





representations are precisely those that are either orbit equivalent to the isotropy representation of
a symmetric space or of cohomogeneity three.

The three representations in the table of Theorem 1.1 are not variationally complete by Theo-
rem 3.8 in [15] (see also [16]). Since a variationally complete representation is taut, it now follows
from Theorem 1.1 that an irreducible variationally complete representation is orbit equivalent to
the isotropy representation of a symmetric space. Also, it is not dificult to see that an arbitrary
variationally complete representation is orbit equivalent to the outer direct sum of irreducible vari-
ationally complete representations. This proves the following corollary which is a converse of the
result of Bott and Samelson in [3] that isotropy representations of symmetric spaces are variationally
complete.

1.2 Corollary A variationally complete representation of a compact connected Lie group is orbit
equivalent to the isoiropy representation of a symmetric space.

After {16] had been circulated, Di Scala and Olmos gave in [11] & very short, direct proof of the
fact that a variationally complete representation is polar. Their result together with Dadok’s clas-
sification of polar representations in [10] can then be used to give a different proof of Corollary 1.2,

In fact one can do more with the method of this paper and get a complete classification of
variationally complete and taut irreducible representations (up to image equivalence; see the begin-
ning of Section 5 for this concept) independent of [12]. As a consequence one gets a new proof of
the classification of polar representations due to Dadok [10] since these are variationally complete
(see [7]) and isotropy representations of symmetric spaces are easily seen to be polar. It follows
that an orthogonal representation is variationally complete if and only if it is polar, and it is polar
if and only if it is orbit equivalent to the isotropy representation of a symmetric space. We do not
go into the details of how these results can be proved in a unified way and refer to [16] instead. The
complete classification of variationally complete representations also follows from combining results
in [10, 12, 1, 11].

Some other known classification results can also easily be proved with our methods as shown
in {16]. These include the classification of cohomogeneity one representations as well as the classi-
fication of cohomogeneity two representations due to Hsiang and Lawson [20]. The cohomogeneity
two representations are polar and therefore included in Dadok’s classification, but the point here is
that it is very easy to see directly that they belong to class O? without referring to tautness.

Kuiper observed in [21] that the second osculating space of a taut submanifold in a Euclidean
space V coincides with V if the submanifold is not contained in a proper affine subspace. In fact,
he proved this more generally for tight submanifolds, but this is unimportant for us since an orbit
is tight if and only if it is taut. Since the classes of representations we are dealing with are all taut,
it follows from this observation of Kuiper that they belong to class O? if they are irreducible. The
class O? is much more tractable than the other classes of representations we are dealing with since
it involves an infinitesimal condition. The technique of Dadok [10], notably his invariant k()), turns
out to be an extremely powerful tool to reduce the class 2 in size so that the remaining cases are
accessible to the geometric methods developed in Section 3.

Previous to this paper taut representations were studied in [14] and [9]. It is decided in [14],
with some exceptions, which representations of SU(n) and U(n) can be taut. In [9] it is proved
among other things that a compact group admitting an almost faithful taut representation can have
at most four simple factors.

The present paper is an abridged version of the preprint [16] which we have already quoted
in this introduction, and it is organized as follows. In Section 2 we bring definitions and explain
some known results. In Sections 3 and 4 we collect preliminary material that is needed for the



classification in Sections 5 and 6.
The first author wishes to thank the Alezander von Humboldt Foundation for its generous
support and constant assistance during the completion of this work.

2 A review of basic definitions and results

Let G be a compact Lie group acting on a Riemannian manifold M by isometries. A geodesic vy in
M is called G-transversal if it is orthogonal to the G-orbit through ¥(t) for every t. One can show
that a geodesic v is G-transversal if there is a point o such that F(to) is orthogonal to Gy(t). A
Jacobi field along a geodesic in M is called G-transversal if it is the variational vector field of a
variation through G-transversal geodesics. The action of G on M is called variationally complete if
every G-transversal Jacobi field J in M that is tangent to the G-orbits at two different parameter
values is the restriction of a Killing field on M induced by the G-action (see [2] and [3]). It is
proved in [3] on p. 974 that instead of requiring tangency at two different points in the definition of
variational completeness it is equivalent to require tangency at one point and vanishing at another
point,.

Let p be a variationally complete reducible representation and 5 a summand of p. Then it is easy
to see that § is also variationally complete. Notice though that it is not true that the direct sum
of two variationally complete representations of a compact Lie group G is variationally complete as
can be seen by taking the direct sum of of two copies of SO(2) acting on R2.

Let N be a properly embedded submanifold of a Euclidean space V and let z be some point in
V. Then we define the distance function L, : N — R from z to N by setting L,(p) = ||p — z||%.
It follows that Ly is a non-negative proper function since N is properly embedded. Hence it is
possible to apply Morse theory to L;. We say that L, is perfect with respect to o field F if it is
a Morse function and the Morse inequalities for L, with respect to F are equalities. Furthermore
we say that N is F-iaut or simply taut if L, is perfect with respect to F whenever L, is a Morse
function, see [6]. The concept of tautness can be extended to submanifolds of complete Riemannian
manifolds, see [33], but we will not need that here. We will say that an orthogonal representation
p:G — O(V) of a compact Lie group G is F-taut or simply taut if the the orbits of G are F-taut
submanifolds of V.

If p is a reducible taut representation and j one of its factors, then 5 is clearly taut. Notice
that it is not true that direct sums of taut representations of a compact Lie group G are also taut.
An example of this is the direct sum of n copies of SU(n) acting on C®. This representation is not
taut since one can compute that SU(n) is not taut in the matrix space M(n; C).

The following theorem mentioned in the introduction was proved by Bott and Samelson more
generally for variationally complete actions on complete Riemannian manifolds. In fact it is an
immediate corollary of Theorem I in [3]. Notice that Bott and Samelson do not use the concept of
a taut submanifold which was introduced later.

2.1 Theorem (Bott-Samelson) A variationally complete representation of a compact connected
Lie group on an Buclidean space is Zy-taut.

Bott proved in [2], Propositions 7.1 and 11.6, that the action of a compact Lie group G with a
bi-invariant metric on itself by conjugations and the adjoint representation of G on its Lie algebra
g are variationally complete. This was generalized by Bott and Samelson in [3), Theorem IT as
follows. Let (L,G) be a symmetric pair and [ = g & p the corresponding Cartan decomposition.
Then the action of L X L on L, the action of G on L/G and the action of AdL(G) restricted to p
are variationally complete. The action of AdL(G) on p is equivalent to the isotropy representation



of G on the tangent space T,(L/G) where p denotes the coset G. Therefore we have the following
theorem mentioned in the introduction.

2.2 Theorem (Bott-Samelson) The isotropy represeniation of a symmetric space is variation-
ally complete.

Conlon considered in [7] actions of a Lie group G on a complete Riemannian manifold M with
the property that there is a connected submanifold & of M that meets all orbits of G in such a way
thal the intersections between T and the orbits of G are all orthogonal. Such a submanifold is called
a section and an action admitting a section is now usually called polar if  is properly embedded.
Notice that Conlon does not assume in (7] that T is properly embedded, but it is usually required
in the recent literature on the subject. It is easy to see that a section I is totally geodesic in M.
An action admitting a section that is flat in the induced metric is called hyperpolar. There is clearly
no difference between polar and hyperpolar representations since totally geodesic submanifolds of
a Euclidean space are affine subspaces. Moreover, the question whether ¥ should be required to be
properly embedded or not becomes redundant. Conlon proved the following theorem in [7].

2.3 Theorem (Conlon) A hyperpolar action of ¢ compact Lie group on a complete Riemannian
manifold is variationally complete.

Polar representations were classified by Dadok in [10]. We recall that two representations p; :
G1— O(V1) and p2 : G2 - O(Vz) are said to be orbit equivalent if there is an isometry A: V1 = Vo
under which the orbits of G; and G correspond. As a consequence of his classification he obtained
the following result.

2.4 Theorem (Dadok) A polar representation of a compact connected Lie group is orbit equiva-
lent to the isotropy representation of a symmeiric space.

We can summarize this discussion as follows. Let G be a compact connected Lie group. Denote
by I the representations of G that are isotropy representations of symmetric spaces, by P those
that are polar, by V those that are variationally complete, and by 7 those that are taut. Then

ICPcCcVvcT.

The starting point in the present paper will be to consider a class of representations that is a
priori larger than 7', but easier to deal with, see [9]. We recall that the second osculating space
O;(N ) at a point p of a submanifold N in a Euclidean space V is the vector space spanned by the
first and second derivatives at p of the inclusion of N into V. It is easy to see that

Op(N) =T,N & ({a(X,Y)| X,Y € T,N}).

where o denotes the second fundamental form of N and {S) stands for the linear hull of the set S.
The following is a corollary of the discussion of Kuiper in [21).

2.5 Theorem (Kuiper) Let N be a taut submanifold of a Euclidean space. Then the affine hull
of N coincides with p+ O2(N) for every point p in N.

We let ©O? denote the class of Iepresentations of a compact connected Lie group G such that
the representation space coincides with O,?(Gp) for all nonzero p. The representations in 02 are



clearly irreducible. If a taut representation is irreducible, then Theorem 2.5 implies that it belongs
to class O%. Thus we have the inclusions

I.'C’P,'CV.’C'ECOZ,

where I;, P;, V;, and 7T; are the the subclasses of Z, P, V, and 7T consisting of irreducible represen-
tations.

3 Taut representations

We will first show that the slice representation of a taut representation is also taut and then
prove an important proposition about taut reducible representations. It also follows immediately
from our methods that a taut representation does not have exceptional orbits. Here we follow the
terminology of Bredon in [5], pp. 180-181, and distinguish between three types of orbits, namely
principal (regular), exceptional and singular. Recall that orbits are called ezceptional if they have
maximal dimension without being principal, and singular if their dimension is not maximal. We
also call points regular when they belong to principal orbits.

3.1 Proposition Let G be a compact connected Lie group with a taut representation p: G = O(V).
Letp eV andlet vy : Gp — O(Np(Gp)) be the slice representation of p at p. Then vy is taut.

Proof. Let N¢(Gp) denote the bundle of normal vectors of length less than ¢ over the orbit Gp.
Let € > 0 be so small that T = exp(N¢(Gp)) is a tubular neighborhood around the orbit Gp. Let
v € Np(Gp). We want to show that Gpv is taut in the normal space Np(Gp). Let @ > 0 be a
number that is so small that w = av has length less than . Tt is clear that Gpv is taut in N,(Gp)
if and only if Gpw is taut in Np(Gp). It is also clear that Gpw is taut in Np(Gp) if and only if
exp,(Gyw) = Gpexp,(w) is taut in exp,(Np(Gp)) since exp, is an isometry. We set ¢ = exp,(w).
A submanifold in an affine subspace 4 of V is taut in A if and only if it is taut in V. Hence Gpv is
taut in Np(Gp) if and only if Gpq is taut in V.

Now let L, : Gg — R be the distance function. The segment 57 is orthogonal to Gp and hence
also to Gg. It follows that ¢ is a critical point of Ly. Since g is in the tubular neighborhood 7' and
the length of the segment 5q is smaller than e it follows that L, takes on its minimum in g. Let C
be the subset of Gq on which L, takes on its minimum value. Clearly C = Ggnexp,(N;(Gp)) since
a geodesic segment between Gp and Gq that is orthogonal to Gp is orthogonal to Gg and vice versa.
By the slice theorem Gpg = Gg N exp,(N;(Gp)). Hence Gpg = C. The set of critical points of a
distance function to a taut submanifold is a union over taut submanifolds by a theorem of Ozawa,
see [26]. Tt follows that Gpq is taut and hence that the slice representation v, is taut. O

3.2 Remark We are assuming in Proposition 3.1 that G is connected. Hence its orbits are con-
nected and it follows from their tautness that the set of points where a distance function takes on
its minimal value is connected. The proof of Proposition 3.1 now implies that the orbits of G, are
connected even if G, is not connected.

1t is well-known that the isotropy representation of a symmetric space does not have an excep-
tional orbit. The methods used in the proof of Proposition 3.1 immediately give that this is also
the case for taut representations, as we show in the next proposition.

3.3 Proposition A taut representation p : G — O(V) of a compact connected Lie group G does
not have exceptional orbits.



Proof. Assuree the orbit through p in V is exceptional. Then the slice representation of G,
at p has a disconnected orbit. Arguing exactly as in the proof of Proposition 3.1, we see that the
distance function from p to a principal orbit through some regular point close to p assumes its
minimum value on a disconnected set, contradicting tautness. Thus p cannot have an exceptional
orbit. a

We close this subsection with a discussion of taut reducible representations.

3.4 Proposition Let p; and pp be representations of a compact connected Lie group G with rep-
resentation spaces Vi and V3 respectively. Assume that py ® py is F-taut. Then the restriction of
p2 to the isotropy group Gy, is taut for every vy € V1.

Furthermore, we have that p(G(v1,va); F) = p(Gv1; F) p(Goyv2; F), where p(M; F) denotes the
Poincaré polynomial of M with respect to the field F. In particular, Gy, w2 is connected and

b1 (G(v1,%2); F) = b1(Gn; F) + b1 (G v2; F),
where by (M; F) denotes the first Betti number of M with respect to F.

Proof. We can work with height functions instead of distance functions in this proof since
a submanifold contained in a round sphere in a Euclidean space is taut if and only if all height
functions are perfect Morse functions, see [27]. Furthermore, in this situation the set of critical
points of a distance function will also occur as the set of critical points of a height function, and
vice versa. Fix (v1,72) € V1 ® V5. Let a € V; be such that the height function hy : Gu; = R
defined by hq(v) = (a,v) is a Morse function. We define the height function hiag) : Glv1,12) > R
similarly. The point (u1,us) is a critical point of h(a 0y With index £ if and only if u; is a critical
point of h, with index 4. Hence the critical set C on the critical level ha,0y(u1,u9) = hy(uy) is

C = {(w1,w2) € Glv1,12) | w1 =t} = {(u1, wa) | w2 € Gy, 3}

Ozawa proves in [26) that the set of critical points of a distance function on a taut submanifold is a
union aver nondegenerate critical submanifolds that are again taut submanifolds. It follows that ¢
is taut. The projection of C into V3, which eoincides with Gy, vz, is then also taut. We can choose
a such that A, is a Morse function of which v; is a critical point. It follows that Gy, va is taut for
every v1 € V4 and 12 € V; and hence that the restriction of ps to Gy, is taut.

Now fix again a point (vy,v2). If C C G(v1,v;) is an arbitrary critical submanifold of Bia 0,
then it is diffeomorphic to Gy,v. To see this let =y : G(v1,v2) =& Guv; be the projection onto the
first factor. Then one easily sees that

71 (gv1) = Gpuy gv2 = 9Guy 7! (gv2) = gy V3.
Hence we have that ; is a G-equivariant fibration. The critical submanifolds of h(a,0) are fibers of
x) and hence diffeomorphic to each other.
Since the orbit G(vy, v;) is taut we have by [26] that the Marse-Bott inequalities are equalities.
Let Cy,...,C be the critical manifolds of ha,0)- Let £(C;) be the index of C; for j = 1,...,k.
Then

k k
p(G(v1,02)) = Y p(CN) = p(Gyv2) 3 10D,
j=1 =1
since the critical submanifolds are all diffeomorphic to Gy, v2. We have

k
p(Gvy) =) 1)
j=1



since h, is a perfect Morse functions with critical points py = m1(C),...,pt = 71(Ck) and the index
of p; is equal to i(C}). Tt follows that

P(G(vl’ 02)) = p(le)P(Gul’J?)-
Multiplying out the Poincaré polynomials gives by(Gy,v2) = 1 and
b1(Glv1,v2)) = b1 (Gv1) + bi(Gyyv2).

This finishes the proof of the proposition. ]

4 A necessary condition for a representation to be of class (2

Let 7 be a complex representation of the compact connected Lie group G on a finite-dimensional
vector space. We say that  is of real type if it comes from a representation of G on a real vector space
by extension of scalars, and we say that 7 is of guaternionic type if it comes from a representation
of G on a quaternionic vector space by restriction of scalars. If 7 is neither of real type nor of
quaternionic type, we say that m is of complex type

Now it is known that the finite-dimensional real irreducible representations p of G fall into one
of the following disjoint classes:

(a) the complexification p° is irreducible and p° = 7 is a complex representation of real type;

(b) the complexification p° is reducible and p° = 7 @ 7 where 7 is a complex irreducible repre-
sentation of quaternionic type;

(c) the complexification p° is reducible and p° = 7 ®n* where 7 is a complex irreducible represen-
tation of complex type and #* is not equivalent to  (where 7* denotes the dual representation
of 7).

The relation between p and 7 is that p is a real form of 7 in the first case (p° = 7), but p is 7 viewed
as a real representation in the other two cases (p = #"). We shall call p of real, quaternionic or
complex type according to whether the associated 7 is of real, quaternionic or complex type. Note
also that = is self-dual precisely in the first two cases.

Suppose now that G is semisimple, let g denote its Lie algebra and g° its complexification.
Write A for the root system of g° with respect to a chosen Cartan subalgebra, A* for the positive
root system with respect to an ordering of the roots, and § = {1,..., 04} for the corresponding
simple root system. Let );,..., A, be the fundamental highest weights defined by the relations
2(X\;, 25}/ (evj, ) = 8;; where (, ) is the Cartan-Killing form. The Theorem of the Highest Weight
of E. Cartan states that the complex irreducible representations of g° are parametrized by their
highest weights, and these are exactly the linear combinations A = E:=1 my) form; € {0,1,2,... }.
The following proposition is a useful criterium of Dadok to decide for which A the corresponding
representation =, is of real, quaternionic or complex type. Recall that the roots ct, 8 € A are called
strongly orthogonal if o & B is not a root.

4.1 Proposition ([10}) There is a mazimal subset B = {B1,... ,5,} C A of strongly orthogonal
roots such that:

(a) we have 8o = s, --- 35, is the Weyl group element that maps the positive Weyl chamber into
its negative;



(b) the representation =y is of complez type if and only if A does not belong to the real span of B;

(c) the representation 7 is of real type (resp. quaternionic type) if and only if A belongs to the
real span of B and

is an even (resp. odd) integer.

4.2 Remark For a simple Lie algebra the set B can be constructed as follows, as is explained
in {10] and will be assumed throughout our paper. Let 8 be the highest root. The root system
{ € A (@,81) = 0} is either imreducible or equals {£¢;} U A;, with A; being irreducible and
1 € AT, In the former case set §; equal to the highest root of A; (with the inherited order from
A), and proceed by induction. In the latter case set S = ¢, and 33 equal to the highest root of
A1, and proceed by induction.

We continue to assume that G is semisimple. Let Hy, a € A, be the coroots of g It is possible
to choose root vectors X, for g° o € A, such that the compact real form g is spanned by

(4.3) iHay, Xo—X_a, #(Xa+X_a), whereaeA*t.

Now if x is a complex representation of G, we have that the adjoint map #(Xp)* = w(X_q)
with respect to any G-invariant Hermitian product on the representation space. Moreover, if n
is of real (resp. quaternionic) type and ¢ is an invariant real (resp. quaternionic) structure on the
representation space, then x(X,)e = en(X_,).

By compactness of G, any real representation is equivalent to an orthogonal one. The following
proposition, which is stated as a remark in [10], p. 128, and the ensuing lemma, which is a refinement
of a result in [9], are precisely the ingredients we need to establish a necessary condition for an
orthogonal representation of G to be of class 02.

4.4 Proposition ([10]) Let U*(g%) be the kth level in the natural filtration of the universal en-
veloping algebra of g°. Fiz my, the irveducible representation of g° with highest weight X, and fir v,
a highest weight vector. Let

o O08) = (o), 8)
8, B) :
Jor s =1,... 5. Then the element sgvy is in UV (g¢)vy, but not in U(gF)vy for any | < k(X),
where sqvy i3 given as
U\ = 'R‘(X_pl )”’ e w(X_p.)"'v,\.
There is 1o proof of the above propasition in [10]. In [8], p. 270, there is an attempt to prove
the proposition which in our view contains serious gaps.

Proof. Tt is enough to consider the case where g°is a complex simple Lie algebra. We first claim
that the element squ), is not zero. In fact, consider the complex subalgebra t C g° generated by the
root spaces of g° corresponding to %8,,... ,+4,. Then F is isomorphic to the direct product of s
copies of sl(2, C). We restrict ) to ¢ and let Uy be the unique irreducible £-module generated by

» Ny

v Since X —spA = Y1, nyf;, it is now clear that U, is the representation space of £: O®---®0O



and that sovy € U). Therefore, our claim is reduced to the case of the (n+ 1)-dimensional complex

irreducible representation of sI(2, C), namely O, which is immediate to verify.

It is obvious that seus € UM (g)u). We next prove that seuy ¢ U!(g%)vy for | < k() by
contradiction. In fact, enumerate the positive roots A* = {y,... , 4} and suppose squy € U (g%)v
for { < k(A). Tt follows from the Poincaré-Birkhoff-Witt theorem that we can write

— Pl P‘
S0UA = Z Cpy-- PeX—m —ug VA,
Pl P20

for some complex constants Cpy-pe- NOW, using that X7 = X_,,

0 # (sowx s0vn)
Y cpep (KB X 00, X - X v))
P1ye,pe 20

7. P1
Z Cpr-pe X ) lX—ul " _m’U)\,U)\)-

P1ye P4 20

Recall that the highest weight space is one-dimensional; hence we can write

X3 X5 XPY

P X2 oy =,

for some nonnegative integers py,... ,p; such that k(A) =my + .-+ +n, >p1+--- +p; = and for
some nonzero complex constant ¢. Note that n1 8, +- - +n,8, = ;a1 +- - - +ppog. The contradiction
we are aiming at now follows from the following claim.

CLaiM 1 If N > M then
Koy - Xy Xy - - Xy =0,
where 81,... ,8y € B, and 1,... ,7m € AT

‘We proceed by induction on the integer N. The cases N = 1 and N = 2 are trivial (use that v,
is a highest weight vector for N =1 and that the sum of two roots in B is not a root for N = 2),
Assume the assertion is true for some N —1 > 2 and let us prove it for N. Since Xg,,... ,Xpg,
pairwise commute, we may assume that §; = g; where ¢ < j for every j = 1,... ,s which satisfies
Bj =0 for some k =1,... ,N.

Cramm 2 Foreachj=1,... , M, if&l.—'yj s a root then it s a positive root.

Indeed we have §; = B; where 1 is as above. If i = 1, then we are done because §; is the highest
root. If not, 0 = (B1,61 +--- +0n) = (1,71 +--- +7M). Now (B1,m) = —(Buve + -+ + 7m)s
and since B, is the highest root we have (81,m) > 0,...,(81,vm) > 0. It follows that (6h,71) =0
and (81,72 +-- + M) = 0. An easy induction argument shows that (8;,y;) =0forj =1,... , M.
Consider now the root system {a € A : (a,$) = 0}. The first case occurs when it is irreducible.
Then 2 is by definition its highest root so that 8; > v; for j=1,... ,M. If i = 2 we are done. If
not, we see that (82,7;) =0for j =1,... , M and we proceed by induction. The second case occurs
when the above root system is of the form {x(1} U A, with A; being irreducible and {; € At,
Here B2 = (1 and f33 is the highest root of Ay. If y; € Ay for j = 1,... , M then (82,7;) = 0 for
j=1,...,M 5o that £ > 3 and we proceed by induction as above. On the other hand, if {; = vy,
for some jp, then i = 2. In this case, for each j = 1,... , M either 83 =; or —; € Ay. So B —;
is never a root. This completes the proof of Claim 2.



CLAIM 3 We have
Koy Xy Xy - X—‘1j-1HCX-‘Yj+1 s Xogpta =0,
where Hy is the coroot vector corresponding te { € At andj=1,... , M.

In order to prove Claim 3, proceed by induction on j. The initial case is j = M, which follows from
the induction hypothesis on N, since Hevy = (¢, A\)uy. Next write

Ko+ Xgp Xy o Koy (H Xy Xpr =
(4.5) Xon - Xy X o Xy y Xy H oo Xy vy
+ Xoy o XXy oo Xy ([Hyy Xy ]+ Xopeon

The first summand on the right hand side of (4.5) is zero by the induction hypothesis on 7, and the
second summand is zero because [He, X_,,,] = ~(¢,7541)X—y;,, 50 that we can use the induction
hypothesis on N. This proves Claim 3.

CLAIM 4 We have
Koy XXy Xy 1 XXy - X a2 =0,
where X¢ is the root vector corresponding to { € At and j=1,... , M.

In order to prove Claim 4, proceed by induction on j. The initial case is j = M, which is trivial
because vy is a highest weight vector. Next write

Koy Xg Xy -+ Xy n X Xy Xper =
(4.6) KXo - Xgy Xy o Xy X X Xy
t Kig o Xy Xy o Xy [ X X ]+ Xy v

The first summand on the right band side of (4.6) is zero by the induction hypothesis on j. The
second summand is also zero for the following reasons. If { = 7i+1 we use Claim 3. If not, then
either { — ;41 i8 ot a root and then [X¢r Xy 1] =0, o else ¢ ~ 441 is a root. In the latter case,
if it is a positive root we can use the induction bypothesis on j, and if it is a negative root then we
can use the induction hypothesis on N. This completes the proof of Claim 4. We finally turn to
the proof of Claim 1. We can write

Koy Xy Xy oo Xy =

M
(4.7 EXJN Xy X gy e X—’rj-l[XJnX-'y;]X—'yj+1 B G a2
J=1
+ Xy XXy oot X e X501,

The second summand in the right hand side of (4.7) is zero because v) is a highest weight vector.
The first summand is also zero because if §; = vs we can apply Claim 3. Otherwise, either §; — ¥
is not a root and then {Xy,,X_,] = 0 or else é; — 7, i8 a root and then it is a positive root by
Claim 2 so that we can apply Claim 4. This completes the proof of Claim 1 and the proof of the
proposition. 0

4.8 Lemma Let 7y be the comples irreducible representation of G with highest weight X and rep-
resentation space V. Let u be a weight of my and fiz a weight vector v,. Let p denote a real form
of 7y in case wy is of real type, or the realification of mx in case it is either of quaternionic or of
complez type. Suppose that p is of class OF.
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(a) If my is of real type, then
U)o + U (g")e(vy) = i,
where € is the real structure on V), defined by p. In particular, by taking p = A, we find that
(g +U(g)ew) = V. (C)

() If mx is of complex or quaternionic type, then le(gc)v“ =VW.

Proof. (a) Consider the real vector p = vy, +ev,. The second osculating space O; (Gp) is spanned
over R by Xp, XYp, where X, Y € g. Taking linear combinations with complex coefficients of
these vectors, we can write that the complexification

0;(Cp)° C U (g%, + UP(g%)e(v,) C Vi

But p of class (O%) implies that O2(Gp)°© = V.
{b) Let p = v,. We have that Oz(Gp) C U*(g°, C V, as real vector spaces and the proof is
similar as in (a). 0
We now state the main result of this section. Notice that the same result is claimed in 8],
p- 271, with an attempt of a proof which in our opinion is not satisfactory.

4.9 Proposition Let p be a real (orthogonal) irreducible representation of a compact connected
semisimple Lie group G with complezified Lie algebra g°, and let w5 be the associated complez
trreducible representation. Suppose that p is of class OZ2.

{a) If p is of quaternionic type, then k()\) = 1.
(b) If p is of complex type, then k()) =1, 2.
(c) If p is of real type, then k()) = 2, 4.

Proof. First consider p to be of quaternionic or complex type, i. e. p° = m, & 73. Then p
of class O? forces U?(g€)vy = Vi (Lemma 4.8) and then squy € U?(g°)v,, implies that k(\) < 2
(Proposition 4.4). From this follow (a) and (b).

Now take p to be of real type. Let vy be a highest weight vector of g€ = ). Since ), is self-dual,

lowest weight of #) = —highest weight of #} = —\ = sp.
Also, there exists a C-conjugate linear, G-invariant involution ¢ of V; and ¢(v,) is a lowest weight

vector. We shall assume k() > 6 and derive a contradiction. Since k() is even, it is possible to
write

k(A
—% =mi+...+n,+m
for some integers 0 < 45 < 3, 0 < M < nyy+1, where n; is as in Proposition 4.4. Set
,u=)\—n161 —...-—moﬂ,-o—mﬁ,-o.,.l.

Note that u is a weight: a u-weight vector is

T4,
u= Xt},l . “X"B-‘OXTH‘OH'))"
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Use Lemma 4.8 to decompose u = u) +u; where u; € U>(g%)vy and up € U%(g°)e(vy). First, assume
that up # 0. Since 5@1 > 3, we have

k
(4.10) up = u—w € UF (g0 + UE(g%)ur C U (g°)oa.

Moreover, it is clear that 4; may be assumed to be a u-weight vector (because a component of u; in
a different weight space has to cancel with the corresponding component of u; in the same weight
space) and that

ty= Y e s Xy X_se(vy)
rdeat

for some complex constants ¢, 5 (we do not need to consider terms of first order in the sum because
A — s cannot be a root). Therefore,

0# (ua,u2) = (uz, Y, e aXqX_se(vn)) = ( > GHaXsXyuze(va).
rhEAt TéEA+

This shows that

Z Ty s X5 Xqun

TeEAt

is a nonzero multiple of the lowest weight vector (vy). This, combined with (4.10), gives that e{v;)
is in U9 +2(g%v,. But £ 42 < k()), contradicting Proposition 4.4.
In case uz = 0 we have that u = u; € U?(g°)v,. Since

THo+1—M £ Nig42 L
X_g‘oﬂ X_%“ . ..Xf;,‘u = s9v),

is a nonzero multiple of the lowest weight vector ¢(v)) and Nigtl —M+Niga + ... + 0, = Mﬁ'})—,
again ¢(v)) € uﬂ’&”(,g‘)‘vx, contradicting the same proposition. ]

5 The candidates to a position in class 0?2

In this section we want to elaborate a list of possibilities for real irreducible representations of class
O? which we shall use later in Section 6 to classify taut irreducible representations. Our point of
view, as is usually the case in other papers on the subject, is to classify orthogonal representations
up to the following equivalence relation: we call two representations p: G — oV),f/:G" - oW
image equivalent if there exists an isometry ¥ : V — V” such that O#)(p(G)) = p'(G'), where
O(4) : O(V) — O(V’) is the induced conjugation map’. In particular, the image equivalence class
of p always contains its dual p* (in fact any representation obtained from p by an automorphism of
the Dynkin diagram), as well as the pull back representation p = pop of a covering groupp: G = G.

Let G be a compact connected Lie group. We have that G is finitely covered by T™ x G,, where
T™ is an n-dimensional torus and G, is a compact connected semisimple Lie group (which may also
be assumed to be simply-connected, whenever convenient), and any representation of G pulls back

!This is finer than the notion of orbit equivalence which is explained in Section 2, but of course not as fine as the
usual notion of equivalence for representations.
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to a representation of 7™ x G,. In view of image equivalence, in order to study representations
of G, we may assume that G = T™ x G, and restrict to almost faithful representations. Next we
observe that any complex irreducible representation of T™ is a character (hence of complex type).
Therefore a complex irreducible representation of G can be of real type or of quaternionic type only
if it is trivial on T, and in case it is of complex type, then it has an (n — 1)-dimensional kernel
on T". Now we have come to our working hypothesis (for a circle group S!, let 2™ denote the nth
power representation of that circle which is a complex representation of complex type):

Let p be a real irreducible representation of a compact connected Lie group G on a
finite-dimensional real vector space V.

¢ If p is of real type, we assume that G = G, is a compact connected semisimple Lie
group, and p is a real form of a complex irreducible representation = = m of G of
real type on the complex vector space Vy for some highest weight A.

¢ If p is of quaternionic type, we assume that G = G,, where G, is as above, and p is
the realification of a complex irreducible representation = = m of G of quaternionic
type on the complex vector space Vj for some highest weight A.

s If p is of complex type, we assume that G = G, or @ = S! x G,, where G, is as
above, and p is the realification of a complex irreducible representation 7 of G of
complex type. According to the form of G, we writer = my, or T =2 ® 7 as a
representation on the complex vector space V) = C ®c¢ V), for some highest weight
A

Isotropy representations of symmetric spaces and, more generally, representations orbit equiva-
lent to those of course are taut and belong to class O2. So, when analysing possibilities for p, we
will be disregarding all representations orbit equivalent to the isotropy representation of a symmet-
ric space that we encounter, according to [34] (Tables 8.11.2 and 8.11.5) and [12] (main theorem).
Therefore, in addition to our previous hypotheses, we assume throughout this section:

The real irreducible representation p is of class 02 but it is not orbit equivalent to the
isotropy representation of a symmetric space.

The results of our investigation in this section (namely, Propositions 5.1, 5.2, 5.14, 5.15, 5.16,
5.17 and 5.18) finally imply: the possibilities for p are those collected in Tables B.1, B.2, B.3 and B.4
in Appendix B.

We need some amount of notation (cf. [34], p. 237). Let A, = SU(n + 1), B, = Spin(2n + 1),
C, = Sp(n), D, = Spin(2n), G2, Fy, Eg, E; and Eg refer to . Cartan’s classification types
of simple Lie groups and Lie algebras. For the complex semisimple Lie algebra g°, we use the
following notation for its complex irreducible representation my: if the integer 2(A, 0;)/ (e, &) # 0,
then we write it next to the vertex of the Dynkin diagram of g° which corresponds to o; (recall
that & = {a,... , 0} is the simple root system). For example,

1 1 1 1

0—0— —0, O—O0— ' —0—=0, —0— - —8=—=0, O—O0— ,

denote respectively the vector representations of Ay, By, Cp, Dy,. Note that we are using the dot
convention: if there are two lengths of roots, then the short roots are black in the Dynkin diagram.
And a real irreducible representation is denoted by the diagram of its complexification.
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We add that we shall repeatedly refer to Table A.1 in Appendix A, which contains the values
of the invariant k()) for the fundamental representations of the complex simple Lie algebras. Ad-
ditional data about the root systems of the complex simple Lie algebras can be found in the tables
of [4].

5.1 The case where p is of quaternionic type

Here there is nothing:

5.1 Proposition The representation p cannot be of quaternionic type.

Proof. If p is of class O? and quaternionic type, Proposition 4.9 says that k(A) = 1. A glance
at Table A.1 now shows that G = Sp(n) and = is the vector representation. But then p is of
cohomogeneity one. O

5.2 The case where p is of complex type

Here the result is:

5.2 Proposition Let p be of complez type. Then p is one of the Jollowing:

G p Conditions

1 1
SU(n) x Sp(m) | (@~ —080—~—0) n>3m>2
Qe— - —e=0
1 1 1
§! x SU(n) x Sp(m) | #®O— —O@&z7 ®0— - —0) m>2
®0— - —==0

1
SO(2) x Spin(9) (z@z!)90—0—0—e =

The proof of Proposition 5.2 will be given after the proof of the following two lemmas.

5.3 Lemma Let 7 be a complez irreducible representation of a compact connected semisimple Lie
group G, and suppose that the realification of the tensor product representation m = z ® x) of
G =S x G, is of class O2. We have:

(a) if m» is of real type and G, is simple, then G, = Spin(7) or G, = Spin(8) and 7y is the
respective spin representotion, or G, = Go and ) is the T-dimensional representation, or
G, = 80(m) for m # 2, 4 and x is the vector representation;

(b) if wx is of real type and G, is not simple, then G, = Sp(1) x Sp(m) and m is the tensor
product of the vector representations of each of the factors;

(¢) if my is of quaternionic type or complex type, then k() =1,2.

Proof. (a) and (b) Let V), be the representation space of 7 and V be the real subspace where
a real form acts. Note that the representation space for = is still Vi, but x is of complex type. Let
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p=180€C@rV =V°=V,, n the dimension of V and ¢ the codimension of G,a in V. Since
the realification of = is of class 0%, we have that OXGp) =V =V @iV. Bui

O}(Gp) C 1® [Ra + OX(G,a)] +i ® [Ra + T,(G,a)),

80 by comparing real and imaginary parts we get that V = Ra + T,(G,a). Therefore ¢ = 1 and
G acts with cohomogeneity one on V. Now (a) and (b) follow from the classification of transitive
linear actions of compact Lie groups on spheres.

(c) Consider the point p = vy € V). We have that OZ(Gp) C U (g¢)wy C V5 as real vector spaces.
Since the realification of  is of class 02, we have that U%(g®)v, = Vi. But U2(g8)vy = U2(g%)vy,
since the circle subgroup S preserves the weight spaces of . Therefore 242 (g5)va = Vi and we
can apply Proposition 4.4 as in the first paragraph of the proof of Proposition 4.9. O

5.4 Lemma The realifications of the following complex irreducible representations m of complez
type of the compact connected semisimple Lie group G, are not of class O%:

G, Y Conditions
2
SU(n) O—0— - —0 n>3
1
SU(n) oO—0— - —0 n=2p2>6

8U(n) x SU(n) |0— -~ —O0®0—~—0| n>3
1

Es [ -

Proof. Each one of these representations 7, has the property that the realification of 7 = z®m) is
the isotropy representation of a compact irreducible Hermitian symmetric space X = Ly/ Ky, where
Ky is locally isomorphic to S! x G,. We refer to [18], Chapter VIII, §7, for results about Hermitian
symmetric spaces that we will be using in the following. Let {j = & + py be the decomposition of
the Lie algebra [y of Ly into the +1-eigenspaces of the symmetry. Let ¢y be the Lie algebra of 51,
and let ty be some Cartan subalgebra of the Lie algebra g, of G,. Then hy = ¢g + {5 is a Cartan
subalgebra of ¥y and of Iy. Let [ be the complexification of [ and let ¢, ¢, §, E, p be the complex
subspaces of | spanned by ¢g, to, By, to, pg- Let A denote the root system of ([,h) and consider the
root space decomposition I = b+Ea€A [o. For each a € A, we have that either [ C torl, Cp,in
which cases the root « is called respectively compact or noncompact. A root is compact if and only
if it vanishes on ¢. Let A, and A,, denote respectively the subsets of A of compact and noncompact
roots. Then we have decompositions ¢ = § + Eue Al P = qu A, Ly Each root is real-valued on
ihy. We introduce a lexicographic ordering on the dual of hg that takes icy before ity. Let A, AY
and A} be the set of positive roots in A, A, and A, and define

=3 = YL,
rea¥ —vead

Then p=p+ +p~ is an adg-invariant decomposition. The ady -invariant complex structure Jp on
Po is given by ady,, where Hy € ¢ is determined by v(Hp) = 4 for v € A}. The C-linear extension
J of Jy to p has p* as +i-eigenspaces. Let T = {v1,... ,7,} C A} be a maximal subset of strongly
orthogonal roots. Then ag = 377 R{(X,, — X_,,) is a maximal Abelian subspace of py. We view
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#7 as the adjoint action of Ky on pg, and then #" is polar and qy is a section for x". We also view «
as the the adjoint action of Ky on p*, and then the weight system of 7 is A;}. Now the root system
of (g5,¢) is

Ap={alg:a €A} (also A = {ofy:a € A}Y),
and the weight system of ) is

%= {1lg:y € &%),

It is also useful to remark that any ady -invariant inner product <-,-> on pg is given by a negative
multiple of the restriction of the Killing form of l; fix one and extend it to a Hermitian product
<-,->> on p. Then «-,->> is ad,o-invariant and J is a skew-Hermitian operator on p with
respect to <<-,- >

We will verify directly that the second osculating space at the point

L
p=3 Xy —X_y €00 Cpy
j=1
is not of maximal dimension. More precisely, we shall see that
(5.5) <adxp,Jop> = <adyadxp, Jop> =0,
for all X, Y € g,. Notice that Jyp = Yiai(Xy + X)) €y
It suffices to prove the identities (5.5) for the basis elements (4.3) of g4. We have <adxp,Jop> =

R<adxp,Jp>> and <adyadxp, Jop> = —R<«adxp,ady Jp>>. The only cases where the real
parts of the Hermitian products are not obviously zero are the following (o, B € A):

L]
<adin,p,Jp>»> = Z <adg, (Xy; ~ X—’Yj) Xy + Xy >>
Jk=1

L]
3 Vi(Ha) K Xy + Xy, Xy + Xy} >>

k=1
(5.6) = 23 7(Ha) =2(3 75, 0),
j=1 j=1

assuming the root vectors to have length one. We will show below that the last expression in (5.6)
vanishes for the representations we are interested.

Kadix,+X_ )P JP>> = adxix . Thoy (X + X)) >
s
= Y <adxix_o(Xg; = Xoyy), X + Xy >>
1
(5.7) = 0,

because adx, X, is either a {7vj + @)-root vector or 0; L5 £, € A; and root spaces corresponding
to distinct roots are orthogonal.

16



1]
Kadinp,adx,-x_, I0)>> = Y %i(Ha) K (Xy, +X_y),adx—x_y (X + Xy )>>
Fk=1
= 0,

for the same reason why (5.7) is zero.

§R<<adx°..x_u.fp,a¢(x5+x_‘)p>> = §R<<adqup,iadX‘,p>>
—§R<<adx_aJp,iadx_ﬁp>>
+§R<<&dxa.fp,iadx_ﬁp>>
—§R<<adx_aJp,iadxﬁp>>

R Jp,dadix_g,x,1p>>

(5.8) +R& Jp,iadix, x,1p>>,

because, for instance,

Kadx,Jp,iadx,p>> = <adx_gadx,Jp,ip>>
= K Jadx_gadx,p,ip>
= —<adx_gadx,p,Jip>
= —-<adx_jadx,p,iJp>
= <Kiadx_,adx,p,Jp>
= <« Jp,sadx_,adx,p>>.

Now (5.8) shows that everything amounts to checking that (5.6) vanishes. Next we do that in
each one of the four cases. Let v =) ]_, ;. Then the vanishing of (5.6) is equivalent to

5.9) (r.A8) =0.
2
Let G, = SU(n), my : 0— - —0O. Then Ly is Sp(n), Ag’ ={6;—6;:1<i<j<n}
O={0;+60;:1<i<j<n}uU{20:1<i<n},T={26;:1<i<n}and~y=26; +...+20,.
1

Let G, = SU(n), n even, my : O—O— -« —O. Then Lo is SO(2n), AT ={#;-0;:1<i<j<
n},(I>={0,-+6,':l$i<j_<.n},[‘l={925-1+92.':1Sislg}and'y=01+02+...+0ﬂ.

Let G, = SU(n) x SU(n), ) : 0— -+ —O0 @ O— - —O. Then Ly is SU(2n), A;’ ={0; —0;:
1<i<j<norn+1<i<j<n}, d={6;-6;:1<i<nandn+1<j<2n}, T = {6; —
02,.+1_,-:1§i5n} and y =61 +602+...4+60, — 041 —Oppo— ... — Oy

1

LetG,=E5,7r,\:: O I : :.ThenLo=E7,

5
1
Ag:{:te,--kejz15i<jSS}U{E(GS—%—95+25,-8.-):Hf=15,~=+1},

=1

5
1
D= {0 -7} U{20; + 65 : 1Sis5}U{-2'(93—97+95+Z€,'9.'):H?=1£,-=-—1},

i=1
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T = {6 — 67,66 + 05, 05 — 85} and y = g — 67 + 26.
It is immediate to see that (5.9) holds in each case, and this completes the proof of (b).
m]

Proof of Proposition 5.2. We know from Proposition 4.9 and Lemma 5.3(c) that k(\) =1, 2.
In particular, G, can have at most two simple factors.

Suppose k(A) = 1. This implies G, is simple. Tn the case G = G,, we have = is of complex
type, s0 G = SU(n) and = is the vector representation. In the case G = S! x G,, we have 7, is
of quaternionic or of complex type, so G, = Sp(n) or G, = SU(n) and =, is the respective vector
representation. This only gives representations with cohomogeneity one.

Next suppose k(A) = 2. The first case is G, = G; x Ga, where Gj is a simple group. Here ),
decomposes as an outer tensor product «,, ® m,,, where 7, is the representation of G; of highest
weight p; with k() = 1. This forces each G; to be either Sp(n) or SU(n) for some 5, and =,
to be the corresponding vector representation. Using Lemmas 5.3(b) and 5.4 and eliminating the
representations orbit equivalent to the isotropy representation of a symmetric space, we get the first
two representations in the table.

The second case is G, is a simple group. For G = G,, an inspection of Table A.1 reveals four
possibilities for m, which are all either discarded by Lemma 5.4 or orbit equivalent to the isotropy
representation of a symmetric space.

For G = 8 x G,, if m) is of complex type, we only get representations associated to symmetric
spaces, and if my is of real type, Lemma 5.3(a) gives the last representation in our table, for the
other possibilities are associated to symmetric spaces. ]

5.3 The case where p is of real type

The real case is much more involved than the previous two. We know from Proposition 4.9 that
k()) = 2, 4. In particular, G can have at most four simple factors.

As a first step towards the classification in the case p is of real type, we introduce the following
variations of condition (C;) of Lemma 4.8 for a representation ), with representation space V3 and
highest weight vector v):

UV +UNgYe(mn) = VA (Cyy)
UHg)or +Ug)e(n)) = Wi (€13
UNg oy +UN(g)e(m) = Vi (G1)
UNgYar+ Celny) = Wy (&)
Cur+U' (g)e(va) = Vi (&Y

It follows from the identity eXa = X_¢ that conditions (X %) and (C],) are equivalent, and that
conditions (C%) and (C”*) are equivalent. ’

5.10 Lemma The self-dual comples srreducible representations of compact connected simple Lie
groups satisfying condition (C%) are precisely®: the vecior representation of SO(m) for m # 2, 4,
the vector representation of Sp(m), the 7-dimensional representation of Ga, and the spin represen-
tation of Spin(T).

We will prove Lemma 5.10 together with the next lemma.

*The half-epin representations of Spin(8) are image equivalent to the vector representation.
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5.11 Lemma The self-dual complez irreducible representations of compact connected simple Lie
groups satisfying condition (C) are, besides those listed in Lemma 5.10, precisely the following:

G ™ k(X))
3
SU(2) o} 3
1
SU(6) o—0—0—0—0 3
1 -4
Spin(9) o—0—0=—9 2
1
Spin(11) O—O0—0—0—» 3
1
Spin(12) o—o—o—<< 3
1
Sp(3) *——0 . 3
o—0 >—0—0
By | j 3

Proof of Lemmas 5.10 and 5.11. Tt is obvious that condition (C’% ) implies condition (C;). So
we consider {(C1). It implies the following:

(a) k(M) <3.
(b) The dimension of 7 is bounded by dim g° ~ rank g¢ + 2.

(c) If 0 is a weight, then its multiplicity is one. In particular, if 7y is the adjoint representation,
then the rank is at most one.

In fact, (a) follows from the fact that k{}) > 4 contradicts Proposition 4.4. For (b) notice that the
dimension of the left hand side of (C) is bounded by 2(number of positive roots) + 2. Finally, if 0
is a weight, then the D-weight space is contained in U (g°)v) (because eXo = X_qe¢), and from this
we see that ) is a root and the O-weight space is in fact spanned by X_,v,, which implies (c).

We will use the above observations to complete the proof of the lemmas.

Let 7 be of real type. Then k(\) = 2. The adjoint representations of Ay, By, C,, D, with
n 2 2, and of Gy, F4, Eg, E7, Eg are immediately excluded. We run through all the remaining
cases of representations of real type wzith k(A = 2.

Let G be of Aq-type. Then = is O or OTO—O which are cited in :,he lemmas.

1
Let G be of By-type, n > 2. Then ) is O— - —O==c@ or O—O—0 or 0—O0—C===e. All of

them are cited in the lemmas. \

Let G be of Cu-type, n > 3. Then 7, is &—e— - —e=—0, which cannot occur because the
multiplicity of the 0-weight is n — 1.

1
Let G be of Dy-type, n > 4. Then wy is O— - < , which is cited in the lemmas.

1 1
Let G be of exceptional type. Then ) is &==0 or O—O==0—=9. Ounly the former is cited in
the lemmas; the latter has 0 as a weight of multiplicity 2.
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Now let ), be of quaternionic type. Then k(A) = 1 or ¥(A) = 3. The case k(X) = 1 gives
the vector representation of Sp(m), which is cited in the lemmas. In the case k()) = 3, the only
possibilities not cited in the lemmas are the following four representations, which we next eliminate:

1
o G =B, ), : O—O0—0—0—CO==®: here A = %(01+02+03+94 + 05 +086), p =
%(91 +6; + 03 — 04 — 5 — 06) is a weight and A= u are not roots which violates condition (C1).

In the remaining cases we make use of the bound on the dimension of the representation (see
e. g Table 5 in the Reference Chepter of [25]):

3
» G=C,, 7\ : —0— ~ —0==0: dimmy, = %n(n+ DEn+1)>2n2+2=dimC, - n+2,
forn>2;
1 1
¢ G=Cp,m: 0—0— - —=0: dimm = §n(n—1)(n+1) > 1> +2=dimCp —n+2,
forn > 2;
1
* G=Cy,my : 0—0—0— - —o=0: dimm, = In(n—2)(2n+1) > 2n*+2 = dim Cp,—n+2,
forn > 4;

On the other hand, the representations listed in the statements of the Lemmas 5.10 and 5.11

do satisfy (Cy), as can be easily checked using the fact that each of them has all weights with

multiplicities one. This concludes the classification of self-dual representations that satisfy (C)). As

for condition (C% ), we observe that (C;) implies that k()) < 2. This eliminates all representations
1

in the table of Lemma 5.11 except O—O—O==#; that one can be eliminated by a direct check.
Finally it is easy to verify that the representations cited in Lemma 5.10 do satisfy (C'%). o

5.12 Lemma The only complez irreducible representation of real type of a compact connected
semisimple nonsimple Lie group G satisfying condition (Cy) is the tensor product of the vector
representations of Sp(1) and Sp(m).

Proof. We already know that k()\) = 2 (cf. proof of Lemmas 5.10 and 5.11), so G = Gy x Ga,
where G; is a simple group, and ), = T, ® Wy, with k(p;) = 1. Since each 7, is self-dual, it must
be of quaternionic type. Therefore, each G; = Sp(n;) and the corresponding 7y, is just the vector
representation. Now one of the n; must be 1, for otherwise condition (C;) for m is violated by
consideration of a weight vector of type v; ® va, where v; is an intermediate (that is, neither highest
nor lowest) weight vector for =, O

5.13 Lemma The complez irreducible representations x5 of quaternionic type of compact connecied
simple Lie groups G satisfying k()) = 3 and condition (¢, *), but not condition (C)), are the
following:

G .5y

Spin(13) | O—0—0—0—OC==e
Spi2) Gam)

We postpone the proof of Lemma 5.13 to the end of Subsection 5.3.5, since the methods used
to prove it better belong there.



5.3.1 The case where G has four simple factors

In this case we have:

5.14 Proposition Let p be of real type and G = Gy x G2 x G3 x Gy, where G; is a simple group.
Then G = SU(2) x SU(2) x SU(2) x Sp(n), n > 2, and 7 is the tensor product of the vector
representations of each of the factors.

Proof. Set my = w,, ® ™y, ® Wy, @ w,,,, Where 7, is the representation of G; of highest weight
pi- We have k(p;) = 1 for all 4, and since each 7, is self-dual, it must be of quaternionic type.
Therefore, each G; = Sp(n;) and the corresponding ,, is just the vector representation. Notice
that n; = 1 for all ¢ gives the isotropy representation of a symmetric space. Suppose now that for
two indices, say 3 and 4, we have n3 > 1 and n4 > 1. Take weight vectors v; of 7y, such that: v is
the highest weight vector of m,,, , v2 is the lowest weight vector of m,,, and v3 and vy are intermediate
weight vectors of m,, and ,,, respectively. Then v; ® vo ® v3 ® 14 is a weight vector of 7y which
cannot be contained in U%(g%)vy +U>(g%)e(vy), violating the condition (C3) from Lemma 4.8. [

5.8.2 The case where G has three simple factors
The classification is:

5.15 Proposition Let p be of resl type and G = G1 x G2 x G3, where G; is a simple group. Then
p is one of the following:

G p Conditions
1 ¥ 1
8U(2) x Sp(n) x SO(2m) |[OQe— - —8=—0® O— m>3 n>2
1 1 1
SU(2) x Sp(n) xSO(2m +1) | O@ @~ —&=—0Q O—  —O—0 n>2
1 1 1
SU(2) x Sp(n) x Ge ORe— - —8=—0 R =0 J -
1 1 1
SU(2) x Sp(n) x Spin(7) OR &— - —&—=0R0—C—2 —
1 1 1
SU(2) x SU(2) x Spin(9) 0®0®O0—O0—O0—e —

Proof. Let m\ = my, ® 7, ® 7y, where 7, is the representation of G; of highest weight p;,
say with k(u1) = k{s2) = 1, k(u3) = 2. Then =7,,, m,, are each of quaternionic type and m,, is of
real type. So each of 1, , w,, is the vector representation of Sp(m) for some m. Moreover, one of
them must have m = 1, say =, , for otherwise condition (C) for =y is violated by consideration of
a weight vector of type v; ® v2 @ v3, where v; is an intermediate weight vector for m,,. Now we have
G = SU(2), Gz = Sp(n), and 7,,,, 7, the respective vector representations. Next take a weight
vector v1 ® v ® v3 for my such that v; is highest, v, is lowest and v3 is intermediate. Condition
(C2) for ), forces my, to satisfy condition (C1). If n > 2, we could also take vy to be intermediate,
and then condition (C2) for my implies something stronger, namely that w,,, must satisfy condition
(C%). Our table now follows from Lemmas 5.10 and 5.11. 0

5.3.3 The case where G has two simple factors and p has two factors of real type

Here the result is:
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5.16 Proposition Let p be of real type and G = G1 x G,, where G; is a simple group. Write
p° = m, decompose 7y, = x,, ® Ty, ond suppose that each my, is of real type. Then each =, is
one of the following representations: the veclor representation of SO(m) for m # 2, 4, or the 7-
dimensional representation of Ga, or the spin representation of Spin(7), or the spin representation
of Spin(9); but the cases where G = SO(m;) x SO(m3), SO(3) x Spin(7) or Spin(9) x Spin(9)
are excluded.

Proof. Here k(1) = k(uz) = 2. Let v; ® vy be a weight vector for # such that each v; is

an intermediate weight vector for 7,,. Condition (Cy) for 7 applied to v1 ® vs forces each m,, to
satisfy (C1). In fact, one of the m,, must even satisfy (C%). The claim follows from Lemmas 5.10

and 5.11. Notice that we exclude SO(m1) x SO(my) since it is the isotropy representation of a
symmetric space and SO(3) x Spin(7) since it is orbit equivalent to such a representation. 0

5.3.4 The case where G has two simple factors and p has two factors of quaternionic
type

The classification is:

5.17 Proposition Let p be of real type and G = Gy x Ga, where G; is a simple group. Write

p° = my, decompose m\ = m,, ® n,, and suppose that each wu, $8 of guaternionic type. Then p is
one of the following:

G p Conditions
Sp(n) x SU(2) — - —@==0O Q0 n>2
1 1
Sp(n) x SU(6) *r— - —8=—=0Q O—0O0—0—0—0 n>2

Sp(n) x Spin(11) — - —8==0@® O—O—0—0O—=9 -

1 1
Sp(n) x Spin(12) *— - —e=—0Q® o—o—o—<< n>2

Sp(1) x Spin(13) 0@ 0—C0—0—O0—0=—2 -
1 1 1
Sp(1) x Sp(2) 0@ e==0 -
1 1
Sp(n) x Sp(3) — - ——0R —8=0 n>2

1
1 Or——0— 0
Sp(n) x Ey — - —e==0Q® I n>2

Proof. If k(3) = 2, then k(p1) = k(p2) = 1 and each ,, must be the vector representation
of Sp(n;) for some n;, so we get a representation associated to a symmetric space. In the case
k(}) = 4 we can write k(u1) = 1 and k(us) = 3. Now my, must be the vector representation of
Sp(n) and there are two cases to consider:

e n.=1: here m,, must satisfy condition (Cl%);
® 12> 2: here m,, must satisfy the stronger condition (C}).

The claim now follows from Lemmas 5.11 and 5.13. ]
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5.3.5 The case where (7 is a simple group

The representations of real type of simple groups that are candidates to a position in class 02 are:

5.18 Proposition Let p be of real type and suppose G is a simple group. Then p is one of the
Jollowing:

G P
1 1
Spin(7) O—O—me
1 1
Spin(9) o—0—0—=

Spin(15) | O—O—O—0O—0—C—9

Spin(17) | 0—O0—0—0—0—0—0—=»

We will accomplish the proof of the above proposition by running through all the cases of
representations of real type of a simple group with k{}) < 4 given in Table A.1. In fact, according
to that table, all representations with k()\) = 2 are orbit equivalent to isotropy representations of
symmetric spaces. So we only need to worry about the case k() = 4. A careful inspection of
Table A.1 shows:

5.19 Lemma Let 7y be a representation of real type of o compact connected simple Lie group G
with k(X) = 4. Then (G, ) is one of the following:

G 9 Conditions
4
1A, e —
2
2| A3 o—0——0 -
1 1 1
3| A; 0—0—o0 -
1
4| A; | 0—0—0—0—0—0—0 -
2z 2
1 1
|6]|a, 0—0— -+ —0—0 n>4
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G F.5 Conditions
2
7| Bs o—0—e _
1 1
8|B; o—0o—e -
1 1
9|B; o—o=—0 -
10 | Bs o—O0—0O—e -
1
11 | B, O—O——Om=p -
1
12 | By O—O0—0O—e -
13 | By oO—O0—0—O0—0—0O=0 -
14 | By | 0—0—0—0—0—0—0—2 =i
2
15 | By O—0— - —(Orumg n>2
2
16 | B, O0—O0— + ~—O==9 n>3
1 1
17 | B, O—0O— ' —O==9 n>3
1
18 | B, o—O0—0— = —O—9 n>4
1
19 | B, oO—O0—0—0— - n>5
™ Conditions
4
20| C, *—o— - ——0 n>2
2 1
21| C, *—8— - —&=—0 n>2
1 1
22 | C, *—o—o— - —8—0 n>3
2
23| C, —0—8— - —@==D nz>3
1
24| Cp, | 0—0—0—0— - n>4




Conditions

P

Dg

31D,

32 | D,

G
25 | Dy

26 | Dy

27

30

25



2
33| Gy =0
2
34| Gy =
1 1
35| Gp [ ]
2
36 | Fy O O===0—9
1 1
37| Fy O—O=x0—9
3
38 | Fy O—0O—0—0
1
39 | Fy O—0O=—0—0
1 1
40 | Eg I
41 | Eg l
2
2

42 | BE7 |
43 | E l
44 | By |
2
C*——(.,—l‘—(}—ﬁ—{:’——o
45 | Bg

To begin with, we note the representations listed in the tables of Lemma 5.19 associated to a
symmetric space, namely, numbers 1, 2, 4, 15, 24 (n = 4), 27 and 28.

5.20 Lemma Let nx be a representation of real type with k()\) = 4. Assume that A = %(3& + 6;)
where 3;, B; € B are distinct long roots and that there exists @ Weyl group involution s such that
3B = B;. Then a real form of 7y is not of class O2.

Proof. We have that u = 834,(A) = $(4; —30;) is a weight and A—p = Bi+205, A+p =28—5;.
Since f5; and §; are orthogonal, we get that ||A £ u[? = 5 (normalizing the length of a long root to
be 1). On the other hand, for o/, o € A we have that [/ +o”||2 < (||} + lo”])2 < 4,50 A2
is neither a root nor a sum of two roots. Thus a u-weight vector is not in U (g%)ux + U (g%)¢(v),
violating condition (C3). 0

One can use the last lemma together with the tables in [4] to get rid of the representations listed
in Lemma 5.19 under the numbers 3, 12, 17, 21, 30 and 37. The following lemma is similar in spirit.



6.21 Lemma Represeniation number 9 is not of class 02,

Proof. The highest weight is A = 3(36; + 36, + 63). Now u = 3(361 — 362 + 8) is a weight and
A+4p =36 + 603, A — u = 36, are neither a root nor a sum of two roots, so we are done as in the
proof of Lemma. 5.20. O

We next eliminate the representations ) with A = 2(highest root) = 26, = %(451), using the
following observations.

5.22 Lemma Let ) be a representation of real type with X = 203, and assume there is a nonzero
weight p such that (A, u) = 0. Then a real form of 7y is not of class O2.

Proof. We check that condition (C5) is violated. In fact, | A + pif? = |IAl] + ||gl|? > 4I61l]2 = 4
(normalizing the length of a long root to be 1), but ¢/, o € A implies that ||o/ + || < (||/]| +
[la”{)? < 4, and we are done as in the proof of Lemma 5.20. O

5.23 Corollary Let 7y be a representation of real type with A = 283;. If there is a long root g;eB
with B; # By, then a real form of my is not of class O2.

Proof. For in this case —208;, —f1, 0, f1, 26 is the maximal B;-string through 28;, so f; is a
weight, f; is a weight, too (8; and 8; are long roots, hence in the same Weyl orbit, see e. g. [4],
Ch. V1, § 1, no. 1.3, Proposition 11} and (8, B;) = 0. (]

We use Corollary 5.23 to discard the representations listed in the tables of Lemma 5.19 under
the numbers 5 (n > 3), 16, 20, 29, 36, 41, 42 and 45. And we use Lemma 5.22 with p = —c + o
(resp. 4 = B2 = ) to eliminate representation number 5 for 7 = 2 (resp. number 34). There still
remain 19 representations to be eliminated in the tables, namely numbers 6, 7, 10, 18, 19, 22, 23,
24 (n > 5), 25, 26, 31, 32, 33, 35, 38, 39, 40, 43 and 44, which in the following we go on to analyze
case by case, but before that we want to reformulate an argument that has already been used and '
that will frequently be used in the sequel.

5.24 Lemma Let 7 be o representation of real type and suppose that its highest weight A can be
written a5 @ root or as a sum of two roots in N different ways (where the order of the summands is
not important). If 0 is 6 weight and its multiplicity is bigger than N, then a real form of m) is not
of class O2.

Proof. Write vy, for a highest weight vector of 7. If condition (Cs) is satisfied, then the 0-weight
space must be contained in U?(g%)v), + U(g%)e(v)). The identity eXy = X_q¢ shows that the 0-
weight space must in fact be contained in 4%(g°)v,. But the complex dimension of the intersection
of the O-weight space with U2%(g%)u, is at most N. O

5.25 Lemma Representation number 6 is not of class O2.
@y ag an
Proof. We label the simple roots of A,, as O—0— -+ —O, where oy = 0; — 9,-+11. Then ll;he root
system is A = {£(6; — 6;) : 1 <3 < j < n+ 1} and the highest weight of O—0— - —0—0 is
A= A2+ A1 =01+ 0y — O — 0,41, so it can decomposed as a sum of two roots in exactly two
ways:

>
I

(61 — Ont1) + (62 — 6n)
(91 - 0n) + (92 - 0n+1)'

i
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On the other hand, we find that:
1 1

0—0—  —0—0®0—0— ~ —0—0=
1 1 1

1

O—0— -+ —O0—0 H O—0— - —0—O & (trivial),

from where we deduce that the multiplicity of the 0-weight in m) is -"-("2—“1 -n—-1= ”L‘ztz > 2,
so we can apply Lemma 5.24. m}

Similarly as was done in Lemma 5.25, Lemma 5.24 can be used to show that representations
numbers 10, 18, 19, 22, 23, 24 (if n > 5), 26, 32, 35, 38, 39, 40 and 43 are not of class 02 by
computing for each one of them the multiplicity of 0 as a weight.

5.26 Lemma Representation number 44 is not of class O2.

Proof. Here we slightly change the argument used in the previous lermas. The highest weight
A=203and (A,03~07)# 0,80 v =) — (6s — 67) = 03 + 6, is a weight. Now 8 + 67 and 8 + 85
are long roots of Eg, hence in the same Weyl orbit. It follows that yu = 6 + 65 is a weight, too.
Observe that each of A & u is not a root and can be decomposed as a sum of two roots in only one
way:

Adp
A—p

(88 + B6) + (85 + 65),
(68 — 65) + (85 ~ 5).

The proof will be complete if we show that the multiplicity of 4 as a weight is greater than 2, since
then we will have that condition (C2) is violated.

In fact, the multiplicity of 4 is the same as the multiplicity of ». We use Freudenthal’s formula
as it is stated in [13], namely, the multiplicity of v as a weight of =, is given by the following
formula:

it

I}

2
™= 3 S +ka, )mypka,
acAt k21

where c(v) = [[A +p|I* — |l + pl1?, p = } Toeca+ @ and my 44, is the multiplicity of » + ka as a
weight of ).

We content ourselves with an estimate. Using that p = 0y + 203 + 304 + 495 + 56 + 667 + 2303,
we compute that c(v) = 36||6,]|2. Since v > 0, all terms in Freudenthal’s formula are nonnegative.
Consider the roots o = (65 — 67+ E?___l €8;), 8= %(95 —0: =33, €:6;), where ¢ e = —1. Note
that @+ 8 = 83 — 6. Since (A, @) # 0, we have that A —a is a weight. Now we have two strings of
weights starting at v, namely

v, v+(g—07)=2x and
v, v+8=l-a.

Note that in fact there are 32 different possible choices of the signs €; = 1, each of which gives
rise to a different string of weights of the type v, v + B. Freudenthal’s formula gives

2
m, > 36][012 ((A, 08 - b7)m,, +32(A — @, fimy_a)
1 33
= ﬁ(2'1+32'2'1)_ ?>3,

80 my, 2> 4 and we are done. [m]



5.27 Lemma Representations numbers 25 and 31 are not of class O2.

Proof. Here we will use the sharper version of condition (Cy) given by Lemma 4.8, item (a).
These representations are just the third exterior power of the vector representation of SO{2n) for
n > 4. The vector representation has weights +6;, 1 < i < n; let {e;,eq4i : 1 <4 < n} be a basis
of weight vectors such that e; (resp., en4i) corresponds to the 8;-weight (resp., —6;-weight) weight
and e(e;) = eq44, Where € is a invariant real structure on the representation space.

We have that v, = e Aez Aenys is a (4 = 6))-weight vector for 7y and e(v,) = eny1AeqrzAes.
Now one can easily show that condition (a) of Lemma 4.8 is violated by proving that the 8;-weight
vector ez A eq A €n44 is not in the complex span of

Yo, €(vu), Xovu, Xee(vy), XpXalva), XﬂXa(f(”p)),

for o, B € A. (]

5.28 Lemima Representation number 7 is not of class 02,

Proof. We use an argiiment somewhat similar to the one used in the previous lemma. The
1

representation is  : A3(O—O=O), where O—CO=—@ is the vector representation. Let e;, e,
e3, ea = ele1), es = e(e), eg = €(e3), 7 = e{e7) be weight vectors of the vector representation
corresponding to the weights 6,, 82, 03, —61, —62, —63, 0, respectively, where ¢ is the invariant real
structure on the representation space.

We have that v, = e; Aeg Aey is a (p = 0)-weight vector for =, and e(v,) = —v,. Now
condition (a) of Lemma 4.8 is violated because the f2-weight vector es A es A e is not in the
complex span of vy, Xqvyu, XpXe(v,), for o, B € A. m]

5.29 Lemma Representation number 33 is not of class 2.

Proof. We start with a description of the Lie algebra of G, and of its 7-dimensional rep-
resentation, as it is done in [13]. Let a;, az be the simple roots. We label the other positive
T00ts 88 a3 = oy + a9, aq = 201 + o, a5 = Iy + az, as = 3a1 + 2a2. Choose root vec-
tors X;, Y; for oy, —ay, respectively, i = 1, 2, such that [H;, Xi] = 2Y;, [H;,Y;] = —2X;, where
H; = [X,;,Y;],i=1,2. Next define X3 = [X1, X}, Y3 = —[}, Y2}, X4 = }[X1, Xz], Ya = —311,Y3],
X5 = _é[Xthv 5= %[}’17 ],4]1 Xp = "[X21X5]1 Yo = [},21 Y5]1 and H; = [Xn],l] for i = 1,...,6.
Then [H;, X;] = 2V;, [H;,Yi] = —2X; for i = 3,...,6, and X;, Y] are root vectors for oy, —o,
respectively, 1 =1,... ,6.

The 7-dimensional representation of Go has weights o, —ay, a3, —a3, a4, —ay4, 0 with respective
weight vectors vy, w1, vs, w3, v4, Wy, U, such that the action of the basis vectors of the Lie algebra
of Gy is described in the following table:

H | H | X [X | X [ X |Xs | Xe | W | Yo |13 | Vs |V | Vs
u 0 0 2171 0 203 2‘04 0 0 2un 0 211)3 21.04 0 0
vy | w4 0 0 0 0 0 0 0 vg D |[—wn| u wy w3
n| 2n | —n 0 |—v3|—m| O 0 0 u 0 4] w3 |—wg| O
vz | —v3 vs vy 0 0 0 0 0 0 |-v5| v |—wr 0 | —wy
wy | —wy 0 |—w3| O wy % |—v|—-v3| O 0 0 0 0 0
wy | 2w | wm Yy 0 0 |—v3| 0 0 wy | ws 0 0 0
wy| wg |—w3z| O wy u " 0 vg |—wg| O 0 0 0 0
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Now we have the equation

1 2
5%(e==0) = &==0 @ (trivial),
2

from which we learn three things. First, ) : =0 is a subrepresentation of the symmetric square
of the 7-dimensional representation, so we can read it off the table above. Second, the multiplicity
of the weights of m); in particular, oy is a weight of multiplicity 2. And third, the trivial summand
above is spanned by —1u® + 2vw1 + 2v3w;3 + 2v4wy, S0 that an invariant real structure on the
representation space of the 7-dimensional representation is given by e(t;) = w;, § = 1, 2, 3 and
e(u) = —u.

Let v, = 2u% — 8v1wy + Bugw; + 6vgwy, which is a real, (p = 0)-weight vector for m,. We next
show that condition (a) of Lemma 4.8 is violated because the ay-weight space is not contained in
the complex span of

(5.30) Vs Xuv‘n XﬁXa(Un)n
for e, f € A. In fact, a4 — 0 can be written as a root or as a sum of two roots as follows:

ay—0 = 204+

o1 + (o + az)

—a + (3ay + a2)

= (31 + 20) — (o3 + az)

Now applying the corresponding root vectors to vy the only nonzero vector we get is X,4(v,) =
14(uvy4 + v1vs). This shows that the intersection of the complex span of (5.30) with the ay-weight
space has dimension 1; but the weight space itself has dimension 2. 0

Proof of Lemma 5.13. We eliminate the possibilities given by Table A.1 and not listed in the
table.
3

Let G =Cp, my: &—@— - —=0,n>2 Then A =38, p = ~30, is a weight and A £ p
are neither roots nor a sum of two roots, so 7 does not even satisfy (Cy).
1 1

Let G = Cy, my : &—8— - —@=0, n > 3. We have

3 1

—0— - —0—0VRe—e— - —e—0=
1 1 1 1

0 — 0P ¢—0—0— - — =0 ¢—0— - —@==,
1 1
from where we deduce that the multiplicity of 4 = 03 as a weight of &——8— -« —@=0i32n—2 > 4.
Now A — 4 is not a root and can be written as a sum of two roots in two ways, and A+ p =
261 4 65 + 05 is not a root. It follows that the dimension of the intersection of the uy-weight space
with U2(g%)vy + U (g%)¢(vy) is at most 2, so that condition (C1§) is not satisfied.
1

Let G=Cp,my: ®&—0—8— -~ —@=0,n>4. Then ) = 61+ 62 405 and this representation
is a subrepresentation of the cubic exterior power of the vector representation. Also, p = —6; is a
weight of multiplicity n ~ 2 > 2. But one can check by direct computation that the dimension of
the intersection of the u-weight space with U2(g=)vy + U2 (g%)e(vy) is 1, so condition (Cyy) is not
satisfied. ]
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6 The main theorem

In this section we classify taut irreducible representations up to orbit equivalence. We first exclude
many irreducible representations in class O from being taut by making use of Propositions 3.1
and 3.4 and a reduction principle. Then we only need to observe that the remaining representations
are already known to be taut by the main result of [15] (see also Proposition 7.12 in [16]). We finally
get the following theorem.

6.1 Theorem A taut irreducible representation p of a compact connected Lie group G 13 either
orbit equivalent to the isotropy representation of a symmetric space or it is one of the Jollowing
orthogonal representations (n > 2):

G [

1

SO(2) x Spin(9) | (z®37!)®O0—O0—0=—0

1 1
U(2) xSp(n) |(z®zs)@0R 8 —e=—0
3 1

SU(2) x Sp(n) OR — - —8=—0

6.2 Corollary A taut frreducible representation of a compact connected simple Lie group is orbit
equivalent to the isotropy representation of a symmetric space.

6.3 Remark According to [35], see also [32], the representations given in the table of Theorem 6.1
are precisely the representations of compact connected Lie groups which have cohomogeneity three
and are not orbit equivalent to the isotropy representation of a symmetric space.

Recall that the irreducible representations which according to the results in Section 5 ¢can belong
to class O®? without being orbit equivalent to the isotropy representation of a symmetric space
are listed in the tables of Propositions 5.1, §.2, 5.14, 5.15, 5.16, 5.17 and 5.18. For the sake of
convenience, these representations are rearranged in a more systematic way in Tables B.1, B.2, B.3
and B.4 in Appendix B. Now the proof of Theorem 6.1 follows from Propositions 6.4, 6.5, 6.6 below
and the main result of [15].

6.4 Proposition The representations listed in Table B.2 are not taut.

Proof. Let 7 be a representation of the compact connected Lie group G on Vj which is in the
table. Notice that =) is of real type. Let p be a real form acting on V C V3 and let ¢ be the
invariant real structure on V). We shall go case by case and show that the slice representation of
p at p = vy +e(va) € V, where vy is a highest weight vector for =, is not taut, and then use
Proposition 3.1 to conclude that g is not taut.

Let G = Sp(n) x SU(6). Then the isotropy subalgebra at p is u(1) + su(3) +su(3) +sp(n — 1),
n > 2, and the complexified slice representation at p is given by:

(trivial)
1

&(z! ®O———O®0——-O€Bz ®o—o®o—o) ®(tr1v1a.l)

1

e(z®o—o®o—o®x‘1®o—o®o—o)®o— - —e=—0.
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Therefore the slice representation contains as a summand the realification of

1 1 1

@0—0R0—0Q 8— - —@==O,

But this is a representation of complex type with Dadok invariant 3. By Proposition 4.9, it cannot
be of class @2, In particular, it is not taut.

Let G = Sp(n) x Spin(12). Then the isotropy subalgebra at p is u(1) +su(6) +sp(n— 1), n > 2,
and the complexified slice representation at p is given by:

(trivial)
1 1
8(z* ® 0—0—0—0—08 271 8 0—0—0—0—0) ® (trivial)
1 1 1
&(z ® 0—0—0—0—0d 2z ® O—0—0—0—0) @ 8— - —8=0.

Therefore the slice representation contains as a summand the realification of

Z®0—0—0—0—0QR8— " —8==0,

But this is a representation of complex type with Dadok invariant 3. By Proposition 4.9, it cannot
be of class ©2. In particular, it is not taut.

Let G = Sp(n) x Sp(3). Then the isotropy subalgebra at p is u(1) +5u(3) +sp(n—1),n > 2,
and the complexified slice representation at p is given by:

(trivial)
2 H
&(z* ® 0—0® z7* ® 0—0) @ (trivial)
3 2 1
B(zRO—0Bz ! ®0—0) @ 9— - —e—0.

Therefore the slice representation contains as a summand the realification of

2 1

TRO—0O® 0 — - — ==,

But this is a representation of complex type with Dadok invariant 3. By Proposition 4.9, it cannot
be of class O%. In particular, it is not taut.

Let G = Sp(n) x Ey. Then the isotropy subalgebra at p is u(l) + eg +5p(n —1), n > 2, and the
complexified slice representation at p is given by:

(trivial)

ez*® Ozt e | ) @ (trivial)
o(=® l ®z'® | )@ o e,

Therefore the slice representation contains as a summand the realification of

1
z® @ e— - —e—0,
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But this is a representation of complex type with Dadok invariant 3. By Proposition 4.9, it cannot
be of class @2, In particular, it is not taut.

Let G = Sp(1) x Spin(13). Then the isotropy subalgebra at p is u(1) + su(6), and the complex-
ified slice representation at p is given by:

(trivial)
1 1
&(z° ® 0—0—0—0—0® z~° ® 0—0—0—0—0)
1 1
8(z* @ 0—0—0—0—08& 17! ® 0—0—0—0)
1

®(z® ® z7%) ® 0—0—0—0—0.

Therefore the slice representation contains as a summand the realification of

¥ @ 0—0—~—0—0—0.

But this is a representation of complex type with Dadok invariant 3. By Proposition 4.9, it cannot
be of class 02, In particular, it is not taut.

Let G = Sp(1) x Sp(2). Then the isotropy subalgebra at p is u(1) + 1(1) and the slice repre-
sentation at p is given by the realification of:

(trivial)

oz or oz )@a?

ortor e o2 st

@z @5,
Therefore the slice representation contains as a summand the realification of 272 ® 22 @ % @ z*
which is orbit equivalent to the circle action 22 @ z* on R2 @ R2. But the orbit of the circle action
through ((1,0), (0,1)) is a torus-knot which is not taut.

Let G = Spin(15). Then the isotropy subalgebra at p is su(7) and the complexified slice
representation at p is given by:
1 1
(trivial) @ 0—O0~—0-—0—0—0 & 0—0—0—0—0—0

Therefore the slice representation contains as a summand the realification of

1

o—0—0—0—0—0C

But this is a representation of complex type with Dadok invariant 3. By Proposition 4.9, it cannot
be of class O2. In particular, it is not taut.

Let G = Spin(17). Then the isotropy subalgebra at p is su(8), and the complexified slice
representation at p is given by:

1
(trivial) & O—0—0—0—0—0—0
1 1

&0—O0——0—"0—0—0—0 8 O0—O0—~0—0—0—0—0

Therefore the slice representation contains as a summand the realification of

1

o—0—0—O0—0—0
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But this is a representation of complex type with Dadok invariant 3. By Proposition 4.9, it cannot
be of class O2. In particular, it is not taut.
Let G = Spin(7). Then the isotropy subalgebra at p is u(1) +su(2) and the slice representation
at p is given by:
(trivial)
o2z @ z~) @ (2% @ 27?)) @ (trivial)
1
o2'er e’ @r )80
2
s(zer e es ™)) ®0
Therefore the slice representation contains as a summand the realification of z* ® z? acting on
R2@ R2. But the orbit through ((1,0), (0,1)) is a torus-knot which is not taut.
Let G = Spin(9). Then the isotropy subalgebra at p is u(1) + su(3) and the complexified slice
representation at p is given by:
(trivial)
oz’ es? GB (z EB 271)) ® (trivial)
ad(zos e (' z'z)) ®O——O
o{(3z02:° z's) ® o—oeB (3z71 ezz" & z%) ®o—o)

o(z"®z!) ®o—-oe (" @z @0—0)

Therefore the slice representation contains as a sm?mand the realification of £ ® 0—O0, but this
1

representation cannot be of class O? (because 0—0 is of real type and we use Lemma 5.3(a)). In
particular, it is not taut.

Let G = Sp(n) x Spin(11). For n > 2, the isotropy subalgebra at p is u(1) + su(5) + sp(n — 1)
and the complexified slice representation at p is given by:
(trivial)
1

&(z? ®0——0—0—o$x'°®0—0—0—0)®(tnv1a1)
&(z® ®o—o—o—oeaz 6®O—O—O—O)®(trwml)
a(z® @o—o——o—oex‘3®o—o—o—o)®o— - — O
ea(::@o—o——o—oez“ao—o—o—o)@o— e’

Therefore the slice representation contains as a summand the realification of

1 1

ZR@O0—O0—0—0Qe— - —&=0,

But this is a representation of complex type with Dadok invariant 3. By Proposition 4.9, it cannot
be of class O2. In particular, it is not taut.

For n = 1 we need a different argument. In this case the connected component K of the isotropy
group at p is locally isomorphic to U(5), and the slice representation at p contains as a summand
the realification of

1 1
z®  0—0—0—0® 1* ® 0—0—0—0.



Denote by V1, V3 the respective representation spaces of the above summands. Then V; = C5 and
Va = A%CS. Choose an orthonormal basis {e1,-.. ,e5} for C5. Let gz = ae; Aey + begNheg €V
be a regular point, where a, b are distinct positive real numbers. We have that the isotropy K,
is locally isomorphic to SU(2) x SU(2) x U(1) sitting diagonally in K. Let ¢ = ¢; +e3 € W4.
Now the orbit K,,(g:) is diffeomorphic to §% x §3, whereas the orbit K (41, ¢2) is diffeomorphic to
SU(5). It is known that the third Betti number of a compact connected simple Lie group is one.
It follows from Proposition 3.4 that the slice representation at p is not taut. O

6.5 Proposition The representations listed in Table B.4 are not taut.

Proof. We shall go case by case and show that the slice representation of p at some point is not
taut, and then use Proposition 3.1 to conclude that p is not taut.

Let G = G3 x Spin(7). Then p is the tensor product of the 7-dimensional representation of
Gz on R and the spin representation of Spin(7) on R®. Let p = v, ® v, € R’ @ R®. The
slice representation at p minus the trivial component Rp is given by the tensor product of the
vector representation of 5u(3) on RS and the 7-dimensional representation of gy on R7. Since this
representation is of complex type and Dadok invariant 3, it follows from Proposition 4.9 that it
cannot be of class 2. Tn particular, it is not taut.

Let G = Spin(7) x Spin(9). Then p is the tensor product of the spin representation of Spin(7)
on R® and the spin representation of Spin(9) on R'S. Let p = v; ® v, € RS @ R16. The isotropy
subalgebra at p is ga +spin(7). The slice representation at p minus the trivial component Ry is given
by the real tensor product of the 7-dimensional representation of g and the vector representation
of spin(7) plus the real tensor product of the 7-dimensional representation of g2 and the spin
representation of spin(7). But we already know that the second summand is not taut (see the last
paragraph).

Let G = G2 x Spin(9). Then p is the tensor product of the 7-dimensional representation of G,
on R7 and the spin representation of Spin(9) on R, Let p = 1, ® v, € R @ RS, The isotropy
subalgebra at p is su(3) + spin(7). The slice representation at p minus the trivial component Rp
is given by the real tensor product of the vector representations of su(3) and spin(7) plus the real
tensor product of the vector representation of su(3) and the spin representation of spin(7). Since
the second summand is a representation of complex type and Dadok invariant 3, it follows from
Proposition 4.9 that it cannot be of class O2. In particular, it is not taut.

Consider® G = Sp(1)-Sp(n) x Gy, n > 2. Let 7, be a real form of O® O—0O— - —O. Then 7,,
can be realized as the representation of Sp(1) - Sp(n) on R*® given by 7,(g, A)x = Azg~!, where
q € Sp(1), A € Sp(n), = € H" and we identify H” = R**. Now p is the real tensor product of 75
and the 7-dimensional representation of Go. Let p = v; ® va € R*® ® R”. The isotropy subalgebra
at p is isomorphic to sp(1) + sp(n — 1) + su(3). The slice representation at p minus the trivial
component Rp is given by the real tensor product of 7,1 and the vector representation of su(3)
plus the real tensor product of the adjoint representation of sp(1) and the the vector representation
of su(3). Since the second summand is a representation of complex type and Dadok invariant 3, it
follows from Proposition 4.9 that it cannot be of class 2. In particular, it is not taut.

Consider G = Sp(1) - Sp(n) x Spin(7), n > 2. Let 7, be as above. Now p is the tensar product
of 7, and the spin representation of Spin(7). Let p = t; ® v, € R** ® R8. The isotropy subalgebra
at p is isomorphic to sp(1)+sp(n—1)+ga. The slice representation at p minus the trivial component
Rp is given by the real tensor product of 7,,_; and the 7-dimensional representation of gz plus the
real tensor product of the adjoint representation of sp(1) and the the 7-dimensional representation

*We use the convention that G - H refers to a quotient of G x H by a finite central subgroup.
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of go. But the first summand is not a taut representation by the above (for n = 2 we refer to the
case of G = S0O(4) x G which will be dealt with in Proposition 6.6).

Let G = Spin(7) x Spin(7). Then p is the tensor product of the spin representations of each
of the factors on R®. Let p = v; ® v; € R® ® R%. The isotropy subalgebra at p is gy + g2. The
slice representation at p minus the trivial component Ryp is given by the real tensor product of the
7-dimensional representations of each of the factors. But this representation is not taut (see next
case).

Consider G = G; x Gz. Then p is the tensor product of the 7-dimensional representations
of each of the factors on R7. Let {e1,...,er} be an orthonormal basis of R7 and take p =
e1®e1+...+ e7 @ er. Then the isotropy subalgebra at p is

o ={(X,X): X € g2}

which is isomorphic to ga. Now the restriction of p to g, is a real form of

1 1 1 1
g2 : e==0 @ (@==0)" = @==0 @ e===0

acting on R®®, and R* = T,G(p) ® N,G(p) is a gy-invariant decomposition. We have the following
decomposition into irreducible components:

Ez:@z('lED) = S’(-,Eo)eaA’(;m)

(&==0 & (trivial)) ® (e===0 ® e==0).

2
Since T,G(p) is 14-dimensional, it follows that the 27-dimensional real representation &0 must
be a component of the slice representation at p. But we saw in Lemma 5.29 that it is not of class
02 D

8.6 Proposition The representations listed in Table B.8 are not taut.

Proof. Let G = 80(m) x Gz, m > 4. Then p is the tensor product of the vector representation
of SO(m) on R™ and the 7-dimensional representation of Gy on R7. Let p=1v; ® v, € R® @ R”.
The isotropy subalgebra at p is so(m — 1) + su(3). The slice representation at » minus the trivial
component Rp is given by the tensor product of the vector representations of s0(m~1) and su(3) on
R™1 and RS, respectively. Since this is a representation of complex type and Dadok invariant 3,
it follows from Proposition 4.9 that it cannot be of class O%. In particular, it is not taut.

The proof for G = SO(3) x G2 will be done in Lemma 6.11 below, since this case is more
involved.

Let G = SO(m) x Spin(7), m > 4. Then p is the tensor product of the vector representation
of 80(m) on R™ and the spin representation of Spin(7) on R®. Let p = v; ® v € R™ @ RS,
The isotropy subalgebra at p is so(m — 1) + gy. The slice representation at p minus the trivial
component Rp is given by the real tensor product of the vector representation of s0(m —1) and the
7-dimensional representation of g;. But this representation is not taut by the above.

Let G = SO(m) x Spin(9), m > 4. Then p is the tensor product of the vector representation
of SO(m) on R™ and the spin representation of Spin(9) on RS, Let p = v, ® v; € R™ @ RIS,
The isotropy subalgebra at p is so(m — 1) + spin(7). The slice representation at p minus the
trivial component Rp is given by the real tensor product of the vector representations of so(m — 1)
and spin(7) plus the real tensor product of the vector representation of so{m — 1) and the spin
representation of spin(7). If m > 5 then the second summand is not a taut representation by
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the above. In the case m = 4 we give a special argument. Here we have that the connected
component of the isotropy subgroup at p is K = SO(3) x Spin(7). Let 11, v, be respectively the
irreducible summands of dimensions 21, 24 of the slice representation at p, and denote with V;,
Vz the representation spaces. Note that both 4 and vy are taut representations of K, since v, is
the isotropy representation of a real Grassmann manifold and s is orbit equivalent to the isotropy
representation of a real Grassmann manifold. Let ¢; € V; be a regular point. Then the isotropy
group K, is isomorphic to Z2 x Spin(4). We can choose go € V3 so that the isotropy (Kgy,)g, is
contained in {1} x Spin(4). Hence the orbit K, (gs) is disconnected. Since the orbit K (q1,q2) is
connected, Proposition 3.4 implies that the slice representation at p is not taut.

We postpone the proof for the case SO(3) x Spin(9) to Lemma 6.7 below.

Let G = SU(n) x Sp(m), n > 3 and m > 2. Then p is the realification of the tensor product
of the vector representations of SU(n) on C™ and of Sp(m) on C?™. Consider complex bases
{ew-.. sen} for C* and {f1,..., fom, fmet1,--- » fom} for C?™ where Jm+j = €f;, € the quaternionic
structure on C*™. Let p = ¢; ® f,. Then the isotropy K = G, is isomorphic to T - SU(n — 1) x
Sp(m — 1}, where Tj is the circle group generated by

¢o(t) = (diag(el™~*,e™¥, . e7#),
diag(e=™ V1, 1,eM % 1, 1)) € SU(n) x Sp(m),

and the slice representation 1, minus the trivial component corresponding to the radial direction Rp
decomposes into irreducible components as v4 ® 1, where vy restricted to SU(n — 1) x Sp(m — 1)
is the realification of the complex tensor product of the vector representations of the factors and vy
is the realification of the vector representation on SU(n — 1) and it is trivial on Sp(m — 1). Denote
the representation spaces by V;, V3. Then V; is spanned by e, @ fpandi(eq ® fg), for2<a<n,
2<pf<morm+2<[<2m,and Vs is spanned by €4 ® fi41 and i{eq @ frmy1), for 2 < a < n.
Let 1 = €2® f2 € V4. Then the isotropy K; = Ky, is isomorphic to T3 - T3 - SU(n — 2) x Sp(m — 2),
where T3, T, are circle groups respectively generated by

%(t) = (di%(l, e(”_Z)i'1 e-“l sery e-it)1
diag(L,e= ™~ 1 ... 1;1,€ D% 1 | 1)) € SU(n) x Sp(m),

and

pa(t) = (ding(e™ V¥, e, 67, .. &),
diag(e~ (Wit oit 3 q.eln-Dit o-it g 1)) € SU(n) x Sp(m).

(Here we have used the hypothesis n > 3 and m > 2). Finally let g» = €2 ® frs1 € V. Then the
isotrapy K3 = (Ky, ), is isomorphic to T3 - SU(n — 2) x Sp(m — 2), where Tj is the circle subgroup
of T - T; generated by @3(t) = 1(—t)pa(t). It is easy to see that K, /Ky is diffeomorphic to S?,
whereas K/Kj is simply-connected. Therefore Proposition 3.4 implies that v, is not taut.

The case where G = U(n) x Sp(m), n > 3 and m > 2, is completely analogous to the previous
case.
Let G = SO(m) x Sp(1) - Sp(n), m > 3 and n > 2. Then p is the tensor product of the vector
representation of SO(m) on R™ and T,, where , is a representation on R*® as in Proposition 6.5.
We choose an orthonormal basis {ey,... ,em} for R™ and an orthonormal basis

{fl,“- !ffhfli"" 1fﬂi!f1j7"' ;fnj,flk:--- 7f'lk}
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for R*". Let p = e; ® f1. The connected component of the isotropy subgroup K = Gg is isomorphic
t0 SO(m ~ 1) x Sp(1)’ - Sp(n — 1), where

q
sey={|a| . ¢ €Sp1) p € Sp(1) - Sp(n).
1

The slice representation at p minus the trivial component Rp decomposes as 14 © 14, where 1 is the
real tensor product of the vector representation of SO(m — 1) and 7,1, and 14 is the real tensor
product of the vector representation of SO(m — 1) and the adjoint representation of Sp(1) (v is
trivial on Sp(n —1)). Note that 24 is the isotropy representation of a real Grassmann manifold.
Let 1, V3 denote the representation spaces of vy, v9. Then W, is spanned by e, ® f5, eq ® fyi,
€a ® fgj, ea ® fgk, for 2 < a < m, 2 < B < n, and V; is spanned by e, ® fii, ea ® f17,
€a ® f1k, for 2 < a < m. First consider the case m > 4. Let ¢ € V3 be a regular point, say
qz = aez @ fii + bes ® f1j + ceq ® frk, where a, b, ¢ are pairwise distinct positive real numbers.
Then the isotropy group K,, is isomorphic to SO(m — 4) x Q-Sp(n — 1), where Q is the quaternion
subgroup {+1, 4, +j, £k} of Sp(1). Consider the restriction of 11 to K,,. We can choose q; € V; so
that the orbit K, (¢1) is disconnected, say g1 = aes® fo+beg® fof, where a, b are distinct positive real
numbers. In fact, if (4, g, B) € SO{m — 4) xQ-Sp(n — 1) is in the isotropy of ¢;, then we must have
Bfag™! = f2 and Bfpig~! = fyi, which implies that Bfsq~1i = Bfyig~! and then ¢~ = ig~1, so
that ¢ = &1 or ¢ = 4. In particular, no element of the form (4, j, B) € SO(m — 4) xQ-Sp(n —1) is
in the isotropy of q1, which implies that the orbit Ky, (q1) is disconnected. Since the orbit K(g), ga)
is connected, Proposition 3.4 implies that the slice representation at p is not taut. Finally we
analyse the case m = 3. Then K = SO(2) x Sp(1)’ - Sp(n ~ 1). Consider a regular point g € V3,
say gz = aez ® f1i + bes ® f1j, where a, b are distinct positive real numbers. Then we have that
the isotropy K, is isomorphic to Z4 x Sp(n — 1). Here Z, is generated by (—1,k), where —1 is
minus the identity matrix in SO(2) and k € Sp(1)’. Consider the restriction of 2 to K,,. We can
choose ¢) € V; as above such that its isotropy does not contain elements of the form (-1, &, B), for
B € 8Sp(n —1). It follows that the orbit K, (g1) is disconnecied and the proof follows as above, O

6.7 Lemma The tensor product p of the vector representation of SO(3) on R3 and the spin rep-
resentation of Spin(9) on R!® is not taul.

Proof. Let p = v1 ® 3 € R® @ R!0. Then the connected component of the isotropy group
K = @G} is isomorphic to SO(2) x Spin(7). The normal space at p to the orbit G(p) decomposes
a3 Rp® V1 @ 13, where Vi = RZ @ R7, V3 = R? ® R® are the representation spaces for the
irreducible components 14, 1, of the slice representation at p. Here 14 is the tensor product of
the vector representations and , is the tensor product of the vector representation of SO(2) and
the spin representation of Spin(7). Now let ¢ = v3 ® v4 € Va. Then the connected component of
the isotropy group K 2 is isomorphic to G2 and the slice representation at ¢ of the representation
of K on Vi @ V2 is a representation of G, on R?2 which decomposes as a trivial component Rq
plus three copies of the 7-dimensional representation of G;. Next we shall show that the sum
# = py ® p3 ® p3 of three copies of 7-dimensional representation of H = G is not taut. It then
follows from Proposition 3.1 that p is not taut either.

In fact, let W; be the representation space of pi- We can select w; € W; such that the
isotropy groups Hu,, (Huw; Jwas ((Hun Jus Juws are respectively SU(3), SU(2), {1}. Since H{yp, 1z ,08) =
((Huw, }us)wa» We get that the orbit H{wy,ws,ws) is diffeomorphic to Gz. Now if this arbit is taut,
Proposition 3.4 implies that it must have the product homology of the orbits through w, wo and



w3, namely, 5%, $ and S%. But it is well known that G; has the product homology of S'! and §3
(this also follows from Satz 1 in [19]). Thus, 4 is not taut. 0

We next recall a reduction principle which will be used below in Lemma 6.11 to prove that a
certain representation is not taut. Let p : @ — O(V) be an orthogonal linear action of a compact
Lie group G which is not assumed to be connected. Denote by H a fixed principal isotropy subgroup
of the G-action on V and let V¥ be the subspace of V' that is left pointwise fixed by the action of
H. Let N be the normalizer of H in G. Then the group N/H acts on V¥ with trivial principal
isotropy subgroup. Moreover, the following result is known [17, 22, 23, 29, 30, 31}:

6.8 Theorem (Luna-Richardson) The inclusion V¥ — V induces a stratification preserving
homeomorphism between orbit spaces

(6.9) VE/N 5 V/G.

The injectivity of the map (6.9) means that Np = Gpn V¥ for p € V¥, In particular, the H-
fixed point set of a G-orbit is a smooth manifold. Observe also that for a regular point p € V¥ the
normal space to the principal orbit M = Gp at p is contained in V7, because the slice representation
at p is trivial.

6.10 Lemma Let p € VH be a regulor point and consider o normal vector £ to M = Gp at p.
Then the Wemgarten operator of M at & restricts to the Weingarten operator of M¥ = M nVE
at £, in symbols, Ae lT,m8 = AE

Proof. Let v € T,ME. Consider an extension £(t) of £ to a normal vector field along a curve
7(t) in M¥ with 4(0) = v. Then AMv = —£'(0)T, where “T” denotes the orthogonal projection
onto T,M. Now £(t) € VE, so the denvatlve €(0) € VH. The normal component of £(0) is already
in VH , 80 its component in T,M is also in V7. Hence Ag" Ty = —£(0)T which proves the claim. O

6.11 Lemma We have that the tensor product p of the vector representation of SO(3) on R® and
the 7-dimensional representation of G is not taut.

Proof. Note that G = 80(3) x G is a closed subgroup of G = SO(3) x SO(7) and p is the
restriction of a representation p of & which is the isotropy representation of a real Grassmann
manifold.

We view the Cayley numbers O = H @ eH, so that {1, ¢,1, j, k, €1, ej, ek} is a real orthonormal
basis for O. The Lie group G is the automorphism group of O with respect to its nonassociative
algebra structure. We next describe the space of orbits of G acting by p on V = R?® ® R7. Take
{e,4,j,k, ei,ej, ek} as a basis for R and take an orthonormal basis {f1, f2, f3} for R%. Recall that
the subspace spanned by {i, 7, k, ei, ej, ek} has a complex structure given by left multiplication by
e. Since all these representations are self-adjoint, it is equivalent to consider p acting on R™ @ R3?
which we may identify with the space of 3 x 7 real matrices. Then the orbit space is described by

the matrices of the form
00 00O0TD
(6.12) b 00000,
0 ¢c 0dO0O

subject to the conditions a > 4> ve? + d? and ¢ > 0.

oo e
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Next we want to compute a principal isotropy subgroup of G. Let p be an element of the
form (6.12) which is regular for both G and G. The principal isotropy group G, is isomorphic to
Z3 x SO(4), and G, = G, N G. Now the Z3-factor is contained in Gp, because

(diag(_la _11 l)rdiag(_ls _1, 1, -1, 1’ -1, 1))
and
(diag(l, -1, _1):di38(11 ~1,-1,1,~1,-1, 1))

are elements of G that fix p. On the other hand, an element in the SO(4)-factor that fixes p and
is in G = 80(3) x Gy is in fact in {1} x G; and has to fix e, ¢, ¢j + d(ei) € R7. Therefore it also
fixes j = %[(cj + d(ei)) — d(ei)] (c # 0 because p is regular for G) and hence it is the identity. We
conclude that the principal isotropy group H = G, is exactly Z3.

It is immediate to see that the fixed subspace VH is

# 00 « 000
0 000 + 0}.
00«0 +»00

Let NV be the normalizer of H in G and G = N/H the reduced group. The connected component
G? must be contained in {1} x Ga. One can use the fact that N equals the normalizer of V¥ in G
to verify that G° is the 2-torus group consisting of the matrices

cost 0 0 —sint 0 0 0

0 coss 0 0 0 ~sins 0

0 0 cos(s—1) 0 —sin(s—t) 0 0

(6.13) sint 0 0 cost 0 0
0 0 sin(s—t) 0 cos(s —t) 0 0

0 sins 0 0 0 coss O

0 0 0 0 0 0 1

fors,tc R.

Let p € V¥ be a regular point and let M = Gp be the corresponding principal orbit in V.
We next prove that M is not taut by contradiction. In fact, assume M is taut. The orbit G%
is a connected component of M, and it is a substantial 2-torus embedded in the 6-dimensional
Buclidean space V¥ . Since its second osculating space is at most 5-dimensional, it cannot be taut
by Theorem 2.5. Ti is known that a surface is taut if and only if its lines of curvature are circles.
Therefore there is a paralle] normal vector field £(2) along a curve ¥(t) in G% C M¥ such that
Agg,;' ¥(£) = A(t)7(2) and A(t) is not constant. Since M is a principal G-orbit, the normal spaces
of M and M¥ in V coincide along v(t) implying that £(t) is also parallel with respect to M. By
Lemma 6.10 we have

(6.14) AX 5 = A7)

We do not claim that y{t) is a curvature line of M since the eigenspace corresponding to A(t) might
not be one-dimensional. Still the argument in {28}, Lemmas 1 and 2 (see also [24]) carries through
and shows that (6.14) together with the tautness of M implies that A(t) is constant, which is a
contradiction. Hence M is not taut. Thus the representation p is not taut either. (m}



A Table for Dadok’s invariant k(\)

We next tabulate the value of the Dadok invariant k(A) for the the complex irreducible represen-
tations my of the complex simple Lie algebras, where A is a fundamental highest weight (since k(A)
is linear on A, this already determines the value of k(A) for all A). The number in parenthesis next
to the vertex of the Dynkin diagram which specifies o; is k(};). The last column tells, for each
complex simple Lie algebra, whether all representations are self-dual, or else, the dual of 7, s given
by ,, where the vertices that specify o; and oy are images one of the other under the symmetry
of the Dynkin diagram.
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G k() Conditions
m @ (-1 (%) (n—1) @ Q) eality S sy sym
Aon-1 metry of diagram
& @ (h=1) (n) (») (n=1) @ (@ duality given by sym-
o0—0— - —O0—O0—0O0—O— -« —O0—0O N
s metry of diagram
@ @ @ @ (3n - 2X3n — 2) (n)
Bop—-1 o—0—0—0— - —O0—CO==9 all self-dual
@ @ W W (an — 2)Y3n - 2)(3In) (n)
By, O—0—0—0— » —O0—0O0—Cr=m@ all self-dual
o @ (n=~1) (n)
Cn *—0— - ——0 all self-dual
@ @ W @ (e-1ue-n ™
D2n O—0—O0—0— -~ all self-dual
(O]
@ (@ W (W (3n = 2)2n — 2x3n) 2 (™ duality! given. by-sym-
e metry of diagram
(»)
@ @
Ga =0 all self-dual
(2) (8) “4) {2)
F, O—O=—e—e all self-dual
@ W o® W @
Eg duality given by sym-
) metry of diagram
(3 (. (® (7 (& (3
Er | o all self-dual
@ (10 4 a3 B (& (@
Es | - all self-dual

Table A.1: The invariant of Dadok.




B Table of candidates to class 2

In the tables below are compiled all the real irreducible representations of compact connected Lie
groups that are not orbit equivalent to the isotropy representation of a symmetric space but that
have a chance of being a representation of class O%. These are just the representations mentioned
in Propositions 5.1, 5.2, 5.14, 5.15, 5.16, 5.17 and 5.18; note, however, that the presentation here
slightly differs from the presentation in the above mentioned propositions for the sake of convenience.

G P Conditions

1

S0(2) x Spin(9) | (z@z')@0—0—0—e ~

U@2) xSp(n) |zer)@Ooge— - —e=0| n>2
3 1

SU(2) x Sp(n) 0Q8— - —8=0 n>2

Table B.1: Taut representations.

G p Conditions
Sp(n) x SU(6) ;— - —=0QR o—o—<l>—o—o n>2
Sp(n) x Spin(11) ;— - —=—0® 0——0——0—0—‘1 —
1
Sp(n) x Spin(12) ;— - —e==08 O—O—O—C<: nz2
1 1
Sp(1) x Spin(13) 08 0—O0—0—0—0—= -
Sp(1) x Sp(2) Ol® .l=(; -
Sp(n) x Sp(3) ;— . —e—0Q® .-—.=(]) 1 n>2
Sp(n) x E7 ;——o=i)® | n>2
Spin(7) cl>—o—ol -
Spin(9) cl>—-o——o==ol -
Spin(15) o—-—o—-o—-o-—o——o=; -
Spin(17) o—o—o—o—o—o—o=; —

Table B.2: Nontaut representations (first group).



Conditions

G p
1 1
SU(n) x Sp(m) oty _,OGBO_ — n>3, m>2
® — - —8==0
1 1
-1
Ulr) x Sp(m) (E@0—~—00s780=—0) | >3 m>2
® &— - —@=—0
1 1 1
Oo— - R0R &— - —e=—0 m=2p>4
SO(m) x Sp(1) - Sp(n 1 1o m=2p+1>3
(m) % Sp(1) - Sp(n) O— " —O=—8 RO R &— - — @m0 B
n=2) 1l i m=4
OR0RODO— - —@==0
T 1 m=3
0Q0R® — - —e=0
1 1
O = ® =0 m=2%>4
1 1 =2p+1>3
80(m) x G O— -+ —O==0 @ e=am0 e
11 m=4
O®0Qe&=D
2 - m=3
[ol:>X ——¢}
1 1
SO(m) x Spin(7) 1 1 m=2%4+1>5
00— —O=—0R0—0—9
11 1 m=4
00 0—0—e
1 1
A q 1 = 1
SO(m) x Spin(9) e oe, Pl t >3
1 1 m=4
008 0—0—0—=e
X : m=3
O 0—O0—C—e

Table B.3: Nontaut representations (second group).



G p Conditions

1 1

Ga x Go =D ® &0 -

G, x Spin(7) 1EO ® O—O=; -
G2 x Spin(9) o]Eo ® o——o—o=; -
Spin(7) x Spin(7) O—O—; ® O—C=O1 -

1 1
Spin(7) x Spin(9) O0—0—0=—9 ® 0—0—C==9 -
1 1 1
Sp(1) - Sp(n) x G OR&— - —@==0 R =0 n>2
1 1 1

Sp(1) - Sp(n) x Spin(7) | O® ¢— - —=—0 R O—O0—= n>2

Table B.4: Nontaut representations (third group).
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