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Abstract 
. t e of periodic solutions for 

We establish in this paper sufficient conclitions for exis enc 

systems of the type 
n 

Y. = - 'f;(x)H,(y) - g(x). i= H(y), L 
i=l 

1· Introd uction 
I [ ] · · clefinite functions n 1 and [2] using, respectively, the positrve 

r r s d 
Va-(x, y) = Jo g(u)du + Jo ~ s 

and 

1y r s J.,,. 
Vo(x, y) = g(u)d11 + Jo asPfq + 1 . 

0 . 
. l . for the equat1ons 

\\·e . . , f eriod1c so utions 
e5t,abhsh sufficient conditions for the exi5lence O P 

_ J(x):i:'/q + g(x) = 0, 
x.+ f(x):i: + g(x) = 0 and x+ 

I tuallv prime, with 1 < f < 2. 
w tere P and q are odd natural numbers, mu J 

Now, we extend these conditions for systems of the type 

{ 
:i: = H(y) . ( ) 
iJ = - I:~=I li(x)H;(y) - g x . 

. f . the following conditions: 
'llhere J;' H;' g' H : R -+ R are functions of class C_' sat1s yrng 
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b) H.(r) < 1 
H(y) - M and IH(i,)I S M for 1:91 ~ r_ 

2. Auxilliary Lenunas 

From IV) it follows that f; all . 
• or J (j= l,:2.---,x) and o .~ 0 

r- H(r) 
J. aH,( r) + l dr = +oo- 

Let i E {1 ? } 
• -, · - - • n - Suppose that, for all o > o. there is s > 0 sucb that 

oH,(s) + 1 = 0, oH,(y) + 1 > 0, for. y > s, 
and 

1• H(r) 
o oH,(r) + l dr == -I-oc. 

It can be easil . . ,,e11 b}' 
y Verified that the level curn:s of the positive definite (unction (} 

V. . lr :, ..,.,(x,y) = g(u)du + 1 H(r) dr, y > .s, 
o O oH;(r)+l 

are all closed cun·es and V. Such curves sboW 
a,;(x, 0) is strictl:r increasiug in (0, +oo(. 

the foIIowmg aspect: 

(1,1) 
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------ -------- y=s 
It . ( 2) I t' t~ the system (1.1) can also be immediately verified that the derivative of 1. re a ive 
IS 

Vo,;(x, y) == - H(y)Hj(y)[fj(x) og(:r)] + ~7 1,ih f,(x)H;(y)H(y), y > s. 
aHj(y)+l 

(~.2) 

We also consider the positive definite function 

W(x,y) = 1r g(u)du + 1Y H(r)dr, (x,y) E R2. 

It d W(x,O) is strictly 
can be easily verified that all level curves of (3.2) are closed an 

increasing in [O. +oo]. The derivative of H' rclative to the system (1.1) is 

(3.2) 

n 

li'(x, y) = - L f;(1 )H;(y)H(y) · 
i=l 

It . . ') . 5 the solutions of can also be easily verified that cond1t1on I\ ensure 

(3.3) 

dy __ ~J (l·) H;(y) _ i:l, y i 0, 
dx - L, ' H(y) H(y) 

t=l 

do . f ( 1 1) do not admit either. not adm't . I ti olutions o . 1 vertical asymptotes; consequent Y, 1e 5 

Lernma 1. Assume there are a > 0, b > 0 and j such that , for all x 2'. b, 

f ·(x)> ag(x) and f;(x) 2'. O, i -:j; j. 
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Assume, also, there is s < 0 such that 

oH;(j) + 1 = 0, oHi(Y) + 1 > 0, y > s, 
and 

1• _H~( r~)-dr = +oo. 
0 oHj(r)+l 

Let y0 > 0, L = Va,j(b, Yo) and 

K = {(x,y) I x? b, y > s and Va,j(x,y) $ L}. 

Let ,(t)=(x(t),y(t)) bethesolutionof(l.l)sothat ,(to)=(b,yi) with 0<y1 <Yu­ 

Then, there is t1 > to such that 

with s < Y2 < 0. 

Proof. Similar to the proof of Lemma 1 in [2], replacing Vo by Vo.1. 

In a similar way, we can prove, using ( 3.2), the following lcmma. 
• 

Lemma 2. Assume there exist c < a < 0 such t hat , for all x E [c, a] and i = l 2 .... n 

f;(1·)? 0. 

Let r>O besuchthat lr(c.O)=ll"(a.-r·)=L. Consi<lerthe et 

J{= {(l·,y) I c :S :r :S n and 11"(.i-,y) $ L}. 

Let ,(t) = (x(t),y(t)) be the solution of (1.1) such that ,(tu)= (o,y0). "ith 

-r < y0 < 0. Then, there is t1 > t0 such that 

,(t) E J{, t0 $ t $ t1 and ,(t1) = (a, y1) 

with y1 > 0. 
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3. Sufficiente conditions for existence of periodic solutions 

Theoreml. Considerthesystem(l.l)where J;, H;, g and H (i=l,2, ... ,n) satisfy 

the conditions I) to IV) of section 1. Assurne, also, that 

1) there are o > 0, b> 0 and j such that, for all x ~ b,. 

J;(x) ~ og(x) and f;(x) ~ 0, i i, j; 

2) there exists s < 0 such that 

oH;(s)+l=O, aH1(y)+1>0, y>s, 

and 

1• H(y) 
--:.:...:...-dy - +oc· 

o o:H;(y)+l - ' 

3) the origin is repulsive; 

4) there is a < 0 such that, for all x s; a, 

f;(x)?:.0 (i=l,2, ... ,x). 

In these conditions, the system ( 1.1) admits at least one non trivial periodic solution. 

Proof. 

Let ,(t) = (x(t),y(I)) be the solution of (1.1) when at time t = 0 it is in the 

position 

,(0) = (b,s). 
Because I does not admit vertical asyrnptotes and the origin is repulsive. it follows that 

1 crosses the negative half axis of y at the point 

1(ti) = (0, yi), Y1 < 0, 

where t
1 
> 0 is the smallest value of t for which , crosses thal ax:is. The assumptions 

1) to 4) together with lernmas 1 and 2 ensure that 1(t) will again cross the y negative 

,if .,j •. 1t . ,, ral?>t d •§i. i' '12Ae ,- a ~ 2pi-a egidas pela Lei 
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----- y=s 

From theorern of Poincare-Bendixson, the system (1.1) will admit at least one non trinaJ 

periodic solution. • 
Remark 1. One sufficient condition for the origin to be repulsive is the existence of rca l 

/3 ( · 1 '> n) and r1 > 0 such that numbers ; i = , -, · - ·, 

f;(x) < /3;(x), 0 < lxl < r1, 

because, in this case, there is r2 > 0 such that \'i3,(1·, y) < 0 for O < fxl , 1 and 

jyj < r2, where 

1T 1·'' H(,) \lp,(x,y) = g(u)d11 + '\'" .-~ H -) dr . 
Q Q L.,r=! /J1 ,( I + 1 

Observe that . I,7_1 [f;(r) - /3,g(.r)]H(y)H,(y) 
Vp,(x, y) = - 1:::1=1 {3;H;(y) + 1 

and there exists r3 > 0 such that the level curves 

Vp,(x,y) = Vp,(xo,Yo), lxol < r3 and IYol < r3 

are all closed curves. 

Remark 2. Theorem 1 remains evidently valid if the assurnptions 1, 2 and 4 are replaccd 
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1 ') there are o < 0, a < 0 and j such that, for all x ~ a 

f;(x) ~ ag(x) and f;(x) ~ 0, if:. j; 

2') there is .s > 0 such that 

aH;(s) + 1 = 0, aH;(y) + 1 > 0, y < s, 

and 

1• H(y) 
----dy - t-oo· 

o aH1(y) + 1 - - ' 

4 ') there is b > 0 such that, for all x ~ b, 

f;(x)? 0. 

Theorem2. Considerthesystem(l.l)where f;, H;, g and H (i==l,2, ... ,n) satisfy 

the conditions I). II), III) and IV-b) of section 1. Assume, also, the hypotheses 1), 2) and 

3) of theorem 1 and 

4) there is a < 0 such that, for all x E [c, a], 

f;(x)? 0 (i== 1,2, ... ,x) 

where 1-r(c. 0) == W(a, -r), r 2 -s + A(b - a)!\!1 .. {? max [ '2-- lf,(1 )I+ [g(:r)!] 
a<r<b 0 
- - l=l 

and M1 is such that., for all y S .,, 

H;(y) < H 
H(y) - - I 

and 
1 
--<M1 
IH(y)\ - 

Then, the system (Ll) admits at least one non trivial periodic solution. 

Proof. 

Let 1(t) = (x(t), y(t)) be the solution of (1.1) when at the time t == 0 it is in the 

position 
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Since 'Y does not admit verti~al asymptotes and the origin is repulsive, there is a small~5 f 

time t1 > O such that 

"'{(ti)=(a,yi), Y1<0, or ,(t1)=(x1,0), a<x1<0. 

It can be immediately shown that 

s - A(b - a)M1 < Y1 < 0. 

(Indeed: assuming y1 < s, let y = y( x) be the solution of 

dy __ ~ J ( 
1
_) H; (x) _ g( x) 

dx - ~ ' . H ( y) H( y) 
,=1 

such that y( a) = y1 and y( b) = s; there is .i-o E]a, b] such th at y( x0) = s and y( x) < -s, 
a::; x < xo; from mean value thcorem 

Let t2 > 0 th smallist value of t for which i ros th y n a.tive half axis 

1(tUs) o ltl\y~} Yi ~ Q, Th~ hyp·th -~ l), i), !i nml 4) l th"t' "i h \ nunas l a.nd 

2 ensure that :(t) will again cross the y ncgative balf axis at a point (O,y3) "·ith 

Y2 < Y3 < 0. 

c 

' I 
I 

- .. - - . - -- y=s 

' ' w(x,y):al , 
' -1- -- - - r 

I 

(W(x, y) = L = W(c,O) = W(a, -r)). From theorem of Poincare-Bendixson the syst.ern 

(1.1) admits at least one non trivial periodic solution. 
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Rernark 3. Theorem 2 remains valid if the assumptions 1), 2) and 4) are replaced, 

respectively, by l ') and 2') of rernark 2 and by 

4') there is b> 0 such that, for all x E [b, c], 

f;(x)2:0 (i=l,2, ... ,n) 

n 

where W(c,O)=W(b,r), r2:s+A(b-a)M1, A2: max ["lf;(x)l+lg(x)I] and 
a<i:<6 L 
- - i=! 

M1 is such that, for 11 2: s, 

H;(y) < M 
H(y) - I 

and 

Theorem 3. Consider the system ( 1.1) where J;, H,, g and H ( i = 1, 2, ... , n) satisfy 
the conditions I), II), IIl) and I\--LJ of section 1. Assumc, also, the assurnptions 1), 2) 

and 3) of theorem l and 

4) there are a < 0, /3, 2: 0 (i = 1, 2, ... , n), with I::':1 /3i > 0, and s1 < 0 such that 

/;(x) 2: /3;g(x), x Sa, 
n 

"I:,f3iH;(y) + 1 > 0, y 2: S1, 
i=J 

and 

s1 S s - .-l(b - a)M1 

where A 2: 
0
~;~

6 
[ t lf,(x)I + Jg(l·)I] and M1 is such that , for all y :'S s, 

Hi(Y) < \I 
H(y) - - I 

and 
1 --<M. IH(y)J - I 

Then , the systern ( 11) adrnits at least one non trivial perio<lic solution. 

Proof. 

Consider the positive definite function 

f" {Y H(r) 
Vp;(x,y)= Jo g(u)du+ Jo I::':i/3;H;(r)+ldr, y2:s1. 

Lei do Direito Autoral. todos os direitos reservados e protegidos pela Lei 
9.610/1998. Este arquivo nao pode ser reproduzido ou transmitido sejam 
quais forem os meios integrado: eletronicos, mecanicos, fotoqraficos ou 
quaisquer outros 



-162- 

The derivative of Vp; relative to the system (1.1) is 

. 1:7 1[/;(x) -{i;g(x)]H(y)H;(y) 
Vp;(x, y) = - 1:;=

1 
{i;H;(y) + 1 ' 

From 
/;(x)~ {i;g(x), x :Sa 

it foilows that 

(1-3) 

So, the are 
y '.S o, x::; a and V1J;(,·, y) = V13,(a, r) = L1 

shows the following aspect: 

I a 

V (x,y)=L1 B i 
r 

Consider, now, the solution ;( t) = (x( t), y( t)) of ( 1.1) when at the time t = 0 

in the position 

;(O) = (b,s). 

it 1S 

By the same reasoning as in theore:n 2, there will be a srnallest value t1 > 0 such t.hat 

. . . t =<x O .. a<x1<0, and 1(t1 =.(a,yi) . 
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where s1 < Y1 < 0. Suppose -y(t1) = (a, yi). From (1.3), it follows that -y(t) cannot 

leave the set 

K = {(x,y) I x Sa, s1 S y S O and Vp,(x,y) = Vp,(a,s1)} 

by crossing the are 

x :Sa, S1 S Y S O and Vp,(x,y) = Vp,(a,s1) = L. 

c 

I 
I 
\ 

v
8

_ (x,y)=L 
1 

The proof is completed following the same reasoning as in theorem 2. • 
Remark 4. The hypot.hesis 

f;(x) ~ /3;g(.1·), .T s; a. 

can be evidently replaced by 

/;(,:) ~ /3;9(.1·), c s; .r :Sa, 

Rernark 5. Theorem 3 remains evidently valid if the hypotheses 1, 2 and 4 are replaced, 

respectively, by 1' and 2' of remark 2 and by 

Lei do Direita Autaral. todos as direitas reservados e prategidas pela Lei 
9.610/1998. Este arquiva naa pade ser reproduzida ou transmitida sejam 
quais forem as meias integrada: eletr6nicas, mecanicos, fotoqraficos ou 
quaisquer autros 



-164- 

4') there are b> 0, {3;:::; 0 (i= 1, 2, ···,n) with L~=l /3; < 0 and -'1 > 0 such t h a t 

/;(x)~ {J;g(x), x~ b, 
n L {J;H;(y) + 1 > 0, y :::; S1' 
i=l 
and 

s1 2: s + A(b - a)M1 

As in remark 4, the hypothesis 

f,(i·) ~ /3,g(J·), r::,: b 

can-be replaced by 

f;(l:) ~ {3;g(i·), b s x:;; ' 

where Vp,(b,s1) = Vp,(c,O). 
To close, we shall present sornc examples. 

Example 1. Consider the systern 

{ 
i= y' 
i;= -/1(.1·)1/ - /i(.r)y- g(i·) 

where fi(x) = :r2 -1, h(x) = r6 - .1·4 + .1·3 and g(J·) = Y3. 'vVc have 

1) fi(x) 2: 0 and h(l·)::,: ag(i·) for .r _ b. with a = 1 and b= 2; 

2) the hypothesis 2) of theorern 1 is vcrified ( a = 1 and s = - l ); 
3) fi(x) < O and h(x) < x3, 0 < [r] < l, thcreforc, from rernark 1, the origin is 

repulsive; 
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The conditions I) to IV) are evidently verified. From theorem 1, the system admits­ 

at least one non trivial periodic solution. 

Example 2. From theorem 1, the system 

{ z=y 'ii= -(:z:2 _ l)y5/l _(x&_ xt + zl)y _ zl 

admits at least one non trivial periodic solution. 

Example 3. Consider the system 

{ 
:r = y5 
ii= -f1(x)y5 -h(:r)y- g(x) 

where fi(x) = x3 + 10x2 - 2x -1, h(x) = 2J:6 - ti and g(x) ~ x5• We have 

1) for all x 2: ½, f1(x) 2: 0 and h(x) 2: ty(x). Vi7e set b=½ and o: = ½- 
2) The hypothesis 2) of theorem 2 is clearly verified. {o: = ½ and s = -2). 
3) The origin is repulsive. (Immediate.) 

4) For every x E [-10, -½], 

Let a=-½- \Ve have 

Let A= 3 We can also take M1 = l. So, 1· = -.s + .4(b - a)M1 = 5. Since 

ti 6 
ll.·( ) :r y J·,y = -+- 

6 6 

it follows that 

c8=a!l+rG (W(c,O)=W(a,-r)). 

So, for all x E [c,-½], fi(x) 2: 0 and h(x) 2: 0. 
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The c:ooditions I), ll), III) and IV-b) are clearly verified, Then, from theorem 2, the 

ayatem admits at least one non trivial periodic solution. 

Example 4. Consider the system 

{ 
% =y5 
ii= -fi(x)y3 - f2(x)y - g(x) 

where fi(x)=7-5(x-1), h(x)=2x6-1 and g(x)=x5. Webave 

l) for an x 2:, 1, J1(:t) ~ 0 and Jil:(~) ~ ~(~}- w~ ~\ 6 '= l' a:&:d. Q = l, 
i) l'h'e hypQthesis 2 of thoorem. 3 is dea.rly verified (o: ;;:: t and s = -1 ). 
a~ l\ ls lmmedla\e \ha\ Qtlgln .s t~puls\~~- 

4) Let a = -1. We have 

max (lfi(x)I + lh(x)I + lg(x)I] $ 3. 
a:$.r:$6 

Let A = 3. It can also be taken M1 = l. So, 

s1 = s - A(b - a)M1 = -7. 

Let fJ = r4• Then, for all !/? -,-7, fJy3·+ 1 > u. We have also, for aJl :r:::; -1, 

fi(x)?/3g(x) and h(x)?O. 

The conditions I), II), III) and IV-b) are clearly verified. Then, from the theoiem 3, 

the system admits at lcast one non trivial periodic solution. 

Remark 6. Suppose there exist a-;~ 0 (i= 1,2, ... , n), with }:;'...1 o, > 0, s < 0 and 
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J such that: 
/;(x)> o;g(x), x=/- 0, 

f;(x) ~ o;g(x), i ,f. j and x# 0, 
n 

Lo;H;(s) + 1 = 0, 
i:c:J 
n 

L o;H;(y) + l > 0, y > s, 
i=l 
and 

f" H(r) 
Jo L~=I Cl';H;(r) + 1 dr == +oo. 

In these conditions, it can be easily verificd that all solutions ,( t) of ( 1.1) with 

,(0) == (xo, Yo), Yo > s 

approach to the or igin when t -+ +oo. (It is enough to consider the positive <lcfinite 

function given by 

. 1x 1Y H(r) Va,(x,y) = g(u)du + L" dr.) 
o o i=1Cl';H;(r)+l 

Besides, if the condition: "there are /3; 2. 0 ( i = 1, 2, ... , n), r > O and k such that, 

for O < [z] < r. 

is also verified, then all solutions ,(t) of (1.1) with 

,(0) = (1:0, Yo), Yo > s, 

approach , in spiral , to the origin when t-+ +oo. 

Example 5. Consider the systcm 

{ x= y5 
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From remark 6, all solutions -y(t) with 

1(0) = (xo, Yo), 
1 

Yo > -- 3 

__ 1-. • iral to the origin when t--+ +oo. approacn , 1n spr , 

------- y=-l/3 
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