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microcracks. A parameter analysis is conducted under well-contained plasticity, where
near-tip fields with varying constraint levels are generated through a modified boundary
layer formulation. These analyses are extended to assess the effects of plastic strain on
fracture toughness correlations for conventional SE(B) specimens with varying a=W-ratios.
Fracture toughness predictions for a pressure vessel steel tested in the DBT transition
region based on the proposed methodology are considered in Part II of this article.
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1. Introduction

The fundamental importance of cleavage fracture behavior in structural integrity assessments has stimulated a rapidly
increasing amount of research on predictive methodologies to quantify and analyze the influence of crack-like defects on
the load carrying capacity of structural components such as, for example, cracks in critical weldments of aging structures
and reactor pressure vessels (RPVs). Such methodologies play a key role in repair decisions and life-extension programs
for in-service structures (e.g., nuclear and pressure vessel components) while, at the same time, ensuring acceptable safety
levels during normal operation. For ferritic materials at temperatures in the ductile-to-brittle transition (DBT) region,
unstable fracture by transgranular cleavage represents one the most serious failure modes as local crack-tip instability
may trigger catastrophic structural failure at low applied stresses with little plastic deformation.

Conventional fracture mechanics methodologies for structural integrity assessments rely on the correlation of fracture
conditions across different crack geometries/loading modes as measured by the linear elastic stress intensity factor, K, or
the elastic–plastic parameter defined by the J-integral and its corresponding value of the Crack Tip Opening Displacement,
CTOD (d) [1,2]. The underlying concept is that the crack-tip stress and strain fields that develop over microstructuraly
significant size scales (i.e., the fracture process zone of a few CTODs ahead of a macroscopic crack) can be adequately
described by a single parameter, such as J, and, further, that this parameter sets the intensity of local deformation leading
to material failure in various cracked structures having different levels of constraint. More recent efforts advanced the
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Nomenclature

a Weibull modulus (shape parameter) of toughness distribution
ap Weibull modulus (shape parameter) of particle distribution
�� true (logarithmic) strain
�r true stress
b power-law parameter of microcrack density function
d crack tip opening displacement
dc critical value of crack tip opening displacement
l fractured particle size
lc critical size of fractured particle
lN reference size of fractured particle
�0 yield (reference) strain
�p effective plastic strain
C contour defined in a plane normal to the crack front
c Weibull modulus (shape parameter) of Weibull distribution
k average rate of fractured particles
l proportionality constant (average number of flaws exceeding a critical size per unit volume)
m Poisson’s ratio
X volume of the fracture process zone
w parameter defining the size of the fracture process zone
Wc fraction of fracture particles which become eligible to propagate unstably
q0 initial crack tip blunting radius
r0 yield (reference) stress
ru Weibull stress parameter
rw Beremin Weibull stress
r1 maximum principal stress
req equivalent (effective) stress
rij Cartesian components of stress tensor
rpf particle fracture stress
rprs particle reference stress
h polar coordinate
~rw modified Weibull stress
~P failure probability for a stressed body
n Weibull’ stress dependent risk of rupture
f parameter of microcrack size distribution
f0 parameter of microcrack size distribution
a microcrack size, crack depth
ac critical microcrack size
amax upper bound for the critical microcrack size
B specimen thickness
b remaining crack ligament
bcc body cubic center
E Young’s modulus
Ed particle’s elastic modulus
f ij angular variations of in-plane stress components
J J-integral
J0 characteristic toughness of the Weibull distribution
J2 second invariant of the stress deviator tensor
Jc critical J-value (fracture toughness)
Jmin threshold toughness of the 3-P Weibull distribution
K linear elastic stress intensity factor
KI Mode I linear elastic stress intensity factor
KIc critical value of Mode I linear elastic stress intensity factor
KJc critical value of the J-integral converted into K
m Weibull modulus of Weibull stress distribution
n Ramberg–Osgood strain hardening exponent
nj outward normal to C
Pc probability of cleavage fracture
Pf failure probability
Pn probability of microcrack nucleation
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Pp probability of microcrack propagation
R domain radius of the MBL model
r polar coordinate
Rp radius of the near-tip plastic region
S specimen span
S0 material constant (characteristic stress) in Weibull’s risk of rupture
Su material constant (threshold stress) in Weibull’s risk of rupture
T T-stress
u Cartesian component of displacement in X direction
ui Cartesian components of displacement
V volume of material
v Cartesian component of displacement in Y direction
V0 reference volume
W specimen width
Ws stress-work density
�B strain–displacement matrix
CTOD Crack Tip Opening Displacement
DBT ductile-to-brittle transition
FPZ fracture process zone
LGC large geometry change
MBL modified boundary layer
PCVN precracked Charpy specimen
pdf probability density function
RPV reactor pressure vessel
SE(B) single edge notch bend specimen
SSY small scale yielding
TSM toughness scaling model
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viewpoint of the continuum fracture mechanics framework by developing two-parameter fracture methodologies to
describe the full range of Mode I, elastic–plastic crack-tip fields with varying near-tip stress triaxiality [3]. These approaches
make use of the J-integral (or, equivalently, the CTOD) to scale the crack-tip fields within the near-tip region over which large
stresses and strains develop, while the second parameter defines a family of crack-tip fields of varying stress triaxiality [4–
10]. While all these methodologies prove sufficiently applicable to provide generally conservative acceptance criterion for
cracked structural components by relating the operating conditions with a critical applied load or critical crack size, they
do not address the strong sensitivity of cleavage fracture to material characteristics at the microlevel nor do they provide
a more effective and yet simple procedure to predict the influence of constraint on fracture behavior.

The above arguments motivated the development of micromechanics models based upon a probabilistic interpretation of
the fracture process which are most often referred to as local approaches [11–13]. Attention has been primarily focused on
probabilistic models incorporating weakest link statistics to describe material failure caused by transgranular cleavage for a
wide range of loading conditions and crack configurations. In particular, the seminal work of the French group Beremin [11]
provides the basis for establishing a relationship between the microregime of fracture and macroscopic crack driving forces
(such as the J-integral) by introducing the Weibull stress ðrwÞ as a probabilistic fracture parameter. A key feature of the Bere-
min approach is that rw follows a two-parameter Weibull distribution [14] defined by the Weibull modulus, m, and the scale
parameter, ru. Further idealization postulates that the key parameter m represents a material property in this model [11–13]
which thus provides the necessary framework to correlate fracture toughness for varying crack configurations under differ-
ent loading (and possibly temperature) conditions.

However, the probabilistic framework from which the Weibull stress concept is derived strongly relies upon the assump-
tion that Griffith-like microcracks form immediately upon the onset of yielding and thus the associated statistical distribu-
tion of microcrack size remains unchanged with increased loading and deformation. Experimental evidence for the coupling
between microcrack size distribution and plastic deformation has been given in the early works of McMahon and Cohen [15],
Kaechele and Tetelman [16], Brindley [17], Lindley et al. [18] and Gurland [19]. These studies observed the strong effects of
plastic strain on cleavage microcracking in ferritic steels at varying temperatures which can lead to a marked influence on
the density of Griffith-like microcracks directly connected to the material fracture behavior at the microscale. Here, the num-
ber of microcracks formed from fractured carbide particles within a small near-tip material volume increases with increased
plastic strain. Since any cleavage fracture model incorporating statistics of microcracks (weakest link philosophy), such as
the rw-based methodology, involves a local Griffith instability of the largest of most favorably oriented microcrack, it
becomes clear that increased plastic strains correlate directly with increased likelihood of cleavage failure. Indeed, a number
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of important applications of the Weibull stress model to predict constraint effects on fracture toughness, including those
reported by Ruggieri [20,21], were only in moderate agreement with experimentally measured Jc-values for large tension
loaded cracked configurations in which large plastic strains develop. Here, application of the conventional Beremin approach
yielded fracture predictions with no clear trend as the predicted toughness values were either higher or lower than the cor-
responding experimentally measured toughness values depending on the tested material. To some extent, these difficulties
can be overcome by incorporating explicitly the influence of plastic strain into the micromechanism of cleavage failure
entering directly into the probabilistic description of fracture. But how the controlling microstructural features – microcrack
size distribution and plastic strain level – are interconnected and their relative contributions to the macroscopic fracture
behavior (and associated failure probability) remain open issues.

This work describes a micromechanics methodology based upon a local failure criterion incorporating the effects of plas-
tic strain on cleavage fracture coupled with statistics of microcracks. One purpose of this study is to provide an in-depth
review and a theoretical description consistent with what exists for probabilistic modeling of cleavage fracture. Another
is to develop limiting distributions for the cleavage fracture stress of a cracked body capable of describing the potentially
strong effects of plastic strain on the cleavage failure probability. The resulting probabilistic treatment provides the
basis for establishing a relationship between the microregime of fracture and macroscopic crack driving forces (such as
the J-integral) by introducing a modified Weibull stress ð~rwÞ as a local crack driving force. Within the fracture mechanics
framework derived here, we pursue a line of investigation in which the proposed probabilistic methodology coupling
macro-scale features with the micro-scale cleavage mechanism provides an engineering approach to multiscale predictions
of fracture behavior in structural components with diverse range of crack-tip constraint. This procedure is thus capable of
correcting measured distributions of toughness values for fracture specimens and structural components with different
geometry and loading conditions based on a relatively simple application of the toughness scaling model phrased in terms
of the modified Weibull stress, ~rw.

A parameter analysis is conducted for stationary cracks under well-contained plasticity, where the near-tip fields of vary-
ing levels of constraint are generated through a modified boundary layer (MBL) formulation with different values of applied
T-stress. A central objective is to gain some understanding on the role of plastic strain on cleavage fracture by means of the
probabilistic fracture parameter and how it contributes to the cleavage failure probability. These analyses are also extended
to assess the general effects of plastic strain and the associated limiting distributions on fracture toughness correlations for
conventional SE(B) specimens with varying crack size over specimen width ratios. The study clearly shows important fea-
tures associated with the inclusion of plastic strain effects into the Weibull stress model which are not fully accounted in
conventional analyses using the standard Beremin model. Overall, inclusion of plastic strain effects into the probabilistic
framework to describe cleavage fracture does reduce the amount of constraint correction from shallow-to-deep notch
SE(B) fracture specimens, which is generally consistent with available toughness data. Fracture toughness predictions for
a pressure vessel steel tested in the ductile-to-brittle transition region based upon the proposed methodology are considered
in a forthcoming publication as Part II of this article.
2. Mechanisms and probabilistic models for cleavage fracture

The characteristic feature emerging from most probabilistic models for cleavage fracture, including the Beremin approach
[11], is the adoption of a convenient statistical distribution to describe the microcrack size coupled with a weakest link
concept in which macroscopic fracture behavior is controlled by unstable propagation on the microscale of the most severe
Griffith-like microcrack. This feature is key to understanding the relative strengths and drawbacks of the methodology in
fracture mechanics applications while, at the same time, allowing proper interpretation of the cleavage fracture process
in developing an improved probabilistic model for cleavage fracture. Before introducing the statistical treatment of cleavage
fracture incorporating plastic strain effects, we first provide a brief review of pertinent aspects of cleavage fracture and local
approach theory which have a direct bearing on the micromechanics cleavage model addressed in the present study.
2.1. Micromechanism of cleavage fracture in structural steels

This section reviews basic features of the transgranular cleavage fracture in polycrystalline metals; this failure mode most
often occurs in bcc metals (e.g., low carbon steels) at low temperatures. A substantial number of studies and experimental
observations have provided detailed descriptions of the cleavage fracture process [22–24]. It is beyond the scope of the pres-
ent study to survey all the work done on cleavage fracture and associated micromechanisms. However, some general and
simple concepts needed to support the fracture methodology described in the following sections are briefly introduced.

Early progress in understanding the mechanisms of brittle fracture in mild steels was achieved by means of detailed
metallographic observations of cleavage microcracks. A number of works, including that of Low [25], Owen et al. [26],
McMahon and Cohen [15] and Smith [24], revealed the formation of Griffith-like microcracks [27] after the onset of yielding
and localized plasticity primarily by the cracking of carbides along grain boundaries. Further analyses of the microstructural
features, as those represented by the early work of Curry and Knott [28,29], reveal that only eligible particles, which are asso-
ciated with large dislocation pile-ups acting as suitable stress raisers and favorable orientation, can produce Griffith-like
microcracks. This process occurs over one or two grains of the polycrystalline aggregate; once a microcrack has formed in



(a) (b) (c)
Fig. 1. Schematic of cleavage fracture due to cracking of carbides at grain boundaries of ferritic steels: (a) near-tip stressed region in connection with plastic
deformation at the material microlevel; (b) fracture of carbide and formation of a Griffith-like microcrack; (c) growth of the Griffith microcrack into
adjacent grains.
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a grain and spread through the nearby ferrite grain boundaries, it likely propagates with no significant increase in the applied
stress unless the microcrack is arrested at the grain boundary [30]. The connection between fracture resistance and micro-
structure can then be made by rationalizing the interrelation between microcrack nucleation and unstable propagation as
illustrated in Fig. 1: (a) fracture of a carbide particle assisted by plastic deformation of the surrounding matrix nucleates
a Griffith-like microcrack; (b) the nucleated microcrack advances rapidly into the interior of the ferrite grain until it reaches
a grain boundary and (c) fracture occurs when the microcrack is not arrested at a grain boundary barrier and thus propagates
unstably. In terms of the Griffith cleavage criterion [27], the last condition means that the Griffith fracture energy to prop-
agate the microcrack is larger than the specific surface energy of the grain boundary [30].

More precise models to describe the cleavage fracture micromechanism should actually involve the potential void nucle-
ation from a fractured particle in which case either the formation of a Griffith-like (sharp) microcrack is suppressed or the
microcrack blunts. This process could be explicitly accounted for by formulating this concept statistically and introducing
the probability that a fractured particle becomes a void directly into the probabilistic formulation. Xia and Shih [31] and
Wallin and Laukkanen [32], among others, noted the competition between void nucleation and Griffith-like microcracks
to arrive at a rather complex treatment associated with a conditional probability of cleavage failure. Following Hahn [30],
however, we may envision a scenario whereby some microstructural features that do not influence the fraction of fractured
carbides precipitating catastrophic cleavage fracture have a diminished effect, at best, on the material failure. That is, even
though the number of eligible particles is relatively small compared to the actual number of carbide particles present in the
steel, this small number of fractured carbides does have nonetheless a strong effect on the material cleavage fracture behavior.
Only those microstructural features that effectively affect the number of eligible particles, such as plastic deformation of the
surrounding matrix, can alter the material brittle behavior. Thus, neglecting the process of void nucleation from a fractured
carbide still preserves the central features of the cleavage fracture mechanism entering the probabilistic formulation dis-
cussed later. Supporting evidence for this argument is given in recent work by Fairchild et al. [33] who employed scanning
electron fractography to characterize the cleavage micromechanism in a microalloyed steel. Their study clearly suggests that
the cleavage initiation mechanism in steels is strongly controlled by: (1) the failure strength of the particle while embedded
in the ferritic matrix and (2) the interface bonding strength between the particle and the ferritic matrix. Unlike MnS, which
most often tend to form voids and, therefore, have an innocuous effect on cleavage behavior, carbides and similar hard phase
inclusions are likely to have a much higher interfacial strength which appears to be a key factor for cleavage microcracking.
2.2. Probabilistic approaches to cleavage fracture based on statistics of microcracks

The history of progress in probabilistic models for cleavage fracture has been one of relatively continuous development
since the pioneering work of Weibull [34,35]. Early work of Epstein [36] and later Freudenthal [37] advanced the viewpoint
of the weakest link concept implied in Weibull’s analysis of size effects in fracture strength to introduce a mathematical
description for the fracture of materials in terms of the statistical theory of extreme values [38,39]. Using purely statistical
arguments, Epstein [36] showed that the distribution of the fracture strength for a stressed solid associated with the weakest
link concept depends on the assumed functional form for the fracture resistance of Griffith-like microflaws randomly distrib-
uted in a given volume of material, here denoted as V. In particular, when a Gaussian distribution [14,40] is assumed to
describe the probability density function (pdf) for the microflaw fracture resistance, the fracture strength of the stressed
solid decreases linearly with ðln VÞ1=2, whereas when a Weibull distribution with parameters ðc; S0Þ defines the pdf for the
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microflaw fracture resistance then the fracture strength of the stressed solid decreases proportionally to S0V�1=c [36]. Such a
type of analysis, including Weibull’s original work, is often referred to as the elemental strength approach [41] and derives
from the premise that a stressed body contains a random distribution of Griffith-like microflaws or microcracks which can be
characterized by their fracture stress at which the Griffith cleavage condition is met (termed the ‘‘microflaw strength’’ by
Epstein [36]). Several probabilistic models have been proposed based on the elemental strength approach to develop limiting
distributions for the fracture stress and to predict size effects in fracture, including the works of McClintock and Argon [42],
Batdorf and Crose [43], Evans [44], McClintock and Zaverl [45], Matsuo [46], Lin et al. [47], Godse and Gurland [48], among
others.

Another line of development which shares much in common with the elemental strength approach is based on the sta-
tistics of microcracks contained in the stressed material volume. A number of research efforts in this area have explicitly
adopted convenient functional forms describing the microcrack size (and possibly orientation) to define a limiting distribu-
tion for the cleavage fracture stress. The early work of Freudenthal [37] devised the connection between the statistical dis-
tribution of microcrack size and the distribution function of the local fracture stress based on theoretical arguments derived
from the extreme value theory [39]. Subsequent researchers adopting this class of approach include Beremin [11], Wallin
et al. [49,32], Mudry [12], Pineau [50], Minami et al. [51], Ruggieri and Dodds [52], Gao et al. [53], Petti and Dodds [54]
and Ruggieri [21]. Work of the French Beremin group [11] attains particular relevance as it has served as the basis for gen-
eralizing the concept of micromechanics modeling for cleavage fracture (also often referred to as local approaches) which in
turn has enabled the development of approaches highly effective in unifying toughness measures across different crack con-
figurations and loading modes. Further advancements in micromechanics modeling of cleavage fracture incorporating a
more realistic physical mechanism of cleavage microcrack nucleation and propagation have also been made with the
Prometey model [55–57]. An overview of these local approach developments is given by Pineau [13].

A potential drawback with the Beremin model lies in the non-recognition of the potentially strong role played by the plas-
tic strain at the microlevel on cleavage fracture thereby ignoring the influence of the imposed near-tip stress and strain his-
tory on the cleavage failure probability. The Beremin approach assumes that all eligible microcracks nucleate immediately
upon yielding – their distribution then does not change throughout the entire load history. Since there is a history of exper-
imental evidence linking the increase of microcrack density with increased plastic strain [15–19], it remains apparent that
further enlargement on the probabilistic framework to include plastic strain effects is needed.

More precise probabilistic models incorporating the effects of plastic strain on microcracking directed connected with the
Beremin approach have been proposed by a number of authors based on the notion that the microstructural process of cleav-
age fracture is driven by two coupled quantities defined by the local stresses and plastic strains. Xia and Shih [31] and Bordet
et al. [58,59] approached the statistical problem from the point of view of considering microcrack nucleation and propaga-
tion as two statistically independent events so that the cleavage fracture probability, Pc , is expressed by the standard product
Pn � Pp, where Pn is the probability of microcrack nucleation and Pp is the probability of microcrack propagation. Note here
that, when Pn ¼ 1 and a convenient functional form describing the microcrack size is adopted to evaluate Pp, then the cleav-
age fracture probability, Pc , should yield a similar expression as given by the Beremin model. Further studies of Gao et al. [60]
and Ruggieri [21] focused on modifying the limiting distribution for the cleavage fracture stress by introducing a functional
dependence between the microcrack density and local plastic strain directly into the probability of microcrack propagation;
these workers implicitly assumed Pn ¼ 1 in their models.

2.3. Fundamental statistical theory of cleavage fracture

The early work of Weibull [34,35] on the statistical description of fracture strength marks the beginning of a now rather
extensive literature on statistical approaches to cleavage fracture. Two fundamental assumptions underlies Weibull’s anal-
ysis: (1) the failure probability of a stressed solid with volume V is completely determined by the failure of an infinitesimally
small volume dV, and (2) failure of each infinitesimally small volume dV is a statistically independent event. Making use of
standard statistical procedures, the failure probability for the stressed solid, ~PðVÞ, is then defined as [37]
~PðVÞ ¼ 1� e�nV ð1Þ
where n is a constant. The above expression has a clear interpretation in which the failure probability for the stressed solid
increases with increased material volume – a result entirely consistent with a purely probabilistic reasoning based on a sim-
ple application of the weakest link concept.

In fracture mechanics spirit, a more fundamental approach can be introduced by specifically considering the dependence
of the fracture stress for a stressed solid on the statistical population of microflaws uniformly distributed over its volume V.
Consider the stressed solid idealized as consisting of a large number of statistically independent, uniformly stressed, small
volume elements, denoted dV , and assume that failure of this small volume element occurs when the size of a random flaw
exceeds a critical size, i.e., a > ac . Two fundamental assumptions based upon probability theory and the well-known Poisson
postulates (see, e.g., Feller [61]) underlie the present development: (1) failures occurring in nonoverlapping volumes are sta-
tistically independent events, and (2) the probability of failure for dV is proportional to its volume, i.e., d~P ¼ ldV when dV is
small. Here, the proportionality constant l is the average number of flaws with size a P ac per unit volume. The elemental
failure probability, d~P, is then related to the distribution of the largest flaw in a reference volume of the material by
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d~P ¼ dV
Z 1

ac

gðaÞda ð2Þ
where gðaÞda defines the probability of finding a microcracks having size between a and aþ da in the unit volume [41,47].
Letting a!1 as the upper bound for the above integral is equivalent to defining a zero threshold stress for fracture; con-
sequently, stresses vanishingly small compared to the fracture stress yield a non-zero (albeit small) probability for fracture.

While other research efforts in this area (e.g., Bordet et al. [58]) advocate the use of a threshold fracture stress, in which
case an upper bound for the microcrack size, amax, should be introduced into Eq. (2), there is still some debate over the
effectiveness of a threshold value for the fracture stress in fracture predictions. Previous study of Ruggieri and Dodds [52]
has compared predictions of the variation in fracture toughness with constraint changes for a specific material using differ-
ent threshold stress values and has found that adoption of zero threshold stress provides a good description for the influence
of constraint on cleavage fracture toughness ðJc; dcÞ. More recently, Gao and Dodds [62] have introduced a threshold param-
eter directly into the standard Beremin formulation which improves fracture predictions at low probabilities and, at the
same time, makes contact with the statistical form adopted by ASTM E1921 [63] to describe KJc-toughness distributions
for ferritic steels. Currently, we consider the correct treatment of a threshold fracture stress in the present probabilistic
framework an open issue.

Now, making use of weakest link arguments in conjunction with Eq. (2) and manipulating the resulting expression, the
failure probability for the stressed solid, ~PðVÞ, then becomes
~PðVÞ ¼ 1� exp �
Z

dV
Z 1

ac

gðaÞda
� �

ð3Þ
where it is understood that the number of statistically independent, small volume elements, n!1 (such that dV ! dV).
A key feature of the above relation is that it allows evaluation of the fracture strength distribution for the entire volume V

from the distribution of the largest flaw present in each small element dV . While a number of possible functional forms for
gðaÞ could be used, there are sound arguments (see, e.g., Freudenthal [37]) that justify adoption of a distribution of extreme
values [39] which also makes contact with the distribution of the largest flaw size. Here, extreme value conditions require a
Cauchy-type distribution of microflaw size in the form [37,44]
gðaÞ ¼ 1
V0

f0

a

� �f

ð4Þ
where f0 and f are parameters of the distribution and V0 denotes a reference volume.
At this point, it is helpful to discuss further the nature of the microcrack size distribution given by previous Eq. (4). As

already noted before in Section 2.1, only eligible carbide particles are able to fracture and thus become Griffith-like micro-
cracks. Consequently, the distribution of microflaw size described by Eq. (4) derives from the distribution of fractured par-
ticles with size ‘ which implies that gðaÞ $ gð‘Þ. That is, a fractured particles with size ‘ becomes a Griffith-like microcrack
with size a such that both quantities are equally characterized by parameters f0 and f defining the distribution expressed by
Eq. (4). The equivalence gðaÞ $ gð‘Þ will also become clear in later sections addressing effects of plastic strain on cleavage
fracture.

Now, the implicit distribution of fracture stress can be made explicit by introducing the dependence between the critical
microcrack size, ac , and stress in the form ac ¼ K2

Ic=ðY r2
eqÞ, where KIc is the (local) fracture toughness of the material ahead of

microflaw, Y represents a geometry factor and req denotes an equivalent (effective) tensile (opening) stress acting on the
microcrack plane, most often adopted as the maximum principal stress, r1. Consequently, substituting Eq. (4) into Eq. (3)
and working out the crack size integral yields the expression for ~PðVÞ in the form
~Pðr1Þ ¼ 1� exp � 1
V0

Z
V

r1

ru

� �m

dV
� �

ð5Þ
where parameters m ¼ 2f� 2 and ru define the above fracture stress distribution.
To the extent that the fracture strength of a stressed solid containing a uniform distribution of microcracks is adequately

described by the weakest link model resulting in previous Eq. (3) and, further, that extreme value conditions apply so that an
inverse power-law type for the microcrack size distribution can be postulated, there is a probabilistic rationale for relating
the random inhomogeneity in local features of the material with macroscopic loading through the acting stress fields as sta-
ted in the above Eq. (5). This remarkable conclusion resulting from probabilistic concepts coupled with phenomenological
arguments embodies a large part of the progress achieved in micromechanics modeling of cleavage fracture over the past
three decades. In particular, the Beremin model [11] derives from simply limiting the previous analysis and results to the
fracture process zone (FPZ) ahead of a macroscopic crack so that Eq. (5) can be rewritten as
Pf ðrwÞ ¼ 1� exp � rw

ru

� �m� �
ð6Þ
such that the Weibull stress, rw, a term coined by Beremin [11], is defined by
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rw ¼
1

V0

Z
X
rm

1 dX
� �1=m

ð7Þ
where X is now the volume of the near-tip fracture process zone most often defined as the loci where r1 P wr0, with r0

denoting the material’s yield stress and w � 2.

3. A Weibull stress model incorporating plastic strain effects

3.1. Probabilistic formulation

Development of a limiting distribution for the cleavage fracture stress incorporating effects of plastic strain begins by
assuming the fracture process zone (FPZ) in a stressed cracked body illustrated in Fig. 2(a). The approach derives from
the methodology previously outlined in Section 2.3 but with the additional condition that only microcracks formed from
the cracking of brittle particles, such as carbides, in the course of plastic deformation contribute to cleavage fracture and that
the fraction of fractured particles increases with increased matrix plastic strain [64]. Within the present probabilistic frame-
work for cleavage fracture based on the statistics of microcracks, it is clearly not necessary nor essential to consider different
carbide morphologies as long as the nucleated Griffith-like microcracks behave like weakest links. An approximate account of
such a micromechanism can be made by considering that a fraction, Wc , of the total number of brittle particles in the FPZ
nucleates the microcracks which are eligible to propagate unstably and, further, that Wc is a function of plastic strain, �p,
but independent of microcrack size.

As already noted, alternative approaches to incorporate plastic strain effects into a probabilistic formulation for cleavage
fracture consider a local criterion in which microcrack nucleation and propagation are treated as two statistically indepen-
dent events (see, e.g., Bordet et al. [58]). Here, the plastic strain enters the resulting Weibull stress formulation through the
dependence of the probability of nucleating a microcrack on �p. A related approach sharing a similar philosophy has also
been proposed by Margolin et al. [65,56] by addressing plastic strain effects on cleavage fracture in terms of a strain-depen-
dent critical fracture stress. While we pursue a rather different line of investigation in the present work, it is worth noting
that the adopted concept associated with eligibility of cleavage microcracks does not necessarily preclude the possibility of
microcrack nucleation. While we recognize that the above expression describes a simple idealization of the statistical
cleavage process, it is nevertheless statistically consistent while, at the same time, providing a convenient engineering model
for fracture toughness correlations which is one of the central objectives of this work.

Now, following similar arguments to those used in Section 2.3, the elemental failure probability for the cracked body
resulting from the distribution of the largest flaw present in a small volume element, dV , is given by
dPf ¼ dV �Wcð�pÞ �
Z 1

ac

gðaÞda ð8Þ
as pictured in Fig. 2(b). Clearly, when Wc ¼ 1, the above Eq. (8) yields a identical result as previous Eq. (2).
(a) (b)
(a) Near-tip fracture process zone ahead a macroscopic crack containing randomly distributed flaws. (b) Schematic of power-law type microcrack
tribution.
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The same analysis as in Section 2.3 may be followed to evaluate the cleavage failure probability for the cracked body. By
using the weakest link concept applied to the volume of the fracture process zone, X, and recalling the Cauchy-type distri-
bution given by Eq. (4) to describe the microcrack size, one finds after little manipulation the limiting distribution for the
cleavage fracture stress expressed as
Pf ðr1; �pÞ ¼ 1� exp � 1
V0

Z
X

Wcð�pÞ �
r1

ru

� �m

dX
� �

ð9Þ
in which the integral evaluated over X contains two contributions: one is from the principal stress criterion for cleavage frac-
ture characterized in terms of r1 and the other is due the effective plastic strain, �p, which defines the number of eligible
Griffith-like microcracks nucleated from the brittle particles effectively controlling cleavage fracture.

Again, the form of the above result motivates the notion of a modified Weibull stress, ~rw, defined by
~rw ¼
1

V0

Z
X

Wcð�pÞ � rm
1 dX

� �1=m

ð10Þ
where the volume of the fracture process zone, X, was previously defined in Section 2.3. Observe the coupling effect of the
near-tip principal stress, r1, and effective plastic strain, �p, on ~rw which is expected to influence fracture predictions depend-
ing on the function Wc. The following sections explore different forms of Wc and their effect on the predictive capability of the
modified Weibull stress in fracture toughness correlations for different specimen geometries with varying flow (hardening)
properties.

3.2. Plausible forms for Wc and the modified Weibull stress

A number of possibilities exist to introduce plastic strain effects on cleavage fracture based on different suppositions
about which specific feature controls cleavage microcracking or the unstable propagation of a fully-formed, Griffith-like
microcrack. Here, we consider four cases of interest for defining the function Wc which have a direct bearing on the connec-
tion between the Weibull stress and macroscale fracture toughness: (1) exponential dependence of eligible microcracks on
�p; (2) Limiting Distribution of Fracture Stress Using Particle Distribution; (3) the modified Beremin model incorporating
plastic strain and (4) the influence of plastic strain on microcrack density.

3.2.1. Exponential dependence of eligible microcracks on �p

Recent extensions of the Beremin model made by Bordet et al. [58] have evolved to include plastic strain effects on cleav-
age fracture in terms of the probability for nucleating a carbide microcrack. Their original model considers that only freshly
nucleated carbide particles, which become Griffith-like microcracks, are eligible to propagate unstably and, further, that the
probability of microcrack nucleation, Pn, decreases as the number of uncracked carbides also decreases. While this could be
assumed a reasonable assumption for small statistical samples, the number of (uncracked) carbides dispersed into the ferrite
matrix in typical steels is plausibly very large so that, even if some uncracked carbides do become microcracks, there will still
be a large number of left carbides which can become microcracks with increased plastic strain. In previous work, Hahn [30]
pointed out that only a fraction of the largest and most favorably oriented carbides participate in the cleavage microcracking
process, which is in contrast with the assumption of a direct dependence between cleavage microcracking and number of
uncracked carbides as implied in the Bordet et al. approach [58].

Nevertheless, we may take a similar viewpoint and adopt a Poisson distribution [14,40,61] with parameter k to define Wc

given by
Wc ¼ 1� expð�k�pÞ ð11Þ
where k can be interpreted as the average rate of fractured particles with size ‘ that become Griffith-like microcracks of size a
with a small strain increment. Here, the underlying assumption is associated with a Poisson process [61] to describe the
number of fractured particles that become eligible to propagate unstably thereby driving cleavage fracture.

Thus, the cleavage failure probability becomes
Pf ðr1; �pÞ ¼ 1� exp � 1
V0

Z
X

1� expð�k�pÞ
� �

� r1

ru

� �m

dX
� 	

ð12Þ
from which the modified Weibull stress is written as
~rw ¼
1

V0

Z
X

1� expð�k�pÞ
� �

� rm
1 dX

� 	1=m

ð13Þ
3.2.2. Limiting distribution of fracture stress using particle distribution
To introduce a more detailed formulation for the cleavage failure probability, Wallin and Laukkanen (WL) [32], and earlier

Wallin et al. [64], have argued that only a small number of all fractured particles actually contribute to the cleavage fracture
process. Their approach allows incorporation of plastic strain effects on the cleavage fracture probability through the particle
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fracture stress. Following similar arguments as those given in their work, we can derive the failure probability of cleavage
fracture including effects of plastic strain as follows: let Wc now be the fraction of fractured particles defined by WL [32]
as a two-parameter Weibull distribution in the form
Wc ¼ 1� exp � ‘

‘N

� �3

� rpf

rprs

� �ap
" #

ð14Þ
where ‘ is the particle size, ‘N represents a reference particle size, rprs is the particle’s reference stress, ap denotes the Weibull
modulus and rpf ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:3r1�pEd

p
characterizes the particle fracture stress in which r1 is the maximum principal stress, �p

denotes the effective matrix plastic strain and Ed represents the particle’s elastic modulus. Thus, assuming that a fractured
particle with size ‘ becomes a Griffith-like microcrack with the same size and invoking the Poisson postulates outlined pre-
viously in Section 2.3 with the distribution of microcrack size described by Eq. (4), the elemental failure probability for the
cracked body is expressed by
dP ¼ dV
Z 1

‘c

Wc � gð‘Þd‘ ¼
dV
V0

Z 1

‘c

1� exp � ‘

‘N

� �3

� rpf

rprs

� �ap
" #

� f0

‘

� �f

d‘ ð15Þ
where the critical microcrack size, ‘c , is given as before by ‘c ¼ K2
Ic=ðY r2

1Þ.
Using weakest link arguments, the above equation can be manipulated to derive the limiting distribution of cleavage frac-

ture stress for the cracked body as
Pf ðr1; �pÞ ¼ 1� exp � 1
V0

Z
X

Z 1

‘c

1� exp � ‘

‘N

� �3

� rpf

rprs

� �ap
" #

� f0

‘

� �f

d‘dX

( )
ð16Þ
where the dependence of Pf on r1 and �p through the particle fracture stress, rpf , and the critical microcrack size, ‘c , is readily
understood.

The resulting expression for the cleavage failure probability cannot unfortunately be expressed in closed form for r1 and
is solvable only by numerical methods. An approximate solution can be found if we make the assumption that the fraction of
fractured particles defined by Eq. (14) is independent of the particle size, ‘, so that the ratio ‘=‘N ! 1. Such may be formally
justified by examining the nature of Eq. (14) more closely. WL [66] have pointed out that the fracture of particles dispersed in
the ferrite matrix, such as carbides, exhibit a very brittle behavior and, therefore, can be characterized by a weakest link
mechanism in connection with a statistical description of particle size effects. However, while their approach properly treats
the potential effect of particle size on cleavage fracture, we favor a rather simpler procedure which allows direct comparison
with the expressions for cleavage failure probability developed previously in Section 3.2. Further evaluations of Eq. (16) to
predict effects of constraint on macroscopic measurements of fracture toughness are considered in the companion paper.
Hence, accepting the present simplification, Eq. (16) resolves to
Pf ðr1; �pÞ ¼ 1� exp � 1
V0

Z
X

1� exp �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:3r1�pEd

p
rprs

 !ap
" #

� r1

ru

� �m

dX

" #
ð17Þ
from which the modified Weibull stress now takes the form
~rw ¼
1

V0

Z
X

1� exp �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:3r1�pEd

p
rprs

 !ap
" #

� rm
1 dX

" #1=m

: ð18Þ
3.2.3. Modified Beremin model
Early work of the Beremin group [11] also recognized the potentially strong effects of plastic deformation on cleavage

fracture. Based on experimental analyses of the failure strain for tensile notched specimens made of an ASTM A508 steel,
they proposed a modified form of the previous Eq. (9) as
Pf ðr1; �pÞ ¼ 1� exp � 1
V0

Z
X

exp �m�p

2

� �
� r1

ru

� �m

dX
� �

ð19Þ
with the Weibull stress defined by
~rw ¼
1

V0

Z
X

exp �m�p

2

� �
� rm

1 dX
� �1=m

ð20Þ
which indicates that ~rw varies approximately with expð��p=2Þ.
Since Wc ¼ expð�m�p=2Þ in the above equation, observe the prominent role of the plastic strain at very low levels of �p (in

which case Wc ! 1) and a minimal effect for large values of �p such that Wc ! 0. Moreover, the modified Beremin model is
expected to give a good representation of the effects of plastic strain on fracture in the particular case of tensile loaded
specimens from which the above expression for ~rw was derived. While its application to predict effects of constraint in
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fracture specimens remains relatively untested, it nevertheless provides a simple procedure to incorporate effects of plastic
strain into the Weibull stress approach. This issue will be taken up in more detail in Section 5.2.

3.2.4. Influence of plastic strain on microcrack density
The procedures for determining a limiting form for the cleavage fracture stress discussed thus far have not explicitly con-

sidered the effects of plastic strain on the microcrack density. Previous fundamental work [22,23] clearly shows the strong
effect of plastic deformation, in the form of inhomogeneous arrays of dislocations, on microcrack nucleation which triggers
cleavage fracture at the material microlevel. Based upon direct observations of cleavage microcracking by plastic strain made
in ferritic steels at varying temperatures [17–19], the microcrack density function given by Eq. (4) can then be further gen-
eralized in terms of
gðaÞ ¼
�b

p

V0

f0

a

� �f

ð21Þ
where �p is the (effective) plastic strain and b represents a parameter defining a power law relationship between the micro-
crack density and plastic strain as inferred in Lindley et al. [18]. Further, parameter b defines the contribution of the plastic
strain on cleavage fracture probability; for example, setting b ¼ 0 recovers the conventional description for the probability
distribution of fracture stress whereas b ¼ 1 reflects a linear dependence of microcrack density on plastic strain. Again, the
equivalence gðaÞ $ gð‘Þ is readily understood thereby implying that an increase in plastic strain affects the number of frac-
tured particles with size ‘ which become Griffith-like microcracks with size a and thereby does not alter the shape of the
microflaw distribution defined by parameter 1.

Now, upon introducing Eq. (21) into Eq. (3) and following the same development as in Section 2.3, the probability distri-
bution for the fracture stress of a cracked solid with increased levels of loading yields
Pf ðr1; �pÞ ¼ 1� exp � 1
V0

Z
X
�b

p �
r1

ru

� �m

dX
� �

ð22Þ
where it is understood that Wcð�pÞ ¼ �b
p. Thus, the modified Weibull stress becomes
~rw ¼
1

V0

Z
X
�b

p � rm
1 dX

� �1=m

: ð23Þ
The above plastic term correction simply describes the change in cleavage fracture probability that results from the growth
in microcrack density with increased levels of near-tip plastic strain. Observe, however, that this form of Wc does not provide
an exact description for the fraction of microcracks nucleated inside the near-tip fracture process zone with increased defor-
mation which are eligible to propagate unstably. It nevertheless gives an alternative way of incorporating plastic strain
effects into the Weibull stress formulation by changing the microcrack density function rather than the number of eligible
microcracks. Similar approaches adopting the same viewpoint of a functional form between microcrack density and plastic
strain include the works of Kroon and Faleskog [67], Gao et al. [60] and Ruggieri [21].

4. Computational models and finite element procedures

4.1. MBL model

The modified boundary layer (MBL) model illustrated in Fig. 3(a), originally proposed by Rice [68], consists of a (very
large) circular region containing an edge crack. With the plastic region limited to a small fraction of the domain radius,
Rp < R=20 where Rp is the radius (size) of the crack-tip plastic zone, the general form of the asymptotic crack-tip stress fields
well outside the plastic region is given by William’s expansion [69] as
rij ¼
KIffiffiffiffiffiffiffiffiffi
2pr
p f ijðhÞ þ Td1id1j ð24Þ
where KI is the elastic stress intensity factor, f ij define the angular variations of in-plane stress components, ðr; hÞ are polar
coordinates centered at the crack tip (see Fig. 3(a)) and the non-singular term represents a tension (or compression) stress
parallel to the crack. Numerical solutions for different levels of parameters ðKI; T=r0Þ are generated by imposing the corre-
sponding displacements of the elastic, Mode I singular field on the outer circular boundary ðr ¼ RÞ which encloses the crack
[70].

The plane-strain SSY analyses employ a conventional mesh configuration having a focused ring of elements surrounding
the crack front. This SSY model has a single unit thickness layer ðB ¼ 1 mmÞ of 2065 8-node, 3-D elements. To achieve plane-
strain conditions for the current study, the single thickness layer of the 3-D elements is defined with out-of-plane displace-
ments constrained to vanish (w ¼ 0) on the nodes. A small initial root radius at the crack tip (blunt tip) is employed to
enhance convergence of the nonlinear iterations as presented in Fig. 3(a); the radius of the blunt tip, q0, is 0.0025 lm with
R=q0 ¼ 106. To limit effects of the initial root radius on the crack-tip stresses, the CTOD (d) is required to equal four times the
initial radius (q0) at a deformation consistent with ðbr0=JÞ ¼ 250, where r0 is the reference yield stress and b is the
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Fig. 3. (a) Definition of the modified boundary layer (MBL) problem; (b) quarter-symmetric finite element model for the deeply-cracked 1-T SE(B) specimen
with a=W ¼ 0:5.
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remaining crack ligament. This condition requires q0 ¼ 0:0025 mm for SSY model and flow properties considered in this
work. A series of SSY analyses containing a range of initial root radii confirm that the near-tip stresses after reaching steady
state conditions become independent of the initial root radius for d=q0 > 4 [71].
4.2. SE(B) fracture specimens

Nonlinear numerical analyses are conducted on 3-D finite element models for plane-sided 1T SE(B) fracture specimens
ðB ¼ 25 mmÞ with conventional geometry (W ¼ 2B and S ¼ 4W) and varying crack sizes characterized by a=W ¼ 0:5 and
0.2. Here, a denotes the crack length, B is the specimen thickness, W defines the specimen width and S represents the spec-
imen span.

Fig. 3(b) shows a typical finite element model constructed for analyses of the deeply cracked SE(B) specimen with
a=W ¼ 0:5. The numerical model for the shallow crack SE(B) specimen with a=W ¼ 0:2 has very similar features. Geometric
and loading symmetry about the crack plane ðY ¼ 0Þ and the longitudinal midplane ðZ ¼ 0Þ enables the use of one-quarter
models as indicated with appropriate constraints imposed on the symmetry planes. A conventional mesh configuration hav-
ing a focused ring of elements surrounding the crack front is used with a small key-hole at the crack tip and sufficient refine-
ment near the tip to provide adequate resolution of the stress fields; the radius of the key-hole, q0, is 10 lm ð0:01 mmÞ. Use
of a small initial root radius at the crack front (blunt tip) provides two numerical benefits: (1) it accelerates convergence of
the finite-strain plasticity algorithms during the initial stage of blunting, and (2) it minimizes numerical problems during
computation of the Weibull stress over material incident on the crack tip.

The mesh has 32 variable thickness layers defined over the half-thickness ðB=2Þ; the thickest layer is defined at Z ¼ 0 with
thinner layers defined near the stress-free surface ðZ ¼ B=2Þ to accommodate strong Z variations in the stress distribution.
Here, the layer thickness at the specimen midplane ðZ ¼ 0Þ is 0:04B whereas the layer defined near the free surface
ðZ ¼ B=2Þ is 0:004B. By using this level of mesh refinement over the half-thickness (and, thus, over the half-crack front),
the numerical models fully capture the 3-D crack front stress fields thereby describing more accurately the evolution of
~rw with increased loading addressed later in Section 5.2. The quarter-symmetric, 3-D model for this specimen has approxi-
mately 36200 nodes and 32500 8-node isoparametric elements. These finite element models are loaded by displacement
increments imposed on the top nodes for the symmetry plane to enhance numerical convergence with increased loading
and plastic deformation.
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4.3. Material models and solution procedures

The numerical solutions described here utilize an elastic–plastic constitutive model with J2 flow theory and conventional
Mises plasticity in large geometry change (LGC) setting. The numerical solutions employ a simple power-hardening model to
characterize the uniaxial true ð�rÞ stress vs. logarithmic strain ð��Þ in the form
��
�0
¼

�r
r0
; �� 6 �0;

��
�0
¼

�r
r0

� �n

; �� > �0 ð25Þ
where r0 and �0 are the reference (yield) stress and strain, and n denotes the strain hardening exponent. The finite element
analyses consider material flow properties covering typical structural, pressure vessel and pipeline grade steels with
E ¼ 206 GPa and m ¼ 0:3 : n ¼ 5 and E=r0 ¼ 800 (high hardening material), n ¼ 10 and E=r0 ¼ 500 (moderate hardening
material), n ¼ 20 and E=r0 ¼ 300 (low hardening material). These ranges of properties also reflect the upward trend in yield
stress with the increase in strain hardening exponent, n, characteristic of ferritic structural steels, including pressure vessel
steels.

The finite element code WARP3D [72] provides the numerical solutions for the plane-strain and 3-D analyses reported
here. Evaluation of the J-integral derives from a domain integral procedure [73] which yields J-values retaining strong path
independence for domains defined outside the highly strained material near the crack tip. For the 3D analyses reported in
Section 5.2, a thickness average value for J is computed over domains defined outside the material having the highly non-
proportional histories of the near-tip fields.

In the present methodology, a requisite feature to obtain nearly invariant ~rw-values at a fixed, specified macroscopic
loading (as characterized by J) is to generate converged numerical descriptions of the crack-tip stress fields which are accu-
rate over distances of order a few CTODs. A weak, implicit length-scale enters the finite element computations through the
near-tip mesh size. For example, insufficient mesh refinement reduces peak stress values ahead of the crack front, especially
at smaller load levels, thereby strongly affecting the compute values of ~rw – recall the Weibull stress calculation involved the
principal stress raised to a large power defined by the Weibull modulus. The plane-strain and 3-D models used in this study
possess the required level of mesh refinement to resolve accurately the crack-tip stress and strain to compute nearly invari-
ant ~rw-values.

4.4. Numerical evaluation of crack front stress triaxiality

To illustrate the effects of specimen geometry on crack-tip constraint and implications for the toughness ratios of SE(B)
specimens derived from the modified Weibull stress addressed in Section 5.2, the present study adopts the J � Q method-
ology [7,8] to characterize the crack front stress fields with increased specimen deformation. Here, we present only the sali-
ent features of the methodology. Readers are referred to the work of Dodds et al. [3] and Nevalainen and Dodds [70] for
details.

O’Dowd and Shih (OS) [7,8] introduced an approximate two-parameter description for the elastic–plastic crack tip fields
based upon a triaxiality parameter more applicable under large scale yielding (LSY) conditions for materials with elastic–
plastic response described by a power hardening law given by �=�0 / r=r0ð Þn. Here, n denotes the strain hardening expo-
nent, r0 and �0 are the reference (yield) stress and strain, respectively. Guided by detailed numerical analyses employing
a modified boundary layer (MBL) model, OS defined the difference field relative to a high triaxiality reference stress state
in terms of a hydrostatic parameter in the form of
Q �
ryy
� �

FB � ryy
� �

SSY

r0
ð26Þ
where the difference field described in terms of the opening (Mode I) stresses, ryy, is conventionally evaluated at the nor-
malized crack-tip distance �r ¼ r=ðJ=r0Þ ¼ 2. Here, it is readily understood that the dimensionless parameter Q defines the
amount by which rij in fracture specimens, rij

� �
FB, differ from the adopted high triaxiality reference SSY solution, rij

� �
SSY .

As will be shown in Section 5.2, construction of J � Q trajectories for the analyzed fracture specimens then follows by eval-
uation of Eq. (26) at each stage of loading in the finite body. The research code Fractus2D [74] is employed to compute the
J � Q curves for each fracture specimen shown in Section 5.2.

5. Results from the parameter analysis

The following sections provide selected key results derived from the numerical analyses conducted on the small-scale
yielding model under varying levels of T-stress and on the SE(B) specimens used to assess effects of crack-tip constraint
and specimen geometry on the modified Weibull stress incorporating plastic strain effects. Within the present context,
the Weibull stress is interpreted as a local crack driving force which describes the microstructural process of cleavage frac-
ture, thus allowing comparisons of ~rw-trajectories with increased deformation and varying forms for the function Wc . The
presentation begins with a small scale yielding description of the various forms of plastic strain effects on the evolution
of ~rw with J derived from the MBL model. These SSY analyses provide insights into the quantitative effects of key plastic
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strain parameters (which are related to the function Wc) on the modified Weibull stress, ~rw. The variation of macroscale
crack driving force ðJÞ resulting from constraint loss in the 3-D SE(B) models is then characterized in terms of the toughness
scaling model based upon ~rw. Primary attention is given to examining the significance of the function Wc on constraint cor-
relations of J-values in deep and shallow crack SE(B) geometries. Using the Weibull stress concept, these analyses permit
establishing fracture toughness ratios for high and low constraint fracture specimens.

For most of the calculations that follow, the values of the key parameters defining the function Wc are dictated in part by
the previous exploratory studies of Ruggieri and Dodds [75] on cleavage fracture predictions for a pressure vessel steel. Spe-
cifically, while the choices of parameter k describing the exponential dependence on �p and the Weibull modulus, ap, defin-
ing the particle fracture stress distribution adopted here are somewhat arbitrary, they are nevertheless consistent with their
preliminary predictions of constraint effects on measured fracture toughness in small-sized fracture specimens.
5.1. Weibull stress trajectories under SSY conditions

Small-scale yielding solutions with varying levels of applied T-stress are generated for power-law hardening materials
having three levels of strain hardening: n ¼ 5 ðE=r0 ¼ 800Þ;n ¼ 10 ðE=r0 ¼ 500Þ and n ¼ 20 ðE=r0 ¼ 300Þ. In each analysis,
the full value of T-stress is imposed first (which causes no yielding), followed by the K-field (or, equivalently, the elastic
J-field) imposed in an incremental manner. Evaluation of the Weibull stress, ~rw, under increased levels of macroscopic load-
ing is performed by setting m ¼ 20 in Eq. (10); this value for the Weibull modulus has been chosen to characterize the dis-
tribution of Weibull stress at cleavage fracture for a nuclear pressure vessel steel (ASTM A508) with moderate hardening
properties [11]. Several previous works, including those of Minami et al. [51], Ruggieri and Dodds [52] and Gao et al. [76]
among others, provide calibrated m-values in the range of 10 � 20 for ferritic structural steels.

Before launching into a comparison of the varying forms of ~rw incorporating effects of plastic strain, it is useful to briefly
address the influence of key parameters related to the function Wc which have a direct bearing on the computed Weibull
stress trajectories. These analyses are conducted for the SSY problem with T=r0 ¼ 0 and the moderate hardening material
ðn ¼ 10Þ. The trends resulting from this study are essentially similar for other hardening properties and T-stress levels; to
conserve space, those results are not included here.

Fig. 4 compares the evolution of ~rw=r0 with increased loading for the microcrack density model incorporating effects of
plastic strain defined by Eq. (23) with five different values of b: 0, 0.5, 1.0, 2.0 and 3.0. In particular, the b ¼ 1 value reflects a
linear dependence of microcrack density on plastic strain which is in accord with the experimental observations of Lindley
et al. [18] and Gurland [19] as well as previous studies conducted by Kroon and Faleskog [67], Gao et al. [60] and Ruggieri
[21]. Further, recall that b ¼ 0 simply recovers the conventional Weibull stress model defined by Eq. (7). These analyses show
a rather strong sensitivity of ~rw to the functional form of the plastic strain term defined by Eq. (22). For a fixed level of load-
ing, as characterized by J=r0, a decrease in b increases the computed Weibull stress. This behavior can be understood by
examining Eq. (21) defining the microcrack density function. Clearly, when b! 0 (in which case the modified Weibull stress
form approaches the conventional Beremin expression), the number of microcracks per unit volume which are eligible to
propagate unstably increases thereby increasing the value of ~rw (here, interpreted as an effective crack driving force in
the present context).

Fig. 5 shows the normalized Weibull stress trajectories for the exponential dependence model with varying k-values: 0.1,
0.2, 0.3, 0.5 and 1. Since parameter k represents the average rate of fracture particles that become eligible to propagate unsta-
bly with a small plastic strain increment, it is plausible to assume for the present investigation that k varies between 0 (i.e.,
Pf ¼ 0) and 1 thereby providing justification to the adopted range of values and, at the same time, making contact with pre-
vious exploratory analyses of Ruggieri and Dodds [75]. Work in progress addresses in more detail the effects of parameter k
on fracture toughness predictions for a pressure vessel steel. To facilitate comparisons, this plot also includes results for the
Fig. 4. Evolution of ~rw=r0 with increased loading for the microcrack density model incorporating effects of plastic strain with five different values of b: 0,
0.5, 1.0, 2.0 and 3.0.



Fig. 5. Normalized Weibull stress trajectories for the microcrack nucleation model with varying k-values: 0.1, 0.2, 0.3 and 0.5.

Fig. 6. Computed curves for ~rw=r0 with increased loading for the simplified particle distribution model with ap ¼ 2, 3, 4 and 5 (rprs ¼ 6000 MPa and
Ed ¼ 400 GPa).
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conventional Weibull stress model. The relatively minor role of parameter k in the analyzed range is evident in the results
displayed in Fig. 5. For the k-values considered in these analyses, the normalized Weibull stress, ~rw=r0 increases only slightly
from k ¼ 0:1 to k ¼ 1:0.

Fig. 6 displays the computed curves for ~rw=r0 with increased loading derived from the simplified particle distribution
defined by Eq. (18) for ap ¼ 2, 3, 4 and 5 and holding other parameters fixed by setting rprs ¼ 6000 MPa (yield stress of
the particle) and Ed ¼ 400 GPa (elastic modulus of the particle). These values are consistent with previous analysis by Wallin
and Laukkanen [32] and correspond to typical fracture stress values for iron carbide particles (cementite). Again, the conven-
tional Weibull stress model is included in the plot to facilitate comparisons. The Weibull stress trajectories depend weakly
on ap; here, a decrease in ap results in slight increase of the computed Weibull stress. In particular, the value ap ¼ 4 also
agrees with the investigation pursued by Wallin and Laukkanen [32] who also compared their adopted particle distribution
with experimental fractography.

We now present a comparison between the conventional Beremin model described by Eq. (5) and the modified Weibull
stress approach making use of varying forms of ~rw incorporating effects of plastic strain: (1) dependence of microcrack den-
sity on plastic strain with b ¼ 1; (2) exponential dependence model with k ¼ 0:2, and (3) simplified particle distribution (WL
model) with ap ¼ 4;rprs ¼ 6000 MPa and Ed ¼ 400 GPa. As already anticipated, these choices are consistent with the previ-
ous exploratory analyses of Ruggieri and Dodds [75] on cleavage fracture predictions for a pressure vessel steel. Fig. 7(a)–(b)
displays Weibull stress trajectories generated under increased loading for the n ¼ 10 material and two widely different val-
ues of T-stress defined by T=r0 ¼ 0 and T=r0 ¼ �0:5. Fig. 8(a)–(b) provides the variation of ~rw with increased loading for
T=r0 ¼ 0 and two different hardening materials described by n ¼ 5 (high hardening) and n ¼ 20 (low hardening). The signif-
icant features include: (1) the magnitudes of the normalized Weibull stress for the standard Beremin model (i.e., without
considering effects of plastic strain) are larger than the analyzed forms of ~rw for any value of T-stress; note that such results
could be anticipated from the discussion presented in Section 3 as the number of eligible microcracks for the standard
Beremin model is larger than for the varying forms of ~rw incorporating effects of plastic strain; (2) for the adopted set of
strain parameters, the exponential dependence model provides the lowest ~rw-curves whereas the simplified particle distri-
bution model yields the highest Weibull stress trajectories; (3) the Weibull stress trajectories also scale approximately with
hardening properties; here, high strain hardening ðn ¼ 5Þ increases the magnitudes of ~rw=r0 relative to other hardening
materials (observe that the scale in Fig. 8(a) is different).



(a) (b)
Fig. 7. Weibull stress trajectories, ~rw=r0, generated under increased loading for the n ¼ 10 material and two widely different values of T-stress:
(a) T=r0 ¼ 0 and (b) T=r0 ¼ �0:5.

(a) (b)
Fig. 8. Variation of ~rw with increased loading for T=r0 ¼ 0 and two different hardening materials: (a) n ¼ 5 and (b) n ¼ 20.
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5.2. Effects of plastic strain on toughness ratios for SE(B) fracture specimens

While the previous small-scale yielding results show general characteristics of the modified Weibull stress model incor-
porating plastic strain effects, more specific features related to the predictive capability of the present probabilistic formu-
lation can be studied through recourse to a toughness scaling methodology (TSM) based upon ~rw. Moreover, a number of
previous works have demonstrated a strong interaction between in-plane and through-thickness effects on crack-front fields
not captured in the plane-strain analyses (see, e.g., Nevalainen and Dodds [70]). Thus, while plane-strain models give gross
features of effects of plastic strain on toughness ratios for the analyzed SE(B) specimens, some of the detailed features of the
coupling between in-plane and through-thickness effects on ~rw can be studied through recourse to full 3-D analysis.
5.2.1. 3-D constraint effects in SE(B) specimens
This section briefly examines the constraint loss phenomenon and the coupling nature of in-plane and through-thickness

effects on crack front fields in the SE(B) specimens with the n ¼ 10 material. Similar results are found for other material
properties but they are not shown here in interest of space. Fig. 9(a) displays the distribution of near-tip opening stresses,
ryy, at the same level of applied loading, J ¼ 200 kJ=m2, for the deep and shallow crack SE(B) models extracted at the spec-
imen centerplane ðZ ¼ 0Þ – refer to Fig. 3(b). The distribution of the out-of-plane stresses, rzz, over the crack front for two
widely differing load levels, J ¼ 100 and 200 kJ=m2 is shown in Fig. 9(b); here, the rzz stresses are extracted at the normalized
crack-tip distance, r=ðJ=r0Þ ¼ 2, which corresponds approximately to 3� CTOD [2]. In these plots, the opening stresses are
normalized by the material yield stress, r0, and crack-tip distances are normalized by J=r0. The plane-strain SSY field (cor-
responding to the MBL solution described previously in Section 4.1) is also included in Fig. 9(a) for reference. As could be
expected, the deeply-cracked specimen exhibits higher opening stresses at the same J-value in comparison with the shallow



(a) (b)
Fig. 9. Crack-tip stress distributions for the SE(B) specimens with the n ¼ 10 material: (a) variation of near-tip opening stresses ðryyÞ with normalized
crack-tip distance at the specimen center plane ðZ ¼ 0Þ and h ¼ 0; (b) variation of out-of-plane stresses ðrzzÞ over the crack front at the normalized crack-tip
distance, r=ðJ=r0Þ ¼ 2.

(a) (b)
Fig. 10. J � Q trajectories for the SE(B) specimens with the n ¼ 10 material at several crack front locations: (a) a=W ¼ 0:5; (b) a=W ¼ 0:2.

384 C. Ruggieri, R.H. Dodds Jr. / Engineering Fracture Mechanics 134 (2015) 368–390
crack geometry. The distribution of rzz over the crack front shown in Fig. 9(b) reveals maximum values over a large fraction
of the specimen thickness extending from midplane and then gradually decreasing as the stress-free surface is approached.
In every case under consideration, the stresses for the shallow crack specimens relax below the values corresponding to the
high constraint, deeply cracked bend configuration.

Fig. 10 displays the effects of specimen geometry on the J � Q trajectories at selected locations along the crack front for
the SE(B) specimens with the n ¼ 10 material. In the present analyses, construction of the J � Q trajectories is conducted at
locations along the crack front which correspond to the center of each layer in the finite element model as given by the non-
dimensional parameter Z=ðB=2Þ. The first layer is defined at Z ¼ 0 which represents the mid-thickness of the specimen. For
comparison, the plane-strain results corresponding to each specimen geometry are also included in the plots. Again, essen-
tially similar results are found for other material properties but they are not shown here to conserve space.

The trends are clear. The evolution of Q as loading progresses depends markedly on the location along the crack front and
on the specimen geometry. Not surprisingly, the crack front locations maintaining the highest constraint are on the mid-
thickness region ðZ ¼ 0Þ. Observe, however, that the levels of crack-tip constraint at front locations within the mid-thickness
region for the deeply cracked specimen specimens are much higher than the corresponding levels for the shallow crack
geometry for most of the deformation range. Such results follow similar trends obtained in previous work of Nevalainen
and Dodds [70] and Silva et al. [77]. The remarkable range of crack-tip constraint along the crack front for each specimen
geometry makes correlation of fracture toughness across these crack configurations a rather complex task thereby providing
additional support for the analysis of toughness ratios in SE(B) specimens based on the modified Weibull stress discussed
next.

5.2.2. Dependence of toughness ratios on plastic strain
The TSM proposed earlier by Dodds and Anderson [78,79] and later by Ruggieri and Dodds [52], here generalized to

include plastic strain effects, assumes equal cleavage failure probability at a specified value of ~rw across different crack con-
figurations even though the loading parameter (measured by J in the present work) may vary widely due to constraint loss.
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The 3-D finite element analyses of deep and shallow crack SE(B) fracture specimens provides a basis to assess the signifi-
cance of Wc on constraint correlations of macroscopic crack driving forces described by J. Here, we address the effects of plas-
tic strain on toughness ratios based on the modified Weibull stress, ~rw, incorporating various forms of Wc: (1) standard
Beremin model in which Wc ¼ 1; (2) modified Beremin model; (3) dependence of microcrack density on plastic strain with
b ¼ 1 and 2; (4) exponential dependence on �p with k ¼ 0:2, and (5) simplified particle distribution (WL model) with
ap ¼ 4;rprs ¼ 6000 MPa and Ed ¼ 400 GPa.

Fig. 11(a)–(f) provides the constraint correlations (Ja=W¼0:2
SEB ! Ja=W¼0:5

SEB ) for the n ¼ 10 material and varying plastic strain
models with different Weibull moduli, m. The present computations consider values of m ¼ 5, 10, 15 and 20 to assess the
sensitivity of constraint correlations on the specified Weibull modulus. These m-values are consistent with previously
reported values for structural steels. Each curve provides pairs of J-values in the shallow and deep crack SE(B) specimens
(a) (b)

(c) (d)

(e) (f)
Fig. 11. Constraint correlations of J-values for the n ¼ 10 material and varying plastic strain models with different Weibull moduli, m.
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which produce the same Weibull stress, ~rw, for a fixed m-value. Further, within the present context of probabilistic fracture
mechanics, each pair (Ja=W¼0:2

SEB ; Ja=W¼0:5
SEB ) on a given m-curve defines equal failure probabilities for cleavage fracture. A reference

line is shown which defines a unit toughness ratio defined by Ja=W¼0:2
SEB ¼ Ja=W¼0:5

SEB . For each value of the Weibull modulus, the
shallow crack specimen and deeply cracked configuration agree very well early in the loading history while the specimens
maintains near SSY conditions across the crack front with essentially identical near-tip stresses and fracture process zone
sizes. Once near-front stresses deviate from the (plane-strain) SSY levels, the curves for the shallow crack SE(B) specimens
fail to increase at the same rate with further loading thereby clearly showing the gradual nature of constraint loss in the shal-
low crack SE(B) specimens with increased loading. The Weibull modulus does have an appreciable effect on the resulting
toughness ratios for the deep and shallow crack bend configurations. Here, smaller m values indicate a higher load level
at the onset of constraint loss and reduced toughness ratios for these specimen geometries � larger m values assign a greater
weight factor to stresses at locations very near the crack front.

The effect of plastic strain on the constraint correlations resulting from the proposed methodology is amply demonstrated
by the results in Fig. 11. Compared with the standard Beremin model, inclusion of plastic strain effects as shown in Fig. 11(c-

f) reduces the amount of constraint correction defined by the ratio Ja=W¼0:2
SEB =Ja=W¼0:5

SEB . Since Wc changes with �p when the mod-
ified Weibull stress, ~rw, is defined by Eqs. (23), (13) and (18), the relative position of the ~rw � J curve for the shallow crack

specimen shifts closer to the corresponding curve for the deep crack specimen thereby reducing the ratio Ja=W¼0:2
SEB =Ja=W¼0:5

SEB . In
contrast, the modified Beremin model slightly increases the constraint correction ratios for all m-values. Here, as already
mentioned before, Wc ! 0 with increased values of �p thereby shifting the relative position of the ~rw � J curve for the shal-
low crack specimen farther.

Figs. 12 and 13 display constraint correlations of J-values for the high hardening ðn ¼ 5Þ and low hardening ðn ¼ 20Þ
materials with varying Weibull moduli, m, and selected functions, Wc , including the standard Beremin model. The rather
strong dependence of the toughness ratios on strain hardening behavior for the deep and shallow crack bend specimens
is evident in these plots. Consider first the constraint correlations for the high hardening material ðn ¼ 5Þ and varying Wei-
bull moduli, m. The salient features associated with these results include: (1) the effects of constraint loss on J-values for the

shallow crack specimen are relatively small resulting in toughness ratios in the range Ja=W¼0:2
SEB ¼ 1:2 � 1:3 � Ja=W¼0:5

SEB ; (2) the
toughness ratios depend weakly on the Weibull modulus in the range 5 6 m � 20 and (3) the toughness ratios are relatively
(a) (b)

(c) (d)
Fig. 12. Constraint correlations of J-values for the n ¼ 5 material and varying plastic strain models with different Weibull moduli, m.



(a) (b)

(c) (d)
Fig. 13. Constraint correlations of J-values for the n ¼ 20 material and varying plastic strain models with different Weibull moduli, m.
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insensitive to the adopted function Wc when plastic strain effects are considered. This behavior is consistent with the strong
hardening capacity of the material which suppresses development of large near-tip plastic strains thereby affecting weakly
~rw. Now, direct attention to the constraint correlations for the low hardening material ðn ¼ 20Þ and different Weibull mod-
uli, m. Here, a strong effect of constraint loss on the J-values for the shallow crack specimen arises along with a more prom-

inent role of the Weibull modulus, m, on the constraint correlation (Ja=W¼0:2
SEB ! Ja=W¼0:5

SEB ). Observe that the J-values for the

shallow crack specimen, Ja=W¼0:2
SEB , can be as high as 3 � 4 times the corresponding J-values for the deep crack configuration,

Ja=W¼0:5
SEB . Further, note that the toughness ratios are also relatively insensitive to the adopted function Wc when plastic strain

effects are included into the analysis.
6. Concluding remarks

We have presented an extensive survey coupled with further developments of a probabilistic framework for cleavage
fracture which incorporates weakest link statistics and a micromechanics model reflecting the critical instability of Grif-
fith-like microcracks across microstructural boundaries. The approach addresses the strong effects of constraint variations
on (macroscopic) cleavage fracture toughness which also includes the influence of plastic strain on the number of eligible
Griffith-like microcracks nucleated from brittle particles dispersed into the ferrite matrix. A modified Weibull stress ð~rwÞ
incorporating plastic strain effects on cleavage fracture emerges as a probabilistic fracture parameter to define conditions
leading to (local) material failure. Unstable crack propagation occurs at a critical value of ~rw which provides support to
develop a toughness scaling methodology to unify toughness measures across different crack configurations and loading
modes. Approximate treatments of plastic strain effects are outlined serving to define simple functions of plastic strain,
expressed in terms of Wc , entering directly into the limiting distribution for fracture stress.

Our approach differs from previous extensions of a local approach to cleavage fracture incorporating plastic strain effects,
including the works of Bordet et al. [58,59] and Margolin et al. [65,56], primarily in the choice of the model to describe the
influence of plastic strain on cleavage microcracking. While we make no claim that our model provides a unique manner to
adequately treat the coupling of constraint and plastic strain effects on fracture toughness predictions, the present
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methodology is statistically consistent and provides tenable results consistent with experimental observations. Undoubt-
edly, both approaches share common features in the sense of altering the evolution of the Weibull stress (interpreted as
a probabilistic crack driving force in the present context) with increased loading by a functional form of plastic strain.

The small-scale yielding analyses under varying levels of T-stress presented in our study provide valuable insight about
the effects of plastic strain and the adopted form for Wc on fracture resistance. These SSY results exhibit the essential features
of the micromechanics approach in correlating macroscopic fracture toughness with the various descriptions of plastic strain
effects. While the fracture resistance, here characterized in terms of the evolution of ~rw with loading, depends on the
adopted plastic strain model (since each adopted function Wc defines different fractions of Griffith-like microcracks which
are eligible to propagate unstably), the influence of key parameters related to Wc are relatively small.

3-D analyses of deep and shallow crack SE(B) specimens with various flow and hardening properties illustrate the pre-
dictive capability of the present probabilistic formulation through recourse to a toughness scaling methodology based upon
~rw. The influences of hardening behavior and near-tip plastic strains (coupled with the evolving near-tip stresses) on fracture
behavior are examined based on predictions of toughness ratios for crack-tip conditions corresponding to low constraint and
large scale deformation. The present study clearly shows important features associated with the inclusion of plastic strain
effects into the Weibull stress model which are not fully accounted in conventional analyses using the standard Beremin
model. Indeed, while plastic strain effects on cleavage fracture are treated approximately, albeit highly compatible with
experimental observations, our parameter results largely support the present approach, particularly in fracture assessments
of moderate-to-low hardening materials.

An unexpected result emerging from our analyses is the relatively weak effect of the adopted plastic strain models and
associated function Wc on the constraint correlations of J-values in the SE(B) specimens. While conceptually different, the
mathematical translation of such models into simple statistical distributions of plastic strain does not uncover the strong
exponential character of the function Wc , particularly in the case of the exponential dependence model and the particle frac-
ture stress model. The function Wc corresponding to the microcrack density model does not possess an exponential character
describing the effects of plastic strain on cleavage fracture but it nevertheless resembles the latter models. Effectively, the
number of eligible Griffith-like microcracks is controlled by an exponential form of plastic strain in both specimen geome-
tries which may plausibly justify the general features exhibited by these toughness correlation results. Overall, inclusion of
plastic strain effects into the probabilistic framework to describe cleavage fracture does reduce the amount of constraint cor-
rection from shallow-to-deep notch SE(B) fracture specimens, which is generally consistent with available toughness data.

However, because of the rather strong sensitivity of the calibrated Weibull modulus, m, on the adopted plastic strain
model, it is somewhat difficult to draw definitive conclusions on the effectiveness of the present framework incorporating
various forms of Wc on fracture assessments and toughness predictions for low constraint crack configurations. While the
analyses presented here favor comparisons of toughness correlations derived from the various plastic strain models based
on fixed values of the Weibull modulus, the applicability of the modified Weibull stress model in fracture predictions using
experimentally measured cleavage fracture toughness values (rather than chosen for convenient reasons) remains untested.
This issue and related aspects will be taken up in Part II of this study which describes applications of the probabilistic frame-
work and the modified Weibull stress to assess constraint effects in precracked Charpy (PCVN) specimens and to predict the
reference temperature, T0, for a pressure vessel steel. Nevertheless, the present study advances current understanding of
probabilistic modeling for cleavage fracture while, at the same time, providing compelling support for developing fracture
assessment methodologies based on ~rw.
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