


ARTIN ALGEBRAS WHICH ARE EQUIVALENT TO A HEREDITARY ALGEBRA MODULO

PREPROJECTIVES

Héctor A. Merklen

M. Auslander and I. Reiten studied in [-1] , 1972, the situation in

which two artin algebras A and A' are stably equivalent or equi-

valent modulo projectives. 1In particular, they found necessary and

sufficient conditions for A to be stably equivalent to a hereditary
algebra A'. One of their classical results is that any radical-squa-
red-zero algebra is stably equivalent to a hereditary algebra. The Aus-
lander-Reiten conditions mentioned above were stated as properties of

the non-projective, torsionless A -modules.

I. Reiten studied in [4] , 1982, the more general equivalences of

A a J
the form _gg%___ —_ .,ES%%L_ which were introduced in [ 2]

and [3] , 1978, She imposed some restrictions on @, as were suit-

y 1977,

able for the case of selfinjective algebras.

M. Auslander and S. 0. Smald developped in [5], 1980, their theory
of preprojective and preinjective partitions and the notions of pre-
projective and preinjective modules which, in some sense, generalize
the projective and injective ones. On the other hand, their defini~
tions amount to a generalization of the preprojective and preinjective
modules introduced by Dlab and Ringel, [ 6] , 1976, for the case of a

hereditary algebra,

In this paper we try a way of generalizing the Auslander-Reiten re-
search of 1972 to the case of equivalences o, as above,.where y
and !' are the’categories of preprojective moéules up to some level
n. However, instead of using categorical methods, our techniques are

based mainly on the properties of Auslander-Reiten sequences and irre-

ducible maps. And our conditions are expressed mainly in terms of
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properties of the components of the Auslander-Reiten quiver, FA , of
A wvhich contain the projectiye modules, In case that A 1is inde-
composable and of infinite representation type, our results allow for
a complete description of PA , except for the component containing
the projectives, in terms of the Auslander-Reiten quiver of the here-
ditary algébra A'., On the other hand, by imposing that A' {is of

finite representation type, we obtain a new criterium for an artim al-

gebra being of finite representation type (see THEOREM 3, below).

In order to clarify the statements of our main results we explain

first our notations and terminology.

A, A' stand for artin algebras. y (resp. l') is the full addi-

tive subcategory of mod A (resp. mod A') generated by the prepro-

jective modules of ;n( A) (resp. g?( A) ) (see 1.3). —EQ%JL—
' =
and TEQ%TA_ are the respective categories of modules modulo prepro-

jectives (see 2.1). 1 1is the category of indecomposable V-injec-

tive modules (see Def.3.1).

Let C be an additive category. Then Comod G is the category
whose objects are the morphisms A —£—>B of C, and whose morphisms

are the pairs of (C-morphisms (a,b) making commutative the squares

f

A ——>B
a l l b
¢ —&->p

modulo the pairs (a',b'), with the same property, such that a'=cf

for some B ——>C in c.

We will say that the morphisms f,g are g—equivalent (or, equi-
valent with respect to C) 1if they are isomorphic as objects of
Comod C . And we will say that f is C-indecomposable (or, indecom-

posable with respect to C ), 1if it is indecomposable as an object
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of Comod g « In particular, if C 1is the category of injective j -

modules, Comod C 1is equivalent to mod A through the functor f —

ker f.
mod A a . d A'
THEOREM 1. Let v > mov' be an equivalence of catego-
. = =

ries. Then

Y

(1) ‘L is open to the right in FA \ ind V ;

(i1) 1 has no oriented cycles;

4
(44i) I1f I —=>»3JF 1is an indecomposable morphism with respect- to

(add ;)/g which is not a monomorphism, then there is an

exact sequence

i f
0 —mM =1 —>J —0

where M is in 1ndv(A) and M 1,1 1s the I-envelope

of M (see 1.2) and f 4is equal to cok { modulo V .

If, furthermore, all ring components of A' are of infinite iepre-

ac sentation type, then A' {45 Morita equivalent to
- End, (T)
N A*-__.__..A_'__..—
P(T,T)

where T 3is the direct sum of the objects of I. In this case, the

following conditions are also satisfied.

(iv) mod A* 1is equivalent to Comod ((add ;)/i) H

(v) The category V* of mod A% corresponding, under the

~

equivalence of (iv), to the morphisms f which are mo-

nomorphisms of —52%—A— , 18 exactly add(;n(A*));
==

(vi) No connected component of ; is a Dynkin diagram.

P

{ Finally, 1f furthermore ¥ contains no injective A-modules,

then




e

b

(vii) Ll contains the left boundary of y.

THEOREM 2. Let I be without oriented cycles and open to the right in

rA‘\ind V , and assume that condition (1ii) of THEOREM 1 is satis-

fied. Let A* and V* be defined as in THEOREM 1 and suppose that

S——

one of the following conditions is true.

(vii) I <contains the left boundary of v

=

(vii)' all M in indv(A) appear as kernels of a morphim f

as in (i1i) of THEOREM 1.

Then A* 1is hereditary and there is an equivalence of categories

o
mod A*
_— vy

THEOREM 3. Let L be without oriented cycles, open to the right

in PA\‘ind YV and containing the left boundary of V. 1If condition

(111) of THEOREM 1 1is satisfied and everv connected component of ;

is a Dynkin diagram, then A is of finite representation tvpe.,

The paper is organized in the following way. In section 1, we give
the definitions and notations in full detail, together with basic facts
about covers, envelopes, preprojective modules and so om which willlbe
needed later on., The quotient categories mod A are introduced in
section 2, together with their properties conc%rning irreducible mor-
phisms aAh Ausland;r-Reiten sequences. Section 2 includes also the
proofs of some statements about existence of kernels and cokernels, in

case of A being equivalent to a hereditary algebra modulo prepro-

jectives, -

In section 3, the V-injective modules are introduced and some of

their properties are proved. One of the main results in this section
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is Prop.3.5 which gives necessary and sufficient conditions for A* to
be hereditary. With the results included in this section we have all

:

the materiﬁl needed to prove our theorems. This is done in section 4,

Section 5 treats the particular case of stable equivalénce (n = 0)
and we obtain again, by different techniques, the classical conditions

of Auslander and Reiten (see [1] ).



1, Introduction.

In this section we fix our basic context, terminology and notations
We also state, for the reader's convenience, the basic properties of

preprojective modules which will be needed in the rest of the paper.

(L.1) Let A be an artin algebra, and mod A the category of finite-
ly generated, left A-modules. If X, Y aré in mod A |, A(X,Y) will
denote the group of homomorphisms from X to Y. For a subcategory

of mod A we mean a full subcategory which is closed under direct sunm-
mands. If V 1is such a subcategory, ind ¥V denotes the category of
indecomposable dbjects (we write ind A instead of ind(modA )), and

we say that V 14 finite (resp. of finite type) if V (resp. ind A

has a finite number of non-isomorphic objects. We use the notation
modv(A) for the subcategory of modules X which do not have compo-

=
nents in V.

If there is no danger of misunderstanding, we will consider 1;omor—
phic objects as identical objects. For example, we will say ind A 1is
the set of vertices of the Auslander-Reiten quiver rA of A . The
symbol FA is used also to represent the Auslander-Reiten species of
A, And, 1s L. is a set of indecomposable A -modules, we will usé
the same symbol I to denote the corresponding subquiver or subspé-

cles of FA'

The notation & 1s used for the Auslander-Reiten translation DTr,

and 7' for its inverse TrbD,

(L.2) Let V be a subcategory of mod A which is of finite type.

Then modA - is functorially finite over V (see (5] ,p. 82 ) if

the following two conditions are satisfied.
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(CTVF) For each M in mod A there is a morphism P -EapM ,
with P in ndd(i), such that every morphism (@ . EgY
with Q 1in add(V) factors through p, i.e. there exists
a Q —ﬂ:—5P such that q = pq'.

We will say that P Loy 45 a V-cover of M, and we will write

P = C!(M) .

(COVF) For eah M 1in mod A, there is a morphism M —E—>P , with

P in add(V), such that every morphism M —l—$Q with Q

v

in V factors through 1,

i
In this case we will say that M —2P {5 a y-envelope of M, and

we will write P = EV(M).

Since V 1is closed for taking direct summands, among the covers

and envelopes there are minimal ones, which are determined uniquely up

to isomorphism (see [ 5] ).

(1.3) Let € be a subcategory of mod A. Then gﬂ(g) is the cate-

gory of the split-projectives of ind C . In other words, an indecom-
posable module P 1lies in go(g) if it is in C and 1if every epi-
morphism € —> P with C in add(C) splits. If € is mod A or

ind A we use gO(A) instead of go(mod A) or go(ind A). The

categor I (C) of the split-injectives of C 1is defined dually. No-
y L (¢C £
tice that EO(A) (resp. éo(A)) are just the categories of indecompo-

sable projective (resp. injective) A-modules.

The preprojective partition of. A .(or of ind A ), (;n(A))

ne [Nujoof
is uniquely determined by the following conditions.

(rl) (gn(n))ﬁeﬂlu{mj is a partition of ind A (in the generalized

sense that allows some members of the family to be empty).
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(P2) If no 4is in [N, (A) 1is finite.

P
nap)

1

(P3) If a is in [N, En(A) is a minimal cover of ind A\ gn— (A)

In the last condition, the notation gn(A) stands for the union of

the family gi(A) (i=0,...,n). The condition means that, for every
indecomposable A—modﬁle M not in gﬁ_l(A), there is an epimorphism
P —>M with P in add(gn(A)), and that gn(A) is minimal with res-
pect to this property (see [5] for the details). The modules in

;m(A) are called preprojective of level n.

The preinjective partition and preinjective modules are defined

dually,

We write down now some basic, well known properties of preprojective

modules for easy reference. The reader can consult [ 5] for details,

Prop, 1.1, The following propositions are equivalent for P in i1ind A.
(1) P 1is preprojective,

(11) There is a finite subcategory A of mod A such that 1if

B ——>P 1is an epimorphism, then B has a component in A .

(i1i) There is a (finite) path Q, —0Q, ——9...——*Qn-P in FA with

Q° projective,.

As a matter of fact, more is true than what is stated in (i41): if
P is preprojective of positive level n then there is an arrow such
as . Q —P where Q 1is preprojective of level 1less tham n .
Prop.1.2. Let P be a preprojective A-module of level n, and let

M be in modPn(A)A « Then, there is no epimorphism from M to

P

P. And, 1f M 41is in mod n-;(A)A » then every epimorphism M —P

splits.
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Prop, "1.3. Let P —»M be an arrow of FA where P 18 preprojec-

tive of level n. If M 1s in mod A, then BN is in p"°1)

+
gn l(A)
PROOF (compare to p.108in [5]). Let X —sM be an epimorphism with
X 4in add(£n+1(A)) and let B —>M be the right almost split map as-
sociated to M. Then, there is an apimorphism from TM®@® X onto B.
Since P .is a component of B, we get an epimorphism IM @ X —33P .

This leads to a contradiction because ¢ M cannot be isomorphic to P.

We will use the following notation (where n 1is a natural number).
For a A-module M, Tn(M) (or, simply, T(M) 41if there is no possi-
bility of misunderstanding) denotes the sum- of all images f(A) for

£
all morphisms A —>M with A in mod A
P"(A)

Prop, 1.4. Let M be a A-module and X a submodule of M which is
not contained in T(M). Then X has a component in gﬁ(A).
PROOF., Otherwise, X will be in mod A , and hence in T(M),

")
by definition of T(M).

If A is hereditary there are some special properties regarding to

preprojective modules., They are listed below.

Prop, 1.5, Let A be hereditary. The following propositions are

equivalent, for an indecomposable A-module P.
(1) P 1is preprojective.
(11) There is a natural number m such that G°P is projective.

(1i1) Up to isomorphism, the set of the indecomposable A-modules

M such that A(M,P)¥0 is finite.

-

Prop, 1.6. Let A be hereditary. The following propositions are equi-~

valent, for n a natural number greater than O,
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(1) P 1s in B_(A).

(i1) P 1is not in gn_l(A) and there is an arrow Q —»P in T

A
with Q 4n P _,(A).

(114) There 1is a path Pm —P —_— e -—$P°=P in FA with Pm

m-1
projective, and the minimum possible value for m is n,

PROOF. See [6] -

(1.4) We end up this introduction with some additional properties

which will be needed later.

Let V¥V be a subcategory of mod A and let C be a subquiver of

I, containing ind 1 . We say that 1 (or 1ind l) is open to the

A
left in C 1if: for each arrow A —»B of C, 1f B 1is in V then
A 1is also in V . For example, as a consequence of Prop. 1.6 we ha-
ve that 1f A 1s hereditary then gn(A) is open to the left in T,.

In a similar way it is defined what does it mean that V 1is open

to the right in C .
. =

Prop. 1.7. Let A be an artin algebra and let V be a subcategory
of mod A, of finite type, open to the left in PA and with no oriented

cycles, Then we have.

(1) 1f A(M,P) 4 0 for M,P in PA , and P din V, then M is

also in V .

(2)' If 0 —Q —M —P —0 1is an exact sequence with P,Q 1in

V, then M {is also in ¥V .

PROOF. It is enough to indicate how to prove (1), since (2) 1is an

easy consequence of (1).

The hypothesis implies that every chain of morphisms going out to

the left from a vertex in V must terminate, so that it is a path.

==
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Hence, the maximal pafhs of this form end up at a simple projective
module. Then the statement follows easily by induction on the maximum

of the lengths of those paths beginning at P,

Prop. 1.8. Let A be a hereditary artin algebra, indecomposable as a

ring. Then thg following propositions are equivalent.

(i) A'is of finite representation type.

(1) BWNALD £ 0 .
Where E(A) (resp. ;(A) ) 1s the set of all preprojective (resp.

preinjectivé) A-modules.

PROOF. It is well known that an artin algebra p is of finite repre-
sentation type if and only if I(A) CP(A) . When p 1is herediéary,

given the arrow A —»B of 7T B 1is in P(p) 1f and only if A

A »
is in P(A). From these remarks, the statement follows easily,
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2, Catepories of modules modulo preprojectives.

mod A_
v ’
=

to properties of morphisms with respect to being split, frreducible

In this section we define the categories looking mainly

and to having kernels and cokernels.

(2.1) Let V be a subcategory of modA . Given X and Y in modA
we denote by P(X,Y) the set of all morphisms X —24 Y that factor
through an element of V (i.e., such that there are morphisms

h
X —§—>P —>Y , with P 1in V and verifying f = hg )

, as the ca-

We define the category of A-modules modulo V , mogﬂﬁ

tegory with the same objects as mod A and with morphisms given by

A o _A(X,Y)
v (X,7) P(X,Y) °

These categories were studied initially in [2] and [3] . We sum-

marize below some basic, well known properties (see [ 3] for details).

mod A
Vv

(1) There is an obvious "quotient" functor mod A —>

which we indicate by bars:

M— M (for objects)
f— f (for morphisms).
{(2) Let £ be a morphism in modvA . Then:

(i) £ 1s an isomorphism if and only if f 1is;
(i1) £ 1is a split epimorphism (resp. monomorphism) if and

only 1f £ 1is;

(i11) £ 1is irreducible if and only if £ 1is.

£
(3) Let M®P ~—~——> N be a morphism with M and N 4in modvA

- and P in VvV . If f 1is minimal right almos split, then

f 1is minimal right almost split. Conversely, if f 1is min-

nimal right almost gplit, them f may be represented by an f
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as above wich is minimal right almost aplit.
The dual statement, for minimal left almost split maps, is also true,

If there is no possibility of confusion, we will take profit of pro-
perty (2) for using the same symbol M to denote a module without

components in V and its image M 1in the quotient category.

We will use heavily also another property which is proven in [4],

1982. Let A, A' be artin algebras and V, V' subcategories of

mod A, ‘'mod A' , respectively, and let us assume that there is an

mod A o mod A'
equivalence v > v .

v

(4) Let V¥V, V' be as above and let us assume further that they
are categories of finite type containing the projectives of
mod A, mod A' , respectively. If 0 —A —B —>C —0 1is
an Auslander-Reiten sequence in mod A with A, B, C not in
v, then 0 —> a(A) —»B' —> a(C) —> 0 is an Auslander-

Reiten sequence in mod A' with B' not in V' .

(2.2) Now we give a list of properties which are true, in particular,
in the case of hereditary algebras and when y - add(;n(A)), which

is the situation that interests us more in this paper.

Brop. 2.1, Let A be an artin algebra and V a subcategory of mod j
wvhich 18 of finite type and open to the left in FA and without orien-

ted cycles. Then, if f 1is a morphism in modvA , f =0 1f and only

if £ = 0 . As a comnsequence, —Eg%—A— is equivalent to modvA .
PROOF, Let M —£—$N be a morphism where M, N have no components in

Y. If f factors in the form f = hg with M £ op and P in

<

then g = 0 (see Prop. 1.7,(1)), hence f = 0. This means that if

f = 0, then f = 0. The converse is obvious.
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Prop. 2.2, Let A be an artin algebra and Y a subcategory of mod A

wvhich 18 of finite type and open to the left in PA and without
oriented cycles. Then —33%“A~ has cokernels.
=

f
PROOF. Let M-—>N be a morphism in the equivalent category modvA
(see Prop. 2.1), and let N —2 51 be the cokernel of f in mod A.
Then, by Prop. 2.1,(1), L is in mod, A. It follows easily that g

is also the cokernel of f in modv A.

Remark. Let A be an artin algebra and let V be a subcategory of

finite type. Then, for each morphism M —£—+N in mod, A, there is

<

i
a morphism K —>M which is an "almost" kernel of £. 1In fact, let

be the pull-back of

M
where P —2—?N i8 the V-cover of N . (see (1.2)). Then, if X —E—éM
i8 such that f g = 0, there is a X —2—*P such that fg = pq. Hen-

ce, there is a unique X -2 %X such that g = 1g' and q = p'g’'.

In particular, we see that f£g=0 if and ounly if g =41 g' for"

some x_—§-+x.

As a result, 1f 1 were a monomorphism, then f would have a ker-
i
nel, which would be K —>M (unique up to isomorphism). This is pre-
cisely what happens when A {is hereditary and when V = add(;?(A)) ,
a8 the following lemma shows.
Prop. 2.3. Let A be an artin algebra and let V be a subcategory

of mod A which is of finite type and open to the left in PA ‘and
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mod A
\'i

without oriented cycles. Then has kernels.

PROOF. Using the notations of the preceding remark, we consider the

following commutative diagram,

0 —>ker p —>P —£—>N —>0

A

0 —>ker p —>K —>M —>0

(Notice that the V-cover, p, is always an epimorphism.)  In order to
show that i 1is a monomorphism, we cdnstruct its "almost" kernel
using the following commutative diagram where Q 1is the V-cover of.

M.

i
0 —>ker p —™K —>»M —>0

Je ]

0 —>ker p —K' —>»Q —>0

Then, by Prop.1.7,(1), ker p is im V (because ker p <—s P ),
and, by Prop.1.7,(2), K' 1is also in V . Hence, 1" = 0 and, there-

fore, 1 1s a monomorphism,
The following is used in the proof of THEOREM 1,(1i1),

Prop. 2,4. Let A be an artin algebra and let VY be a subcategory
of mod A which is of finite type and open to the left in PA and
without oriented cycles. Let us assume further that A 1s heredita-
ry and that I —£—>J is a morphism in add(én(A)) such ker £ ¥ 0

- £
(see Prop. 2.3). Then £ is the direct sum of two morphisms I' —>

n
J', 1" —i——>J" with the following properties.

(1) ker £ = ker f' and ker f" = 0,

’ [
(11) 0 —*>ker f£' Cé:»l' £ 55 —0 i8 an exact sequence in
* _mod A
- -
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(111) ker £'¢4’, I' s the injective enveloppe of ker f' 1in
mod A, -
PROOF. Let M be in mod A such that M = ker £ and let M(..i_', I
and 1' —£L—>J' be, respectively, the injective envelope of M and

the cokernel of i'., We consider the diagram associated to ker f'.

1
0 —>ker p' —pP' 253" —»9

A
p'l Tfl

j 1

0 —sker p' —K' =—1I' —0

A .
jl Ti'

S —>x
°o—> x

e

where P' 18 the V-cover of J' and K' represents the ker-
nel of f' modulo V . We decompose K' in the form K' = QU'® L'
where Q' is in V end L' is in mod, A. By Prop.l1l,7,(1), L' is
contained in M = ker j', so that M = (Q'\M) ®L'. But, since

Q'MM 1s in V, and since M 1is in mod_, A , we get L' = M = ker f
= \4 S

Now, since A is hereditary, cok £ is injective and a direct sum-
mand of J, so that we may assume f to be an epimorphism, Let us

consider the dliagram associated to ker f .

0 —sker p —»? L1 —30

o

3

0 —>ker p —K —>1 —>0

Writing, as before, K = Q@ L with Q in V and L in mody A ,
we obtain ker f = (QNM) ®L and M = K = L = ker f , which shows
that L = M,

Now the result follows easily from the facts above,
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3. The category of V-injective modules.

In this sectio we introduce the indecomposable modules which behave

_mod A
v

as the principal injective modules of We assume throughout
"the section that A 4is an artin algebra and that V 1is a subcategory

of mod A of finite type.

(3.1)

Definition 3.1. We say that I in indv A is V-injective 1if one

of the following conditions is satisfied.

(11) I 1is in ;o(A).

(12) %'t 4is in V .

(13) for every arrow I ——P in 'y » P is in V.

We will denote by I(A/¥) or, simply, by I the category (resp.
subquiver of FA ) defined by the V-injective modules. When condi-

tion (I3) 1is satisfied, we say that I is a simple V-injective mo-

dule.

The definition above is justified by the following fact.

Proposition 3.1. Let A, A’ be hereditary artin algebras with A"

hereditary, and let v, !" be subcategories of finite type of mod §,
mod A', respectively, containing the indecomposable projective modules
Let us assume further that V' 1s open to the left in FA and that

there is an equivalence of categories

~

mod A o0 . mod A'
v - v! :

- 1] ]
Then a(1) ;o(A >N\ ¥,
PROOF. We obser;e that property (2.1),(4) 1is applicable here in both

directions.If I 1is V-injective, then a(I) must be injective,
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Otherwise, we would have the Auslander-Reiten sequence
0 — a(1) —B' —(C' —>0

and, by the assumptions on V', B', C' would not be in V'. By prop-

erty (4), we would get an Auslander-Reiten sequence
0 —1 —B — a l(c') —0

with B, a—l(C') not in VY, a contradiction to the fact that I is

in I . Conversely, if 1 is not in I, there is an Auslander-Reiter
sequence 0 —»I —>»B —>»C —»0 with B and C outside of V. Hence
there is an Auslander-Reiten sequence beginming with a(I), and a(I)

1s not injective.

Remarky If V' has no oriented cycles and is open to the left in FA
and of finite type, then ind ¥' consists of preprojective A'-modules.

It follows then, from Prop. 1.8, that if all ring components of A

are of infinite representation type them 0o(I) = ;O(A') . In this case

A' is completely determined by 1 wup to Morita equivalence. To see

this, put T = €£> I and T' = E}} I1' , so that a(T) = T' ,
1€l I'e I (A" .
= <o
Then we have:
A' = [ ~ ' ' ' A
- EndAl(T ) = ;l (T )T ) = —Z-(T|T) )

if A' 13 basic.

Corollary. Under the hypothesis of Prop. 3.1, we have:
(1) 1 has no oriented cycles.

(2) L 1s open to the right in Ty \ Vv .

-

(3.2) Let V be a subcategory of modAd of finite type. We define

the left boundary of y in PA as the set of all vertices M in indvA
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such that there is an arrow M —=P with P 4in V . 1In case I con-
taina the left boundary of V in FA » we can give another characte-

rization for the V-injective modules.

Proposition 3.2. Let A be an artin algebra and V= add(g“(A)), for
some natural number =n. If I contains the left boundary of V in PI

then the following are satisfied.
(L) If P 4d4s in V , then T(P) (see (1.3)) is in add 1.

(1i) For every I in L\.;U(A) there is8 a P in 1ind V such

that I 1is a component of T(P).

PROOF. For the proof of (i), 1let I be a component of T(P) which

is not V-injective. We have then a commutative diagram

f
I — E

N A
P
where f 1s the minimal left almos split map. Since 1 is not a split
monomorphism, Im f' 1is not contained in T(P)., Therefore, there is
an epimorphism from E onto some module in V (see Prop. 1l.4)), which

gives us a contradiction with the assumption that I is not in L.

The proof of (14) 1is even easier. If 1 4is in L, there 1is at
least one arrow I — P with P 1in v (unless 1 1s injective).
Since the indecomposable of Y are preprojective, this arrow must
correspond to a monomorphism. Hence, I 18 contained in T(P) and,

by the definition of an irreducible map, must be a component of T(P).

f
Corollary. Under the hypothesis of Prop. 3.2, let M —> P be a mor-
i
phism with M in modvA and P in V . If M —>1I is the 1I-
envelope of M (see (1.2)) then £ factors through 1 ({i.e., there
£' '

is an I ——> P such that f = f'i ). (Notice that, in this case, 1

i8 a monomorphism.)
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Now we are going to investigate conditions such that, when A 1s
equivalent to a hereditary algebra modulo preprojectives, I contains
the left boundary of V . We fix a natural number n and consider

artin algebras A, A such that A' ig hereditary and there is an

A A
mog = —'50-%.—-—— » where V is the

category add(gn(/\)) and g_' is add(:I;n(A')).

equivalence of categories

Lemma 3.1. If M {is in indvl\ and M 1is in V then a(M) 1is

in £n+1(A')U£n+2(A')' Furthermore, if there is an arrow X —» M

1
with X not im ¥V , then o(X) is in gn_*_l(/\).

PROOF. a(M) cannot be projective, so that we may consider the almost
split sequence 0 —> Ca(M) — B —> a(M) —> 0 . If T a(M) 1is not in
¥' , 1t follows from (2.1),(4) that C(M) is not in V . Hence,

Z (M) is in V'. On the other hand, if ©(M) 1s in some P_(A")
with m greater than n+2, then, by Prop. 1.6, the components of B
are at least in _1:“_1(1\') and T a(M) would not be in V'. This
shows the-first part of the statement. Let us suppose now that there
is an arrow X — M with X not in V , Then, by Prop. 1.6, a(x)

is in a _E_m(l\‘) with m less than n+2 . This completes the proof.

Lemma 3.2. Let us assume that all ring components of A' are of in-
finite representation type and that V does not contain injective mo-

dules. Then, ind Y does not contain Z—periodic modules,

PROOF. Let m be minimum such that there is8 a P in g_m(l\) N ¥V which
is Z—pex:iod:l.c. We observe first that all translates ZS(P) (sEZ)‘
are in V. Othervise, for some s, we would have that 'Zs+1(P) is
in I. But, since o(I) is injective, I could not be G-periodic (as
a consequence of-(2.1),(4)).

. Let us consider an arrow Q — P in T'A with Q@ 1in gk([\) for

gome k less than m, and let us consider the translates Z'S(Q)
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for s positive, 1f all those translates were defined, Q would be

Qz—peliodic, a contradiction. Hénce, for some 8, 'Z'SQ is injective.
But, since there is an epimorphism ¢'°Q —=> T %P , 1t follows that
Z'sQ is in V . And this is again a contradiction to the hypothesis

that YV does no contain injective modules.

Lemma 3,3, Let us assume that all ring components of A' are of in-
finite representation type and that V does not contain injective

modules, If there is an arrow P —>M in T with P in l and M

A
not in V, then (M) 18 preprojective.

PROOF. If a(M) were not preprojective, we would have in r, :

P

’ZM/ \M
.

with oa(M), a(CM) and oa(X) not preprojectives. We distinguish

two cases.

First case: n = 0, We have that T'P is in ind, A so that, by lem-

ma 3.1, a(M) 1is preprojective.

Second case: n >0. Here, P 1s not projective and we have a trans-
lated arrow TP —> CM. If TP 4is not im ¥V, it is in I, so that
‘T 1s in 1 (see Cor. to Prop. 3.1), a contradiction. Repeating
the argument we deduce that P must be 7-periodic (because ind y

is finite), in contradiction to lemma 3.2.

Corollary. Under the hypothesis of lemma 3.3, if there is an arrow

P —M in PA with P in

.

i<

and M not in Y, then M 1is not

in I .
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Proposition 3.3. Let A » A' be artin algebras with ' hereditary

and having no ring components of finite representation type. Let V =

add(&n(A)) and V' = add(gn(A')) and suppose that there is an equiv-

v

’
alence of categories mod A =5 —EQ%T£—~ + 1f there are no injec-
tive modules in V, then L contains the left boundary of vV in rA.
PROOF. Let M be in the left boundary of vV, 8o that there is an

arrow M — P ida ', with P, say, in gm(A) (mgn). If m 1is

A
strictly less than n, it follows from Prop. 1.3 that Z'™M is in 'l
and - M is in I, as has to be proved. So, we may assume that P 1{is
in P (A). Since P 1is not T-periodic (lemma 3.2) and since there
are no injectives in Y , there is a first natural number s - (s>1)
such that C'%P 4is not in Y. It follows from lemma 3.1 that T ARS)

lies in P so that ‘Z'(s'l)u is in V. This implies that s

=n+1(A)’
1s at least 2 and that Z'(S-Z)M is also in Y (otherwise, it will
be in LI, a contradiction to the corollary of lemma 3.3). By repea-

ting the argument, we deduce that M 1{is in L.

The rest of this section is devoted to establishing some properties
of the V-injective modules related to when they co-generate a heredi-
tary algebra. These properties, which are interesting in themselves,

are needed for the proof of THEOREM 2.

(3.3) Let R be a finite quiver. We say that R is oriented from

left to right if there are no subquivers of the form « —=». ¢— . ,

Then, for each vertex x there is in R a unique maximal path y —>
es s —>X beginning at a sourée of R. Such an R has as many con-

nected components as it has gources.

Let R be a finite quiver oriented from left to right. By 'a repre-
sentation of R in FA we mean a quiver map which associates to each

vertex x of R an indecomposable A-module Mx’ and to each arrow
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arrow x —9—5y an irreducible morphism f from M to M

" x v We say
that such a representation is admissible if, whenever we have
M
2 4
£ "1
a1
f i
M ~e2 7 Ty,
X
\\\\\\\ . :
%k
Yk
with M EM ; . :u ;N, then f_ , f B (viewed as
1 o, ey’ T ey
radsMx N]
a subset of rad® (M, ) 1s linearly independet with respect to
EndA(N)/rad(EndA(N)).
To each admissible representation p -((Mx)xeRo; (f )ae Rl) is as-
sociated a morphism fp of mod A in the following form.
) as .
If R 18 connected with gsource s, let § —» x, ——> x, """ *"*"

1 2
—£k$ X =% be the unique path in R going from s to the sink x.

Then define

x sink X
of R
where each component fx is defined by fx = fu fa ...fa . 1€ R
k k-1 1
is not connected, fp is the direct sum of the morphisms associated

by the previous definition to the representation of each connected

component of R.

In order to simplify the exposition we will say simply that fp is

a morphism with support R.

Proposition 3.4. Let us assume that 1 1is open . to the right in FA

N\ ind V and that it does not have oriented cycles. Let R be a finite

quiver, oriented from left to right. If p 4s an admissible represen-
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tation

(£ ) )

p = ((Ix) aaERl

xéjRo
with values in I, then gp is an epimorphism of

PROOF, We will consider several cases.

First case: R 1is a path,

We see at onee that it is enough to consider the simple case

¢+ —/=>+ . Let M —£4>N be the corresponding representation and

Nl

be the minimal left almost split map assoclated to M. Since we have

to show that f 1is an epimorphism, let us suppose that there is a
meorphism N _h, X such that " f = 0. This means that for some P
Y we have a commutative diagram
A
M o X
}\\\s 1
N
N f" " :
Since f' 1s not split monic, there 1s a map @ ¢ -0 N P such
L

that f' = f"f + g'"g. Therefore, we have:

hf = h'f' = h'f"f + h'g"g
or

(h'£" - h)f + h'g"g = 0

' £
(hlf" - h, h‘g")( )- 0 R
g

or

let

in

Now, if M were injective, (;) would be epic and we would have h'f"

- h = 6, from which follows the desired conclusion h = 0. On the

hlfll

other hand, if M 1s not injective, hgth) factors through {'M

which is in ¥V  and, again, we get h'f" - h =0 , or h =0,
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S5econd case: general case.

The conditions imposed for defining f , together with the fact
that I is finite and does not contain oriented cycles, imply that
there is a bound on the number of vertices of R. Hence, we can pro-
ceed by decreasing induction on this number ]Ro" We assume therefore
that R produces a minimal counter-example to the proposition, the

statement being true for quivers with more vertices than R.

Let h be a morphism such that h f = 0 and h #0 . This mor-
phism goes from the direct sum E}}, Ix to some module L, so
x sink
that it is given by its componentegf R hx: Ix — L,

First possibility: hx is not split monic.

If Ix is ‘a simple injective module, hx = 0,

If Ix is not injective but is V-simple (see (3.1)), then hx is

In the remaining cases, we have the minimal left almost split map

/ 2
Ix\) t
D v
(504 S
where the Pj's are in V and the Y, ,'s are in 1 and where ¢t >0,
h{ S
- )
It follows that there are maps Y; =™ L such that hx 2? hi&i .

In this case, we consider the quiver R' obtained adjoining to R t

arrows going out from the R-source x:

By oy
x ””’——;’ Il
| \Bt Yt

and we extend the representation p of R to a representation p' of

R' by putting Yi at y, and the morphism g; corresponding to
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the arrow Bi' Let h' be the morphism going from the direct sum of
the modules at the sinks of R' which coincides wich. h at sinks
other than x (of R) and with components hi at the sinks Yy
then we have h' £p' = h £p = 0. By the induction hypothesis we get
that h' = 0 , and this implies that h = 0.

Second possibility: hx is split monic,

Let y be the vertéx of R which 1s linked to the sink x by an

arrow: y —> x=x, and let y —> x
f
going out from y. Let I1 ——1—>Ixi be the morphisms corresponding

to these arrows in the representation p . Finally, let f' ©be the

{ (i>/2) be the other arrows

- morphism associated to the path s —>» ... —>y of R (vhere s 1is

the source of the connected component of x). Then

L

g
ft

is one of the components of fp. By the definition of fp , the f 's
for which Ixi is isomorphic to le = Ix are all linearly icdepen-
dent, modulo the radical squated, with respect to scalars from

EndA(Ix)/tad(EndA(Ix)). We observe also that it follows from the

first case of this proof that f£f' 1s an epimorphism.

Since we are supposing that hx is split momic, there is a morphism

h’
L —%s I, such that h;‘hx is the identity of I.. Let us consider

the following composition.

31 'hy
. 0
£ f/@lx\ (h ,..., E @I
\ / @
g ! h ° Y
Y

Since, by assumption, h = 0, we obtain that:

I
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t
gx\] {{;1\!
- . 1] -
: ) (_h_xlb"':.b_xt) | ; | i 0 *
0, | Lej
Remembexing that f' is an epimorphism, we get:
' [ i
1 ... h xhxt\ [ 51\ (51 + .+ gxgxtgt\
o ... 0 ‘ . [ ] 0 ‘
. . . = . = 0
. . . : {
j | \ /
0 . e 0 g
f £t} \ 0 ;
2
)
which means that fl + ... + hxhxtft is in P(Iy’Ix) C:rad(Iy,Ix).

But this 1s impossible and the proof is complete.

Corollary. Let I be open to the right in FA ind V and let us

f
suppose that it does not have oriented cycles., If I — M 1is the mi-
nimal left almost split map corresponding to an indecomposable module

I of 1, then f 1is an epimorphism.

Proposition 3.5. Let us assume that I 18 open to the right in

A(T,T)
P(T,T)

propositions are equivalent,

s, WwWhere T = EB I . Then the following
IE€El

ind V and let A* =

(1) A* is hereditary.

(2) by has no oriented cycles.
f
(3) 1f I — M {is the minimal left almost split map associated

to an indecomposable module I in I , then f 1is an epi-

mod A
v *

morphism of

PROOF., As it is well known, the indecomposable injective A* -modules
corresponde in a one-to-one way to the elements of I, and the ordi-
nary quiver of A* may be identified with I. Hence, (1) 1implies

(2)., Prop. 3.4 means that (2) implies (3), éo that we only have

to show that (3) 4implies (1). 1In order to do this, it will be con-
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venient to identify the category mod A* with the category C of
add 1 -

finitely generated, covariant functors from T to the category

of abelian groups. Let

5 > 21, — 10

u<r>

be a presentation of an object F of g. To prove that A* is here-
ditary, it is enough to show that the projective dimension of F 1is
€1 when F {is assumed to be simple. Hence, we suppose that F is
simple, so that we may take I to be an element of l. K is an ele-

ment of add I and g* is induced by a map I &5 x » modulo P(I,K).

We distinguish two cases.

First case: I is simple modulo ¥V (see (3.1)).

In this case, g 1is either 0 or a split monomorphism. If g =0,
F = —%“(I,—), and, {f g is split monic, g* 1is epi and F is O,
y . =2

Second case: 1 1s not V-simple,.

We may as well suppose that g 18 not a split monomorphism. Let
. .
I —> M be the minimal left almost split map associated to 1I. Since,

by assumption, f 1is epic, the following sequence is exact.

0 — —3—(1,—) f*, —3—(1,—-) —> cok f* —> 0

wvhere J 1is the module in add I which is equal to M modulo v.
We show first that «cok f* 18 a simple functor of c and, then, that
it is isomorphic te F. With this, the proof will be complete.

In order to show that <cok f* 1is simple, we prove that any morphism
G £, —%—(I,—)of g wvhose image is not contained in the image of f*%,

is an epimorphism. Clearly, we can suppose that G 1is a projective
h
object: G = —%—(x,-), o that § 1is a map h* induced by an I —>

X, modulo ¥V . Our restrictions mean that there is a morphism I -2,

b
Y, 8uch that we have a = b h for some X —> Y, with the property
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al

that, for all M —>Y, we have a ¥ a' f. Hence, remembering that
f is ﬁinimal left almost split; we see that a must be a split mono-
morphism, which implies that h is also a split monomorphism and,
therefore, that h* 1is an epimorphism.

To show that «cok f* 1s isomorphic to F, we write g in the

form g = g' f, and we consider the following commutative diagram.

—Q,—-(K,—) 8%, A1) —rF— o0

g'* o

0 —> —-e (1,-) £ ——3 (I,-) —> cok f* —> 0

Since F and cok f* are both simple, they must be isomorphic.

Lemma 3.4, Let n be some natural number and let V = add(ﬁP(A)).

Let us assume that I 1is open to the right in FA
f
does not have oriented cycles, Let I —> M be a morphism with .I, M

N\ ind V and that it

indecomposable A-modules and with I in . Then, 1if f # 0, f 1is

I

an epimorphism and M 1is in I.

PROOF., Let t be the maximum of the lengths of paths I — ... —> M
of 1 beginning with 1. We proceed by induction on t. If f {1s
not an isomorphism, we may write f = f'g where I _g_:__(__g_ﬂ_i_> @Mi
is the minimal left almost split map associated to I, By the ;sstmp-
tion, since at least one g{ is different from 0, we deduce that M
is in I.- To finish the proof we observe that each morphism in

add 1 / Y may be thought as a morphism between injectives of mod A*
where A% = EndA(T)/P(T,T) is hereditary (by Prop. 3.5). Hence, £
is an epimorphism.

£
Lemma 3.5. Let us assume that each indecomposable morphism I —> J
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of add I / V has a kernel and that, 1f f 1s not a monomorphism,
the corresponding sequence 0 — M —» I - J —>0 1is exact in add I/v

Let us suppose that I 1is open to the right in T ind V, that 1

= A
contains the left boundary of Y, and that it does not contain orien-
ted cycles. Let M be in 1ndvA and let M —£> I be the ménimal 1-
envelope of M (see (1.2)). Then, there is a morphism I ~—» J
such that.- M —é* I 1{s the kernel of £ in _EQ%_A_.

PROOF. Let I ~8> N be the cokernel of 1. 1f N is equal to J mo-
dulo ¥, we have that g =f 1is of the required type I —£+ J. Let us

consider the commutative diagram:

0 —ker p —>P LN —0

e 1

0 — ker p —K —éLol —>0

11' 11

M —]—M

[

0 0
P P
where P ——>N 1is the V-cover of N and where K is the pull-
P I

back of N. Let us decompose K = QO L with Q in V and L
- =

in modv A . Then, 1°', g' decompose, respectively, as follow:

Q c,d (:)
@ _1_4*1; P and M —=5
L

rPo

. . 1)
By the corollary to Prop. 3.2, a = a't for some I —ﬂ—ﬁ>Q~. Hence,

1 =g'{' = (c,d)(:) ¥ ca + db = ca't + db and (l-ca')i = db. Since

ca' lies in rad(EndA(I)), l1-ca' 41s an automorphim F-l of I. Hence

we have that 1 = Fdb so0 that b must be a monomorphism. We may con-
sider

. Q&L
P

" {G@.b@) / men)

ag the pushout:



H/Q\P
T, 7

and form the following commutative diagram.

0 > Q a)P > ; > 0
I
-b L

0 > M > L rd M -—> 0

Since a = a'i = a'Fdb = (-a'Fd)(-b), it follows that the upper exact

sequence splits+. This implies that —%—, being a summand of P, 1is

in

i<

; and, since it is an image of L which is in modVA , 1t has

to be zero. Hence, L=M, K =L =M and 1 = d b is isomorphic to d

= E -
We observe that 31 ¢ 0 because, otherwise, we would have g facto-

ring through P, and it would follow that K = ker p @ I. Since K

has only the indecomposable component M outside of vV, this would

imply that M=I, a contradiction. Since g i = 0, g 1is not a mono-

morphism. By the assumption, g has a kernel which must then be a

summand of K, modulo Y . From this, we get that ker g = M, as

was to be proved.
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4. Proofs of the main theorems.

Theorem 1.,

Conditions (i) and (ii1) are the items (1) and (2) of the
corollary to Prop. 3.1. Condition (iii) coincides essencially with
lemma 2.4, and the statcment concerning A* 1is proved in the remark
following Prap. 3.1. Conditions (iv) and (v) are also immediate
consequences of these facts. As for condition (vi), it coincides

with Prop. 3.3.

Theorem 2.

The fact that A* is hereditary is part of Prop. 3.5. 1In order to

*
define the equivalence spod A _2_,.Jﬂul_5_ we consider the functor
9 V* v

f —> ker £ which associates to each indecomposable morphism f in
add I / V the object 0, if f 4is monic, or the kernel M of the

i £
exact sequence 0 —> M —> 1 —=>»J — 0 of condition (iii). Consider-

ing the definition of V%, this gives a functor a from modA * / g*
to modA / V . Using the fact that M 51 is an I-envelope of M,
we see that a is full, and using that £ 1is the cokernel of i, 1t
follows that o is faithfull, Finally, applying Prop. 3.6, we obtain

that a is dense.

Theorem 3 is clearly a corollary of theorem 2,
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5. The case of stable equivalence (n = 0).

In the classical paper {1] (1972) Auslander and Reiten studied
the notion of stable equivalence (or equivalence modulo projectives)
for artin algebras. In particular, they considered the following ques-

tion:

When is an artin algebra A stably equivalent to a hereditary al-

gebra?

And they gave, for it, the following necessary and sufficient con-

.

ditions:

1) Every'torsionless module M in ind A is either projective or

simple.

2) 1f M, 4in 1ind A, 1is torsionless not projective, then M 1is

in the top of some indecomposable injective A -module.

In this section, we apply our techniques to get another proof of
this result. So, throughout this section we make the additional assump-
tion that n=0 (i.e.,, V 1is the additive category generated by the

projective A-modules and V' the category of projective A '-modules).

(5.1)
In this particular case, the minimal V-cover of a A-module M
18 just the projective cover of M, so that it is an essencial epi-

morphism. As an immediate consequence we obtain the following.

1. If " f 1s a morphism in modv A, £ 1is an epimorphism if and

only 1f f 1is (see [1], p.34).

2. If I 1is in I and 1 4is not injective, then I 1is simple.
PROOF. The proof is easy by contradiction. If I 1is not simple, we
have an epimorphism I —ié S with S simple, not in V. Onm the

other hand, since 'l cannot be in g, 1 1s stimple and we get
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f =0, a contradiction to 1. .

3. Let us suppose that A 1is stably equivalent to a hereditary al-

gebra A': there is an equivalence v > —— . 1f M

mod A @, _mod A'
\4

is a submodule of a module P of L (i{.e., P 1s projective) and M
is 1in indV A, then M 1is simple and lies at the top of an injective
module. B
PROOF., We show that, if M 18 contained in P, then M 1s in ; .
Otherwise, a(M) would not be injective and we would have a(M).l; 1',
the injective envelope of a(M), with 1i' ¥ 0. Hence, there would be
a map M —£7 I, with I injective and i # 0. But then we get a con-
tradiction because 1 has to factor through the inclusion M (3P,

Let now I — M be an irreducible map. If I were not injective,
we would have a map M —> ¢'I, 4in contradiction to the fact that M
is in 1 and is l—simple. Therefore, I 1is injective and M 1is at

the top of 1I.

(5.2)

In this section we show that Auslander-Reiten conditions 1) and
2) are sufficient for A to be stably equivalent to a hereditary al-
gebra.We do this by showing directly that THEOREM 2 (with conditionij;

(vii)) 1is applicable here.

We begin with the remark that stable equivalence is a self-dual no-

tion, so that we may formulate 1) and 2) as follows.

1)' If M 4in 1ndvA is a quotientof an injective module, then

M 418 injective or simple.

2)' 1In the latter case of 1)', M 1is in the socle of an indecom-

posable projective module,.
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4, If 1)' and 2)' are satisfied, then the category add I / V

is equivalent to add I.

£

PROOF. Let us consider the commutative diagram I //ZJ with
g8\, h

I, J 4in add I and P 4in V . Then g(I) sits in P soc(P), so

5. Let us suppose that 1)' and 2)' are satisfied, and let M
be an indecomposable A-module outside of l\)i . Then, there is an
indecomposable morphism I —£> J , in add ; » 6such that putting M=
ker f then 1: M C, I 4s the injective envelope of M and i

is the kernel of f .

PROOF., Let M (1,1 be the injective envelope of M and let f be
the cokernel of i. Then, clearly, f is indecomposable as a morphism
of mod A. Let us show that ker £ = i, by congidering the pull-

back of I\‘i*J » where p 1s the projective cover of J:
P

0 —>ker p —2? E£5J3 —s0

et

0 —>ker p —>K —>1 — 0

i
-

o - X

We notice that p' 1is an epimorphism, so that K = P @ M and £°

may be identified to 1 . Hence, we only have to show that is a

-

monomorphism and, for this, we consider the pull back of

i
K.fj:I
Q7

where q 1s the projective cover of 1I:

I L}
0 —> ker p > K £, I

fer o

0 —> ker p —> K' —> Q —> 0

W
[=]
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Again, we have that K' = Q @ ker p and a simple computation shows

that f" = 0,

6. Let M be in 1ind é such that M 1is contained in a projec-

<

tive module P. If 1)' and 2)' are satisfied, then M 1is in I,
As a consequence, we see that I contains the left boundary of V,

that 1 is open to the right in FA\ind Y, and that 1 does not

have oriented cycles.

PROOF. If M were not in I , we can apply 5. to conclude that
if 1 is the injective envelope of M then i 4 0. But this is a

contradiction because 1 wmust factor through the inclusion M C P .

7. 1f 1)' and 2)' are satisfied, then condition (iii) of Theo-

rem 1 is satisfied.

£
PROOF. We observe that, by lemma 3.4 and 6., £f I —> M 1s a non-ze-

ro morphism with I 4in I , then M = N@®P with N 1in add and

It~

P in

RS

. And, if g 1is the N-component of f, then g and g are
epimorphisms (see 1.). Hence, if f is indecomposable in add 1/%¥
we may write M = J , an object of add 1l , and assume that f and
f are epimorphisms.

Let us consider the commutative diagran

—£> J —> 0

0 —>M —ié 1
Tg Tg'
1!

|t

0 — M —=I' —=>I' —> 0

where 1 1s the kernel of f and where 1' 1is the injective enve-
lope of M. We decompose I in the form I = I, C)I!, whe?e I, is
" the semisimple part of I. Since, by lemma 3.4, g 1is zero on Il'
it 1s easy to see that the lower sequence splits off from the upper

one. Since f 1s indecomposable, we conclude that (g,g') 1s an
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isomorphism. Hence, M 18 an indecomposable module which is not in I.

By property 5., i 1is the kernel of f and we only have to show that

Let us suppose that we have a commutative diagram:

o—--u—1—>1—f>x——>o
< \ RS f\\-
M ——e I' — J — 0
'kk‘
P ——>

in order to .show that k i1 = 0 implies that k factors through £ .
We can assume that X 1ig indecomposable and (by lemma 3.4) that it is
in ; . A;so, since i 1s not zero, h is not injective, Putting

M' = M/ker h and I' = I/ker h we get factorizations of h and k
thorugh M' and 1I', respectively. Since M' is isomorphic to a
submodule of P, M' 4is in add I (see 6.) so0 that, applying " 4.,

we deduce that k'i' = 0. Therefore, k' factors through f' = cok i'
and it follows readily that k factors_through f, as was to be pro-

ved,

8, If 1)' and 2)' are satisfied; then A is stably equiva-

lent to a hereditary algebra.

PROOF. From properties 5., 6. and 7, follows that Theorem 2 (with

condition (vii)) is applicable to A , so that —Eg%—é— is equiva-
* =
lent to —Eg%;ﬁ——. This equivalence of categories is given by the func-

tor that maps an indecomposable morphism f of add I / V to ker f

and V* is the category of all such morphisms which are monomorphisms

of .JE%%JL“ The only thing that has to be proved is that V* coin-

cides with the category of the projective objects of Comod(add I / l).
But now, using prbperty 4. and the fact, easily proved, that such an

f 18 a monomorphism if and only if ker £ is projective, the cqmple--
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tion of the proof is an exercise which may be left to the reader.
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