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The classification of taut irreducible representations 

CLAUDIO GORODSKI* AND GUDLAUGUR THORBERGSSON 

Abstract 

Several classes of irreducible orthogonal representations of compact Lie groups that are of 
importance in Differential Geometry have the property that the second osculating spaces of all 
of their nontrivial orbits coincide with the representation space. We say that representations 
with this property are of class (P. Our approach in the present paper will be to find restrictions 
on the class 0 2 and then apply them to classify taut irreducible representations up to orbit 
equivalence. The classification of variationally complete representations up to orbit equivalence 
is an easy oorollary. 

1 Introduction 

Several classes of irreducible orthogonal representations of compact Lie groups that are of impor­
tance in Differential Geometry have the property that the second osculating spaces of all of their 
nontrivial orbits coincide with the representation space. We say that representations with this 
property are of class 0 2

• Our approach in the present paper will be to find restrictions on the class 
0 2 and then apply them to classify taut irreducible representations up to orbit equivalence. The 
classification of variationally complete representations up to orbit equivalence is an easy corollary. 
We refer to Section 2 for the definitions of concepts used in this introduction. 

We next state our main theorem to be proved in Section 6. 

1.1 Theorem A taut irreducible repruentation p of a compact connected Lie group G is either 
orbit equivalent to the isotropy repruentation of a symmetric apace or it is one of the following 
orthogonal representations {n ~ 2): 

G p 
S0(2) x Spin(9) (atandard) ®R (,pin) 

U(2) x Sp(n) (standard} ®c (standard) 
SU(2) x Sp(n ) (6tandardj3 ®H (standard) 

Bott and Samelson proved in (3] that isotropy representations of symmetric spaces are varia­
tionally complete and that almost all distance functions of orbits of variationally complete represen­
tations are perfect Morse functions. In our terminology, this implies that isotropy representations 
of symmetric spaces are taut. The three representations in the table of Theorem 1.1 are also taut. 
Their tautness was proved by the authors in [15]; see also [16] for a different proof. Notice that these 
representations are precisely the representations of cohomogeneity three that are not orbit equiva­
lent to the isotropy representation of a symmetric space (see [35, 121). Hence the taut irreducible 
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representations are precisely those that are either orbit equivalent to the isotropy representation of 
a symmetric space or of cohomogeneity three. 

The three representations in the table of Theorem 1.1 are not variationally complete by Theo­
rem 3.8 in [15) (see also [16]). Since a variationally complete representation is taut, it now follows 
from Theorem 1.1 that an irreducible variationally complete representation is orbit equivalent to 
the isotropy representation of a symmetric space. Also, it is not difficult to see that an arbitrary 
variationally complete representation is orbit equivalent to the outer direct sum of irreducible vari­
ationally complete representations. This proves the following corollary which is a converse of the 
result of Bott and Samelson in [3] that isotropy representations of symmetric spaces are variationally 
complete. 

1.2 Corollary A variationally complete representation of a compact connected Lie group is orbit 
equivalent to the isotropy repruentation of a symmetric apace. 

After (16] had been circulated, Di Scala and Olmos gave in [11] a very short, direct proof of the 
fact that a variationally complete representation is polar. Their resnlt together with Dadok's clas­
sification of polar representations in [10) can then be used to give a different proof of Corollary 1.2. 

In fa.ct one can do more with the method of this paper and get a complete classification of 
variationally complete and taut irreducible representations (up to image equivalence; see the begin­
ning of Section 5 for this concept) independent of (12]. As a consequence one gets a new proof of 
the classification of polar representations due to Dadok [10] since these are variationally complete 
(see [7]) and isotropy representations of symmetric spaces are easily seen to be polar. It follows 
that an orthogonal representation is variationally complete if and only if it is polar, and it is polar 
it and only if it is orbit equivalent to the isotropy representation of a syn,metric space. We do not 
go into the details of how these results can be proved in a unified way and refer to [16] instead. The 
complete classification of '98.riationally complete representations also follows from combining results 
in [10, 12, 1, 11]. 

Some other known classification results can also easily be proved with our methods as shown 
in [16]. These include the classification of cohomogeneity one representations as well as the classi­
fication of oohomogeneity two representations due to Hsiang and LaW90n [20). The oohomogeneity 
two representations are polar and therefore included in Dadok's classification, but the point here is 
that it is very easy to see directly that they belong to class 0 2 without referring to tautness. 

Kuiper observed in (21] that the second osculating space of a taut submanifold in a Euclidean 
space V coincides with V if the submanifold is not contained in a proper affine subspace. In fact, 
he proved this more generally for tight submanifolds, but this is unimportant for us since an orbit 
is tight if and only if it is taut. Since the classes of representations we are dealing with are all taut, 
it follows from this observation of Kuiper that they belong to class a2 if they are irreducible. The 
class 0 2 is much more tractable than the other classes of representations we are dealing with since 
it involves an infinitesimal condition. The technique of Dadok [10], notably his invariant k(>.), turns 
out to be an extremely powerful tool to reduce the class 0 2 in size so that the remaining cases are 
accessible to the geometric methods developed in Section 3. 

Previous to this paper taut representations were studied in [14] and (9) . It is decided in [14), 
with some exceptions, which representations of SU(n) and U(n} can be taut. In (9] it is proved 
among other things that a compact group admitting an almost faithful taut representation can have 
at most four simple factors. 

The present paper is an abridged version of the preprint (16] which we have already quoted 
in this introduction, and it is organized as follows. In Section 2 we bring definitions and explain 
some known results. In Sections 3 and 4 we collect preliminary material that is needed for the 
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classification in Sections 5 and 6. 
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2 A review of basic definitions and results 

Let G be a compact Lie group acting on a Riemannian manifold M by isometries. A geodesic 'Y in 
Mis called G-tran,verMI if it is orthogonal to the G-orbit through -y(t) for every t. One can show 
that a geodesic 'Y is G-transversal if there is a point to such that -y(to) is orthogonal to G-y(t0). A 
Jacobi field along a geodesic in M is called G-tran,versal if it is the variational vector field of a 
variation through G-transversal geodesics. The action of G on M is called variationally complete if 
every G-transversal Jacobi field Jin M that is tangent to the G-orbits at two different parameter 
values is the restriction of a Killing field on M induced by the G-action (see [2) and (3)). It is 
proved in [3] on p. 974 that instead of requiring tangency at two different points in the definition of 
variational completeness it is equivalent to require tangency at one point and vanishing at another 
point. 

Let p be a variationally complete reducible representation and p a summand of p. Then it is easy 
to see that fi is also variationally complete. Notice though that it is not true that the direct sum 
of two variationally complete representations of a compact Lie group G is variationally complete as 
can be seen by taking the direct sum of of two copies of S0(2) acting on R 2• 

Let N be a properly embedded submanifold of a Euclidean space V and let x be some point in 
V. Then we define the dutant:l! function L., , N ➔ R from :i; to N by setting L.,(p) = IIP -zll2, 
It follows that L., is a non-negative proper function since N is properly embedded. Hence it is 
possible to apply Morse theory to L.,. We say that L,. is perfect with respect to a field F if it is 
a Morse function and the Morse inequalities for L,. with respect to F are equalities. Furthermore 
we say that N is F-taut or simply taut if L,. is perfect with respect to F whenever L., is a Morse 
function, see [6]. The concept of tautness can be extended to submanifolds of complete Riemannian 
mani{oldi,, see [33), but we will not need that here. We will aay that an orthogonal representation 
p : G ➔ 0 (V) of a compact Lie group G is F -taut or simply taut if the the orbits of G are F-taut 
submanifolds of V. 

If p is a reducible taut representation and p one of its factors, then p is clearly taut. Notice 
that it is not true that direct sums of taut representations of a compact Lie group G are also taut. 
An example of this is the direct sum of n copies of SU(n) acting on C". This representation is not 
taut since one can compute that SU(n) is not taut in the matrix space M(n; C). 

The following theorem mentioned in the introduction was proved by Bott and Samelson more 
generally for variationally complete actions on complete Riemannian manifolds. In fact it is an 
immediate corollary of Theorem I in [3]. Notice that Bott and Samelson do not use the concept of 
a taut submanifold which was introduced later. 

2.1 Theorem (Bott-Samelson) A variationally complete repreaentation of a compact connected 
Lie group on an Euclidean space i.! Z:i-taut. 

Bott proved in (2), Propositions 7.1 and 11.6, that the action of a compact Lie group G with a 
bi-invariant metric on itself by conjugations and the adjoint representation of G on its Lie algebra 
g are variationally complete. This was generalized by Bott and Samelson in [3), Theorem II as 
follows. Let (L, G) be a symmetric pair and I= g $ p the corresponding Cartan decomposition. 
Then the action of L x Lon L, the action of G on L/G and the action of AdL(G) restricted to P 
are variationally complete. The action of AdL( G) on p is equivalent to the isotropy representation 
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of G on the tangent space Tp(L/G) where p denotes the coset G. Therefore we have the following 
theorem mentioned in the introduction. 

2.2 Theorem (Bott-Samelson) The iaotropJ/ repre.,entation of a ,ymmetrie apace ia variation­
allv complete. 

Conlon considered in (7) actions of a Lie group G on a complete Riemannian manifold M with 
the property that there is a connected submanifold Il of M that meets all orbits of G in such a way 
that the intersections bmreen E and the orbits of G are all orthogonal. Such a submanifold is called 
a .,ection and an action admitting a section is now usually called polar if E is properly embedded. 
Notice that Conlon does not assume in (7] that E is properly embedded, but it is usually required 
in the recent literature on the subject. It is easy to see that a section E is totally geodesic in M. 
An action admitting a section that is flat in the induced metric ia called hyperpolar. There is clearly 
no difference between polar and hyperpolar representations since totally geodesic submanifolds of 
a Euclidean space are affine subspaces. Moreover, the question whether E should be required to be 
properly embedded or not becomes redundant. Conlon proved the following theorem in (7). 

2.3 Theorem (Conlon) A hyperpolar action of a compact Lie group on a complete Riemannian 
manifold ia variationally complete. 

Polar representations were classified by Dadok in [10]. We reca.ll that two representations Pl : 
G1 ➔ O(V1) and P2: G2 ➔ O(V2) are said to be orbit equivalent if there is an isometry A: Vi ➔ V2 
under which the orbits of G1 and G2 correspond. As a consequence of his classification he obtained 
the following result. 

2.4 Theorem (Dadok) A polar repre.,entation of a compact connected Lie group i, orbit equiva­
lent to the iaolropy representation of a 1ymmetric ,pace. 

We can summarize this discussion as follows. Let G be a compact connected Lie group. Denote 
by I the representations of G that are isotropy representations of symmetric spaces, by 'P those 
that are polar, by V those that are variationally complete, and by T those that are taut. Then 

Ic'PcV CT. 

The starting point in the present paper will be to consider a class of representations that is a 
priori larger than T, but easier to deal with, see (9). We recall that the ,ecooo o,ctJating ,pace 
CJ;(N) at a point p of a submanifold Nin a Euclidean space Vis the vector space spanned by the 
first and second derivatives at p of the inclusion of N into V. It is easy to see that 

CJ;(N) = TpN EB ({a(X, Y) IX, YE T7 N}). 

where a denotes the second fundamental form of N and (S) stands for the linear hull of the set S. 
The following is a corollai:y of the discussion of Kuiper in [21]. 

2.5 Theorem (Kuiper) Let N be a taut IUbmanifold of a Euclidean space. Then the affine hull 
of N coincide, with p + ~(N) for every point pin N. 

We let 02 denote the clasa of representations of a compact connected Lie group G such that 
the representation space coincides with CJ;(Gp) for all nonzero p. The representations in 0 2 are 
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clearly irreducible. If a taut representation is irreducible, then Theorem 2.5 implies that it belongs 
to class 0 2• Thus we have the inclusions 

I; C 'P; CV; C 1i C &, 

where I;, Pi, V;, and T; are the the subclasses of I, 'P, V, and T consisting of irreducible represen­
tations. 

3 Taut representations 

We will first show that the slice representation of a taut representation is also taut and then 
prove an important proposition about taut reducible representations. It also follows i=ediately 
from our methods that a taut representation does not have exceptional orbits. Here we follow the 
terminology of Bredon in [5], pp. 180-181, and distinguish between three types of orbits, namely 
principal (regular), exceptional and singular. Recall that orbits are called exceptional if they have 
maximal dimension without being principal, and singular if their dimension is not maximal. We 
also call points regular when they belong to principal orbits. 

3.1 Proposition Let G be a compact connected Lie group with a taut representation p: G ➔ O(V). 
Let p EV and let Vp: Gp ➔ O(Np(Gp)) be the slice representation of p at p. Then Vp i.! taut. 

Proof. Let N•(Gp) denote the bundle of normal vectors of length less than£ over the orbit Gp. 
Let£> 0 be so small that T = exp(N'(Gp)) is a tubular neighborhood around the orbit Gp. Let 
ti E Np(Gp). We want to show that Gpv is taut in the normal space Np(Gp). Let a > 0 be a 
number that is so small that w = av has length less than£. It is clear that Gpv is taut in Np(Gp) 
if and only if G,,w is taut in Np(Gp). It is also clear that Gpw is taut in Np(Gp) if and only if 
expp(Gpw) = Gpexpp(w) is taut in expp(Np(Gp)) since exp,, is an isometry. We set q = expp(w). 
A submanifold in an affine subspace A of V is taut in A if and only if it is taut in V. Hence G,,v is 
taut in N,,(Gp) if and only if Gpq is ~ut in V. 

Now let Lp : Gq ➔ R be the distance function. The segment pq is orthogonal to Gp and hence 
also to Gq. It follows that q is a critical point of L,,. Since q is in the tubular neighborhood T and 
the length of the segment pq is smaller than £ it follows that Lp takes on its minimum in q. Let C 
be the subtiet of Gq on which L,, takes on its minimum value. Clearly C = Gqnexp,,(N;(Gp)) since 
a geodesic segment between Gp and Gq that is orthogonal to Gp is orthogonal to Gq and vice versa.. 
By the slice theorem G,.q = Gq n exp,.(N;(Gp)). Hence G,,q = C. The set of critical points of a 
distance function to a taut submanifold is a union over taut submanifolds by a theorem of Ozawa, 
see [26). It follows that Gpq is taut a.nd hence that the slice representation Vp is taut. □ 

3.2 Remark We are assuming in Proposition 3.1 that G is connected. Hence its orbits are con­
nected and it follows from their tautness that the set of points where a distance function takes on 
its minimal value is connected. The proof of Proposition 3.1 now implies that the orbits of Gp are 
connected even if Gp is not connected. 

It is well-known that the isotropy representation of a symmetric space does not have an excep­
tional orbit. The methods used in the proof of Proposition 3.1 i=ediately give that this is also 
the case for taut representations, 1111 we show in the next proposition. 

3.3 Proposition A taut representation p : G ➔ O(V) of a compact connected Lie group G dou 
not have exceptional orbits. 
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Proof ASBume the orbit through p in V is exceptional. Then the slice representation of Gp 
at p has a disconnected orbit. Arguing exactly as in the proof of Proposition 3.1, we see that the 
distance function from p to a principal orbit through some regular point close to p assumes its 
minimum value on a disconnected set, contradicting tautness. Thus p cannoi have an exceptional 
orbit. D 

We close this mbsection with a discussion of taut reducible representations. 

3.4 Proposition kt p1 and /J'J be repreaentationa of a compact connected Lie group G tDith rep­
resentation JpOCU Vi and½ re&pectively. A11ume that Pl (B /J'J i., F-taut. Then the re1triction of 
P2 to the ilotropy group G.,1 i., taut for every 111 E Vi. 

Furthermore, we have thatp(G(v1,t12);F) =p(Gv1;F)p(G.,,112;F), wherep(M;F) denote& the 
Poincore polynomial of M with respect to the field F. In particular, G.,1 v-i ii connected and 

bt(G(t11,"2)i F) = b1(GVJ.i F) + bt(Gw,t'2i F), 

where bt(M; F) denote., the first Betti number of M with respect to F. 

Proof. We can work with height functions instead of distance functions in this proof since 
a submanifold contained in a round sphere in a Euclidean space is taut if and only if all height 
functions are perfect Morse functions, see [27]. Furthermore, in this situation the set of critical 
points of a distance function will also occur as the set of critical points of a height function, and 
vice versa. Fix {"1,112) e Vi EB V2. Let a E Vi be such that the height function ho : G111 ➔ R 
defined by h,.(v) = (a,v) is a Morse function. We define the height function h(4 ,oJ : G{t11,1'2) ➔ R 
similarly. The point (u1, t12) is a critical point of hc,.,o) with index i if and only if TJ1 is a critical 
point of 114 with index i. Hence the critical set Con the critical level h(a,o)(tJ1, 1.12) = h,.(ui) is 

C = {(w1,W2) E G(vi,112) lw1 = 1.11} = {(u1,w2) ltu2 E G.,1112}. 

Ozawa prows in [26] that the set of critical points of a distance function on a taut submanifold is a 
union over nondegenerate critical submanifolds that are again taut submanifolds. It follows that C 
is taut. The projection of C into½, which coincides with G,.,11'2, is then also taut. We can choose 
a mch that hQ is a Morse function of which v1 is a critical point. It follows that G.,, 112 is taut for 
every v1 E Vi and tl2 E 1'2 and hence that the restriction of ~ to Gvi is taut. 

Now fix again a point (t11,112). If CC G(v1,t12) is an arbitrary critical mbmanifold of h(a,o), 
then it is diffeomorphic to G.,1112. To see this let ,r1 : G(t1t,t12) ➔ G11J. be the projection onto the 
first factor. Then one easily sees that 

,.-11 (9,.,i) = G,,,,!Jt12 = gGvig-1(gv2) = gGviv2, 

Hence we have that ,r1 is a G-equivariant fibration. The critical submanifolds of h(,.,O) are fibers of 
1r1 and hence clifJeomorphic to each other. 

Since the orbit G(v1, 112) is taut we have by [26] that the Morse-Bott inequalities are equalities. 
Let Ci,,,., C4 be the critical manifolds of h(B,O)· Let i(C1) be the index of C; for j = 1, ... , k. 
Then . ,. 

p(G(t1t,½)) = LP(C;)ti(Cj) = p(G.,,112) L ti(CJ), 

j=l ;~1 

since the critical suhmanifolds are all diffeomorphic to G.,,, "2· We have 
,. 

p(Gv1) = 'Eti(CJ) 

J=l 
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since hG is a perfect Morse functions with critical points PI = 1T1 ( C), ... , P.1: = 1T1 ( C1) and the index 
of P; is equal to i(C;). It follows tha.t . 

Multiplying out the Poincare polynomials gives bo( Gv, v2) = 1 and 

This finishes the proof of the proposition. D 

4 A necessary condition for a representation to be of class 0 2 

Let ,r be a complex representaiion of the compact connected Lie group G on a finite-dimensional 
vector space. We say that ,r is of real type if it comes from a representation of G on a real vector space 
by extension of scalars, and we say that ,r is of quatemionic type if it comes from a representation 
of G on a quaternionic vector space by restriction of scalars. If ir is neither of real type nor of 
quaternionic type, we say that ir is of complex type 

Now it is known that the finite-dimensional real irreducible representations p of G fall into one 
of the following disjoint classes: 

(a) the complexification pc is irreducible and pc= 1T is a complex representation of real type; 

(b) the complexification rf' is reducible and pc = 1T EB ,r where ir is a complex irreducible repre­
sentation of quaternionic type; 

(c) the complexification pc is reducible and pc= ,r6),r0 where ,r is a complex irreducible represen­
tation of complex type and ,r• is not equivalent to ir (where ir• denotes the dual representation 
oh·). 

The relation between p and ir is that pis a real form of 1r in the first case (p" = 1r ), but pis ,r viewed 
as a real representation in the other two cases (p = irr). We shall call p of real, quatemionic or 
complex type according to whether the associated ir is of real, quaternionic or complex type. Note 
also that 1r is self-dual precisely in the first two cases. 

Suppose now that G is semisimple, let g denote its Lie algebra and gc its complexification. 
Write t,. for the root system of gc with respect to a cltosen Cartan subalgebra, t,. + for the positive 
root system with respect to an ordering of the roots, and S = { a1, . .. , Or} for the corresponding 
simple root system. Let .>.1 , ... , .>.r be the fundamental highest weights defined by the relations 
2(.>.;,a;)/(a;,a;) = 5;; where(,) is the Cartan-Killing form. The Theorem of the Highest Weight 
of E. Cartan states that the complex irreducible representations of g< are parametrized by their 
highest weights, and these a.re exadly the linear combinations.>. = I;;=l m;.>.; form; E {O, 1, 2, ... }. 
The following proposition is a useful criterium of Dadok to decide for which .>. the corresponding 
representation lf.>. is of real, quaternionic or complex type. Recall that the roots a, /3 E A are called 
strongly orthogonal if a ± /3 is not a root. 

4.1 Proposition ([10]) There i8 a maximal rubaet B = {/Ji, ... , .B,} C t,. + of strongly orthogonal 
roots 11uch that: 

(a) we have 110 = BtJ, • • • sp, is the Weyl group element that maps the positive Weyl chamber into 
its negative; 
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{b) the repf'Uentation ,r,\ i, of complex typt if and only if A doe, not belong to the real span of B; 

(c) the repruentation ,r" ii of real twe (resp. qootemionic twe) if and only if A belo~ to the 
real 6pan of B and 

ii an even (reap. odd} integer. 

4.2 Remark For a simple Lie algebra the set B can be constructed as follows, 11.8 is explained 
in (10) and will be assumed throughout our paper. Let /Ji be the highest root. The root system 
{a E I::. : (a,/Ji) = 0} is either irreducible or equals {±(1} U l::.1, with l::.1 being irreducible and 
(1 E A+. In the former case set /Jl equal to the highest root of A1 (with the inherited order from 
.6.), 11.11d proceed by induction. In the latter case set tJ,i = (1 and fJ3 eqllll,) to the highest root of 
l::.1, and proceed by induction. 

We continue to assume that G is semisimple. Let Ha, a E A, be the corootl! of g<. It is possible 
to choose root vectors X0 for gC, a E I::., such that the compact real form g is spanned by 

(4.3) where a El::.+. 

Now if ,r is a complex representation of G, we have that the adjoint map ,r(X0 )• = ,r(X_0 ) 

with respect to any G-invariant Hermitian product on the representation space. Moreover, if ,r 
ia oC real (resp. quaternionic) type and £ is an invariant real (reap. quaternionic) structure on the 
representation space, then ,r(X0 )t = £1r(X_0 ) . 

By compactness of G, any real representation is equivalent to an orthogonal one. The following 
proposition, which is stated as a remark in (10] , p . 128, and the ensuing lemma, which is a refinement 
of a result in (9), are precisely the ingredients we need to establish a necessary condition for an 
orthogonal representation of G to be of class 0 2• 

4.4 Proposition ([10]) · Let U1 (g<) be the kth level in the natural filtration of the univer6al en-
11eloping algebro of g<. Fiz 1r~, the irw.ducible repruentation of g• with highut ,veight >., and fiz 11~, 
a highut weight v&:tor. Let 

(-\,,8;)- (aoA,,8;) 
n; = ([:J;,,8;) ' 

for i = 1, ... ,a. Then the element 6011~ win ut<~>(g<)v,\, but not in U1(i•)11" for any l < k(-\), 
where aov~ i6 given a6 

aov~ = ,r(X_p, )'" • • • 1r(X-p.)"'•v~. 

There is no proof of the above proposition in [10). In [8], p. 270, there is an attempt to prove 
the proposition which in our view contains serious gaps. 

Proof. It is enough to consider the case where g< is a complex simple Lie algebra. We first claim 
that the element 6()1'~ is not zero. In fact, consider the complex subalgebra t cg• generated by the 
root spaces of g• corresponding to ±/Ji, . . . , ±{j •. Then t is isomorphic to the direct product of a 
copies of .111(2, C). We restrict""" tot and let U" be the unique irreducible t-module generated by ... ... 
11~. Since A -ao-\ = E!:1 n;,8;, it is now clear that U~ is the representation space oft: O® • • • ®O 
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and that sov>. EU>,, Therefore, our claim is ~need to the case of the (n+ 1)-dimensional complex 

irreducible representation of .s1(2, C), namely o, which is immediate to verify. 

It is obvious that soV>. E uA:(>.)(gc)v>,. We next prove that sav>. ¢ U1(gc)11>. for I < k(A) by 
contradiction. In fact, enumerate the positive roots Ll+ = {a1, ... , at} and suppose sov>. E U1(gc)v>. 
for I< k(A). It follows from the Poin~Birkhoff-Witt theorem that we can write 

sotl>. = L ep, ... PtX~'a, ·--X~01 11>,, 

p,, ... ,Pt?;O 

for some complex constants Cp,--·Pt· Now, using that X~ = X_ 0 , 

0 ,j, (so'-'>., sov,i.) 

= L ep, ... Pt(X~';., ··-~a,V>.,X~p, ... x~p.v>.) 
p,, ... J>t?;O 

L ep, ···P• (x;;: · .. x;;: X~';.1 ... x~0 , v,i., v,i.). 
p,, ... ,J><?;O 

Recall that the highest weight space is one-dimensional; hence we can write 

for some nonnegative integers p1, ... ,Pt such that k().) = n1 + • • • + n, > p1 +•••+Pt = I and for 
some nonzero complex constant c. Note that n1/31 +· • •+n,/3, = p1a1 +· • •+Pta1• The contradiction 
we are aiming at now follows from the following claim. 

CLAIM 1 If N > M then 

We proceed by induction on the integer N. The cases N = 1 and N = 2 are trivial (use that'-'>. 
is a highest weight vector for N = 1 and that the sum of two roots in Bis not a root for N = 2). 
Assume the assertion is true for some N-1;?: 2 and let us prove it for N. Since Xp,, ... ,Xp. 
pairwise commute, we may assume that 61 = /3; where i ~ j for every j = 1, ... , s which satisfies 
/3; = 61r, for some k = 1, ... ,N. 

CLAIM 2 For each j = 1, ... , M, if 61 - 1; is a root then it is a positive root. 

Indeed we have 61 = /3; where i is as above. If i = 1, then we are done because /31 is the highest 
root. If not, 0 = (/31,61 +···+ON)= (/31,'Yl + ... +,M). Now (/31,'Yl.) = -(/3i,'Y2 + ... + 'YM), 
and since /31 is the highest root we have (/31,-yi);?: 0, ... , (/3i, 1M);?: 0. It follows that (.Bi, 11) = 0 
and (/3i,)'l+"·+'YM) = 0. An easy induction argument shows that (/3i, 1;) =0 for j = 1, ... ,M. 
Consider now the root system {a E Ll: (a,/3i) = O}. The first case occurs when it is irreducible. 
Then /32 is by definition its highest root so that /32 ;?: 'Y; for j = 1, ... , M. If i = 2 we are done. If 
not, we see that (/32, 1;} = 0 for j = 1, ... , Mand we proceed by induction. The second case occurs 
when the above root system is of the form {±(1} U 6 1, with Ll1 being irreducible and (1 E .:1+. 
Here /32 = (1 and /3s is the highest root of Ll1 • If 1; E Ll1 for j = 1, ... , M then (/32, 1;) = 0 for 
j = 1, ... , M so that i ;?: 3 and we proceed by induction as above. On the other hand, if (1 = -Y;o 
for some io, then i = 2. In this case, for each j = 1, ... , M either /32 = 'Yi or - 1; E Ll1. So /32 - 'Yi 
is never a root. This completes the proof of Claim 2. 
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CLAIM 3 We hafle 

x6N •• -X1,X-71 ... x_7,_,n,x_7i+, .. -X--,,/v,. = o, 
where He ia the coroot vector corresponding to ( E l!. + and j = 1, ... , M. 

In order to prove Claim 3, proceed by induction on j. The initial case is j = M, which follows from 
the induction hypothesis on N, since HcV:>. = (C, ~)v,.. Next write 

x,N • • ·X1,X_,,, "·X-7;-,HcX-7;+1 .. -X.....,,..v,. = 
(4.5) x6N •• • x"2x--ri ... x.....,1_,x_7;+,Hc •· -x.....,,..v,. 

+ x6H ••. x6ox--ri ... x.....,,_,[H,,X-71+,l • • • X-7,..v,.. 
The first summand on the right hand side of (4.5) is zero by the induction hypothei!is on j, and the 
second summand is zero because (Hc,X--r;+i] = -K,1;+1)X_7H, so that we can use the induction 
hypothesis on N. This proves Claim 3. 

CLAIM 4 We have 

x,N ... x,.x_'Y> ... x.....,,_,x,x_7i+, ... x.....,,..v,. = o, 
wher-e Xe ia the root vector correaponding to ( El!.+ and j = 1, ... , M. 

In order to prove Cla.im 4, proceed by induction on j . The initial case is j = M, which is trivial 
because tJ:>. is a highest weight wctor. Next write 

x,N . . ·X1,X~ .. ·X--,J-lx,x_.,J+, ... x_.,.,v,. = 
(4.6) x,,, ... x,.x_71 .•. x.....,,_, x.....,,+, x, . •. X 4,..v,. 

+ x,1' ... x,.x.....,. ... x4,_,[x,,x_,.i+1J-.. x.....,,..11,.. 
The first summand on the right hand side of (4.6) is zero by the induction hypothesis on j. The 
second summand is also zero for the following reasonB. If ( = 'Yi+l we use Claim 3. If not, then 
either (-1;+1 is not a root and then (X,,X_7;+,l = 0, or else (-11+1 is a root. In the latter case, 
if it is a positive root we can use the induction hypothesis on j, and if it is a negative root then we 
can use the induction hypothesis on N. This completes the proof of Claim 4. We finally turn to 
the proof of Claim 1. We can write 

(4.7) 

X1,, ··•Xi,,X-7> · ·•X_711 v,_ = 
M 

LX1i, ·· ·X"2X_,.,, ···X-71_,[X1,,X--,;]X_71+, ···X--,,..v:>. 
;=<l 

+ x,,, ... x,.x-n-- ·X--,uX6,,V).. 
The second summand in the right hand side of (4.7) is zero because v,,. is a highest weight vector. 
The first summand is also zero because if 61 = 'Yi we can apply Claim 3. Otherwise, either 61 - 'YJ 
is not a root and then [X,,,X_,,,J = 0 or else 61 - 7; is a root and then it is a positive root by 
Claim 2 so that we can apply Claim 4. ThiB completes the proof of Claim 1 and the proof of the 
proposition. D 

4.8 Lemma Let 11-,,. be the complu irreducible repreaentation of G with highut weight A and rep­
resentation ,pace Vi .. Let µ be a II/eight of ll',\ and ~ a. weight vector 11,.. Let p denote a real form 
of 'II':>. in ca,e ll'), is of real t11pe, or the realification of 71'). in case it is either of qua.temionic or of 
complez twe. Suppose that p ia of claaa 0 2 • 
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( a} If 11). ii of real type, then 

U2(gc)vµ +U2(gc)e(v,,) = V>., 

where e i8 the real .,tructure on V>. defined by p. In particular, by taking µ = A, we find that 

U2 (!'.l°)v>. +U2 (gC)e(v>.) = V,\, (C2) 

(b) If 11',\ is of complex or quaternionic type, then U2(gc)v,, = V>, . 

Proof. (a) Consider the real vector p = v,,+w,,. The second osculating space o:(Gp) is spanned 
over R by Xp, XYp, where X, Y E g. Taking linear combinations with complex coefficients of 
these vectors, we can write that the complexification 

O;(Gp)c c U2(gc)v,, +U2(gc)e(v,,) C V,\. 

But p of class (02) implies that O;(Gp)' = V,.. 
(b) Let p = v,,. We have that o:(Gp) C U 2(gc)v,, C V>. a.:i real vector spaces and the proof is 

similar as in (a). D 

We now state the main result of this section. Notice that the same result is claimed in [8), 
p. 271, with an attempt of a proof which in our opinion is not satisfactory. 

4.9 Proposition Let p be a real (orthogonal) irreducible repre.sentation of a compact connected 
semuimple Lie group G U11th complexified Lie algebra gC, and let ll'>. be the associated complex 
irreducible repre.!entation. Suppose that p i., of class 0 2 • 

(a) If pis of quatemionic type, then k(A) = 1. 

(b) If p is of complex type, then k(A) = 1, 2. 

(c) If pis of real type, then k(A) = 2, 4 . 

Proof. First consider p to be of quaternionic or complex type, i. e. p" = 1<>. EB ,r_t. Then p 
of class 0 2 forces U2 (gc)v>. = V>. (Lemma 4.8) and then sov>. E U 2 (g<)v>. implies that k(A) ~ 2 
(Proposition 4.4). From this follow (a) and (b). 

Now take p to be of real type. Let V>. be a highest weight vector of p" = "'>. · Since 11',\ is self-dual, 

lowest weight of lf,\ = -highest weight of iri = -A= so.\. 

Also, there exists a C-conjugate linear, G-invariant involution e of V>. and e(v>.) is a lowest weight 
vector. We shall assume k(.\) ;:;:: 6 and derive a contradiction. Since k(.\) is even, it is possible to 
write 

k(.\) 
-

2
- = n1 + ... +n;. +m 

for some integers OS io < s, 0 $ m < n;.+t, where n; is as in Proposition 4.4. Set 

Note that µ is a weight: a µ-weight vector is 
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Use Lemma 4.8 to decompose u = u1 +u2 where u1 E U2(!f)11,. and u2 E U2(gc)E(v,.). First, assume 
that 112 i: 0. Since ¥ ~ 3, we have 

(4.10) 

Moreover, it is clear that U2 may be aswmed to be a µ-weight vector {becaUl!e a component of u2 in 
a different weight space has to cancel with the corresponding component of u1 in the same weight 
space) and that 

U2 = L ey,,X--yX-1E(11,.) 
-y,6ELI+ 

for some complex constants c,,,1 (we do not need to consider terms of first order in the sum because 
). - µ cannot be a root). Therefore, 

O;,!, (u2,"2) = (112, E ey,,x-,x_,£(t1:1,)) = ( E c.y,.,X,X-yU2,£(v:1.)). 
-y,6ELI + -y,IELI + 

This shows that 

is a nonzero multiple of the lowest weight vector E(11,.) . This, combined with (4.10), gives that 1o(11:1,) 
is in u-~lfl+2(gc)11,.. But ¥- + 2 < k(.~), contradicting Proposition 4.4. 

In case U2 = 0 we have that U = U1 E U2 (sC)11,.. Since 

x"lo+i-mx"<o+2 X"• $ ti -{¾+1 -{¾+o • • • -{J. U = 0 ). 

is a nonzero multiple of the lowest weight vector ec(o,.) and n;.+1 -m + n;.+2 + ... + n. = M;J., 
again t"(t1>.) E u¥+2(s0)11:1,, contradicting the same proposition. □ 

5 The candidates to a position in class 0 2 

In this section we want to elaborate a list of possibilities for real irreducible representations of class 
0 2 which we shall use later in Section 6 to classify taut irreducible representations. Our point of 
view, as is usually the case in other papers on the subject, is to classify orthogonal repreeentatious 
up to the following equivalence relation: we call two representations p: G ➔ O(V), p: G' ➔ O(V') 
image equfoalent if there exists an isometry 'l/1 : V ➔ V' such that O('1/l)(p(G)) = p'(G'), where 
O(,p) : O(V) ➔ O(V') is the induced conjugation map1 . In particular, the image equivalence c1-
of p always contains its dual p• (in fact any representation obtained from p by an automorphism of 
the Dynkin diagram), as well as the pull back representation p = pop of a covering group p: G ➔ G. 

Let G be a compact connected Lie group. We have that G is finitely covered by T" x G., where 
T" ill an n-dimensional torus and G. is a compact connected semisimple Lie group (which may also 
be assumed to be simply-connected, whenever convenient), and any representation of G pulls baclc 

1Thia is finer than the notion of orbit equiw.lence which ill explained in Section 2, but of courae not u fine u the 
wmal notiOD of equivalen.ce for repr....mationa. 
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to a representation of T" x G,. In view of image equivalence, in order t.o study representations 
of G, we may assume that G = T" x GI and restrict to almO!lt faithful representations. Next we 
observe that any complex irreducible representation of 'I"' is a character (hence of complex type). 
Therefore a complex irreducible representation of G can be of real type or of quatemionic type only 
if it is trivial on T", and in case it is of complex type, then it has an (n - 1 )-dimensional kernel 
on T" . Now we have come to our working hypothesis (for a circle group 81 , let xn denote the nth 
power representation of that circle which is a complex representation of complex type): 

Let p be a real irreducible representation of a compact connected Lie group G on a 
finite-dimensional real vector space V. 

• If pis of real type, we assume that G = G, is a compact connected semisimple Lie 
group, and p is a real form of a complex irreducible representation ,r = 71",\ of G of 
real type on the complex vector space V~ for some highest weight >.. . 

• If pis of quaternion.ic type, we assume that G = G,, where G, is as above, and pis 
the realification of a complex irreducible representation ,r = 71",\ of G of quatemionic 
type on the complex vector space V,\ for some highest weight >... 

• If pis of complex type, we assume that G = G, or G = 81 x G,, where G, is as 
above, and p is the realification of a complex irreducible representation ,r of G of 
complex type. According to the form of G, we write ,r = ,r~ or ,r = x ® ,r~ as a 
representation on the complex vector space V,\ = C ®c V,\ for some highest weight 
>.. 

Isotropy representations of symmetric spaces and, more generally, representations orbit equiva­
lent to those of course are taut and belong to class 0 2• So, when analysing possibilities for p, we 
will be disregarding all representations orbit equivalent to the isotropy representation of a symmet­
ric space that we encounter, according to [34] (Tables 8.11.2 and 8.11.5) and [12] (main theorem). 
Therefore, in addition to our previous hypotheses, we assume throughout this section: 

The real irreducible representation p is of class 0 2 but it is not orbit equivalent to the 
isotropy representation of a symmetric space. 

The results of our investigation in this section (namely, Propositions 5.1, 5.2, 5.14, 5.15, 5.16, 
5.17 and 5.18) finally imply: the possibilities for pare those collected in Tables B.1, B.2, B.3 and B.4 
in Appendix B. 

We need some amount of notation (cf. (34], p. 237). Let An = SU(n + 1), Bn = Spin(2n + 1), 
Cn = Sp(n), Dn = Spin(2n), G2, F4, E&, Er and Ea refer to E. Cartan's classification types 
of simple Lie groups and Lie algebras. For the complex semillimple Lie algebra g<, we use the 
following notation for its complex irreducible representation 7r.>,: if the integer 2(>., a.)/(a., a;)-/= 0, 
then we write it next to the vertex of the Dynkin diagram of g' which corresponds to a. (recall 
that S = { a1, .•. , a,.} is the simple root system). For example, 

1 1 1 1 -< 0----0--- ... -o, 0--0-- ... ~. - ... -e==o, 0------0---- ... ' 

denote respectively the vector representations of An, Bn, Cn, Dn. Note that we are using the dot 
convention: if there are two lengths of roots, then the short roots are black in the Dynkin diagram. 
And a real irreducible representation is denoted by the diagram of its complexification. 
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We add that we shall repeatedly refer to Table A.I in Appendix A, which contains the values 
of the invariant k(.X) for the fundamental representations of the complex simple Lie algebras. Ad­
ditional data about the root systems of the complex simple Lie algebras can be found in the tables 
of [4]. 

5.1 The case where p is of quaternionic type 

Here there is nothing: 

6.1 Proposition The repreaentation p cannot be of quaternionic type. 

Proof If p is of clas11 0 2 and quaternionic type, Propoeition 4.9 says that k(.X) = I. A glance 
at Table A.l now showa that G = Sp(n) and 1r,. is the vector representation. But then p is of 
cohomogeneity one. D 

5.2 The case where p is of complex type 

Here the result is: 

6.2 Proposition Let p be of complez type. Then p ill one of the following: 

G p Condition., 
I 1 

SU(n) x Sp(m) (o- ... --;oeo- ... -o) 
n2:3,m2:2 

®...----~ 
I l 

S1 x SU(n) x Sp(m) (x®O- ·· · -oex-1 ®O- ··· -o) m 2: 2 1 

® ...- ... --e--o 
1 

S0(2) x Spin(9) (:,; EB :,;-1) ® o---o-----o-==e -
The proof of Proposition 5.2 will be given a1ier the proof of the following two lemmas. 

5.S Lemma Let ,..,. be a complez in-educible repreaentation of a compact connected semiaimple Lie 
group G, and 8Uppo1e that the rea/ification of the tenaor product repreaentation ,r = z ® "'" of 
G = S1 x G, ia of claa11 02. We have: 

(a) if"'" ia of real type and G, ia llimp/e, then G, = Spin(7) or G, = Spin(9) and 'll'J.. ia the 
reapective apin repreaentation, or G, = G2 and 'll'J.. ia the 1-dimennonal repre11entation, or 
G, = SO(m) form f 2, 4 and"'" ill the vector repreaentation; 

(b) if 'll'J.. ia of real type and G, ill not aimple, then G, = Sp(l) x Sp(m) and 11'.\ ia the ten.,or 
product of the vector representation11 of each of the factor,; 

(c) if 'll'J.. ia of quatemionic type or complex type, then k(.X) = 1, 2. 

Proof (a) and (b) Let V,., be the representation space of 'll'J.. and V be the real subspace where 
a real form acts. Note that the representation space for ,r is still V,.,, but ,r is of complex type. Let 
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p = I@ a E C @a V = ye = V>., n the dimension of V and q the codimension of G,a in V. Since 
the realification of ,r is of class&, we have that O;(Gp) = vcr :!! V EB iV. But 

&,(Gp) c 1 ®(Ra+ O!(G,a)] + i ®[Ra+ Ta(G,a)], 

so by comparing real and imaginary parts we get that V = Ra+ Ta(G,a). Therefore q = I and 
G, acts with cohomogeneity one on V. Now (a) and (b) follow from the classification of transitive 
linear actions of compact Lie groups on spheres. 

{c) Consider the point p = ti>. EV>.. We have that O;(Gp) c U2 (g0)v>. c V>. as real vector spaces. 
Since the realification of ,r is of class 0 2, we have that U2(gc)v>. = V).. But u2(g~)t1>. = u2(g0 )v>., 
since the circle subgroup S1 preserves the weight spaces of 11">,. Therefore U2 (g~)t1>. = V>. and we 
can apply Proposition 4.4 as in the first paragraph of the proof of Proposition 4.9. D 

5.4 Lemma The realifications of the following complex irreducible representations 11">. of complex 
type of the compact connected semisimple Lie group G, are not of class 0 2 : 

G, 11"). Conditions 

' SU(n) 0--0-···-0 n ~ 3 
l 

SU(n) 0--0-···-0 n = 2p 2: 6 
l l 

SU(n) x SU(n) 0- ... --0®0- ... --0 n 2: 3 
l 
- - - - -
~ -

X 
~ -

Ee -

Proof. Each one of these representations 11">. has the property that the realification of 1r = x®1r>. is 
the isotropy representation of a compact irreducible Hermitian symmetric space X = L 0 / Ko, where 
Ko is locally isomorphic to S1 x G,. We refer to [18], Chapter VIII, §7, for results about Hermitian 
symmetric spaces that we will be using in the following. Let lo = to + Po be the decomposition of 
the Lie algebra lo of Lo into the ±1-eigenspaces of the symmetry. Let co be the Lie algebra of S1 , 

and let to be some Cartan subalgebra of the Lie algebra g, of G,. Then ~o =co+ to is a Cartan 
subalgebra of to and of lo- Let I be the complexification of lo and let c, l, ~. t, p be the complex 
subspaces of I spanned by co, lo, ~0, to, p0 • Let 1!,, denote the root system of (I,~) and consider the 
root space decomposition I= ~ + I;,.E6 I,.. For each a E 11, we have that either la Ct or I,. C p, in 
which cases the root a is called respectively compact or noncompact. A root is compact if and only 
if it vanishes on c. Let 11c and C.,. denote respectively the subsets of 11 of compact and noncompact 
roots. Then we have decompositions t = I) + I:ae6.c l01 p = I:-.,EA,. r..,. Each root is real-valued on 
i!Jo- We introduce a lexicographic ordering on the dual of il)0 that talces ico before ito. Let 11 •, 11t 
and 11;t be the set of positive roots in 11, 110 and ~. and define 

p+ = E i..,, p- = E 1..,. 
-yE6t --yEAt 

Then p = p+ + p- is an aclt-invariant decomposition. The adt., -invariant complex structure Jo on 
Po is given by adHo, where Ho E co is determined by ,(Ho) = i for I E f1;t. The C-linear extension 
J of Jo top hasp± as ±i-eigenspaces. Let r = {,1 , ... , ,,} C ll.;t be a maximal subset of strongly 
orthogonal roots. Then a.a= I:t=I R(X-.,; - X_7;) is a maximal Abelian subspace of p0. We view 

15 



1r" as the adjoint action of Ko on p0, and then 1r' is polar and ao is a section for 1r". We also view 1r 
as the the adjoint action of Ko on p+, and then the weight system of 1r is .:l;t. Now the root system 
of (g~, t) is 

and the weight system of 71"~ is 

U is also useful to remark that any a<ft
0 
-invariant inner product < · , · > on Po is given by a negative 

multiple of the restriction of the Killing form of lo; fix one and extend it to a Hermitian product 
<< ·, · >> on p. Then << •, • >> is adt

0 
-invariant and J is a skew-Hermitian operator on p with 

respect tO <<" I " >> • 
We will verify directly that the second osculating space at the point 

• 
p = L X7; - x_,,, E ao c Po 

;=l 

is not of maximal dimension. More precisely, we shall see that 

(5.5} <adxp,Jop> = <adyadxp,Jop> = 0, 

for all X, Y E g,. Notice that Jop = E.i=I i(X7, + X_.,;) E Po· 
It suffices to prove the identities (6.5) for the basis elements (4.3) of g,. We have <adxp, Jop> = 

!R«adxp,Jp>> and <adyadxp,Jop> = -!Jk<adxp,adyJp». The only cases where the real 
parts of the Hermitian products are not obviously zero are the following (a, fl E At): 

(5.6) 

• 
<<ad;HaP,JP» = L «adHa(X7, - X-7,} ,x')'l, + x..,,. » 

;~1 
• 

= L 'Y;(Ha}«X7J +X--7; ,X-n, +X-'l'l,)» 
j,A:=1 

• • 
= 2L,y;(Ha}=2(L-Y;,a}, 

j=l i=l 

assuming the root vectors to have length one. We will show below that the last expression in (5.6) 
vanishes for the representations we are interested. 

« ad;cxa+X-a)P. Jp » « adxa+X-aP' Et=l (Xn + x-'l'l,) » 
• 

= L << adxa+X-a (X7; - x_,,,) , Xn + X-71, >> 
j,~l 

(5.7) = 0, 

becaUBe adx0 X7, is either a (-r; + a)-root vector or O; ±,y; ±7~ ¢ A; and root spaces corresponding 
to distinct roots are orthogonal. 
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I 

«ad.H.,P,adx,,-x_pJp)» = L 'Y;(Ho)«(X'Yi +X--r;Ladx,,-x_p(X"Yl, +x--r.)» 
j,k=l 

o, 
for the same reason why (5.7) is rero. 

!R<<adxo-X_.,Jp,ad;(x,B+X_p)P>> = !R<<adxaJp,iadx.Bp>> 

-llk<adx_ 0 Jp, iadx_pP» 

Hl«adxJp,iadx_pP» 

-!R«adx_ 0 Jp, iadx.Bp» 

= !R<< Jp' iad[X-.B.Xa]P » 
(5.8) +!R«Jp,iadrx11 ,x,.)P», 

because, for instance, 

<<adx.,Jp,iadxpP>> «adx_padxJp,ip» 

<< J adx_/l adxaP , ip >> 
-<<adx_/ladxaP, Jip>> 

-<< adx_11 adx0 P, iJp >> 
<< iadx_.Badx,.P, Jp >> 

= <<Jp,iadx_padxaP>>. 

Now (5.8) shows that everything amounts to checking that (5.6) vanishes. Next we do that in 
each one of the four cases. Let 7 = Ej=l 7;- Then the vanishing of (5.6) is equivalent to 

(5.9) 

Let G, = SU(n), 1T,\ : o- ··· -0. Then Lo is Sp(n), ~ = {8; - 8; : 1 $ i < j $ n}, 
~ = {0; + 8;: 1 $ i < j $ n} U {28;: 1 $ i $ n}, f = {28;: l $ i $ n} and 1' = 28i + ... + 28,.. 

1 

Let G. = SU(n), n even, 1T,\: 0---0-- ··· -0. Then Lo is S0(2n), .t..t = {8; -8;: 1 $ -i < j $ 
n}, ~ = {8; + 8;: 1 $ i < j $ n}, r = {82i-l + 82i: 1 $ i $ U and')'= 81 + 82 + ... + 8,.. 

1 1 

Let G, = SU(n) x SU(n), ,r-' : o- ··· -o ® 0- ··· -0. Then Lo is SU(2n), t.t = {8; - 8; : 
1 $ i < j $nor n + 1 $ i < j $ 2n}, ~ = {8; - 8; : 1 $ i $ n and n + 1 $ j $ 2n}, r = {0; -
82n+1-; : 1 $ i $ n} and 7 = 81 + 82 + ... + 8,. - 8,.+l - 8n+2 - ... - 82n. 

1 

Let G, = E6, ir-' : ~. Then Lo= Er, 

s 
.t..t = {±0; + 8;: 1 $ i < j $ 5} u { ½(/Js - fry - 85 + I: E;IJ;) : Tii:1Ei = +1}, 

i=l 

1 5 
~ = {8s-°"7} U{±8; +06: 1 $ i $ 5} u {2(8s - 01+85+ r:E;IJ;): ni:1Ej = -1}, 

i=l 
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r = {Os -fJ.r,06 +Os,0& -Os} and 7 = Os - 01 + 205. 
It is immediate to see that (5.9} holds in each case, and this completes the proofof (b). 

□ 
Proof of Propo11ition 5.B. We know from Proposition 4.9 and Lemma 5.3(c) that k(,\) = 1, 2. 

In particular, G, can have at most two simple factors. 
Suppose k(,\) = 1. This implies G, is simple. In the case G = G,, we have ,r is of complex 

type, so G = SU(n) and ,r is the vector representation. In the case G = 8 1 x G., we have 11".\ is 
of quaternionic or of complex type, so G, = Sp(n) or G, = SU(n) and ,r.\ is the respective vector 
representation. This only gives representations with cohomogeneity one. 

Next suppose k(,\) = 2. The first case is G, = G1 x G2, where G; is a simple group. Here 71".\ 
decomposes as an outer tensor product ,r ,.1 ® ,r ,.2 , where ,r l'i is the representation of G; of highest 
weight µ; with k(µ;) = 1. This force:1 each G; to be either Sp(n) or SU(n) for some n, and ir,_.. 
to be the corresponding vector representation. Using Lemmas 5.3(b) and 5.4 and eliminating the 
representations orbit equivalent to the isotropy representation of a symmetric space, we get the first 
two representations in the table. 

The second case is G, is a simple group. For G = G., an inspection of Table A.I reveals four 
possibilities for 11'.\ which are all either discarded by Lemma 5.4 or orbit equivalent to the isotropy 
representation of a symmetric space. 

For G = 81 x G., if ,r.\ is of complex type, we only get representations associated to symmetric 
spaces, and if""-" is of real type, Lemma 5.3(a) gives the last representation in our table, for the 
other possibilities are associated to symmetric spaces. □ 

5.3 The case where p is of real type 

The real case is much more involved than the previous two. We know from Proposition 4.9 that 
k(,\) = 2, 4. In particular, G can have at most four simple factors. 

As a first step towards the classification in the case p is of real type, we introduce the following 
variations of condition ( 02) of Lemma 4.8 for a representation ?I'>. with representation space V.\ and 
highest weight vector ti,\: 

u2(gc)t1,\ +Ul(gc}f(ti>,) V>. (Ci½) 
u1(gc)t1,\ +u2(gc)e(t1>.) = v"' (£1i1) 

2 

Ul(gc)tl,\ +u1(11CMt1,\) V>. (C1) 
U1(gc)t1>. + Ce(ti>.) = v,\ (O½) 

Cv,\ +Ul(gc}£(t1>,) v,\ cq> 
It follows from the identity eX,. = X_,.i that conditions (011) and (C' 1 ) are equivalent, and that 

J 1, 
conditions (C½) and (q) are equivalenl. 

5.10 Lemma The aelf-dual complez in-educible repl'e/lentationa of compact connected simple Lie 
gro11pa aatillfying condition (O½) are precillely 2 : the 11ector repruentation of SO(m) form 'F 2, 4, 
the 11ector repreaentation of Sp(m), the 7-dimemionol representation ofG2, and the spin repreaen­
tation ofSpin(7). 

We will prove Lemma 5.10 together with the next lemma. 

'The half-<1pm rep,_tationa of Spln{8) are image equi"11lent to the vector n,pn!llelltation. 
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5.11 Lemma The self-dual comple.:c irreducible representations of compact connected simple Lie 
groups ,atisfving condition (C1) are, besides those listed in Lemma 5.10, precilely the following: 

G 71), k(>.) 
3 

SU(2) 0 3 
I 

SU(6) ~ 3 
I ; ,:,a 

Spin(9) 0----------0--0 2 
I 

Spin(ll) o---o-o-----o== 3 

Spin(12) ~l 3 

I 

Sp(3) • I C 3 
l - - - - - -- - I - - -E1 3 

Proof of Lemma6 5.10 and 5.11. It is obvious that condition (C1) implies condition (Ci). So 
2 

we consider (01) , It implies the following: 

(a) k(>.) s 3. 

(b) The dimension of 11), is bounded by dimgc - rankgc + 2. 

(c) HO is a weight, then its multiplicity is one. In particular, if 7f>, is the adjoint representation, 
then the rank is at =oet one. 

In fact, (a) follows from the fact that k(>.) ~ 4 contradicts Proposition 4.4. For (b) notice that the 
dimension of the left hand side of (01) is bounded by 2(number of positive roots)+ 2. Finally, if 0 
is a weight, then the 0-weight space is contained in U1 (1:J°)v>. (because f.Xa = X _ai), and from this 
we see that ). is a root and the 0-weight space is in fact spanned by X_>,V>,, which implies (c). 

We will use the above observations to complete the proof of the lemmas. 
Let 11'>, be of real type. Then k(>.) = 2. The adjoint representations of An, Bn, Cn, Dn with 

n ~ 2, and of G2, F4, E5, ~. Es are immediately excluded. We run through all the remaining 
cases of representations of real type with k( ).) = 2. 

• 1 

Let G be of An-type. Then 7f>, is O or o-;--o--<> which are cited in }he lemmas. 

Let G be of Bn•type, n ~ 2. Then 11'>, is 0- ... ---0--. or o--o-==e or o---o---o--e. All of 
them are cited in the lemmas. 

Let G be of Cn•type, n ~ 3. Then 7f>, is .,__ ··· ---==a, which cannot occur because the 
multiplicity of the 0-weight is n - 1. 

Let G be of Dn•type, n ~ 4. Then 7f>. is ~ ... -< , which is cited in the lemmas. 

1 1 

Let G be of exceptional type. Then 71">, is ~ or o--o===-e---e. Only the former is cited in 
the lemmas; the latter has O as a weight of multiplicity 2. 
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Now let 11), be of qua.ternionic type. Then k(A) = 1 or k(A) = 3. The case k(A) = 1 gives 
the vector representation of Sp(m), which is cited in the lemmas. In the case k(A) = 3, the only 
possibilities not cited in the lemmas are the following four representations, which we next eliminate: 

1 

• G = B5, 1r,. : o--o-o----<r---: here A = ½(91 + 92 + 93 + 94 + 95 + 96), µ = 
½(91 +92 +93-94 -96 -9s) is a. weight and A±µ are not roots which violates condition (C1), 

In the remaining cases we make use of the bound on the dimension of the representation (see 
e. g. Table 5 in the Reference Cb:.;,ter of (25]): 

s 
• G = C,., 11).: .-.- ... --+==O: dim,r,. = }n(n+ 1)(2n+ 1) > 2n2 +2 = dimC,. -n+2, 

for n ~ 2; 

I l 

• G = C,., 11'). : e-e-- ... ----e-=o: dim 'II'). = fn(n - l)(n + 1) > 2n2 + 2 = dim C,. - n + 2, 
for n ~ 2; 

• G = C,., 11'). : • • • ... ------◊- dim,r,. = jn(n-2)(2n+l) > 2n2+2 = dimC,.-n+2, 
for n ~ 4; 

On the other hand, the representations listed in the statements of the Lemmas 5.10 and 5.11 
do satisfy (Ci), 8B can be easily checked using the fact that each of them has all weights with 
multiplicities one. This concludes the classification of self-dual representations that satisfy (C1), As 
for condition (C½), we observe that (C½) implies that k(.A) :5 2. This eliminates all representations 

l 

in the table of Lemma 5.11 except~; that one can be eliminated by a direct check. 
Finally it is easy to verify that the representations cited in Lemma 5.10 do satisfy (Ci) · D 

5.12 Lemma The onl11 complu in-educible repre6entation of real t11pe of a compact connected 
aemiflmple nonsimple Lie group G ,atuhJing condition (C1) i, the temor product of the vector 
repreaentati0fl8 of Sp(l) and Sp(m) . 

Proof We already know that k(A) = 2 (cf. proof of Lemmas 5.10 and 5.11), so G = G1 x G2, 
where G; is a simple group, and 11), = 11'µ1 ® 11"µ, with k(µ;) = l. Since each 1r,.. is self-dual, it must 
be of quaternionic type. Therefore, each G; = Sp(n;) &nd the corresponding tr"' is just the vector 
representation. Now one of then; must be 1, for otherwise condition (C1) for ,r~ is violated by 
COllllideration of a weight vector of type 111 ®1'2, where 11; is an intermediate (that is, neither highest 
nor lowest) weight vector for ,r"'. D 

5.13 Lemma The complu in-educible repre6entation, 'II"), of quatemionic twe of compact connected 
aimple Lie groups G ,atiafying k(.A) = 3 and condition (C1J), but not condition (C1), are the 
following: 

G 'Ir), 

I 

Spin(13) 0-0--0-0----0--
1 1 

Sp(2) -----a 

We postpone the proof of Lemma 5.13 to the end of Subsection 5.3.5, since the methods used 
to prove it better belong there. 
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5.3.1 The case where G has four simple factors 

In this case we have: 

5.14 Proposition Let p be of real type and G = G1 x G2 x Gs x G4, where G; is a simple group. 
Then G = SU(2) x SU(2) x SU(2) x Sp(n), n ?. 2, and 1r is the tensor product of the vector 
representations of each of the factors . 

Proof Set 1r.x = 11"µ1 ® 1rµ, ® 1Tµ3 ® 1rµ., where 1Tµ; is the representation of G; of highest weight 
µ; . We have k(µ;) = 1 for all i, and since each 1r"' is self-dual, it must be of quaternionic type. 
Therefore, each G; = Sp(n;) and the corresponding 1r1>1 is just the vector representation. Notice 
that n; = 1 for all i gives the isotropy representation of a symmetric space. Suppose now that for 
two indices, say 3 and 4, we have ns > 1 and n4 > 1. 'Toke weight vectors t1; of 1r µ; such that: t11 is 
the highest weight vector of 'Ir µ 1 , t12 is the lowest weight vector of 1r µ,, and t13 and t14 are intermediate 
weight vectors of 1r µ3 and 7r l'4, respectively. Then t11 ® 112 ® t13 ® t14 is a weight vector of 1r;. which 
cannot be contained in U2(gc)t1.x + U2 (gc)t(t1.x), violating the condition (C2) from Lemma 4.8. □ 

5.8.2 The case where G has three simple factors 

The classification is: 

5.15 Proposition Let p be of real type and G = G1 x G2 x G3, where G; is a simple group. Then 
p is one of the following: 

G p Conditions 

SU(2) x Sp(n) x S0(2m) 1 1 1 -< 0 ® - ... ---.-)@ 0- ... m?. 3, n?. 2 

I I 1 

SU(2) x Sp(n) x S0(2m + 1) O®- ... ---=<>®O- ... ---o==. n?. 2 
1 1 1 

SU(2) x Sp(n) x G2 0®- ··· --==o®~ -
I 1 1 

SU(2) x Sp(n) x Spin(7) O® - ... ~ ®o--o====- -
1 1 1 

SU(2) x SU(2) x Spin(9) 0 ® 0 <81 ~ -

Proof. Let 1r.x = 1rµ, ® 1rµ, ® 11'µ,, where 1rµ; is the representation of G; of highest weight µ;, 
say with k(µ 1 ) = k(µ2) = 1, k(µ3) = 2. Then 1rµ,, 'lrµ2 are each of quaternionic type and 11'µ3 is of 
real type. So each of 1rµ,, 1rµ, is the vector representation of Sp(m) for some m. Moreover, one of 
them must have m = 1, say 1rµ,, for otherwise condition (C2) for 1r.x is violated by consideration of 
a weight vector of type t11 @112 ® 113, where t1; is an intermediate weight vector for 1T JJ,j. Now we have 
G1 = SU(2), a~ = Sp(n), and 1rµ,, 1rµ2 the respective vector representations. Next take a weight 
vector t11 ® '1-'l @ t13 for 11'.\ such that t11 is highest, 112 is lowest and t13 is intermediate. Condition 
(Oi) for 1T.X forces 1rµ, to satisfy condition (Ci) . If n?. 2, we could also take 112 to be intermediate, 
and then condition (C2) for 1r.x implies something stronger, namely that 1rµ, must satisfy condition 
(C1). Our table now follows from Lemmas 5.10 and 5.11. D • 
5.3.3 The case where G has two simple factors and p has two factors of real type 

Here the result is: 
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5.16 Proposition Let p be of real type and G = G1 x G2, where G, i., a simple group. Write 
pc = "Ir)., decompo&e ir,. = ,r,.1 ® 1r,.. and suppoae that each "lr/Jj i., of real type. Then each 'lfµi i11 

Ot'le of the following repreaentatiOt'III: the vector repre&entatiOt'I of SO(m) form ,f, 2, 4, or the 7-
dimensional repre11entation of G2, or the apin repre,entation of Spin(7), or the apin repre,entation 
of Spin(9}; but the caaea where G = SO(m1) x SO(mi), SO(3) x Spin(7) or Spin(9} x Spin(9) 
are excluded. 

Proof. Here k(µ1) = k(µ2) = 2. Let v1 ® 112 be a weight vector for "Ir). such that each v, is 
an intermediate weight vector for "Ir,... Condition (C2) for 71"). applied to t11 ®!12 foreet1 each 'Ifµ; to 
satisfy (Ci). In fact, one of the "lrµi must even satisfy (C½). The claim follows from Lemmas 5.10 
and 5.11. Notice that we exclude SO(m1} x SO(m2) since it is the isotropy representation of a 
symmetric space and SO(3} x Spin(7} since it is orbit equivalent to such a representation. D 

5.3.4 The case where G has two simple factors and p has two factors of quaternionic 
type 

The classification is: 

5.11 Proposition Let p be of real type and G = G1 x G2, where G; ia a aimple group. Write 
p• = 'll"J,, decompo&e 1fJ, = 7rµ1 ® 1r,.2 and 11uppose that each 11:/Jj i., of quaternionic type. Then p ia 
one of the following: 

G p Condition11 
' . 

Sp(n) x SU(2) -- ···--..0®0 n ~ 2 
1 1 

Sp(n) x SU(6) -- ... ----e==o ® 0--0--0--0--0 n ~ 2 
1 1 

Sp(n) x Spin(ll) -- ... ----e==o ® o--o---o----o== -

Sp(n) x Spin(l2) --···-.-.0® 1 ~1 n~2 

1 1 

Sp(l) x Spin(13) 0 ® 0---0-0---0--0- -
1 1 1 

Sp(l) x Sp(2} 0®.-0 -
1 1 

Sp(n) x Sp(3) --···--9==0®• • 0 n~2 
1 

- - - - - -1 ... -
X 

- - .., 
Sp(n) x Er -- ... ----.-.0 ® n ~ 2 

Proof. If k(>.) = 2, then k(µ1) = k(µ2) = 1 and each 1r,.. must be the wctor representation 
of Sp(n;) for some n;, so we get a representation associated to a symmetric space. In the case 
k(>.) = 4 we can write k(µ1) = 1 and k(µ2) = 3. Now 11"µ1 must be the vector representation of 
Sp(n) and there are two cases to consider: 

• n = 1: here "lrµ2 must satisfy condition (C1½); 

• n ~ 2: here 7rµ2 must satisfy the stronger condition (C1). 

The claim now follows from Lemmas 5.11 and 5.13. □ 
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5.3.5 The case where G is a simple group 

The representations of real type of simple groups that are candidates to a position in class 0 2 are: 

5.18 Proposition Let p be of real type and suppoae G is a simple group. Then p is one of the 
following: 

G p 
1 I 

Spin(7) er--o--. 
1 l 

Spin(9) o----o--o=e 
I 

Spin(15) ~ 
1 

Spin(17) Cr---0----0---0 

We will accomplish the proof of the above proposition by running through all the cases of 
representations of real type of & simple group with k(>.) ~ 4 given in Table A.1. In fact, according 
to that table, all representations with k(.\) = 2 are orbit equivalent to isotropy representations of 
symmetric spaces. So we only need to worry about the case k(.\) = 4. A careful inspection of 
Table A.1 shows: 

5.19 Lemma Let 11), be a representation of real type of a compact connected simple Lie group G 
with k(.\) = 4. Then (G, 11).) is one of the following: 

G 11",\ Conditions 
• 

1 A1 0 -
2 

2 A3 0---0-0 -
1 1 I 

3 A3 0---0-0 -
I 

4 A1 ~ -
2 2 

5 A,, 0--0- ... --0--0 n;::;: 2 
1 l 

6 An 0--0- ... --0--0 n>4 
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G 'II), Conditions 
2 

1 B3 o---o==e -
l 1 

8 B3 o---o=-e -
1 I 

9 B3 o---o=-e -
2 

10 84 <r--<>--<:>-e -
l l 

11 B, 0------0----0-- -
1 1 

12 B, o------o---o==e -
I 

13 Br ~ -
1 

14 Bs ~ -
2 

15 B,. 0--0--- ... --o-e n ~ 2 
• 

16 B,. 0-0- ... ~ n ~ 3 
1 1 

17 B,. 0--0--- ... ---0==-e n ~ 3 
l 

18 B,. 0--0-0-- ... ~ n ~ 4 
1 

19 B,. C>---0--0----0- ... ----oa==e n>5 

G 11"). Conditiona 
• 

20 C,. __._ ... ---e==,o n~ 2 
2 I 

21 c,. --.- --·--....-0 n~2 
1 I 

22 c .. • • • ··· -.....0 n~3 
• 

23 c,. • • • ··· -.....-0 n~3 
l 

24 c,. • • • • ··· --..-0 n>4 
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G 7r)\ Conditions 

25 D4 ~: -

26 Ds ~: -

27 Ds ~l -

28 Dn ~-.. -< n:2::4 

29 Dn ~ ... -< n2:4 

30 Dn 0----0- ... l l -< n 2: 4 

31 Dn ~ ... -< n 2: 5 

32 Dn ~ .. --< n 2: 6 
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G 1T). 

2 

33 G2 9!"!!5() 

2 

34 G2 ......0 
1 1 

35 G2 ~ 

2 

36 F4 ~ 
I 1 

37 F4 0-----0--.-----

• 
38 F4 o--o==e-------. 

1 

39 F4 ~ 
l I 

40 En ~ 
41 E5 ~ • 
42 E7 ~ 

I 

43 E1 ~ 
' 

44 Ea ~ , 
- - - - - - -- - r ~ ~ 

~ ~ 

45 Ea 

To begin with, we note the representations listed in the tables of Lemma 5.19 associated to a 
symmetric space, namely, numbers 1, 2, 4, 15, 24 (n = 4), 27 and 28. 

5.20 Lemma Let,...,_ be a representation of real twe with k(>.) = 4. Asaume that>.= ½(3,B; + /3;) 
where ,B;, /3; E 8 are distinct long roots and that there e:&ista a Weyl group involution s such that 
sfli = /3; - Then a real form of 1T). ia not of clau 0 2 • 

Proof We have thatµ= ssp.(>.) = ½(A-3/3;) is a weight and>.-µ= /Ji+2/3;, >.+µ = 213.-/3;­
Since /3; and /3; are orthogonal, we get that Ii>.± µIJ 2 = 5 (normalizing the length of a long root to 
be 1). On the other hand, for ct, d' E t:J,. we have that lid+ «'112 $ (lldll + 11«'11}2 $ 4, so >. ± µ 
is neither a root nor a sum of two roots. Thus a µ-weight vector is not in U2(g0 )v.,_ + U2(g0 )t(11.,.), 
violating condition (C2)- D 

One can use the last lemma together with the tables in (4] to get rid of the representations listed 
in Lemma 5.19 under the numbers 3, 12, 17, 21, 30 and 37. The following lemma is similar in spirit. 
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6.21 Lemma Representation number 9 is not of class 0 2 • 

PfTJ()f. The highest weight is >. = ½(301 + 302 + 03). Nowµ = ½(301 - 302 + 03) is a weight and 
>. + µ = 301 + 03, >. - µ = 302 are neither a root nor a sum of two roots, so we are done as in the 
proof of Lemma 5.20. □ 

We next eliminate the representations 71) with>. = 2(highest root) = 21>,_ = ½(41>,_), using the 
following observations. 

6.22 Lemma Let 11), be a representation of real type with .\ = 21>,_ and assume there is a nonzero 
weightµ ,uch that(>. ,µ) = 0. Then a real form of 'Ir). is not of class 0 2. 

Proof. We check that condition (Gi) is violated. In fact , II.\± µ!12 = ll>-11 + llµll 2 > 411/31'12 = 4 
(normalizing the length of a long root to be 1), but d , d 1 E ll. implies that !Id+ d'll2 ~ (lldll + 
lld'll)2 ~ 4, and we are done as in the proof of Lemma 5.20. □ 

5.23 Corollary Let 'Ir). be a representation of real type with >. = 2/31 . If there is a long root /3; E B 
with /3; 'F' /3i , then a real form of 'Ir). is not of class 0 2• 

Proof For in this case -21>,_, -/31 , 0, /31, 2/31 is the maximal />,_-string through 2/31, so {31 is a 
weight, /3; is a weight, too (/3i and /3; are long roots, hence in the same Wey! orbit , see e. g. [4), 
Ch. VI, § 1, no. 1.3, Proposition 11) and (/31 , /3; ) = 0. D 

We use Corollary 5.23 to discard the representations listed in the tables of Lemma 5.19 under 
the numbers 5 (n ~ 3), 16, 20, 29, 36, 41 , 42 and 45. And we use Lemma 5.22 with µ = -a1 + a2 
(resp. µ= /32 = a1) to eliminate representation number 5 for n = 2 (resp. number 34) . There still 
remain 19 representations to be eliminated in the tables, namely numbers 6, 7, 10, 18, 19, 22, 23, 
24 (n ~ 5), 25, 26, 31, 32, 33, 35, 38, 39, 40, 43 and 44, which in the following we go on to analyze 
case by case, but before that we want to reformulate an argument that has already been used and · 
that will frequently be used in the sequel. 

5.24 Lemma Let 'Ir). be a representation of real type and suppo1e that its highest weight A can be 
written a, a root or a., a .rum of two roots in N different way, (where the order of the summands ia 
not important). If O is a weight and its multiplicity is bigger than N, then a real form of 'Ir). is not 
of class 0 2 • 

Proof. Write V). for a highest weight vector of 11), . If condition (Gi) is satisfied, then the 0-weight 
space mUBt be contained in Z/2(9c)v). +U2(g0)E(v).)- The identity EXa = X-aE shows that the 0-
weight space mUBt in fact be contained in U2 (g0 )v).. But the complex dimension of the intersection 
of the 0-weight space with U2(gc)v>. is at most N . □ 

5.25 Lemma Repre,entation number 6 is not of cla,s 0 2 • 

01 t119 a.a 

Proof We label the simple roots of An as 0--0- ··· -o, where a; = 0; - (Ji+l' Then ~he root 

system is ll. = {±(0; - 0;) : 1 ~ i < j 5'.: n + 1} and the highest weight of 0--0- ... -0-0 is 
>. = >-2 + >-11- 1 = 01 + 02 - 911 - 911+1, so it can decomposed as a sum of two roots in exactly two 
ways: 

). = (01 - 011+1) + (Oi - 0,.) 
= (01 - 0,.) + (62 - 911+1) 0 
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On the other hand, we find that: 

0--0-- ... -<>-<) © 0-0- ... -0-0 = 
1 1 1 

0-0- ··· -0-0 EB 0-0- ··· -0-0 EB (trivial), 

from where we deduce that the multiplicity of the 0-weight in 11-,, is n(n;-1) - n - I = D2
- 2n-2 > 2, 

so we can apply Lemma 5.24. D 

Similarly as was done in Lemma 5.25, Lemma 5.24 ·can be used to show that representations 
numbers 10, 18, 19, 22, 23, 24 (if n ~ 5), 26, 32, 35, 38, 39, 40 and 43 are not of class oi by 
computing for each one of them the multiplicity of O as a weight. 

5.26 Lemma Repruentation number 44 i., not of class 0 2
• 

Proof Here we slightly change the argument used in the previous lemmas. The highest weight 
>. = 29s and (.>., Os - lh) ::fa 0, so 11 = >. - (08 - Or) == 0s + 0-, is a weight. Now Os+ 81 and 85 + Os 
are long root8 of Es, hence in the same Weyl orbit. It follows thatµ = 06 + 65 is a weight, too. 
Observe that each of .>. ± µ is not a root and can be decomposed as a sum of two roots in only one 
way: 

>. + µ = (Os + Oe) +(Os+ 85), 
>. - µ = (Os - Be) + (Os - 85). 

The proof will be complete if we show that the multiplicity ofµ as a weight is greater than 2, since 
then we will have that condition (G.i) is violated. 

In fact, the multiplicity ofµ is the same as the multiplicity of 11. We use Freudenthal's formula 
as it is stated in [13], namely, the multiplicity of II as a weight of ir~ is given by the following 
formula: 

where c(11) =II>-+ Pll2 -1111 + Pll2, p = ½ Eae.o.+ a and m.,Ha is the multiplicity of 11 + ka as a 
weight of 1r~. 

We content ourselves with an estimate. Using that p = 82 + 203 + 304 + 405 + 50e + 60-, + 230s, 
we compute that c(11) = 36ll8i.ll2

• Since 11 > 0, all terms in Freudenthal's formula are nonnegative. 
Consider the roots a= ½(Os -61+ E!.,1 £i0i), /3 = ½(Os -81- E~=L £i0i), where nf=i li = -1. Note 
that a+ /3 = Os - I>,. Since (>., a) -1- 0, we have that .>. - a is a weight. Now we have two strings of 
weights starting at 111 namely 

11, v+(Oa-91)=>. and 
1/1 I/ + /J = ). - a. 

Note that in fact there are 32 different possible choices of the signs li = ±1, each of which give8 
rise to a different string of weights ohhe type 11, 11 + /J. Freudenthal's formula gives 

2 
m., 2:. 36IIOill2 ((>.,9s -81)mA +32(>.- a,/J)mA-a) 

== 1
1
8 (2 • 1 + 32 · 2 · 1) = 3: > 3, 

so m., ~ 4 and we are done. 
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5.27 Lemma Representations numbers 25 and 31 are not of class 0 2• 

Proof Here we will use the sharper version of condition (C2) given by Lemma 4.8, item (a). 
These representations are just the third exterior power of the vector representation of S0(2n) for 
n 2::: 4. The vector representation has weights ±0;, 1 ~ i ~ n; let { e;, e,,+; : 1 ~ i ~ n} be a basis 
of weight vectors such that e; (resp., en+;) corresponds to the 0;-weight (resp., -0;-weight) weight 
and e(e;) = e,,+;, where f is a invariant real structure on the representation space. 

We have that Vµ = e1 /\e3/\e,,+3 is a(µ= 01)-weight vector for ,rA and e(vµ) = en+I /\e,,+3 /\e3. 
Now one can easily show that condition (a) of Lemma 4.8 is violated by proving that the 02-weight 
vector e2 /\ e4 /\ e,,+4 is not in the complex span of 

for a, /3 E /1. □ 

5.28 Lemma Representation number 7 is not of class 0 2 • 

Proof. We use an argument somewhat similar to the one used in the previous lemma. The 
I I 

representation is ,rA : A3(~), where~ is the vector representation. Let e1, e2, 
e3, e4 = E(e1), es = e(e2), e5 = f(e3), e7 = e(e7) be weight vectors of the vector representation 
corresponding to the weights 01, 02, 03, -01, -02, -03, O, respectively, where e is the invariant real 
structure on the representation space. 

We have that Vµ = e1 /\ e4 I\ e1 is a (µ = 0)-weight vector for 1rA and E(vµ) = -v,,. Now 
condition (a) of Lemma 4.8 is violated because the 02-weight vector e2 /\ e3 /\ e5 is not in the 
complex span of vµ, X 0 v,., XpXa(vµ), for a, /3 E 6,.. D 

5.29 Lemma Representation number 33 is not of class 0 2 . 

Proof. We start with a description of the Lie algebra of G 2 and of its 7-dimensional rep­
resentation, as it is done in (13]. Let a 1 , a2 be the simple roots. We label the other positive 
roots as a3 = a1 + a2, U4 = 2a1 + a2, as = 3a1 + a2, as = 3a1 + 2a2. Choose root vec­
tors X;, Y; for a;, -a., respectively, i = 1, 2, such that [H;, X;] = 2Y;, [H;, Y,] = -2X;, where 
H; = [X;, Y;], i = 1, 2. Next define Xa = [X1,X2], Ya= -[Yi, Y2], X4 = ½[X1, Xa], Y4 = -½[Y1, Ya], 
Xs = -½(Xi, X-t], Ys = ½IY1, Y.i], X5 = -[X2, Xs], Yi; = [Y2, Ys], and H; = [X;, Y;] for i = 1, ... , 6. 
Then [H;, X;] = 2Y;, (H;, Y;] = -2X; for i = 3, ... , 6, and X;, Y; are root vectors for a;, -a;, 
respectively, i = 1, ... , 6. 

The 7-dimensional representation of G2 has weights a1, -a1, a3, -a3, U4, -U4, 0 with respective 
weight vectors 111, w1, V3, WJ, 114, W4, ti, such that the action of the basis vectors of the Lie algebra 
of G2 is described in the following table: 

H1 H2 Xt X2 Xa X4 Xs x6 Y1 Y2 Ya Y4 Y5 y6 
u 0 0 2v1 0 2ua 2v4 0 0 2w1 0 2wa 2w4 0 0 

t14 V4 0 0 0 0 0 0 0 113 0 -V1 u Wt W3 
tit 2111 -111 0 -1/3 -114 0 0 0 u 0 0 W3 -W4 0 

V3 -V3 113 114 0 0 0 0 0 0 -V1 t, -W1 0 -W4 

W4 -W4 0 -W3 0 W1 u -v1 -V3 0 0 0 0 0 0 

W1 -2w1 wt u 0 0 -113 V4 0 0 1113 W4 0 0 0 

W3 W3 -W3 0 W1 t, 111 0 1/4 -W4 0 0 0 0 0 
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Now we have the equation 

1 • 

s2(-...o) = IBiiiO EB (trivial), 

• 
from which we learn three things. First, 11). : ~ is a subrepresentation of the symmetric square 
of the 7-dimensional representation, so we can read it off the table above. Second, the multiplicity 
of the weights of,,.,,; in particular, a. is a weight of multiplicity 2. And third, the trivial summand 
above is spanned by -½u2 + 211tw1 + 2113103 + 2114W4, so that an invariant real structure on the 
representation space of the 7-dimensional representation is given by E(11;) = Wi, i = 1, 2, 3 and 
E(11) = -ti. 

Let 11,. = 2112 - 811itoi + 61Jsw3 + 6tl4w4 , which is a real, (µ = 0)-weight vector for 71),. We next 
show that condition (a) of Lemma 4.8 is violated because the at-weight space is not contained in 
the complex span of 

(5.30) 

for a, fJ E fl.. In fact, a. - 0 can be written as a root or as a sum of two roots as follOWB: 

a.t-0 = 2a1 +a2 
a1 + (a1 + a2) 

= -a1 + (3a1 + a2) 
(3a1 + 2a2) - (a1 + a2) 

Now applying the corresponding root vectors to 11µ the only nonzero vector we get is X4(11µ) = 
14(11114 +111113). This shows that the intersection ofthe complex span of (5.30) with the ix.-weight 
space has dimension l; but the weight space itself has dimension 2. D 

Proof of Lemma 5.19. We eliminate the possibilities given by Table A.I and not listed in the 
table. • 

Let G = C,., ir,_ : ...........,.. ··· --=<), n ~ 2. Then .>. = 381, µ = -382 is a weight and .>. ± µ 
are neither roots nor a sum of two roots, so 1r,_ does not even satisfy(~). 

1 1 

Let G = C,., 'l!'_x : .-..- ·•· ---=-=o, n ~ 3. We have 

.----· ~® .............. ···~= 
1 l 

...........,_. ... ---=-c>EB • • • ··· ---......0 EB...,_._ ... ----.-0, 

1 l 

from where we deduce that the multiplicity ofµ = 93 as a weight of....-.- ··· --e--o is 2n-2 ~ 4. 
Now .>. - µ is not a root and can be written as a sum of two roots in two ways, and .>. + µ = 
20i + ~ + 93 is not a root. It follaws that the dimension of the intersection of the µ-weight space 
with U2(.gc)u,_ +U1(gc)E(11>.) is at most 2, so that condition (01½) is not satisfied. 

1 

Let G = C,., 1r_x: • • • ... --.-:>, n ~ 4. Then.>.= 9i +92+9a and this representation 
is a subrepresentation of the cubic exterior power of the vector representation. Also, µ = -th is a 
weight of multiplicity n - 2 ~ 2. But one can check by direct computation that the dimension of 
the intersection of the µ-weight space with U2(g•)11>. + U1(gc)E(11>.) is 1, so condition (01½) is not 
satisfied. D 
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6 The main theorem 

In this section we classify taut irreducible representations up to orbit equivalence. We first exclude 
many irreducible representations in class 0 2 from being taut by ma.king use of Propositions 3.1 
and 3.4 and a reduction principle. Then we only need to observe that the remaining representations 
are already known to be taut by the main result of (15] (see also Proposition 7.12 in (16]) . We finally 
get the following theorem. 

6.1 Theorem A taut irreducible representation p of a compact connected Lie group G is either 
orbit eqtiivalent to the isotropy representation of a symmetric space or it is one of the following 
orthogonal representation, (n 2:: 2): 

G p 
1 

S0(2) x Spin(9) (x EB x-1) ® o----o----o-e 
I I 

U(2) x Sp(n) (x EB x-1) ® O ® e- ··· --=> 
3 I 

SU(2) x Sp(n } O®e-••·-9==0 

6.2 Corollary A taut irreducible representation of a compact connected simple Lie group i, orbit 
equivalent to the isotropy representation of a symmetric space. 

6.3 Remark According to [35), see also (32), the representations given in the table of Theorem 6.1 
are precisely the representations of compact connected Lie groups which have cohomogeneity three 
and are not orbit equivalent to the isotropy representation of a symmetric space. 

Recall that the irreducible representations which according to the results in Section 5 can belong 
to class 0 2 w;thout being orbit equivalent to the isotropy representation of a symmetric space 
are listed in the tables of Propositions 5.1, 5.2, 5.14, 5.15, 5.16, 5.17 and 5.18. For the sake of 
convenience, these representations are rearranged in a more systematic way in Tables B.1, B.2, B.3 
and B.4 in Appendix B. Now the proof of Theorem 6.1 follows from Propositions 6.4, 6.5, 6.6 below 
and the main result of [15]. 

6.4 Proposition The repreuntation& listed in Table B .1! are not taut. 

Proof. Let 11',\ be a representation of the compact connected Lie group G on V,\ which is in the 
table. Notice that 11',\ is of real type. Let p be a real form acting on V c V,\ and let E be the 
invariant real structure on V,\. We shall go case by case and show that the slice representation of 
p at p = 11,\ + e{11,\) E V, where 11,\ is a highest weight vector for 11',\, is not taut, and then use 
Proposition 3.1 to conclude that p is not taut. 

Let G = Sp(n) x SU{6). Then the isotropy subalgebra at p is u(l) + su{J) +su(3) + sp(n - 1), 
n ~ 2, and the complexified slice representation at p is given by: 

(trivial) 
1 l 1 l 

EB(z4 ® 0--0 ® 0-0 EB x-4 ® 0-0 ® o--o) ® (trivial} 
1 1 J I 1 

EB(x ® 0--0 ® 0--0 EB z-1 ® 0--0 ® 0--0) ® e- ··· ---+==O. 
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Therefore the slice representation contains 88 a summand the realification of 

X ® 0--0 ® 0-0 ® .- ... --.,.....0. 

But this is a representation of complex type with Dadok invariant 3. By Proposition 4.9, it cannot 
be of class 0 2• In particular, it is not taut. 

Let G = Sp(n) x Spin(12). Then the isotropy subalgebra at pis u(l)+.&11(6)+.ap(n- l), n ~ 2, 
and the complexified slice representation at p is given by: 

(trivial) 
1 1 

EB(x' ® Cr--0--0--0---0 EB x-• ® 0--0-0----0---0) ® (trivial) 
I I I 

EB(x ® o---0---0--0--0 EB x-1 ® Cr--0--0--0---0) ® .- ··· -.......a. 

Therefore the slice representation contains 88 a summand the realification of 

X (810-0---0---0---0 ® .- ... ~. 

But this ill a representation of complex type with Dadok invariant 3. By Proposition 4.9, it cannot 
be of class 0 2• In particular, it is not taut. 

Let G = Sp(n) x Sp(3) . Then the isotropy subalgebra at pis u(l) + .f\1(3) + .sp(n - 1), n ~ 2, 
and the complexified slice representation at p ill given by: 

(trivial) 
2 • 

EB(x' ® 0-0 EB x-4 ® 0-0) ® (trivial) 
I ~ I 

EB(x®O-OEBx-1 ®0--0) ®.- ... -+=-0. 

Therefore the slice representation oontains as a summand the realification of 

X ® 0--0 ® ..__ ... --...-0. 

But this is a representation of complex type with Dadok invariant 3. By Proposition 4.9, it cannot 
be of class 0 2. In particular, it is not taut. 

Let G = Sp(n) x Er. Then the isotropy subalgebra at.pis u(l) + r6 +.ap(n-1), n ~ 2, and the 
complexified slice representation at p is given by: 

(trivial) 

EB(x4 ® ~ EB x_.. ® ~ ) ® (trivial) 

EB(x® ~ EBx-1 ® ~ )®~·-·-.-...0. 

Therefore the slice representation contains as a summand the realification of 
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But this is a representation of complex type with Dadok invariant 3. By Proposition 4.9, it cannot 
be of class 0 2• In particular, it is not taut. 

Let G = Sp(l} x Spin(13) . Then the isotropy subalgebra at pis u(l} +.ru(6), and the complex­
ified slice representation at p is given by: 

(trivial} 
I l 

EB(x5 @0---0----0--0-- EB x-5 ® 0--0--0---0---0) 
l l 

EB(x4 @0---0----0--0-- EB x-4 ® 0--0----0--0) 
1 

EB(x3 EB x-3
) ® 0---0----0--0--. 

Therefore the slice representation contains as a summand the realification of 
l 

x3 ® 0---0--0--0--0. 

But this is a representation of complex type with Dadok invariant 3. By Proposition 4.9, it cannot 
be of class 0 2 • In particular, it is not taut. 

Let G = Sp(l) x Sp(2). Then the isotropy subalgebra at pis u(l) + u(l) and the slice repr~ 
sentation at p is given by the realification of: 

(trivial) 

EB(x-5 EB x-2 EB x1) ® x2 

EB(x5 EB x - 4 EB 2x-1 EB 2x2) ® x4 

EBx3 @x6• 

Therefore the slice representation contains as a summand the realification of x-2
@ x 2 EB x-4 ® x4 

which is orbit equivalent to the circle action x2 EB x4 on R 2 EB R 2 . But the orbit of the circle action 
through ((1,0), (0, 1)) is a torus-knot which is not taut. 

Let G = Spin(l5). Then the isotropy subalgebra at p is .su(7) and the complexified slice 
representation at p is given by: 

1 

(trivial) EB 0---0---0--0--- EB 0---0---0---0--

Therefore the slice representation contaill!I as a summand the realification of 

0---0---0--0---

But this is a representation of complex type with Dadok invariant 3. By Proposition 4.9, it cannot 
be of class 0 2 . In particular, it is not taut. 

Let G = Spin(l 7). Then the isotropy subalgebra at p is .su(S), and the complexilied slice 
representation at p is given by: 

( trivial) EB 0-0--0---0---0-

EB 0-0--0---0---0- $ 0-----0--0---0-

Therefore the slice representation contains as a summand the realification of 

0---0---0--0---

33 



But this is a representation of complex type with Dadok invariant 3. By Proposition 4.9, it cannot 
be of class 0 2• In particular, it is not taut. 

Let G = Spin(7). Then the isotropy subalgebra at pis u(l) +.fll(2) and the slice representation 
at p is given by: 

(trivial) 

EB(2(x4 EB x-4 ) EB (x2 EB x-2
)) ® (trivial) 

l 

EB(2(x1 EB x-1) EB (x7 EB x-7)) ® 0 

• 
EB((x2 EBx-2) EB (x4 EBx-4))) ®O 

Therefore the slice representation contains 88 a summand the realification of x4 Ell :r2 acting on 
R 2 EB R2. But the orbit through ((1, 0), (0, I)) is a torus-knot which is not taut. 

Let G = Spin(9). Then the isotropy subalgebra at pis u(l) + su(3) and the complexified slice 
representation at p is given by: 

(trivial) 

EB((x3 EB x-3) EB 2(x2 EB x-2) Ell (.z EB x-1)) ® (trivial) 
l l 

EB( (x EB x-1) EB (x2 EB x-2)) ® 0-0 
I l 

EB((3x EB 2x0 EB x-3) ® 0-0 EB (3.x-1 EB 2x0 EB x3
) ® 0-0) 

• • 
EB((x0 EB x-1) ®0-0EB (x0 EB x1) ®0-0) 

Therefore the slice representation contains 88 a summand the realification of x ® 0--0, but this 
l 1 

representation cannot be of cla.ss oz (because 0--0 is of real type and we use Lemma 5.3(a)). In 
particular, it is not taut. 

Let G = Sp(n) x Spin(ll). For n;?:: 2, the isotropy subalgebra at pis u(l) +.fll(5) + sp(n - 1) 
and the complexified slice representation at p iii given by: 

(trivial) 
I l 

EB(x8 ® 0----0---0---0 EB x-8 ® 0--0---0--0) ® (trivial) 
l l 

EB(x6 ®O--O---O--OEB x-6 ®0--0---0--0) ® (trivial) 
l l I 

EB(x3 ® 0----0---0---0 EB x-3 ® 0--0---0--0) ® - ··· ---.-.a 
l l I 

EB(x ® ~ EB x-1 ® 0--0---0--0) ® - •·· ----...-o 
Therefore the slice representation contains as a summand the realification of 

X ® 0--0---0-----0 ® - ... -----==a. 
But thiii ia a representation of complex type with Dadok invariant 3. By Proposition 4.9, it cannot 
be of class 0 2 • In particular, it is not taut. 

For n = l we need a different argument. In this case the connected component K of the isotropy 
group at pis locally isomorphic to U(5), and the slice representation at p contains as a summand 
the realification of 

I 1 

XS ® 0----0---0--0 EB XS ® 0----0--0---0. 
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Denote by Vi, V:i the respective representation spaces of the above summands. Then Vi = C5 and 
V2 = A 2C5

. Choose an orthonormal basis { e 1, ... , e5} for c5. Let 'l'l = ae1 /\ ez + be3 /\ e4 E V2 
be a regular point, where a, b are distinct positive real numbers. We have that the isotropy Kq,, 
is locally isomorphic to SU(2) x SU(2) x U(l) sitting diagonally in K. Let '11 = e1 + e3 E Vi_. 
Now the orbit Kq,,('l!) is diffeomorphic to S3 x S3, whereas the orbit K(q1,qz) is diffeomorphic to 
SU(5). It is known that the third Betti number of a compact connected simple Lie group is one. 
It follows from Proposition 3.4 that the slice representation at p is not taut. D 

6.5 Proposition The repreaentation8 listed in Table B.,4 are not taut. 

Proof. We shall go case by case and show that the slice representation of p at some point is not 
taut, and then use Proposition 3.1 to conclude that pis not taut. 

Let G = G2 x Spin(7). Then p is the tensor product of the 7-dimensional representation of 
G2 on R 7 and the spin representation of Spin(7) on R 8 . Let p = v1 @ v2 E R 7 ® R 8 . The 
slice representation at p minus the trivial component Rp is given by the tensor product of the 
vector representation of su(3) on R 6 and the 7-dimensional representation of 92 on R7. Since this 
representation is of complex type and Dadok invariant 3, it follows from Proposition 4.9 that it 
cannot be of class 0 2• In particular, it is not taut. 

Let G = Spin(7) X Spin(9). Then p is the tensor product of the spin representation of Spin(7) 
on R8 and the spin representation of Spin(9) on R 16• Let p = v1 ® v2 E R 8 @R16. The isotropy 
subalgebra at pis g2+.spin(7). The slice representation at p minus the trivial component Rp is given 
by the real tensor product of the 7-dimensional representation of 92 and the vector representation 
of .spin(7) plus the real tensor product of the 7-dimensional representation of .112 and the spin 
representation of .spin(7). But we already know that the second summand is not taut (see the last 
paragraph). 

Let G = G2 x Spin(9). Then pis the tensor product of the 7-dimensional representation of G2 
on R 7 and the spin representation of Spin(9) on R 16• Let p = v1 ® 112 E R7 ® R 16• The isotropy 
subalgebra at p is su(3) + .si:,in(7). The slice representation at p minus the trivial component Rp 
is given by the real tensor product of the vector representations of .su(3) and .spin(7) plus the real 
tensor product of the vector representation of .11u(3) and the spin representation of .11pin(7). Since 
the second summand is a representation of complex type and Dadok invariant 3, it follows from 
Proposition 4.9 that it cannot be of class 0 2• In particular, it is not taut. 

l 1 

Consider3 G = Sp(l) • Sp(n) x Gz, n ~ 2. Let r,. be a real form of 0®0-0-- ··· -0. Then Tn 
can be realized as the representation of Sp(l) • Sp(n) on R 4" given by r,.(q, A)x = Axq-1 , where 
q E Sp(l), A E Sp(n),:,; e H" and we identify H" ~ R 4". Now pis the real tensor product of Tn 
and the 7-dimensionalrepresentation of G2. Let p = v1 ® v-i E R 4" ® R 7• The isotropy subalgebra 
at p is isomorphic to .sp(l) + .sp(n - 1) + su(3). The slice representation at p minus the trivial 
component Rp is given by the real tensor product of r,._1 and the vector representation of .su(3) 
plUB the real tensor product of the adjoint representation of .sp(l) and the the vector representation 
of .su(3). Since the second summand is a representation of complex type and Dadok invariant 3, it 
follows from Proposition 4.9 that it cannot be of class 0 2

• In particular, it is not taut. 
Consider G = Sp(l) • Sp(n) x Spiu(7), n ~ 2. Let r,. be as above. Now pis the tensor product 

of r,. and the spin representation of Spin(7). Let p = 11i ®V2 ER"'"® R8 . The isotropy subalgebra 
at pis isomorphic to .sp(l)+•p(n-1)+92 • The slice representation at p minus the trivial component 
Rp is given by the real tensor product of r,._1 and the 7-dimensional representation of 92 plus the 
real tensor product of the adjoint representation of .sp(l) and the the 7-dimensional representation 

•we use the convention that G • H refers to a quotient of G x H by a finite central subgroup. 

35 



of 92• But the fim summand is not a taut representation by the above (for n = 2 we refer to the 
case of G = SO(4) x G 2 which will be dealt with in Proposition 6.6). 

Let G = Spin(7) x Spin(7). Then p is the tensor product of the spin representations of ea.ch 
of the factors on R8. Let p = t11 ® "2 E R8 ® R 8. The isotropy subalgebra at pis 92 + 92• The 
slice representation at p minus the trivial component Rp is given by the real tensor product of the 
7-dimensional representations of each of the factors. But this representation is not taut (see next 
case). 

Consider G = G 2 x G2 • Then p is the tensor product of the 7-dimensional representations 
of each of the factors on R 7• Let {e1, ... , e7} be an orthonormal basis of R7 and take p 
e1 ® e1 +, .. +er® er. Then the isotropy subalgebra at pis 

Sp= {(X,X): XE 92} 

which is isomorphic to 92. Now the restriction of p to lip is a real form of 

1 1 1 

92:~®(~)·=.....::>®.....0 

acting on R49 , and R 49 = TpG(p) EBNpG(p) is a Sp-invariant decomposition. We have the following 
decomposition into irreducible components: 

(......:>EB (trivial}} EB(~ EB 9"!!50). 

• Since TpG(p) is 14-dimensional, it follows that the 27-dimensional real representation .....0 must 
be a component of the slice representation at p. But we saw in Lemma 5.29 that it is not of class 
~ D 

6.6 Proposition The repreaentanon, listed in Table 8.9 are not taut. 

Proof Let G = SO(m) x G2, m ~ 4. Then p is the tensor product of the vector representation 
of SO(m) on Rm and the 7-dimelll!ional representation of G2 on R 7 • Let p = 111 ® 112 E Rm® R7• 
The isotropy subalgebra at p is so(m - 1) + .su(3). The slice representation at p minus the trivial 
component Rp is given by the tenBOr product of the vector representations of n(m-1) and .su(3) on 
Rm-I and R 6, respectively. Since this is a representation of complex type and Dadok invariant 3, 
it follows from Proposition 4.9 that it caDI1ot be of class 02. In particular, it is not taut. 

The proof for G = SO(3) x G2 will be done in Lemma 6.11 below, since this case is more 
involved. 

Let G = SO(m) x Spin(7), m ~ 4. Then p ia the tenBOr product of the vector representation 
of SO(m) on Rm and the spin representation of Spin(7) on R 8. Let p = 01 ® "2 E R"' ® R.8 • 
The isotropy subalgebra at p is .so(m - 1) + 92· The slice representation at p minus the trivial 
component R.p is given by the real tensor product of the vector representation of so( m - 1) and the 
7-dimensional representation of 92• But thia representation is not taut by the above. 

Let G = SO(m) x Spin(9), m ~ 4. Then pis the tensor product of the vector representation 
of SO(m) on R"' and the spin representation of Spin(9) on R 16 • Let p = 111 ® "2 E Rm® R.16• 
The isotropy subalgebra at p is .so(m - 1) + .spin(7). The slice representation at p minus the 
trivial component Rp is given by the real tensor product of the vector representaiiOllll of so(m-1) 
and .spin(7) plus the real tensor product of the vector representation of H(m - l} and the spin 
representation of .spin(7). If m ~ 5 then the second summand is not a taut representation by 
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the above. In the case m = 4 we give a special argument. Here we have that the connected 
component of the isotropy subgroup at pis K = S0(3) x Spin(7). Let VJ., l'2 be respectively the 
irreducible summands of dimensions 21, 24 of the slice representation at p, and denote with V1 , 
V2 the representation spaces. Note that both vi and l'2 a.re taut representations of K, since v1 is 
the isotropy representation of a real Grassmann manifold and l'2 is orbit equivalent to the isotropy 
representation of a real Gra.ssmann manifold. Let q1 E Vi be a regular point. Then the _isotropy 
group Kq, is isomorphic to Z~ x Spin(4). We can choose q2 E V2 so that the isotropy (Kq,)q,, is 
contained in {1} x Spin(4). Hence the orbit K"'(Q2) is disconnected. Since the orbit K(qi,Q2) is 
connected, Proposition 3.4 implies that the slice representation at p is not taut. 

We postpone the proof for the case S0(3) x Spin(9) to Lemma 6.7 below. 
Let G = SU(n) x Sp(m), n 2'. 3 and m 2: 2. Then p is the realification of the tensor product 

of the vector representations of SU(n) on en and of Sp(m) on c2m. Consider complex bases 
{e1,--- ,e,.} for en and {Ji, ... ,Jm,!m+1,··· ,hm} for c2m where/m+; = ff;, f the quaternionic 
structure on c2m. Let p = ei ® Ji. Then the isotropy K = Gp is isomorphic to To• SU(n -1) x 
Sp(m -1}, where To is the circle group generated by 

cpo(t) = (diag(e(n-i);t,e-i', ... ,e-it), 
dia.g(e-(n-i)it, 1, .. . , l; e<n-l)it, 1, ... , 1)) E SU(n} x Sp(m), 

and the slice representation "1> minus the trivial component corresponding to the radial direction Rp 
decomposes into irreducible components as VJ. a, 11-2, where VJ. restricted to SU(n - 1) x Sp(m -1) 
is the realification of the complex tensor product of the vector representations of the factors and "2 
is the realification of the vector representation on SU(n - 1) and it is trivial on Sp(m -1). Denote 
the representation spaces by Vi, V2. Then Vi is spanned by e0 ® Jp and i(e0 ® Jp), for 2 Sa S fl, 
2 S /3 Sm or m + 2 S {:JS 2m, and Vi is spanned by e0 ® fm+t and i(eo ® /m+i), for 2 S a S fl. 
Let qi= ~®h E Vi- Then the isotropy Ki= K"' is isomorphic to T1 -T2-SU(fl - 2) x Sp(m - 2), 
where Ti, T2 are circle groups respectively generated by 

rpi(t) = {diag(l, e<n-2Ju, e-it, ... , e-u), 
diag(l,e-(n-2li1, 1, ... , 1; 1, e<n-zJ;i, 1, ... , 1)} E SU(n) x Sp(m), 

and 

'PJ(t) = (diag(e<n-i)il' e-it, e-it' ... 'e-<'), 
diag(e-(n-t)it,ei1,l, . .. ,l;e(n-l)it,e-it, 1, .. . ,1)) E SU{fl) x Sp{m). 

(Here we have used the hypothesis fl~ 3 and m :2:: 2). Finally let Q2 = e2 ® /m+i E V2. Then the 
isotropy K2 = (K.,)'" is isomorphic to T3 • SU{fl - 2) x Sp(m - 2), where T3 is the circle S11bgroup 
of T1 · T2 generated by ,pa(t) = ,p1 (-t)',02(t). It is easy to see that Ki/K2 ill diffeomorphic to S1, 
whereas K/K2 is simply-connected. Therefore Proposition 3.4 implies that v9 is uoi taut. 

The case where G = U(n) x Sp(m), fl;::: 3 an.d m;?: 2, is completely an.a.logous to the previoua 
case. 

Let G = SO(m) x Sp(l} • Sp(n), m? 3 and n 2'. 2. Then pis the tensor product of the vector 
representation of SO(m) on Rm and r,., where r,. is a representation on R.tn as in Proposition 6.5. 
We chooae an orthonormal basis {e1 , ... , em} for Rm and an orthonormal basis 

{/1,••· ,J,.,fii, ... ,J,.i,/ii,--· ,/,.j,fik, ... ,Ink} 
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for R4". Let p = e1 ®Ji. The conoocted component of the iBotropy subgroup K = G~ is iBomorphic 
to SO(m - 1) x Sp(I)', Sp(n - 1), where 

The slice representation at p minus the trivial component Rp decompaies as 11J. EB vi, where VJ. is the 
real tensor product of the vector representation of SO(m -1) and Tn-1, and 1-'l is the real tensor 
product of the vector representation of SO(m - 1) and the adjoint representation of Sp(l} (1"2 is 
trivia.I on Sp(n - 1)). Note that l"2 is the iBotropy representation of a real Grassmann manifold. 
Let Vi., ½ denote the representation spaces of lit, 1,t;i. Then Vi. is spanned by ea® ffJ, ea® JtJi, 
ea ® !{Ji, ea ® f tJk, for 2 ~ a ~ m, 2 ~ fJ ~ n, and Vi is spanned by e,. ® fti, e., ® fij, 
ea® fik, for 2 ~ a ~ m. First consider the case m ~ 4. Let 'l2 E Vi be a regular point, say 
Q2 = ae2 ® fii + be3 ® ftj + ce4 ® fik, where a, b, care pairwise distinct positive real numbers. 
Then the iBotropy group Ke, is iBomorphic to SO(m- 4) x Q-Sp(n -1), where Q is the quaternion 
subgroup {±1, ±i, ±j, ±k} of Sp(l). Consider the restriction of vi to K,,.. We ca.n choose 1/1 E Vi. so 
that the orbit K,,. (q1) is disconnected, say '11 = ae2®h+bes®hi, where a, bare distinct positive real 
numbers. In fact, if (A, q, B) E SO(m - 4) xQ-Sp(n - 1) is in the isotropy of '11, then we must have 
Bhq-1 =hand Bf2iq-1 = hi, which implies that Bhq-1i = Bf2iq-1 and then q-11 = iq-1 , so 
that q = ±1 or q = ±i. In particular, noelemeni of the form (A,j,B) E SO(m -4)xQ•Sp(n- l) is 
in the isotropy of QJ., which implies that the orbit K,,.(qi) is disconnected. Since the orbit K(q1, q2) 
is connected, Proposition 3.4 implies that the slice representation at p is not taut. Finally we 
analyse the case m = 3. Then K = S0(2) x Sp{l)' · Sp{n -1). Consider a regular point f/2 E V2, 
say 'IJ. =a~® fti +bes® Jij, where a, bare distinct positive real numbers. Then we have that 
the isotropy Kf/2 is iBomorphic to Z4 x Sp{n-1). Here Z4 is generated by (-1,k), where -1 is 
minus the identity matrix in S0{2) and k E Sp(l)'. Consider the restriction of VJ. to K 92 • We can 
choose QJ. E Vi. as above such that its isotropy does not contain elements of the form (-1, k, B), for 
BE Sp(n -1). It follOWll that the orbit K42 (q1) is disconnected and the proof follows as above. D 

6. 'T Lemma The teiuor product p of the 11ector repruentation of S0(3) on R3 and the apin rep­
ruentation of Spin{9) on R 16 u not taut. 

Proof Let p = 111. ® 112 E R 3 ® R 16 . Then the connected component of the isotropy group 
K = ~ is isomorphic to S0(2) x Spin{7). The normal space at p to the orbit G(p) decomposes 
as Hp EB Vi EB V2, where Vi. = R 2 ® R 7, Vi = R 2 ® R 8 are the representation spaces for the 
irreducible components VJ., 1-'J of the slice representation at p. Here III is the tensor product of 
the vector representations and 1-'J is the tensor product of the vector representation of S0(2) and 
the spin representation of Spin(7). Now let q = us® 114 E V2. Then the connected component of 
the isotropy group Kg is iso:mwphic to G2 and the slice representation at q of the representation 
of Kon Vie V2 ill a representation of G 2 on R 22 which decomposes as a trivia.I component Rq 
plus three copies of the 7-dimensional representation of G 2• Next we shall show that the sum 
µ = Pt ED 1-'2 EB µ.3 of three copies of 7-dimensional representation of H = G2 is not taut. It then 
follows from Proposition 3.1 that p is not taut either. 

In fact, let W; be the representation space of Pi· We can select w, E W, such that the 
isotropy groups H11111 {H1111 ),,,., ((H..,,)..,.),.,. are respectively SU{3), SU(2), {l}. Since H(-.,.,.,,.,,J = 
((H.,,),.,.)..,., we get that the orbit H(w1,w,z,w3) is diffeomorphic to G2. Now if this orbit is taut, 
Proposition 3.4 implies that it must have the product homology of the orbits through w1, W2 and 
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w3, namely, S6, S5 and S3. But it is well known that G 2 ha.s the product homology of S11 and S3 

(this also follows from Satz 1 in (191). Thus, µ ii! not taut. □ 

We next recall a reduction principle which will be used below in Le=a 6.11 to prove that a 
certain representation is not taut. Let p: G ➔ O(V) be an orthogonal linear action of a compact 
Lie group G which is not assumed to be connected. Denote by H a fixed principal isotropy subgroup 
of the G-action on V and let yH be the subspace of V that ii! left pointwise fixed by the action of 
H. Let N be the normalizer of Hin G. Then the group N/H acts on VH with trivial principal 
il!otropy subgroup. Moreover, the following result is known (17, 22, 23, 29, 30, 31]: 

6.8 Theorem (Luna-Richardson) The inclwion VH ➔ V induces a stratification preaermng 
homeomorphism between orbit spacu 

(6.9) VH/N ➔ V/G. 

The injectivity of the map (6.9) means that Np= Gpn vH for p E VH. In particular, the H­
fixed point set of a G-orbit is a smooth manifold. Observe also that for a regular point p E yH the 
normal space to the principal orbit M = Gp at p is contained in V H, because the slice representation 
at p is trivial. 

6.10 Lemma Let p E VH be a regular point and consider a normal tJector f to M == Gp at p. 
Then the Weingarten operator of M at! restrict~ to the Weingarten operator of MH = Mn yH 
at{, in symbols, At'IT,MH = At'H. 

Proof Let v E T,MH. Consider an extension [(t) of { to a normal vector field along a curve 
"t(t) in MH with i'(O) = v. Then At' v = -t'(o)T, where .trn denotes the orthogonal projection 
onto T,M. Now {(t) E VH, so the derivative {'(O) E VH. The normal component of ('(O) is already 
in V 8 , so its component in T,M is also in yH_ Hence A:,'H v = -['(Of which proves the claim. D 

6.11 Lemma We have that the tensor product p of the vector rept"elentation of S0(3) on R 3 and 
the 7-dimensional repruentation of G2 is not taut. 

Proof Note that G = 80(3) x G2 is a closed subgroup of G = S0(3) x S0(7) and p is the 
restriction of a representation p of G which is the il!otropy representation of a real Gra.ssmann 
manifold. 

We view the Cayley numbers O = HEB eH, so that {1,e,i,j,k,ei,ej,ek} ii! a real orthonormal 
basis for 0. The Lie group G 2 is the automorphism group of O with respect to its nonassociative 
algebra structure. We next describe the space of orbits of G acting by p on V = R3 ® R 7

• Take 
{e,i,j,k, ei, ej,ek} as a basil! for R 7 and take an orthonormal basil! {/1,h, fa} for R 3. Recall that 
the subspace spanned by {i, j, k, ei, ej, ek} ha.s a complex structure given by left multiplication by 
e. Since all these representations are self-adjoint, it is equivalent to consider p acting on R 7* ® R 3 

which we may identify with the space of 3 x 7 real matrices. Then the orbit space ii! described by 
the matrices of the form 

(6.12) 
(

aOOOOOO) 
Ob00000

0
, 

0 0 c O d 0 

subject to the conditions a ~ b ~ ~ and c ~ 0. 
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Next we want to compute a principal isotropy subgroup of G. Let p be an element of the 
form (6.12) which is regular for both G and G. The principal isotropy group Gp is isomorphic to 
z~ x SO(4), and Gp= G,, n G. Now the Z~-factor is contained in a,,, because 

(diag(-1, -1, 1),diag(-1, -1, 1, -1, 1,-1, 1)) 

and 

(diag(l, -1, -1),diag(l, -1, -1, 1, -1, -1, 1)) 

are elements of G that fix p. On the other hand, an element in the SO(4)-factor that fixes p and 
is in G = SO(3) x G 2 is in fact in {l} x G 2 and has to fix e, i, cj + d(ei) E R 7

• Therefore it also 
fixes j = ½[(cj + d(ei)) - d(ei)] (c ,j, O becaUll8 pis regular for G) and hence it is the identity. We 
conclude that the principal isotropy group H = Gp is exactly Z~. 

It is immediate to see that the fixed subspace V8 is 

Let N be the normalizer of Hin G and G = N/H the reduced group. The connected component a0 must be contained in {l} x (½. One can use the fa.ct that N equals the normalizer of vs in G 
to verify that G° is the 2-torus group consisting of the matrices 

coet 0 0 -•int 0 0 0 
0 COSS 0 0 0 -sins 0 
0 0 cos(s - t) 0 -sin(a-t) 0 0 

(6.13) sint 0 0 cost 0 0 0 
0 0 sin(a - t) 0 cos(s - t) 0 0 
0 sins 0 0 0 00811 0 
0 0 0 0 0 0 1 

for~. t ER. 
Let p E vs be a regular point and let M = Gp be the corresponding principal orbit in V. 

We next prove that M is not taut by contradiction. In fact, a88Ullle M is taut. The orbit (;Op 
is a connected component of MB, and it is a substantial 2-torus embedded in the &-dimensional 
Euclidean space V 8 . Since its second osculating space is at most 5-dimensional, it cannot be taut 
by Theorem 2.5. It is known that a surface is taut if and only if its lines of curvature are circles. 
Therefore there is a parallel normal vector field {(t) along a curve -y(t) in ()Op C MB such that 
Atf_1j i'(t) = A(th(t) and A(t) is not constant. Since M is a principal G-orbit, the normal spaces 
of Mand M 8 in V coincide along -y(t) implying that {(t) is also parallel with respect to M . By 
Lemma 6.10 we have 

(6.14) 

We do not claim that -y(t) is a curvature line of M since the eigenspace corresponding to .X(t) might 
not be o~dimensional. Still the argument in (28], Lemmas I and 2 (see also (24]) carries through 
and shows that (6.14) together with the tautness of M implies that A(t) is constant, which is a 
contradiction. Hence M is not taut. Thus the representation p is not taut either. D 
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A Table for Dadok's invariant k().) 

We next tabulate the value of the Dadok invariant k(A) for the the complex irreducible represen­
tatiollll ,r~ of the complex simple Lie algebras, where A is a fundamental highest weight (since k(A) 
is linear on A, this already determines the value of k(A) for all A). The number in parenthesis next 
to the vertex of the Dynkin diagram which specifies ex; is k(>.;). The last column tells, for each 
complex simple Lie algebra, whether all representatiollll are self-dual, or else, the dual of 11">., is given 
by 11">.;, where the vertices that specify a; and a; are images one of the other under the symmetry 
of the Dynkin diagram. 
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G 

Ea 

Er 

Ea 

(1) (2l C• - 1) C•l C• - 1) (2) (1J 
0---0- ... ---0---0--0- ... --0--0 

Condition., 

duality given by sym­
metry of diagram 

(1) (2) C• - 1) (•) (n) (n - 1) (2) (1) duality given by sym-
0-0- ... -0----0----0--0 ... --0---0 

(2) (2) C•l <•> ("' - •xo. - t) <•> 
0---0---0--0--- ... ----o---o==,,e 

<2> c2> c•> c•> c2• - 2x ... - •><"'> C•> 
0---0----0-0- ... ---o--o----o-e 

(1) (2) <•-1) ( .. ) 

.-...- ... ---==a 

(2) (21 <•> <•> <~-2X2A-•X"'l <•> 
0---0--0---0-- ... 

C•l 

(2) (9) <•> (2) 

~ 

(2) C•> (OJ <•l (2) 

~ 
(2) (O) (t) CT} (•) (S) 

~ 
C•l (10) (14) (12) (9) (9) (2) -------- -

metry of diagram 

all eelf-dual 

all self-dual 

all self-dual 

all self-dual 

duality given by sym­
metry of diagram 

all self-dual 

all self-dual 

duality given by sym­
metry of diagram 

all self-dual 

all self-dual 

Table A.l: The invariant of Dadok. 
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B Table of candidates to class 0 2 

In the tables below are compiled all the real irreducible representations of compact connected Lie 
groups that are not orbit equivalent to the isotropy representation of a symmetric space but that 
have a chance of being a representation of class 0 2• These are just the representations mentioned 
in Propositions 5.1, 5.2, 5.14, 5.15, 5.16, 5.17 and 5.18; note, however, that the presentation here 
slightly differs from the presentation in the above mentioned propositions for the sake of convenience. 

G p Conditions 
l 

SO(2} x Spin(9) (x (:9 x-1} ® o----o--o===-. 
l I 

U(2) x Sp(n) (xEBx-1}®0®...-···---+==0 
• I 

SU(2) x Sp(n} o®...-···--==<> 

Table B.1: Ta.ut representations. 

G 

Sp(n) x SU(6) 

Sp(n} x Spin(ll) 

Sp(n) x Spin(12) 

Sp(l) x Spin(13) 

Sp(l) x Sp(2) 

Sp(n) x Sp(3) 

Sp(n) x Er 

Spin(7) 

Spin(9) 

Spin(15) 

Spin(17) 

p 

...- ... ---+==a ® 0------0---0---

...- ... ~ ® Cr--0---0---0--

, - - - /' ...- ... ---+==a® ~ 

O®~ 
1 1 l 

0®9==0 

1 l 

0--0-­

o---o----o-=4 

~ 

o----o---<>----

-

n2::2 

n>2 

Conditions 

n2;: 2 

Table B.2: Nontaut representations (first group). 
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G 

SU(n) x Sp(m) 

U(n) x Sp(m) 

SO(m) x Sp(l) · Sp(n) 

(n?: 2) 

SO(m) x G2 

SO(m) x Spin(7) 

SO(m) x Spin(9) 

p Condition" 
I I 

(er- ... -OEBCr- ... -0) 
1 

® -- ... -------0 
I l 

(z®O- ... -oez-1 ®0- ... -o) 
l 

®--··• -.-=a 

~--·-< ®~®~-----==a m=2p>4 

l l I ffi=2p+1>3 
Cr-··· -O--®O®e- ••· -..-.0 

I I 1 1 m=4 
0®0®0®-- ···-..-0 

I I 1 m=3 
O®o@e-·---e--o 

1 _/ 1 

o----~ @91!!!!!!{.) 

1 1 

I I I 

I _/ I 

Cr- ... ~ ® o--o==-
1 1 

I I 

O®O®o----o==e 

I _/ I 

0- ... ~ ® 0----0----0--. 

1 I 

0- ... ---o--,e ® o---o---o---e 
I I I 

0 ® 0 ® o----o--O==e 
• 1 

O®o----o--O==e 

m=2p>4 

m=2p+1>3 

m=4 

m=3 

m=2p>4 

m=2p+l?:5 

m=4 

m=2p>4 

m=2p+l>3 

m=4 

m=3 

Table B.3: Nontaut representations (second group). 
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G p Conditimu 
I I 

G2 X G2 IE={)@~ -
1 I 

G2 x Spin(7) 9==C>®0---0==e -
l l 

G2 x Spin(9) ea;a;;o ® o--o-----o===e -
l l 

Spin(7) x Spin(7) ~ ® 0---0==e -
I 1 

Spin(7) x Spin(9) 0------0----0-. ® o----o---c--e -
l l 1 

Sp(l) · Sp(n) x G2 0®---···--.,.....0@~ n~2 
1 l 1 

Sp(l) · Sp(n) x Spin(7) 0 ®--- ... --==o@ ()---0=,e n>2 

Table B.4: Nontaut representations (third group). 
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