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Caio Mendes
IME - Universidade de S50 Paulo, S30 Paulo, Brazil
caio.mendesQusp.br

Hugo Mariano
IME - Universidade de S30 Paulo, S0 Paulo, Brazil
hugomar@ime.usp.br

At first, the objective of this work is to show a way to extend (naturally) a category of
propositional logics [1] to a category of logics with quantifiers, following some desired
conditions:

Generalize results of algebraizable logics, in particular for Blok-Pigozzi alge-
braizable logics [2] in a uniform way;

Generalize some traditional proposals of algebrization of First-Order Logic
(FOL), like Tarski’s Cylindrical Algebra, Halmos’s Polyadic Algebra, Quine’s Pred-
icative Functor Logic and Relation Algebra.

Have connections with existing categorical logic approach (“quantifiers are ad-
joints”) [3].

Have definitions of abstract quantifier which are compatible with some of pre-
scriptions with a quantifier should be, for example, for Frege, Russell or Quine.

Generalize notions of “generalized quantifiers”, for example, for Henkin, Mos-
towski, Curry and Lindstrém.

Based on Voutsadakis’s approach of “sets with hierarchy” [4], [5], we propose defini-
tions of formula functor and generalized quantifier:

Lets var the category of variables (Parts(V),<) and clo the category of (inflation-
ary, increasing and idempotent) closure operators and morphisms that preserves in-
discernibleness (x ~y © VA< X(x € Ao Y€ A)). F:var — clo is a formula functor

iff:

(VA) F Preserves Intersections (Voutsadakis’s Axiom)

(CT) Images of monomorphisms are conservative translations (Conservative
Translation)

(PD If o € Aut(V) and N €V, then Fyy = F; [ (Permutation Invariance)

(DL) If M < N and L is disjoint of M and N, then the inclusion i : F; — F can
be “lifted" to i : Fasur, — FNUL (Disjoint Lifting)

A family £ of quantifier instances is a family of clo morphisms, Qn rs : FNy — Fyy,
associated with inclusion morphisms F; : Fp; — Fp;, such that:

(RD) Qn,pm 0 Fjy,  —IF idF,, (Deformation Retration)
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 (PI) If 0 € Aut(V) e M,L <V, so for all Qnurp : Fpur — Fv € 2 exists
QoMmuLl,oM) : XoMmuL) — Fopm € 2 such that the diagrams commutes: (Per-
mutation Invariance)

g
Fy M Fo

QmuL,Mm QoMuL),o[M]

—_—)
g FO’
MuL

Fymur [MUL]

e (DL) If M < N and L are disjoint of M and N, the diagram commutes: (Disjoint
Lifting)

Fyop SNULN gy

FiuL F;

—’.

F
Qmur,Mm M

Fymur

A quantifier is a family of instances of quantifiers 2 = {Ay; y: M = N € V} that is
closed under composition.
A quantifier « = {Ap; y: M S N € V}is universal if:

FiMN OAN,M H idFN and for all 2 = {QM,N :Mc NcV}if FiMN OQN,M H idFN,
then Qn,p F Ay, (Infimum)

A quantifier & = {Ep; y : M = N € V} is existential if:

idytFip,noEn,pmandforall 2 ={Qpy nv: M NV} ifidg, l_FiM,NOQN»M’ then
En,pm = QN v (Supremum)

Besides that, we want to show a covariant sheaf-like structure of algebras that works
as a first-order algebraization of logics. In some cases, this structure can be extended
to higher-order logics, generalizes the notions of topos, and have connections with
monoidal categories and combinatory logic.
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