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ABSTRACT
An initial screening of which covariates are relevant is a common practice in high-dimensional regression
models. The classic feature screening selects only a subset of covariates correlated with the response
variable. However, many important features might have a relevant albeit highly nonlinear relation with the
response. One screening approach that handles nonlinearity is to compute the correlation between the
response and nonparametric functions of each covariate. Wavelets are powerful tools for nonparametric
and functional data analysis but are still seldom used in the feature screening literature. We propose a
wavelet feature screening method that can be easily implemented, and we prove that, under suitable
conditions, it captures the true covariates with high probability. Simulation results also show that our
approach outperforms other screening methods in highly nonlinear models. We apply feature screening
to two datasets about ozone concentration and epilepsy. In both applications, the proposed method selects
features that match findings in the literature of their respective research fields, illustrating the applicability
of feature screening. Supplementary material for this article is available online.
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1. Introduction

The number of explanatory variables is commonly much larger
than the sample size in modern data science. In the current
era of big data, many applications in biology have thousands
of covariates, reaching even hundreds of thousands in genetic
studies (Fan et al. 2020, sec. 1.1). A key objective in applications
is to use all data to determine which features/covariates are
associated with characteristics of interest, that is, the response
variables. Some classic methods to deal with this type of problem
where p � n are sub-sampling covariates, ridge regression,
and Lasso, for example (Hastie, Tibshirani, and Friedman 2009).
However, if p is substantially larger than n, the performance of
many variable selection methods may also be compromised (Fan
and Lv 2008). In such scenarios, practitioners often do an initial
screening to discard the covariates most likely irrelevant to the
analysis. This approach works as an initial step in supervised
learning. It reduces the problem’s dimension to only pn � p
covariates and facilitates the learning step of a regression or
classification model.

Feature screening consists of computing a marginal utility
measure for each feature and selecting the ones with the highest
scores. The most popular utility measure is the Pearson correla-
tion between the response variable and each covariate. Fan and
Lv (2008) studied this approach and derived its theoretical guar-
antees. Since Pearson correlation is tailored to linear relation-
ships, further works proposed using nonparametric methods to
capture nonlinear relations. Hall and Miller (2009) proposed
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using a generalized correlation, where the utility measure is the
Pearson correlation of the response variable and an estimated
smooth function of the covariate. Likewise, Fan, Feng, and Song
(2011) proposed to fit regression splines of each feature to the
response and use the norm of the fitted function as the utility
score. Many other screening methods have been proposed since
then; to name a few examples, we cite the following: model-
free screening (Zhu et al. 2011; Xue and Liang 2017), screen-
ing based on distance-correlations (Li, Zhong, and Zhu 2012),
screening for categorical response (Mai and Zou 2013), condi-
tional marginal screening (Barut, Fan, and Verhasselt 2016), and
screening for dependent data (Yousuf 2018). Fan et al. (2020,
chap. 8) provides a thorough literature review and further details
about feature screening. Our article focuses on nonparametric
utility measures (Hall and Miller 2009).

1.1. Generalized Correlation

Let Y be a response variable of interest and (X1, . . . ,Xp)T a set of
covariates to be used as proxies to Y . Assume we have a sample
{(Xi., Yi)}n

i=1 where Xi. = (Xi1, . . . , Xip) and p � n. We aim
to reduce the data’s dimension by selecting a subset of covariates
relevant to the study. Let X = (X1, . . . , Xp) be the design matrix,
where Xj = (X1j, . . . , Xnj)T denotes the observations from the
jth covariate.

The standard screening approach uses the Pearson correla-
tion between Y and Xj as a utility measure. This approach is
widely used by practitioners in all fields that require data analysis
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and counts with a solid theoretical foundation (Fan and Lv
2008). These two aspects explain the popularity of this screening
approach. However, the Pearson correlation does not capture
covariates with a highly nonlinear relation with the response
variable. Therefore, Hall and Miller (2009) proposes to tackle
this problem by estimating the functional relations between Y
and each Xj separately. They compute a generalized correlation
as follows

ρ(Xj, Y) = sup
fj∈H

cov {fj(Xj), Y}√
var {fj(Xj)}var (Y)

, j = 1, . . . , p,

where H is some functional space and fj ∈ H is the function
that fits Xj to Y . When H consists of the space of linear func-
tions, ρ(Xj, Y) becomes the Pearson correlation. Hall and Miller
(2009) uses cubic splines basis to represent fj. Given the sample
{(Xi., Yi)}n

i=1, the generalized correlation can be estimated by

ρ̂(Xj, Y) = sup
fj∈H

∑n
i=1{fj(Xij) − f̄j}{Yi − Ȳ}√∑n

i=1{fj(Xij) − f̄j}2 ∑n
i=1{Yi − Ȳ}2

,

j = 1, . . . , p,

where f̄j = ∑n
i=1 fj(Xij)/n and Ȳ = ∑n

i=1 Yi/n. The idea is
to use ρ̂(Xj, Y) to measure the importance of Xj for fitting Y.
The screening approach selects only pn � p covariates with the
highest ρ̂(Xj, Y) in absolute value.

The same screening results can be achieved using |‖f̂j‖−‖fj‖|
as utility measure, where ‖ · ‖ denotes some norm. For example,
consider the case of Pearson correlation and let X and Y be two
vectors with zero-mean and unit norm. Since ‖X − Y‖2 = 2 −
〈X, Y〉, by maximizing the correlation 〈X, Y〉 we also minimize
|‖X‖ − ‖Y‖|2 ≤ ‖X − Y‖2, where the latter follows from the
triangular inequality. Therefore, we will focus on the distance
|‖f̂j‖ − ‖fj‖| to devise a variable selection scheme.

1.2. Proposed Method

We use wavelet methods to estimate the function fj that links
Y to Xj, j = 1, . . . , p. Wavelets form a basis for the space of
square-integrable functions, similarly to cosines and sines in
Fourier analysis. The main advantages of wavelets are their local
adaptivity and regularization properties, making them a pow-
erful tool to represent functional data (Morettin, Pinheiro, and
Vidakovic 2017). Other properties are that wavelet coefficients
can be quickly computed for equally spaced sampled observa-
tions (regular design), and such coefficients characterize quite
general functional spaces, such as Hölder and Besov spaces, for
example (Vidakovic 1999, p. 87). One challenge in our problem
is that multiple covariates are generally irregularly spaced, a
design for which often-used wavelet methods are unsuitable.

Our main contribution is a feature screening method that
uses warped wavelets, which were introduced by Kerkyacharian
and Picard (2004) to deal with random covariates. Our screening
idea is described in Algorithm 1. It can be easily applied within
any statistical software that computes wavelet transforms (e.g.,
R, Python, Matlab). The paradigm of wavelet feature screening
has been suggested previously (Fan, Feng, and Song 2011, p.
552). The closest work to ours is the paper by Zhao, Chen, and

Algorithm 1 Warped wavelet screening

Input: response variable Y ∈ R
n, features X1, . . . , Xp ∈ R

n,
threshold ν > 0, wavelet basis.

Output: Indices of screened features M̂ ⊂ {1, . . . , p}.
1: for j = 1, . . . , p do
2: Sort (Yπ(1), Xj,π(1)), . . . , (Yπ(n), Xj,π(n)) such that

Xj,π(1) ≤ · · · ≤ Xj,π(n), where {π(1), . . . , π(n)} denotes a
permutation of {1, . . . , n}.

3: Apply the discrete wavelet transform to
(Yπ(1), . . . , Yπ(n)) using the chosen wavelet basis, obtaining
wavelet coefficients {β̂k}.

4: Apply thresholding on the wavelet coefficients, obtain-
ing {β̃k}.

5: Compute wj = {∑k β̃2
k }1/2 using the thresholded coef-

ficients.
6: end for
7: Set M̂ = {j; 1 ≤ j ≤ p, wj > ν}.
8: return M̂

Ogden (2015), who proposes a screening step for a wavelet-
based Lasso estimator of a linear regression model. However,
this work assumes that predictors are sampled at equally spaced
points, a condition hardly satisfied in practice. The current arti-
cle is the first to propose a wavelet algorithm that handles irreg-
ular designs and to study its properties. The main component
of our algorithm is the application of warped wavelets, whose
details are presented in Section 2. Warped wavelet regression
estimators adapt well to features with irregular sampling designs
(Morettin and Porto 2022), which allows us to apply wavelets
to run feature screening. Theoretical properties of the proposed
screening approach are presented in Section 3, where we prove
that Algorithm 1 can capture the true covariates with high
probability.

Feature screening methods are commonly tested with simu-
lations of scenarios where the link function fj is either smooth or
has very few discontinuities. Differently, Section 4 presents sim-
ulations of challenging scenarios with highly nonlinear exam-
ples of fj. Our results show that model-free screening methods
do not perform well when fj is very irregular, but Algorithm 1
can still detect true features in many such cases. The wavelet
approach also outperforms splines for scenarios where fj con-
tains local traits like peaks. This analysis illustrates the well-
known advantage of wavelets for regression problems where the
link function is irregular, containing spikes or discontinuities
(Reiss et al. 2017, sec. 2.1).

Another contribution of this article is the application of
feature screening to two scientific problems. The first uses ozone
concentration data in the largest city in Brazil. Ozone is a pollu-
tant related to various health problems; thus, monitoring which
atmospheric features are related to ozone concentration is of
practical interest (see Section 5). The second problem uses data
of a study about temporal lobe epilepsy. These data were col-
lected to understand how brain white matter measurements
are related to brain degeneracy in epileptic patients (see Sec-
tion 6). In both applications, we show that feature screening
can detect covariates previously reported as important factors in
their respective fields. The supplementary material contains an
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application with the cardiomyopathy data (Segal, Dahlquist, and
Conklin 2003), a high-dimension example commonly used in
the feature screening literature. Some final remarks in Section 7
close the article.

Notation: We use log for the natural logarithm. Vectors and
matrices are represented by bold letters. The ith row and jth
column of a matrix X ∈ R

n×p are denoted as Xi. ∈ R
p and

Xj ∈ R
n, respectively. The Euclidean norm of a vector x ∈ R

n

is denoted as ‖x‖ = (
∑n

i=1 x2
i )

1/2. For a random function
f : R → R, we define the L2 and L∞-norms in terms of
the expected values

∥∥f
∥∥2

L2 = E
{∫ |f (x)|2dx

}
and

∥∥f
∥∥

L∞ =
E
{

maxx∈R |f (x)|}, respectively. These norms reduce to their
usual definitions when f is not random.

2. Warped Wavelets

Kerkyacharian and Picard (2004) introduces warped wavelets to
allow randomly sampled covariates in wavelet regression estima-
tors. We employ this method to perform feature screening, sep-
arately analyzing each pair (Xj, Y). The data for the jth covariate
is {(Xij, Yi)}n

i=1, j = 1, . . . , p. We fit the following model for each
covariate:

Yi = fj(Xij) + εij, i = 1, . . . , n, (1)

where ε1j, . . . , εnj
iid∼ N(0, σ 2), with independent Xij and εij.

We assume that fj ∈ L2([a, b]), and one of our goals is to
estimate the coefficients of its representation in a wavelet basis.
For convenience, let us focus on the case where σ 2 = 1, a = 0
and b = 1.

A common assumption in wavelet regression is that Xij =
i/n, that is, the covariates are equally spaced in the support of
fj. This assumption can be relaxed with warped wavelets, which
allow Xij to be irregularly spaced on the interval [0, 1]. Assume
that Xij follows some continuous distribution with density gj
and distribution function Gj. Without loss of generality, consider
that X1j < X2j < · · · < Xnj and denote their empirical
distribution function by Ĝj. The idea of warped wavelets is to
recover the usual regular design using the fact that Ĝj(Xij) = i/n.
Plugging Xij = Ĝ−1

j (Ĝj(Xij)) in (1), we have

Yi = fj(Xij) + εij = fj
(

Ĝ−1
j (Ĝj(Xij))

)
+ εij

= fj
(

Ĝ−1
j (i/n)

)
+ εij,

which resumes the classical equally spaced design when look-
ing at the function composition fj

(
Ĝ−1

j (·)
)

. We shall focus on
the estimators that take Gj as known to avoid some techni-
calities. Estimators that use the empirical distribution function
Ĝj are also proposed by Kerkyacharian and Picard (2004) and
have similar properties to the estimator computed assuming
Gj known. Kerkyacharian and Picard (2004) show that both
approaches attain (up to logarithmic factors) the minimax con-
vergence rate from regular designs.

Another idea of warped wavelets is to take the wavelet
decomposition of fj

(
G−1

j (·)
)

instead of fj(·). Consider a wavelet
basis {ψlk; l ≥ −1, k ∈ Z} where ψ−1,k is a scaling function

(Härdle et al. 1998, eq. 3.4). Expanding fj
(

G−1
j (.)

)
in this basis

we get

fj
(

G−1
j (y)

)
=
∑
l≥−1

∑
k∈Z

βlkψlk(y), or equivalently

fj (x) =
∑
l≥−1

∑
k∈Z

βlkψlk
(
Gj(x)

)
,

where the wavelet coefficients are given by

βlk =
∫ 1

0
ψlk

(
Gj(x)

)
fj(x)gj(x)dx. (2)

Here we omit the index j from βlk, but later we shall write βjlk to
let it clear it is a coefficient from fj. Equation (2) reduces to the
usual wavelet coefficient when gj(x) is the uniform density. In
general, the properties of the warped wavelet transform depend
on weights defined by gj(x) and how far they are from uniform
weights. We shall assume that gj is bounded as follows:

C1 There is a finite constant C > 0 such that C−1 < gj(x) < C
for all x ∈ [0, 1] and all j ∈ {1, . . . , p}.

Under C1, the density gj in (4) defines a weighting scheme that
belongs to a class known as Muckenhhoupt weights (Kerkyachar-
ian and Picard 2004, sec. 4.1). This condition is sufficient to
guarantee good convergence rates for warped wavelet estima-
tors. Moreover, C1 has already been used for nonparametric
feature screening (Fan, Feng, and Song 2011, condition B). We
also assume that the following conditions hold:

C2 The scaling function ψ−1,k and wavelet functions ψlk, l ≥ 0,
have compact support.

C3 The functions fj : [0, 1] → R, j = 1, . . . , p, are periodic and
there is an absolute constant C > 0 such that ‖fj‖L∞ < C
for all j.

These are common assumptions for warped wavelets (Porto
et al. 2016; Gómez, Porto, and Morettin 2021). C2 allows us
to write the wavelet transform as finite sums, and it is satis-
fied by Daubechies wavelets, for example (Härdle et al. 1998,
p. 127). The periodicity assumed in C3 permits us to apply
the wavelet transform for functions with support in [0, 1]. See
(Vidakovic 1999, sec. 5.6) for other transforms of signals in an
interval. This assumption also justifies periodization heuristics
frequently used in practice to deal with boundary handling and
sample sizes that are not a power of two (Ogden 1997). The
assumption that fj is bounded is technical and is used later in
Proposition 1.

We consider the warped wavelet estimator given by

f̂j(x) =
J∑

l=−1

2l−1∑
k=0

β̂lkI{|β̂lk| ≥ κtn}ψlk
(
Gj(x)

)
,

tn =
(

log n
n

)1/2
, (3)

where κ > 0 is a tuning parameter and J satisfies 2J ≤ Ct−1
n , for

some absolute constant C > 0. The empirical coefficients are

β̂lk = 1
n

n∑
i=1

ψlk(Gj(Xij))Yi. (4)
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Note that f̂j(x) in (3) is computed via hard thresholding. Other
thresholding approaches can also be applied (Vidakovic 1999,
chap. 6). See Fan and Li (2001) for a detailed analysis of different
thresholding options, such as SCAD and soft thresholding. The
following result, due to (Kerkyacharian and Picard 2004, Prop.
3), will be useful to deduce theoretical guarantees for the warped
wavelet feature screening.

Proposition 1. (Kerkyacharian and Picard 2004, p. 1070) Assume
that conditions C1–C3 hold and let α > 1. Then, there exist
constants Cα and C′

α , and for any γ > 0 there exists a constant
κγ , with

E(|β̂lk − βlk|α) ≤ Cα

1 +∥∥fj
∥∥α

L∞
nα/2 , for 2l ≤ n,

P

(
|β̂lk − βlk| > κ

√
log n

n

)
≤ C′

αn−γα ,

for κ ≥ κγ , 2l ≤
√ n

log n
.

3. Feature Screening via Warped Wavelet Regression

In this section, we use the properties of the warped wavelets
estimator to establish theoretical guarantees for our Algorithm 1.
Assume we can fit model (1) to all covariates but that fj is null for
most of them, that is, only a few Xj are relevant to predict Y . Let
β j = {βjlk, 0 ≤ l ≤ J, 0 ≤ k ≤ 2l − 1} be the wavelet coefficients
of fj as in (2). Notice that if fj is null, then β j = 0. Therefore,
we represent the set of relevant features in terms of their wavelet
coefficients as M∗ = {j; 1 ≤ j ≤ p,

∥∥∥β j

∥∥∥ > 0}.

Our goal is to find a set M̂ ⊂ {1, . . . , p} that contains
M∗ with high probability and has cardinality much lower than
p. However, the functions fj are unknown, and we must use
estimators f̂j to screen the relevant features. This approximation
works well if the wavelet transform of f̂j is close enough to that
of fj. Let β̂ j be the wavelet coefficients of f̂j estimated as in (4).
Then, the proposed set of screened variables is as follows:

M̂ =
{

j; ‖β̂ j‖ > νn, 1 ≤ j ≤ p
}

,

where νn > 0. The key point to recover j ∈ M∗ is that the energy
of fj must be higher than the noise level, that is, ‖β̂ j‖ has to be
higher than the norm of wavelet coefficients of pure noise. In this
case, we can screen the correct variables with high probability
if we choose a suitable νn. The next proposition formalizes this
idea.

Proposition 2. Let κ , C′ and γ be defined as in Proposi-
tion 1, with γ > 1/4. Assume that C1–C3 hold and that
minj∈M∗

∥∥∥β j

∥∥∥ > 2νn, where νn = 2(J+1)/2√κ((log n)/n)1/4.

If M̂ is computed with this νn, then

P
(
M̂ ⊃ M∗

)
≥ 1 − s2J+1C′

n2γ
, s = |M∗|. (5)

Additionally, for fixed s and J, P
(
M̂ ⊃ M∗

)
→ 1 as n → ∞.

Proof. See Appendix B.

Another important aspect of any screening set is that its car-
dinality must be much lower than the dimension p. Proposition 3
shows that, on average, the number of elements on M̂ is much
lower than p.

Proposition 3. Assume that all conditions of Proposition 2 hold
and that M̂ is defined with νn = 2(J+1)/2√κ

(
(log n)/n

)1/4.
Then, the expected cardinality of M̂ satisfies

E (|M̂|) ≤ s + 2J+1C′(p − s)
n2γ

, where s = |M∗|.

Proof. See Appendix C.

4. Simulation

This section presents simulation results of Algorithm 1. Simi-
larly as in Example 4 of Hall and Miller (2009), we simulate data
from the model

Yi =
5∑

j=1

6 − j
5

(f (Xij) + f (Xi,j+5)) + εi, (6)

where εi follows a standard normal distribution. The function
f : [0, 1] → R is set as one of the test functions of Donoho and
Johnstone (1994) (see Figure 1) or the identity function f (x) =
x. The pairs (Xij, Xi,j+5) are independently generated as

Xij ∼ U(0, 1), Xi,j+5 = ρXij + Ui
√

1 − ρ2

ρ +√
1 − ρ2

,

j = 1, . . . , 5, i = 1, . . . , n, (7)

where ρ = 0.85 and U1, . . . , Un
iid∼ Unif(0, 1). This gener-

ating scheme guarantees that some covariates are correlated,
with corr(Xij, Xi,j+5) = ρ. When true covariates Xj and Xj+5
are highly correlated, many variable selection methods tend to
choose only one of them. This simulation study also checks the
ability of screening methods to select both.

We set the dimension as p = 5000 and consider sample sizes
n ∈ {128, 256, 512}. The relevant covariates are X1, . . . , X10, that
is,M∗ = {1, . . . , 10}. We also generate {Xi,j}15

j=11 correlated with
{Xi,j}5

j=1 as outlined in (7). This way, we can analyze a case where
nonsupport and support covariates are correlated. The remain-
ing X16, . . . , X5000 have all entries sampled independently from
Unif(0, 1). This section presents the numbers of true covariates
detected by different methods among their 15 largest screen-
ing utility scores. In the supplementary material, we present
the number of pairs of support covariates {(Xj, Xj+5)}5

j=1 that
are selected together, and the number of selected nonsupport
covariates {Xj}15

j=11. All results are averages from 500 replicates.
Our Algorithm 1 is applied with the Haar wavelet basis and a

single decomposition level, which are the default choices in our
codes.1 This wavelet method is compared with the generalized

1The supplementary material shows that similar results are obtained with
different wavelet basis, and that Algorithm 1 outperforms a wavelet screen-
ing applied with the method of Kovac and Silverman (2000), which is
implemented as the irregwd function in the R package wavethresh
(Nason et al. 2022).
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Figure 1. Test functions of Donoho and Johnstone (1994).

correlation screening of Hall and Miller (2009) implemented
with cubic splines. We also apply the model-free methods SIRS
(Zhu et al. 2011) and DC-SIS (Li, Zhong, and Zhu 2012), which
are implemented in the R packageVariableScreening (Li,
Huang, and Dziak 2022).

Simulation results are presented in Table 1. We note that,
albeit no method outperforms all others in all scenarios, the
warped wavelets provided competitive results. When f is the
Blocks or Heavisine functions, generalized correlation with
splines gives the best results, and SIRS and DC-SIS have the best
performances when f is the identity function. Apart from DC-
SIS, all considered methods take on average only a few seconds
to run. In general, wavelet methods have competitive results,
outperforming the other approaches for the functions Bumps
and Doppler, for example. This simulation highlights the good
adaptation properties of wavelets for link functions fj with many
localized traits like peaks and sharp oscillations.

5. Application on Ozone Concentration

Ozone is a pollutant related to various respiratory problems, and
its efficient monitoring greatly impacts public health (Zhang,
Wei, and Fang 2019). However, various chemical and meteoro-
logical factors affect ozone concentration, making its monitoring
a challenging task (Monks et al. 2015).

Our goal in this application is to identify the main factors that
influence ozone concentration in São Paulo–Brazil (Santolaya
et al. 2019) through wavelet feature screening. The relations
between ozone level and related variables are known to be non-
linear for a long time (Lin, Trainer, and Liu 1988), which makes
nonparametric screening methods appropriate tools for variable
selection. We use the R package qualR (Gavidia-Calderón,
Schuch, and de Fatima Andrade 2022) to collect data from the
Pinheiros air quality station in São Paulo. The data consists of
daily observations of 11 variables collected from January 2004
until December 2022. Due to many missing values, we analyze
monthly averages and use only observations from April 2006

Table 1. Average number of true features (#feat) selected among the 15 most
relevant according to each screening method, and average runtime in seconds
(time).

WWS gen. corr./splines SIRS DC-SIS

n #feat time #feat time #feat time #feat time

Blocks
128 1.1(0.93) 3.48 1.4(0.97) 1.57 0(0.23) 1.09 0.1(0.41) 2.75
256 3.3(0.95) 3.86 3.5(1.12) 1.83 0.1(0.29) 2.39 0.4(0.71) 11.86
512 5.4(0.8) 4.3 5.5(0.89) 2.36 0.2(0.53) 6.04 1.4(1.08) 74.76

Heavisine
128 3.3(0.88) 3.47 3.4(0.96) 1.57 0.2(0.55) 1.08 0.5(0.81) 2.71
256 5.2(0.86) 3.84 5.3(0.92) 1.8 0.7(0.92) 2.36 2.2(1.01) 11.77
512 6.5(0.77) 4.47 6.7(0.77) 2.46 2.1(1.13) 6.09 4.3(0.85) 76.74

Bumps
128 0.2(0.43) 3.47 0.1(0.23) 1.57 0.1(0.27) 1.08 0.1(0.28) 2.74
256 0.9(0.84) 3.87 0.2(0.48) 1.83 0.2(0.52) 2.38 0.3(0.59) 11.84
512 3.0(1.02) 4.33 0.7(0.88) 2.35 0.5(0.81) 5.78 0.8(1.01) 74.54

Doppler
128 0.2(0.45) 3.46 0.1(0.37) 1.56 0.1(0.41) 1.08 0.1(0.44) 2.72
256 0.8(0.84) 3.85 0.4(0.66) 1.81 0.2(0.57) 2.34 0.3(0.63) 11.62
512 2.3(1.05) 4.23 1.6(1.12) 2.3 0.5(0.87) 5.54 1(1.03) 71.22

Identity
128 2.2(1.11) 3.55 2.3(1.16) 1.6 3.1(1.15) 1.11 3.2(1.17) 2.77
256 4.1(1.05) 3.83 4.5(1.0) 1.81 5.1(0.98) 2.33 5.1(0.98) 11.67
512 5.4(0.89) 4.26 6(0.78) 2.3 6.3(0.75) 5.5 6.3(0.7) 71.2

NOTE: The standard deviation of #feat is presented in parentheses. The functions of
true covariates are the four test functions of Donoho and Johnstone (1994) and
the identity function. WWS denotes the warped wavelet feature screening.

until September 2010. Moreover, we compute the cosine and sine
of circular variables related to wind direction. The time series
are displayed in Figure 2. Notice that most time series present a
seasonal pattern; thus, the observations are not independent.

The properties of feature screening methods discussed in this
article assume independent observations. Thus, we computed
differences in the variables shown in Figure 2 to reduce their
dependence on past values. After plots of autocorrelations and
partial autocorrelations, we employ the following:
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Figure 2. Time series of the meteorological variables recorded at Pinheiros air quality station in São Paulo. The abbreviations wd and gwd refer to wind direction and global
wind direction, respectively.

• Differences at lags 1 and 11 for the variables ozone, carbon
monoxide, nitrogen monoxide, and temperature,

• Differences at the lag 1 for the variables nitrogen dioxide,
humidity, wind speed, cos(wd), and sin(wd), where wd stands
for wind direction,

• No transformation for the variables cos(gwd), and sin(gwd),
where gwd stands for global wind direction.

The temporal dependence of all the variables was reduced con-
siderably after these transformations, as shown in the supple-
mentary material.

The next step uses the differenced time series to identify
the most important features to model ozone concentration. We
apply the generalized correlation with cubic splines, SIS, DC–
SIS, and SIRS. The warped wavelet feature screening is applied
using Daubechies’ extremal phase wavelets with filter number
six.2 Table 2 presents the five most relevant variables selected
by each method. All methods identify the following features as
most relevant: humidity, wind speed, and cos(wd). Hence, there
is a consensus that humidity and wind direction and speed are
relevant variables to model ozone concentration. This conclu-
sion is in accordance with well-known results in the literature
(Thompson et al. 2001, Sec 2.2.2). Wind direction and speed
are associated with the transport of ozone in the atmosphere
(Camalier, Cox, and Dolwick 2007), and weather factors such
as humidity and temperature are frequently used to study peaks
of ozone concentration (Oliveira, Drumond, and Rizzo 2022).

Figure 3 shows curves estimated using warped wavelets for
some features. The vertical axis represents the differenced time
series of ozone concentration minus its average. We subtract the
average Ȳ of this variable before estimating the curves (Hastie,

2See the wavethresh manual for details (Nason et al. 2022).

Table 2. The five most relevant variables according to different feature screening
methods.

Method 1st 2nd 3rd 4th 5th

WWS Humidity Temperature Wind speed cos(wd) sin(gwd)
gen. corr. Humidity Temperature Wind speed cos(wd) NO2
SIS Humidity cos(wd) Wind speed sin(wd) NO2
SIRS Humidity cos(wd) sin(wd) Wind speed NO
DC-SIS Humidity sin(wd) Wind speed cos(wd) NO

NOTE: WWS denotes the warped wavelet feature screening. Variables are ordered in
decreasing order of importance.

Tibshirani, and Friedman 2009, p. 298). The covariates are the
differenced time series of features normalized to the interval
(0, 1). We see in Figure 3 that Humidity, Wind Speed, and
cos(wd) present a nonlinear relationship with the ozone con-
centration. Understanding the importance of these features and
how they influence ozone concentration can aid scientists, for
example, in developing simulation models (Sánchez-Ccoyllo
et al. 2006; Franco et al. 2019).

6. Application on Epilepsy

Epilepsy is a brain disorder characterized by a predisposition
and occurrence of multiple seizures (Fisher et al. 2014). A com-
mon form of this disorder is temporal lobe epilepsy (TLE),
which can happen on one side of the brain. The progress of TLE
is associated with abnormalities in the brain’s gray and white
matter (Yasuda et al. 2010). Many studies focus on characteristics
of white matter to study some aspects of TLE. One particu-
lar problem is to understand brain degeneration in epileptic
patients. Comparisons with healthy controls have shown that
epileptic patients seem to have older brains (Hwang et al. 2020).
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Figure 3. Plots of the response variable Y (differenced and centered ozone concentrations) and each covariate (differenced and normalized to the unit interval). The curves
are warped wavelet regression estimates. The observations are considerably noisy, and only a few features display a noticeable effect on Y , like humidity and wind speed.

Figure 4. Boxplot of the observed ages for each group in the epilepsy study.

Further studies have been conducted to understand the relation
between brain structural age and neurological measurements
under the TLE disorder (Yasuda et al. 2023).

In this section, we apply feature screening on a dataset from
a study about TLE. The data was collected by the Neuroimaging
Laboratory at the University of Campinas-Brazil and consists of
88 features and ages obtained from 226 individuals (89 controls
and 137 patients). The patients are divided by the side of their
TLE: 76 have left TLE (LTLE) and 61 have right TLE (RTLE).
The features are brain white matter measurements acquired via
magnetic resonance imaging. We analyze pre-processed mea-
surements in the interval [0, 1]. Further details about the dataset
can be checked in Yasuda et al. (2023).

Our task is to identify which features can be used to model the
patients’ age. The research hypothesis is that epileptic patients
have feature values similar to older healthy controls. Figure 4

Table 3. The five most relevant variables according to different feature screening
methods for each group of participants in the epilepsy study.

Group Method 1st 2nd 3rd 4th 5th

WWS BODY_FA Genu_FA Genu_MD Genu_AD Genu_RD
gen. corr. BODY_FA BODY_MD BODY_AD BODY_RD Genu_FA

Control SIS BODY_FA BODY_RD Genu_FA Genu_MD Genu_RD
SIRS BODY_FA BODY_RD Genu_FA Genu_MD Genu_RD

DC-SIS BODY_FA BODY_RD Genu_FA Genu_MD Genu_RD

WWS BODY_FA Genu_FA Genu_RD SPLEN_AD SPLEN_RD
gen. corr. BODY_FA Genu_FA Genu_MD Genu_RD SPLEN_MD

RTLE SIS BODY_FA BODY_RD Genu_FA Genu_MD Genu_RD
SIRS BODY_FA BODY_RD Genu_FA Genu_MD Genu_RD

DC-SIS BODY_FA Genu_FA Genu_MD Genu_RD SPLEN_RD

WWS BODY_FA BODY_MD BODY_AD BODY_RD Genu_FA
gen. corr. BODY_FA BODY_MD BODY_RD Genu_FA Genu_MD

LTLE SIS BODY_FA BODY_MD BODY_AD BODY_RD Genu_FA
SIRS BODY_FA BODY_MD BODY_AD BODY_RD Genu_FA

DC-SIS BODY_FA BODY_MD BODY_AD BODY_RD Genu_FA

NOTE: WWS denotes the warped wavelet feature screening. Variables are ordered in
decreasing order of importance.

presents boxplots of the ages of each group of individuals. This
figure shows that the distribution of ages is similar in the three
groups. We applied feature screening methods separately for
each group and checked which features were selected the most.
Later, we analyze the estimated ages for two specific features.

We applied the generalized correlation with cubic splines, SIS,
DC-SIS, and SIRS. Our Algorithm 1 is applied using Daubechies’
extremal phase wavelets with filter number six.3 Table 3 presents
the five features selected the most by each screening method.
The methods have consistent results and identify similar sets
of features. The features related to BODY and Genu are the

3See the wavethresh manual for details (Nason et al. 2022).
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Figure 5. Scatterplot of observed ages versus the covariates BODY_FA (right) and Genu_FA (left). The symbols ·, ×, and + correspond to control, LTLE, and RTLE groups,
respectively. The solid curves were estimated via warped wavelet regression for each group of patients.

most selected. These brain structures were also highlighted in
previous studies (Yasuda et al. 2023, Tables 2 and 5).

Table 3 shows that the two features selected the most for the
three groups are BODY_FA and Genu_FA. Figure 5 presents
scatterplots of these features versus the observed ages. The
warped wavelet regression was applied to fit a smooth curve
for each group of patients and control. Both plots in Figure 5
show that the curves of control individuals tend to be above the
curves of RTLE and LTLE patients. This characteristic indicates
that measurements of TLE patients are observed in controls
with older ages, illustrating the degeneracy caused by the TLE
disorder. Yasuda et al. (2023) reached similar conclusions using
linear regression. Hence, the feature screening and wavelet
analysis corroborate their results.

7. Conclusion

Feature screening is a common practice in various scientific
applications. Scientists are frequently looking for relevant
relationships between variables of interest and candidate
features, and the correlation is probably the most used statistic
to screen such relevant relations. However, high dimensionality
and nonlinearity are common characteristics in practice and
pose challenges to classical approaches in data analysis. High-
dimensional data increases the chance of observing spurious
correlations, and many important features may have a nonlinear
relation with the variable of interest. In this context, many
screening metrics have been proposed in the literature to cope
with large dimensions and allow for flexible relations between
variables. We propose a wavelet approach for performing
feature screening. Wavelet methods are well-known tools in
the literature of sparse models and can estimate various types of
curves. The proposed method is based on the warped wavelet
regression, and we prove that it can achieve the sure screening
property under suitable conditions. Simulation studies also
show that the proposed method is competitive with other
feature screening approaches in the literature. Additionally, the

wavelet approach tends to outperform other methods when
the link function between a feature and a response variable
have sharp oscillations and peaks. Such an outcome agrees
with the well-known ability of wavelets to adapt to signals with
local nonlinearities. Our work also provides two applications
in real data from relevant scientific problems: the relation
of ozone concentration and atmospheric variables and the
relation between brain white matter measurements and the
age of patients with temporal lobe epilepsy. In both studies,
the wavelet feature screening method provides results that are
in line with other screening methods. Another application
example in the supplementary material shows that wavelet
feature screening also performs well in a case where p � n.
Overall, all the screening methods can select features that have
relations reported in the literature of their respective fields.
Therefore, we believe the warped wavelet screening method
is a powerful tool for scientists dealing with many linear and
nonlinear features.

Appendix A. Auxiliary Lemma

Lemma 1. Assume that C1–C3 hold. Let κ , C′, and γ be defined in
Proposition 1, with γ > 1/2. Therefore, it follows that

P

(
max

j∈M∗

∣∣∣‖β̂ j‖ − ‖β j‖
∣∣∣ > νn

)
≤ s2J+1C′

n2γ
(8)

and ∑
j/∈M∗

P
(
‖β̂ j‖ > νn

)
≤ (p − s)2J+1C′

n2γ
, (9)

where s = |M∗| and νn = 2(J+1)/2√κ((log n)/n)1/4.

Proof. Let us prove (8) first. By the inequality
∣∣∣‖β̂ j‖ − ‖β j‖

∣∣∣ ≤ ‖β̂ j −
β j‖ and the union bound, it follows that

P

(
max

j∈M∗

∣∣∣‖β̂ j‖ − ‖β j‖
∣∣∣ > νn

)
≤

∑
j∈M∗

P
(
‖β̂ j − β j‖ > νn

)
.
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We shall use the following event inclusion

{
‖β̂ j − β j‖ > νn

}
=

⎧⎪⎨
⎪⎩

J∑
l=0

2l−1∑
k=0

(β̂jlk − βjlk)
2 > ν2

n

⎫⎪⎬
⎪⎭

⊂
J⋃

l=0

2l−1⋃
k=0

{
(β̂jlk − βjlk)

2 >
ν2

n
2J+1

}
. (10)

Notice that (10) holds for all j = 1, . . . , p. Then, by the union bound
and since ν2

n = 2J+1κ
√

(log n)/n,

P

(
max

j∈M∗

∣∣∣‖β̂ j‖ − ‖β j‖
∣∣∣ > νn

)

≤
∑

j∈M∗

J∑
l=0

2l−1∑
k=0

P
(
|β̂jlk − βjlk|2 > ν2

n/2J+1
)

=
∑

j∈M∗

J∑
l=0

2l−1∑
k=0

P

(
|β̂jlk − βjlk| > κ

√
log n

n

)
.

Recall that M∗ has cardinality s and notice that there are 2J+1 pairs
(l, k) in the sum above. Hence, (8) follows by applying Proposition 1
with α = 2.

Inequality (9) can be proved similarly. Indeed, since β j = 0 for j /∈
M∗, then

∑
j/∈M∗

P
(
‖β̂ j‖ > νn

)
≤

∑
j/∈M∗

J∑
l=0

2l−1∑
k=0

P

(
|β̂jlk| > κ

√
log n

n

)

≤ (p − s)2J+1C′
n2γ

,

where the first inequality is due to the union bound and (10), and the
second inequality is due to Proposition 1.

Appendix B. Proof of Proposition 2

Proof. Consider the event An = {maxj∈M∗
∣∣∣‖β̂ j‖ − ‖β j‖

∣∣∣ ≤ νn}.

Let us show that if minj∈M∗ ‖β j‖ > 2νn, then An ⊂ {M̂ ⊃ M∗}.
Consider that An holds. It implies that ‖β̂ j‖ ≥ ‖β j‖−νn for all j ∈ M∗.
Since ‖β j‖ − νn ≥ νn by assumption, then ‖β̂ j‖ ≥ νn, that is, all

j ∈ M∗ also belong to M̂. Hence, P
(
M̂ ⊃ M∗

)
≥ 1 − P

(
Ac

n
)
.

By (8)

P
(
Ac

n
) = P

(
max

j∈M∗

∣∣∣‖β̂ j‖ − ‖β j‖
∣∣∣ > νn

)
≤ s2J+1C′n−2γ ,

where s is the cardinality of M∗. This concludes the proof of (5).
Recall from the comment after (3) that 2J ≤ C

√
n/ log n. Thus,

P
(
Ac

n
) ≤ 2sCn1/2−2γ /

√
log n, where C is an absolute constant. Since

γ > 1/4 by assumption, then P
(
Ac

n
) → 0 as n → ∞ with s and J fixed.

This concludes the proof of Proposition 2.

Appendix C. Proof of Proposition 3

Proof. Recall that s = |M∗|. We can write the cardinality |M̂| as a sum
of indicator functions, which leads to the following inequality:

|M̂| =
p∑

j=1
I{‖β̂ j‖ > νn} ≤ s +

∑
j/∈M∗

I{‖β̂ j‖ > νn}.

Notice that β j ≡ 0 for j /∈ M∗. Then, it follows from (9) that

E

⎧⎪⎨
⎪⎩
∑

j/∈M∗
I{‖β̂ j‖ > νn}

⎫⎪⎬
⎪⎭ =

∑
j/∈M∗

P{‖β̂ j‖ > νn} ≤ (p − s)2J+1C′
n2γ

.

Supplementary Materials

Full simulation results: The complete results of the simulation presented
in Section 4.

Application in high-dimensional data: A feature screening application
on the cardiomiopathy data analyzed by Hall and Miller (2009) and Li,
Zhong, and Zhu (2012).

Summary of applications: R markdown files outlining the data analysis
presented in Sections 5 and 6.

Codes: All R codes used for simulation studies and to analyze the datasets
about ozone concentration and cardiomyopathy.
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