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Abstract
Several natural and artificial structures are characterized by an intrinsic hierarchical organization.
The present work describes a methodology for quantifying the degree of adherence between a given
hierarchical template and a respective modular document (e.g. books or homepages with content
organized into modules) organized as a respective content network. The original document, which
in the case of the present work concerns Wikipedia pages, is transformed into a respective content
network by first dividing the document into parts or modules. Then, the contents (words) of each
pair of modules are compared in terms of the coincidence similarity index, yielding a respective
weight. The adherence between the hierarchical template and the content network can then be
measured by considering the coincidence similarity between the respective adjacency matrices,
leading to the respective hierarchical adherence index. In order to provide additional information
about this adherence, four specific indices are also proposed, quantifying the number of links
between non-adjacent levels, links between nodes in the same level, converging links between
adjacent levels, and missing links. The potential of the approach is illustrated respectively to
model-theoretical networks as well as to real-world data obtained fromWikipedia. In addition to
confirming the effectiveness of the suggested concepts and methods, the results suggest that
real-world documents do not tend to substantially adhere to respective hierarchical templates.

1. Introduction

Several real-world and theoretical structures present an intrinsically hierarchical organization. For instance,
the systematic description of concepts in a book, encyclopedia, or web page, involves several levels
progressing from more general to more specific concepts (or vice-versa). For simplicity’s sake, the present
work focuses on the former type of structures.

A similar organization is often observed in taxonomic systems, such as the organization of living beings,
molecules, etc. Actually, the own scientific method often leads to hierarchical models (e.g. [1]) and fractal
models (e.g. [2]).

Hierarchical systems can be generally represented and modeled in terms of several modules organized as
a respective tree, as illustrated in figure 1.

The tree in the example has H= 3 hierarchical levels indicated as h= 1,2,3. The number of modules
(nodes) within each of these levels is represented asmh so that, for this specific example we have
m1 = 1,m2 = 3, andm3 = 5.

Hierarchical structures can be expected to present a basic property, namely the existence of semantic
overlap reflected in the content possibly shared by modules that are at adjacent or nearby hierarchies [1].
This is so because, at each successive level in a specifying hierarchy, it becomes necessary to reference
concepts in modules at both previous and successive levels. Thus, in a sense, the modules within each
hierarchical level can be understood as bridges with the preceding and succeeding levels. Though these
overlaps may eventually extend along further away levels, the present work assumes only content shared
between immediately adjacent levels.
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Figure 1. A case example of hierarchical structure considering, in a very simplified manner, properties of vertebrate living beings,
including three hierarchical levels. The words shared between the intermediate level and the upper level are shown in blue, while
the words common to the intermediate and lower level are presented in red.

Several interesting problems are defined respectively to the study of hierarchies. In the present work, we
focus on the situation in which, given amodular document, i.e. a document organized into hierarchical
modules (e.g. sections, subsections, etc), as well as a respective hierarchical template, one needs to quantify
how much its hierarchical structure reflects the shared contents between adjacent modules. Though the
original modular document does not need to have a hierarchical structure, full correspondence is required
between the modules of the document and the template. More specifically, we aim at developing concepts
and methods that can be applied in order to assign an overall index quantifying the degree of hierarchy in a
given system.

These issues are interesting and important because hierarchical systems can differ in the levels of
adherence between the modules content and the hierarchical levels, reflecting specific demands or
characteristics. For instance, given a book organized into chapters, sections, subsections, etc it becomes
interesting to have a quantification of how much the content of these modules adheres to the overall
hierarchical template (e.g. respective systematic table of contents, with sections and subsections). Another
possibility consists in having a set of independent pieces of knowledge (e.g. scientific articles or entries in an
Encyclopedia), all of them related to some general topic, as well as a candidate hierarchical template. The
adherence between these two structures can again be quantified to estimate the coherence between the
content modules and the provided hierarchical template.

In order to supply additional information about this type of adherence, four specific indices are also
proposed, quantifying the number of links between non-adjacent levels, links between nodes in the same
level, converging links between adjacent levels, and missing links.

In summary, we approach the above problems by considering a hierarchical template, providing the
reference, as well as a document, translated into a respective content network, whose content is to have its
adherence to the template quantified in terms of an overall index.

Though a substantial number of approaches related to hierarchy have been reported in the literature (see
section 2 for a review of some of the main related works), the specific problem of quantifying how much a
document adheres to a given hierarchical structure seems to have received less attention. One possible related
work has been reported in [3], which describes approaches for extracting hierarchies as well as for the
quantification of the similarity between two hierarchies. The latter is done by taking into account the relative
ratio (concerning one of the two provided hierarchies) of the number of parent-child pairs shared between
the two hierarchies. The Jaccard index has also been used to quantify the similarity between ground truths
and estimated hierarchies, such as in [4] aimed at inferring the hierarchy (classes) of binary documents
(stripped binary pieces of code).

In the present work, we approach the interesting subject of quantifying the adherence between a modular
document and a given hierarchical template by using the coincidence similarity index (e.g. [5, 6]) as a means
not only for translating a modular document into a respective content network, but also for quantifying its
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similarity between the hierarchical template while allowing not only for binary interconnections but also
non-negative weighted links between the hierarchical modules. In addition, the coincidence similarity index
has been shown to frequently implement more strict similarity comparisons than the cosine similarity and
the Pearson correlation coefficient.

The potential of the suggested concepts and method is illustrated respectively in three main cases: (i)
both the hierarchical template and the content network are model-theoretic; (ii) real-world hierarchical
template and model theoretical content network; and (iii) real-world hierarchical template and content
network. Several interesting results are presented and discussed, including the verification of the ability of the
proposed method to quantify hierarchical adherence and the possibility that real-world documents do not
tend to present substantial adherence to respective hierarchical templates.

This work is organized as follows. First, some of the main related works are briefly described. The section
Data and Basic Concepts and Methods then presents the concepts and methods used in this work, including
the adopted data, as well as the coincidence similarity index and methodology for translating data into
networks. The methodological approach suggested in the current work is then presented in the section
Methodology, which includes the overall flow diagram, the hierarchical adherence index, specific indices, as
well as the approach adopted for synthesizing model-theoretical content networks. The results and
discussion are presented next, followed by conclusions and suggestions for further related research.

2. Related works

This section presents a non-exhaustive review of previous approaches related to the current work.
Humans tend to frequently categorize objects and concepts into different groups. This process is related

to our necessity to organize data and knowledge. Not surprisingly, data clustering algorithms have become a
well-known researched field of study in Computer Science. This task can be generalized to every data type,
from abstract to concrete objects, including transportation systems, social networks, as well as text data.
When representing complex systems using networks (or graphs), nodes usually can be grouped into clusters
by considering modular patterns or interconnection, known as communities [7]. Examples of text modeled
as graphs include co-occurrence, mesoscopic, and enriched networks [8–12].

For text data, one way to organize concepts is by using concept hierarchies (e.g. [13]). This representation
of knowledge consists of trees where the nodes correspond to concepts organized into levels of hierarchy. A
class of text data usually arranged in a systematic way consists of textbooks. The extraction of concept
hierarchies from textbooks constitutes the object of study in [14–16]. Both [14, 16] aim at extracting the
hierarchical structure concepts of textbooks taking Wikipedia as a reference. A study of prerequisite
relationships among intra- and inter- institutions graduation courses has been described in [15], yielding a
type of concept hierarchy. Wikipedia was again used as a reference to construct a representative scheme of the
concept space.

A hierarchical topical characterization of scientific subjects was proposed in [17]. The authors described
a method to summarize a scientific field via the representation of citation networks [18]. Given a set of
papers in a subfield, two papers were linked whenever they shared a citation link. This representation allowed
a better understanding of the field since papers are highly clustered in subtopics, as revealed by network
community analysis. The topics most relevant to each network community were generated via an approach
similar to tf-idf, and the similarity of topics was then computed based on the average distance in the citation
network of the papers comprising the words of interest. The hierarchy was then estimated by using an
agglomerative clustering approach. The results observed for the field of complex networks revealed that both
the clustering and hierarchy of topics are consistent and accurate.

The most frequent strategies used to validate the hierarchy identification methods can be divided into
two main approaches: (i) a validation based on traditional metrics such as precision and recall [14, 15, 19,
20]; and (ii) a subjective qualitative validation consisting of an inspection of the case studies [16, 21, 22].

In [21], Liang et al predicted the prerequisite relation among concepts (if a concept is a prerequisite of
another concept), and used precision and recall to quantify the quality of the proposed method. They also
showed the case study of the concept ‘deep learning’, to inspect the set of concepts identified as prerequisites
(‘deep learning’ is a prerequisite to ‘feature learning’ and ‘artificial intelligence’ a prerequisite to ‘deep
learning’).

In [16], Wang et al extracted concepts using precision@n (n= 1,3,5) to compare their method with
others available in the literature. To illustrate the concept hierarchies extracted by using their method, they
showed the case study of ‘computer network’. In [22], the task was developed in two parts concerning: (i)
identifying concepts; and (ii) organizing them into a concept hierarchy. The results from the first part of their
approach were quantified using precision, recall, and F-measure, and the results obtained in the second part
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were inspected concerning two specific hierarchies, namely in the domains of tourism and biology. This
inspection involved comparing the obtained hierarchy with a respective gold standard.

The article [23] describes developments that aim to simplify and enhance hierarchies by breaking
respective cycles. To remove cycles from a given hierarchical structure, three criteria are employed: forward,
backward, and greedy.

One approach to obtaining ground truths to be considered in validations consists in having experts to
prepare them manually [19, 24, 25]. Book summaries have also been adopted as a reference to be taken as
subsidy for validating the hierarchy of documents [14–16].

Similarity indices, such as the Jaccard index, have been utilized to estimate hierarchical relationships
among entities or components within structures and systems. For example, [26] apply the Jaccard index to
estimate the similarity between text attributes. They used the analytic hierarchy process (AHP) to assign
respective weights. In [27], the authors described the application of similarity-based approaches, including
new tree-based similarities, to study ontologies and hierarchical and graph relationships.

Hierarchical systems are used in many fields to classify and organize information in a logical and
structured way. In linguistics, for example, hierarchies can be considered in order to better understand the
relationships between sounds, words, and sentences [28]. In grammar, a sentence is typically composed of
smaller units such as noun phrases and verb phrases, which are themselves composed of even smaller units
such as nouns, verbs, adjectives, and so on [29]. Other areas of linguistics where the concept of hierarchy is
important are phonetics, where the sounds of language can be organized into a hierarchy of phonemes,
syllables, and semantics, where the meanings of words and sentences can be organized into a hierarchy of
concepts, such as suggested by works on speech perception [30, 31].

In biology, hierarchies are commonly used to classify and organize living beings. In a hierarchical
classification approach, organisms are grouped into successively larger categories, starting with individual
species and moving up to broader groups like genera, families, orders, classes, phyla, and kingdoms [32].
This approach allows biologists to better understand the relationships between different organisms and to
study their characteristics and behaviors at different levels of the hierarchy. In [33], the authors studied the
evolution of hierarchical complexity in biological systems.

In neuroscience [34], hierarchies of brain function are used to understand how its different parts are
involved in specific mental processes. Another study [35] shows that memory can be understood as a
hierarchical structure in layers, where each layer represents a level of information processing, stored
according to different time scales. The visual system can also be understood as being underlain by a
hierarchical organization [36] that enables the brain to efficiently process and interpret visual information,
as well as learn and adapt based on experience.

3. Data and basic concepts andmethods

This section describes the adopted data and concepts and methods, including the coincidence similarity
index and the respective method for translating datasets into networks.

3.1. Hierarchical templates andmodular documents
Data pre-processing starts with the selection of a modular document to be analyzed. The documents can be
of various types, such as web pages, books, or surveys. Though the original document may already have a
hierarchical structure, e.g. identified as sections and subsections in a respective table of contents, it is also
possible that the original document, though modular, has no hierarchy formally specified. In this case, the
approach suggested in the present work can still be applied provided there is a one-to-one correspondence
between the document modules and a provided hierarchical template.

Each module is determined by the structure of the document. For example, a survey document is
structured hierarchically, with sections and subsections and each section will represent a module. In the case
of a WWW document related to a general topic, the respectively linked pages can be considered modules.
The present work considers this type of representation respectively to Wikipedia pages describing aspects of
general interest about Brazil and the U.S.A. (e.g. geography, economy, demography, etc), as of 13 September
2022.

Having identified the modules from the original document, some steps must then be applied. We first
remove the stop words (such as articles and prepositions), because they usually are not particularly specific
(e.g. [37]) and can lead to highly connected nodes in respective network representations. In sequence, the
text was tokenized into words. In other words, in this work, the texts are converted into linguistic units
(tokens). Then, each of the identified modules is represented as a respective multiset containing the frequency
of each token in that module.
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The hierarchical template can be derived from the own document, but it is also possible that it has been
provided independently, e.g. corresponding to an expected or candidate organization. The templates in the
present work are of the former type, i.e. being from the original documents. In mathematical terms, we can
describe this template as an adjacency matrix At corresponding to the hierarchical organization originally
contained in the document (e.g. tables of contents and/or sections/subsections).

3.2. The coincidence similarity index
As described above, the modules extracted from the original document need to be interconnected according
to their content similarity. In the present work, we employ the coincidence similarity index [5, 6, 38] for that
finality, in order to perform more selective and sensitive similarity quantification.

The Jaccard index (J ) (e.g. [39–43]) is an approach that seeks to quantify the level of similarity between
two non-empty sets A and B [5]. The basic Jaccard index can be expressed by the following equation:

J (A,B) =
| A∩B |
| A∪B |

, (1)

where A and B are any two non-empty sets and || stands for the cardinality. We obtain J (A,B) = 1 whenever
A=B, and J (A,B) = 0 in case of | A∩B |= Ø (where Ø is the empty set).

The multiset version of the Jaccard index (e.g. [42]) between two non-negative and non-zero (with at
least one element different from zero) multisets or vectors x⃗= [x1 x2 . . .xN]T ̸= 0⃗ and y⃗= [y1 y2 . . .yN]T ̸= 0⃗
can be expressed as:

J (⃗x, y⃗) =

∑
i min{xi,yi}∑
i max{xi,yi}

. (2)

The Interiority index (I , also called overlap index [44]) quantifies how much a given set A is relatively
interior to another set B [5]. Therefore, this index should return a minimum value when the two sets are
disjoint (A∩B= Ø). On the other hand, this index should return a maximum value when one set is
contained in the other (i.g. A⊂ B). The Interiority index can be expressed as follows:

I (A,B) = | A∩B |
min{| A |, | B |}

. (3)

Both sets are assumed to be non-empty.
The multiset generalization of Interiority between two non-negative and non-zero multisets or vectors

x⃗ ̸= 0⃗ and y⃗ ̸= 0⃗ , can be expressed as:

I (⃗x, y⃗) =
∑

i min{xi,yi }
min{

∑
i xi,

∑
i yi }

. (4)

In order to integrate the complementary characteristics of the two previous indices, the Coincidence
similarity index (C) has been described in [5, 38, 45], corresponding to the product between the Jaccard
(equations (1) and (2)) and Interiority (equation (3) and (4)) indexes, i.e.:

C (⃗x, y⃗) = J (⃗x, y⃗) I (⃗x, y⃗) . (5)

As discussed in [5, 6], the coincidence index has been found to allow enhanced selectivity, sensitivity, and
robustness as compared to alternative approaches such as the cosine similarity and the Pearson correlation
coefficient. This index has been suggested as a way to implement strict similarity comparisons between
non-null generic mathematical structures, including sets, multisets, vectors, functions, matrices, among
other possibilities [45, 46].

3.3. Translating modules into content networks
Once the original document has been divided into its respective modules, and the text in these modules has
been pre-processed as described in section 3.1, it becomes necessary to obtain a content network
representing the similarity among the contents of the obtained modules, which is henceforth referred to as
content network.

In this work, this is done by understanding each module as a respective multiset. Each multiset carries the
information not only about the words contained in each module but also the frequency in which each word
appears [47].

More specifically, similarly to the work [48], in our approach, each word in a module is taken as an
element of the respectively associated multiset, while the number of repetitions of that word is understood as
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itsmultiplicity. The quantification of the similarity of the content between each pair of modules can then be
estimated by calculating the coincidence similarity index (equation (5)) between those two multisets (see
section 3.2).

The similarity values between text modules can then be organized as a weight matrixWc. In this way, a
weighted similarity network (henceforth called the content network), is obtained with its nodes
corresponding to the document modules, while the links indicate the similarity between the contents of the
respective modules.

Now, the hierarchical organization of the obtained content network can be compared to the considered
hierarchical template, yielding a respective overall indexH (see equation (6)) quantifying the adherence
between the two structures, as described in the following section.

4. Methodology

Figure 2 illustrates the diagram of the methodology described in the present work as a means of quantifying
the level of adherence between a given hierarchical template and a specific respective document, represented
as a content network.

The procedure described in this paper can be summarized as follows:

(i) Document into modules: The hierarchical template is assumed to be provided. In general, it can be
derived from a respective index or table of content. However, it is also possible to consider a candidate
hierarchical template that is expected to be compatible with some specific documents. The documents
can refer to books, homepages, or surveys. The given document needs to be translated into a respective
document (or content) network. In the present work, this is implemented by first dividing the
document into parts or modules.

(ii) From modules to content network: Each of the obtained modules is understood as a node of the
respective content network. The links between these nodes are then determined as having weights
corresponding to the coincidence similarity between the content (words) of each pair of modules. This
procedure results in the respective content network.

(iii) Adhrence between hierarchical template and content network: At this stage, the obtained content network
is compared, via the coincidence similarity index, with a provided hierarchical template, both being
represented in terms of the respective weight or adjacency matrices. This operation results in the
respective hierarchical adherence index.

The operations involved in the above steps are presented in more detail in the subsequent sections.
Table 1 summarizes the main symbols and abbreviations related to the suggested method for

quantification of the hierarchical adherence of documents.

4.1. The hierarchical adherence index
In the present work, we propose a hierarchical adherence index (H) in equation (6) to quantify how much a
given document adheres to a respectively supplied reference hierarchical scheme.

The hierarchical template is henceforth represented in terms of its respective weight matrixWt = [wi,j],
with each element wi,j being comprised in the interval (0,1). These weights can be provided a priori,
corresponding to the expected shared contents between each pair of connected nodes. However, in the case
no such weight values are available, it is possible to assume that wi,j = 0.5, which is the approach henceforth
adopted in this work.

Similarly, the content network can be represented in terms of its weights (each of them in the interval
(0,1)), yielding:

H= C (Wc,Wt) , (6)

with 0⩽H⩽ 1 in both cases. The higher this index, the greatest the adherence of the document content to
the reference hierarchical scheme. The maximum adherence is observed when the two adjacency matrices are
equal.

4.2. Specific adherence indicators
Given a hierarchical template and a content network, the above-presented methodology can be used to assign
an overall hierarchical adherence index quantifying the coherence between the two given structures.
However, in case an index smaller than one is obtained, it is not possible to know the reasons for the
respective lack of adherence. In the present section, we provide four additional indices that can provide
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Figure 2. Diagram describing the main data and operations performed as part of the proposed methodology for quantifying
hierarchical adherence between an original template and a network derived from a respective content network. See the main text
for additional information.

Table 1. List of main symbols and abbreviations related to the adherence concept and methods described in the present work.

Index Description

H Number of hierarchical levels
h Level index (h= 1, . . .H)
mh Number of modules per level h
ni,h Number of elements in each module i in level h
N Total number of possible textual elements
aj A given textual element among N possibilities
ri,j,h Number of occurrence of the textual element aj in module i in level h
H Hierarchical Adherence Index

specific additional indication of four main reasons implying the overall hierarchical adherence to be smaller
than its maximum value of one.

Figure 3 illustrates the main types of possible causes leading to a lack of hierarchical adherence, which
include: (A) interconnections between non-adjacent levels; (B) interconnections between nodes in the same
hierarchy; (C) converging connections between successive adjacent levels, and (D) missing interconnections.
Each of these four problems can be quantified in terms of respective specific indices ϵA, ϵB, ϵC, and ϵD.

These indices are henceforth understood to be calculated from a threshold version of the obtained
coincidence similarity network, therefore yielding a respective adjacency matrix A containing only 0 or 1 as
entries. The four suggested indices are presented as follows:

• ϵA: can be obtained by considering all observed connections between nodes from non-adjacent levels,
divided by the maximum number of possible such connections.

• ϵB: is defined as the number of interconnections between nodes in the same level, divided by the maximum
possible number of this type of link.

• ϵC: is computed using the content network adjacency matrix A. More specifically, the index ϵC is calculated
by dividing the number of unexpected links between adjacent levels by the maximum possible number of
such incorrect connections.

• ϵD: is obtained by dividing the number of missing links, which is calculated from the matrix A and the
hierarchical template, by the total number of expected links specified by the latter structure.

7
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Figure 3. The four main types of effects contributing to the lack of hierarchical adherence: (A) interconnections between
non-adjacent levels; (B) interconnections between nodes in the same hierarchy; (C) converging connections between successive
adjacent levels, and (D) missing interconnections. Each of the specific effects can be quantified by respective indicators ϵA, ϵB, ϵC ,
and ϵD.

Table 2. The four specific indices obtained for the example network in figure 3.

Indices Values

ϵA 37.50%
ϵB 18.18%
ϵC 22.22%
ϵD 25.00%

Figure 4. Example of generating a model-theoretic content network from a specific list of elements (a) and hierarchical template
shown as the tree in (b). The resulting content network, shown in (b), has n= 4 elements within each of its modules.

In the case of the previous example (figure 3), we would have the specificity indices shown in table 2.
Observe that the above-described set of four specific indicators provides complementary information

about specific aspects leading to the lack of hierarchical adherence. For instance, in the case of the above
example, we would conclude that the main sources of adherence errors are interconnections between
non-adjacent levels (37.5%), as well as missing links (25.0%).

4.3. Synthesizing hierarchical networks
In order to test and validate the proposed approach for quantifying the hierarchical adherence, in the present
work we resource to three cases: (i) hierarchical and template content networks generated by a
model-theoretic approach; and (ii) real-world templates and model-theoretical content networks, and (iii)
real-world content networks about general aspects of countries (Brazil and U.S.A.) and respective templates
obtained from the Wikipedia.

In the present section, we describe how the model-theoretical content networks have been obtained,
based on [48].

The proposed approach for obtaining model-theoretic content networks starts with a given hierarchical
template, represented as a tree. In the present work, the hierarchies adopted for the models correspond to the
hierarchical templates of the real-world documents to be studied in section 5.3.

Figure 4 illustrates the structure of a model-theoretic content network respective to a specific hierarchical
template containing H= 3 hierarchical levels, and N = 10 possible textual elements. Each node in this

8



J. Phys. Complex. 4 (2023) 045008 A Benatti et al

Figure 5. Example of a full tree (in this case with b= 3) to be considered as model-theoretical hierarchical templates in the present
work.

network corresponds to a respective module, containing a set of wordsWi, allowing for repetitions. In the
case of this specific example, we have n= 4.

A set of all possible elements of a text A is specified as A= [a1,a2 . . .aN] (see figure 4(a)). The number of
elements n in each of the modules, taking into account repetitions, also needs to be specified.

We define the parameter β (with 0⩽ β ⩽ 1), which determines the mixture of elements between
adjacent modules.

The elements in each module will be included while taking into account the provided hierarchical
template. The first module (W0) will receive n (with n<N) aleatory elements randomly chosen from A. The
other modules (W1,W2, …) will receive n elements, being (1−β)n elements drawn from A and βn elements
drawn from its parent, in other words, the predecessor adjacent module in the hierarchy.

The thus obtained model-theoretical content networks, as illustrated in figure 4, can therefore be used for
testing, illustrating, and evaluating the approach for quantifying the hierarchical adherence between a
provided hierarchical template and document networks.

In particular, we will consider the case of full hierarchies as illustrated in figure 5, containing H
hierarchical levels and having each node connect to each of the b nodes at the following adjacent level. This
particular example assumes b= 3.

5. Results and discussion

This section illustrates the application of the proposed concepts and methods respectively to the following
three main approaches: (a) both hierarchical template and content networks are model-theoretical; (b)
real-world hierarchical template and model-theoretical content networks; and (c) both hierarchical template
and content networks are real-world.

5.1. Full model-theoretical case
In this case, we have both the hierarchical template and content network model-theoretical, obtained by
using the methods described in section 4.3.

Two situations will be taken into account: one in which all the hierarchical levels have the same number
of elements, and another in which this number increases up to the intermediate level, and then decreases, as
illustrated in figure 6.

Figure 7 illustrates the hierarchical adherence indices, in terms of the mixture parameter β, obtained
hierarchical template with H= 3 and b= 3, and 100 instances for each β of respective content networks with
N = 100 and n= 10.

The obtained results indicate a plateau of high matching values (extending approximately from 0.3 to
0.8) between the hierarchical template and the respective content networks. In addition, the adherence
tended to decrease markedly for β < 0.3.

Figure 8 illustrates the hierarchical adherence indices obtained for the same configuration as before, but
using H= 5 hierarchical levels. Substantially smaller values of hierarchical adherence are obtained for this
configuration, which is a consequence of the considered structures involving more levels, and therefore, an
higher number of interconnected nodes.

Respectively to figure 7, it can also be observed that the hierarchical adherence curve shifted to the
right-hand side of the plot, with the maximum correspondence between template and content networks
being observed for larger values of β, implying more elements to be drawn from the parent of each module
than from A. The larger number of hierarchical levels in this example (H= 5) implies that more elements
need to be inherited from the previous levels (parent) in order to preserve an adequate heterogeneity of
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Figure 6. The number of elements per module as a function of the hierarchical level h, as considered for some of the experiments
in this section.

Figure 7. The hierarchical adherence indices (average± standard deviation) obtained for hierarchical template with H= 3 and
b= 3, and respective content networks with N= 100 and n= 10 for all modules.

Figure 8. The hierarchical adherence indices (average± standard deviation) were obtained for the hierarchical template with
H= 5 and b= 3, and respective content networks with N= 100 and n= 10 for all modules.

symbols in the module at successive levels, required for more substantial content sharing and respective
higher coincidence values.

We now proceed to model-theoretical content networks in which the number of elements per module
varies with the respective hierarchical level (see figure 5). More specifically, we consider hierarchical template
with H= 5 and b= 3, and content networks with N = 300 and nh = 10,30,50,30,10. Figure 9 illustrates the
therefore obtained hierarchical adherence indices.

The obtained result resembles that shown in figure 8, though being moderately narrower and with
smaller error bars (standard deviations), possibly as a consequence of the relatively larger number of
elements used in the intermediate levels.
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Figure 9. The hierarchical adherence indices (average± standard deviation) obtained for hierarchical template with H= 5 and
b= 3, and respective content networks with N= 300 and nh = 10,30,50,30,10.

Figure 10. The hierarchical template for the illustration of the hierarchical index approach was applied to the hybrid case, as well
as for the real-world Brazil Wikipedia content network. This hierarchy contains 29 nodes organized into 3 levels.

5.2. Real-world template andmodel-theoretical content case
Having studied the hierarchical adherence considering hierarchical templates and content networks being
both model-theoretical, in the present section we describe experiments obtained respectively to hybrid
approach, in which we use a real-world hierarchical template corresponding to that in the Brazil dataset
described in section 5.3, but with modules containing sets of elements derived by using the respective
model-theoretical approach described in section 4.3.

The hierarchical template was obtained from the Wikipedia homepage about several aspects of Brazil,
which is shown in figure 10. This hierarchical template contains 29 nodes organized into 3 hierarchical levels.

Then, networks including the same number of nodes and levels as in the adopted template were
generated while varying the β parameter between 0 and 1. The dictionary size was taken as N = 2200, and
the number of words per module was n= 190. A total of 100 realizations were considered, yielding the
average± standard deviation values of the hierarchical adherence index.

The hierarchical adherence between each of these model-theoretic content networks and the respective
template was then quantified by using the coincidence-based approach suggested in the present work.
Figure 11 shows the respectively obtained results.

As can be observed in the average curve plot in figure 11, the coincidence similarity between the
hierarchical template and the model-theoretical content networks tends to increase smoothly and steadily up
to a peak taking place near β= 0.4, then decreasing also in a smooth fashion. The network corresponding to
the obtained peak (b) can be verified to have a well-defined hierarchy that closely resembles that of the
template hierarchy in figure 10.

The obtained results substantiate the ability of the coincidence similarity in identifying the maximum
adherence between the given template and specific content networks.

In order to complement our analysis regarding the above template and model theoretical networks, we
repeated the above experiment varying the parametersm and n.

11



J. Phys. Complex. 4 (2023) 045008 A Benatti et al

Figure 11. The quantification, in terms of the coincidence similarity, of the adherence of several model theoretical networks with
the original template in figure 10 respectively to several model-theoretical content networks obtained for varying values of β. The
curve shows the average± standard deviations. Networks are illustrated respective to (a) β= 0.1, (b) β= 0.4, (c) β= 0.8. A
well-defined peak can be observed near β= 0.4. Also shown are the error bars (blue) corresponding to the standard deviation of
the coincidence similarities.

Figure 12 presents the average coincidence similarity values (hierarchical adherence index) obtained for
N= 50,100, and 200 for several values of β between 0 and 1. The error bars correspond to the standard
deviation of the results.

The obtained results indicate that the larger the dictionary size, the better the adherence that tends to be
observed between the template and the model theoretical networks. This follows from the fact that a larger
dictionary allows the content of the nodes to become more complete and specific, contributing to enhanced
mutual differentiation between nodes at the same and different hierarchical levels. Observe that the standard
deviations also tend to increase with n.

Figure 13 presents the hierarchical adherence indices obtained by assuming n= 5,10 and 20 while
keeping N = 100, in terms of subsequent values of β taken between 0 and 1.

The results indicate, for β > 0.6, a moderate tendency of the hierarchical adherence index to increase
with n, which is reasonable because a larger number of words per node tends to contribute to the respective
specificity and differential of the modules and hierarchical levels.

To complement our theoretical analysis, we investigated how the similarity values estimated by the cosine,
interiority, Jaccard, and coincidence indices change as the network leading to the maximum adherence in the
above examples is progressively rewired (uniform probabilities). The results are shown in figure 14 for
rewiring rates ranging from 0% to 100%. It can be readily observed that the cosine and interiority indices
decay almost identically, presenting the smallest overall decreases as the rewiring rate increases. The Jaccard
index resulted in an intermediate decreasing profile, while the coincidence index led to the fastest overall
decrease, therefore corroborating its ability to implement more strict and selective comparisons.

5.3. Real-world case
The first real-world case-study we present concerns the hierarchical structure of the page of Brazil available
on Wikipedia3. The template structure consists of 29 modules representing sections and subsections, for
instance, ‘History’, ‘Geography’, ‘Climate’, and ‘Tourism’. The hierarchical template of the connections

3 https://en.wikipedia.org/wiki/Brazil.
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Figure 12. The average± standard deviation of the hierarchical adherence index values obtained for the considered model
theoretical case assuming n= 10 and N= 50,100, and 200, estimated for several values of β. As could be expected, the
hierarchical adherence decreases with n, achieving a peak at an intermediate value of β.

Figure 13. The average± standard deviation of the hierarchical adherence index values obtained for the considered model
theoretical case while keeping N= 100 and taking n= 5,10 and 20, in terms of several values of β comprised between 0 and 1.
Slightly higher values of the hierarchical adherence index have been obtained for n= 20.

Figure 14. Comparison of the similarity values as obtained by applying the cosine, interiority, Jaccard, and coincidence indices to
the comparison between the best matching network and the template in the above examples, as that network is progressively
rewired. The coincidence index allowed the most strict and selective comparisons along the full range of rewirings.

between the modules is established according to their hierarchy presented in sections and subsections on
Wikipedia, resulting in the tree shown in figure 10.

Each of the 29 modules was represented as respective nodes of a coincidence network, obtained by using
the coincidence methodology described in section 3.2, with the weights of the links corresponding to the
respective coincidence values between each pair of nodes. The thus obtained networks are henceforth called
the content network. The respectively obtained result is shown in figure 15, including the identification of the
respective hierarchical levels as indicated in the respective template in figure 10. More specifically, the
hierarchical levels are identified successively (from higher to lower) by the colors blue, orange, and green. In
addition, the width of the links indicates the obtained similarity values.
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Figure 15. Coincidence similarity network obtained for the Wikipedia pages about Brazil, adopting T= 0.362. The colors indicate
the hierarchical levels, according to the template hierarchy in figure 10. The width of the edges is proportional to the respective
coincidence values. A moderate correspondence between the template and content network can be observed. The hierarchical
adherence index for this case isH= 0.092.

Figure 16. The content network of the Wikipedia pages about Brazil as resulting from the application of the cosine similarity, with
T= 0.497. Observe that denser interconnections are obtained respectively to the network in figure 15, which are a consequence of
the less strict comparison implemented by the cosine similarity index. The hierarchical adherence index for this case is
H= 0.0679.

For comparison purposes, figure 16 shows the similarity network obtained for the same dataset, but by
adopting the cosine similarity instead of the coincidence index.

By comparing figures 15 and 16, it can be inferred that the content network obtained by using the
coincidence similarity has less dense interconnections that also adhere more closely to the original template,
as indicated by the respective hierarchical adherence index value of 0.092. At the same time, the content
network obtained by using the cosine similarity is substantially denser than that obtained by the coincidence
similarity, as a consequence of the less strict comparisons implemented by this measurement, being also less
related to the original hierarchical template. Indeed, the hierarchical adherence index obtained in this case
was equal to 0.0679.

The specific adherence indices of the coincidence similarity network obtained for the Wikipedia pages on
Brazil, after thresholding by T= 0.362, are presented in table 3.

The obtained values of the specific indices reveal that the observed small adherence between the
respective hierarchical template and content network is mostly accounted for by interconnections between
non-adjacent levels (43.478%) and missed links (51.724%).

Figures 17(a) and (b) present the hierarchical template and content network resulting in the Wikipedia
content about the U.S.A., which contains 21 modules representing, for instance, ‘Government and politics’,
‘Economy’, ‘Science, technology, and energy’, and ‘Language’.
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Table 3. The four specific indices obtained for the Brazil Wikipedia content network are shown in figure 17.

Indices Values

ϵA 43.478%
ϵB 4.478%
ϵC 7.826%
ϵD 51.724%

Figure 17. The hierarchical template (a) and content network were obtained from the Wikipedia pages on the U.S.A., using
T= 0.405. The hierarchical adherence index for this case resulted equal toH= 0.1283.

Table 4. The four specific indices obtained for the U.S.A. Wikipedia content network are shown in figure 15.

Indices Values

ϵA 40.000%
ϵB 3.478%
ϵC 3.333%
ϵD 50.000%

The obtained specific indices of the content network obtained for the Wikipedia pages on the U.S.A.,
after thresholding by T= 0.405, are shown in table 4.

As with the Brazil content network, the obtained specific indices imply that the observed lack of
adherence between the respective hierarchical template and content network is related to interconnections
between non-adjacent levels (40.000%) and missed links (50.000%). It is interesting to observe that,

15



J. Phys. Complex. 4 (2023) 045008 A Benatti et al

compared to the Brazil network, relatively smaller values of indices ϵA = 43.478% and ϵD = 51.724% were
obtained in the case of the U.S.A. network, which is reflected in the respectively higher value of the
respectively obtained overall hierarchical adherence index.

6. Conclusions

Several real-world and abstract systems and structures are inherently underlain by respective hierarchical
organization, a property that has motivated substantial attention from the scientific community.

The present work has addressed a specific, but potentially important problem regarding the
quantification of the adherence between a document (or structure), represented as a content network, and a
given hierarchical template. This has been approached first in terms of an overall hierarchical adherence index
based on the coincidence similarity, and then in terms of four specific indices related to respective problems
of links between non-adjacent levels, links between modules at the same level, converging links implying in
respective loops, as well as missing links. The proposed approach has been illustrated respectively to three
main types of data: (i) model-theoretic; (ii) hybrid; and (iii) real-world.

In the first case, we had both the hierarchical templates and content networks to be derived in a
respectively described model-theoretical approach. In particular, full trees were considered as hierarchical
templates, while two types of content networks were adopted, being characterized by constant number of
elements in all modules as well as a respective increasing/decreasing number of elements along the
hierarchical levels. The concepts and methods described in the present work have been found to provide
meaningful results in all respectively considered situations. More specifically, the hierarchical adherence
index values obtained for successive values of the mixing parameters β were found to be characterized by a
peak of adherence at an intermediate value of this parameter occurring at β≈ 0.6. In addition, the overall
adherence was found to decrease substantially when proceeding from hierarchies with 3 to 5 hierarchical
levels.

In the hybrid case, we adopted a real-world hierarchical template corresponding to the Wikipedia pages
on aspects of Brazil, while the content networks were derived by using respectively described
model-theoretical approaches. Again, a peak of similarity between the hierarchies was identified at
intermediate values of the mixture parameter β. Additional experiments were also performed aimed at
studying the effect of the parameters N and n on the overall adherence. It was found that higher values of N
and n tend to lead to larger adherence values.

In order to illustrate the application of the proposed concepts and methods respectively to real-world
data, we considered content networks obtained from the Wikipedia pages about Brazil and the U.S.A. The
respective pages organization was taken as the hierarchical template. Many interesting results were observed,
including possibly surprising small values of hierarchical adherence indices which, according to the
respectively obtained four specific indices, were found to be mostly related to links between non-adjacent
hierarchies and missing links. The adherence index obtained for the U.S.A. pages resulted about twice as
large as that obtained for the Brazil pages, suggesting that the former data is moderately more complete
and/or hierarchically organized. Interestingly, a substantially small number of links between modules at the
same level and converging links were obtained, indicating that the resulting hierarchical structure is relatively
robust regarding these two specific aspects.

The relatively small values of hierarchical adherence observed for the two real-world documents seem to
suggest that this tendency could be found in other real-world structures and documents possibly as a
consequence of the intrinsic sharing between the concepts between adjacent levels being implemented more
at a semantic, implicit level, not necessarily being respectively reflected in the actual observed content of the
modules.

Several are the possibilities for further research motivated by the reported concepts, methods, and results.
For instance, it would be interesting to consider additional parameters that contribute to the hierarchical
structures, including the number of levels, number of branches (b), number of elements per module, etc. The
suggested approaches can also be used to investigate other real-world documents, including books and
encyclopedias, among other data types. Of particular interest would be to check the possibility of semantic,
implicit overlaps between the contents of adjacent modules not only in text networks but also in other types
of data (e.g. [49]).
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