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1. INTRODUCTION 

Significance testing is a widespread statistical procedure in scientific 

studies. It consists of the computation of a p-value and t~en of the judgement of 

the .,:ausibility of a null hypothesis H. Unfonunately, some usual constructions 

of p-values completely disregard the alternative hypothesis, A. The present note 

aims to show, by simple examples, how wrong the conclusions based on such 

misleading p-values can be. A p-value which regards A, called here P-value, will 

be precisely defined in Section 4. The P-value is a well-defined (even if not a 

useful) quantity under the Bayesian view. It is also well-defined under Fisherian 

and Neyman-Pearson-Wald schools when both II and A are simple hypotheses. 

Discussions on the concept of p-values have an extremely large reference 

list - sec Good (1983). Most recently, Casella & Berger (1987) and Berger & 

Scllke (1987) contributed to this list but little additional light was brought to the 

subject, as pointed out by Pratt (1987) in the comments following these papers. 

Obviously, after observing data x and having defined a subset C of the parameter 

space, the numbers Pr{Clx} and Pr{xlC) have completely different meanings. 

Therefore, comparison of values of posterior probabilities top-values (as done by 

Casella & Berger, 1987) seems to be a very confusing matter. Another confusing 

aspect of significance tests appears when relations between sample sizes and p­

values are made. The recipe of Lindley & Scott (1986) is contrary to tberecipc of 

Peto et al. (1976), as pointed out by Royall (1986). This is briefly discussed in 

Section 6. 

The object of the present note is to illustrate practical aspects of the 

philosophical point of view of I.J. Good on p-values (Good, 1983). The authors 

believe that Good's work completely illuminates the matter. However, p-values 

are still not being carefully presented for users of Statistics(see Miettinen, 1985 

ch.9 and Peto et al., 1976). 

References supporting the use of significance tests are Cox (1977), Cox & 

Hinkley (1974), and Kempthome & Folks (1971). That one should disregard A 

when constructing significance tests is not suggested in these texts. In fact, as 

; -
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Spj~tvoll (1977) remarks in his discussion on Cox (i977), explicit regard to A 
should be emphasized whenever p-values are.heing defined. 

• In many cases the p-valuc (or even the_P-value) turns out to be a tail area. 
This fact is so common that p-values arc often called tail areas. That this 
nomenclature is unfortunate is shown in Section 4 where we obtain a P-value 
which is the sum of three areas, one of which is central while the remaining are 
tail. A P-value that is the sum of three areas was already presented by Good 
(1983) and called "triple tail" si~e none of those areas were central. 

2. DEFINITION OF p-V ALUE 

The intuitiv~ notion of p-valuc is captured by· the following definition. 
Consider an experiment prcxlucing data x, an observation of X, to test H versus 
A. 

Definition 1: The p-value is the probability, under 
H, of the event composed by all sample points that 
favor A (against H) at least as much as x does. 

However, many textbooks and papers present definitions which make no 
explicit reference to A (Cox, 1977) ~r definitions which completely ignore A 
(Freedman, Pisani, & Purves, 1978 or Pratt & Gibbons, 1981). Typical 
examples of such definitions arc presented next, respectively. Definition 2 is in 
the direction of Mosteller & Rourke (1973) and Definition 3 is given in Berger & 
Sellke (1987). 

D~rinilion 2: The p-value is the probability, under 
H, of the event composed by all sample points at least 
as "extreme" as x is. 

Let now T=T(X) be a statistic for which large values cast doubt on H and 
at point x it takes the value t=T(x). 

6/26/17 



Definition 3: The p-value at point t is the 

probability 
p(t) = Pr{T:2!t IH). 

Definition 2 presupposes an ordering of the sample points which gives 

meaning to "extreme." If the ordering regards A, Definitions 1 and 2 arc 

essentially the same. However, if the ordering disregards A, Definitions 2 and 3 

arc essentially the same and the p-valucs can completely ruin the statistical 

analysis as shown by ,imple examples such as the ones presented in the 

following section. It must be remarked that although Berger & Wolpert (1984) 

present Definition 3, in their comments they prescribe that, at least informally, A 

must be regarded. A fw:nw. working definition of the kind of Definition 1 is 

intrcxluced in Section 4. 

3. EXAMPLES 

This section presents three examples of misleading conclusions obtained by 

the use of Definition 3, the one that completely disregards A. All the examples 

concern simple II versus simple A. To stress the point of the present note simple 

examples were chosen. However, more standard examples could be constructed 

at the price of sacrificing simplicity. Section 5 discusses how to deal with 
composite hypotheses when constructing P-values. 

Example A: Consider an urn containing exactly three marbles: one black, one 

white, and one green. Three marbles were randomly selected from this urn. 

Consider the following two hypotheses: 

H: The selection was done Elb. replacement. 

versus 

A: The selection was done Elhml1 replacement. 

,12,111 · 



5 

Suppose the data consist of the vector X=(X 1.X2), where X1= number of black. 
marbles in the sample and X2= number of white marble~ in the sample. Not_c that 
the null probability function of X (multiplied by 27) can be displayed as 

3 1 
2 3 3 
1 3 6 3 
0 1 3 3 1 
X2 

Xt O 1 2 . 3 

Table I: Null Probability Function 
(times 27) of X in Example A · 

Suppose that the point (1,1) is observed. A person who disregards A will • 
construct a p-vah.ie using Definition 3 (or Definition 2 under an ordering which 
disregards A). For any statistic T which djsrci:ards A. such a p-value at I = 
TO,]) will be p(t)=l: For_instancc, if the :;c2 statistic T=(X1-1)2+(Xi-1)2 is 
used, then the p-valuc will be p(O)=J since T(l,l). By disreganiing A, no point 
is more supportive of H than x=(l,l), the vector of expected frequencies under 
H. Also note that, under H, all other sample points have smaller probability (are 
more "extreme") than x=(l,l) has. Hence, any ordering equivalent to the 
probability ordering under II (e.g., the :;c1 statistic above) will produce the unity 
as the p-value. U would be rejected only upon observation of a point other than 
x=(l,l). 

Yet the probability of x=(l,1) under A is one! The conclusion here is that 
one rejects H (accepts A) WJh when observing poinlS which arc jmpossible 
under Al 

Example B: Let X be a normal variable with mean ze,ro and unknown variance 
al producing data x. A minimal sufficient statistic here is T=T(X)=X2 with t = 
xl. Using Definition 3 to lest H: a=2, one will compute the p-valuc as the tail 
area 

,126/n 



-It p(t) = Pr(nt la=2} = 2'll(- 2 ) 

where Cl> is the standard normal distribution function. 

' 

Now let the alternative hypothesis be A:a=l. Clearly, the tail area under A 

is smaller than the one under H. Indeed, 

-It PA(t) = Pr(nt IA}= 2Cl>(- .!f) < 2Cl>(~ 2 ) = p(t). 

Hence, small values of p(t) correspond to even smaller values of PA(t) and favor 

H, not A. For instance, by following the decision procedure prescribed by 

Burd.enc & Gehan (1970), if t =x2=16, one may wrongly state that there is 

moderate evidence against H since 

p(l 6) = .0454 • < .05 . 

However, since PA06) = 0, the evidence against A is much stronger (sec 

Figure 1). 

Example C: Let f be the density of a random variable X from which an 

observation x is obtained. Consider the significance test of "H: f is normal with 

zero mean and variance 4" versus "A: f is the standard Cauchy density." 

Suppose again that t = x2=16. Then, as in Example B, the p-value is p(16) = 
.0454. Note that even with Example B having J different hypothesis A, the p-. 

value has exactly the same value. Of course, this is because the alternative 
hypotheses were disregarded. 

It must be pointed out that contrary to Example B, here the tail area under A 
is PA(16)=.156, which is greater than the p-value. However, as we shall sec in 

Section 5, the value t:zl6 again highly supports H, Jli21 A. . 

. 6/26/87 -
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In both Examples Band C, the sample size is n=l. This is not a restriction 

of our point and it was used just for simplicity. The same inconsistencies occur 

in more realistic situations where n is large. Yet, ~imple hypotheses do not 

restrict the criticism against p-values .. One may consider composite hypotheses 

as well (Section 5). 

4. P-VALUE, A p-VALUE .THAT REGARDS 

THE ALTERNATIVE HYPOTHESIS 

The examples presented in Section 3 show clearly that Definition 3 should 

be avoided. It is clear that Definition 1 is the one to be considered. In this section 

we present a formalized and workable version of Definition 1 which is based on 

likelihood ratios, following the suggestions of Good (1983). In the neJtt section, 

by using weighted likelihood ratios, we extend the definition for the case of 

composite hypotheses. 

In the spirit of Definition 1, one needs to characterize the set of all sample 

points that "favour" A against H at least as much as x, the observed data, do. 

This is done in the following definition by considering the likelihood ratio 

ordering. Let fH and fA be the probability density functions under H and A, 
respectively. The likelihood ratio statistic is denoted by R = R(X) = fA(X) / 

fa(X) which takes the value r = R(x) at point x. 

Definition 4: Suppose H and A arc simple 

hypotheses and R is the likelihood ratio statistic. The 

P-value at point r (or at point x) is 

P(r) a Pr(R.er IH}. 

The following result shows the consistency of P-values. On the other hand, 

p-values lack this kind of consistency. 
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Lemma: For any positive r, 

A 
P A(r) = Pr{R ~ r Ill) ~ P(r). 

A proof of this result would follow the standard steps of Theorem 1 on page 
443 of DeGroot (1986). 

Now we apply the P-value to the examples of Section 3. The conclusions 
will now be coherent and contrary to those obtained when p-valucs were used. 

Exampl~ A: (continuation) The statistic R taJces the value 27/6 at point (1,1) 
and Oat any other point (x1,xz). If point (1,1) has been observed, the P-value is 

P(27/6) = Pr{R ~ 27/6 IHJ = 6/27 < 1 = p(l,l). 

Note that for any other sample point, the P-value is the unity, supporting H and 
rejecting, indeed, A. 

Example B: (continuation) Recall that H: a= 2 and A: a= 1, and note that 
{x; R(x)~(4)) = (x; T(x) S 16) = {x; -4 S x S 4). Hence the P-value at point 
x=4 (or x = -4) is 

P(2e-6) = 1-2cl>(-2) = .9546, 

the central area, ruzt the tail area p-value. In fact, here P = 1-p. 

Example C: (continuation) Recall that H: Normal (0,2) and A: Cauchy (0,1). 
These two densities arc illustrated in Figure 2. Figure 3 introduces the possible 
values of R(x). From both fi~res one understands why t.,. x2 = 16 is less 
"extreme" than t = .04, although the later ~as a much higher density than the 
formez. 

,126/17 
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If the observed sample point is x = 4 (or t = 16), then the set C = {x; R(x) 

~ R(4)) is the Jinion of the following three intervals: (--, -4], [-1.388,1.388], 

and [4,oo), 

The P-value (area under the Normal (0,2) at set ~) at x = 4 is then P_ = 

.5553 > .0454 = p(l 6). 
Now, if x = .2, a point that is less "extreme" in the light of Definition 3, the 

P-value is P=.0904 < .5553. This shows that, under Definition 4, x = 4 is less 

extreme than x =.2. Also note that the fonncr P-value is the tail area plus a center 

slice of the central area, while the later is the central area plus a small sub-tail of 

the tail area . 

. This section shows that the idea of significance level being necessarily a tail 

area is wrong. P-values can be tail areas, central areas, triple tail areas (as in 

Good, 1983), triple areas obtained as a sum of central and tail areas, or even a 

finite sum of areas not necessarily tail or central. 

S. COMPOSITE HYPOTHESES 

An extension of Definition 4 for the case of composite hypotheses is 

presented in this section. When in presence of composite hypotheses, the 

statistician usually faces the problem of nuisance parameter elimination. If A is an 

indicator function defined as A = 1 if H is true and A = 0 if A is true, then A 

clearly becomes the parameter of interest in the significance testing problem. In 

fact, in the composite hypotheses case, one must use a method of nuisance 

parameter elimination in order to define P(r) = Pr(R~r IA.= 1} and PA(r) = 
Pr{R~r IA.= O}. The aim here is to interpret these two quantities as a summary 

of infinitely many numbers. Those numbers are all the possible P-valucs (and 
PA-values) obtained by consideration of simple sub-hypotheses of H against 

simple sub-hypotheses of A. 

The partial likelihood approach is a celebrated way of treating composite 

hypotheses. For example, the Fisher exact test is an important example of the use 

of such an approach. However, as shown in Irony: & Pereira (1986), it is 

6/26/87 
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possible to improve Fisher's solution by considering a Bayesian tool for a e-0rrect 
· P-value evaluation. This Bayesian tool is now used to extend Definition 4 to the 

composite hypotheses case. 

Over the two sets of parametric points that characterize H and A consider 
respectively two probability measures IlH and IlA· These two measures define 
two weighting systems that can be interprete.d as orderings of preference among 
parametric points in H and A, respectively. Now, for every possible observation 
x, define the weighted likelih~ values fH(x) and/ A(1) which are the weighted 
averages of the likelihood function under Hand A, respectively. Also, define the 
weighted likelihood ratio statistic B. = B.(X) = / A (X) / fH(X) which takes the 
value [ = ·R(x) at point x. 

Definition S: Suppose H and A are composite 
hypotheses and B. is the weighted likelihood · ratio 
statistic. The P-valuc at point [ (or at point x) is 

where I~(x) is the indicator function of the set ( x~ · 
R.(x)~). 

... It is interesting to note that. by considering the ordering define.d by B.. it would 
be possible to compute the probability of {R~I) (a p-value) for all clements of ~I. 
The above P-value is the weighted average (using IlH) of these probabilities. 
Analogously, we could characterize the PA-values using A and n,... 
Consequently, the property include.din the Lemma of Section 4 still holds if we 
consider fH and/ A as the sample models under H and A, respectively. Now, 
the situation of Example B (and C) is considcre.d under a more realistic situation 
of composite hypotheses. 

"26/87 
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Example D: In Example B, let A be composite. It is not difficult to see that if 

A: a< 2, then the P-value is a central area. Analogously, if A: cr > 2, then the 

P-value is a tail area. The interesting question is what form the P-value has when 

A: a 'F- 2. For simplicity consider that ITH is degenerated at point 2 and ITA is 

characterized by a one-degree-of-freedom x2 (prior) density for l/a2. Simple 

integration shows that fA is the standard Cauchy density and therefore the 

computation of the P-value is reduced to the computation of the P-value of 

Example C where a triple area can be obtained. 

To end this section, our version of the Fisher significance test for 

comparing proportions is presented. Note that, although with different 

dimensions, both hypotheses arc composite. Basu (1979) and Pereira & Lindley 

(1987) present examples questioning the partial likelihood method used in the 

Fisher significance test. The same examples could be used to suppon the P-value 

of Definition 5. 

Example E: Let X = (X1.X2) where X 1 and X2 are independent binomial with 

probability of success Pi and sample size ni, i=l,2. After observing data x = 
(x1.xz) suppose one wants to evaluate the P-value for H: p1 = P2 versus A: p1 ~ 

P2· The~ two hypotheses are illustrated in Figure 4. 

. "2"87 
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If IlH is unifonn in the line H and IlA is unifonn in the set A, then, considering 
y. = X1+x1and N = n1+n2, we have • -

and 

For the case of n1= n2= 5, Table 2 displays all possible values of R.(x1,x2) 
divided by 77. To obtain fH it is enough 10 divide the inverted values in the table 
by 2772. Suppose that x = (4,1) is observed. Then· J: == 77(25 and P = .0577. 
Using now Fisher significance procedure we have p = .2063. Note that pis 4 
times the value of P and that Irony & Pereira (1986) show by simulation that the 
frequency of more extreme (ordering of Table 2) points than x, under ff, is 
indeed much smaller than p. On the other hand, this frequency is very close to P. 

XJ 0 1 2 3 4 .5 
x2 

0 1/252 1/126 1/56 1(21 1/6 1 
1 1/126 1/140 1/105 1/00 1/25 1/6 
2 1/56 1/105 1/120 1/100 1/00 1/ll 
3 1/ll 1/00 1/100 l/120 1/10.5 .1/56 
4 1/6 1(25 1/00 1/105 1/140 1/126 
s 1 1/6 .1/21 1/56 1/126 1(252 

Table 2: Values of&.(x) (Divided 
by 77) in Example E 

,,2,,11 
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Note that Definition 5 does make use of a prior probability over the 

parametric space. Then, by considering the full Bayesian probability space, P 

and PA arc in fact well-defined conditional probabilities. Therefore the 

computation of these quantities is a non-problem for a Bayesian. However, its 

yg in significance testing may be questioned by Bayesians since it is believed to 

violate the Likelihood Principle (Berger & Wolpen, 1984, p. 105). 

6. P-VALUES: A BAYESIAN LOOK 

In this section we discuss the inappropriateness of the use of P-values, as a 

"measure of improbability" of H, for Bayesians. 

Rejecting H whenever the Bayes' factor, B, (the ratio of the posterior 

probabilities of A and H) is large, is equivalent to rejecting H whenever the P­

value is small. In other words, for every c >O, there exists an a>O such that the 

event {B>c} is equivalent to the event (P<a}. The constant ex depends on the 

prior probability of H, on the constant c, and on the sampling model. In fact it 

can be proved that 

( 7tC ) 7tC ) 
a = I - FR T-i'" = P( T-'it , 

where FR is the conditional distribution function of the statistic R given H, and 7t 

is the prior probability of H. 

In this sense, comparison of the actual P-value to a can be viewed as a mere 

computational option in the implementation of ·a Bayes' test. Note that the P­

values and consequently a may change under a different sampling model, even 

when the Bayes' factor remains unchanged. Therefore, the use of the P-valuc as 

a "measure of improbability (Jeffreys ,1961) of H on the actual data" is clearly a 

violation of Llie Likelihood Principle. Furthermore, using P-values in hypothesis 

testing without any regard to the corresponding Bayes' test (which produces the 

value of the corrected significance level P(1 ~ ) ) again violates the Likelihood 

Principle and is consequently unacceptable to Bayesian$. One should also ke.ep in 

"26/87 · 
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mind that p-values (not P-values) are unacceptable even as computational tools. 
for the above kind of equivalence with Bayes' tests no longer holds. RecaU the 
examples of Section 3. 

To add more confusion to the subject, Royall (1986) pointed out that it is 
listed in important literature (Peto CL al, 1976 and Lindley & Scott, 1984) two 
opposite prescriptions for the important role of sample sizes in significance 
testing. 

" ... A given P-value in a large trial is usually 
stronger evidence rhar the treatments differ than the 
s~e value in a small trial of the same treatments 
would be." (Peto et. al, 1976, p. 593) 

"All significance tests are dubious buause the 
interpretatio to be placed on the phrase 'significant at 
5% 'depends on the sample size: it is more indicative 
of the falsity of the null hypothesis with a small 
sample than with a large one." (Lindley & Scott, 

1984, p. 1) 

To explicate their statement Peto ct. al (1976) used a prior probability for H 
Pr(HI significant) . . and computed Pr(AI significant) , where s1~ficant means th~t the event (nt} 

has ocurrcd. Hence, in their argument, they did not use the whole information 
• } I Pr(HIT=t) given by the event (T=t . Had they used the correct Bayes Factor, Pr(Arf=t) , 

their conclusion would ttivially be the opposite (the one of Lindley & Scott, 
1984), as demostrated by DeGroot (1986, pp. 380-1). 

~ 
• 1 • .. 

"26/17 
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7. CONCLUSIO~ 

The consideration of A when defining significance levels is not new 

(although p-values have always been largely used) and we can refer here to 

de Finetti (1972, p. 163), Good (1983, p. 140), Jeffreys (1961, p. 383), Lindley 

(1978), and Neyman (1981 ). The present note just shows how dangerous it is 

not to consider A in the definition of significance levels. We also present a 
working definition that does regard A, even in the case of composite hypotheses. 

Using prior distributions (or equivalently weighting systems), the definition of P­

value for the case of composite hypotheses is an extension of the one introduced 

for the case where both hypotheses are simple. Such a P-value is therefore well­

defined for Bayesians who can compute it with no discomfort. Classical 

statisticians may also consider the P-value (and even~ it in the way Burdette 

and Gehan (1970) uses p-values in significance testing) if they accept the idea of 

replacing, in the likelihood ratio, maximum of likelihoods with corresponding 

weighted average likelihoods; i.e., if they accept to use averages for maximas. 

Yet, the YR of P-values other than for computational purposes is 

unacceptable for Bayesians, since a procedure based exclusively on them would 

violate the likelihood principle. Consequently, it would be incoherent for 

Bayesians. An inferential procedure that does not violate the Likelihood Principle 

ought to be based only on the observed sample point, not on others (more 

"extreme") points that could be observed but were ,not (Basu, 1975). As pointed 

out in Section 6, however, the computation of a_ Bayes' Factor can be replaced­

probably disavantageously - by the computation of the corresponding P-value, 

which is to be appreciated only in the light of the Bayes' Factor scale determined 

by the loss function. Still, this fact does not qualify P-values as Bayesian 

quantities. Note that Bayes' tests are based only on Bayes' Factors and these do 

not change with proportional likelihoods. Since P-values do change, we may 

well have two Bayes' Factors (related to two different models) with equal values 

corresponding to different P-valucs. 

6/2f,/87 
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We close this article with the following quotation from Professor Dennis V •• 
Lindley (1978, p. 5): 

..,. 

One can only judge something in .relation to 
the alternatives - a principle that is often not 
appreciated either in statistics or in politics. 
It was a great achievement of Neyman and 
Pearson to recogniu this. 

.. 

"2"17 
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