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Abstract 

This is a short 11ote on approximation results for lhe Three-dimeusional Pack­

ing Problem. This problem consists iu packing a list of rectangular boxes L = 
(b1 , bi, ... , b11 ) into a rectangular box fl = (1, w, oo), orthogonally, in such a way that 

the height of the packing is mi11i111ized. We consider here two versions of this problem: 

lhe oriented and lhe z-orieuted vernion. 111 the oriented versiou, called TPP, lhe boxes 

are required to bc packcd into B orthogo11ally aud oriented in ali thrce <limensious; in 

the z-oriented vcrsion, called TPP', the boxcs in L are allowed to bc rotatcd around 

thc z-axis. 
Wc me11t.ion approximation algorithms for TPP with asymptotic performance hou11d 

3.2:i, 2.8!1 and 2.67. We also mention results for TPP' and for particular instances of 

both problems. Relations betwcen TPP anel TPP' are also discussed. 

1 Introduction 

We present here some of the main rcsults on approximation algorithms for the Thrce­

dimcnsional Packing Problcm. Wc mcntion only briefly thc main ideas behind thesc al­

gorithms and give thcir asymptotic performance bounds. 

Approximation algorithms for packing problcms have been studicd since Lhe begi1111ing 

of sevcntics, with cmphasis on thc one- and two-dimcnsional vcrsions. For a good survey 

on thcse two versions the reader may rcfer to [2]. Thc three-dimensional case has bcen lcss 

investigatcd. Thc first approximation algorithm for thc vcrsions wc considcr hcrc appcarcd 

only in 1990 [4, 5]. 

2 Notation and performance mesures 

Lct L = (b 1, b-i, ... , b,.) bc a list of rcctangular boxcs b, = (x., y,, z,), whcrc x,, y, anel z, 

is the length, wiclth and height of b., rcspcctivcly. Thc Oriented Thrce-dimeusioual 

Packing Problem, TPP, can bc dcfincd as follows. Givcn a box B = (l,w,oo) anel a list 

of boxes L = (b1, b-i, ... , b11 ), find an orthogonal oricntcd packing of L into B that minimizes 

thc total height. ln thc z-Oriented Three-dimensional Packing Problem, TPP', the 

buxes in L may bc rotated around thc z-axis (but may not be turned down). 

As one can reduce the one-dimensional packing problem to TPP, it follows that both TPP 

and TPPz are NP-hard [3J. 
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A vcry common approach uscd to attack combinatorial optimization problems that are 
NP-hard is to dcvclop algorithms with polynomial time complexity that gcnerate solutions 
closc to thr optimum 011cs [3]. To a11alysc thc performance of such algorithms, spccially in 
thc case of packing problcms, the following performance measures are used . 

If A is a11 algorithm for TPP or TPP' aud L is a list of boxcs, thcu A(L) denotes thc height 
of thc packing gcncratcd by algorithm A whcn applied to a list L; and OPT(L) denotes the 
hcight of an optimal packing of L. Wc say that o is an asymptotic performance bound 

of an algorithm A if thcrc cxists a constant /3 such that for all lists L, in which ali boxes have 
hcight at most Z, thc following holds: A(L) $ o-OPT(L)+/3-Z. Furthcrmore, if for any small 
t anel any largc M, both positive, thcrc is an instancc L such that A(L) > (o-t)OPT(L) and 
OPT(L) > AI, thcu wc say that n is thc asymptotic performance bound of algorithm 
A. Wc say that o is rm absolutc performance bound of an algorithm A if for all lists L, 
thc following holds: A(L) $o· OPT(L). If for ali l\f > 1, thcre is an instancc L such that 
A(L) > i\f · OI'T(L), thcn wc say that A has an unbounded worst case performance. 

Givrn a list of boxcs L = (b 1 , ••• , bn) to l,c packed into a box B = (l, w, oo), we assume 
that cach box b, is of thc form b, = (x;, y,. z,), with x; $ l a11d y, $ w or x, $ w and y, $ l. 
GiV<'11 a triplct t = (a, b, e), wc also rl'fcr to cach of its clcmcnts a, b and e as x(t), y(t) and 
z(t), l'CS!H'Ct.ivrly. 

For carl1 box b, = (x,, y,, z,), de11otc by p(b,) thc box consisling of lhe triplct (y;, x., z;) 
a11d lct r(L) - {(<:1, r 2 , ... ,e,.): e, E {b,,p(b,)} }. 

Note that, by 11si11g a thrcc-dimc11sio11al coordiuatc systcm, thc box B = (l, w, oo) can be 
sccn as thc rcgi011 [O, l) x [O, w) x [O, oo), a11d wc may define an z-oriented packing P of a 
list of boxcs L into JJ as a mappiug P : L' = ( b1 , •.• , bn) -+ [O, l) x [O, w) x [O, oo), such that 

L' E r(L), P1:(b,) + x; $ l and PV(b;) + y; $ w , 

whcrc P(b,) = (P1:(b,), PV(b;), P'(b;)), i = 1, ... , n. 

And furthmnorc, if 7?.(b;) is dcfi11cd as 

thcn thc followi11g must hold 

If in thc abovc dcfinit.ion wc rrplacc L' E r(L) by L' = L then \\C have thc conccpt of 
oricnted packing (note that thc co11ditio11 L' = L mcans that thc boxcs in L may not bc 
rotatcd arouud thc z-axis). 

ln what follows, wc may use thc tcrm packing to refor to both thc z-oriented or lo the 

oricntcd packing. Whc11 this may cause a confusion we specify which packing we are refcrring 
to. 

Givcn a packing P of L, wc denote by II(P) thc height of thc packing P, i.e., H(P) := 

max{P'(b) 1 z (b) : b e L} . 
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If 'P1, P2 , •.. , P., are packings of disjoint lists L1, L2 , ••. , L11 , respcctivcly, wc define the 

concatenation of these packings as a packing P = Pi IIP2II -. -IIP,, of L = L 1 U L2 U ... U L 11 , 

whcrc P(b) = (P,z(b), Pr(b), í::~:1
1 H(Pi) + P;'(b)), for ali b E L., 1 Si S v. 

ln ali algorithms mcntioncd hcrc the input box B is assumcd to bc of thc fonn /J = 
(1, w, oo). Throughout this papcr wc considcr Z as an uppcr l.,ound on thc hcight of thc 

boxcs in L . 

3 Oriented Three-dimensional Packing Problem 

ln 1990, Li and Chcng [4] describcd severa) algorithms for TPP. They showed that gcn­

eralizations of lhe Next Fit Decreasing Height (NFDH) and First Fit Decreasing Height 

(FFDH) strategy, much used in the one-dimensional and t.wo-dimensional packing, does not 

give good rcsults in thc three-dimensional case. More prccisely, they showed that, without 

further refinements, these strategies may lead to uubounded worst case performance. Thcy 

also dcscriued spccilic algorithms for this problcm; in particular, an algorithm whosc asymp­

totic performance bouud is 3.25, dcnotcd herc by LC. Thc strategy used in this algorith111 

is to divide lhe input list into sublists and apply appropriatc algorithms for cach sublist, 

rcturuing a packing that is a concatcnation of thesc individual packiugs. 

Let us give an idca of this algorithm. For that, considcr the followiug types (or sets) of 

boxes: 

T1 = {b: x(b) :5 ½I, y(b) :5 ½w}, 
T3 = {b: x(b) > ½I, y(b) :5 ½w}, 

T2 = {b: x(b) :5 ½1, y(b) > ½w}, 
T4 = {b: x(b) > ½I, y(b) > ½w} . 

The sublists considcred in lhe algorithm LC are cithcr onc of thesc types or subdivisions 

of them, as indicated in Figure 1 (fór case of notation, ali figures are drawu considering 

l = w = 1). 
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Figure 1: Subdivision of T1 , T2 and T3 • 

The algorithm LC generates an optimum packing 'P' of the list of boxes, say L', of type 

T4• Since the boxes of type T• cannot be packed side by side, they must be packcd one on 
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top of lhe olhcr. Thus, lhe followi11g i11cqualilies hold: 

H(P') < OPT(L), 

II(P') < Vol(L') + C' · Z $ 4 · OPT(L') + C' · Z, 
l[u, 
4 

where C' is a positive number and Vol(L) is lhe volume of thc boxes in L. ln this case, we 
say lhat P' has an area guarantee of ¼- Of course, if we can improve lhe arca guarantee, 
lhen wc can have bcllcr iucqualitics for the corrcspondi11g packing. We should note that an 
improvemcnt 011 lhe arca guarautec of the individual packings may lead to a better asymptotic 
performance bouncJ of lhe algorithm . 

Li an<l Cheng show that one can obtain packiÍ1gs for the boxes of typc T1, T2 and TJ with 
arca guarnnlc'.! ½- For thal, they co11si<lcr lhe sublists in<licated i11 Figure 1 and apply NFDH 
(Ncxt Fil Decreasi11g Hcight) algorithms to generate packings for each of these sublists (see 
[,1]). They show thal the performance bou11d o of the algorithm LC satisfics lhe following 
i11cquality : 

< H('P4) + J/(Pi ll A II PJ) 
0 

- rnax{JJ('P4), ¼JJ(P.) + ½H(Pi l1 P2IJ'P3)' 

wlH~rc P, is lhe packi11g of lhe boxes i11 1i. 
Analysing thc two possible cases in the denominator of the above fraction, we can conclude 

that o $ 3.25. 

Thc rnain drawback of this strategy is that, by using only NFDH algorithms for each of 
thc sublists considercd, onc cannot improve the area guarantce of the corresponding packing. 

ln [8] wc prescnt an algorithm for TPP whose asymptotic performance bound is lcss than 
2.G7. The stratcgy wc use also makcs subdivisions of thc input list, but gcnerates packings 
that are ohtaincd by appropriate combinations of differcnt sublists. We propose anothcr 
subdivison of thc boxcs in T1 that givcs a packing with arca guarantce ;. This motivated us 
to classify thc packi11gs according to their arca guarantec: good, if it is dose to;; regular, if 
it is closc to ½; and bad, if it is close to ¼-

Thc algorithm uses a procedurc that combines "criticai" sublists of boxcs of type T2 or T3 
a11d gcncratcs a good packing of sorne of t.hcse boxcs. This proccclurc also guarantecs that ali 
criticai boxcs that wcrc not packcd are cithcr of type T2 or T3 ; furthermore, the non-critical 
boxes yicld a good packing (thc right definition of criticai boxcs is a crucial aspect in this 
approach). After this proccss, suppose that the criticai boxes oftype T3 have been ali packed. 
Tlms, thc remaining boxcs of type T3 yield a good packing an<l ali criticai boxes are of type 
T2. Thcn, wc repeat lhe same approach again, defining new criticai boxes and combining 
thcm, rrd11cing the numbcr of criticai boxes. This process is rcpcatcd a number of times and 
the 11011 · •cked criticai sublists are analysed. For some sublists we use the algorithm UD for 
thc bidi11" nsional strip packing problem, developed by Baker, Brown and Kattseff [1], to get 
i1H'qualit il:S i11volving the hcight of the optimum packing. 

l11 l!J92, Li anel Chcng [G] also presenteei an 011-line algorithm with asymptotic pcrfor-
111a11ce bou11d that can bc made as close to 2.89 as dcsired . Given two numbers r and s, 
O < r, s < 1, the strntcgy uscd by this algorithm is to subdivide the input list L in sublists 
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L,,1 consisting of boxes b E L wilh r•+l < z(b) :S ri an<l s 1+1 < y(b) :S s 1
• 111 lhis case, cacl1 

box b E L;J is sccn as a box with <limcnsions (x(b), s1, r'). The algorithm packs the boxcs 

of L,,1 in strips of <lirncnsions ( J, si. r') using a one-dimcnsional packing algorill1m. Fi11ally, 

thc algorithrn uses anolher 011e-<lirnensio11al packi11g algorithm to pack lhe strips of hcighl 

r' in leveis of height ri. The final packing is the concatenation uf ali leveis gencrated by 

the algorithrn. Thc main <lrnwback of this algorithm is that the additivc constant f) in thc 

asymptotic performance bou11<l is very largc. 

For the case in which ali hoxes of L have square bottom, we present [9] an algorithm with 

asymptotic performance bound lcss than 2.543. Moreover, for the case in which ali boxes 

havc squarc bottom, wc prcsent an algorithm whosc asymptot.ic performance is less than 

2.361. Givcn an intcger m ~ 2, Miyazawa [7] presented an ulgorithm with au asymptotic 

performance bound of (~ )2 for boxes in L, such that for ali box b E L, x(b) :S t and 

y(b) :S ;;;-
A negative result conccrning absolute performance boun<l for TPP is presentcd hy Li and 

Chcng in [5]. More precisely, thcy proved the following rcsult. 

Theorem 3.1 Thcrc is no poli11omial algorithm fvr TPP with abso/utc JJC1jorma11cc bouwl 

/css tlum 2, ,mies., P == NP. Thi., rcsu/t rcmain., valid cvc11 if ali bo.cc., hav1• sq,w,·c bottom., 

a11d each bvx b E L is such tlwt .c(b) ~ ~ a11d y(l,) :S ;;;• 

4 z-Oricnted Three-dimensional Packing Problem 

ln 1990, Li an<l Chcng [5] prescntcd TPP' as a mo<lcl for the job schcdu/i11g problcm m 

partitionable rnesh connected systems. ln this problem a set of jobs J1, J2, ... , J,. is to 

be processed in a partitionable mesh connected system that com;ists of l x w processing 

elements connected as a rcctangular mesh. Each job J; is specified by a triplet J; == (x;, y;, t,) 

indicating that a submesh of size either (xi, Yi) or (y;, xi) is require<l by job J;, an<l ti is its 

processing time. The objectivc is to assign the jobs to the submeshes so as to minimize the 

total processing time. The algorithm for TPP• described in [5] has asymptotic performance 

bound 4;. 
A first idea to solve TPP' is to adapt algorithms for TPP [4, G, 8]. A natural approach 

is to gcnerate for each instance L == (b1,b2 , ••• ,bn) a new instancc </i(L) E r(L) such that 

</i(L) = (d1, d2, ... , d 11 ), where 

d { b; if x; $ l and y; $ w, 
i == p( bi) othcrwise 

Then, apply an algorithm for TPP on the list </i(L). 

For each algorithm A for TPP, let us denote by Â the correspon<ling algorithm for TPP', 

as described above. That is, for every instance L of TPPª, algorithm Â applies algorithm 

A on the list </i(L). lt is easy to see that the algorithm Â does not preserve the asymptotic 

performance of the original algorithm A. 

The next result shows that therc is no algorithm Â for TPPª 1 obtained from an algorithm 

A for TPP, as described previously, that has an asymptotic performance bound less than 3. 
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Proposition 4.1 Jf Â is an a/901-ithm for TPP' obtai11cd from an algorithm A for TPP, 
a.~ dcscribcd abovc, tl1cn thc asymptotic per/ orma11cc bound of Â is at least 3. 

Now supposc wc havc an algorithm A for TPP•. It is easy to convert this algorithm 
for TPP, prescrving thc same asymptotic performance bound. More precisely, the following 
holds. 

Proposition 4.2 Therc is a polynomial reduction of TPP to TPP=. Moreover, if A is a 
poly11omial algorithm /01· TPP', .mch that A(L) $o• OPT(L) + f3 · Z for every list L in 
whic/1 no box lias hei_ght greater than Z, then t/1ere exists a polynomial algorithm A' for TPP 
.wch tliat A'(L) $ n · OPT'(LJ + /3 • Z, wherc OPT'(L) is thc hcight of a11 optimum oricnted 
11acki119 of L . 

111 l!J] wri d<'s<:ril,c a11 algoril11111 for TPP' that has a asymptotic pcrformaucc bound lcss 
t.hcu 2.G7. lt. is baseei ou thc algoritl11n for TPP wc rncntioucd bricfiy in thc prcvious section 
18]. 'v\l<' also clt'scribc a11 algorit.hm for thc special case of TPP' in which the box D has 
sq11a11' boi.tom arul show 1.hat. its asymptotic performance bound is less than 2.528. 

Ali algm ithms mcnt.ioucd herc havc complcxity O(n log n), wherc n is thc number of 
hox('S iu thr input li st L. 
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