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Abstract. We obtain a smooth and analytic local classification of pairs of foliations of the
plane assuming that one of the foliations is defined by a nonsingular vector field and the
other foliation is defined by a singular vector field.

1. Introduction. Given a vector field v on the plane we denote by F), the foliation

defined by its phase curves (or orbits). This foliation is singular at equilibria ( i.e.
the zeroes) of v. In this paper we study the local smooth or analytic classification of
pairs (F¢, F,) around the origin, where ¢ is a nonvanishing vector field and v(0) = 0.
The results of this paper reduce this classification to that of singularities of single
foliations F),. The advantage of this reduction is to make it possible to apply the
well-known results on local orbital classification of singularities of vector fields on
R? (see [1, 4, 9]).

The classification under homeomorphisms of pairs such as (Fg, F,) arrises in the
the study of bifurcations of vector fields on manifold with boundary [12]. In the
setting above, the boundary is represented by the leaves of F¢, depending on a
transveral real parameter. The change of such parameter produces the unfolding
due to a singularity (of v) exiting the manifold. The extension of this study to three
dimensional manifold with boundary has been carried out in [11].

Another situation leading to the above mentioned pairs appears in the study of
constrained differential systems of the form A(x)z = v(zx), near impasse points at
which A(z) is a singular endomorphism and v(x) belongs to its image. The case of
smooth equivalence has been treated in [13] and that of topological equivalence in
[10].

The classification of pair of foliations is also a problem of control theory, see, for
example, [7].

Theorem 1 of this paper gives a simple genericity condition (G1), expressed in
algebraic terms, under which the reduction of the classification of pairs to that
of singularities of vector fields is possible. Proposition 1 gives a geometric inter-
pretation of (G1) which implies an important Corollary 1. Theorem 2 completes
Theorem 1. These results imply a number of normal forms for pairs (Fg, F,) (Sec-
tion 3), and a reduction theorem for pairs consisting of a foliation of the plane and
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a curve, generalizing some results of the works [5] and [6] (Corollary 2). Our results
show that under the condition (G1) all invariants of a pair of foliations (F¢, F,)
are determined by the pair (v, F,), where « is the phase curve of the vector field &
passing through the singular point of v (Corollary 3). The proofs are contained in
Section 4.

Acknowledgment. The authors are grateful to Farid Tari for stimulating discus-
sions.

2. Statements of the main results. All results of this section hold for germs
in either C*° or real analytic category. In what follows €2 is a fixed nondegenerate
volume form on R2. By [.,.] we denote the Lie bracket of vector fields.

Theorem 1. Let &1,&, and v be vector fields on R? such that v(0) = 0 and

Q&1 [61,0)(0) - (&, [€2,v])(0) > 0. (G1)

Then there exists a local diffeomorphism preserving the foliation F,, and sending the
foliation F¢, to the foliation F¢,.

To give a geometric interpretation of the condition (G1) introduce the following
notations. By P(TyR?) we denote the projectivization of the tangent plane TyR?,
and by E the set of points of P(TyR?) corresponding to the eigenspaces of the
linearization of v at the origin.

Proposition 1. 1. The condition

Q&1 [£1,0)(0) - Q& [€2,0])(0) # 0 (G2)

holds if and only if £1(0) # 0, £€2(0) # 0 and neither & (0) nor £2(0) is an eigenvector
of the linearization of v.

2. The condition (G1) holds if and only if £&(0) # 0, £&2(0) # 0 and the two points
l1,ls of P(TyR?) corresponding to the lines span{&1(0)} and span{&;(0)} belong a
single connected component of the set P(ToR?) — E.

If the eigenvalues of v are not real then E is empty, and if the eigenvalues are
equal then either E consists of one point and then the set P(TyR?)— E is connected,
or (if the linear approximation of v is diagonalizable) E = P(ToR?). Therefore we
obtain the following corollary.

Corollary 1. The condition (G2) implies (G1) unless the vector field v has real
distinct eigenvalues at the origin. If the eigenvalues are not real then the condition
(G1) holds for any vector fields & and & nonvanishing at the origin.

In the case of real distinct eigenvalues the set P(Ty R?)—E contains two connected
components and by Proposition 1 the inequality

Q&1 [€1,0)(0) - Q(&, [€2,0])(0) <0 (G3)

is possible only in this case. Then the existence of a diffeomorphism preserving
the foliation F,, and sending the foliation F¢, to the foliation F¢, depends on the
existence of ”orientation reversing” symmetries of the foliation F),, in the sense
defined below.

Definition 1. A local diffeomorphism ¥ will be called an orientation revers-
ing symmetry of the foliation F, if ¥,v = Qu for some function @ such that
Q(0)det(¥’(0)) < 0.
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For example, the foliation defined by the vector field ¢ = Nz + 4y, = y has an
orientation reversing symmetry (z,y) — (z, —y) if N is even number and a simple
analysis shows that there are no C'*° orientation reversing symmetries if N is odd.

To formulate our second theorem we need the following natural definitions.

Definition 2. A singularity at 0 of a local vector field v is called algebraicly isolated
if the ideal generated by the components of v contain a power of the maximal ideal
in the ring of germs at 0 of smooth or analytic functions.

Definition 3. The pair of foliations (F¢,, F,,) is said to be equivalent to the pair
(Fe,, Fy,) if there exists a diffcomorphism sending Fe, to Fe, and F,, to F,,.

Theorem 2. Assume that v(0) = 0 and the origin is an algebraicly isolated singu-
larity of v. Assume that (G3) holds for some vector fields & and . Then the pair
of foliations (F,, F,) is equivalent to the pair (Fe,, F,) if and only if the foliation
F, admits an orientation reversing symmetry. The condition that the origin be an
algebraically isolated singularity of v is not essential when replacing ”if and only if”
by 7if”.

The given results can be directly applied to the classification of pairs of foliations
of the plane. In fact, using results on the orbital classification of vector fields on
the plane (see [1, 4, 9]) and distinguishing the normal forms of vector fields with
real distinct eigenvalues such that the corresponding foliations admit an orientation
reversing symmetry, we obtain a list of normal forms for pairs of foliations (Fg, F,),
see Section 3.

Another corollary concerns the classification of pairs consisting of a foliation of
R? and a curve passing through a singular point of this foliation. In what follows
by a curve we mean a smooth or analytic 1-dimensional submanifold.

Corollary 2. Let v be a vector field on R? with algebraically isolated singularity at
the origin and let v1 = {f1 = 0} and v2 = {fa = 0} be curves passing through the
origin, df1(0) # 0, df2(0) # 0. Assume that neither Toy1 nor Toye is an eigenspace
of the linearization of v. Then the pair (v1, Fy) is equivalent to the pair (2, F)
(i.e., there exists a diffeomorphism preserving the foliation defined by v and sending
the curve y1 to the curve v2) if and only if either

(a) the 2-forms

Q= dfy Ad(v(f1)), Qo = dfa Nd(v(f2))

define the same orientation of R2, or
(b) the foliation F,, admits an orientation reversing symmetry.

The condition (a) always holds if the eigenvalues of the linearization of v are not
real or equal.

This result generalizes some results of the works [5] and [6]. Finally, we obtain
that under the condition (G1) the classification of pairs (Fg, F,) is equivalent to
the classification of pairs (v, F,), where v is the phase curve of the vector field
& passing through the singular point of the vector field v. Namely, the following
corollary holds.

Corollary 3. Let vy and vy be vector fields on R? with algebraically isolated singu-
larity at the origin, and let & and & be nonvanishing vector fields such that £ (0)
is not an eigenvector of the linearization of v1 and £2(0) is not an eigenvector of
the linearization of vo. Let vy; be the phase curve of & passing through the origin,
i =1,2. Then the pair (F¢,, F,,) is equivalent to the pair (F,, F,,) if and only if
the pair (v1, Fy,) is equivalent to the pair (Y2, Fy,).
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3. Normal forms. To apply the results of Section 2 to the classification of pairs
(F¢, F,y) and to the classification of pairs consisting of a foliation F), and a curve, we
distinguish normal forms of vector fields with real distinct eigenvalues such that the
corresponding foliations admit an orientation reversing symmetry. We also restrict
ourselves to normal forms in the C*° category and avoid certain degeneracies of
infinite codimension, namely

(a) the origin is not algebraically isolated singular point of v;

(b) the eigenvalues of v are pure imaginary and v is formally orbitally equivalent
to its linear approximation (this is so if and only if all Lyapunov focal numbers are
equal to zero, see [1]).

It follows from the well known results on the orbital classification of vector fields
on the plane (see [1, 4, 9]) that if at least one of the eigenvalues of v is not zero
and neither (a) nor (b) holds then v is C*° orbitally equivalent to one of the normal
forms
Vi: &=xz+4 Ny, y=—Xx+y, where \ # 0;

Vor @ =Xz, g=uy;

Var 2=x+vy, y=y;

Vi: &= Nax+yN, y=y, where N € {2,3,...};

Vs: @ =a(-p/qt 2" +az*), §y=vy, where a € R, 2 = 29yP, p,q,r € {1,2,...},
p/q is an irreducible fraction, or p = 0,q = 1;

Vo: i =y+axA(2), y=—x+yA(2), where z = 22 + 2, A(z) = £2" + az?",
re{l,2,..}, a€R.

If the eigenvalues of v are equal to zero, but jiv # 0, then v is formally (on the
level of formal series) orbitally equivalent to the normal form
Vi @ =y, y= f(z)+yg(x), where f(0) = f'(0) = g(0) = 0.

The normal forms V5, V, and V5 correspond to vector fields with real distinct
eigenvalues. Note now that the foliation defined by V5 admits an orientation re-
versing symmetry (x,y) — (z, —y) and the same diffeomorphism is an orientation
reversing symmetry of the foliation defined by V4 and V5 provided that N in Vj is
even and one of the numbers p,q in V5 is even. One can show that the inverse is
also true: if N in Vj is odd (respectively both p and ¢ in V5 are odd) then the folia-
tion defined by Vj (respectively V;) does not have orientation reversing symmetries.
These facts and the results of Section 1 imply the following corollary.

Corollary 4. Let & and v be vector fields on R? such that v(0) = 0, £(0) # 0
and £(0) is not an eigenvector of the linearization of v. If at least one of the
eigenvalues of v is not equal to zero and none of the degenerations (a), (b) of
infinite codimension holds then the pair of foliations defined by £ and v can be
reduced by a C°° diffeomorphism to a pair defined by vector fields U and V', where
Ve {V1,Va, V3, V4, Vs, Vs} and
() U=Z if Ve{n VsV,
(B) U:%—V—a% if V.=Vy, or V=Vy and N is even, or V = Vy and one of the
numbers p, q is even,
(v) Ue{Us,U_}, UL = %:I:a% if V.=Vy and N is odd or V = V5 and p and q
are odd. In these cases the pair of foliations defined by vector fields (U_,V') is not
equivalent to the pair of foliations defined by the vector fields (U, V).

If the eigenvalues of v are equal to zero and jiv # 0 then there the pair of
foliations defined by & and v is formally equivalent to a pair defined by the vector
field 8% and a vector field of the form V7.

By Corollary 3, a similar result holds for pairs consisting of a foliation F,, v(0) =
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0, and a curve 7y containing the origin and such that Ty~ is not an eigenspace of the
linearization of v: one has to change, throughout Corollary 4, the pair (Fg, F,) by
the pair (v, F,)) and U by the phase curve of U passing through the origin.

3. Proofs of the main results.

Proof of Proposition 1. To prove the first statement it suffices to note that if &
and v are nonvanishing vector fields then the condition £2(£(0), [¢,v](0)) = 0 means
that [, v](0) = A¢(0) for some A € R. In local coordinates this means that Aa = Aa,
where A is the matrix of the linear approximation of v at the origin, a = (a1, az)t,
€0)=a1 2 + aga%, i.e., £(0) is an eigenvector of the linear approximation of v.

The proof of the second statemet is based on the following observation: the points
I; and I3 belong to one connected component of P(TyR?) — E if and only if either
for § = 1 or for § = —1 there exists a smooth path v, € ToR?,t € [0, 1] from &;(0) to
362(0) (vo = £1(0),v1 = £2(0)) such that 14 # 0 and 14 is not an eigenvector of the
linearization of v for all ¢ € [0, 1]. Assuming that this is so, take any family of vector
fields X; such that X;(0) = vy, Xo = &, X1 = 6&. Let f(t) = Q(Xq, [X¢,v])(0).
By the first statement, f(¢) # 0 for all ¢ € [0,1]. Consequently, the numbers
F(0) = Qe [61,0])(0) and F(1) = (862, [665,0])(0) = 82Ex. [€2. v])(0) have the
same sign and (G1) holds.

Assume now that the points {; and [y belong to different connected components
of P(TyR?) — E. Then there exists a smooth path v; € ToR?,t € [0,1] from & (0) to
&2(0) such that v # 0 for all ¢ € [0, 1] and v; is an eigenvector of the linearization
of v for exactly one ¢t € (0,1). The function f(¢) constructed as above has exactly
one zero in the segment [0, 1], therefore f(0)f(1) < 0, ie., (G1) does not hold.
Therefore, Proposition 1 is proved.

Proof of Theorem 1. This theorem will be proved using the homotopy method
(see, for example, [2], [9]). This method reduces the nonlinear problems of equiv-
alence of objects of local analysis (vector fields, mappings, etc.) to the solution of
infinitesimal linear equations with a parameter varying on the segment [0, 1].

In the proof of Proposition 1 we observed that under condition (G1) there exists
a path X; of vector fields such that Xy = &, X; = £& and Q(Xy, [X¢,v])(0) # 0
for all ¢ € [0,1], i.e., the vector fields X; and [X;,v] are linearly independent at
the origin. It is clear that the path can be chosen to depend analytically on t. We
will show that there exists a family of diffeomorphisms ®; preserving the foliation
defined by v, and, for each ¢ € [0, 1], sending the foliation defined by X; to that
defined by Xy = &;. Obviously, Theorem 1 is a consequence of this statement.

To prove the existence of such a family ®,, consider the following system of
infinitesimal equations with respect to a family of vector fields Z;, and two families
of functions «a; and f;:

dXy
dt’
Assume that this system has a solution Z;, av, 3 such that Z,(0) = 0 for all t € [0, 1].
Then the family ®; can be defined by a system of ordinary differential equations
dj;t = Z;(®;) with the initial condition ®y = id. It is easy to see that ¥, is a
local diffeomorphism for each ¢. To check that ®; sends the foliation defined by X;
to the foliation defined by X, preserving the foliation defined by v, introduce the
mappings ¢t — A(t) = (9;).X; and t — B(t) = (;).v, and differentiate them

[Zt,Xt] + O[tXt = — [Zt,U} + ﬁtv =0. (1)

A(0) = (®0.(170 %]+ 5, B0 = @0).170],



746 J. SOTOMAYOR AND M. ZHITOMIRSKII
Using (1) we obtain that

A'(t) = G A(t), B'(t) = B:B(1),

where a; = —ay(Py), B = —B¢(®y). Tt follows that A(t) = A(0)H; and B(t) =
B(0)Q:, where H; and @, are families of nonvanishing functions. Since A(0) = X
and B(0) = v we obtain (9;).X; = HyXo and (®¢).v = Qv which means that
®; sends the foliation defined by X; to the foliation defined by Xy preserving the
foliation defined by wv.

We have reduced Theorem 1 to the solvability of the system (1) with the constrain
Z:(0) = 0. We will seek for Z; in the form Z; = hiv introducing instead of the
unknown family of vector fields Z; the family of functions h;. Since v(0) = 0 then
the condition Z;(0) = 0 holds for any choice of h;. The second equation in the
system (1) takes the form (8; —v(h:))v = 0, therefore to solve (1) it suffices to solve
only the first equation with respect to h; and oy (the solution of the system will be
h¢,ap and B = v(hy)). Notice that the choice of Z; in the form h;v means that for
any t the diffeomorphisms ®; moves any point along the phase curve of v, which is
the simplest( and in many cases the unique) way to preserve the foliation defined
by v).

After the substitution Z; = hsv the first equation in system (1) takes the form

dX
ht['l},Xt] —Xt(ht)v+atXt = —T; (2)

and Theorem 1 will be proved if we show that this equation has a solution hy, o;.
At this point we use the linear independence of X; and [v, X;] at the origin. This
condition implies that any family of vector fields parametrized by t € [0,1] is a
linear combination of X; and v with functional coefficients depending analytically
on t ((locally, in a sufficient small neighbourhood of the origin). Let

dX
v = AtXt —+ Bt[U,Xt], _ditt = CtXt =+ Dt[U7Xt}. (3)

Then (2) can be rewritten as a system

— A X (he) + ap = Cy

ht — BtXt(ht) = Dt- (4)

To solve this system (with respect to hs and «;) it suffices to solve the equation (6)
with respect to the family of functions h;. Note that since v(0) = 0 then (3) implies
that A:(0) = B¢(0) = 0 for all ¢, therefore this equation is singular. Nevertheless,
we will prove that it is solvable for any family D;.

To achieve this end, we will find a certain relation between the vector field X; and
the function B;. The first relation in (3) implies [v, X;] = [A: Xy, X¢]+[B:[v, X¢], X¢].
Since B(0) = 0 it follows that [v, X¢](0) = —X;(A:)X+(0) — X¢(B¢)[v, X¢](0). Since
the vectors X¢(0) and [v, X}](0) are linearly independent, we obtain that

Xi(By)(0) = —1. ()

This relation plays an important role in the solvability of the equation (4). Namely,
since X;(0) # 0 and t varies on the compact interval [0,1], there exists a family
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of diffeomorphism (parametrized by t) reducing X; to %. This family of diffeo-

morphisms brings B; to some family By(z,y), and by (5) we have 88—%(0) = —1.
Then Bi(z,y),y is a system of coordinates. Changing B;(x,y) by x we transform
the vector field 6% to a vector field of the form Ct(x,y)a%. Now (5) implies that
C¢(0,0) = —1. These transformations allow us to reduce the equation (4) to the
form h; — Ct(x,y)x% = D;. Dividing by (—C}), we get a simple equation of the
form

on, _

fe(z,y)he(z,y) + 5 = 9@y), (6)

where fi(x,y) and g;(z,y) are given families of functions, f(0,0) = 1, and h; is the
unknown family. To prove Theorem 1 we have to show that (6) has a local solution
(in either C'* or analytic category).

Though (6) can be treated as a linear ordinary differential equation with param-
eters t and y and can be integrated, the proof of existence of local analytic and
especially C* solution h; (with f; and g; belonging to the same category) requires
certain technical prepartion. At first we will simplify (6) reducing f;(z,y) to a fam-
ily depending on y only. Namely, introducing instead of h; another unknown family
hy such that hy = hyexp(v,(z,y)), where v, will be chosen below, we transform (6)
to an equation of the same form with fi(x,y) replaced by fi(z,y) —I—x% and g¢(z,y)
replaced by g¢(x,y)exp(—vi(x,y)). Therefore the equation (6) can be reduced to
the form

F(Whu(e,y) + 254 = Gu(e,v), ©)

where F} satisfies (important) condition F;(0) = 1. Now the solvability of (6’) in
the analytic category follows without difficulty:

> ath azi

K3

ht(xuy) =

which is, obviously, a convergent series (provided G;(z,y) is analytic).

In the C'°° category the arguments are more difficult. The existence of a solution
ht in the form (7) (which , in C*° category, is nothing more than a formal power
series with respect to x) allows us to reduce (6’) to the same equations with Gy(z,y)
replaced by ét(:c,y) such that any partial derivative of Gt(w,y) vanishes at any
point of the y-axis (such a function is called flat along the y-axis). To achieve this
reduction we take a C'*° function H;(x,y) whose Taylor series with respect to z
coincides with (7) (such a function exists due to the Borel theorem) and replace in
(6’) hy by the new unknown hy such that h, = H, + hy. Now, following Belitskii’s
method (see [3]) we can present a C'™ solution in the form

0
hi(x,y) :/ Pt s gy ez, y)ds. (8)
—00

It is easy to check that if (8) is a C'*° function then it is a solution of (6’), and the
fact that (8) is a C*° function follows from the flatness of G; on the y-axes: for all
negative s and any positive r the norm of Gy(e®z,y) in a fixed neighbourhood of
0 can be estimated from above by C,.e®", where C, is a constant, and the same is
true for any partial derivative of G;. Theorem 1 is proved.
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Proof of Theorem 2. Assume that the vector fields v,&; and & satisfy (G3),
v(0) = 0 and ¥ is an orientation reversing symmetry of the foliation Fy: v = QU,v,
where Q(0)det(¥)(0) < 0. Let £ = W,&;. Since v(0) = 0 it follows that [, v](0) =
Q(0)(W.[£1,v])(0) and then (& (0), [€1,v](0)) = Q(O)(W*R2)(€1(0), &1, ](0)). This
relation and the condition (G3) imply that (G3) holds when replacing &; by &. By
Theorem 1 there exists a diffeomorphism ® preserving the foliation F; and sending
F¢ to Fg,. Then the diffeomorphism ®W also preserves F, and sends Fg to Fe,.

Now let us show that if (G3) holds and the pair (Fg,, F,) is equivalent to the
pair (Fg,, F,) then F, admits an orientation reversing symmetry provided that 0
is an algebraically isolated singular point of v. The latter condition will be used
as follows: it implies that any diffeomorphism preserving the foliation F, sends v
to Qu, where @ is a function (without condition of algebraic isolateness this is, in
general, not true). In fact, if the origin is an algebraically isolated singularity of
v then by the results of [8] v has the following division property: if ¢ is another
vector field such that v A% = 0 (i.e., the vectors v(z) and ¥(x) span T,R? at no
point x € R?) then © = Qu for some function Q. Note now that if v and ®,v define
the same foliation then v A ®,v = 0 and by the mentioned result ®,v = Qu.

It follows that if the pair (Fg,,F,) is equivalent to the pair (Fg,,F,) via a
diffeomorphism ® then there exist functions Q and H such that v = @Q®,v and
& = HP,&. Then it is easy to compute that

Q(&2(0), [€2,v(0)) = H3(0)Q(0)(2* Q) (£1(0), €1, ] (0)),

and the relation (G3) implies that Q(0)det(®')(0) < 0, i.e., ® is an orientation
reversing symmetry of the foliation F,,. Theorem 2 is proved.

Proof of Corollaries 2 and 3. By Proposition 1, the validity of the condition
(G1) depends only on the phase curves of &; and & passing through the origin,
therefore to prove Corollaries 2 and 3 it suffices to show that the condition (G1)
is equivalent to the condition (a) in Corollary 2 (we assume that & and & do not
vanish and their phase curves v; and v, passing through the origin are given by
equations f; = 0 and fo = 0 respectively).

At first let us notice that the condition (df Ad(v(f)))(0) # 0 is equivalent to the
condition that Ty is not an eigenspace of the linearization of v. To show this, one
can take local coordinates x,y in which f = x and the linear approximation of v
is € = a11¢ + @12y, ¥ = a1 + agey, then the condition (df A d(v(f)))(0) = 0 is
equivalent to the condition a1 = 0 which holds if and only if v is tangent to one of
the eigenspaces of the linearization of v.

Now repeating the proof of Proposition 1 we can show that the condition (a)
in Corollary 2 holds if and only if the points Tyy; and Tyy2 in the projective line
P(TyR?) belong to the same connected component of the set P(TpR?) — E, where
FE consists of points corresponding to the eigenspaces of the linearization of v. By
Proposition 1 this condition is equivalent to (G1). Therefore, the corollaries are
proved.
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