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Recent data from the Pierre Auger Observatory has revealed the presence of a large-scale dipole in the
arrival direction distribution of ultrahigh-energy cosmic rays (UHECR). In this work, we build up an
understanding of the diffusive origin of such a dipolar behavior as well as its dependency on energy and
astrophysical source assumptions such as extra-Galactic magnetic field strength and cosmic ray composition.
We present a novel analytical approach for calculating the angular distribution of CR coming from a single
source and discuss the regimes in which the steady-state dipole result is expected. We also present a
semianalytical method for calculating the evolution with energy of the resultant dipole for an ensemble of
sources. We show that a local source allows for a strong growth of the dipole with energy over a large energy
range. The possibility of a transition from a dipolar to nondipolar regime at the highest energies and its
implications for the source density, magnetic field intensity, and cosmic ray composition are discussed.
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I. INTRODUCTION

One of the key unsolved questions in astroparticle physics
is the origin of ultrahigh-energy cosmic rays (UHECR,
E > 1018 eV) [1]. Discovered many decades ago, these
nuclei reach Earth almost isotropically. The direction for
their sources, however, is hidden by the deflections in the
extra-Galactic and Galactic magnetic fields during their
propagation. Results from the Pierre Auger Observatory
[2] using the most complete UHECR dataset ever collected
have revealed the presence of a large-scale dipole in the
distribution of arrival directions at energies above 8 EeV.
Such a dipole, with a magnitude of 6.5%, was measured with
5.2σ confidence level [3] and points in a direction outwards
away from the Galactic center, suggestive of an extra-
Galactic origin for cosmic rays at these energies. A more
recent analysis from the Pierre Auger collaboration has
furthermore revealed that the measured dipole magnitude
itself evolves as a function of the energy, suggesting a
change in the origin of the dipolar anisotropies from
predominantly Galactic to predominantly extra-Galactic in
the region between 1 and a few EeV [4].
In a previous work, we have discussed the possibility

of using the arriving energy spectrum measured by the
Pierre Auger Observatory [5–7] to get insights about the
radial distribution of UHECR sources [8]. UHECR interact
with the photon background during their propagation,
giving rise to an energy-dependent propagation horizon.
From this, we estimated the maximum distance to the

nearest source which still describes well the data, indicating
the need for local sources at 25–100 Mpc.
In this work we further delve into the question about the

origin of UHECR by investigating on theoretical grounds the
evolution of the dipole magnitude as a function of energy for
an ensemble of sources, and evaluating the influence of local
sources on this result. Initially, in Sec. II, we develop an
analytical approach for calculating the resulting angular
distribution of arriving cosmic rays propagating from a
single source through an extra-Galactic environment within
which turbulent magnetic fields are present. We obtain the
amplitude of the dipole and higher poles by expanding this
analytical distribution in spherical harmonics. The depend-
ency with the magnetic field strength, the source distance,
and the age of activity of the sources are evaluated and
discussed. In Sec. III, we use the results for a single source to
obtain the evolution of the dipole with the energy expected
from an ensemble of sources. In Sec. IV, the results for
different source densities, and, consequently, distances to the
nearest source, are discussed. The transition from a dipolar to
a nondipolar regime is presented for the first time. Finally, in
Sec. V, we draw our conclusions.

II. COSMIC RAY ANGULAR DISTRIBUTION
FROM A SINGLE SOURCE

Cosmic rays propagating through the extra-Galactic
medium are deflected by the extra-Galactic magnetic fields.
Such propagation can be considered as each particle having
its direction of motion randomized after each scattering
length, λscatt. The scattering length is dependent on the*rodrigo.lang@usp.br
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Larmor radius, RL, of the particle, and the level of magnetic
turbulence at a wavelength matching the Larmor length
scale. Appealing to the results of quasilinear theory [9],
λscatt ¼ ½B2

0=δBðRLÞ2�RL, where δBðλÞ2 ¼ dδB2=d ln λ
denotes the differential energy density in logarithmic
wavelength bins. With the energy density in the turbulent
modes dominated by the longest wavelengths, the scatter-
ing length carries information about the ratio of energies
in the coherent magnetic field, to that in the turbulent
magnetic field, B2

0=δB
2, where δB2 ¼ R

δBðλÞ2d ln λ is the
summed power of the turbulent modes. Leading to
δBðRLÞ2 ¼ ðRL=λcohÞq−1δB2, where q is the spectral slope
of turbulence (5=3 for Kolmogorov turbulence) and
RL=λcoh is the ratio of the particle’s Larmor radius to the
coherence length of the field. This allows a simple
description of the scattering length [10],

λscatt ¼
�
B2
0

δB2

�
λcoh

8>><
>>:

�
RL
λcoh

�
1=3

; for RL < λcoh�
RL
λcoh

�
2
; for RL ≥ λcoh

: ð1Þ

No Galactic magnetic field effects are here considered.
Throughout we assume δB2 ¼ B2

0.
Consequently, the particles arriving at Earth will

not necessarily point back to their original source.
Nevertheless, as we discuss next, some residual informa-
tion about the source position invariably remains encoded
in the arrival directions distribution.
The angular distribution of cosmic rays (CR) coming

from a single source was previously studied with
Monte Carlo simulations in Ref. [11]. As expected from
diffusion theory, it was shown that, in the steady-state
diffusive regime, achieved for sufficiently long source
activity timescales, the normalized angular distribution
can be described as dN=d cos θ ¼ 1þ δ cos θ, where θ is
the angle between the source position and the arrival
direction (see Fig. 1). In this regime, the dipole amplitude
of cosmic rays of a given rigidity emanating from a single
source relates to the particle scattering length and the
source distance, rs, as δ ¼ λscatt=rs.
In this work, we have further developed this calculation

and discuss the validity of the steady-state diffusive regime.
We propose an analytical approach for obtaining the
resultant CR angular distribution following the propagation
of CR from their sources to Earth. To achieve this, we
utilize earlier insights obtained for describing CR transport
in different propagation regimes [8]. We here look into how
these different propagation regimes imprint themselves
onto the arriving CR angular distribution. Additionally,
we test a variety of different source properties, such as the
mean source distance and age of source activity.
We start by considering a single source, which emits

cosmic rays continuously and isotropically. Each of the
particles has a probability of dl=λscatt of having its direction

of motion randomized after propagating a small distance dl.
Previously, in Ref. [8], we obtained the radial evolution
distribution function for cosmic rays emitted in a single
pulse, i.e., the radial Green’s function from a single
source, d3N=dr3jGðr; tÞ. Three regimes were noted. For
3ct=λscatt < 0.1, the propagation is ballistic and a delta
distribution can be used. For 3ct=λscatt > 10, the propaga-
tion is diffusive and a truncated Gaussian can be used
(truncated in order to prevent super luminal propagation).
Finally, for the transition regime, 0.1 ≤ 3ct=λscatt ≤ 10, a
Jüttner distribution can be used.
In order to obtain the angular distribution, we calculate

the number of particles arriving to Earth at an angle θ
relative to the source direction, in a time interval, dt, and in
a small area, dA, i.e., d2N=dAdtðθÞ. The diagram in Fig. 1
illustrates the geometry of the problem. As appreciated
from this figure, for a particle to arrive to Earth with a given
arrival direction, θ, it must have last scattered somewhere in
the line of sight along a path at that angle, and then
subsequently have survived all the way to Earth without
additional scattering. The number of particles that fulfill
these criteria is given by

d2N
dAdt

����
diff

ðθ; tÞ ¼
Z

∞

0

dle−l=λscattnðrðlÞ; tþ lÞ
λscatt=c

; ð2Þ

where cdt=λscatt is the fraction of particles that scattered in
the time interval dt, e−l=λscatt is the probability that these
particles survived all the way to Earth without interacting
again, and nðr; tþ lÞ is the particle density at this location,
given by

nðr; tÞ ¼
Z

tmax

t

dt0

τ

d3N
dr3

����
G
ðr; t0Þ; ð3Þ

where d3N=dr3jGðr; tÞ are the distributions obtained in
Ref. [8], τ−1 is the source emissivity taken as constant, tmax
is the age of activity of the sources, and r is the distance to
the source, which relates to the distance to Earth, l, as

Source

θ

l
r

r s

Last Scatterdl

Earth

FIG. 1. Diagram depicting the arrival of diffusively propagating
particles from a source, focusing on the last scattering the
particles make before arriving to Earth.
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r2 ¼ l2 þ r2s − 2lrs cos θ: ð4Þ

It is also necessary to take into the account the particles
which arrived on Earth having propagated ballistically, i.e.,
without ever scattering, which are given by

d2N
dAdt

����
bal
ðθ; tÞ ¼ δðθÞ e

−rs=λscatt

τ4πr2s
; ð5Þ

where dt=τ is the number of particles emitted in a time
interval dt. The delta function assures that such particles
can only arrive from the direction of the source, and
e−rs=λscatt gives the fraction of particles in this regime.
Finally, the total number of particles arriving with a
direction given by the angle θ, in a time interval dt, and
in a small area dA is given by

d2N
dAdt

ðθ; tÞ ¼ d2N
dAdt

����
diff

ðθ; tÞ þ d2N
dAdt

����
bal
ðθ; tÞ: ð6Þ

At this stage, the angular distribution, dN=d cos θ, can be
obtained by integrating d2N=dAdt over the exposure of the
experiment. However, as the time scale of a human-made
experiment is negligible compared to cosmological time
scales, the factoring in of the exposure is effectively just a
global normalization factor.
Solving this expression numerically, Fig. 2 shows the

resulting angular distribution for different values of
λscatt=rs. For large values, the distribution is dominated
by the delta distribution coming from the ballistic propa-
gation. For small values, on the other hand, the distribution

is mostly uniform, with a small preference for the direction
of the source, and can be well described by 1þ δ cos θ.

A. Steady-state diffusive regime

For the steady-state diffusive regime (λscatt=rs >
rs=ctmax), the ballistic term vanishes and the density can
be written as nðrÞ ∝ 1=ðλscattrÞ. The angular distribution is
thus given by

dN
d cos θ

∝
Z

∞

0

dle−l=λscatt

rðlÞ ≈
λscatt

rðλscattÞ

≈
λscatt

rsð1 − λscatt
rs

cos θÞ ≈
λscatt
rs

�
1þ λscatt

rs
cos θ

�
: ð7Þ

Therefore, the results obtained in previous works and
expected from the diffusive theory for the steady-state
regime are verified.

B. Expansion in spherical harmonics

Amore quantitative way of studying such distributions is
to expand them in spherical harmonics and to look at the
behavior of the coefficients. The angular distribution,
dN=d cos θ, can be written in orthogonal functions,

dN
d cos θ

¼ N

�
1þ

X∞
n¼1

Xm¼l

m¼−l
Φl;mYm

l ðϕ; θÞ
�
: ð8Þ

For the case of a single source in turbulent magnetic
fields, no dependency on ϕ is expected if θ is the angle
between the source and the arrival direction as shown in
Fig. 1 and, consequently, only m ¼ 0 is needed. We define
the spherical harmonics similarly to what is done in
Ref. [11],

YlðθÞ ¼ Y0
lðθÞ ¼

2lþ 1ffiffiffi
2

p Plðcos θÞ; ð9Þ

with Plðcos θÞ being the Legendre polynomials. With that,
the amplitude of the poles, Φl, are calculated by

Φl ¼
Z

1

−1
d cos θ

dN
Nd cos θ

2lþ 1ffiffiffi
2

p Plðcos θÞ; ð10Þ

in particular, the amplitude of the dipole is defined as
δ ¼ Φ1. We can obtain the information about the power in
each multiple by performing an angular power spectrum
analysis, similarly to Refs. [12–14],

Cl ¼ Φ2
l=ð2lþ 1ÞP

nΦ2
n=ð2nþ 1Þ ; ð11Þ

which leads to

1− 0.5− 0 0.5 1

)θcos(

0

0.5

1

1.5

2

θ
dN

/d
co

s

 = 0.01s/rscattλ

 = 0.03s/rscattλ

 = 0.1s/rscattλ

 = 0.3s/rscattλ

 = 1s/rscattλ

 = 3s/rscattλ

Hub = t
max

 = 27 Mpc | tsr

FIG. 2. Normalized angular distribution. Each shade of orange
represents a value of λscatt=rs.
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0 < Cl < 1; for all l

X∞
l¼0

Cl ¼ 1: ð12Þ

We also define the nondipolarity of the distribution,
fnondip, as the power in the multipoles higher than the
dipole,

fnondip ¼ 1 − C0 − C1; ð13Þ

which is negligible for dipolar distributions, i.e., distribu-
tions that are well described by 1þ δ cos θ.

C. Evolution of the coefficients
of the spherical harmonics

With these definitions, we can calculate the evolution of
the amplitude of the poles, Φl, and the power spectrum
coefficients, Cl, with λscatt=rs for different source distance,
rs, and source activity duration, tmax, cases.
The top panel of Fig. 3 shows the values of δ obtained

for different source distances. The dashed lines in the
figure show the linear relation expected for transport in
the steady-state diffusive regime, i.e., δ ¼ λscatt=rs and in
the ballistic regime, i.e., δ ¼ 3. For values of λscatt=rs
between ∼rs=ctmax and ∼0.1, agreement with the linear
relation result is obtained. In this regime,

ffiffiffiffiffiffiffiffi
3C1

p
∼Φ1 ¼ δ.

However, outside this range a strong departure from this
relation is seen.
For sufficiently low values of λscatt=rs (λscatt=rs <

rs=ctmax), the dependency of δ becomes softer than the
steady-state result, since the system has insufficient time to
reach this state, and the resulting dipole is larger than the
steady-state result case. For a given tmax, the farther the
source, the sooner (in λscatt=rs) that this departure kicks in.
This is due to the finite age of the Universe, which prevents
the density of cosmic rays emitted from the source reaching
the steady-state value.
For sufficiently high values of λscatt=rs (λscatt=rs > 0.3),

on the other hand, the ballistic regime contribution
becomes significant. This is measured by the angular
power spectrum shown in the bottom panel of Fig. 3.
When the power in the higher order poles (l > 1) becomes
non-negligible, the dipole amplitude departures from the
linear relation. In this regime, most of the particles do not
diffuse at all and, therefore, point directly back to the
source. This results in a nondipolar behavior, which is
verified by the increasing of the fnondip term.1 C0 and C1

tend to constant small values which follow C0 ¼ C1=3, as
expected from the definition in Eq. (10). This is due to a
finite angular resolution.

The effects of the angular resolution, θres, and time of
activity of the sources, are detailed in Appendix A.

III. DIPOLE OF AN ENSEMBLE OF SOURCES

In the previous section, we built an understanding of
the angular distribution resulting from a single source of
cosmic rays. In this section, we evaluate the evolution with
energy of the dipole for an ensemble of sources. This was
previously studied in Refs. [15–18]. We consider a discrete
distribution of sources described by the distance to the
nearest source, Dmin, in such a way that the number of
sources in a shell with distance iDmin is i2.

3−10

2−10

1−10

1

δ

 = 3 Mpcsr

 = 27 Mpcsr

 = 243 Mpcsr

° = 1resθ | Hub = tmaxt

s/r
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 = 3δ

3−10 2−10 1−10 1 10 210 310
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3−10

2−10

1−10
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l
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 = 27 Mpcsr

 = 0l
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 = 2l
 = 3l
 = 4l

non-dipf

Nondipolar regime

FIG. 3. Evolution of the spherical harmonics expansion terms
with λscatt=rs. The top panel shows the amplitude of the dipole for
different distances to source. The bottom panel shows the angular
power spectrum for rs ¼ 27 Mpc. The gray dashed lines on the
top panel show the results expected for the steady-state diffusive
and ballistic regimes, while the black dashed line on the bottom
panel shows the term fnondip. The shaded area shows the non-
dipolar regime, in which fnondip > 1%. tHub is the Hubble time.

1Throughout we do not consider small angles deflections,
which would alter the transition from diffusive to ballistic and,
thus, the growth of higher order multipoles.
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A. Coefficients of the spherical harmonics
for an ensemble of sources

As proposed in Sec. II, given the source distance, the
magnetic field and the particle energy and charge, it is
possible to analytically obtain the arriving angular distri-
bution of cosmic rays for that source, dNi=d cos θ, and

consequently its harmonic coefficients, ΦðsÞ
l , where (s)

denotes the source. In this section, we discuss the approach
for obtaining a total arriving angular distribution,
dNtot=d cos θ.
Given two angular distributions, with two preferred

angles, dN1=d cos θ1 and dN2=d cos θ2, one can obtain
dNsum=d cos θsum ¼ dN1=d cos θ1 þ dN2=d cos θ2, with

bðsumÞ
l ðθsumÞ ¼ 0, for every l. Its harmonic coefficients

will be given by

ΦðsumÞ
0 ¼ Φð1Þ

0 þΦð2Þ
0

ΦðsumÞ
l ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΦð1Þ

l Þ2 þ ðΦð2Þ
l Þ2 þ 2Φð1Þ

l Φð2Þ
l cosðαÞ

q
; ð14Þ

where α is the angle between θ1 and θ2. If we consider
sources randomly distributed, then hcosðnαÞi ¼ 0.
Therefore, the coefficients of the angular distribution from
an ensemble of sources will be given by

ΦðtotÞ
0 ðEÞ ¼

X
s

nsðE; rsÞ

ΦðtotÞ
l>0ðEÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
s

½ΦlðE; rsÞnsðE; rsÞ�2
r

; ð15Þ

where ns denotes the arriving cosmic ray density, and the
sum over s denotes the sum over all sources. The angular
power spectrum, which contains the information about the
dipolarity of the distribution, can then be obtained by

CðtotÞ
l ðEÞ ¼ ðΦðtotÞ

l ðEÞÞ2=ð2lþ 1ÞP∞
n¼0 ðΦðtotÞ

n ðEÞÞ2=ð2nþ 1Þ
: ð16Þ

B. The nearest source dipole and dilution
from further sources

During propagation, cosmic rays may interact with
the photon background via pair production, pion produc-
tion, and photodisintegration, which leads to an energy-
dependent propagation horizon [19–23]. Limitations on the
propagation distance, which depend on the particle energy,
are also expected due to the presence of extra-Galactic
magnetic fields [8,24,25]. We use the semianalytical
method proposed in Ref. [8] to calculate the contribution
from each source to the spectrum, niðE; riÞ.
An understanding for the resultant dipole from an

ensemble of sources is obtained from the consideration
of Eq. (15). Specifically, it should be noted that the dipole

term sums incoherently, whilst the isotropic term sums
coherently. As further developed in Appendix B, to a first
approximation the total dipole can be understood as the
dipole from the closest source diluted by the ratio of the
contribution of farther sources, i.e., δ ≈ δ1n1=ntot.
Figures 4 and 5 show, respectively, the dipole for the

closest source (δ1) and the dilution factor (n1=ntot), i.e., the
ratio between the cosmic ray density coming from
the closest source and total cosmic ray density. Figure 4
can be appreciated as a reexpression of the relation shown
in Fig. 3 in terms of energy.
Figure 5 shows the dilution factor level due to the

contribution from more distant sources. For both lower and
higher energies, this dilution factor is smaller. The growth
of the dilution factor at lower energies is brought about by
the magnetic horizon effect, which suppresses the cosmic
ray contribution from more distant sources [8]. At higher
energies, the role of the energy loss horizon sets in, which
suppresses the cosmic rays from farther sources.

IV. EVOLUTION OF THE DIPOLE WITH ENERGY

With a clear understanding of the origin of an UHECR
dipole, how the ensemble dipole evolves as a function of
energy can be addressed. To obtain the dipole strength at
each energy, the contribution of each source to both the
spectrum and coefficients of the spherical harmonics must
be obtained.
Following Eq. (15) and the semianalytical method to

obtain the arriving cosmic ray rate considering energy
losses and magnetic fields effects, we have calculated the

18 18.5 19 19.5 20

 (E/eV)
10

log

2−10

1−10

1

10

1δ

 = 3 MpcminD

 = 9 MpcminD

 = 27 MpcminD

 = 81 MpcminD

 = 243 MpcminD

 = 1 Mpc | ProtoncohλB = 1 nG | 

FIG. 4. Dipole from the closest source as a function of the
energy. Each colored line represents a different distance to the
nearest source. A proton primary is considered, but similar results
are found for the other primaries.
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evolution of the harmonic coefficients with energy for
different ensembles. A spectral index of Γ ¼ 2, a maximum
rigidity of Rmax ¼ 1019 V and pure composition at the
sources were considered. Several distances to the nearest
source, Dmin, primary species, and magnetic field inten-
sities, B, within the range set by observations [26–29]
were treated.
The top panel of Fig. 6 shows the resulting dipole, δ, for

an example case with rs ¼ 27 Mpc, B ¼ 1 nG and nitro-
gen composition together the data measured the Pierre
Auger Observatory [3]. The bottom panel shows the
evolution of the power spectrum with energy. Two main
regimes are found. For lower energies, the total angular
distribution is dipolar, i.e., most of the power of the
function is in the first two poles (l ¼ 0 and l ¼ 1). For
this regime, the normalized distribution is well described by
1þ δ cos θ. For higher energies, the nondipolarity of the
distribution increases and the power is divided in higher
order multipoles. The transition between the regimes is
quantified by fnondip and we define the source to be in the
dipolar regime when fnondip < 1%.
The analysis done by the Pierre Auger Collaboration

shows that the measured distribution of arrival directions
can be well described by just a dipolar expansion and the
data is consistent with the assumption that no multipoles of
higher order are present. Henceforth, the angular power
spectrum in not being explicitly shown and the amplitude
of δ for the astrophysical models will be represented by
continuous and dashed lines. The change from continuous

to dashed lines is to illustrate the energy at which the
nondipolar behavior becomes important for each astro-
physical model, i.e., fnondip > 1%. Continuous lines show
the values of δ for energies at which fnondip < 1% for each
astrophysical model. Dashed lines, on the other hand, show
the values of δ for energies at which fnondip > 1%.
A statistical comparison between the models and the data

is beyond the scope of this work. However, it is important
to note that a comparison of the models to the data would
only be valid in the energy range delimited by the solid
lines. In this energy range, both the data and the models
can be well described by a pure dipolar expansion
(fnondip < 1%) and, therefore, the comparison is consistent.
A comparison of the value of δ obtained by the models to
the data in the energy range shown by the dashed lines is

2−10

1−10

1

δ

Auger

Dipolar

Nondipolar

 = 27 Mpc | NitrogenminD

 = 1 MpccohλB = 1 nG | 

18 18.5 19 19.5 20
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10

log

4−10

3−10

2−10

1−10

1

l
C  = 0l

 = 1l
 = 2l
 = 3l
 = 4l

non-dipf

Nondipolar regime

FIG. 6. Evolution of the total angular distribution with energy.
The top panel shows the amplitude of the dipole calculated from
the model and measured by the Pierre Auger Observatory [3].
The bottom panel shows the angular power spectrum. The shaded
area represents the energy range on the nondipolar regime.
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FIG. 5. Dilution factor of the dipole from the nearest source due
to the contribution of the more distant sources. Each colored line
represents a different distance to the nearest source. A proton
primary is considered, but similar results are found for the other
primaries.
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not valid because in this range the data can be described by
a pure dipolar expansion as shown in the analysis of the
Pierre Auger Collaboration while the models cannot.
Figure 7 shows the results for different species, for the

case of a fixed distance to the nearest source and scattering
length. For the cases considered, up to four regimes can
be seen, which directly relate to the regimes on the
contribution to the spectrum of sources from a distance
shell (see Ref. [8] for a detailed explanation of these
regimes). These regimes can be divided into the nondipolar
(A, fnondip > 1%) and three subregimes within the dipolar
(B, fnondip < 1%). From higher to lower energies:

(i) AI: Nondipolar regime: At the highest energies, the
angular distribution is dominated by the closest
sources, since the energy loss horizon prevents
farther sources contributing to the arriving cosmic
rays. These sources are in the ballistic regime and,
therefore, the total angular distribution is nondipolar,
i.e., fnondip > 1%;

(ii) BI: Nonresonant scattering enhancement: The di-
pole is dictated by the first source and diluted by the
farther ones. In this regime λscatt grows as E2, which
is reflected in the dipole;

(iii) BII: Resonant scattering enhancement: Same as the
previous one, but λscatt, and consequently the dipole
grow as E1=3;

(iv) BIII: Low energy magnetic horizon: In this
regime the behavior of the dipole is dictated by

the finite age of the Universe, which leads to the
magnetic horizon.

Figure 8 shows the dependence of the dipole strength
(assuming a fixed distance to the nearest source, CR
species, and magnetic field coherence length) for a range
of extra-Galactic magnetic field strength values. For most
cases, the dipole strength is seen to not depend on the extra-
Galactic magnetic field strength, B. In this case, CR
transport from sources reaches the steady-state diffusive
regime value, in which the dipole grows linearly with λscatt,
whilst the contribution to the total CR density from the
closest source grows with 1=λscatt, resulting in less dilution.
These two effects subsequently compensate each other.
For larger distances, however, this is not true anymore since
the effects of a finite source activity time, tmax, become
relevant. Also, as expected, the energy at which the
nondipolar regime becomes dominant heavily depends
on the magnetic field strength, B.
Finally, Fig. 9 shows the dipole dependence (assuming a

fixed extra-Galactic magnetic field strength and coherence
length) for different cosmic ray primary species and
distances to the nearest source. The dependence on Dmin
follows from the fact that the dipole of the first source
depends on 1=Dmin, whilst the dilution factor, which
depends inversely on the number of contributing sources,
grows withD2

min. Consequently, lower values ofDmin imply
lower values for the dipole (i.e., the dilution effect wins),
at least in the energy region below the nondipolar regime
(i.e., for energies in which fnondip < 1%).
Although it is not our aim here to make strong compar-

isons to the results from the Pierre Auger Observatory, a
few general comments are worth noting. While for the
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FIG. 7. Evolution of the amplitude of the dipole with energy.
The data points show the amplitude of the large-scale dipole
measured by the Pierre Auger Observatory [4]. The continuous
lines show the region in which the angular distribution is dipolar,
i.e., fnondip < 1%, while the dashed lines show the region in
which the nondipolarity is significant.
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FIG. 8. Same as Fig. 7, but for a fixed distance to the nearest
source and primary and different magnetic field intensities.
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FIG. 9. Same as Fig. 7, but for a fixed magnetic field intensity and primary. Each line represents a distance to the nearest source and
each panel represents a primary.
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intermediate energies (1018.9 eV < E < 1019.4 eV), the
evolution of the dipole is consistent with an intermediate
composition, the distribution at the most energetic data
point (E ∼ 1019.6 eV) needs to be driven by either heavier
nuclei at the sources, such as Silicon and Iron, or strong
extra-Galactic magnetic fields (B > 1 nG). Furthermore, a
strong evolution of the dipole strength with energy was
only found for cases in which the dipole contribution from
the nearest source was in the steady-state diffusion regime.
Lastly, in most of the cases, the distribution becomes
nondipolar (fnondip > 1%) at the highest energies, which
might be consistent to the sky maps presented by the Pierre
Auger Observatory in their anisotropy studies [30,31].
It is noteworthy that the calculations presented here

consider the mean dipole strength obtained for an ensemble
of randomly distributed sources. However, due to Poissonian
fluctuations in the position of randomly distributed sources,
a large variance of the order of the mean is expected, as
estimated in Appendix B. A more rigorous comparison with
the data would, thus, be extremely dependent on the
considerations about the position of the sources.

V. CONCLUSIONS

In this work, we have further developed a picture for the
development of a large-scale dipole in the CR arrival
direction distribution due to their diffusion in extra-
Galactic magnetic fields. We have proposed a simple
general approach for calculating the angular distribution,
and subsequently the dipole and angular power spectrum
of arriving cosmic rays emanating from an ensemble of
sources.
The dependency of the dipole and angular power

spectrum on the particle scattering length, source distance,
and activity age the sources, for a range of transport
regimes, were found to have a simple origin. For inter-
mediate values of λscatt=rs (rs=tmax ≲ λscatt=rs ≲ 1), the
steady-state diffusive regime result in which the dipole
behaves as δ ≈ λscatt=rs, was verified. For lower values of
λscatt=rs, the onset of a magnetic horizon which increases
the dipole was shown. For large values of λscatt=rs, the
transition to the ballistic regime was shown to be dominant,
and a quantification of the nondipolarity of the distribution
was proposed in the form of the term fnondip.
The combination of the general approach for the angular

distribution of a single source proposed in this work with
the semianalytical method for the propagation of UHECR
proposed in our previous work [8] provides the necessary
tools for studying the evolution with energy of the dipole
from an ensemble of sources. Using this tool, a novel
approach taking into account different contributions from
each source due to energy losses and extra-Galactic
magnetic fields effects as well as different primaries
becomes possible.

We have covered and discussed the different regimes for
the dipole strength evolution with energy, for different
combinations of extra-Galactic magnetic field strength
value, distance to the nearest source, age of activity of
the sources, and primary cosmic ray species. Investigating
the effect of changing the distance of the nearest source, the
dipole was shown to be dictated by the closest sources,
while diluted by the farther ones. From that, the distance to
nearest source, Dmin, was found to control the amplitude of
the dipole for the energies where the arriving distribution is
dipolar. Smaller values ofDmin gave rise to a larger number
of contributing sources, acting overall to dilute the
dipole and, consequently, reduce the overall dipole ampli-
tude. Also, a steep energy evolution of the dipole is only
found when steady-state diffusion regime is achieved. As
shown in Fig. 9, this happens only if small values of Dmin
are considered. This general result further supports the
previous findings that a local UHECR source must
exist [8,24,32].
The transition from a dipolar to a nondipolar distribution

and its importance to modeling the anisotropy data mea-
sured by the Pierre Auger Observatory were also discussed
via an angular power spectrum analysis. We have shown
that, for some realistic scenarios, the distribution is already
expected to be significantly nondipolar at the highest
energies. For these cases, a simple comparison of the
amplitude of the calculated dipole to the dipole measured
by the Pierre Auger Observatory is not consistent. A
combination of more realistic models and further data on
the higher poles of the distribution measured by the Pierre
Auger Observatory as well as their evolution with energy
(similarly to what has been done in Ref. [14]) can prove to
be an essential key to decipher this question. A statistical
comparison of the model developed here with data is
outside of the scope of this work. The results presented
here contribute to building up the understanding of the
arrival direction of UHECR and to providing important
insights for testing realistic models.
In summary, we have improved our understanding on the

dipolar behavior in the distribution of arrival directions of
UHECR and provided a relevant set of tools for pursuing
the answer for the century-long question about their origin.
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APPENDIX A: DEPENDENCY ON AGE
OF ACTIVITY OF THE SOURCE AND

ANGULAR RESOLUTION

As discussed in Sec. II, the evolution of the amplitude of
the dipole with λscatt=rs departs from the steady-state
diffusive regimes for both low and high values of λscatt=rs.
The horizon at lower values of λscatt=rs is related to the

finite age of activity of the sources. Particles that went past
Earth and must subsequently diffuse back might, in order to
arrive, have a longer path than the age of the Universe, in
contrast with head-on particles, which have a shorter path,
increasing, thus, the dipole. This regime is significant
for λscatt=rs < rs=ctmax.

In the ballistic regime, on the other hand, the dipolarity
of the distribution is suppressed for large values of λscatt=rs
as shown by the angular power spectrum. From Eq. (5), it
was expected that, in this regime, the angular distribution
would be described by a delta function at θ ¼ 0. For such
distribution, the amplitudes of a0 and a1 would tend to
zero, while an infinite number of poles would be needed to
describe it. A delta distribution, however, is nonphysical
since the source has a given size and the experiments have a
given angular resolution. Figure 10 shows the angular
power spectrumwhen different angular resolutions, θres, are
tested. Cl tend to a finite value which is smaller the better
the angular resolution and which follows C0 ¼ C1=3, as
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FIG. 10. Evolution of the angular power spectrum with λ=rs. The panels are for θres ¼ f0.1°; 0.3°; 1°; 3°g. Each continuous line
represents a power, l, and the dashed line represents the term fnondip.
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expected from the definition in Eq. (10). Throughout the
paper θres ¼ 1° is used.

APPENDIX B: FIRST APPROXIMATION AND
VARIANCE OF THE TOTAL DIPOLE

We consider a set of distance shells, each located at
iDmin, and containing i2 number of sources within the shell
volume. The contribution of each shell to the final dipole
can be estimated as

hΦðiÞ
1 i2 ¼ i2ðΦðsiÞ

1 nsiÞ
2

n2tot
; ðB1Þ

where ntot is total cosmic ray density coming from all the

sources, and aðsiÞ1 and nsi are, respectively, the dipole term
and the cosmic ray density from a single source in shell i. In
the steady-state diffusion regime, the cosmic ray density
from a single source in shell i behaves as 1=ri ¼ 1=ðiDminÞ
and the dipole strength from such a source behaves as
λscatt=ri ¼ λscatt=ðiDminÞ. The overall contribution of
sources in shell i to the dipole can therefore be as a
function of the contribution of the first source,

hΦðiÞ
1 i2 ¼

i2
�
Φð1Þ

1
n1

i2

�2

n2tot
¼

�
Φð1Þ

1 n1
intot

�2

: ðB2Þ

Consequently, the total dipole can be approximated as

hΦðtotÞ
1 i2 ≈

X
i

�
Φð1Þ

1 n1
intot

�2

⇒

δ ¼ hΦðtotÞ
1 i ≈Φð1Þ

1 n1
ntot

: ðB3Þ

Throughout the paper, we have considered sources
randomly distributed, leading to hcosðnαÞi ¼ 0 in

Eq. (14). Therefore the Φ1 term here calculated represents
the mean dipole. It is important to estimate its variance.
We use Eq. (14) and consider sources in the same shell,

i.e., with the same ΦðsÞ
1 term for the single source angular

distribution. For the convenience of the notation, we define
the dipole term of the summation of two angular distribu-
tions as [see Eq. (14)]

A ¼ ð2ΦðsumÞ
1 Þ2: ðB4Þ

The variance will then be given by

hAi ¼ 2Φ2
1 þ 2Φ2

1hcosðϕÞi ¼ 2Φ2
1

hA2i ¼ ð2Φ2
1Þ2 þ 4Φ4

1hcos2ðϕÞi þ 4Φ4
1hcosðϕÞi

¼ ð2Φ2
1Þ2 þ 4Φ4

1

σðAÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hA2i − hAi2

q
¼ 2Φ2

1; ðB5Þ

from which one can obtain the total variance,

σðΦtot
1 Þ ¼ σðδÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
i

�
ΦðiÞ

1ffiffi
i

p
�2

vuut

≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
i

�
Φð1Þ

1 n1
i2ntot

�2

vuut ≈ δ: ðB6Þ

Due to the Poissonian behavior, the variance is dictated
by the closest shells, which contain fewer sources and, as
demonstrated, are of the same order of the mean.
Another source of uncertainties in the model is the

relation between the distance to the nearest source, Dmin,
and the average distance between sources, which is taken as
the same for the hypothesis here considered. A large
fluctuation is expected, though, for the distance to the
nearest source, which is known to drive the dipole.
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