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considered by Thomsen (1981) and Rodrigues et al. (1985). An optimal
independent~time predictor was obtained.

In this paper, we consider "panel data"™ in ° which
the observations consist of the states occup;ed by the individuals
under study at a sequence of discrete times to,tl,...,tm. Filtering
is predicting the population total at time t = tm' given  known
auxiliary variables at time to = 0 and the panel data at time tm,
while predicting is to predict the population total at time t >tm,
given known auxiliary variables at time to =0 and'the panel data
at times tl,tz,...,tm. The predicting problems are concerned with
predicting futures values of the population total. In this paper,
under a continucus-time Markov chain, a dependent-time predictor is
proposed for predicting problems. In this case, as. simulation
studies shows, the predictor suggested is substantjally better
than the one considered by Thomsen (1981), In a special case,
based on the auxiliary variables available and on equilibrium
probabilities, an intuitive version of the CMP is considered.'

The populat;on is denoted by P = {1,...,N} and
P = [0,=] is the time-support region. Let P =P - {0}. Associated
with u ¢ P at time t ¢ P, there is a random quantity denoted by
Yuj(t), i=1,...,k, where

1f€ Y (t) = 3§
(1) Yoy t) = ' |
e 0 iff Y (6) #3 ana

{Yu(t), t ¢ P} denotes the continuous-time'uarkov cha;n associated

with the state occupied by individual u at time t. Note from (1)
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. k :
that I Yuj(t) =1, ue P, teP. As in Thomsen (1981)

4=
{Yuj(O), we P,3=1,2,...,k} are known auxiliary
variables and {Yuj(t), t eP, u‘e P}, j =1,2,...,k, are unknown quantities.
Let Q(t,0) the kxk transition intensity matrix with entries

qij(t'e) (see Cox and Miller, 1965), where @' = (91,...,eb) is an
unknown vector of parameters. This paper is concerned with time-
homogeneous processes, that 1s, qij(t'e) = qij(e), i,3y=1,..., k.
In this case, the process is stationafy anq the transition

probabilities are given by’

(2)

Pij(t'e) = PLY, (t+v) = j|Yu(v) =13, v,te P

and 1,9 = 1,...,k. It is assumed the homogeneity of each transition
probability for all members of the population. Estimation of the
transition intensity parameters of a continuous-time Markov chain
based on panel data has recently been considered by Kalbfleisch
and iawless (1985). In Fhis paper, their approach is used to obtain

a maximum likelihood estimator of 6.

8. Continous—time Markov Superpopulation Model

If for a given ©, Q(8) has distinct eigenvalues
dl(e),...,dk(e), it is well known (see Kalbfleisch and Lawless,

1985) that thé.transition probabilities (2) may.be computed as
= Al A
(3) pij(t,e) Ai(e) wW(t,o) Aj(e), where Ai(e) is the

i-th row of A(9), the kxk matrix whose columns are the right
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eigenvectors of Q(g), Kj(e) is the j-th column of ' A l(g) and

y dl(e)t dk(e)t
" W(t,8) = diag(e Peese€ ).

[ = 5
4 Let gu(O) (Yul‘o)"'f'yuk(o)) the known vector of

auxiliary variables for all u ¢ P. Under the model (1), the

continuous-time Markov superpopulation model is defined by

ELY , (t) l'gu(O)]- 1%1Yu1(O)Ai(e)w(t,e)xh(e).

(4) and : i

VLY, (0) Y (0)1= i§12u1(0)Ai(e)w(t,9)Kh(9).[1-Ai(e)w(t.e)l\—h(e)]
for a fixed h, u ¢ P and t € P. The model (4) is an extension of
Thomsen's model for continuous-time Markov chain. (For more details
of the above model for the filtering problems, see Tﬁomsen, 1981).
We now select a random sample of n elements, of P, s(t) =8, and
observe it at times O,tl,...,tm. Our problem cénsists, based on s
and the model;(4), in predicting the number of elementc havinéh a
specific characteristic, Th(t) = u§1Yuh(t), at a future time
t > tm. Sometimes, it may be of interest to predict'Th=ﬂ:Th(t)dt e
(T known), as considered by Bartlett (1985),

3

3. Continuous-time Markov Predietors (CMP).

For predicting Th(t), t > tm, we suggest the fol
lowing simple CMP:

ko
'I‘mp,h‘t) .= uf1yu}1 (t) : where
(5) -

k -~ - - -
Yuh(t) = iE1Yui(O)Ai(G)W(t,S)Ah(O), and © 18 the



S

MLE of © obtained by using Kalbfleisch and Lawless' procedure

(1985) . Observe that Tcuf,hit) may be writtgn as

Kk ‘Ni(O)

() =N T —5— A; (Sywit,5A,(8), where
1=1 o 3

(6) L

Qﬁ'h

N -
Ni(O) = I Yui(O). In the filtering problem the
u=1

predictor considered by Thomsen (1981) at time t is given by

N (0) E Yui(o)yuh(tm)

K
s i ues .
(M T (t)=N I - ]
ShTm g N £y, (0)
Ues

The

predictor (7) predicts the total number of elements having -the
characteristic h.at time t based on the data {Yuh(tm), u ¢ s} and
{Yui(o)’ ue P,1=1,...,k}. It is optimal in Royal's sense
(1970).

I In explaining the predictar aCMP,h(t) to a client,
it sometimes helps if the predictor has an intuitive and simple
form. This motivate us to explore in this paper ‘the possibility
of creating a simple and intuitive version of the CMP at time t.

Following this idea, we novw introduce two intuitive definitions:

[

Definition 3.1. A state h is equally accessible 1ff qih(e) = X

for all 1 # h, where A is a positive component of "the vector O.
Let 7' a 1lxk equilibrium probability vector, that is, w'Q({e) =0,

where m' = (ﬂl,...,ﬂk) (see Cox and Miller, 1965) .

Theorem 3.1. If a state h is equally accessible, then the h-th




component of ' is given by

A

", ®= ———— , for any r.

A - qhh(e)

. ' = \ =
Proof: Since n'Q(9) 0, it follows that A th "j + "h qhh 0.

From the above equation the result follows trivially.

Definition 3.2.'If a state h is equally accessible, a Simple Markow
Predictor (SMP) of Th(t) is defined by

Nh(O)

(8) iSMP'h(t) = N[a(t,8) ke

+(1 - a(t,8)) th,

N
P

where ih =

A
A~ qhh(é)

and a(t,®) is a known weighted function of

]

t € P for each fixed © such that

e d) 0 <alt,0) g1, veteP, v 9,
(9) (i1) a(o0,0) = 1, v 9,

(1i1) 1lim a(t,8) =0, v 8,
t+o

The conditions (1), (i1) and (iii) emphasize very

clearly the role of the Marko; theory in our problem.
Theorem 3.2. If a state h is equally accessiblé, then

(1) TCMP,h(t) = TSMP,h(t)' and

(10) -
: , -2 - g, (8))t
(i1) a(t,0) = e hh .
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Proof: If a state h is equally accessible, it follows from the

Kolmogorov's equations that

Kk
@) mp () g+ A IRy () =

r=1
= r#h

= X)pih(t) + A, 1=1,2,..../k.

(11)

= (qhh

It can be shown that the differential equations (11) have solutiors

given by
-(x - qhh)t
(12) pih(t) = nh(l - e ), 1 #h
-(A - g, )t
= m ¢ (1 - wh)e - , 1 =h.
Ni(O)
Let po(i) = P[Yu(O) =1l = —§ . Then, after some algebric

q .
simplifications it follows that

} N
(13) PLY (t) = h] = 151 Po1Ipyp (t) =

-(A - g}t -(x -q.)t
= po(h)e . hh" " nhtl -e RS e

from where (10) follows. !

Remarks.
1. If qlh(e) = A=0, for all { # h (h fixed), it

is not difficult to see from (11) that

et

= qhh

(14) TSMP,h(t) = Nh(O) e . In this case, it 1is

interesting to observe two particular situations:
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(1) 1f qhh(e) = 0, then TSMP,h(t) = Nh(O) for
¥t eP.
(11) 1If qhh(e) < 0, then lim TSMP h(t) = 0,
2. Let P(t) be the kxk transition probability matrix

and P(t ) the kxk empirical ‘transition probability matrix with

entries

I X i(O)Y j(t )

- €s
Byy g) = = :
z Yui(o)
ues
Consider = the filtering problem, t = tm. If
s Qt . g 2
P(tm) =e ™ admits a solution Q = Q(6) (see Kalbfleisch and

Lawless, (1985)), then the CMP (6) coincides with Thomsen's predic
tor (7).

4. Some Illustrative Examples

In this section we discuss two examples to i1-

lustrate the performance of the CMP considered in Section 3.

Example 4.1. Consider a two-state continuous Markov process discus-

sed by Kalbfleisch and Lawless (1985) with

-a a .
Q= + where a, B >0 and @' = (a,B).
B8 -8

Let n1j the number of individuals observed in state i at tz 1 and
m

j at tz' L- lllll'm' nij. = z n

e RS 5 By and

3=

4
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n
14-
—L.Ift -t

Pyy - N g-1 = Wr £=1,...,m and 0 < py, + §21<1,
sU55

the SMP(10) with h = 1 can be written as

—¥t N, (0)

(15) (t) = N{e

b, .
Tomp,1 +(1-e )Tk '

where,

- 1 & -
¥ at+ B ¥ = logll P, p21]

P .
LY = ———ﬁ———-. il = == 21~ (see Kalbfleisch and Lawless,
o +8 Pyp * P21
(1985), for more details). 1f §12 + 521 > 1, then V= and
n +n n,, n
x 12. 22, = 12, 22.
. = = = 2 €0
1 = , wheren... 123 nij;.So, TSMP,l(t) N. ]

- To illustrate the perforﬁance of the SMP(15), we
consider data simulated from an ergodic two-state Markov chain with
transition probabilities given by Pi1 = 0.7 and Py = 0.3. fhe
inicial probabilities were taken to be po(l) = 0.7 and p0(2)= 0.3.
From a' population with N = 500, 200 were observed in consecutive

=0, t, and t It is intended to bzedict the nunber

o 1 2°
of individuals in state 1 at some specified time t > tz. Table 1

times,

presents estimates of the MSE of ?sMP,l(t) and Tl(té),based *  on

100 samples for several values of t and w.

Table 1. Estimated mean squared error under the continuous-time
Markov chain superpopulation model based on 100 random samples

with m = 2.
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Table 1

t w = 0,45 w=0.78
2.0 Tomp, 1 (t) 113 94
il(tz). 132. 132
3.0 Towp,1 () 142 . 196
Bty -445 | 445
3.75 TSMP'I(t) 136 159
'il(tz) 445 - 445

Note that TSMP,l(t) is substantially better than Tl (tZ) if one is

interested in predicting ilrt) for t > t, (t, ='0.9; 1.5).

Example 4.2. In this study, a homogeneous Markov process was

generated according to the transition intensity matrix

gy iy 0

=S 0, -.6 .6
0 T =7

The initial probabilities were taken to be po(l) =

6, py(2) = .25 and Py (3) =".15. In the case where t 1.0,

AT
it follows that the transition probabilities corresponding to Q
above are given by Py = 0.74, Py, = 0.21, Py = 0.05, Py = 0.0 ,

p,, = 0.66, Pyy = 0.34, P3; = 0.0, Py, = 0.39 and = ,61.

P33

Estimates of the MSE of T (t) and ﬁ (t), h =1, 2 based on 100
5 100 CMP,h o
samples of size 300, Z (TCMP hft) - Ty, (£)) /100, Z (T (tz)'Th(t”

/100, are presented in’ Table 2 below for t = 3,4, and 5. The

1



samples were generated at times to
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= 0, tl

the population size was taken to be 600.

= 1.0 and t2 = 2.0, and

Pable 2. Estimated mean squared exror under the continuous-time
Markov chain superpopulation model based on 100 random samples
withm = 2.
h t = 3.0 t = 4.0 t =5.0
1 TSMP,l(t) 207 203 175
T, (ty) 2893 8290 14144
2 TCMP,Z(t) 363 489 486
Tz(tz) 767 1698 2596
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