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Summary 

We consider bivariate Poisson and bivariate Poisson log-normal regressio1, models to analy11e counL~ 

obtained under a stratified sampling scheme. Jn either case, Newton-Raphson's method is used to obtaiu 

the maximum likelihood estimat.ea of the relevant parameters. The proposed t.echnique11 are illustrated 

with numerical examples for which both underlying probabilistic models are compared. 

Ker Word.,: Bivariate counts: multivariate Poisson log-normal distribution; multivariate Poisson dis­

tribution; regression models. 

1 Introduction 

We are concerned with the analysis of bivariate counts observed in sampling units ob­

tained according to a stratified sampling scheme. For example, we may consider the data 

described in Ho (1995) and reproduced in Tables 1.1-l.2 where two types of defects are 

counted in 430 samples of 100 g of textile fibers produced by four machines, A1, A2 , B1 

and B2 , with A,, j == l. 2 from manufacturer A and the other two from manufacturer 

B. In this context. we may be interested in comparing the expected defect rates as well 

as in evaluating both the intensity and the homogeneity of the association between tlw 

frequencies of the two types of defects. 
For such purposes, we consider two probability models: the bivariate Poisson distri­

bution and the bivariate Poisson log-normal distribution. The former has the advantagr 

of simplicity, but the latter has the attractive property of admitting both positive and 

negative correlation between its two components. as pointed in Aitchison and Ho ( 1989). 

Negative correlation models are of interest in situations where the presence of one typ<' 

of defect inhibits the presence of the other. The case of a single stratum was presented 

in Aitchison and Ho ( 1989): here we extend their results to the case of several strata 

and more generally to incorporate regression models under either one of the probabilistic 



models mentioned above. 

Ta.hie I . I: Frcqucnc~• of defects produced hy machines from manufacturer A. 

Number of defects Number of defects of type 2 

l\h.chine of type I 0 2 :I 4 r, 6 7 Total 

0 13 26 22 16 3 2 82 

3 9 12 7 5 2 39 

A, 2 2 4 

3 2 4 

4 

Total 16 38 38 25 8 5 130 

0 15 14 II 10 3 54 

2 12 6 7 5 3 36 

A2 2 2 2 6 

:I 3 

4 

Total 17 27 19 19 9 7 0 2 100 

In Section 2 we introduce the regression models a.nd indicate how to obtain maximum 

likelihood estimators of the relevant parameters via Newton-Raphson 's method as well as 

Wald's test statistics for hypotheses of interest. The proposed techniques are illustrated 

via a. numerical <'xample in Section 3. Finally. in Section 4. we present a brief discussion 

of the results. 

2 Regression models 

The regression models under investigation here may he expressed as 

(2.1) 
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Table 1.2: Frequency or defects produced by machines from manufacturer B 

Number of defects Number of defects of type 2 

Machine of type I (I 2 :1 4 r, Total 

0 11 35 21 1:1 r, 86 

B1 I 5 a 11 

2 2 3 

Total 12 41 24 16 6 100 

82 0 20 35 Ji 7 4 84 

4 j :I 2 16 

Total 24 42 20 9 4 100 

where Y, = (Y;1,Y;2, ... ,}';K) is a K-dimensional random vector with }';k denoting the 
value of the kth variate for the ith sampling unit, k = l, ... ,K, X; = (Xi;,X2;, ••• ,X,,)' 
is a vector with the values or t predictor variables, i = I, . .. , 11, 0 is the r-dimensional 
vector of unknown parameters and the function J relates the dependent variable to the 
predictor variables. 

First, assume that the Y:s follow independent multivariate Poisson distributions, i.e. 
with probability function (see Kawamura, 1979) 

P(Yo) - { 
0 otherwise. 

(2.2) 

where m=(m 1, m2 , ••• , "'K )' is a K-dimensional vector. with each element equal one or 
zero and at least one non-null element. A,0 , is a positi,·e constant, U = ( U100 .. .o, U010 •• .o , 

U l.r )' d A - {U N 2"-1. "' L' -}· "' n -}~ • • •• 110 .. .0• . . . • 111 ... 1 an - E . L..m,=I m- 11, L..m2=I vm- .~. 

Lm,-·=l Um=}·;K }. Under this setup. a convenient regression model is 

E(Y) = exp{X.B} (2.3) 

where Y = (Y;. v; . .. .. Y~)'. X = (X\. X~ . .. .. X~)' and. ,13 = (,13;. ,a;. ,a;)' is 
a Kt-dimensional vector or unknown parameters. Here. E> in (2.1) is given by (,B' . ..\')' 
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where~={ ,\nu• such that at least two components of m an• equal to l } . .-\11 example 

with J{ = 2 and I = 4 will be detailed in the final part of this section. 

Now suppose that the Y'.s follow independent multivariate Poisson log-normal distri­

butions, i.e. with probability function (see Aitchinson and Ho. 1989) 

,-.-

P(Y; IX;. /3. E;) = /," IT/(} ij l ,\j )g(..\ I x .. /3, :E; )d,\ 
R+ j=I 

(2..t) 

whern f(li_; I ,\1 ) is the probability function of a Poisson distribution with paramctrr ..\1 • 

,\ = { ,\ 1, • • • , ,\,-.- )' an<l 9( ,\ I X;, /3 , :E;) is the density function of a multivariate log-normal 

distribution with parameters X,/3 and :E;. In this context. a convenient regression model 

is 

E(Y) = exp{X.B + ivecdiag(:E)} (2.5) 

with vecdiag(E) = ( vecdiag(E1 )' , vecdiag(I:2 )' • • ••• vecdiag(:En )')'. where vecdiag(I:;) is 

a K-dimensional vector with elements equal to the diagonal elements of I:;. Here, 0 in (2.1) 

is compounded by the elements of /3 and the non-redundant elements of I:;. i = 1. . . . . 11. 

In order to calculate (2.4), we may consider the transformation ,\ -+ v given by 

~ = exp{X;/j + T;vv'2} 

where T; is a triangular matrix satisfying E; = T;T:. 
Using (2.5), the probability function (2.4) may be expressed as 

(2.6) 

P(Y; I X;,{3, T,) = -,;-,-.·iz I H(Y;,X;,/3, T,. v)exp(-v'v)dv (2.7) 
JR" 

where 

lK exp(X;,8 + T;v\1'2) 

l~ln[r(Y; + 1,-.-)1} , (2.8) 

r denotes the gamma function and 1,-.· is a K-dimensional vector with all elements equal 

to one. In this way, the probability in (2.6) can be calculated by a multivariate Hermitian 

integration. Details are presented in the Appendix. 

The maximum likelihood estimator 0 of the parameter vector under either (2 .3) or 

(2.8) may he obtained via Newton-Raphson 's method, which consists of iterations of 

11•= l. :! .. ... where 0(0) is an initial known value and L.(0)=fl~=t P(Y,) is the likelihood 
-(u•I -( .. -ti 

function for a sample of size 11 . The iterative process terminates when 110 -0 II < t , 

for some fixed t > 0. 



The first an<l seco11d order drriva,es of lo.e;L,.(0) with rrsprct to 0 arr respectivr.ly 

(:UO) 

and 

" I iP 
L P(Y ) iJ0iJ0' P(Y.) 
•=I I 

I ( 'J ) ( 'J ) 
- P(Y, )i a'e />(Y,) iJ~' P(Y,) ' 

(:l.11) 

For bivariate counts (A. = 2) a11d in a particular situation with I strata (with n, 

denoting the sample size in the jth stratum , j = l . .. . . I) . ;i typical specification matrix is 

given by 

X= 

ln,®A1 

with A, denoting a (:! x 2l) matrix such that 

0 0 

0 0 

0 ] . 

0 ]. 

A 1 = ( 0 0 . . . 0 0 . . . 0 l2 j. 

(2.12) 

In this case m E {( l. 0). (0. l ). ( 1.1)} and ,\ 1111 = ·1111 , for all the sampli11µ: units helongin~ 

to the jth stratum. j = 1. ... . L. Thus. in (:! . I). 0 = { ( ·1101 • ·1u1 1 , ·111 1 )' . J = 1. . . .. l} . Now 

considering thr model 



j = I. . . .. t and writing /3 = ( d 11 • ;.h, .. . .. J 11 , J1, )'. thr expression ( 2.2) for all sampling 

units belon~iug to the jth stratum reduces t.o 

{e1'exp(X;,B) - Ofj(Y,,-u) [e2'exp(X;,8) - OJ)(Y,,-u) or 
X (}·il - u)! (}·:2 - u)! u! 

(2.14) 

where Aj = (,\~r.\:ij,i'lli)', e1=(l,0)', e 2=(0,1)' aud E>j = [/3,,,/12j,O,]'. Then it follows 

that 

(2.15) 

where 

i) 8~P(Y;) = x:diag (a~; P(Y;)) exp(X;,13) (2.16) 

with ..\j = (,\i,, ~ii)', 

and 

ii) (2.17) 

smce 

wherr 

;J 
-.
1
- P(Y,i = [P(Y,) - P(Y, - ei) - l'(Y, - e2 \ + P{Y, - h)J . (2.18) 

' 111 .1 

Also. 

Ii 



(2.19) 

where 

i) (2.20) 

with 

L = diag [a1 ~ P(Y;)] diag [exp(X;,8)] + a>.~~>.~ P(Y;) (exp(X;/J)] jexp(X;,8)]', 
J J J 

ii) (2.21) 

with 

where 

can be obtained by applying (2.16) conveniently, 

iii) 
a2 

08
~ P(Yd = 40}Q + 2 f P(Y;) - P(Y, - ei) - P(Y, - e3 ) + P(Y; - 12)] (2.22) 
1 

where 

a a a 
-
0 

P(Y; - e1 ), -n-P(Y, -e:i) and -.'J-P(Y, -12) 
1'111 V")'HJ ( )111 

j 



can bt> obtained h_,. applying (:US) conveniently. 

Now. considcrin.e; the Poisso11 log-normal setup defined by (2.6). and assuming further 

that T 1 = T 2 = ... = T,. == T (which implies !: 1=!:1= . .. =!:,.=!:), we may write 

(2.23) 

i) (2.24) 

with 

and # denotin.e; the Hadamard product (see Searle. 1982). 

ii) 0
;.P(Y;) = [ e1'T'Me1 e1'T'M'e2 e2'T'Me2 J' (2.25) 

with 

and 

[ 

0 ·;1 + 1)(}·;1 + 2)P(Y; + 2e1 ) 0;1 + l)0;2 + l)P(Y; + 12) l 
B= . 

(}·;1 + 1)(}';2 + l)P(Y; + 12) 0·;2 + 1)0;2 + 2)P(Y; + 2e2) 

Also, 

(2.27) 

where 

i) 
iF 

iJ{j'iJ{3P(Y) ::: x:{v,v;P(Y,)-Y;(Y; + l~)#A'-A#(Y, + l2)Y: 

-diag[(Y, + 11 )#AJ + B}X,. 
(2.28) 
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• 

where 

ii) 

C = }:~a737P(Yd- (2)';1 + l)(l-;1 + l)a'tf P{Y; +e1) 

+(}-;1 + l )(};1 + 2) 
0
~, P(Y;+ 2ei), 

(:.!.2!J) 

D = l;1l;2alf P(Y,)- 1;,(l;2 + 1)-jjJ,P(Y, + e2)- l;1(};1 + l)alf P(Y, + e1) 

+(L, + l)(l;2 + 1)-jfJ,P(Y, + 12). 

and 

• 

Here 

E = t;~a737P(Y;) - (2}';2 + 1)(~2 + l)a7rP(Y; + e2) 

+(}·;2 + l)(l';2 + 2)alJ'P(Y, + 2e2). 

can be obtained by applying (2.24) conveniently. 

iii) 0 

o; Mu 

(2.30) 

where Mi.; denotes the (i,j)th element of the matrix M in (:.!.26). 01 is a bidimensional 

vector with all elements equal lo zero. 

!I 



-};2(} i1 + 1) a;,, P(Y; + e1) 

+(};1 + l)(li2 + l)a;,,P(Y, + 12). 

and 

• 

Again. 

may be obtained hy applying (2.25) conveniently. -
Under some regularity conditions, asymptotically, .,/n(E> - 0) follows a Norma[ dis­

tribution with mean vector O and covariance matrix 10, where l9 is Fisher·s information 

matrix, i.e. 

19 = E [a~ logP(Y,e)] [a~ logP(Y.e,]' (2.31) 

Some hypotheses of interest can be expressed as 

Ho: RS= O (2.32) 

where Risa (q x r) matrix of constants. They can be tested by Wald's test statistic 

w = 8 1

R' [RVar(S}Rf
1 
RS 

where Va"r-(8) is a consistent estimator of V ar(S) given by 

(2.33) 

under (2.3:.!) \V follows asymptotically a \[ql distribution where q is the number of rows 

of R . 



w 

3 Numerical example 

Ju this section. we apply the methods discussed above lo the example mentione<l in the> 
int,.toductiou. We are interested in comparing the expected defect rates hetwf"f"n machines 
within manufacturers as well as between manufacturers. The (H·alucs correspondinii; to 
Pearson's goorJness-of-fit test of three probability models are summarized in Table 3. I. 

Any of tlie three distributions may be considered as a possihlc probabilistic model 
to the machine A1 data. Otherwise, two of them may he considered (discard only the 
independent Poisson distributions) to the machine A2 data set. Similar analyses can be 
carried out for the data sets corresponding to machines B1 and 131 suggesting that the 
three proposed distributions may not be ruled out as underlying probability models. 

For illustrative purposes, we consider both the bivariate Poisson log-normal and the 
bivariate Poisson models for a regression analysis. The parameter estimates were calcu­
lated via Newton Raphson 's method detailed in Section 2 and implemented using SAS 
( 1988) IML procedure. The same procedure was used to compute Wald's statistics of the 

... form (2.33). Goodness of fit for the different regression models are compared hy Akaike·s 
Information Criteria (AIC). The reader is referred to Kendall, Stuart and Ord (198:J) for 
details. 

In this context, the indices from i = 1 to i = 130 correspond the observations for the 
machine A1 ; those from i = 131 to i = 230 correspond to A2; those from i = 231 to 
; = 330 correspond to B1 and those from i = 331 to i = 430 correspond to B2 • 

For these data, assuming first underlying bivariate Poisson distributions. a regression 
model of the form (2.3) may have specification matrix X with 

where 

Table 3.1: p-values for the goodness-of-fit tests . 

Bivariate Bivariate Independent 
Machinf' Poisson Poisson Lo~-Normal Poisson 

Ai 0.8904 0.1998 0.2821 

A, 0.1050 0.1654 0.0328 

81 0.2890 0.0170 0.609:l 

8, 0.7231 0.415:1 0.82i-l 
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0 0 0 0 0 0 
0 0 0 0 0 

0 0 0 1 0 0 
000010 

~ ). A2 = ( ~ 

~), B2 = ( ~ 

010000 
0 0 1 0 0 0 

0 0 0 0 0 1 
0 0 0 0 0 0 

here /J = (/Ju,, /h-t,, .. . , /J,B,. /32B1 )' implying different expected defect rates for each 

machine. Also, using the reparametrization _fJ;= /Xw, i = l, ... , 430, we have 

81 = . .. = 8130 = 8A,, 0131 = .. · = 8230 = 8A2 , 

(3.1) 

which implies a different correlation parameter for each of the four machines. The resulting 

parameter estimates with their estimated standard errors are presented in Table 3.2. 

Table 3.2: Parameter estimates and estimated standard errors under model (3.1). 

Machine 

Parameter A, A2 81 82 

/J, -0.7244 -0.4943 -1.7720 -1.8326 
(0.1260) (0.1280) (0.2425) (0.2500) 

fJ] 0.6737 0.7275 0.5068 0.2624 
(0.0626) (0.0695) (0.0774) (0.0877) 

8 0.4565 0.6618 0.2081 0.0000 
(0.0856) (0.0721) (0.1437) (0.2404) 

Hypotheses concerning the equality of both the expected defect rates and of the asso­

ciation between the frequencies of the two types of defects among the four machines can 

be expressed respectively as 

(3.2) 

and 

(3.3) 

The corresponding Wald p-values are respectively p < 0.0001 and p = 0.0033. indicating 

strong evidence against them. Similar hypotheses for the machines within each manufac­

turer may be expressed as 

12 



(3.4) 

/Js1 = /Js2 
and 

(3.5) 

The corresponding p-values are respectively p = 0.1959 and p = 0.1421. suggesting that 
the proposed model can be reduced by taking 

X, = ... = X230 = A, 

X2J1 = ... = X◄:io = B 

where 

and 

(3.6) 

For this la.st model. both the expected defect rates and the association between the 
frequencies of the two types •of defect are homogenous for the different machines from 
each manufacturer. 

The parameter estimates for the reduced model with their standard errors are presented 
in Table 3.3. The expected defect rates given by exp(,8;), j = A. B and the correlation 
coefficients between the frequencies of the two types of defects given by 

92 
1 

• j = A,B, 
Jexp(l2,8,) 

under model (3.6) are reproduced in Table 3.4. 
The intensity of the association between the frequencies of the two types of defects 

may also be investigated. The hypotheses Ho : 01 = 0. j = A. B. correspond to null 
association. The p-values for the machines from manufacturers A and B are respectively 
/l < 0.0001 and p = 0.255i suggesting a positive association between the frequencies of 
the two types of defects for the machines from the manufacturer ,\ and a null association 
for the machines from the manufacturer 8. 

13 



Table 3.3: Parameter estimates under model (3 .6). 

Manufacturer 

A 

B 

iJ 

-0.6178 0.6975 0.5521! 
(0.0893) (0.0461!) (0.0549) 

-1.8018 0.39204 0.1128 
(0.1765) (0.0580) (0.1738) 

Table 3.4: Estimates of the expected defect rates and correlation coefficients (standard 

errors within parentheses) under model (3.6). 

Manufacturer Type 1 Type 2 Correlation 

defect rate defect rate coeficients 

A 0.5391 2.0087 0.2937 

(0.0484) (0.0934) (0.0519) 

B 0.1650 1.4800 0.0257 

(0.0287) (0.0860) (0.0228) 

The data set was reanalyzed under a bivariate Poisson log-normal regression model. 

The model considers a specification matrix similar to that of the model (3.1) and 

(3. 7) 

The corresponding paramater estimates with estimated standard errors (within parenthe­

ses) are indicated in Table 3.5. 

We now consider a reduced model which incorporates the hypothesis 

{ 

:E,1, = E,12 = I:,1 

Ho : 
Ea1 = Ea1 = Es . 

The Wald statistics p-value for a test of (3.8) is p = 0.7-117. 

hy 

llo: :E,1 = I:B 

(3.8) 

.\ further reduction implied 

(3.9) 



Table 3.5: Estimates of /3 an<l I: with their estimated standard errors under Model (3.i). 

Machines 

Estimat.es A1 A2 B1 ll2 

/31 -0.9630 -0.7260 -2.2137 -1.8326 
(0.1969) (0.1762) (0.5721) (0.2500) 

P2 0.6474 0.6302 0.5055 0.2624 
(0.0694) (0.0925) (0 .0781) (0.0877) 

0'11 0.4744 0.4954 0.8892 0.0000 
(0.3057) (0.2093) (1.1208) (< 10-◄) 

1J12 0 .1577 0.3214 0.0481 0.0000 
(0.0894) (0.0907) (0.1315) (< 10-◄, 

1122 0.0524 0.2085 0.0026 0.0000 
(0.0455) ( 0.0831) (0.0136) ( < 10-◄) 

is not supported (p = 0.0547). The hypotheses of equal expected defect rates and equal as­
sociation between the frequencies of the two types of defects can be expressed respectively 
as 

Hu: /3,4 1 + ~vecdiag(I:A) = . .. = /382 + ~vecdiag(:Es) (3.10) 

and 

(3.11) 

where u12, is the off-diagonal element of I:;,j = A. B. Since the corresponding p-values 
are < 0.0001. it is unreasonable to confirm either hypotheses. We may also consider 

(3.12) 

1= A. B. which corresponds to equality of expected defect rates for the two machines 
within each manufacturer. Here p = 0.228i. suggestin~ that such reduction is reasonable. 
For the model under investigation. the homogeneous association hypothesis is 

(3.13) 
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j = A. B. However under model (3.8). the hypothesis (3.13) implies (3.14 ). The test of 

hypothesis (3.13) also suggests an homogeneous association between the frequenc ies of the 

two types of defect in the different machines from each manufacturer. Thus. the proposed 

model can be reduced hy considering the same specification matrix as in model (3.fi) while 

maintaining 

(3.14) 

l:;231 = · · · = l:;4;111 = :EB. 

The corresponding parameter estimates and their estimated standard errors are pre­

sented in Table 3.6. For this last model both the expected defect rates and the association 

between the frequencies of the two types of defect are homogenous for the different ma­

chines from each manufacturer. 

Table 3.6: Parameter estimates with their estimated standard errors under model (3.15) . 

Manufacturer Ii, /J1 "•• 11:n 0'22 

A -0.8454 0.6417 0.4572 0.2265 0.1122 

(0.1314) (0.0560) (0.1912) (0 .0715) (0.1260) 

B -1.8579 0.3919 0.1122 0.0053 0.0002 

(0.3382) (0.0582) (0 .5782) (0 .0553) (0.0048) 

Tests of the hypotheses Ho : u12; = 0, j = A, B, produce respectively p = 0.0008 and 

fl = 0.4622 suggestin1-1 a positive association between the frequencies of the two types of 

defect for the machines from the manufacturer A and a null association for the machines 

from the manufacturer 8 confirming our previous results. In Table 3.i. we present the 

expected defect rates 

and the correlation coefficients 

j = A. B. with their estimated standard errors under model f 3.15 ). 

Both types of models considered here suggest that the expcctt>d defect rates ,trt' t>qual 

for different machines from each manufacturer and also that thr corresponding: associatio11 

hrt.ween the frequencit·s of the two types of defects are homo~enous. 111 both 1·ases. a 

l(i 



Table 3.7: Expected defect rates and correlation coefficients with their estimated standard 
errors estimates under model (3.15). 

Manufacturl'r Type I Type 2 Correlatiou 
defect rail' defect ral<' coeficients 

A 0.5397 2.0093 0.2076 
(0.0562) (0.1172) (0.0422) 

B 0.1650 1.4800 0.0026 
(0.0290) (0.0938) (0.0284) 

positive association between the frequencies of the two types of defect is suggested for the 
machines from the manufacturer A. 

The goodness of fit from the different regression models arc compared l,y Akaike ·~ 
Information Criterion (AIC) [~ee Kendall, Stuart and Ord, 1!!83]. 111 Table :J.8, the AIC 
for the different regression models are displayed. According to this criterion the best 
model is the bivariate Poisson regression model (3.6) . 

Table 3.8: Akaike's Information Criterion for the regression models. 

Regression model Model Number of log ln(0) AIC 
parameters 

bivariate Poisson Log-Normal (3.7) 20 -1003.19 2046.38 

(3.8) 14 -1004.9:1 2037.87 

(3.15) 10 -1007.7!1 2035.55 

bivariate Poisson (3.1) 12 -1020.91 2065.83 

(3 .6) 06 -1005.33 2022.66 

4 Discussion 

111 the example analysed aho,·e. there is 110 strong evidence that a bi,·ariate Poisson log­
normal distribution is more adequate than a bi,·ariate Poisson distribution. For illustratiw• 
purposes. we consider simulated counts under a bi\'ariate Poisson log-normal distribution 

li 



with a covariance parameter equal lo -0.0952. The data set is summarized in Tablt• 

•l.l and the underlying parameter estimates under different distributions arc displayed i11 

Table 4.2 along with their estimated standard errors. 

Table 4.l: Observed frequencies of a simulated sample. 

} ·1 

l'1 0 2 :I 4 1i Total 

0 :1 9 :1 2 19 

7 7 2 18 

2 2 3 6 

3 2 4 

4 2 3 

Total 16 20 7 3 3 50 

The simulated sample has a negative correlation coefficient (-0.22) and the logarithms 

of the likelihood are -141.62 and -144.31 respectively, for a bivariate Poisson log-normal 

underlying distribution and a bivariate Poisson underlying distribution. The AIC's are 

respectively 293.25 and 294.63. The estimates of the rates under different probabilis­

tic models are very similar although they have lower standard errors under a bivariate 

Poisson distribution. On the other hand. the estimates of the covariance and variance un­

der a bivariate Poisson log-normal distribution have smaller discrepancies when they are 

compared to the corresponding sample values. Under a bivariate Poisson distribution, the 

estimate of the covariance is null. In this case. it seems that a bivariate Poisson log-normal 

distribution may be more appropriate. 

Appendix 

Multivariate Hermitian integration of (2.6). 

Salzer. Zucker and Capuano (1952) show that integrals of the form 

may be approximated by 



Tablf' 4.2: Parameter estimates and estimated standard errors for thf' simulated sample. 

Observed 1-:stimalPs under a hi\·anal,• 

Parameter8 values Poisson Log•Normal Poisson 
distribution distribution 

E(Y1 )= 1.0000 1.2000 1.2003 1.2000 
(0.1776) (0.1549) 

E(Y2 )= 1.0000 1.0800 1.0815 1.0800 
(0.2353) (0.1470) 

Var(Yi)=l.2214 1.5510 1.5746 1.2000 
(0.4621) (0.1549) 

Co11(}'1, }2)=-11.0952 -0.3243 -0.2799 0.0000 
(0.5341) (< 10- ◄ i 

Var(Y,l=l.2214 1.3812 1.4217 1.01100 
(0.3043) (0.1470) 

where o, are Christoffel numbers, v; is the ith zero of the Hermite polynomial and 

,rl/2JM(2n) 

R., = 2"(2n)(2n - 1) ... (n + 2)(n +I) 

for some f, - oo < t. < oo. Thus. multiple integrals as the expression (2.6) may bf' 

approximated by 

fRK H(Y, X,/j, T, v)exp{(-v'v)}dv 

= E:K=t • • • E:t=t o.,,., • • • a,1H(Y.X,/3. T, v!111 
•. • •. v/t1

) 

where u,1 are Christoffrl numbers and t•!:1 is the ith zero of the Hermitr polynomial. j = I . 
. . . . I<. 
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