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A B S T R A C T

Noise reduction is a relevant topic in the application of chaotic signals in communication systems, in modeling
biomedical signals or in time series forecasting. In this paper an echo state network (ESN) is employed to
denoise a discrete-time chaotic signal corrupted by additive white Gaussian noise. The choice of applying ESNs
in this context is motivated by their successful exploitation for the separation and prediction of continuous-time
chaotic signals. Our results show that the processing gain of the ESN is higher than the one obtained using a
Wiener filter for chaotic signals generated by a skew-tent map. Since the power spectral density of the orbits
in this map is well known, it was possible to analyze how the processing gain of the ESN in the denoising
process varies according to the spectral characteristics of the chaotic signals.
1. Introduction

Many different techniques have been proposed in an effort to solve
the noise reduction problem [1]. In recent years, there has been an
increased interest in machine learning techniques due to their great
adaptability, despite their rather simple design principles. Therefore,
it is natural to investigate their performance for noise mitigation com-
pared to other well-established techniques such as wavelet filtering
[2,3].

In particular, Echo State Networks (ESNs) emerged in the early
2000s in an effort to reduce the problems faced when designing Recur-
rent Neural Networks (RNNs): (i) the training of RNNs is cumbersome
when using classical methods based on gradient descent, such as back-
propagation; (ii) the lack of convergence guarantee; and (iii) the high
computational effort required due to the large number of parameters
to optimize [4].

The distinguishing feature of ESNs is that only the weights in the
output layer are optimized during training [4]. The remaining weights
do not change during training, minimizing the number of parameters
to optimize [4]. ESNs are widely used due to their simplicity and low
computational cost in many applications related to dynamical systems,
such as the separation [5] and prediction [6] of chaotic signals. The
computation time for a given performance is much lower than that of
a standard RNN, reaching over 99% in some cases [7].

An investigation of the use of ESN for noise reduction in sinusoidal
waves with random phases and time-varying envelopes was carried out
by [8]. At [9], ESNs were used to denoise electroencephalogram signals
disturbed by physiological signals and electrode interference. In [10],
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an ESN is used together with a Kalman filter to equalize a chaotic signal
in a nonlinear channel.

In the present work, we consider discrete-time chaotic signals dis-
turbed by additive white Gaussian noise (AWGN). The aperiodic be-
havior, together with the sensitive dependence on initial conditions
of chaotic signals [11] adds to the difficulty of the denoising task.
To demonstrate that the ESN can be useful in solving the denoising
problem, we compare the processing gain of ESN with that of the
Wiener Filter (WF), as it is the optimal linear filtering technique.

It is important to note that in this paper the chaotic signals are
generated by a discrete-time system, in contrast to most of the liter-
ature, which generally considers standard continuous-time dynamical
systems, such as Lorenz or Rossler systems [12,13]. This is relevant
not only because digital signal processors and simulation software
inherently use discrete-time signals, but also because many processes,
such as digital currencies [14] and crude oil time series [15], gener-
ate chaotic signals in discrete time. These signals can also represent
equivalent low-pass discrete-time signals in chaos-based communica-
tion systems [16].

In particular, the skew tent map [17] is used to obtain the chaotic
signals here. The power spectral density (PSD) of its orbits is deter-
mined by its single parameter in a simple deterministic way [17]. The
rationale for considering this map here is thus justified, because know-
ing the PSD in the context of noise reduction is useful for performing
an analysis of how orbits with different PSDs affect the denoising task.

Fig. 1 shows a block diagram of the problem at hand. After the
training period, the ESN output 𝒚(𝑛) is expected to approximate the
vailable online 7 September 2023
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Fig. 1. Problem formulation: noise reduction of a chaotic signal using ESN.

Fig. 2. (a) The skew tent map (1); (b) two orbits for 𝛼 = 0.7 with initial conditions
0 = 0 (red line) and 𝑑0 = 10−6 (blue line) showing SDIC; (c) PSD for different values
f 𝛼.

esired noiseless chaotic signal 𝒅(𝑛) from the corrupted input signal
𝒖(𝑛) = 𝒅(𝑛) +𝒘(𝑛), where 𝒘(𝑛) is AWGN.

The remainder of this short communication is divided into four
ections. Section 2 gives a brief description of the chaotic signal gen-
rator considered here. Section 3 discusses the operation of the ESN.
ection 4 presents and discusses the results obtained. Finally, our main
onclusions are summarized in Section 5.

. Considered chaotic signals

Chaotic signals are bounded, aperiodic, and have a sensitive depen-
ence on initial conditions (SDIC) [11]. The one-dimensional discrete-
ime chaotic signal 𝑑(𝑛) considered in this paper is obtained from the
kew tent map defined by [17]

(𝑛 + 1) = 𝑓 (𝑑(𝑛)) =

⎧

⎪

⎨

⎪

⎩

1−𝛼
1+𝛼 + 2

1+𝛼 𝑑(𝑛), −1 < 𝑑(𝑛) < 𝛼
1+𝛼
1−𝛼 − 2

1−𝛼 𝑑(𝑛), 𝛼 ≤ 𝑑(𝑛) < 1,
(1)

with initial condition 𝑑(0) ≜ 𝑑0 ∈ (−1, 1) and fixed parameter 𝛼 ∈
(−1, 1), the 𝑥-coordinate of the peak of the tent. Fig. 2(a) shows a plot of
𝑓 (⋅) and Fig. 2(b) depicts two of its orbits, with slightly different initial
conditions, to illustrate the SDIC property.

In [17] it was shown that the PSD of the orbits of 𝑓 (⋅) is given by

𝑃 (𝜔) = 1 − 𝛼2

3(1 + 𝛼2 − 2𝛼 cos𝜔)
. (2)

As shown in Fig. 2(c), 𝑃 (𝜔) is white for 𝛼 = 0. The essential band-
idth [17] of the chaotic signals decreases with |𝛼|, and the PSD is

oncentrated at higher frequencies (𝛼 < 0) or lower frequencies (𝛼 > 0).
n other words, the further away from 𝛼 = 0, the more the spectral
haracteristics of the chaotic signal generated will differ from a white
oise signal. This direct relationship between the 𝛼 parameter and
he PSD is what led us to choose this map. It allows us to analyze,
n Section 4, the influence of the PSD of the chaotic signal on the
2

erformance of the ESN in the noise reduction task.
. Echo state networks

The purpose of an ESN as shown in Fig. 3 is to use an input signal
(𝑛) ∈ R𝑁𝑢 to approximate a target signal 𝒅(𝑛) ∈ R𝑁𝑑 after a training
eriod. It consists of (i) an input layer, (ii) the so-called reservoir, and
iii) an output layer. Each of these parts is made up of information
rocessing nodes connected by links, through which information is
xchanged [4,18].

The role of the input layer is to preprocess the input signal in order
o control the amount of nonlinearity of the ESN [18]. It computes

in [1 𝒖(𝑛)
]𝑇 , where 𝑾 in is 𝑁 × 𝑁𝑢 + 1. So there are 𝑁𝑢 + 1 entry

odes, one for each dimension of 𝒖(𝑛) and an extra one for the bias. The
atrix 𝑾 in is called the input matrix and its entries are samples from
niform distributions. The entries in the first column are drawn from
uniform distribution in [−𝑝, 𝑝], while the remaining entries follow a

niform distribution in [−𝑞, 𝑞].
The reservoir consists of 𝑁 nodes connected to each other. The

eight of each link is determined randomly and are the entries of the
nternal matrix 𝑾 𝑁×𝑁 . They are obtained as follows: first, the entries
f an auxiliary matrix 𝑾 aux

𝑁×𝑁 are drawn from a uniform distribution in
−1, 1]. Then its spectral radius 𝜌 is determined. Finally, we compute

= 𝜆
(

𝑾 aux∕𝜌
)

, where 𝜆 is a parameter. Since 𝑾 aux∕𝜌 has unit
pectral radius, it follows that 𝑾 has spectral radius 𝜆.

Each node 𝑘, 1 ≤ 𝑘 ≤ 𝑁 , in the reservoir has an internal state 𝑟𝑘 ∈ R,
hich forms the internal state vector 𝒓(𝑛) ∈ R𝑁 . At each time 𝑛+1, the

nternal state vector is updated according to the leaky-integrator model
quation

(𝑛 + 1) = (1 − 𝑎) 𝒓(𝑛) + 𝑎 tanh
(

𝑾 in [1 𝒖(𝑛)
]𝑇 +𝑾 𝒓(𝑛)

)

, (3)

ith leakage parameter 𝑎 ∈ [0, 1] and initial condition 𝒓(−𝓁 + 1) = 𝟎.
After a transient period of 𝓁 time steps, the training period be-

ins. During 𝐿 ∈ N training time steps, the corresponding state
ectors are collected in the trajectory matrix 𝑻𝑁×𝐿, defined by 𝑻 =

[

𝒓(1) 𝒓(2) … 𝒓(𝐿)
]

. which is passed to the output layer.
Let 𝑫𝑁𝑑×𝐿 be the matrix of samples of the desired signal available

for training, that is, 𝑫 =
[

𝒅(1) 𝒅(2) … 𝒅(𝐿)
]

. The optimized
weights of the connections from the reservoir to the output are given by
𝑾 out = 𝑫𝑻 +, where 𝑻 + is the Moore–Penrose pseudoinverse of 𝑻 . After
training, the ESN output signal is calculated as a linear combination,
𝒚(𝑛) = 𝑾 out𝒓(𝑛).

At this point, our description of the ESN is almost complete. Only
four parameters remain to be adjusted: (i) the leakage parameter 𝑎, (ii)
the spectral radius 𝜆 of 𝑾 , and the scalars (iii) 𝑝 and (iv) 𝑞 that define
the intervals of the uniform distributions used to obtain 𝑾 in. Our
methodology for choosing them is described along with the numerical
results in Section 4.

4. Numerical simulations

The desired one-dimensional chaotic signal 𝑑(𝑛) is generated by
(1) for a given 𝛼 and initial condition 𝑑0. The corrupted input 𝑢(𝑛) of
he ESN is then 𝑢(𝑛) = 𝑑(𝑛) + 𝑤(𝑛), where the AWGN 𝑤(𝑛) power is
etermined by a chosen SNRin. Fig. 4 shows examples of 𝑑(𝑛), 𝑤(𝑛) and
(𝑛) for 𝑑0 = 0, 𝛼 = 0.7 and SNRin = 2.0 dB.

Our goal is to train the ESN to reduce the noise component in 𝑢(𝑛).
his means that after sufficient training, the output signal 𝑦(𝑛) of the
etwork should mimic the desired chaotic signal 𝑑(𝑛), using only 𝑢(𝑛)
s input.

The ESN was designed with 𝑁 = 500 nodes, a transient of 𝓁 = 200
amples, and 𝐿 = 25 000 samples for training. For the estimation of the
utput SNR (SNRout), 𝐿𝑇 = 106 samples were considered in the ratio

NRout =
∑𝐿𝑇

𝑛=𝐿+1 𝑦
2(𝑛)

∑𝐿𝑇
𝑛=𝐿+1(𝑑(𝑛) − 𝑦(𝑛))2

. (4)
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Fig. 3. ESN architecture, indicating the signals 𝒖(𝑛), 𝒚(𝑛), 𝒅(𝑛) and the internal state vector 𝒓(𝑛).
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Fig. 4. Examples of training signals: (a) noiseless chaotic signal 𝑑(𝑛) for 𝛼 = 0.7 and
0 = 0; (b) AWGN for SNRin = 2.0 dB; (c) input signal 𝑢(𝑛) (blue line) for the ESN; 𝑑(𝑛)
s also shown for comparison.

.1. Selecting the ESN parameters

To select the ESN parameters 𝑎, 𝜆, 𝑝 and 𝑞, we have generated 𝑢(𝑛)
ith an arbitrary 𝑑0 ∈ (−1, 1), 𝛼 = 0.1 and SNRin = 2.0 dB. The selection

outine can be summarized in the following steps:

1. Start with 𝜆 = 𝜆0 = 0.05, 𝑝 = 𝑝0 = 0 and 𝑞 = 𝑞0 = 0.5.
2. Keeping 𝜆, 𝑝 and 𝑞 fixed, vary 𝑎 from 0 to 1 in 0.05 steps. In

each case, train and test an ESN to find 𝑎 = 𝑎1 that maximizes
𝐺[dB] ≜ SNR out[dB] − SNRin[dB].

3. Similarly, 𝜆1 is determined by varying 𝜆 between 0.05 and 1 in
0.05 steps, using 𝑎 = 𝑎1, 𝑝 = 𝑝0 and 𝑞 = 𝑞0.

4. Next, 𝑝1 is obtained by varying 𝑝 between 0 and 10 in 0.5 steps,
with 𝑎 = 𝑎1, 𝜆 = 𝜆1 and 𝑞 = 𝑞0.

5. Similarly, 𝑞1 is obtained by varying 𝑞 between 0.5 and 10 in 0.5
steps, while 𝑎 = 𝑎1, 𝜆 = 𝜆1 and 𝑝 = 𝑝1.

6. Steps 2–5 are repeated, yielding 𝑎𝑖, 𝜆𝑖, 𝑝𝑖, 𝑞𝑖, 𝑖 = 2, 3,…. The
search continues until the selected values for each parameter do
not change. They correspond to the selected parameters 𝑎⋆, 𝜆⋆,
𝑝⋆, and 𝑞⋆.

A typical evolution of the parameters during this procedure is shown
n Fig. 5. It took 12 iterations for all parameters to stop changing.
he final selected parameters are 𝑎⋆ = 0.80, 𝜆⋆ = 0.75, 𝑝⋆ = 1.50
nd 𝑞⋆ = 1.00, which are used in our simulations. We found that a
ifferent search order results in a different set of parameters. However,
ur simulations have shown that the final processing gain is virtually
3

he same regardless of the order used. t
Fig. 5. Selection of the ESN parameters. Parameters at each iteration: (a) 𝑎: leakage
parameter; (b) 𝜆: spectral radius of 𝑾 ; (c) 𝑝 and (d) 𝑞: parameters of uniform
distributions used to determine the entries of 𝑾 in; (e) processing gain 𝐺[dB] at each
iteration.

4.2. Denoising results and analysis

Fig. 6 shows examples of the estimated signals using ESN and a
WF [19] for SNRin = 2.0 dB and skew tent map parameter 𝛼 = 0.9. We
enote the signal estimated by the ESN 𝑑(𝑛) and the signal estimated
y the WF by 𝑑W(𝑛). In this case, SNRout = 7.7 dB for the ESN and
NRout = 5.1 dB for the WF, showing that the ESN outperforms the WF
n this scenario.

As can be seen in (2) and Fig. 2(c), the PSD of the chaotic signal be-
omes whiter as |𝛼| approaches zero. Thus, in terms of autocorrelation
t becomes similar to the corrupting noise, denoising it becomes more
ifficult, and one can expect the processing gain to decrease with |𝛼|.

Using the optimal parameters obtained in Section 4.1, the ESN was
rained and tested for different values of 𝛼 ∈ (−1, 1). Fig. 7 presents
he results obtained in terms of the mean processing gain after five
raining/test scenarios. As a benchmark, a WF with 10 taps was used to
erform the same denoising task. The error bars indicate the standard
eviation calculated from the five repetitions.

The presented results show that the ESN outperforms the WF for
ll values of 𝛼. This follows not only because ESN is a nonlinear
echnique, but also because it has proven to be well suited for handling
ime series [5,6]. Furthermore, as expected, the performance of both

echniques degrades as 𝛼 approaches zero. Note that for 𝛼 = 0, the PSD
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Fig. 6. Noise reduction for 𝛼 = 0.9 and SNRin = 2.0 dB. Black lines represent the desired
ignal 𝑑(𝑛). (a) Input signal 𝑢(𝑛); (b) WF estimated signal 𝑑W(𝑛); (c) ESN estimated signal
𝑑(𝑛).

Fig. 7. Processing gain in dB as a function of the skew tent map parameter 𝛼 using
an ESN and a WF.

of the chaotic signal is white, and the processing gain for the WF is
zero, unlike the processing gain for the ESN.

In addition to outperforming the WF for each 𝛼 considered, the
SN processing gain increases as |𝛼| increases, and at a faster rate.
he ESN processing gain is maximum for 𝛼 = 0.95, where it reaches
.17 ± 0.05 dB.

In papers such as [12,13] processing gains ranging from 6.0 dB to
5.0 dB have been obtained using other techniques but always consid-
ring continuous-time chaotic systems. As mentioned in Section 1, we
onsider the task of denoising discrete-time chaotic signals to be much
ore difficult.

. Conclusions

In this paper, we have analyzed the use of an ESN to reduce noise
n a chaotic signal. Unlike other works in the literature, we considered
ignals generated by discrete-time maps, whose lack of smoothness
akes the task more challenging. As a chaotic signal generator, we

onsidered the skew-tent map because the dependence of its PSD on its
ingle parameter is known, which allows an analysis of the influence
f spectral whiteness on the denoising performance.

We have shown that by selecting and tuning the network parame-
ers, the ESN outperforms a WF, the optimal linear filtering technique,
4

n all cases, especially when the PSD of the chaotic signal is white,
esulting in zero gain for the WF. For increasing values of |𝛼|, the PSD of
he chaotic signals becomes narrowband, and the obtained processing
ain is higher.

As future investigations, we intend to compare the performance of
he current method with other nonlinear techniques, such as wavelet
iltering or standard RNNs, and also to evaluate how the proposed
oise reduction technique can be used to improve the performance of
haos-based communication systems in noisy channels.
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