlChr.p. 

Proof (i) By Proposition 8.5 we have w = av+ w, w E v.L; a.nd, since w is time 
like we have (w,w) = (a2 (v,v) + (w,w)) < 0. Then 

(v, w)2 = a2 (v, v)2 = ( (w, w) - (ui, ui) ).(v, v) 

~ (w, w).(v, v) = lwl 2 .lvf 

(because (tli, tli) > 0 and (v, v) < 0). The equality holds if, and only if 
{tli, tli) = 0 (or ii;= 0), that means w = av. 

(ii) By Proposition 8.7 we have (v, w) < 0, hence -(v, w)/jvj .lwl ~ 1 and so, 
by the definition and elementary properties of the hyperbolic cosine one has the 
result. I 

Corollary 8.3 (backwards triangle inequality) 
If v and w E T and are in the same time cone, then lvl + lwl ~ Iv+ wl, with 
equality if, and only if, v and w are linearly dependent. 

Proof Since (v,w} < 0 (Proposition 8.7), backwards Schwarz inequality gives 
lvllwl ~ -(v, w) then 

(lvl + lwD2 = jvj2 + lwl2 + 2lvj.jwl ~ -(v + w, v + w) = Iv+ wl2
• 

The equality comes if, and only if, lvl,lwl = -(v, w) = l(v, w)I; then, Proposition 
8. 7 gives the result. I 

Remarks 1. It is against our euclidean intuition that a straight line segment 
is no longer the shortest route between two points. As we will see, this result 
(see Corollary 8.3) is fundamental in some applications to relativity theory. 
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2. In each tangent space TpQ of a Lorentz manifold (Q, (, )) there are two 
time cones (see Corollary 8.2) and there is no intrinsic way to distinguish them. 
When we choose one we are time orienting Tp Q. 

The time orientability of a Lorentz manifold is related with the choice of a 
time cone in each tangent space T,,Q, in a continuous way. So, let C be a function 
on Q that, to each p E Q assigns a time cone Gp in TpQ; we say that C is smooth 
if for each p E Q there corresponds a smooth (local) vector field V defined in 
a neighborhood U of p such that Vq E C9 for each q E U. Such a smooth 
function C is said to be a time orientation of Q. If (Q, (, )) admits a time 
orientation we say that ( Q, {, ) ) is time orientable and if we choose a specific 
time orientation we use to say that ( Q, (, ) ) is time oriented. The Minkowski 
space Rr+i is time orientable; the usual time orientation is the one of a cone 
containing lu-; corresponding tu the natural coordinates (u1 , u2, ... , tln+i), 

Proposition 8.9 A Lorentz manifold ( Q, (,)) is time orientable if, and only if, 
there exists a time like vector field XE .1:'(Q). 

Proof If X E X(Q) satisfies Xp E r C TpQ, one defines the map C by C9 = 
C(Xq), for all q E Q. Conversely, let C be a time orientation of (Q,{,)). Since 
C is smooth we have a covering of Q by neighborhoods U and in each one of 
which there exists a vector field Xu and C9 = C(u) where u is the value of 
Xu at q, for all q E U. Now let {/<>lo E A} be a differentiable partition of 
unity subordinate to the covering of Q by the neighborhoods U (see Proposition 
4.2). Thus, the support of each f 0 , is contained in some element U(o) of that 
covering. The functions fa are non negative and time cones are convex sets . 
Thus X = 'f:.f aXu(a) is time like. I. 

Exercise 8.2 The Lorentz sphere S'{ = q- 1 (r2) introduced in Proposition 8.3 
is time orientable. Hint : use the projection to S'{ of o!, . 

8.4 Lorentz geometry notions in special relativ­
ity 

Let (Q, (,)) be a Lorentz manifold and p E Q. 

Definition 8.4 An element t1 E TpQ is said to be a causal vector if it is not 
space like (so, either null or time like). For a time like vector (u E r), the set 
C(u) of all causal vectors v such that (u, v) < 0 is the causal cone in TpQ 
containing u. A causal curve t ➔ o(t} in Q is a smooth curve such that o(t) 
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is a causal vector, for all t. 

Exercise 8.3 Show that for vectors in TpQ of (Q, {, )): 

(a) Causal vectors v, w are in the same causal cone if and only if either (v, w} 
< 0 or v and ware null such that w = av, a> 0. 

(b) If u ET, C(u) = closure of (C(u) - {O}) . 

( c) Causal cones are convex. 

(d) The components of the set of all causal vectors in TpQ are the two ca.usal 
cones in TpQ-

Definition 8.5 A space time is a connected time-orientable four-dimensiona.J 
Lorentz ma.nifold ( Q, (, ) ) . A Minkowski space time Q is a. space time that 
is isometric to the Minkowski 4-space Rf. 

If the space time (Q, (,}) is time oriented, the time orientation is called the 
future and its negative is the past . A tangent vector v E TPQ in a future 
causa.1 cone is said to be future pointing. A causal curve is future pointing if 
all its velocity vectors are future pointing. 

Definition 8.6 Any isometry that takes a time oriented space time (Q, (,}) onto 
the Minkowski 4-space Rf and preserves time orientation is called an inertial 
coordinate system of ( Q, (, } ) . 

Proposition 8.10 Given a basi., (eo,e1,e2,e3) in a tangent space TpQ of a 
time oriented space time (Q, (, )) such that e0 i.f future pointing, then there is a 
unique inertial coordinate system { of (Q, (,))such that £;-(p) = e;, i = 0, 1, 2, 3. 

Proof The existence of the isometry e : Q ~ Rf is obtained from a normal 
coordinate system (see Exercise 6.4). The uniqueness of such an isometry fol­
lows from the fact that two local isometries of a connected pseudo-riemannian 
manifold whose differentials coincide at a single point are necessarily equal. I 

As we did in the case of Newtonian mechanics (see Chapter 1) we keep 
ourselves, here, calling events the points of the space time Q and particles will 
correspond to parametrized curves. We do not have a canonical time function 
as in the case of a galilean space-time structure but we follow assuming the 
existence of inertial coordinate systems. The particles are defined as follows: 

Definition 8. 7 A light like particle is a future null geodesic of a time oriented 
space time ( Q, (, } ) . A material particle ( also called an observer) is a time 
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like future pointing smooth curve a : s E / t--------+ a(s) E Q such that Ja'(s)I = 1 
for all s E /; its image a(J) is the world line of a and the parameter s is 
called the proper time of the material particle. A material particle which is a 
geodesic is said to be freely falling. 

Remarks 1. The world line of a material particle is a one-dimensional subman­
ifold of Q. 
2. We can think that each material particle has a "clock" in order to measure 
its proper time. 
3. The fact that light moves geodesically is a fundamental hypothesis in Relativ­
ity; since in this case (1, 7) = 0 (see Definition 8.7 above), the parametrization 
by proper time is impossible. One says that "it cannot carry a clock". 

8.5 Minkowski space time geometry 

From Definition 8.5 there is an isometry e between a given Minkowski space 
time ( Q, (, ) ) and Rf; it is usual to denote a Minkowski space time by ( Q, (, ) , e). 
At this point it is clear that given two points p, q in Q, there is a unique geodesic 
a such that a(O) = p and a(l) = q. Also there is a natural linear isometry 
identifying TpQ and TqQ called the distant parallelism and the exponential 
map expP: TrQ ~ Q is an isometry. In fact between the points e(p) and e(q) 
of Rf there is a unique (straight line) geodesic going from t(p) to t(q) and a 
translation of the affine space Ri taking e(p) into e(q). The manifold (Q, {, ), e) 
is viewed from p in the same geometric way as TpQ is viewed from zero. Also 
Q is a normal neighborhood of each of its points. The vector o(O) is called the 
displacement vector , it satisfies expr a(O) = q and it is denoted by pq. One 
can move the notion of causality from the tangent spaces of M to M itself. For 
an event p E Q, the future time cone of p is the set 

{q E Q I pq E TpQ is time like and future pointing}. 

The future light cone of p is the set 

{q E Q I pq E TpQ is null and future pointing}. 

The union of these two sets is the future causal cone of p. Past analogues are 
defined similarly. Of course all these notions depend on the isometry {. From 
now on one assumes that e is an inertial coordinate system of ( Q, (, ) ) , that is, 
~ preserves time orientation. 

In order to give a clear understanding of the term" causal" used in definition 
8.4 it is usual and natural to say that an event p can influence an event q if, and 
only if, there exists a particle from p to q (see definition 8.7) . It can be proved 
the following: 

Exercise 8.4 The only events that can be influenced by event p are those in 
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its future causal cone. The only events that can influence an event p are those 

in its past causal cone. 

Definition 8.8 Given two points p, q in a Minkowski space time ( Q, (, ), {), the 

square root of the absolute value of (pq, pq) is called the separation between p 

and q, and is denoted by pq, that is 

pq = l(pq,pq)jl/2_ 

Then if pq is time like future pointing, pq represents the time from the event 
p to event q computed as the proper time of the unique freely falling material 

particle from p to q. It is also clear that if pq = 0 the displacement vector pq is 
light like and there is a light like particle going from p to q. 

If three events p, q, o belong to a Minkowski space time (Q,(,),{) and 

p, q are in the same time cone of o, then the hyperbolic angle rp = poq is, by 

definition, the hyperbolic angle between the time like tangent vectors op and oq 
(see Proposition 8.8 - (ii)). 

Proposition 8.11 Let p, q E Q in the same time cone of o E Q. Then if op is 

orthogonal to pq we have: 

(i) (oq)2 = (op)2 - (pq)2 

(ii) (op)= (oq) Ch 'fJ and (pq) = (oq) Sh i.p. 

Proof From Proposition 8.5 we see that pq is space like. Now, moving pq by 

distant parallelism too we can write oq = op+pq and then scalar products yield 

(oq,oq} = (op,op}+(pq,pq}+2(op,pq}= 

(op, op)+ (pq, pq} 

that is -(oq) 2 = -(op) 2 + (pq)2 that proves (i). Condition (ii) follows from the 
fact that op and oq are time like, that is, from Proposition 8.8 we have 

(op, oq) = -(op)(oq) Ch rp = (op, op+ pq) = -(op)2, with I{)~ O, 

then (op) = (oq) Ch i.p and (pq)2 = -(oq) 2 + (op) 2 = (oq)2 (Ch2'f' - 1) = 
(oq)2 Sh2 i.p; but 

In a Minkowski space time (Q, (, ), {) the (time) z 0 axis of { through p E Q 
is the world line of a freely falling observer w; the natural parametrization of w 
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hast= x 0 (w(t)) and t is the proper time of w. We have to keep in mind that w 
depends on e-

Top E Q there corresponds {(p) given by !(p) = (x 0 (p), x1(p), x 2(p), z3(p)) E 
Rf. The first component x 0 (p) is said to be the {-time of p and p= (x 1 (p), x 2(p), x 3 (p)) 
E R3 is the {-position of p. 

Now if o: I-+ Q is a particle of a space time (Q, (,))ands E /, the {-time 
of o(s) is t = x0 (a(s)) and its €-position is (z1(a(s)), z 2(o(s)), x3 (a(s))). Since 
o is time like and future pointing (see Definition 8.7) then 

c!t = d(z
0 

o a) = -(o', _!!_) -:f:. O, 
ds ds ox 0 

so, (z0 o a) is a diffeomorphism of I onto some interval J C R with inverse 
u : J-+ I. At a {-time t E J, the {-position of a- is 

a(t) = (z1ou(t), x 2au(t), z3ou(t)). 

The curve a(t) is the {-associated Newtonian particle of a- and one uses to say 
that ,i is what the observer w observes of o. 

One main point in special relativity is to relate the Newtonian concepts 
applied to ii with the relativistic analogues for o. 

If the particle o : I -+ Q is light like in ( Q, {,)) and { is an inertial coordinate 
system, the associated Newtonian particle ii of o is a straight line in R3 with 
speed c =I. In fact, o is a future null geodesic in (Q, {,)) so€ o o is a geodesic 
in Ri . Thus 

xia(s) = a;s + b; i = 0, 1, 2, 3. 

Then a(s) = (z1o(s), z2o(s), x3a(s)) is a straight line in R3 and its reparametriza­
tion o(t) follows this straight line and the vector ~ is null with f > 0. It follows 
that the speed V of a is 

Proposition 8.12 Light has the same constant speed v =c= 1 relative to every 
inertial coordinate system € and then relative to every freely falling observer. 

Proposition 8.13 If the particle o : I-+ Q is material, we have that 

(i) the speed I !/ft I of the {-associated Newtonian particle a is v = I !/ft I = 
Tanh tp where <p is the hyperbolic angle between a' = ~: and the time coordinate 
vector ~ of e, which implies, in particular, that OS: v < l. 

(ii) The proper time s of a and its €-time t are related by 

dt = d(x
0 

o o) = Ch 'P = l > l. 
ds ds v'f=v2 -
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Proof In fact, a' = !; and the time coordinate ~ of e are time like and 

future pointing, so there is a unique hyperbolic angle q, :2:: 0 determined by 

( / 8 ) Ch > 1 s· / "3 d(,:'oa) 8 h - a , 7fio = ,p _ . mce a = L...i=D d• 7izo we ave 

d
dt = -(a', _/Jo)= Ch 'P 

S zO 

and (a',a') = -1 gives 

(dt) 2 ldii /2 

_ - - + - - -1. 
ds ds 

Since 'f 2: 0 it follows 

thus o(t) has speed 

v= ldii )= (dii) (dt)-1 =!!!!....!f =Tanh ,p. 
dt ds ds Ch 'f 

Finally one obtains that Ch ',' = Jt~v•. I 

The so called time dilation effect of Larmor and Lorentz is interpreted 
through Proposition 8.13-(ii) for a particle with proper time (s); the faster the 
particle is moving relative to the observer, that is, the larger vis, the slower the 
particle's clock (s) runs relative to the observer clock (t). 

We saw that to an inertial coordinate system e of a Minkowski space time 
(Q, (, ), €) there corresponds a freely falling observer w. But, conversely, given 
a freely falling observer w = w(t) of a time oriented space time (Q, (,}) such 
that w(O) = p E Q, one can talk about the space like (euclidean) tridimensional 
subspace E0 = (w(0))1. and define an isometry e provided that we choose an 
orthonormal basis of E0 (see Proposition 8.10). The subspace E0 is the same 

for all choices of e and the image of E0 on Q under the exponential map ez1>p : 

TpQ --+ Q is called the rest space of w at p; it is the set of events in Q that 
the observer w considers simultaneous with p. One can argue, analogously, with 
the space like subspace Et = (w(t))l. C Tw(t)Q and talk about the rest space 
of w at w(t) which is formed by the events in Q that w considers simultaneous 
with w(t). The euclidean rest spaces E 0 and Et are canonically isometric. 

The relativistic addition of velocities is another effect that holds in a 
Minkowski is space time (Q, (, ), €) when one considers two material particles on 

Q: a= a(r) and /1 = /J(cr). We can define the hyperbolic angle({) between a'(r) 
and /3'(cr) if we make use of the distant parallelism and also define v = Tanh 'P 

as the corresponding instantaneous relative speed. Assume that a rocketship 
p leaves a space station a and also that both are freely falling particles. Let 
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v1 > 0 be their instantaneous relative speed. A space-man µ is ejected from p 
in the plane of p and o with constant speed v2 relative top. Let us compute the 
speed v of the space-man relative to a. Let v1 = Tanh '{)1 and v2 = Tanh <p2, 
One can argue on R1 using the isometry €- So, if v2 > 0, by distant parallelism 
the tangent vector p is between the vectors a' and µ' and the angle <p defined 
by a' a.nd µ' is given by <p = <p1 + 'P2, so 

_ T h _ T h ( ) _ Tanh 'Pl + Tanh '{)2 _ v1 + v2 v - an '{) - an 'Pl + '{)2 - -----'------'--- - ---• l + Tanh <pi .Tanh '{)2 1 + v1 v2 

Exercise 8.5 Prove that the same formula holds if v2 < 0. 

The next classical example is the so called twin paradox, described as 
follows: "On their 21st birthday Peter leaves his twin Paul behind on their 
freely falling spaceship and departs at the event q with constant relative speed 
v = 24/25 for a free fall of seven years of his proper time. Then he turns and 
comes back symmetrically in another seven years. Upon his arrival at the event 
o he is thus 3n years old, but Paul is 71". We have to drop a perpendicular px 
from the turn p to the world line of the spaceship. By Propositions 8.11 and 
8.13 we have 

7 
ox = op Ch '{) = [l _ (24125)2)1/2 = 25. 

If the separations ox and zq are equal (symmetry) then zq = 25. Thus Paul's 
age at Peter's return is 21 + 2(25) = 71 years. 

Definition 8.9 The energy-momentum vector field of a material particle 
o : I--+ Q of mass mis the vector field P = m!~ on o (s is the proper time 
of o). 

For a.n associated Lorentz coordinate { corresponding to a freely falling ob­
server w, the components of Pare 

pi= m d(x; o o)' . 0 1 2 3 
ds 1 = ' ' ' . 

If t is the proper time of the observer, we have 

; d(zioo) dt 
p = m dt 'ds 

where _ddt = ~ and v is the speed of the {-associated Newtonian particle. • vl-v· 

The space components P 1 , P 2 , P 3 define a vector field 

- m dir 
P- ---=== - ...!f=v2 dt 

on the associated Newtonian particle ;; in Eo = R3
. 
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The time component po is given by 

d(:i:0 o a) dt m 1 2 4 
P0 =m--- =m-= _,,,,===m+-mv +O(v ). 

ds ds ~ 2 

Einstein identified p0 as the total energy E of the particle as measured by 

w, concluding, in particular, that mass is merely one form of energy, the rest 
energy Er., 1• Converting to conventional units we have the famous formula 

where c is the speed of light. 

Definition 8.10 The energy momentum vector field of a light like 

particle 'Y : I ---t Q is its 4-velocity P = -y' = 2-. 
Then any freely falling observer w splits P into energy E and momentum 

P (both relative tow) by setting P == E-/;-,, + P with P orthogonal to b, just 

a.sin the case of material particles; in this case E = I.Pl= -(-y1
, b). But "Y and 

w are both geodesics then E = I.Pl is constant and P is parallel. For a material 

particle we have that E 2 = m 2 + I .Pl2 , so one concludes that, by analogy, a light 

like particle does not have mass. 

The wave character of light follows from the next observation; for instance, 

a photon of energy E, relative to some observer, has frequency v = { where h 
is the constant of Planck. Usually one says that frequency times wave length 
.>. is speed c. In geometric units >.v = 1. Since frequency and wave length derive 
from energy, they too depend on the observer. Thus, "visible light" for one 

observer is "radio waves" for another and "x rays" for a third observer. 

8.6 Lorentz and Poincar groups 

The set of all linear isometries of R1 is called the Lorentz group; it is a 

subgroup of the group of all isometries of R1. The translation Tr : v E R1 -t 

v + :i: E R~, defined by an element z E R1, is also an isometry of R1; in fact the 
set of all translations ofR1 is an abelian subgroup of the group of all isometries. 

The group of all isometries of R~ is called the Poincar group. 

Proposition 8.14 Each isometry ') of R1(n ~ 2) has a unique decomposition 

~ = T., o 8 where T., is the translation defined by an element z E R1 and 8 i11 

a linear {homogeneous) isometry of R1. Furthermore Tr81T1182 = T~+1, 11 8182, 

In particular the group of all isometries of R1 is a subgroup of the group of all 

affine transformations of Rf. 

Proof Start with Cl such that ~(O) ;;;; 0. Let us show that, necessarily, ') is linear 
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(and homogeneous). In fact d4>(O) is a linear isometry of T0 (R.1) and, so, of 
R~, because T0 (R~) is canonically linearly isometric to R~. Let B be the linear 
isometry of Rr corresponding to d4>(O); since d0(O) = d4>(0) we have 8 = If> 
(see the proof of Proposition 8.10). If '1>(0} = z I- 0 we have (T_"'!l>)(O} = 0 
and by the same argument, T_.,4> is equal to some linear isometry 0 of Rr then 
'1> = T"'B and the decomposition follows. The uniqueness of the decomposition 
is trivial because ifT.,O = T.,0 then z = (T.,0)(O) = (Tyfl)(O) == y and also 6 = 0. 
Finally, for all v E Rr we have (0Ty)(v) = 0(y + v) = 0(y) + B(v) == (T,y0)(v). 
Hence 0Ty = T1yB that makes true the multiplication rule. I 

The last result shows that given a Minkowski space time (Q, (, ), {), all the 
possible inertial coordinate systems are obtained by making the composition of 
{ with all the elements of the Poincar group of Ri. As one can see, in Special 
Relativity we do not consider anymore the absolute time and no speed i~ larger 
than the speed of light. But we cannot avoid the inertial coordinate systems. 
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light like 
particle, 143 

light ray 
spatial trace of, 164 

Lobatchevski 
geometry, 35 

locally finite, 22 
Lorentz 

sphere, 137 
field, 132 
geometry, 142 
group, 149 
manifold, 134, 135, 137 
manifold 

space time, 143 
time orientability, 142 

sphere, 142 
time dilation effect of, 147 

magnetic field, 132 
manifold 

differentiable, 14 
imbedded, 15, 16 
immersed pseudo-riemannian, 34 
immersed riemannian, 34 
Lorentz, 134, 135, 137 
riemannian, 33 
stable, 111 
transversal, 111 
unstable, 111 
pseudo-riemannian , 33 



topological, 14 
map 

exponential, 44 
quadratic, 136 

ffias5, 88 
center, 88, 89, 96, 97, 100 
distribution of, 88 
operator, 65, 99 
point, 74, 75 
total, 89 

mass-energy 
static spherically symmetric, 158 

matter, 151 
measurable 

function, 93 
measure 

positive scalar, 88 
real-valued, 93 
vector-valued, 94 

mechanical system , 66 
true non-holonomic , 115 
conservative, 66 
holonomic dissipative, 130 
semi-holonomic, 115 
strictly dissipative, 127 
with constraints, 115 
with holonomic constraints, 72, 

114 
with perfect constraints, 121 

Mercury 
classical elliptical orbit, 163 

metric 
contraction, 50 
Fermat, 166 
Jacobi, 66, 67 
Poincare, 165 

Minkowski 
condition, 158 
space, 135, 136 
space time, 147, 150 

Minkowski manifold 
4-space, 143 
space time, 143 

Minkowski space 
time orientation, 142 

Minkowski space time 
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geometry, 144 
momentum, 151 

kinetic, 88, 90 
Morse 

function, 110 
Morse-Smale map, 112 
motion 

ellipsoidal, 104 
with a fixed point, 88 

Mobius band, 21 

Newton 
classical law, 78 
equation, 11 
generalized law, 74 
generalized law, 66, 72, 79, 102, 

107, 116 
law, 96, 103 
laws, 75 
principle of determinacy, 11 

Newtonian 
mechanics, 134 

nodal line, 104 
non-holonomic 

mechanics, 132 

observer , 143, 147 
clock, 147 
freely falling, 147 
instantaneous, 151 

particle 
light like, 143 
material, 143 

particles, 143 
partition of unity, 22 
pendulum 

double, 76 
physical space-time, 10 
Poincare 

metric, 165 
group, 149, lf>O 

position 
e-position, 146 

potential 
energy, 65, 107 



gravitational, 109 
precession 

Mercury's classical elliptical or­
bit, 163 

principle 
action and reaction, 75, 96 
d'Alembert, 77, 78 

pseude>-riemannian 
metric, 33 
immersed manifold, 34 
isometry, 33 
manifold, 33 

pseudo-rigid body 
dynamics, 104 

ray 
spatial curvature of, 164 

reaction 
constraint, 78 

region 
empty, 155 

regular 
parametrization, 15 
value, 19 

relativity 
general, 151 
special, 134, 146, 151 

Ricci 
curvature, 152 
flat condition, 158 
tensor, 153 

Ricci 
curvature tensor, 57 

riemannian 

rigid 

curvature tensor, 47 
immersed manifold, 34 
isometry, 33 

motion, 88 
rigid body 

with a fixed axis, 91 
with a fixed point, 90 

rigid body , 96, 121 
dynamics, 81, 93 
free, 96, 97 
isolated, 96 

158 

motion, 97, 102-104 
rigid motion 

relative to, 83 
translational, 83, 84 

rotation , 84 
instantaneous axis of, 86 
transferred, 84, 85 
transferred velocity of , 86 

Saint Venant-Kirchhoffmaterial, 109 
Schwarz 

backwards inequality, 141 
inequality, 140 

Schwarzschild 
exterior solution, 158, 161 
singularity, 161 
space time, 155, 156 
universe, 156 

separation, 145 
smooth, 18 

vector field, 24 
space 

affine, 7 
configuration, 93, 114 
inertial, 104 
moving, 104 
phase, 70 
rest, 147, 151 

space time 
Lorentz manifold, 143 
Minkowski , 150 

speed 
instantaneous relative, 147 
light, 150 

stability 
structural, 130 

stable 
uniformly asymptotically, 128 

Steiner, 93 
structurally stable , 1 11 
structure 

partial hyperbolic, 130 
submanifold , 15, 16, 21 

in general position, 111 
subordinated, 22 
subspace 



light like, 139 
space like, 139 
time like, 139 

support 
of a function, 22 

surface 
totally geodesic, 160 

symmetry 
spherical, 159 
by pairs, 52 

system 
conservative mechanical, 66 
mass point, 74 
moving, 83 
stationary, 83 

tangent 
bundle, 18 
non-degenerate plane, 55 
space, 17 
vector , 17, 18 
vertical vector, 71 

tensor 
curvature, 47, 152 
Einstein, 159 
Einstein gravitation, 152 
Einstein gravitational, 153 
product, 47 
Ricci, 153 
riemannian curvature, 47 
stress energy, 152 

tensor field 
contravariant, 28 
covariant, 28 
mixed, 28 
torsion, 60 

time 
e-time, 146 
absolute, 150 
orientable, 142 
orientation, 142 
orientation 

future, 143 
past, 143 

proper, 146 
time-cone , 139 
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time-orientability , 139 
topological equivalence, 112 
topological manifold, 14 
torsion 

tensor field, 60 
torus , 20 

flat, 33, 35 
of revolution, 20 

trajectory 
singular, 132 
non-holonomic variational, 132 
regular, 132 

tubular neighborhood, 45 
twin paradox, 148 

universe 
static, 164 

vaconomic 
mechanics, 132 

vacuum, 155 
condition, 158 

variation, 163 
vector 

light like, 135 
space like, 135 
time like, 135 
casual, 142 
displacement, 144 
horizontal, 43 
principal normal, 165 
time coordinate, 146 
time like, 139 
vertical, 71 

vector field , 24 
along a curve, 34 
along a differentiable curve, 37 
energy-momentum, 148, 149 
energy-momentum vector field 

material particle, 148 
of a light like particle, 149 

GMA, 126 
killing, 161 
parallel, 38 
second order, 70 
smooth, 24 



strictly dissipative, 126 
strongly dissipative, 126 

velocity 
absolute, 84, 86 
angular, 92 
field, 34 
instantaneous angular, 89 
of moving system, 84 
relative, 84, 86 
relativistic addition of, 147 
transferred, 86 

vertica.1 
lifting operator, 71, 119 
tangent vector, 71 

wave 
length, 149 

work, 74 
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