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Abstract

A new lifetime distribution capable of modeling a bathtub-shaped, unimodal,
increasing hazard rate function is proposed. The model has tree parameters is easy
tractable for applications in reliability study and survival analysis.
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1 Introduction

The Weibull distribution, is commonly used for analyzing of lifetime data. This distrib-
ution family can accommodate constant, increasing and decreasing failure rates. However,
the Weibull distribution does not provide a reasonable parametric fit for some practical
applications where the underlying hazard rates may be bathtub or unimodal shapes. In
order to achieve these behaviors from a single distribution several models were introduced,
as the generalized gamma distributions proposed by Stacy (1962), the generalized F dis-
tributions proposed by Prentice (1975), the exponential-power family by Smith and Bain
(1975), the IDB distribution proposed by Hjort (1980). In recent years, some new classes
of models have been proposed based on modifications of the Weibull distribution. For
instance, Mudlholkar and Srivastava (1993) proposed a new class of models generalizing
the Weibull distributions given by the introduction of an additional shape parameter.
This extended family provides models for a large number of survival or reliability prob-
lems, which includes unimodal, bathtub an other classes of monotonotonic failure rate
functions. Another modifications of the Weibull distribution with bathtub-shaped failure
rates were proposed for Xei et al. (2002), Lai et al. (2003) and Bebbington et al. (2007).
A compreensive review of such models is presented in Pham and Lai (2007).
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In this paper, we propose a new distribution family which can accommodate Increas-
ing, Decreasing, Unimodal and Bathtub-shaped hazard functions, hereafter called IDUB
distribution. As we show later, this model family has the Weibull distribution as a special
case obtained asymptoticaly and hence it can be considering as a Weibull extension.

The remainder of this paper is organized as follows. In Section 2 we present IDUB
model that accommodates all five major hazard shapes: constant, increasing, decreasing,
bathtub and unimodal failure rates. In Section 3 the total time on test (TTT) transform
procedure is used as a tool to identify the hazard behavior of the proposed distribution.
In Section 4 a inferencial procedure based in maximum likelihood is presented. In Section
5 we presents the results of an analysis with two real data set

2 The IDUB distribution

The random variable T nonnegative has a IDUB distribution if its probability density
is given by

[6tP-1

ab

70) = B o1+ (0 — exp((5))(1 — exp(1 — exp(L))), £>0, (1)

where a > 0 is a scale parameter and 3 > and € > 0 are form parameters. The distribution
(1) is mainly related to the exponential-power model proposed by Smith and Bain (1975)
with the additional form parameter. For § = 1 the IDUB distribution becomes the Smith
and Bain distribution. Some probability density functions the IDUB distribution are
shown in Figure 1.

The survival function of IDUB model is given by

e o o (C))

and hazard function is given by

h(t) - /Botﬂ"l eXp(]. + (é)[3 — exp((é)ﬂ))(l = exp(l _ eXp((é)ﬂ)))"—l. (3)

b (1 - [1 — exp (1 =Ry ((&t‘)ﬂ))]‘))

The kth moment for IDUB distribution is given by

= BT = [ Qudu ()

where Q(u) = F~'(u) = aflog(1 —log(1 — u/?))]"/# and F(.) is the distribution function.
For the moment calculation a numerical integration procedure is needed , since the integral
in (4) do not have a closed form.

The flexibility of the IDUB distribution for fitting survival data can be visualized by
the different forms that its hazard function (3) can assume. For instance, (i) if § > 1
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Figure 1: The probability density function (1) of the IDUB distribution, for several values
of parameters.

and 0 < 1lor f < 1and @ < 1, we have a monotone decreasing failure rate function;
(ii))ifd <1land B0 > 1 or @ > 1 and § > 1, we have a monotone increasing failure rate
function; (iii) if # =1 and f < 1 or § < 1 and (B0 < 1, we have a bathtub-shaped for the
failure rate function; (iv) if § < 1 and 36 > 1, we have a unimodal failure rate function.

The proposed model is related to Weibull distribution in a interesting way. The Weibull
distribution can be seen as an asymptotic case of the IDUB distribution. When the scale
parameter o becomes very large or approach infinity we have that

1 —exp ((é)ﬂ> ~1—[14 (t/a)® +o(t?)) = ——(é)ﬁ. (5)

In this case, we have that

5() =1~ [1-ex (—(é)f’)]e, (6)

which is the survival function of an exponentiated-Weibull distribution with scale parame-
ter a > 0 and shape parameters > 0 and § > 0. That is, in the case a approach infinity,
the IDUB distribution becomes an exponentiated-Weibull distribution, implicating that
the distribution family includes the Weibull distribution when # = 1 and the exponential
distribution when 6 =1 and g = 1.



h(t)

h(t)
001 002 003 004 0.05

000 005 0.10 0.15

0.018

8
N
5
Do
i
0000
NRNN
XXX
I
S@00
N

h(t)
h(t)

0.014
|

0.010
1

Figure 2: Some specials cases for the failure rate function of IDUB distribution (3).

3 Scaled TTT transformes

In order to identify the type of failure rate of the lifetime data, many approach have
been proposed (see, Glaser, 1980). In this study, a graphical method based on the total
time on test (TTT) transformed introduced by Barlow and Campo (1975) will be used to
illustrate the variety hazard rate shapes. It has been shown that the hazard function of
F (t) increases (decreases) if the scaled TTT-transform, ¢p(u) = Hp'(u)/Hz'(1), where

Hz" fOF (u)(l F(t))dt, 0 < u < 1, is concave (convex). In addition, for a distribu-
tion w1th bathtub (unimodal) failure rate the TTT-transform is first convex (concave) and

then concave (convex). The empirical version of TTT-transform (Aarset,1987) is given
by G(r/n) = [(Z Yin) — (n—1)Y;. n]/(z Yin), where r = 1,...,n and Y;.,, represent the

order statistics of the sample.

The TTT-transform illustrates the variety of hazard rate functions include in the
IDUB distribution family. In the order to obtain ¢r(u), the scaled TTT-transform, the
definite integrals are obtain numerically by using the integrate function of the R software.
Figure 3, gives the scaled TTT-tranforms of the IDBU distributions for diferent parameter
values.
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Figure 3: Scaled TTT-Transforms of the IDBU distributions.

4 Maximum likelihood estimation

We assume that the lifetime are independently distributed, and also independent from
the censoring mechanism. Considering lifetime data, we observe ¢; = min(7?, C;), where
T? is the lifetime for the i*" individual with distribution given by (1) and C; is the censoring
time for the it* individual, i = 1,...,n. In this case the log-likelihood function of a, 3
and 0 is given by

l(a,3,0) = rlog(6p) —rBlog(a) + (B —1) Zlog(ti) s Z(%)ﬁ +

1€EF ieF
S exp ((2) + 0- 1) 3 tox(a(tin ) + 3 Iog(1 gt HY)
i€EF i€EF ieC

where F' denotes the set of non censured observations (failures), C' denotes of set cen-
sored observations, 7 is the non censured observation number and g(t;a,8) = 1 —
exp (1 — exp ((%)ﬁ>> :

The maximum likelihood estimates 6 = («, 3,6) can be obtained by maximizing log-
likelihood function (@) which is equivalent to solve the following nonlinear equation
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Under, suitable regularity conditions, it can be shown that (Cox and Hinkley, 1974)
R(6)(0 — 6)-N(0,1),

as n — 00, where I denotes the unity matrix and R(@) denotes Choleski decomposition
of the observed information matrix Zo(6), that is, R(6)TR(0) = Z,(6). Thus, the
approximate distribution of , @ in large samples is a multivariate normal distribution with

-1
mean vector 6 and covariance matrix Z,. (), which can be estimated by { %}

evaluated at @ = 6. Second derivative computation can be obtained numerically.

5 Applications

5.1 Example 1: Unimodal failure rate illustration

In this section, we consider a reanalysis of a data set presented in Efron (1980) on
survival times of 51 patients, of a head and neck cancer clinical trial. The data from Efron
(1988) are reproduced in the Table 1. This data set has been analyzed by Mudholkar, et
al. (1996) considering a generalized Weibull distribution.

In the fit of the IDUB model, the survival times were transformed to months. After
maximizing the log-likelihood (7), the maximum likelihood estimates and their respective
standard erros (in parenthesis) are given by & = 0.06017 (0.2554), B = 0.1073 (0.0556)
and 6 = 58.108 (97.157). The plots of the fitted scaled TTT-transform with estimates are
shown in Figure (4). The corresponding fitted failure rate function and survival function
of the IDUB distribution with the parameters is given in Figure 5.



Table 1: Survival times in days, from a clinical trial considered by Efron (1980).

7 34 42 63 64 T4+ 83 84 91 108 112 129 133

133 139 140 140 146 149 154 157 160 160 165 173 176

185+ 218 225 241 248 273 277 279+ 297 319+ 415 417 420
440 523 523+ 583 594 1101 1116+ 1146 1226+ 1349+ 1412+ 1417

Note: + indicates censoring
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Figure 4: Empirical and Fitted Scaled TTT-Transforms for the Efron data.

For a simple model choice illustration, we consider a comparison between the IDUB
distribution fitting against the exponentiated-Weibull distribution fitting (Mudholkar, et
al., 1996) with survival function given in (6). The comparison is made by inspection of the
Akaike’s information criterion (AIC, —26(5) + 2p) where p is the number of parameters
in the model. The maximum likelihood estimates of parameter of exponentiated-Weibull
model for the Efron date set are given by & = 0.16309, 3 = 0.30168 and 6 = 17.485. The
AIC for exponentiated-Weibull model is equals to 311.61 , while the AIC for IDUB model
is equals to 311.46, which is a positive evidence in favour of the IDUB model.

5.2 Example 2: Bathtub-shaped failure rate illustration

As a second example, we consider the data set presented in Aarset (1987). The data
describe lifetimes of 50 industrial devices put on life test at time zero. The data from
Aarset (1987) are reproduced in Table 2.

After maximizing the log-likelihood (7), we obtained the maximum likelihood esti-
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Figure 5: Fitted failure rate function and survival function for the data Efron.

Table 2: Lifetimes for the 50 devices.

p1L 92 1 I 1 1 1 2 J & 7 11 312 18

18 18 18 18 21 32 36 40 45 46 47 50 55 60
63 63 67 67 67 67 72 75 79 82 82 83 84 84
84 85 8 8 85 8 86 86

mates and their respective standard erros (in parenthesis) given by & = 90.131 (6.511), B=
2.0658 (0.2737) and 6 = 0.33583 (0.0647). The corresponding hazard plot of the IDUB
distribution with the estimate parameters is given in Figure 6.

Further analysis of this data set was performed in Mudlholkar and Shivastava (1993)
using the exponentiated-Weibull model with survival function given in (6). Parameter
estimation by the maximum likelihood approach under this model leads to the follow-
ing estimates, & = 91.023, B = 4.69 and 6 = 0.146. The corresponding AIC for the
exponentiated-Weibull model is equals to 464.228, while the AIC for the IDUB model is
equals to 452.575. The results leads to a positive evidence in favour of the IDUB model.

6 Concluding remarks

In this paper a simple new model for lifetime data is provided and discussed. The new
family distribution is flexible and can accomodate increasing, decreasing, unimodal and
bath-tube hazard functions. Parameter estimation is easily implemented by considering
maximum likelihood approach, while asymptotic theory can be used, at least in principle,
for inferential purposes.



0.06
Y

0.05
L

h(t)

0.04
1

0.03
!

0.02
B ¢

Figure 6: Fitted hazard function to the Aarset data.
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