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The theory of Lie rings is very different from that of Líe algebras. ln tbis note we <leal 
;1th the Lie ring of 2 x 2~matrices over aidntegral domain R of cbaracteristic zero. Let 
·l( denote the field of ""''°"' for R A 3-d,mcomoo,I free R-modole S m the Lie algebra 
~ 2, F) is called an R-Jorm of s1(2, F) províded that [S, S] Ç S. Note that ín this case 

©n F '.':' s1(2, F). The problem of describing ali the R-forms of s1(2, F) is quite complicated and depends 
heavily on the ring R. A partia] result in this direction was obtained by A.Yuschenko. 
h L_et R = Zp denote the riug of p--adic integers, where p is an odd prime. Denote by QP 
t e field of p--adic numbers. Let us íix three positive integers n, m, and k. Denote by Sn,m 

the Lic álgebra over Zp with the basis {e, h, !} and the multiplication: 
[.f, h] = -p" f. 

We ·11 . S wi call such an algebra diagonal. We put <Pn,m,k = { S C s1(2, Q) 1 S = Sa,b,c = 
, •,m + oZ,, o - 1"' + bh "J) / P', a, b,, e z;). e,,~ ly, the Liealgeh,ss<WCC z, belongiog 
0 i[>n,m,k are Zp-forms of s1(2, Qp) if n? k and m? k. 
• Theorem. Let n, m, ,nd k be nawrnJ ""mbm '"'' that n ê k and m ê k. Tiien 
n,m,k contains just finitely rnanj' non-isomorphic Lie algebraB over Zp- 
th A z,.aJgebrn 8 ( o, h,,} ;, dh,goMJ if and only if n - m and ( '\'"') ~ 1, whern ( ·) is 

e Lagrange symbol, or n < m. 

[ 

Now let us fix a diagonal form of s1(2, Q) isomorphic to s1(2, Z) = Ze EB Zh EB Zf, where 
eh]'= 2e, [ef] = h, and [f h] = -2.f. Denote by O the category of S-modules that are free 
ªnd finite-dimensional as z-modules. If V E O, then V is said to be diagonal if V== /Pz ¼ 
:h".' V, ~ { n E V I nh - ia), Ooe c,n w,ily sh<>W tb,t ,ve<y. S-mo<lolo V E O iadodes 

. unique maximal diagonal subrnodule Vi- A module V E O 1s called irreduci~le 1f V is 
diagonal and tbe s1(2, Q)-module V ©z Q is irreducible. Every module V E O rncludes a 
unique rnaximal submodule V. whicb is the direct sum of irreducible modules. 

Now we will describe the :tructure of an irreducible S-module V. By definition, V= 
,'!', V., whocc r - { -n, -n + 2, ... , n - 2n} ,od V;~ Zn,. If ,,, ~ a;o;+,, 0J ~ p,,,_,, ,od 

º" :=: (3 o h -n = , t en 

[e, h.] = p"e, 

0'.
11
-~J3n-2i+2 = -i(n - i + l). 

w H '""• we ,~n """ "" that o, > O ,nd /J; < O. 1 ,t " ~ ( "-"' 
0
-,+', · , ,,,,_,) E ';' 

d ho,e N" st,ods foc the set nf the n-tnplos of o,tmals. Dc,ote hy V(ã) 
th
e $-module V 

escribed abovc. 
»omp <Opoaitóon. E,"y ;,n,Jocihlo S-mod olâ is lsomorpbicto • mo!"" of type V (ã) for 

e~- Two nwd
11
/cs V(~) nnd V('Y) are 1somorpl11c 1f and onl_y ,r i'i 'Y· 
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Let V(a) and V('7) be irreducible S-modules and let W = V(a) 0 V('?) be the diagonal 
S-module. ln general, W 1- Wrn- Our main goal is to compute the index IW : Wml of Wrn 
in W. 

If V(a) = EB Zv; and v = I: a;v; with a; E Z and r e Z, then lvl = a E N where 
iEf' iEf" 

a.]« E Z, and a is the maxirnal integer with such a property. 
Let { Vn, Vn-2, ... , v_n} and { Wrn, Wm-2, ... , w_rn} be the bases of the modules V(a) and 

V ('7) respectively. Then W = V (a) ® V ('7) has the basis { v; 0 Wj I i = -n, ... , n; j 
-m, ... , m }. Define in W primitive vectors Un+m, Un+m,, ... , Un-m, n:::,, m, as follows 

k 

Un+m-2k = Í::: x:vn-2 0 Wm-2k+2i, 
o 

where Un+m-2ke = O, lun+rn-2kl = l, x~ > O, and xf E Z. 
Set uf = Un+m-2kJi and define the nurnbers t::,_N, N = l, ... , [~] as follows: 

N 

t::,_N = II (xõjl(n + m - 2.i + 3)i-l(n + m - 2j + 2)i)/al, 
.i=l 

if N = 1, ... , m and 

if N = m + 1, ... , [T], where f3n-2i+2 = -i(n + 1 - i)/an-2i· 
The main result is the following 

Theorem. 
n+m-2k m ["±';'-1 J 

IW: Wml = t::,_ II II 1ui1-l n t::,_i, 
i=O k=O N=-1 

where !:::,. = t::,_(n+m)/2 ifn + m is even, and !:::,. = 1 otherwise. 

Alexander Grish kov 
Departamento de Matemática - IME 
Universidade de São Paulo 
CEP 05317-970, São Paulo, SP, Brasil 
E-mail grishkov©ime. usp. br 

Alexander Yuschenko 
Departrnent of Mathematics 
Omsk State University 
Prospekt Mira 55 
Omsk 644077, Russía 
E-mail yuschenk©uni ver. omsk. su 

98 


