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Abstract
We e :
st : : . A :
ablish in this paper sufficient conditions for existence of periodic solutions for

Systems of the type

iz HQy), §=-3 f@H{) -9

1.
Int.r()d uction

In1 .
(1] and [2] using, respectively, the positive definite functions

¥

y s
Va(.T‘y)z‘/o g(u)du+ J ;—s—ﬁdb‘

and
y s

y -
Volz,y) = / g(u)du+](; ;P’/m
A :

We ¢
stablis
1s] > - ; T .
1 sufficient conditions for the existence of periodic solutio

ds.

ns for the equations

i+ f(z)é +g(x)=0 and I+ )i+ 9(2) =0,

Where
P and ¢ are odd natural numbers, mutually prime, with 1< 5 <2

Now
, we extend these conditions for systems of the type

&= H(y) (1.1)
§ ==Y, i) Hily) - g(z)
ing the following conditions:

Where
fi, Hi, g, H : R — R are functions of class C’ satisfy
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D) z¢(z) >0, z 0,

m[“x:w=+~=[‘«:n=

) yH(y)>0(i=1,2,

' ;
tmn[V)ltfollowsthax,forall 7 G=12_ 1) and >0
H(r)
nH,(T) & ldr = 400.
Let je{1,2

9y ..

-.n}. Suppose that. for all a >0, thereis s>0 mar
0H5(3)+1=0
and

- aHy)(y)+1>0, for y>s,

LG
o aH,(r) 417 = too.

ik | - ; .o DY
be €asily verified that the level curves of the positive definite - ‘3

! 2)
Vailz,y) = u it :
j A 9(u)du + /o md‘r, y> %

sho¥
4(2,0) is strictly increasing in [0, +o0- Such
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It . .
can also be immediately verified that the derivative of (1.2) relative to the system (1.1)
is

() H; () f5(2) = ag(r)] + Loy i OBWHE) - (2)

Vai(z,y) = —
aHj(y)+1

W £ !
€ also consider the positive definite function

W(z,y) = /0 g(u)du + /oyH(r)dr, (z,y) € R”. (3.2)

It e
€40 be easily verified that all level curves of (3.2) are closed and W (z,0) is strictly

ing A e .
reasing in [0.+00[. The derivative of 1V relative to the system (1.1)3s

W(z,y) = -3 S HiwHW) - (3.3)
=1

It ’ ) T
€an also be easily verified that condition IV) ensures the solutions of

dy - Hi(y) _ 9(=) 0

dy _ _ 3 ) LRy #0,

1=~ LG T HW

do k s
0ot adm;t vertical asymptotes; consequently, the solutions of (1.1) do not admit either.

Le
i 1, Assume there are o >0, b>0 and j such that, for all = 2 <

fi(z) > ag(z) and fi(z) 20 i#]
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Assume, also, there is s <0 such that
aHj(j)+1=0, aHj(y)+1>0, y>s,

and
‘_H() o
/oaHj(r)+ldT—+oo'

Let yo > 0: L= Va.j(b,!lo) and
K={(z,y)|z>b, y>sand V, j(z,y) < L}.

Let ~(t) = (z(t),y(t)) be the solution of (1.1) so that ~(tg) = (b,y;) with 0 < y; <y,
Then, there is t; > to such that
Yt)eEK, to<t<t, and (t;)=(b,y2)

with s <y, <0.

Proof. Similar to the proof of Lemma 1 in (2], replacing V, by Vi, ;. |
In a similar way, we can prove, using (3.2), the following lemma.

Lemma 2. Assume there exist ¢ < a < 0 such that, for all x € [c,a] and 1 =1,2, .. .»n
fi(z) 2 0.
Let 7 >0 be such that W (c.0) =1 (a.~r) = L. Consider the set
K ={(z.y)|c<2<aand W(ay) < L).

Let ~(t) = (z(t),y(t)) be the solution of (1.1) such that ~(ty) = (a,y0). with

—r < yop < 0. Then, thereis t; >t such that
‘Y(t) € I\’, to S t S f) and ‘y(tl) = (a‘y])

with y; > 0.
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3. Sufficiente conditions for existence of periodic solutions
Theorem 1. Consider the system (1.1) where f;, H;, ¢ and H (1 =1,2,...,n) satisfy
the conditions I) to IV) of section 1. Assume, also, that

1) there are a >0, >0 and j such that, for all = > b,

fi(z) 2 ag(z) and fi(z) 20, 1 #3J;

2) there exists s < 0 such that
aHj(s)+1=0, aHj(y)+1>0, y>s,

and

°  H(y)
— Y = ’
/(; aH;(y) +1 i

3) the origin is repulsive;
4) thereis a <0 such that, for all z < a,

fi(z) 20 i(i=1,2.52,%)
In these conditions, the system (1.1) admits at least one non trivial periodic solution.

Proof.
Let ~(t) = (z(t),y(t)) be the solution of (1.1) when at time ¢ = 0 it is in the

position

Because v does not admit vertical asymptotes and the origin is repulsive. it follows that

v crosses the negative half axis of y at the point

y(t) = (0,;), n <0,
where t; > 0 is the smallest value of ¢ for which 5 crosses that axis. The assumptions
1) to 4) together with lemmas 1 and 2 ensure that y(t) will again cross the y negative

half axis at-the time- 191> 1y in a point.(0,y2). with_y < y2 < 0.
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From theorem of Poincaré-Bendixson, the system (1.1) will admit at least one n ivial
> non trivia

periodic solution.
m

Remark 1. One sufficient condition for the origin to be repulsive is the exister f real
1Ce Ol rea

pumbers 8 (i=1,2,...,n) and 1 > 0 such that
fi(z) < Bi(x), 0< |zl <ry,

because, in this case, there is r, > 0 such that 1",; (r.y) <0 for 0 < |z| <
' r;  and

ly| < r2, where

V.(z,y)=/ ( 1+/ Hir)
ogu)(u Z ,,JH(

S filx) = Big(x))H (y)H(y)
Zlnlﬂ' (y)+1

aud there exists r3 > 0 such that the level curves

Observe that
“, i(:r'l y) S -

Va,(z,y) = Vg, (z0,0), |20l <73 and [yo| <73

are all closed curves.

Remark 2. Theorem 1 remains evidently valid if the assumptions 1, 2 and 4 are replaced

by
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1’) there are a <0, a <0 and j such that, forall z <a
fi(z) 2 ag(z) and fi(z) 20, i#;j;

2') thereis s >0 such that
oHj(s)+1=0, aH;(y)+1>0, y<s,

and

‘_HY) o
/oOH;'(y)+1dy_+°°’

4’) thereis b >0 such that, for all z > b,

fi(z) 2 0.

Theorem 2. Consider the system (1.1) where f,, H,, ¢ and H (: =1,2,...,n) satisfy
the conditions 1). II), III) and IV-b) of section 1. Assume, also, the hypotheses 1), 2) and

3) of theorem 1 and

4) thereis a <0 such that, for all z € [c,q],

() 220 V= T2 ey )

where W(c.0) = W(a,-7r), r > —s+ A(b—a)M,. 42> max
a<r<b

> @)l + lg(2)]
=1

and M, is such that, for all y <,

. S A’I] and —1—'— < .’\‘11 ”

Hi(y)
H(y) [H{y)l ~

Then, the system (1.1) admits at least one non trivial periodic solution.

Proof.
Let ~(t) = (z(t),y(t)) be the solution of (1.1) when at the time t = 0 it is in the

position

(0) = (b, 5). '
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Since v does not admit vertical asymptotes and the origin is repulsive, there is a smallegt”

time t; > 0 such that
1ty) = (a,y1), 11 <0, or (t)=(21,0), a<z; <O.
It can be immediately shown that
s—A(b—a)M, <y, <O.

(Indeed: assuming y; < s, let y = y(z) be the solution of

- Hi(z) g(z)
=~ LA~ He)

such that y(a) = n and y(b) = s; thereis ro €)a,b] such that y(z9) = s and Sk

a < r < z9; from mean value theorem
y(zq) — v(a) < AM,(zq — a).)

Let t; > 0 the smallest value of t for which y crosses the y negative half ax;
il aXas:

(t2) = (0,¥2), y2 < 0. The hypotheses 1), 2), 3) and 4) together with lemmas 1 ayg

9 ensure that ~(t) will again cross the y negative half axis at a point (0,y;) with

yr < y3 <0. ‘ &

\{\
L

w(X,y)=L\\\ ;
LY ——

(W(z,y) = L = W(c,0) = W(a,~r)). From theorem of Poincaré-Bendixson the system

(1.1) admits at least one non trivial periodic solution. =
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Remark 3. Theorem 2 remains valid if the assumptions 1), 2) and 4) are replaced
respectively, by 1’) and 2’) of remark 2 and by
4’) thereis b> 0 such that, for all z € [b,c],

fi{z)20 (i=1,2,...,n)

h W(c,0) = W(b, _ ®
where W(c,0) = W(b,r), r > s+ A(b—a)M,, AZ‘IE:%(‘[EU.-(:NJFISJ(I)I and
M, is such that, for y > s, i=1

Hi(y) 1
<M, and ——— <
HEy) < G =M
Theorem 3. Consider the system (1.1) where f;, H,, ¢ and H (1 =1,2,...,n) satisfy

the conditions I), II), IIT) and IV-L) of section 1. Assume, also, the assumptions 1), 2)
and 3) of theorem 1 and

4) thereare a <0, 3,20 (1 =1,2,....n), with Y, Bi>0, and s; <0 such that
fi(-t) 2 B-Q(JT)V I _<. a,

Zﬂ'Hl(y)+1>0v y231|
=1

and

S S s - .'1(1) - (J)A]]

where A 2 Jes, [Z [fi(x)] + |g(x)]| and M, is such that, for all y <'s,
=T 1=1

Hi(y) 1
<M ) [T gV (W
Tl : 7 e

Then, the system (1.1) admits at least one non trivial periodic solution.

Proof.

Consider the positive definite function

’ H(r)
0 L=y BiHi(T)+1

Va(z,y) = / o(u)du + de, 43 m
0
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The derivative of Vg, relative to the system (1.1) is

? - E?: [f.(l') - ﬂ: (I)]H d
Vs (z,y) = —==1 g (v)H(
i) Y oies Billi(y) +1 y)' y 23

From
fi(z) 2 Big(z), z<a

it follows that
Vai(I»!I)SO, x<a and y > 8.
(1.3)

-0 .
From [ g(z)dz = +00, it follows that, for each r € [8,,0], thereis c < a i ik
such that

Vp.(a,r) = Vp.(c,0).

So, the arc
y<0, z<a and Vs (z,y) = Vg.(a,r) = L,

shows the following aspect:

v

Vsi(x,y)=L] it 1L
L S]

Consider, now, the solution 4(t) = (z(t),y(t)) of (1.1) when at the time ¢t =0 it is

in the position

7(0) = (b, s).

By the same reasoning as in theorem 2, there will be a smallest value t; >0 such that
1 14

y(t1)= (21,0), @<z <0, and 7(t)=(a,1)
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where s; < y; <0. Suppose 7(t,) = (a,y;). From (1.3), it follows that ~(t) cannot

leave the set
K = {(Iv y) | z S a, s S y S 0 and Vp'(l’,y) = Vﬁ.‘(a»sl)}
by crossing the arc

z<a, 8 <y<0 and Vp(z,y)=Vp(a,s;)=1L.

i |
|

¥y (x,y)=L
i 1"---—-51

The proof is completed following the same reasoning as in theorem 2. e

Remark 4. The hypothesis

fi(z) 2 Big(x), = <a.

can be evidently replaced by
fi(x) 2 Big(x), c<x<a,

where Vg, (a,sy) = Vg, (c,0).

Remark 5. Theorem 3 remains evidently valid if the hypotheses 1, 2 and 4 are replaced,

respectively, by 1’ and 2’ of remark 2 and by
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4’) there are b>0, B <0 (i=1,2,...,n) with 37 Bi <0 and s; >0 such that
fi(z) > Big(z), =z 2>,
Y BH(y)+1>0, y<s,
s=1

and

8 2 s+ A(b - a)M,

where A2 nﬂs\gb\;u\(l\)\ ® \Q(I)\\ and M, is such that, for all y > s,

Hi(y) 1
H(y) S A’!\ and m S A’I\.

As in remark 4, the hypothesis
fi(x) 2 Big(xr), x2>b

can-be replaced by
fi(z) 2 Big(a), b<zx<e,

where Vj,(b,51) = V3,(c,0).

To close, we shall present some examples.

Example 1. Consider the system

y=-f(2)y° — fr(2)y — g(x)

where fi(z) =12 -1, fa(z) =2%—2' +2* and g¢(7) =2’ We have

1) fi(z) 20 and fy(2) 2 ag(x) for v 2 b with a=1 and b2

2) the hypothesis 2) of theorem 1 is verified (a = 1 and s = —1);

3) fi(z) <0 and fo(z) < 2%, 0 < |z| < 1, therefore, from remark 1, the ongin is
repulsive;

)-filz) 20/ and: o

9 39 dheitos rdservados e protegido
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The conditions I) to IV) dre evidently verified. From theorem 1, the system admitse

at least one non trivial periodic solution.

Example 2. From theorem 1, the system

=y
{ y=—(22 -1y - (2% -2t + )y - 23

admits at least one non trivial periodic solution.

Example 3. Consider the system

ot
¥ =—fi(x)y® - fa(z)y — g(z)

where fi(z) =z +102% - 22 — 1 fa(x)=22% - L and g¢(z) = z®. We have
1) forall z2> 3, fi(z) 20 and fp(z) > 39(z). Weset b= 7 and a= 3
2) The hypothesis 2) of theorem 2 is clearly verified. (a = 1 and s = -2).
3) The origin is repulsive. (Immediate.)

4) For every z € [—10,-1],

fi(z) 20 &ﬂd_ fa(z) 2 0.

Let a=~-}. We have

max [|Ai(@)] +1f2(x)] +1g(2)]]) < 3.

Let A=3 We can alsotake M, =1. So, r = —s+ A(b— a)M; =5. Since

E 8 ¢t
“ "y == e —
(r,y) et
it follows that
S =a"+r° (W(c,0) = W(a,-r)).

So, for all z € [, —%], fi(z) 20 and fo(x) > 0.
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The conditions I), II), III) and IV-b) are clearly verified. Then, from theorem 2, the
system admits at least one non trivial periodic solution.

Example 4. Consider the system

{527
v =-h(z)y® - fo(z)y - 9(z)

where fi(z) =T73(z —1), fa(z) =22° ~1 and g¢(z) = z*. We have
1) forall z>1, fi(z) 20 and fo(z) 2 g(z). Weset b=1 and a=1.
2) The hypothesis 2 of theorem 3 is clearly verified (o = 1 and s = —1).
3) It is immediate that origin is repulsive.

4) Let a=-1. We have
max A+ 1) + lo)] < 3.
Let A =3. It can also be taken M, =1. So,
st =s=Ab=a)M; = -T.
Let B =174 Then, forall y> -7, By*+1>0. We have also, for all r < -1,

fi(z) 2 Bg(z) and fo(z) 2 0.

The conditions I), II), III) and IV-b) are clearly verified. Then, from the theorem 3,

the system admits at least one non trivial periodic solution.

Remark 6. Suppose there exist a; >0 (1 =1,2,...,n), with S, >0, s <0 and
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7 such that:
fj(-‘t) > a,'g(z), T #0,

fi(z) 2 049(z), i#; and z #0,
> aiH(s) +1=0,

=]

EaiHi(y) +1>0, y>s,

l—l

/ H(r) =
El—laH(T+1T—+oo.

In these conditions, it can be easily verified that all solutions ~(t) of (1.1) with

7(0) = (IOiy0)$ Yo >s

approach to the origin when ¢ — 400, (It is enough to cousider the positive definite

function given by

Va-(x,y)=/ u)du+/2 H;ir [dr.)

Besides, if the condition: “there are f§, >0 (1 =1,2,...,n), r >0 and k such that,

for 0 < |z| <.

Silz) < Blg(x)] and  fi(z) < Bila(x)]. 1 # K

is also verified, then all solutions (t) of (1.1) with

7(0) - (IOv y(])\ Yo p- . {5
approach, in spiral, to the origin when t — +oc.

Example 5. Consider the system

=y

b e s o oy
Lei do Direito Autoral. t@dc:i ds direifos raezgerfa?dﬁs e protegidos pela Lei
9.610/1998. Este arquivo ndo pode ser reproduzido ou transmitido sejam

quais forem os meios integrado: eletrénicos, mecanicos, fotograficos ou
quaisquer outros
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From remark 6, all solutions () with

1
7(0) = (-‘Fovyo), Yo > —5

approach, in spiral, to the origin when t — +o0.

(xo,yo)

—————— ———=--- y=-1/3
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