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OF HOMOGENEOUS SPACES
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§1 - INTRODUCTION - Let M be a homogeneous space of a Lie group G;
for an element g€G, let Lg: M +M denote the diffeomorphism de-
fined by G._ Given two submanifolds Sl‘ S2 of M, of same dimen-

sion p, it is a classical problem of differential geometry to

find conditions on S1 and S2 for the existence of g€G such

When this happens, S, and S_ are said to be

that Lg(Sl) =S 1 2

5
.G-equivalent.

Given two points ales1 and azesz, we say that S, has G-

|
contact of order k with 82 at the péints ay and a, if there
exists g€G such tﬁat Lg(al) =a, and Lg(Sl) has contact of or-
der k with Sz~at_the point a,. The equivalence problem of sub-
mgnifolds of a homogeneous space was extensively treated by E.
Cartan 11], by his method of the moving frame. One of the un-
derlying ideés in Cartan's method is that for each homogeneous
space M there‘exists an integer k, depending on p, such that
if there exists a diffeomorphism ¢: Sl-—+S2 having the property
that S1 has G-contact of order k with SZ at all points XES,and
¢(x)€S,, then S, and S, are locally equivalent. Let a,€M bc a

0

fixed point and H the isotropy group of a Using Cartan'sme-
3

0
thod of the moving frame, G.R.Jensen [ 3] proved the existence

of k, assuming the existence of local sections in the space of



orbits of the action of H in the Grassmann manifold Gp(Ta M)
0
and also assuming regularity conditions on S, and S._.

1 2

In the method of the moving frame, one defines  imbed-
dings 01. S1 — G and 02: S2 — G such that, for g€G, Lg(sl) =
= S2 if and only if 02(82) is the image of cl(Sl) by the left
translation defined by g. This reduces the equivalence problem
to the case where M =G and G acts on G by left translations.
In this case, the problem is easely solved by means of Frobe-
nius theorem. Ultimatly, the method of the moving frame redu-
ces the necessary integration to solve the problem to the in-
tegratién of a differential system of order 1. In this paper
we prove thé‘ékistence of the integer k and consequently solve
the equivalence problem by integrating directly a differential
system of order k of finite type. This makes easier to state
the regularity conditions which the manifolds Sl and S2 have
to satisfy;, at the same time the régularity conditions become
geometrically more meaningfull. |

Our regularity conditions bear only on contact elements
of S, ?Pd SZ-Sf"two consecutive ordefs 2 and 2-1 whereas in
the method of the moving frame the regularity conditions bear
on all orders from 1 up to k. Moreover, the order of regularity
for which the theorem of equivalence 3.3 applies is not fixed
for all submanifolds of M. If a submanifold does not satisfy
the regularity conditions at a given order it may satisfy these
conditions at higher order. This allows to prove equivalence
theorems which can not be immediatly derived by the method of

the moving frame. For inStance, theorem 3.3 can be applied to

curves y in the Euclidecan space RS. in the neighborhood of a



point a€y where the curvature p(a) and all derivatives

d &2,
‘ ag a)"'aglfi(a)

vanishe up to some order 2-2 but

éﬁ%;%(a) and gf%(a)
ds ds
aré different from zero, s.being the are lenght (see §4).
Usually, equivalence theorems are stated imposing that
the submanifolds Sl and S2 have same invariants at correspon-
ding points. This type of theorem can be derived from theorem
3.3 by-takiﬁg a complete set of invariant functions for the or-
bits of G in the manifold Ck’p(M) of elements of contact of
order k in theorem 3.3. Let us remark that the condition
It is natural to ask how generic are the regularity con-
ditions in theorem 3.3. Let us remark that the condition
h?(a) = 0 (see §3)
Sk+1 of S. at the point
_ la1 1
alesl. Hence, 'this question will be answered (see Corollary

depends only on_the contact element

3.4) if one proves the existence of an integer k such that the
set of points XGCk+1’p(M) for which the isotropy grmq)Gk+1(X)

of G is discreete and hk+1(X) =0 is dense and open thk+1

"P ).
It seems reasonable to conjecture the existence of this inte-
ger for all homogencous spaces. In the case p=1, it follows
from a thecorem of I.Kupka [6] that the set of pointsof Ck'1®D
for which the isotropy is discreete is dense and open thk’IQﬂ,

for all sufficiently heigh k.

The equivalence problem can be posed for two imersions



f,h: S — M where S is any differentiable manifold. { and h arc
equivalent if there exists g€G such that h =Lg°f. This {ixed
parametrization equivalence problem has becn solved be mcans
of a differential system of finite typé of higher order by J.
A.Verderesi [9], see also [4,10].

In §2 we state a generalization of Frobenius theorem to
différential'systems defined by contact elements of higher or-
der. This theorem will be cur main tool in the proof of theo-
rem 3.3. §3 js devoted to the proof of . the eqivalence
theorem 3.3. In §4 we give a necessary and sufficient condi-
tion for a submanifold ScM to be an open set of an orbit of a
Lie sub-group L of G. This theorem can be generalized to cha-
racterize the submanifolds S of M which are locally invariant
by the action of a Lie sub-group L of G and which are fibered
by the orbits of L which'heet S. We end the naper with some

simple remarks about curves in]R3_

§2 - HIGHER ORDER .F:*R-OBENIUS THEOREM

All differentiable manifolds and maps will be considered
to be of class C. If M is a differentiable manifold, we shall
denote by Ck’pM the differentiable manifold of contact elements
of order k and dimension p of M [2]; ni.: Ck’pM-—+Ck"pM,k'§;

will denote the canonical projection. If k =0, the manifold

Co’pM 1s identifyed with M. If k' =0, we shall usec the nota-

tion 15: cX'PM M instead of nlé. The fiber of CX'PM over a
point x€EM will be denoted by-Ck'pM.

X
Let ScM be a submanifold of dimension p. We shall dcnote by



k
Skec pM the contact element of § at the point y¢g and by skthc
image of the imbbeding x€S-—~+Sk€Ck Py, Given two subma-
nifolds Sl’SZCM of same dimension and a point xGSlnSZ, by de-

finition, S1 and S2 have contact order k at x if S?\ =Sk\

A differential system of order k and dimension p defined
over M is, by definition, a submanlfolvach’pM. An integral
manifold of 9 is a submanifold SeM of dimension P such that
sﬁen for every x€sS.

- An important notion associated to differential svstems is
the notion of prolongation. Let Ak+1: Ck+1’pM-«+C1’p(Ck’pM)be
the map éefined as follows: If XGCk+1’pM and ScM is a subna-
nifold such that X =c§+ls, a€s, then, A¥*1(x) - (s)1, vhere
X' = 'nk+1(X)€Sk It is easy to verify that 2k+1 is an imbedd-
ing of Ck *Py into C 'p(C ’pM) Clearly, there is also a na-
tural imbedding of C ’pQ into Cl’p(Ck’lM); we shall identify
Cl’pﬁ with its'image in Cl’p(Ck’lM). The first prolongation of
8 is then defined to be the set PR *Ck+1’p9 Cl’pﬂ [81. The fol-
lowing generallzatlon of Frobenlus theorem is just a geometric
formulation of the existence and uniqueness theorem of solu-
tions of differential Systems of finite type [7]. |
THEOREM 2.1 - Let Qch’pM, k21, be a differential system such

k-1

that: 1) n Q—C 'PM is an imersion. 2) The projection

k-1°
ﬂ§+1: PR —Q is surjective. Then, for all XOEQ, there exists
a solution of Q defined in a neighborhood of X, =n3(x0)eM.Mo—
reover, if S1 and S2 are two such solutions, there exists
VcSlnS2 which is an open neighborhood of X4 in both S1 and SZ
A differential system satisfying conditions 1) and 2) is

called completely integrable. A proof of theorem 2.1 will appear



elscwhere.

§3 - k-ADMISSIBLE SUBMANIFOLDS
Let G be a Lie group and let M be a homogencous space of
G. The action of G on M extends naturally to an action of G on
CkaM. If XGCk’pM, X =S§, X€EN, and gGG‘then, by definition,
g-X =(g-S)]g<x where g-+S =Lg($) and g-x =Lg(x), Lg being the dif-
feomorphism of M induced by g.
| Given two submanifolds S1 and S2 of M, we say that they
are G-equivalent if there exists g€G such that g~S1 =Sz; we
say that they are locally G-equivalent at the points alesland

a GSZ if there are open neighborhoods V., and V_ of a. and a

2 1 2 1 2
in si and S2 which are G-equivalent. Given an element g€G and
a point aIGSl,g makes contact of order k20 between S1 and S2
at the point x€5, if ngS2 and g*S; and S2 have contact of or-

k k

der k at the point g+x, or equivalently 85, =S

>

2gx" Clearly,
if'gd%_=sz, then g makes contact of any order k=0 between S1

and S2 at any point XxES.

ﬁEFINITION 3.1 - The submanifold S is k-admissible if there
exists a submanifold U of Ck’p(M) and a neighborhood A of the
identity e in G such that:
1) For all g€A and xes, g-SKeu.
2) U is a completely integrable differential system of
order k.

THEOREM 3.1 - Given two submanifolds S1 and S2 of dimension p



of M, assume that
1) S2 is k-admissible for some k21.

2) There exists a continous map ¢: S. —G such that for

1
O S
all xGS1 ¢ (x) x€S2 and ¢(x) S1x SZ¢(x)-x'
Then, for any point alesl, S1 and S2 are locally equiva-
lent at the points ay and a2 =¢(al).a1

PROOF - Choose U and A as in definition 3.1, with respect to
SZ' Since the map xGSl-—+¢(a1)¢(x)-1€G is continuous, there

exists an open neighborhood V of a, such that ¢(al)¢(x)_1eA

1
for all x€V. Hence,

¢(31_)'S]fx SICIP R I R CICO REND I CYCORTES e BE N -ch

Therefore, ¢(a1)-sli5 an integral manifold of U and

k k
(¢(ay)S), =5, .
1° "1'a, - T2a,
Since 52 is also an integral manifoid of U, it follows from
theorem 2.1 that there exists a set V2 which is is open neigh-

borhood of a, in (b(al)-S1 and in SZ' Then, the mneighborhoods

’¢(a ) 1\2c31 and V2 are equivalent.

We shall now give sufficient conditions for a submanifold

ScM to be locally k-admissible. For x€S, let gk(x) cG be the

dimension of Gk(x). Let T§ be the tangent space of Sk at the

point Sg and let Txoi be the tangent space at the point Si of
k -

the orbit Oy, of the point  gkeck:Py. pur

k R k k
h*(x) = dlchanxox).

hk"]

Clearly, g (X) sg (X) and (x)shk(x)fbr=ﬂ] k=1.

DEFINITION 3.2 - A point 4€S is k-rcgular, k21, if the integers



_8‘...

- k - ;- -
dk(x) =g (x) +hk(x). dk 1(x) =gk 1(x) +hk l(x) are constant
and dk(x) =dk—1(x) for x in a ncighborhood of a.
THEOREM 3.2 - Let a€S be a k-regular point. Then.therc exists

a neighborhood V of a in S which is k-admissible.

k

PROOF - Let y¥: 6xs¥ —« ¢X'P() be the map defined by

K, oKy o 5.k
v (g,SX) 8-S -

Denote by Lk.p. Ck'p(M)-+Cx’p(M) the diffeomorphism defined

g
by g and let idk: S}‘-—+Sk be the identity map. Then

k . 3 k,p .k
o(L xid = L7V, .
Yoo ( g ) g v
Since LQXidk and Lg’p are diffeomorphisms, it follows that the

rank of wk

at the point (g,S];)EGXSk is equal to the rank of
wk at the point (e,Sﬁ)GGxSk, where e€G is the neutral element.

Clearly, the rank of wk at the point (e,Si) is equal to
ainG - g¥(x) +p -hX(x) = dimG +p - d¥(x).

Hence, the rank of wk at the point (e,Si) does not depend on
x'for X in a neighborhood of a. Therefore, the rank of wk is
constant in a“ﬁéighborhood of (e,Sg) in GXSk. Let A><Vk be an
open neighborhood of (e,Sz) in Gxsk which is mapped by wkcxmo
a submanifold U of Ck’p(M) and put V =nk(vk). We shall show
that U satisfies both conditions of definition 3.1 with res-
pect to the neighborhood VvV and the neighborhood A of e. By
construction of U, condition 1) holds true. To prove condition

2), consider the following commutative diagram:

X
AxvE v . U

. k k
l1ank;1 l"k-l
k-1 wk'l k-1

axV —— C P M)

’




k . k
Denote by ¥, the map induced by ¢ on tangent vectors. The

kernel of wb at the point (g.SE)GA ka, X €V, has dimension
dk(x) =gk(x) +hk(x) Similarly the kernel of wh 1 at the

point (g,Sk ) has dimension d (x) Since (1dxnt 1) is an

isomorphiqm it follows that (ﬂ |U) is injective at  the
point w (g, Sk) if and only if ak 1( ) - ¥ ‘(x). Hence, U is a
completely integrable differential system.

As a conseﬁuence from theorems 3.1 and 3.2 we have the

following

THEOREM 3.3 - Let S,,S5_ <M be two submanifolds of same dimen-

1°72
sion p, and -let alesl and aZGS2 be two points. Assume that a,
is k- regular and that there exists a continuous map ¢: S1 — G
= ko _ ok
such that-¢(a1) a,, ¢(x) X€S, and ¢ (x) S1x SZ¢(x)- for all

x€Sl. Then, S1 and S2 are locally G-equivalent at the points

a1 and a,.

Remark that, under the hypothesis of theorem 3.3,it fol-
lows from the theorem that the point alesl is also k-regular.

Remark also that the map xGS1 — ¢(x)-x€S, is not necessarely

2
a diffeomorphism; in fact, this map may even be constant equal
to a,.
The following corollary is an important special case of
theorem 3.3. Assume that for a point a of a submanifold ScM,
k(a) =0, that is, the orbit of Sz in Ck’p(M) cuts Sk trans-
versely at the point sg. Assume also that gk(a) =0 that is, the
isotropy group of Sﬁ is discreete. Then, the same conditions
clearly hold in a necighborhood of a in S. Since
R 1(a) sh¥(a) and g""1(a) sg¥(a),

it follows that a is k+l-recgular. Hence, keeping the notations
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as in thecorem 3.3, we have the following corollary.

’

-~

COROLLARY 3.4 - Let aZGS2 bc apoint and let k21 be an integer such

k
that g (g) =hk(g) =0. Assume that there exists a continuous

map ¢: S. — G and a point a.,€S, such that

1771
¢(al)-a1 = a,, ¢(x)-x€S

1

+1 2
- gk*1

and ¢(x)-S];x for all x€S.. Then S, and S_ are local-

2¢(x)*x 1 1

GSZ.

ly equivalent at the points a,€8; and a,

~ Assuming stronger regularity conditions on the contact
elements of S,, theorem 3.3 can be reformulated in the follow-

ing way.

THEOREM 3.5. Let Sl‘ Ssz be two submanifolds of same dimen-
sion p and let alesl and 5,€S, be two points. Let wk(sz) be the
set of all contact elements g-ng for all X€S, and g€G. Assume
" that there exists k21 such that Wk(Sz) is an imbedded subma-
nifold of Ck’p(M) (i.e. the topology of Nk(sw) is the induced

topology) and a,€S, is k-regular. Assume also that there exists

1x
in the same orbit of G for alil xesl. Then Sl and S, are locally
.
G-equivalent at the points ay and a-

k k
a-map ¢:Sl — S2 such that ¢(a1) =a, and SZ¢(x) and S are

PROOF. As in the proof of theorem 3.2 let y¥: GxsX — 1¥(s,) be

the map wk(g.ng) ;g-S%X. Since Wk(SZ) is an imbedded submanifold

¢k is a differentiable map. Repeating the argument in the proof

of theorem 3.2, one can show that there exists an open neighbor-

ga in Wk(sz) which is a completely integrable diffe-
2
k k

rential system. Let g€EG be such that g-Slal =52a2. Since g-Sfc

hood U of S

cwk(sz) and the topology of wk(SZ) is the induced topology, one
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can choosc an open neighborhood V of ay in Sl'such that g-Vk is
a submanifolf of U. Then g-V is an integral submanifold of U.
Since there cxists a neighborhood .of a, in S, which is also an
integral submanifold of U it follows that gTV and S, coincide in

a neighborhood of a .

COROLLARY 3.6. Assume WX(S,) is an imbedded submanifold and that
gk(az) =hk(a2) =0, Assume also that there exists a map ¢:Sl — S2

: ' k+1 k+1
such that SZ¢(2) and S1x

are in the same orbit of G for x€S, and
‘¢(a1) =a,. Then S1 and S, are locally G-equivalent at the points
ay and a,.

§4 - HOMOGENEOUS SUBMANIFOLDS OF M

In this § we shall characterize the submanifolds of M
which are opeﬁ sets of an orbit of a Lie subgroup L of G. 1If
ScM is an open set of an orbit of L then, hk(x) =p and gk(xj
is constant for xES and for all k 20; moreover, for sufficien-
“tly high k, every point of S is k-regular. The following theo-
rem is the converse to the above statementl
THEOREM 4.1 - Let S be a connected submanifold'of dimension p
of M. Assume that thefe exists k 21 suéh that hk(x) = p and
every point xeén;s k-regular. Then, S is an open set of an orbit

of a connected Lie sub-group L of G.

PROOF - Given a point a€S, we are going to show the existence

k
a

bit of S: in Ck’pM. Keeping the notations as in theorem 3.2,

of a neighborhood of S* in Sk which is contained in the G-or-

the set A'Sz ={g-S§|g€A} is open in the orbit of Sz. From the
hypothesis hk(x) =p it follows that A-S: and U have same di-

. k . . .
mension; hence, A-Sa is open in U. Since we can assume that

Vk is a submanifold of U with the induced topology,it follows

k
a

the orbit of S:- Since this holds for every a€S and Sk is con-

that A-Sznvk is an opcen neighborhood of s¥ in sX contained in
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nected, Sk is contained in the orbit of Sg-

k
a

N is a submanifold of G and eEN. Let I be the invariant dis-

ec¥ Py, and 1let N=A_1(S§)-

Consider the map A:g€G — g-*S
tribution which associates to each point g€G the sub-space
Y(g) =(Lg)*(TeN)chG. Then, N is an integral manifold of I.
To prove this, let g€EN and let b =g-a€S. Theorem 3.3 implies
the existence of a neighborhood V1 of a and the existence of

a neighborhood Yz of b such that Lg(Vl) =V Choose a neighbor-

9"
hood W of e in N such that g-SEEV1 for all g€W. For glew we

have, (ggl)-sz =g-(gls§)€Lg(Vl) =V_,. Hence, ggleN and therefore

2
g°W is a neighborhood of g in N. Consequently, TgN:=ag)*(TeN)
= Z(g). Since the image of N by left translations of G are al-
so integral manifolds of E, £ is completely integrable. Let
L be the maximal integral manifold of I which goes trough e€G.
L is a connected sub-group of G and the L—orbitcﬁ’Sz h1Ck’p00
has same dimension as SK. Hence, sk is an open set of this or-

bit. It follows that S is contained in the L-orbit of a in M.

Clearly, the sub-group of L which leaves a fixed coincides with
' k

a fixed. Hence, S is open in

the sub:érouptof,L which leaves S

the L-orbit of a in M.

§5 - REGULAR POINTS OF CURVES IN IR

We shall characterize, up to order 3, the regular points
of a curve y in the Euclidean space Rs,the group G being the
group of rigid motions. Let a€y be a point of y, since go(a)=
= 3 and g](a) =1, x is not regular of order 1. For a to be re-
gular of order 2 it is necessary that gl(a) =g2(a) = 1; the con-

dition gz(a) =1 is equivalent to the vanishing of the curva-
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turc at the point a. Hence, it is necessary that the curvature
vanishes in a rneighborhood of a. Conversely, if the curvature

vanishes in an open neighborhood V of a, then, for x€v,

g?(x) = gl = h?) = nle)
and a is 2-regular. Therefore, a is 2-regular if and only if
there exists a neighborhood of a in Y which is contained in a
straight line. Let p,s: vy —+ R be respectively the curvature
and the are lenght of y measured from a (i.e. s(a) =0). g2@0=
= 0 if and only if p(a) =0 and h%(a) =0 if and only if the de-
rivative.gg(a) #0. Hence, if p(a) =0 and g%(a) z0 then,
gfx) = g2 (x) = h¥(x) 2 ()
in a neighborhood of a and a is 3-regular. If p(a) =0 and
gg(a) =0 then hz(a) =1. Hence, for a to be 3-regular it is ne-
cessary that -d—p(x) =0 in a neigborhood of a. Conversely, if p(a)
# 0 and if p is constant in a nelghborhood V of a then, g x)=
= g (x) =0 and h (x) —h (x) =1 for x€v. Consequently ifp(a) =20
and (a) =0 then, a is 3-regular if and only if p is cons-

tant in a neighborhood of a.

It’is weii“know that the classical theorem of congruence
of curves in]R3 may not hold in a neighborhood of a point where
the curvature vanishes. The following refinement of the clas-
sical theorem is an easy consequence of theorem 3.3. Assume
that p(a) =0 for a point a€y. Then, the derivative gg may not

exist but the right derivative

[d_p] (a) = slio"lp(sS)

always exists. Assume that



dp)* d?p
P a and 11ma——
[ SJ ( ) an +0+ s2

do not vanish at a. Then, g3(x) =g4(x) =h3(x) =h4(x) =0 in a
neighborhood of a in Y-and a is a regular point of order 4.From
the hypothesis [%§]+(a) #0 it follows that p(x) 20 for x in a
neighborhood V of a and x #a; hence the torsion T(x) is defi-
ned fpr X€EV and x #za. Let «}c]R3 be a second curve satisfying
the same conditions at the point a€y and denote by 5 T and s
the curvature, the torsion ‘and the arc lenght of «y. Let
f: y — Yy be a diffeomorphism such that f(a) =a, y =vyof, t=tef
and s =se¢f. Then, in a neighborhood of a, f is the restriction
to y of a rigid motion in RSL This theorem can also be deduced
from the usuél theorem of congruence of curves in]RS;we state
it here to give an example of a situation which is covered by
theorem 3.3 whereas the method of the moving frame can not be

directly applied.
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