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1. INTRODUCTION 

Consider the di ffere_ntia 1 syste111 

X, Y6C 1
, X(O;O)•Y(O;O)•O. (1} 

The aim of this work is to study the stability of the . origin for (1) when 

the "force" F • (X; Y) 1s nonconservative, that is when there is no II : Q • R, 

n Ii cz, such that v n " • · F. 

Central , forces are particularly interesting. -Namely 

. x•·xf(x;y), y•-yf(x;y), f6C 1 • (2) 

The origin 1s ,an un$table equilibrium for a central force which is repelling, 

1.e. either f(O; O) .. o· and f has a strict· maximum at (0; O) or f(O; 0) < 0. 

In fact, let us consider the Liapunov function. l •xi+ yy. This mp assu:ies 

p·osltfve values for some points, in the phase space, which are artitnrily clo~ 

to the origin. Furthennore 

is positive definite. 

Very few results on stability are known when the force· is attractive and 

·nonconservative . let us observe that stability occurs in the conservative attr!_ 

ctive case (Dirichlet - Lagrange's theorem) . · 
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In Sec.2 we llefine pseudo-consarvative forces in connection with the system 

(1). Each force of this class Is related to a suitable Riemannlan metric. More­

ottr we genenlize socie well known Teorems of Rational Mechanics. 

In the stcond part of Sec.2 we obtain a necessary and sufficient condition 

for the systea (1) to acbit an energy-like first integral (Proposition 4). 

In Sec.3 we consider the system 

i • -x f(x) , y • -y f(x) , f 6 C1 , (3) 

fn:a the point of view Introduced In Sec.2. In this way we obtain a nontrivial 

stable case (Prop. 5). 

In Sec.4 we obtain a new necessary and sufficient condition for the stabi -

11ty of the origin for the system (3) (Prop. 9). This Is obtained by the use of 

the afora:Jentioned nontrivial stable case and some tools borrowed from [Z ; B]. 

Section 4 ends -with the main result of this paper, Proposition 10, where 1..-e 

s~.ow that the Instability is generic for the system (3) ( at least when there 

exists f9(0)). This is obtained by proving a closed condition. 

In Sec.5 we generalize the results of Sec.2 for the typical Lagrangean sys-

2, PSEUDO-CONSERVATIVE FORCES 

In this section we consider the system (1). 

Let 

_(4) 

be positive clefinite on the simply connected domain n • no. Let us define the 

salar product < < ; > > by: 
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where u • (u 1 ; u2 ), w • (w,; w2 ) and_< ; > is the usual scalar product. The 

kinetic energy T defined by < < ; > > 1s 

T • ½ « v ; v » • ½ ( a x2 + 2 ~ x y + .11 ;a ) (S) 

(for a material .point of unitary mass). Furthen110re we define the work of the 

force F • ( X; Y) (related with < < ; > >) by 

ta 

; V » dt. I [(aX+yY)x + (y~ + IIY)y]dt. 

t1 

Now, let us find conditions on A in order that the llleore■ of-the Kinetic 

Energy holds, that is 

_! T • << F ·, dt . V ». 

We have 

+(!2a +y )yxZ+(!zll +y )xyz. 7 x x 7 

· The theorem above tiolds 1f and only tf 

ddt T .• « V ; V » 

or, equivalently, 

This yields 

a• a+ by+ cy2 , II• d +ex+ cx2 , y • It - ~x~ .!.y -cxy (6) 2 2 • 

where a, b, c, d, e, k are constants . 
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R!:finition - If there exists · n .: ~ -+ R , n 6 c2 , such that ..... 

(7) 

then we say that the force F is pseudo-conservative. 

Pro2:isition 1 - The force· F s {X; Y) is pseudo-conservative (for some 

1:etric) iff there exist a. b, c, d, e, le 6 R such that A defined by (4) and 

(6) is positive definite and 

12 ( b + 2 cy ) X - 12 { e + 2 ex ) y + { k - !?. X - ! y - C xy ) { y - X ) + 
2 2 y X 

. (8) 

Pwosition 2 - Under the preceding conditions, the function E ~ T + n -

see (5) ~nd (7) - is a first inteoral for the system (1). (Conservation of the . 

~ch~r:ical Eneroy wi
1
th respect to the r.ew metric) . 

ProP?:5ition 3 • If the aforementioned n has a strict minimum at the ori­

~. tr.en the latter is Lia1Junov-stable. (Dirichlet - Lagrange's Theorem with res­

::,ect to the new metric). 

Prop. 2 shows that~ in SOiie cases, the system (1) has a first integral of 

the following form: 

1 •2 • • • V s 2 (ox +. 2yxy + Sy2 ) + Il(x,y) (9) 

wre JI 6 C1
• Conversely, if V in (9) is a first integral, then (6) and (7) 

hold. This yields (8). Therefore 

Pro22sition 4 - The .map Y in (9) is a first integral of (1) iff (8)~ 

-for sooe a. b, c, d, e, le GR. 
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Remark - The matrix A, defined by (4) and (6), is not necessary positive 

definite. Observe that it was positive definite in Proposition 1. This is the 

essential difference between Propositions 1 and 4. 

3, A NONTRIVIAL STABLE CASE FOR x • - x f(x) , y • -y f( ii;) 

Let us consider the case 

I( • - X f(x) • y • - y f(x) • f : I • 1° + R, f E C1 • 0 Ii I. (3) 

This trivially admits the first integrals: 

X 

½x2 + [ z_f(z)dz and (xy - y~)l. (10) 

These have the form (9). Now, let us look for the conditions on fin order that 
' the system (3) admits some first integral of the form (9) (independent of these 

in {10)). The condition in (8) yields 

· In par ticular', for· y ■ 0, we have 

· j bf + ( k • ½ bx) f' ■ 0 • (11) 

This implies 

J ef + ( d + ½ ex ) f' ■ 0 • (12) 

The equation (11) gives 

c' I 
f(x) • (2k - bx)I 



Siailary (lZ) yields 

f(x) • (2d + ex)• 
.• 

The last b«> expressions iq,ly 

Thus 

bp + Z q It • 0 , ep - Z d q • 0 , f(x) • (p + qx)> 

In this case the system (3) has the following first integrals: 

1 •z x• 
2 X ♦ 2P(p+QX)Z 

(this cornsponds tQ. • • 1, b • c • d • e -• k • 0); 

( xy - y i )2 

(c • 1, a • b • d • e •It • 0); 

q .. • • . 1 q • y2 
- p yxy + (~ + p x)y'+ 2p(p + qx)• 

(d • 1, e • i , a • b • c • It • 0); 

(It • 1, b ,; - 2Q , a • c • d • e • 0). p 

.6. 

(13) 

(14) 

(15) 

(16) 

(17) 

Obviously, only three of these first integrals are functionally independent. 

Wt can arbitrarily consider three of the11. However in the sequel we use all of 
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Proposition 5 • The ori gin is stable for the system (3), with f iS fn 

(13), for any positive p. 
.• 

!cm • Add the maps 1n (14) ind (16) ind use Prop. 3. 0 · 

finally let us obtain, In a different way, &_result which fs ~lready known­

see [ D] and [ H] • 

Proposition 6 • Any trajectory of the system (3) , with f u fn (13), .!!. 
1 conic. 

£.t22! By the use of (14), (15) and (17) we can prove that 

(18) 

when x0 ·, x0 ·• 0, Yo • 0 , Yo• 1 , ere the initial conditions . This corresponds 

to the s~l utlon t(t) of the equation (7) in [Z; B}. The equation (18) repre· 

sents a conic •. Now, formula (10) in [Z; B] yields the result . 0 

q, FOR x • • x y(x) , y • - y f(11) 1 THE INSTABILITY .IS GENERIC 

let us consider 

. i •. X f(x) •. y. -y f(x) • f £ C0 (I. 1°; R) • f(O) > 0 (19) 

where f guarantees uniqueness. let us ffx Xo > 0 SIDill enough, and let 'T 
. ~ 

be the family of the solutions of (19) with Xo, x., • 0, Yo, Yo IS fni tfal 

conditions. Fur_thennore, let 

x; • max { x G R.: V(x) • V(ic0 )} , V(ic) • r Z f(z) dz • 

• 
We have: 
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Prc22sition 7 - The solution in --; ore all periodic iff 
. Xo 

dz + l } 
1 - V(z) X 

V(Xc,) 

(20) 

This was proved in [Z ; BJ • 

In the case where f(x) .. (1 + qxf\ the origin is a stable equllibriun and 

each trajectory is a conic - see Prop. 5 and 6. Thus, in this case we have 

Jim {Jx dz + ! l • lim ~Ix dz + ! } (21) 
,._. zZ I~ . ....Yi.tl. x J x+o- l _ zl I 1 - _v(z) x 

- Xo ~ \l(x.,) Ko ~ V(ii0) 

(22) 

By setting q • q{x
0

) in (22) with 

(23) 

w have i; • ~. Let us observe that (23) can be obtained by solving the equa­

tion Y(~) • V(x.,) i. e. 

(><ci)z • (xo)1 
(1 + q(x.,) Xo )Z -(l-♦-q---(-=-:C.,'--)-Xc,_)_Z 

- xl 
lbt. lt?t us consider (21) with V(x) ., 2(1 + q(xo) x )Z , lf we subtract the 

resultins equality fro11 equality (20). we obtain 
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• 
V(x0 ) V(z) 

j¼-----:---=x
0 

=2=::;--;z ~l ;----r== l+q(x0 )x) (l+ q(x.,)z} 
dz•O. 

(1 t q(xo>z)l (1 __ v(z) )(1 _ V(z)) cJ l _ V(z) + I 1 _ V(z}) 
V(x0 ) V(x.,) . O(x.,) 1 V(Xc,) 

Xo 

(24) 

Surrming up, we have proved: 

Proposition 8 - The equality in (24) holds iff all the solutions in -:1Xo 

are periodic. 

Since V"(O) • f(O) > 0, there exists a map 

h :·J + J, 0 ~ J • J 0 cl, V(x) •V(h(x)), xh(x) < o .• (25) 

This map 1s C1 ·bec:au,se V is C1 • Moreover h'(0) •-1. _Observe that_ x; • h(Xo)-
' 

Now, let us define the C0 maps g and G and the C1 map q by: 

g(O) • f~O) , g{x) • v!~) , x 6 J , x I- 0; (26) 

· µ+ h(u) 
q(11) • • 211 hM , 11 6 J , 11 I O; (27) 

Ind 

G(x; µ) • (l + q{11) x )1 g{x) , X, 11 lo J , IJ I, 0 • (28) 

The typical solution of the equation (19) can be obtained frora a solution 

with x (t • O) • O by a suitable time translation. 

Therefore, Prop. 8 1n:plies: 



Proposition 9 - The origin is a stable equilibrium•for (19) iff 

h(I,) 

I (1. q(l,I). x)2 

JI 

for ar.J µ in so:-..e r~igh~ourhood of zero. 

Let us consider the ·systeni 

dx • 0 (29) 

x • - x f(x) • y • - :, f(x) , f: I ■ 1° c R + R • F 6 C1 , 3f"(0). (30) 

In this case, the i:-.ap g defined by' (26) is C2 and we have . 

g(O),. f(O) • g'(OJ,. f'(O) • g"(O) • f"(O) • 
2 3 4 

(31) 

~ There exists the limit as µ + 0 of q(v) defined ~v (27) • 

.!!!:22! - Ire have 

V(h{v)) " V(u) . V'(h(v)) h'M • V'M, 

u.d 

h(;,) h ' (:.i) • f(u) 
11 f(hM) • 

(32) 

Th.is 

·n:is yields 

h, (:.,) 
g{h(µ)) -2- • g(µ). 

IJ 



.. . 

Now, (32) yields 

I f(U) 
h (11) D - f[iifuTT g(h(u)) 

g(µ) 

By differentiating this expression at 11 • 0 and by using (31), w have 

h"(O) • - ~ f' (0) 
l f (0) ' 

On the other hand 

- 2 lim q( 11 ) • lim 
11-+o 11-+o 

II + h(11) 

u2 
2 f' (Ol 

h(u) • 3 f(0) ' 
II 

□ 

.11. 

Therefore we can extend the functi on G in (28) by defining q(O) • - !~:~~ . 
In this ~ay we have ·a continuous map on a neighbourhood of the origin in R' . 

Proposition 10 - The condition 

Jf(O) f "(O) • 4 [f'(Ol] 2 

is necessary .for the stability of the origin for the system in (30) . 

f!:22! - For 

G(x; 1,1) • (1_ + q(u) x )l g(x) , x, 11 6 J 

we have 



The preceding Lecma and (31) yield 

6-,(0; O) • g' (0) + 2 q(O) g(O) • 0 

6,.,.(0 • 0) • g"(0) + 4 q(O) g '(0) + 2 q2(0) g(O) z 3f(O) f"(O) - 4 [f' (0))
2

• 
' 12 f(O) 

fbt, if 3f(O) f"(O) I 4 [f'(0}] 2 then the function G(x; 0) has an extremum 

at x • 0, which is guaranteed by the second derivative . Since Gxx is continuous 

then there exists a neighbourhood of the origin in R2 where 1t never vanishes. 

Moreover' G(µ;µ) • G(µ;h(\l)) b.ecause q(µ) • q(h(µ)). Therefore G(µ;µ) + 

- G(x; µ) IO for any positive µ which Is small enough, and any x satisfying 

h{µ) < x < µ. Hence the integral in (29) is nonvanishing. - Therefore the origin 

is tmStable fer (30). 0 

5. GENERALIZATION OF SECTION 2 FOR LAGRANGEAN SYSTEMS 

Consider Lagrange's equations: 

Ci • l, • •• , n) , 

in the case of positional forces Qi(q) and 

1 . . 
T • -2 a .. (q) q1 ql 

lJ • 

(33) 

wre Einstein's convention 011 dunmy indices is used. These equations are equl­

nlent to· 

wre Qi • aij QJ. - the matrix (ij) is the inverse of (a .. ) - and 
lJ 



are the Christoffel's symbols -

Briefly 

Vqi i 
-- .. Q. dt -

.13. 

(34) 

Furthennore, let us. consider another syn-metric tensor b .. (q) ind let Vr bil< 
lJ 

be its covariant derivative, that 1s 

Proposition 11 - The map 

V(q ;q) • ½ b .. (q) qi qj + R(q) , lJ 

Is a first integral for the system (34) iff the following tvo conditions hold fer 
~ q: 

(1) the synnetrization of vr bil vanishes, and 

(1 I) bij Qf • - ai n for some map D(q). 

Proof - We have 
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This expression vanishes identically iff the condition (t) and (i1) hold. D . 
In particular. if the metric aij -dqi dqj is Euclidean, and the coordinates 

are ~rteshn • . then the condition (i} bec0111es 

For the tw dimensional case, we have 

This yields (Ii} vith a • bu • 8 • bu • and Y • bu • 
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