





1 Introduction

The Bayesian analysis of regression problems under elliptical distributions has received in-
creasingly attention in the recent statistical literature. Essentially, in the case of the dependent
model, it is shown that inference based on the posterior distribution using non informative
priors for the scale parameter coincide with those obtained under the normal model. A pioneer
work in this area is the paper by Zellner (1976), in which a study based on the multivariate
Student-t distribution is considered. Extensions of those results are considered in Osiewalski
and Steel (1993). The independent Student-¢ regression model is treated in Geweke (1993)
by using a Bayesian perspective. A problem of great practical interest associated with the
regression model is the calibration problem. Most of the studies concerning the Bayesian ap-
proach to calibration problems are restricted to normal models (Hoadley, 1970, Hunter and
Lamboy, 1981, among other). A review of the main results concerning calibration problems
are presented in Brown (1993).
In this paper, it is considered the linear calibration model specified by the equations

(1.1) ¥i = B + Bazi + €,
i=1,...,n, and
(1.2) Yo = P + Bazo + €0,

where ¢, ¢€1,...,€, are uncorrelated random errors with E[g] = 0 and Var[e] = 02, i =
1,...,n. It is assumed that zi,...,%, are known constants and that 8, 8z, 62 and z, are
unknown quantities (parameters). The main object is to make inference on z (the calibration
parameter) based on yo,y1,...,Y» and zy,. .., z,, which are observed. Bayesian solutions to
the calibration problem under the dependent and independent elliptical models are developed.
Here we use the notation z ~ El,(s, Z; g) to indicate that z is a p-dimensional random vector
elliptically distributed with location vector g € R and a p x p (positive definite) dispersion
matrix ¥ and with density given by

f(@ls, =) = |27 gl(z - p) =4z - p)],

for some density generator function g(u), u > 0, that is,

(L3) [ ot = T2,

which implies that g is a spherical p-dimensional density. (A comprehensive review of
the properties and characterizations of elliptical distributions can be found in Fang et al.
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(1990)). Thus, in (1.1)-(1.2) we have the dependent elliptical model by assuming that
& = (€0, €1, .., €) ~ Elp41(0,0°Lu41; g), where L1y denotes the (n+1)-dimensional identity
matrix, so that,

(14) f(eovela ,Cnldz) = (1/0’ g(Zez/a

=0

Moreover, (1.4) implies that (provided they exist) Ele.] = 0 and Var[e,] = a,0%1, where a,
denotes the expectation associated with a positive random variable having densxty function
h(u) o< uP/*1g(u). In the independent case, we assume in (1.1)-(1.2) that ¢; * E1,(0,0 % 9),
1=0,1,...,n, with g being now an univariate elliptical density generator, that is, g is such
that (1.3) holds for p = 1. Thus, for this model €, €y, .. . , €, have joint density given by

(1.5) fleo,€1,- .., enl0?) = 1/0‘2) Hg(eQ/or)),
=0
so that (provided they exist) E[e;] = 0 and Varle;] = a,02, fori = 0,1,... ,n.

Here we consider that the density generator g is known in both cases, namely, the de-
pendent and independent elliptical models. In Section 2, we discuss Bayesian solutions to
the linear calibration problem under dependent elliptical models. We show that inference
does not depend of the density generator function when the prior distribution of the scale
parameter is non informative. Solutions for the independent elliptical model are considered
in Section 3. Finally, we present results of a simulation study in Section 4

2 A Bayesian solution to the dependent case

In this section we present Bayesian solutions to the linear calibration problem under the

dependent elliptical model. For simplicity the following notation is used in the sequel. Let

¥y = (y1,.-.,yn) denote the response vector corresponding to the first step of the calibration

experiment and y. = (yo,y’)’. Similarly, we can define the vectors x = (z,...,z,) and
= (z0.x')’ and the matrices

X = [ln X] and X, = [1n+1 x,],

where 1; denotes the k-dimensional vector of ones. Assuming that €, ~ El,4,(0,0°I,41;9),
it follows from (1.1) and (1.2) that y.|X., 8, 0% ~ Elny1(X.8,0%1,41; g), where 8 = (5, B2)'.
Moreover, from (1.4) and from the fact that
(7« = XuB) (v, ~ XuB) = (B~ BYXX.(B - B.) + (v. — X.B.)(y. — X.B.),
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where ﬁ, = (X'X,)"X'y., it follows that the likelihood function of the dependent case can
be written as

(2.1) F(y.18,% %) = (1/%) *F*g((Qu(8, 20) + (n — 1)S2/0%),

where

(22)  Qu(B,zo) =(B-BYX.X.(B-A.), SI=(y.—X.B.)(y.—X.B.)/(n-1).
In the following theorem we show that if (8,02, z¢) has a prior distribution of the form

(23) (20, 8,0%1x) o ~p(a0, A1),

then the posterior distribution of zo given y. and x does not depend on g, whatever the prior
distribution p(zg, B|x) = p(B|x.)p(zo|x) assigned to (zq, B).

Theorem 2.1. Under the assumptions (2.1) and (2.3), the posterior density of xg ts given

b
! Q.(6,20)-#

plaoly., ) o o) [ [ 5] [1+ ZL) ™ pipix.

for any elliptical density generator g, where Q.(B,zo) and S? are as in (2.2).
Proof. Ordinary manipulations with conditional densities yield

(2.4) P(Zalye, %) o f(yulxs)p(2olx),
where f(y.|x.) is the conditional density of y. given x,. Since
[3ulx) = [ [ 1318, % x.)p(B, o*Ix.)dBdc?,
it suffices to show that f(y.|x,) is independent of g. Now, using (2.1) and (2.3) we can write
pvxs) o [ [(1/0%)F+9(1Qu(B,20) + (n — 1)S21/0*)do*p(Blx).
Taking u = [Q.(B, zo) + (n — 1)5?]/o? and using (1.3), we have that

/Ow(lla’)‘f"“g([Q.(ﬂ,zo) + (n — 1)87)/0%)do?

= QB0 + (n - 1S H [T uF g (u)du
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< {Qu(B,70) + (n —1)SI}~F,
which is independent of the function g, concluding the proof.

Notice that the last expression implies that Bly.,x. ~ t5(8., S3(X.X.)"Yn — 1), where
i5(, Z; v) denotes the p-dimensional ¢ distribution with location vector B, dispersion matrix
X and v degrees of freedom.

The above theorem shows that Bayesian inference on z is independent of the particular
elliptical distribution under consideration. This includes the fact that the results derived for
the normal model can be used for any elliptical model. Following next, the posterior of zg
for a special and important case of the elliptical family is considered as a special case of
Theorem 2.1. The result is directly related to the results obtained by Hoadley (1970). Let
Zo,1 be the inverse estimator of zo. As is well known, this estimator can be written as (see

(3.7) in Hoadley, 1970)
. F F \—1,
tor=(—5)(1+,=3) %o
where R P
F=nS2p2/8%* and # = (0 — B1)/ 62

with §2 = 32 (2; — £)%/n, T = T, z:/n,
S$'=(y-XBy(y —XB)/(n—2), and B=(b,5) = (X'X)Xy.

We call attention to the fact that, as in the normal model, under the dependent elliptical
model (2.1), 8 and &, are the likelihood estimators of # and o, respectively.

Corollary 2.1. If in (2.3), p(zo, B|x) = p(B]x.)p(z0|x) is such that p(B|x.) « constant and
zo|x ~ (Z, (22)S%n — 3), n > 3, then

@9 alyx~ (i ({4 755"+ (D)l - 2).

n n—

As a consequence of Corollary 2.1, it follows that the inverse estimator is a robust Bayes
estimator in the family of the elliptical distributions. Moreover, Theorem 2.1 also illustrates
the fact that this result depends on the prior distribution and not on the likelihood function
(2.1), which is a member of the elliptical family. The prior specifications for zy indicates
symmetry about Z, and the posterior density become more concentrated as n increases. This
is a consequence of the fact that Var{zo|z] = (n +1)52/(n — 5)%, n > 5. It is also true that
the results obtained by Hunter and Lamboy (1981) and Kubokawa and Robert (1994) remain
valid under the assumptions of Theorem 2.1.



3 A Bayesian solution for the independent case

In this section, it is considered that the error terms in equations (1.1)-(1.2) are independent
with common distribution El,(0,0%;g), which yield the joint density given in (1.5). From
(1.5) it follows that the likelihood for the independent elliptical model is given by

(3.1) F(3:18,0% %) = (1/0%)F* n ol(ss —~ B — Pazi)?/ %),

i=1,...,n, where as before y. = (yo,...,¥n)’, Xa = (Z0,...,Zn) and B = (51,5:)". In other
words,

(3.2) vilB, 0%, 2: % EL(By + Bazi, 0%, g),

i = 0,1,...,n, so that, yo,...,y, are conditionally independent given B, ¢? and x.. We
consider here the case where the function g is representable, that is,

(3-3) . g(u)=‘/;°°(27rv)‘l/2e'"/2"dG(v),

for any distribution function G such that G(0) = 0. Representation (3.3) defines a subclass
of the elliptical family, namely the compound normal distributions. Under this subclass the
specification (3.2) can be represented equivalently by considering the following two steps:

(i) y.'lﬂ,a’,a:,-, U !'25 N(:Bl =+ ﬂZzl"azvi)s 1= li PR (2
and
(i) v ¥ G, i=1,...,n, and independent of B, o2 and x..

Note that the correspondence between the class of the density generator functions g which
are representable and the class of the distribution functions G such that G(0) = 0 is one to one
so that the Bayesian analysis of the calibration problem under specification (3.1) is equivalent
to the Bayesian analysis under specifications (i) and (ii), that is, under the heteroscedastic
normal model. One advantage of this last specification is the fact that the derivation of the
posterior distributions can be based on properties of the normal model, according to step (i).
For step (ii) the main problem is the choice of the distribution function G.(v.) = 72 G(w;)
for the weight vector v. = (vo,%1,...,v,) and the numerical integration problem that results.
Thus, under conditions (i) and (ii) in relation (2.6) we have that

(3:4) fulx) = [ £y, v)dG(v.),
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where

(3.5) Fvlaesv) = [ [ £(3.18,0% x.,v.)p(B,”|x.)dBda?,

with

(36)  f(vulB,0% xu, vs) = (1/270%) T V. exp{—(y. - X.B) VI !(y. - X.B)/20%},
and V, = diag(vo,vs,...,v,). Notice that when the conditional posterior distribution of

p(B, o%|X., ¥+, v.) is available, (3.5) can be computed from the relation

—_ f(y*lﬂﬂ 023 X V-)P(ﬂ, azlx‘)
f(yrulxn V—) - P(ﬂ, 02|x.,y,‘,v,.)

If p(B, o”[x) is an improper prior distribution, the posterior distribution p(zo|x, y,) may not
be a proper distribution. In this case it is necessary to study conditions under which such
posterior is a proper distribution.

Two specifications for the prior distribution p(8,0?%|x.) are considered next. Both are
motivated by the Bayesian formulation of the usual regression problem. The first is the usual
improper reference prior distribution:

(3.7) (B, o%x.) o %

The second is associated with the conjugate prior specification, that is, the normal/inverse-
gamma prior distribution:

Blo?, x. ~ Ny(By,0*Mp) and  o%jx. ~ IG(no/2,70/2),
which has joint density such that
(3-8) P(B, 0% %) o (1/0*) ¥+ exp{—[ro + (8 — bo)Mg* (8 — bo)]/207}.

The notation used to express this prior distribution is (8, o?)[x. ~ NIG(be, My, ng,To)-
As usually, by represents a prior assignment to # with My expressing uncertain in that
assignment.

In both cases, a proper prior distribution, p(zo|x), is considered for z,, which however
does not guarantee a proper posterior distribution for o in the first case.

Results for the improper reference prior distribution given by (3.7) are considered first.
The following notation will be used in the next proposition. Let

(3.9) Qu(B,70,v2) = (B~ B.(v.)YXLVI'X.(B - B.(v.)),
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and

(3.10) g(Vai %, ¥2) = [S2V) T VL (XLVIIKL) [,
where

(3.11) 82v.) = (¥a = KBV Vi ya — XB.(v.))/(n = 1),
and

(3.12) B(v.) = (XLVIIX) XV Yy

Proposition 3.1. Let p(zo]x) a proper prior density and p(B,0?%|x.) being the improper
prior distribution given in (3.6). Suppose that for each (x,y.) there erists a real number
K(x,y.) such that

(3'13) N EG- [q(vﬂxl'v y“')] < K(xy y")'l

where q(V.;X.,¥.) is as defined in (8.10). Then,

Plaolx, ¥.) o< plaolx) [ a(vai e, ¥.)dG.(v.),

which iz a proper posterior distribution.

Proof. According to (2.4), (3.4) and (3.5) it is only necessary to evaluate the integral

| [ $518,0%,vur ) deas.

Using (3.6) , it follows after some algebraic manipulations that

-1/2( o2 -4l «(B, 2o, va) 1-2
(3.14) /f(y_lﬁ, a’,v..,xm)cl_a2 « [V,|72(S%(v.)) +{1 + (,?._( 1)23(:,;)} !

where Q.(8, 2o, v.) and S?(v,) are as given in (3.9) and (3.11), respectively. Note that, given
Ve, X, and y., §he last expression in (3.14) is the kernel density of the bivariate Student-¢
distribution #;(8(v.), S} (v. (X, V'X,)™%;n — 1). Thus, integrating (3.14) with respect to
B, we arrive at g(V.;X.,y.) given in (3.10), so that

P(aolx,¥.) < P(olx) [ a(Vei Xey ¥)dGa(v2) = P(ol) Ec.[g(Vei Xery. ).
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Thus, condition (3.13) implies that the above posterior distribution is proper and, moreover,
that )

f p(2.1%)Eg. [g(ve; x., y.)]dzo < K(x,Yy.).

Geweke (1993) reports results of a study on the posterior distribution of 8, showing that
it is proper under the prior assumptions of Proposition 3.1. If his results were correct than
it would no be difficult to show that the posterior distribution for zo obtained above would
also be proper. However, it seems that Geweke’s result is not correct. Using (3.14) above,
Geweke(1993) mistakenly obtains the expression

(3.15) (SHv)) /A VUXVIIXL)[T,

and not the expression given by (3.10) above, which is the expression that should result.
Using (3.10) in place of (3.15) in Geweke’s derivations, it seems that proving that the posterior
distribution of B is proper, is still an open problem.

The next result is related to second case given by (3.8). We use the notation t,(z; s, £, v)
to denote the density of z ~ ¢,(u, X, v).

Proposition 3.2. Let (8,0%)x, ~ NIG(bo, Mg, no,r0) and p(zo|x) a proper prior density
for zo. Thus, the posterior density that follows is given by

p(zolx, y.) o< p(zo|Xo) / tns1(¥e; Xubo. (ro/no0) (Ve + XuMoX(]), no)dG.(v.).

Proof. Let z, = V,_l/'zy., W, = V:Wx.., where as before X, = [1,41 x.], which is of
dimension (n+1) x 2. Thus, it follows that Z, |8, 0%, v.,X. ~ Np41(V.B,0%L,41). Now, since
(B,0%)|x. ~ NIG(bg, My, ng, o), straightforward algebraic manipulations yield

Za|Vay Xu ~ tat1(Wibo, (ro/no)(Ins1 + W.MoW)), n0).
Hence, simple transformation yields
Ve Vay X ~ b1 (Xubo, (ro/n0) (v + XuMoXL), no),
from where it follows that

flyalx.) = jw tns1 (Yas Xubo, (ro/n0) (Ve + X MoX?), 7,)dGa(v.),

which concludes the proof.



In the special case of G, being degenerate at the point v. = (1,...,1), the posterior
density of zo can be written as

p(olx, ¥.) & p(Z0}X)tn41(¥u; Xobo, (ro/n0)(Lns1 + XuMoX.), no).

The next corollary presents an analytical expression for this posterior distribution, which
extends the work of Hoadley (1970) to proper posterior distributions for (8, 0?).

Corollary 8.1. Suppose that

eilo? N i N(0,o ) =1,...,n, and (B,0%)|x. ~ NIG(by, My, no, 7o)-

Then,
P(zo[X,y.) o p(zo|x)t(0),
where ( )? "
py—4 Yo X501 il
Hza) ox (1 4 xoMuxy) f{a(y)+ x()Mlxo)}

with %o = (1,20,
a(y) = no + (y — Xbo) (I, + XMX') " (y — XM,),
bl = bo + MOX’(I,, + XMQX,)-I(y — X.bo)

and
M1 = Mo - MQX'(I“ + XMOX')'{XMO.

Proof. Since y. = (yo,Y’)’, the partition

x{,bu

1+ %M AMoX!
Xebo= (o) Tun+XMox, = (T JeMexe  lLXC )

XMox, I, +XMX'

and well known properties of the genera,hzed Student-t distribution (see Arellano-Valle and
Bolfarine, 1995) allow to write

Yo|X.,y ~ ti{m(y), M; a(y),no + n),

where
m(y) = Xgbo + xgMoX (I, + XMoX') " (y — Xby),
M =1+ x3{MoX)'(I, + XMpX') "' XM)x}

10



and
a(y) = no + (y — XBo)' (I + XMoX')"!(y — XBy).
Thus,
p(yolXs,y) ox H{zo)
and the result follows from the fact that p(zo|x, y.) « p(zo|z)p(ye|X., ¥)p(y|x.).

The two propositions above imply the the posterior distribution of z; in the calibration
problem depend on the generating density g only through G.. Thus researchers with differ-
ent g but the same prior specification will end up with similar inference on zy. It is also
worth noticing that it is not possible to obtain closed analytical expressions for the posterior
distribution of zg, except in the case of the normal distribution. One alternative in such
situations is to employ Markov Chain Monte Carlo (MCMC) based approaches (Smith and
Roberts, 1993). The approach allows the derivation of precise estimates of the posterior
density of interest. To implement the Gibbs sampling algorithm it is required to derive the
conditional posterior distribution of one parameter given the others. As shown, such posterior
distributions involve well known and easy to simulate distributions.

Proposition 3.3. Consider the likelihood function given in (8.6) and suppose that zo ~
N(mg, wo) and (8,0%) ~ NGI(bg,Mg,no, o) are independent. Then,

(’) ﬂIUz,z'o,V,., Yo~ NQ(&.(V.), UZM.(V.)),
where B.(v,) is given in (8.12) and M.(v.) = ((X.VIIX, ] + Mg 1)-t.
(ii} Gzlﬂ, To; Vay Yau ™~ IG(no +n, Tl), where

= z": (yi — By — Bazi)? +ro;

i=0 Yy

(ii1) zolB, 0%, Va, ¥ ~ N(my, w1}, where

Mo ﬂ'z(yo—ﬂl) -1 ﬁg -1
lw—o-l——?vo— and wl—(wo +E) .

Proof. The results follow easily from ordinary computations with conjugate linear normal
models.
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Example 3.1The Student-t calibration model. Considering that 3|3, 0%, z; ~ t,(z:6, 0% v),
it follows that the density function f(y:|3, 0%, v) is representable with mixing measure giving
by the inverse gamma distribution, that is, /G(v/2,v/2). Thus, the generating function can
be written as

g(u) = /om(21rs)"‘/2e‘1/2'h(s)ds,

where h(s) = (v/2)*/3(1/s)*/**'e=*/?* [T[v/2], which is the density function of the inverted
gamma distribution. Thus, the assumption of independent Student-t errors is equivalent
to considering a hierarchical formulation with heteroscedastic errors, by assuming that the
weights vy,...,v, are independent with v; ~ v/x?, ¢ = 1,...,n. The heteroscedastic ap-
proach is considered in Geweke (1993) for estimating the regression line parameters. The
posterior distribution of v., which is required in the implementation of the Gibbs sampling
algorithm in the Student-t model is given by

n
P(thﬂ, 0'21 Zg, Y-) = II p(vilﬂa 02, Zg, Y-),

=0

where o
vilﬁv 0,2, Z0, Y« S a(yl')/X?d-h
with a(y;) = v+ (4 — b1 = Bezi)? /0%, i =1,...,n.

4 Numerical illustration

In this section, results of a simulation study are presented to illustrate the behavior of the ap-
proach considered in the previous sections to estimate zo, recalling that no explicit expression
is obtained for its posterior distribution. Fixed values were considered for £ = (Z1yee 0y Tn)
go that |2; — ;4| = 1 and Z = 0 and a value of zo from which simulated samples were
obtained for (yo,y,...,¥n), considering a Student-¢ distribution with v degrees of freedom
with location and scale parameters given, respectively, by Sz; and o2. The next tables were
obtained through BUGS (Spiegelhalter et al., 1994) to ¢ = 500 and m = 100 (the sample
size) and the values presented represent 0.90 credibility regions and the posterior mean of
Zo.
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TABLE 4.1 : Credibility regions and posterior mean for several values of §
(n=21,z9 =0.5,0% = 1)

I} Degrees of freedom
2 5 10 30

05 (-8.657,17.68) (-4.942,6.184) (-3.049,575) (-2.929,4.174)
4.461 0.6653 1.332 0.6398

1 (1.129,4567) (-3.03,2.23) (-0.03616,4.16) (-0.3528,2.5)
2.851 -0.3512 2014 1.09

3 (-0.1953,1.821) (-0.1979,1.454) (0.2835,1.656) (-0.5092,0.7082)
0.8388 0.6199 0.9702 0.09634

Table 4.1 illustrates the fact that by increasing the degrees of freedom parameter the
credibility regions become more precise, a result somewhat expected. Moreover, the table
also illustrates the fact that there is a strong influence of the values of 8 on the precision of
the credibility regions. For example, for v = 30 the interval sizes go from 7 (for 8 = 0.5) to
1.2 (for 8 = 3). This result illustrates the fact that prediction becomes more precise as the
regression line becomes steeper. Thus, uncertainty about z¢ decreases as 3 increases and

some caution is recommended when the value of 3 is small.

TABLE 4.2 : Credibility regions and posterior mean for different sample sizes

(zo=05,=1,02=1)

n "~ Degrees of Freedom
2 5 10 30

7 (-4.96,8.26) (-1.57,5.39) (-1.545,1.729)  (-3.48,2.86)
0.8828 1.541 0.07227 1.200

21 (1.129,4.567) (-3.03,2.23) (-0.03616,4.16) (-0.3528,2.5)
2.851 -0.3512 2.014 109

51 (-1.961,3.884) (-1.237,2.89) (-1.739,1.682) (-2.197,0.7855)
0.8238 0.8112 -0.05913  -0.7048
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TABLE 4.3: Credibility regions and posterior mean for different values of g
(n=51, B=1, o%=1)

To Degrees of Freedom

2 5 10 30
center (-1.961,3.884) (-1.04,2.863) (-1.739,1.682) (-2.197,0.7855)
(0.5) 0.8238 0.8112 -0.05913  -0.7048
border  (22.43,30) (17.83,22.11) (20.41,24.01) (19.87,22.95)
(22.5) 25.97 19.95 222 21.42
outside (26.2,33.77) (28.37,32.3) (27.34,31.02) (27.4,30.52)
(30) 29.72 30.3 2903 2898

Tables 4.2 and 4.3 illustrate, respectively, the behavior of the credibility regions for varying
sample sizes (n) and different positions for the value zy being estimated. As expected, the
precision of the estimates increase by increasing the sample sizes. Moreover, as indicated by
Table 3, the position of the value being estimated has little influence on the precision of the
estimates.

5 Concluding remarks

The present paper considers Bayesian solutions to the linear calibration problem under two
types of elliptical models. Under priors non informative for the scale parameter it is shown
that the results obtained under the normal model remain valid under dependent elliptical
models. Similar results can be obtained if we considerer a nonlinear calibration model.
These result can be also extended with minor changes to multivariate calibration problems
by considering an appropriate matrix-variate elliptical distribution for the random matrix of
error terms. The robustness results derived for dependent elliptical model do not hold under
independent elliptical models. Moreover, as in the case of a single covariable, closed form
expressions for the posterior distribution of zq are difficult to obtajn. However, in the repre-
sentable case, the Gibbs sampler, provides a natural framework for obtaining approximations
to the posterior distribution of z,. As in the dependent case, these results can be extended
to the multivariate calibration problem.

Acknowledgments: The authors acknowledge the partial support from Fondecyt-Chile
under grants 1960937 and 1971128, Andes-Chile under grant C/127779 and CNPg-Brasil.
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