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Abstract. Reasoning •bout multiple interu:ting agents is important. £or 
muy areu or research such u distributed computing, artificial intelli­
gence, game theory, decision theory, cognitive science, economics and 
psychology. 
J. Y. ll&lpern and colle11gnes (IIM90, IIF89, IIT93] h11ve proprn<ecf the 
u11e or muhiagent epistemic logics to formalise rea..ooning about mulliple 
agents. In the pre.oent p11pcr we extend I-heir propos11l to allow 9ro11pm9 

or agents, and prop0"e a stral<'R.V 10 huild efficient rcsol11tio11-ha.11<·d lo~ic 
program■ for antom11.tcd re1U10ning 11ho111. interl\cl.ing agent-~. 
Keywords: Anlomatccf rr.lUIOnin,;, [)i,trihntcd Al, Di<lrihu1.c,I Sy,lrrn•. 
Epistemic Logics. 

1 Introduction 

Following (IIF89, IIT93), a distributed system in the present paper is identified 
with a aet of possible nm,, where a run describes the way the syst.em behaves 
over time. For example, if we think of a system consisting of only one process 
executing a sequentiAI program, a run of this syst.cm can he -.n as an 1111tomaton 
with a possihly infinite nnmhrr of inltrnal .daft.•. An action is thrn II fnndion 
mapping one sl.all' into anol-hrr. If -•o, ., 1 . . , 2 , ••. arr intrrnal st airs and no," 1, n2,- -. 
are actions, A run can h<' rrprf'Sf'nt.rd as a srqurnrr ,10 ~ s, !!. .<, .'.!.! ... 

In a more gcnrral systrm l\'ilh n prorrssrs, a global .<tale is drlincd as a 1.11ple 
(,., &J, s,, 1:1, .... s.,), in which earh s; is I.he Iara/ slate or procr:s.,; i ancl s, is the 
state ohhe cnvironmt>nt, which is int.rndrd to capture c\'crything I.hat is rclc\'ant 
Lo the sysl.em but cannot he deduced from I hr local stales of indivi,lual processes. 
A run of one such system is a sequence of global slate., and joint action$. A join I 
action represents the actions performed by each process simultaneously. \Ve can 
view a run as a mapping from time t.o glob11) stat.es1 : r(t) denott>S the glohal 
state or the system in run rat inst.ant I. A point in a run is drlinrd as a pair 
(r, t), where r is a run and t is an inst.ant. The local st.ate or a process at a point. 
(r,t) is given by the i-t.h posit.ion of thr \'eel.or r(I) (denoted 11!1 r,(I)). 

One way to reAson about a dist.rilml<'d systrm is hy \'icwing ii as a rnll.-ction 
or processes with \'ariahle lrnowlrdgc arcording t.o art.ions bring rxrrutccl. In 

1 we ronRicfrr "lime" a.~ a ro11n1ahlr ""fJll<'nrr of in~lanl• lo, l1,l1, ... 



order to be "fired" or executed, these Actions dr.pend on previous knowledge, 

and they may also modiry it. In a certain sense, we 11re identirying locAI states 

or processes with the "knowledge" attained by these procC!!Sell. 

It should be remArked th11t we AN! not AAAuming with this I.hat proces.,es do 

reason. Rather, we are nllrihling knowledge to procC!ll!CS, i.e., we are using an 

"external" notion or knowledge. 

Jn [IJM90) it is defined that a process i knows a fact t/.• 11t a point z (denoted 

K;tJ,) if tJ, holds at every point in which the local state of i is the same as at 

point z:. One important requirement ([IIMOO]) is that /(;1/1 --1/J, i.e., if process i 

knows a fact T/J then t/1 is true. This property is known RS the "knowledge axiom" 

and is used in philosophy to distinguish knowledge from belier. 

We m1'y w:\nl lo rellSOn about the knowledge of I\ ,;roup G of processes, such 

that G ~ {I, 2, ... , n J. The fact that everyone in G knows I}, i11 represented by 

Eel/•= A;ecK;1/1. 
The sl11t.ernl'nl. "everyonr in G knows t.hat. f'Vl'ryone in G knows that 

everyone in r, know~ I.hat. I/•" wherl' 1hr. rxpr~sion "evrryone in G knows that..." 

appr.11rs k times in the sentence is represented by Etit•, defined by: EbiJ., = EatJ, 

and for all k>l, E~lf, = EaE~-•it•. 
/I fact tb is said to he common howledge in G (Cct/.•) if E~t/, for all k2: I. 

Intuitively, this means that the fact ,/, is 71u6licl11 hown among I-he elements of 

group G. 
The possibility of m1ing v11rio1111 modal oper11t.ors that is characteristic of 

multimodal logics cAn be useful to rellSOn about knowledge ([DEJ.92]). Since 

we are considering !lyst.r.m!I wit.h I\ linit.e number of proc-f'S.~1'5. t.he mulf.imod11I 

syst.ems n·e nttd c-onsidr.r only have II finite numhrr of p11irii of modal oper11tors 

/I; =< ◊;, D; >, e11ch one clr.clar<'d wit.h ,;ome "modal type", and I\ hi nary 

accN1Sihility rdat.ion ll; hclwr.<'n worhls wit.h t.he proprrtir.ii corresponding to 

the mocl:il lypl' 11 • ..,«o<'i.it.C'd. 
The 11111i11 idea of ep1.dcm1c logics is t.l11,l we c11n formalise the expression 

"agent i knows t.hat ... ft using modal opr.rat.ors □;. The modal type to be assigned 

depends on the notion of knowledge in use. In [DEL92) iL is suggested thaL the 

mosL common modal types for epistemic logics are KT (re0exive), KT4 (reflexive 

and transitive), KD'I (scriAI and transitive) and KT5 (re0exive 11nd symmetric). 

We will see thaL S5 (re0exive, symmetric And t.ransit.ive) is I\ good system to 

form1'1ise the int.ended not.ion of knowledge in dist.rihutl'd syst.r.m~. 

1\ m111/1mnd11I .4_1/,<frm S = {.!;, Af1• At2, .. . , Mn,<) ronsi.~f,i of: 11 si~n11ture !: 

cont.aining f1111ction 1111d prrclirate symbols, r:\rh one drd11rrcl lo he rigid or 

01!xible2 ; for l'ach i E {I. .... n} a p11ir 11; =< □;. ◊; > of modal operators and 

a modal syst.ern t.ype M;; and a Sl't of declaral.ions 11; < 11; for some distinct 

i, j E {I, 2, ... , n}. Terms and fornrnl11s l\re ddined in this system in a standard 

w11y, using I h.- connece.iv~ V. /\, ~. t-hP. q1111nl.ifi,.,,i 3 and V, the mo,1111 operators 

D; and ◊; and a scl V or variablcs. 

An i11ttrprttaflon I for this system ( a J<ripke ~lruclurt) consists of: a set W 

2 11 funclion or rrrdic11t.e symbol is slliJ to be rigid ir it.s ml"aning i• inderendenl from 

the worlcl con•idered, 11nd flcxihle otherwise 
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of worlds; a set or hinllry rel11t.ions { n1 , R,, .. . , lln} on the element.s or W, called 

acceni6ility rtlatio115; a set D called the di.,coune domain; for every function 

symbol/ or arity n, a function r1 :IV X D" - D if/ is nexible, a runction / 1 : 

D" - D if/ is rigid; and for every predicate symbol p of arity n, a function 

p1 : W X D" --{O,l} if pis flexible, a function p1 : D" --{O,l} if pis rigid. 

Each relation R; is supposed to have the properties IISSOciated t.o the corre­

sponding modal system type M;, that is, refiexivity if M; is KT, rcfiexivity and 

transitivity if M; is KT4, etc. Also, if we haveµ; < 11; then R; C R; . 
A Kripl:e ,lrvcl•rt can be viewed as a labelled direct.ed graph, whose nodes 

are the worlds in W and worlds w 1 and 1112 are joined by an edge l11hdlrd i ifT 

(w1, w,) e R.;. 
A formula O;cp holds in a world w if cp holds in every world 111

1 such that 

wR;w', while ◊;cp holds in w if there exists at least one world w' such that 

wR;w', and cp holds in ,v' . 
Following (IIM90], it i11 natural to assume in many systems involving mull.i­

ple interacting agents (e.g. connected machines in an automated manufacturing 

system) that the relations R; characterise equivalence relations among points. 

Hence, it is reasonable to assume that the corresponding modal system types for 

each modal operator K; are S5. On the other hand, the modal types correspond­

ing to the operators Ea are not Sfi, sinre t hry fail to sat.isfy t.rirnsit.ivit.y. Since 

Ca is the transitive closure of Ea, t.hrn modal t.ypcs rnrrP!l(londing to orcrat.ors 

Ca are also S5. 
A1111me that our agent.scan he grouped according to i10me hierarchy. Ocsides 

enabling us to focus our attention on critical subsystems if we wish to, such a 

grouping often le11ds to an imrrovemrnt upon the performance of aut.omat.ed 

reasoning systems for multiple interacting agent11, since it imposel! a sort struc­

ture that can be exploited during search and 11nific1uion([C-oh89, AKP91]) . This 

is the subject we explore in the following sections. 
In section 2 we introduce a prototyrical problem we shall use throughout 

the paper. This is a variation of the well known "cheating husbands" or "muddy 

children" problem, described in (IIM90, llf8!l). In section 3 we show how the lan­

guage u!ied can be "lr11nsl11ted" lo a first-order, cquational, order-sorted theory. 

In aection 4 we present a natural ext.cnsion t.o the l11ng11agc to aclmit groups of 

agents, and review our eumrle to illust.rale t.he benefits of grouring t.he agent.s. 

We dose the article with liOme grnr.ral cliscull-,;ion 11nd rropOSllls for future 

development. 

2 An Example 

We now introduce a simple problem: the problem or detecting the number of 

faulty devices in an automated manufacturing system: 

In a totally automated ractory, earh m11chine emit.11 a 11igni1I when it. i11 not 

working well . E11ch m11chine TN'l'i\'1'!1 thl' signals rmitll'd hy 1hr othl'rs, 

but it cannot perceive ils own signal. 0<.'\<i.l,,Ji; 1.he machines. t.herc is in 



the factory an ~automated supervisor~, i.e., a machine that can tell if 

there i!l a signal but cannot distinguish how many, If the supervisor's 

light is on, then Lhere is at least one machine out of order in lhe factory. 

We want the machines to know eJCactly how many of them 1ue out of 

order, so that help can be Cl\lled. 

It is import.ant to underst.irnd the role t.he supervii;or plays. If there is only 

one machine out of order, thi11 mllchine doesn't receive any signal. so, it will never 

know whrther thr,re i11 I\ machine out of order or not. without the supervisor's 

help. Suppose now that there are two machines out of order, ml and m2. Each 

of them receive.1 one 11ignal, hut ml considers the pos.o;ihilit.y !.hat m2 doesn't 

receive any signal, so that it considers that there mighL be only one machine 

out of order (m2) . If Lhe supervisor's light is on, both machines know (and they 

know that they know) t.hat at leRSt one of them is out of order (in fact, it is 

common knowledge I.hat at least one of them is out of order). Since ml knows 

that it is i111pos.,;ihle that m2 dot-Sn'!. rccl'ive any sign11l, ml concludes that it 

must be one of I.he machines out of ordrr. 

In [II M90] we have the r<'!lult t.h11L if k machines are out of order, the ~min­

im11111 degrer" of knowledge thl! m11chinrs need t.o solve the problem is Et,. In 

our e:rnmplr., WI' 11re 11,,;snming 1.h:it 11II or I.hr. machinf'!I are llt'n11itive to the su­

pervisor's ~ignal, so t.h11t whrn I he supervisor's light is on, it becomes common 

knowledge (auJ therefore, EJlt for every k~ I) in the group or the machines that 

al le11St one of them is out of order. 

This i11 what happens: If the supervisor's light is not on, there is nothing 

to do. If it is on, it is common knowledge t.h11t at lell.'lt one of !.he machines is 

out of order. So, l\t the first inst.ant, if any machine is not receiving 11ny signal, 

it c11n deduce t.h11t. it is out of order and the problem is solved . If there is no 

such marhinc, at. the following insl.11111. all of t.hc machinf'!I arc 11hle t.o conclude 

that LhNe must he 11t least f.wo m11d1inrs out of order. 01 hcrwisc the problem 

would h1we h<'<'n solved 11t the previous inst.11nt. If any of the machinl'S receives 

only one sig1111l, it ran <ledurc 1.0 he out. of ordrr and sol\'c I.he problem. If all of 

them receive more t.hl\n one sign11l, 111. lhe following inst.ant it will he common 

knowledge I.hat there arr. at IN\SL three nrnchincs out of order, and so on until 

the problem is solved . 
We can describe the rule11 used t.o solve t.he problem using a multimodal 

system S consisting of a signature containing the flexible predicate a/(num, t), 

which hns the intended mel\ning thl\t there l\re at lc11.<1t nnm machines out of 

order at instant t, the rigid predicat.e e(n11m) meaning that there are exactly 

num machines out of order, and n + I pairs of modal operators of type S5, 

where n is t.he toll\l numhrr of m11d1inf'll iu t.hl! fact.ory. \\'e will use the mod11I 

oper11tors /\"; for i E (I . ... , n) mr1rning ~11grnt i knows 1.h11t .... " 11ncl rr. mP11ning 

"it is common knowledge for group r. thRI. . .. " . 

For rxa111plc, 11,<,.~umr I hat we h11vr. 60 n111rhinf'll 111\. rn.! .... , m60. We can 

express I h111. uif 11L instant. I t.hcrn is II machine i that know11 that there are at 

least I.: machincs I.hat arc out of order, and if it is common knowledge at that 

ins I 11111. t.h11t 111. le11.~1. £· mnrhinrs arf' out of ordrr, I hen. in t.hr following inst11nt, 
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it is common knowleclge I hat there are exactly k + l mar.hincs 0111 or orcl,•r 1111<1 

all or the machinl'S know t hi,; numher~ as follows: 

3i: G'Vt,I:: NK,al(k,I) I\Can/(1.:,t)- Cae(k + I) 11 'lj : Gl,·,al(J.: + l,t + I) (I) 

We can express th11t "ir at instant t it is common knowledge th11t there are at 

least k machines out of order, and all of lhe machines know there are more than 

k machines out or order, then it is common knowledge at the following instant 

that there are al least k + I machines out of order~ by: 

Vi: GVt,J.:: N-.K,nl(l:,t)J\Cc;a/(1:,t)-Cc;ol(k+ 1,1 + I) (2) 

The fact th11t. the supervisor 's light i" on 11l inst.1rnl O c11n hr rxprrs,;r<f hy 

Canl(l,O). 

3 Translating from multimodal to equational and order 
sorted logics 

We will now see how to rewrite a set or m11ltimod11I formnlM M first-order, 

equational, order-!IOrted formulas. 

An interpretation for a multimodal logic includes a relat.ional structure < 

W, R,, ll2, .. . , R-n > wh<.'re It' is a i«'t of worlcls ancl e11ch R, is an accrs.~ihility 

relation associ11Lccl lo A p11ir of modal opcr11t.or" < ◊;. D; > . Thi' constr11in1.s on 

this structure define the lypNI oft.he 1110,fal system,;. 

The first key icl<.'11 for lhe mrt.hod clrsnihrd in [OF,J,!J2] ii< lo rrpl11ce thi11 

relational structure hy 11n algrht11ic one, < IY, A,, A1, ... , .-1,., ! >, "·hrre W is, AS 

before, a set of ll'orlds, each :\, is a ~t of operators 11ncl ! is II fonct.ion from 

W x U{l, .. ,n)-"i to IV . Given 1111 11lgrhr11ic str11cl11re < W. :1 1 , . • . , A,., 1 > we can 

define a rclation11I one hy: 

- wlliw' ilf there is an operator a E Ai such that w!a = w' 
Considering < W, R, > as a graph, let A; be II set of lahels snch that for 

every node w 1md e\'ery a in A;, there is one and only one edge with i;ource 

w labelled by a. Tims, w!a is defined 11!1 the only worlcl w' snc.h that. ( "'· "'') i!I 

la.belled by a. 
The second kPy i<lPa. is 1.h111 the proprrtiNI or thf' rrl11tions R, r.an he c11pturrd 

by equationa.l constr11i111.s on the srL A, of oprri.tors. The rPlat.ion R; is fnnrt.ional 

if the !IP.l A; conl11ins only one opcr11tor, it i,; rcn.,,d\'r if there ii< a unit f'lrmrnt 

1 in A; such that w! I = 11• for all "'· it is t ransiti,·c if there is II compO!lilion 

operation • defined on A; wit.h w!(a • n') = (tu!a)!a' and symmetric if there ill a 

function i1111 defined on .-!;such I.hat. n • inr•(a) = I for e\'ery a in .•I; . 

Supposing we have II m11ltimocl11I syst.em S=(f, I', M1,.\12, .,.,Mn,<) as in 

section I, we define a sign11tnre E(S) = ((S. $), F'. P'. Dec) for Rn order-sorted 

logic as follows: 



- S = {W,A1,A2, ... ,An,-V) is I.he seL orwrt symhols, wh.-rc Wis lhf' ,;art 
for worlds, each Ai is a sort for operators on worlds and V 1& the sort for 
elements of the discourse domain 

- Ai < A; ilT /Ii < ,,; 
- P' = P, F' = FU{c, !, •• I, inv)U {ai/Af; = /\ F) (the a;'s are fresh symbols) 
- Dec contains the rollowing declarations : 

for every rigid fonction symbol/ or arity n, /: 1)" - -r>, 
for every rigid predicate symhol p of arity n, p : 1)" - { 0, I ) , 

for every nexihle function symbol / of arity n, I: W x V" - V , 
for every nexihlc prcdic11te symbol p of arit.y n, p : W x 'fl" - {O, I) , 

! : W X U(l, .. ,nj.Ai - W, 
•: A; x Ai -A;, for every i such that M; is KD4 or KT4, 
c: W , I : A; for every i such that M; is KT or KT-1, 
a; : .A; for every i such that M; is KF 
inv : A; - A; for every i such that Al; is KT5 or S5. 

The l11nguage built on L'(S) is called the language or the path theory associ­
ated wi1.h S . The onl)· lerm11 built in thii; IRnguage h1wing sort W arc the Lcrms 
of the general form c!a 1 !a 2!. .. r,• where earh of I.he c,i hM son A, for some i. A 

n11t.ural intrrprrt.ation for 1.hrsr IPrms is t.h11t t.hey are drno1ing some world that 
can be reached from the worl<I c by following I.he transitions la helled a 1, n2 , ••• , a•. 

Now, we l\.'!Mriat.e 11 ,...,. of rquat.ion 1.0 every mocl11I t.yp.-: 

- E(KT) = {111!1 = 111) 
- E(KD'I) = {111!(n •n') = (111!n)!r,1,(n •a') •n" = a •(a' •a")} 

- E(KT-1) = E(KT) U E(KD4) U {a• I= a, l ta= a} 
- E(S5) = E(l,T4) U {a• im,(n) = I) 

Every n, a' 11nd n" appearing in F:( Mi) h1111 sort A; and III hit.'1 5<>rt W . 
F:(S) = Up, ,n)F.(Md is rallrd the pat.h lhrory associat.-,1 t.o II multimodal 

11ystcm S. 
A E(S)-F:(S)-inl.erpret11tion is Hn inl.erpret.alion for E(S) that. satisfies E(S). 

A formul11 v• on E(S) is F.(S)-11atisli11hlc if it is sat.islicd in some E(S)-E(S)­
interprctat.ion . 

In (OF.1.92], F. Drhinl 11nd colleagues suggest the funct.ion T defined below 
lhat translates a multimodal formula into a path formula, such thaL if S is a 

mult.imod11I system 1ind T/1 is ll multimodi\l rormula, 1/1 i" S-sat.isfiable ilTT(T/1) is 
E(S)-satisfiable. 

T(T/1) = t(c,1/1) 
and the int.ermediate funct.ion t is dc>lined recursively 11.,: 

I( lt • .r) = ;r if r is a variahlc with sort 'D 
t(ir, /(r1, r:i . .... r.,)) = /(/(;r, T1 ), /(ir, T2) •. ..• l(ir, Tnl) ir / is rigid 
l(,r, /( T1, T], ••• , r.,l) : /(,r, /( ,r, T1 ), t(,r, T2 ), ••• , I( ,r , r,. I) ir / is ncxible 
l(ir, p(r1, T2, ... , rn)) = p(l(ir. r1 I, /(,r, r2) , ... , l(ir, Tn)) if 71 is rigirl 
/(,r, 71(r1 , r,, .... r.,)): p(,r , /(,r, T1). /(,r, r2J. ...• l(ir, Tn )) ir pis ncxible 
/(,r, -.t'•) = -./(,r, ti•) 
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t('l','P1 ViJ.,2) = t('l',ipi)Vt('l',1/12) 
t('l',TP! l\"¢12) = l(ir,l/•i)l\1(11',I/•~) 
l('I', Vzib) = Vz: !J l('I', it,) 
t('I', 3xiJ.,) = 3z: 1) t(ir, iJ.,) 
1(11',◊;iJ.,) = 3a: A; l(,r!a, 1/o), "'lwrC' n is nol, in Var(,r) 
l(ir, D;iJ.,) =Va: A, l(ir!u, i,1,), wlwrc a is not in \'ar(ir) 
Now, let's go back to our multimodal logic where all or the modal opcrawrs 

(K,, ... ,/(11,Ca) are or Lype S5. As the accessibility relation associated lo each 
one of the/(; 'sis an equivalence relation, Lhe last line or the translation fonction 
becomes: 

t(ir, /(;iJ.,) =Vu: W such thaL u =K ,r t(u, f/,) 
And for the modal operaLor Ca we have: 
t(ir,Catb) =Vu: W such that" =c ,r l(u, iJ.,) 
The expressions I and 2 rrom the example in section 2 can be presented as: 

VI.:, I: N3i: Gn/(i, I.:, t) A n/(1.:, t) - t(G, k +I) A VJ: Gn/(j, I.:+ I.I+ I) (3) 

VI:, I: NVi: G-.n/(i, I:, I) A nl(k. I) - nl(k +I.I+ 1) (~) 

An input to the problem should he the number of signals rcceivrd hy each 
machine and whether the supervisor's light is on or not. For example: 

al(l,25,t); a1(2,25,L); a1(3,25,L); al('1,24,t); ... ; al(60,24,t) 

al(l,0) /* supervisor's light on at inslant o•/ 

The resolution for Lhe query - e( Kl would require 2-1 steps and the problem 
would be solved aft.er 2-1 inst.ant.s. 

4 Introducing Agent Grouping 

We now introdure II new approarh, where 1hr 11gents 11re divided in groups, ac­
cording Lo some hier11rchy. One of the nal.11ral 11dvant.11ge!I of the met.hod, besiclPS 
the increase in Lime efficiency, is that it allows us to obtain more descriptive 
results. 

By dividing the agents into groups, we arc dividing the discourse dom11in 
and introducing new sorts in our logic. This can he exploit«-d during rl'SOlution, 
through order-sorted unification. 

The amount of information the agrnls ha\'c ran he gr«-at ly inrreas<'d ir I l1is 
hierarchy is somehow made l.ransparC'nl for I hem, for examplr. if a group c11n 
access the knowledge of its subgroups. This fad c11n be very useful as we will 
show, also in eases where not all of the system is reliable. 

Going back onre more lo our rx11mplc of finding the number of faulty devices 
in an auLomat.ed rac1.ory, we divide now our sixly machines in eleven groups 
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named A, a, C, ... , K, according to lhcir importance in the factory or their 

chance of not working well, each group having ils own supervisor. The hierarchy 

can be seen as a semi-lattice, where one group is the union of its Mchildren" and 

the intersection of ils "parents" . We have at the lop a group (K) containing all 

of the machines in the factory. 

In the end we obt11in a more dci;criptive answer, hrc1111M! the int.crmediat.e re­

sults (i .e . the numh<'r of 0111. of ordr.r machinr.l'I in each group) :HI' prc!<t'rved . Also, 

becamo;e of the semi-lattice structure, sometimes we !\re 11hle to solve the problem 

satisfactorily evcn when the "impervisors" don 'L always dct.ect the problems. 

During the rf'solution, we l\~'IOciat.e with each group an interval in which the 

number of out of ordl'r m;ichines must Illy. After solving one group, we can reline 

the intervals associated wil-h the groups above t.he solved onl!, I.hat is, I.he grours 

containing it. 

The stRte of each group c1'" be i9nomnt, acti11e, .,o/111id or wailing at each 

instant. . A group is clRSSilicd M ignorant when its supervisor and all the ones 

helow it are olT, meRning I.hat we h11,·e no informal.ion about I.he existence of 

faulty machinrs in it . A group is active whrn 11II the others helow it are solved or 

ignorant with at lciu;t one solved, meaning that there is a prohk·m in it .. A group 

is said t.o be solv,..,I wh<'n \l'l' know I.hr cx:ict. numhcr of out of orclcr marhines in 

it, :ind it. is chw;ilicd as waiting ifit. iR w11iting for a group hclow it to he solved, 

that is, if 1.h .. re is 11n adive group hclow it.. 

"'hen II group iR Rctivc, I.he n111rhincs in ii receive the signals or the others 

in the group. 

We supp<>Rc the existence of two predic11tes child(C, Cl) and descend(C, Cl) 

meaning respectively that group G appears immediately below or below group 

GI in the hierarchy, .tnd a function cnrd(G) that gives the cardinalil.y or group 

G. 
Our example would be encoded 11S follows: 

A= {ml. m2, m:J, ... , ml0} 
n = {ml I. 11112, ... , ml!'i) 
C = (m:16 . .. . , 11150) 
D = {m16 ... . , m:J5} 
E = {m51, ... , m60) 
F= {ml. . .. ,11115} 
G = {m16, ... , 11150) 
II= {ml6, ... , m35, rn51, ... , m60} 
I= {ml... .. m50} 
J = (rnl6, .. .. m:l!'i, m:lCi, ... , m!>0, m!'il. .. .. m60} 

I<= {ml, ... . m60} 

Whrn a group is 11rtivc. r.trh or irs «'l«'mf'nl.!1 r«'rriv~ all the signalii wit.hin 

thl' group, ,•xcept for its own. 

for «'V<'ry group I lwre must. h" n rull'S or I.he following form, where n is the 

1111111hf'r or «'lemN1l.s in t.hP. group: 
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al(m, g, t) : quantity of signals received by machine m in group g at. in1;t.ant t 

state(g, t, lb, ull) : stale of group g 11.t instant t. 
(lb .. ub) denot.P.s the interval in which the number of faulty mlld1ines h1y 

/*Group A •t 

al(ml, A, t) = 3 - state( A, t, -, -) = adive 

al(m2, A, t) = 3 - st.al.e( A, t, -, _) = active 

al(m3, A, t) = 3 - stale( A, t, -• _) = active 

al(m4, A, t) = 2 - state( A, t, ., _) = active 

al(m5, A, t) = 2 - stat.e( A, t, -, -) = active 
al(m6, A, t) = 2 - state( A, t, -, _) = active 

al(m7, A, t) = 3 - state( A, t, _, -) = active 
al(mS, A, t) = 3 - st.at.e( A, t, -· _) = llcl.ive 

al(m9, A, t) = 3 - stl\t.e( A, t, ., _) = 11ct.ive 

al(mlO, A, t) = 3 - st.at.e( A, t, ., .) ::: act.ive 

(Similarly for groups B, ... , K) 

We use a predicate sup(grrn,p) to indirate thllt I.hf! light of the supervi!;Or of 

group is on. 

We can have, for exRmple, sup(A) anil s11p(II) . 

The initial statei of the groups are given hy: 

Vt, g, gl stat.e(g,t,O,card(g)) = ignorant - ...,,mp(g), dcsc<'111l(gl,g). ..., ,mp(gl) 

V g, gl stat.,(g,0,1.c, .. d(g)) = waiting - d..,.rrnd(gl.g), 1;11p{gl) 

V g, gl state(g,O,l.t1ud(g)) =active ..... sup(g), dcscend(gl,g), --,sup(gl) 

• A group g is waiting if it was already waiting al the previous instant and 

• there exists at lea.<1t one subgroup of g that is act.ive: 

• 

Vg,t 3gl state(g,t+ 1,-,.) = waiting - ,-tat.e(g,t,-,-l = wl'liting, d~cencl(gl.g), 
slftl.l'(gl,t,.,.) = Rtti,·r 

The state of a group g turns into 11ctive if it wa." wait.ing in the previous 

instant, none of it,'I subgroups WIIS active and at lea.,;t one of it.s "children~ gl or 

g2 is solved, the of.her heing either solved or ignorant. 

The interval a.<;SOciat.cd log, [lb .. ub), i11 obtained from I.he int.l'rvals a<t,;ociat.ed 

to gl and g2, (lbl..ubl) and (lb2 .. ub2), respectively: 

Vg,l 3gl,g2,lbl,ubl ,lh2,uh2 
stale(g,t+l,lh,uh) = active - sl11t.c(g,t,.,.) = wl'liting, 

rhild(gl ,g}, chilcl(g2.g), gt f.g2 . 

!I 



st.11tc(gl,t.,lh J,ub I) = solvrc!, 
st.llf.e(g2,t,lb2,ub2) = (solved; ignornnt} 

lb= mAx(lhl,lb2), 
ub = card(g) - max(card(gl)-ubl,card(g2)-ub2) 

A group lhat is already active at instant l goes on being active at instant t + I 
if all or iu members receive more signals than the lower bound (lb) and less than 

the upper bound (uh) orthe interval MSOCiated. The interval c11n then be refined: 

Vm:g, Vg,t 
■tate(g,t+ 1,lh+ 1,ul->-1) = 11rt.ive - i;tal.L'(g,t,lh,uh) = 11rl.i\'I', 

lll(m,g,t)>lb, 11l(m,g,t)<uh 

The problem i11 solved iu a group ir the group WM active in the previous 

inst11nt 11nd there i11 11 memhrr or t.he group that received II number not grater 

than lb or not les.• than uh of signals. The 1U1SOciated interval is then refined to 

contain only the number of out of order machines in lhe solved group: 

Vg,t 3m:g 
aLai.c(g,L+l,lb+l,lb+l) = aolved - at.atc(g,t,lb,ub) = active, 

A(m,g,t) :S lh 

Vg,t 3 m:g 
1tftle(g,t+ I ,uh,uh) = 110lved - 11t11te(g,t,lh,ub) = 11dive, 

al(m,g,L) 2: ub 

Comp11ring the two solutions to the problem, we 11ee th11t in the cue where 

we had only one supervisor for the sixly machines, it took them 24 instants to 

find out the number of faulty ones. When the machines are divided in groups, it 

takes 22 instants for them to solve the problem, a small g11in in this particular 

cue, but somrthing that could be rclev11nt in l11rger examples. 

5 Conclusions 

The initi11I motivation for this rcsc11rch were the observation that order-sorted 

and fe111.ure logirs [OS!J2, A 1-. P!J I) were powerful tools for know ledge represent,... 

lion and inference, And the sc1u<"h for sample problems to illustrate this view. 

In this paper we focused on the utili1.ation or such logics to perform efficient 

reasoning about multiple interacting agents, and we showed - by means of an 

example - that order-sorted languages not only can make the computations in­

volved in unincation less costly (as presented in (Coh8!), AKP!Jl]) but also allow 

that addilion11I relevant informal.ion ahout lhe problem he encoded (the group-



ing of agents in our example), which also contributes to improving lhe efficiency 

or reasoning about the corresponding systems. 

The example presented in &his paper was implemented and tested as a PRO­

LOG program. 

Immediate future work includes implementing our example using a language 

based on order-sorted unification (possibly LIFE [AKP91]), and exploring fur­

ther the relation between this and ot.h,.r ex11mple1111nd Ce11t.11re lop;fri; and re11t.11rl"­

based unification and resolution. 
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