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Abstract

This work is a development of some logical-categorical aspects of the theory of Special
Groups — a first order axiomatization of the algebraic theory of quadratic forms. We discuss
the interaction between two functors defined on reduced special groups (RSG): the Boolean
Hull Functor ([5], [6], [7); (8], [14]) and t ), [17], [18]).

: he Profinite Hull Functor ([14], [16
Both functors are left adjoints to certain inclusion functors and encode local-global principles
related to classes of positive-existential formu

las. We describe the Boolean hull of a profinite
RSQ as a certain Boolean subalgebra of a profinite Boolean algebra (BA); prove that the
Profinite hull functor preserves stability index; identify the restriction of the Profinite hull
functor to the subcategory BA <2 RSG; study the interaction between these hulls (in
particular, when they “commute”) and apply it to prove that the Profinite hull functor
preserves and reflects complete embeddings.
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1 Preliminaries

and results on special groups needed in the sequel,

1.1 Special Groups. We recall the definitions
all set down and proven in [5); [12] or [14].

. Special Groups (SGS) are a first-order axiomatizatio

Forms. The suitable first-order 1anguage, Lsc, contains two symbols for constants (1 and —1),
one symbol for binary operation (multiplication) and one symbol for quaternary relation (=, the
1Sometry between quadratic forms of dimension 2); the axioms for special groups are sentences
of the form VZ(to(@) — ¥1(D) where (&), ¥1(Z) are positive-existential Lsc-formulas (see
Definition 1.2 in [5)).
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The SG-morphisms are the Lgg-morphisms of their underlying Lgg-structures. If f: G —
His a SG-morphism and ¥ = (ay,...,a,) is a n-form over G, write fr@sd i) , f(an))
for the f-image form over H. Some special kinds of Lsg-monomorphisms appear naturally:

(i) complete embeddings, i.e., the SG-morphisms that preserve and reflect isometry of n-forms, 7
> 1; ' .
(4¢) SG-morphisms that preserve and reflect isotropy; (44)" SG-morphisms that preserve Witt index;
(44)” SG-morphisms that preserve and reflect subforms; t
i) Elementary (resp., pure) SG-morphisms, Le,, those Lgg-morphisms that preserve and reflec
arbitrary (resp., positive-existential) Lgg-formulas; .
(iv) Lgg-sections, i.e., the SG-morphisms, G —+ H, such that there is a SG-morphism, H — G,
satisfying r o s = Idg.

The notions of monomorphisms (3), (i), (i), (tv) are pairwise different. By Proposition 3 1t
[17] and the Witt cancellation law, the notions (44), (12)', (i1)" coincide.

The most useful notion of SG-epimorphism is that of the projection of a reduced special grouP
(RSG) on a quotient by a saturated subgroup; the (proper) saturated subgroups classify the congr-
ences on a RSG whose associated quotient is a RSG. If (7 is a RSG and ¥ is a saturated subgff)up
of G, write ps : G — G/ for the canonical SG-quotient morphism. If ¢ = (a1,... >aﬂ,> (B
n-form over G, whenever convenient, we write P/E = (a1/5,...,a,/T) = py * ¥ for the 1magD€
form over G/33.

From Corollary 2.29 and Theorem 2.11 in [5], we obtain:

Proposition 1.2 Let G be a special group and let A be a subgroup of G.

Y aml0
a) The proper saturated subgroups of G are, precisely, the kernels of SG-morphisms from G

some reduced special group.

b) The proper mazimal saturated subgroups of G are precisely the kernels of the SG-characters of
G, i.e. the kernels of the elements of

Xe = Homgg (G, Zy),

the space of orderings of (3. Moreover, this association is bijective.

. t
.¢) (Separation Theorem) Let A*® be the legst saturated subgroup of G containing A, then A* 0

N{kero:o€ Xg and A C ker o},

1.3 A (non first-order) abstract presentation of the algebraic theory of quadratic forms is give?]
by Murray Marshall’s notion of space of orderings. The central reference on this subject is [20]'

~ . . . N 4 S
Chapter 3 of [5] it is shown that there is g duality between the category of reduced special groupD
and the category of spaces of orderings.

m g 2 . W L
The following technical result, is known by the quadratic form community for groups of exp e

two (cf. Lemma 3.17, p. 93, in [5]); a proof in the context of spe e

cial groups is given in Lem
in [14]. i

Prqposition 1.4 Let G be a RSG and let T pe @ proper saturated subgroup of G.
codimension m in G — j.e,, dimp,(G/T) = m —, then there is g linearly independent

{’rl, 5 @ ,Tm} g XG = f‘[O?TLSG(G,Zg) y such that [’ = le k‘er'rk,

In all that follows, write



Il

{ P(U) = {V:VCU}
Psin(U) {V € P(U) : V is finite}.

1.5' If G is a SG, Ssat(G) is the set of saturated subgroups of G, X(G) is the set of proper
mazimal saturated subgroups of G and F(G) is the set of saturated subgroups of G of finite index

in G. 0]
Proposition 1.6 (Proposition 4.15 in [14]) Let G be a RSG. Consider the mappings:

(i) P(X(G)) — Ssat(G) gwen by S NS,

(i) Ssat(G) — P(X(G)) given by A = XA(G) := {Z € X(G): ACZ}

m . . v . . . .
a) The functions above are decreasing and define a contravariant Galois connection, 1.e., for each

A € Ssat(G) and S € P(X(G)) we have
AC NS & 5CXaG)

In particular, S € Xns(G).

b) For each A € Ssat(G), A = [ Xa(G).
C) F(G) is a filter in Ssat(G), being the closure under finite intersections of X(G) Ssat(G).
In particular, F(G) is the filter generated by X (G) in Ssat(G) and (F(G), C) is a downward
directed poset.

d) The contravariant Galois connection in (a), (P(X(G)),C) & (Ssat(G), C) restricts to a Galots
connection: (Pyin(X(G)), C) & (F(G),C) -

(The induced adjunction) Let f : G — G be a mor-

Deﬁnition 1.7 (Definition 4.1 in [14])
phism in the category RSG. We define

£, : Bsat{z) = Ssat(G')
given, for A € Ssat(G) and A€ Ssat(G'), by
{ f(8) = (fIB)™
fra) = AT

the (saturated) inverse image of f.

and  f*: Ssat(G') — Ssat(G),

fu is the (saturated) direct image of f and f* L

Let G S, ¢ s G" RSG-morphisms.

Proposition 1.8 (Proposition 4.2 in (14])
pair, i.e., for each A € Ssat(G) and

@) f. and f* are increasing functions, constituting an adjoint
A" € Ssat (@),
f(a) ¢ & e AC P
In particular, A C *(fu(D)) and f(f*(A) & A
B (1) (gof) = gof @Dlgef) = [od
(8) (Idg)* = ldsany = {de)s
¢) The following conditions are equivalent:
(1) f is a complete embedding;
(2) For any & € Ssat(G), B = FA(A)).
d) If f is surjective and A" € Ssat(G'), then L)) = A
3



e) If f is reqular surjective', then for all A € Ssat(G)
ke f C A = f(8) = fIA] end F((R) = A -

1.9 Boolean Algebras as Special Groups. In Chapters 4, 5 and 7 in [5] there is an extensive
analysis of the interaction between Boolean algebras and special groups. In particular, the Booleén
hull functor and its properties are an essential tool in the solutions of many questions in quadratic
form theory (see [6], [7], [8]). We provide here just the definitions and the results needed below;
all this material was developed in the references above and in [14].

Let (B,V,A, L, T) be a Boolean algebra (BA). Then ( B, a, L) is a group of exponent 2 and
(B,n,N, L, T)is a Boolean unitary ring.

For each a, b, ¢, d € B, define
[=5] (a,b) =g (¢,d) & aAb=cAd and aVb=cVd.

By Corollary 4.4.(b) in [5], ((B,a,L),=p,T) is RSG, where 1 := L, —1 = T.

The following table describes the correspondence between BA concepts and SG concepts:

Special groups Boolean algebras
: A
1 L 1
-1 T
a € D(;'(l, b) a<b
Saturated subgroup Ideal
SG-morphism BA-morphism
Lgsg-pure embedding | Lga-pure embedding

Let BA be the category of Boolean algebras and BA-morphisms. We have a functor, 7 :
BA — RSG, identifying BA with a full subcategory of RSG, justifying its frequent omission
from the notation. O

1.10 The Boolean hull of RSGs. Let ¢ be a reduced special group, X¢g = Homsc(G, Zs) be
its space of orders and let Bg := B(X¢) be BA of clopen subsets of Xg. The map e : G — Be:
given by

5(;((14) = [CL =S 1 ] — {U = XG ¢ U(a) = — ] } == [——(L — ]L
Eq = /
is a RSG-embedding and the diagram G —% Bg is the Boolean hull of G. Moreover, if G LG

is a RSG-morphism, let Xg 4)5@ X¢ be the induced continuous map. Now let Bg M Bgr b°
the BA-morphism dual to X (f), given by B(f)(U) := X(f)|U}, U € B(Xg).

The main properties of the above construction are described in the following

Theorem 1.11 (Chapter 4, [5]) Let G be a RSG.

a) The set eg[G] generates the BA Bg, i.e., for each u € Bg, there is a finite family {F1,- - ,1"”}
of finite subsets of G' such that '

L U?*l ﬂn,(’ F; ’::()'((L>‘

b) If G is a BA, theneg : G — Bg is a RSG-isomorphism.

[.e., f is the composition of an isomorphism with a quotient by a saturated subgroup
b :d subg :



¢)IfBisa BAandh: G — B is a SG-morphism, there is a unique BA-morphism, h : Bg — B

such that the triangle below is commutative:
€

G —___E_G_’_ BG G ____(.’Y__y- BG
f\z\ /h i B(f)

3 'W B !

I & —— Bo

- , , B , , i
d) The map (G Ly G') — (Be = Bg), is a covariant functor, B : RSG — BA, the

Boolean Hull Functor.

. 13 . .
8) The family {(G =6, Bg):G € 0bj (RSG)} 15 a natural transformation, € : Idrs
i.e., the square above i commutative, for all RSG-morphism f: G — G
f) The Boolean hull functor s left adgoint to the “inclusion” functor v : BA — RSG and the
natural transformation € : Idrsg — 7Y°B is the unit of this adjunction. O

G — ’YOB:

, s BA — RSG is a right adjoint it preserves all limits.

Remark 1.12 Since the “inclusion”
s, we need not specify the limit as a BA or a RSG. O

Hence, when we consider limits of BA
orem 5.16 (p. 86) of (5], that the operations of taking Boolean hull and

It is shown in The
he following result, proved in Proposition 6.10 and Fact 6.21 of

quotients of RSGs “commute”; t
[14], is a refinement of the former:
Theorem 1.13 Let G be a RSG, let€c - G — Bg be its Boolean hull and let (€cx, €6 ) be the

induced dual pair as in Definition 1.7.

a) If A € Ssat(G), then
ea(p) = (V€ D6~ 3 {z1,..,%n} C A such that b < Uj=i ea(zi)}

i.e., £g.(A) is the ideal of Bg generated by ec[A]-
b) Given {0,...,0n} C Xa let (7 : 183 % n} C Xpg be the set of extens

L11.(c). If A = My ker o;,then

ions, as in Theorem

ece(D) = N, keros.
c) If I is an ideal of finite indez in Bg and & 1= g5 (1), then by Propogz‘tion 1.8.(c) t(‘*(A) =1
and there 18 a unique BA-morphism, B(pa) : Bg/I — Baja, making the following diagram

commutative.

& _-__—E_q”_ BG’——-EL’_‘* BG/]

B(pa)

i B(pa)

G /A —— Baya
1/ Eg/A /

)y N, > () o7y QY "
hism with nverse (ec)r : Bo/s — Bg/I, the ‘“extension of

(eg)r: G/A — Be/I, gwen by g/A ec(9)/1:

(G) and F(Bg) that
[l

Moreover B(pa) S @ B A-isomorp
the (induced on (/u()t‘zl(,“u,f,,s') RSG-morphism
d) The dual parr (EGx €G
are inverse bijections.

) establish increasing correspondences between F



Remark 1.14 In Proposition 4.15.(b) in [5] it is shown that the dual pair (€Gx, €5 ) yields inverse

bijections between X(G) and X(Bg); note that Theorem 1.13.(d) improves this result. On the
other hand, by Proposition 7.28 in [5], e¢, and ¢ establish inverses bijective correspondences
between Ssat(G) and Ssat(Bg) iff G is a BA.

1.15 Profinite Special Groups. Profinite RSGs appeared (in the dual setting of orderings
spaces) in [12]; after they have been studied in [13]; [15] and [16] describe logical-categorical
properties of profinite structures and the profinite hull functor in a general setting; [14], [17] and
(18] describe properties and applications of the notions of being profinite and of the profinite
hull in the context of special groups, while [1] establishes a representation of profinite RSGs by
Pythagorean fields. As above, we register the definitions and the results needed in what follows;

all this material is established in the aforementioned references,

Definition 1.16 Let L be a first-order language and let L-str be the category of L-structures and
L-morphisms.

a) An L-formula is geometrical if it is the negation of an atomic formula or logically equivalent
to one of the form ¥ T(P(Z, ) — Y(Z, 7)), where ©, ¥ are positive-ezistential L-formulas. AT
L-theory is geometrical if it can be axiomatized by geometric sentences.

a) A downward directed poset is a poset (1, <) that is non-empty and such that, for eachi,j € L
there is k € I with k <1, 7.

b) A cofiltered system of L-structures is a functor (or diagram), D, from a downward directed
poset (1, <) into the category L-str.

c¢) An L-structure is profinite if it is L-isomorphic to the limit, in the category L-str, of a cofiltered
system of finite L-structures.

1.17 Notation. We assume the reader is familiar with limits of cofiltered systems and set
down notation to be used hereafter. Let (I,<) be a downward directed poset and let M =
(Mi; {fi; ¢ < j}) be a cofiltered system of L-structures over I. Let M = [],., Mi be the
product L-structure and, for each i € I, let % M — M, be the corresponding coordinaté
projection.

The limit of M is a pair P = (P;{p, :ic I}), where P is a L-structure and p, : P —
M; are L-morphisms satisfying a well-known universal property. Moreover, there is a natural
L-monomorphism,

tp: P — M, given by wplz) = (ps(z) Yers
such that for all ¢ and all 4 < j in I:
fig 09, = p; and T;Olp = P;.

Whenever P is clear from context, we write ¢ in place of 1p. The limit P may (and often is)
identified with the closed® L-substructure [P] of M given by:

£ WP = {(ai:i€[>€kf:\/i§jin1, fij(ai) = a;}.

With this identification, the L-morphism p; is the restriction to t[P] of the projection m;, © € 1.0

g
of “haracterizatin -~ il g 3 " (4o 5l
A very useful characterization of profinite SGs comes from the following general result in “"J

Le. «[P] is a closed subset of [lic; Mi endowed with the product (Boolean) topology.

Generalizing to the category L — str Lemma 4.4 in [12], stated for spaces of orderings.



Theorem 1.18 ([15]) Let L be a first-order language.

q) Profinite L-structures are retracts of ultraproducts of finite L-structures. More precisely, if P
15 the limit gf a cofiltered system M = (M, {fij i< j € I}) of finite L-structures over the
downward directed poset (I, <), there is an ultrafilter U over I together with L-morphisms,

i U
P — Tlier M = [lier Mi/U - P
such that yY o qo v = Idp, wheret is the canomical embedding of P into the product of the M;
(cf. 1.17) and q is the natural quotient morphism.
b) If T is a geometrical L-theory, then Mod(T'), the full subcategory of L-str consisting of models
O

of T, is closed under profinite limits.

ory RSG'” of all topological RSGs (i.e., the product op-
and continuous SG-morphisms. RSG 4, the full subcategory of all discrete
phic to RSG. We will denote RSG fir, the full subcategory
and RSG,; denotes the full subcategory of
ategory of RSGyy that is isomor-

1.19 It is natural to consider the categ
eration is continuous)
topological RSGs, is clearly isomor
of RSG'P of all finite and discrete topological RSGs
RSGP of all profinite topological RSGs. RSG iy, is a full subc
phic to a full subcategory of RSG.

If G is a topological RSG we will denote Kb o E SG(G,Zy) : 0 18 continuous}, where
Zy € Obj(RSG ), i€ it is a finite and discrete topological RSG. OJ

G. % Let G be a topological RSG. Since

1.20 The Profinite Hull of a Topological RS
), it is a downward directed poset and

(F(@), Q) is a filter in (Ssat(G),C) (Proposition 1.6.(c

hence

G) : the RSG"*-quotient G/A is (finite and) discrete}

V(G) ={A € Fi
is a downward directed poset; furthermore, we have an obvious diagran:
“r gT) € RSGin,

(ACT) eV(G) + (GlA —~»
SG-morphism such that:
G P gia B om = (@ 25 T}

quotient morphisms.
P(G) — G/A as the continuous coordinate

where gar is the unique

where pa, pr are the canonical SG-

We now define:  P(G) = 1&31 G/A and pa

AEV(G) . - :
projection. For & € Ssat(P(G)), we denote Py : P(G)— P(G)/%, the canonical SG-quotient.

Clearly, P(G) is a profinite RSG. The map
ng : G — P(G), given by na(g) = (9/8)sevie)

(i — P(G) is the profinite hull of G.

pen), then V(G) = F(G) and X% = Xg-

is a continuous RSG-morphism. The diagram 7g *
Note that if G is a discrete RSG (all points are 0

i i eoeding construction are describe helow:
The main properties of the preceding construction are described b

Theorem 1.21 ([15], [16]) Let G, G be topological RSGS.
a) The set nc|G| s @ dense subset of P(G).

oo e [
4Generalizing the construction m Remark 1.4 in (12]

7



b) If G is a profinite RSG, then ng : G — P(G) is a RSG,s-isomorphism.

¢) If P is a profinite reduced special group and h : G — P is a continuous RSG-morphism, then

there is a unique RSGy¢-morphism, ho P(G) — P making the triangle below commutative.
In particular, if [ : G — G' is continuous RSG-morphism, there is a unique continuous RSG-
morphism, P(f) : P(G) — P(G'), making the square below commutative.

G G iy P

e P(C)
N / f P(f)
g G’

! Ulel PG )

d) The association (G —» G — (P(G) 4| P(G")), is a functor, RSG'? L5 RSGyy,

the Profinite Hull Functor, left adjoint to the inclusion, + : RSGpy —> RSG!P. Moreover,
the natural transformation {(G % P(G)) : G € Obj(RSG)} is the unit of this adjunction. U

From the universal property in the Theorem 1.21 .(¢) above, we obtain:

Corollary 1.22 Let G be a topological RSG. Then:

: , ¢ ; ; T ;
al n&l X%(Gf—) X&, given by 0 ¥$ o ong is an well defined continuous bijection.

b) We have well defined increasing and inverse maps:

* ug: (V(G),C)— (V(P(G)),9): A ug(A) = ker(p,);

* dg : (V(P(G)),S)— (V(G),C): & dg(A) = ker(Py 0 ng).

Moreover, for each A € V(G) we have well defined inverse RSG y,-isomorphisms:
* (n6)a 1 G/A— P(G)/uc(B) : g/A = na(g)/uc(d),

* Pa i P(G) ug(D)— G/A : §lug(A) — pa(8).

1.23 Recall that the stability indez of a RSG, G, is stab(G) = sup{k € N:3A € F(G), G/A.is,
a fan and dmeQ(G/A) =k + 1} € NU oo; in particular, G is (the RSG associated to) a BA 1
stab(G) < 15,

It follovls directly from the paragr/z\a,ph/above Theorem 2.5 in [12] that if G is a profinite RSG,
then stab(G) = sup{k € N:3¥ € V(G), G/% is a fan and dimy, (G/D) =k + 1. 2

O

The result below provides a (very useful) characterization of the spaces of orderings of a profinite
RSGs with finite stability index.

Theorem 1.24 (Theorem 3.2 in [12]) Let G = (Gi, (fij)i<jer) be a cofiltered system of ﬁm’i’e
RSGs over the downward directed poset (I,<) and let the profinite RSG (G, (m;)ier ) = Lm G
| v > 1€ —

Then, the following are equivalent:

(1) stab(G) < oo,

(2) XE = {0 € SG(G,Zy) : o is continuous} =°J,, /[ Xeg,] is a discrete subspace 0{ {’h’;’
(Boolean) space X and the inclusion ig: X5 = Xg is canonically identified with the Stone-C € h
compactification embedding SCp = X & BXS)T. SRR ;

®See section 3.4 in [20].

®By Theorem 1.5 in [12].

e, ifig /J(X;) + X is the unique continuous function such that 14 08C,
phism. '

. ool
. g i 1 s is a homeotn
& =1a, thenis is a b



'1.25 The Bgolean an‘d Profinite hulls and local-global principles. Local-global principles
in the al gebral(.; t;heory of quadratic forms were developed, initially, in the context of fields: Pfister’s
(')ca‘l—global principle, a generalization of Sylvester’s inertia law for the real field, appeared in the
sixties. It was generalized to special groups in [5].
Equivalent renderings of Pfister’s local-global principle in the theory of RSGs are, where G is
a any reduced special group:
(1) Usual description (Theorem 2.30 in [5]): f
p=c¥ & foralloeXg oxyp =g, 0* P.

forms ¢, ¥ of the same dimension over G

or all forms ¢, ¥ of the the same dimension over G,

(2) (Proposition 3.7 in [5]): for all
p=g% <« foreachd € X(G), ¢/ =¢/» ¥/E

(3) The diagonal arrow

i% .G — H)JGX(G)G/}'J, given by g (g/ : & e X(G))

is a complete embedding.
EQ . §
G =8 Bg, is a complete embedding.

(4) (Corollary 5.4 in [5]) : The canonical SG-morphism,

There is a formulation of (3) for quotients that will be useful below. If &g & A, are saturated
S}ll)gl'()l.ll)s of G, we have the usual “double quotient Theorem” for RSQs: (G/00)/(A1/D0) =
G/A,. Hence, if A € F(G), we get a natural bijection of finite Boolean spaces

X(G/A) = Xal@) = {£€ X(G):AC X}
(5) By (3) and the “double quotient Theorem” the SG-morphism
af 1+ Gl —= [Tsexa© G/%, given by g/A — (g/x : L€ Xa(G))

is a complete embedding.

lishes a local-global principle, stronger than Pfister’s, and also related

In [19], M. Marshall estab
o-formulas, namely:

t0 a certain class of positive-existential Ls

corem: If G is a RSG and @ is a form over G, then
For all A € F(G), p/Ais isotropic over G/A.
ve that the profinite hull functor, as a functor RSG = RSGgs <
RSG!? — RSG,;, also encodes a general local-global principle® : the reflection of subforms.
Recall that if ¥ and ¥ are forms over SG G, we say that ¥ is a subform of P, written ¥ =¢
O

7/’> if there is a form @ over @ such that V=g @b

Marshall’s Isotropy Th
¢ is isotropic over G <
In [17], we pro considered

Theorem 1.26 ([17)) Let G be a RSG.
), the following are equivalent:

(2) For all A € F(G), ©/A =g/ YA
“diagonal” SG-morphism, i G~ I1(G),

a/) 14‘07- (3(1,/,'/]: (;—‘/.()7'7”5 90; L
(1) ¥ =<c¥

- (3) Let TI(G) = [aere)

qrven, /)1/ q [ (‘(]/A)A(f((})) ”LC'N,

G/A and consider the

5([; * W;ﬁ<11(<;')(5{; *xP .

i} — PT), preserves s
ling of RSGSs.

b) The canonical S( L-morphism, Mg wnd reflects subforms. In p(w"l,zculag,
flects isotropy an i
- -
shall’s isotropy theorem; see also the Remark 1.4 in [JZ].

it preserves and T€, {15 a complete embedc

8In fact, equivalent to Mar



2 Profinite Boolean algebras and the Boolean Hull of a
Profinite Reduced Special Group

In this section we show that the Boolean hull of a profinite RSG is a Boolean subalgebra of a
profinite BA. We begin by recalling basic properties of profinite Boolean algebras.

2.1 Let BAcomyp be the category of complete Boolean algebras (cBA) and complete BA—morphismSg‘
It is clear that if {B; : 4 € I} is a family of cBAs and B := [Lic; B: is the product BA, then B
is a ¢cBA and the coordinate projections, ;, are complete BA-morphisms. It is straightforward to
check that this remains true for general projective limits instead of products'®. Since the category
BApiy of finite BAs and BA-morphisms is a full subcategory of BA ompi, profinite Boolean algebras
are complete. O

Some of the basic properties of the well-known class of profinite Boolean algebras are collected
in the following

Fact 2.2 a) If B is a Boolean algebra, then the following are equivalent:

(1) B is the underlying BA of an object of BAg.,, the category
of all topological BA endowed with a Boolean topology and
continuous BA-homomorphims.

(2) B is profinite.

(3) Stone(B) is an extremally disconnected Boolean space and
Stone(B)*° := {U € Stone(B) : U is an isolated point of
Stone(B)} is a dense subset of Stone(B).
(4) The inclusion Stone(B)”o < Stone(B) is canonically iden-
tified with the Stone-C'ech compactification Stone(B)™° »
B(Stone(B)*°).
(5) B is a complete atomic BA.
(6) B is isomorphic to the Boolean algebra, P(Y), for some set Y.
b) The contravariant powerset functor P : Set—s; BApoa is a duality of categories with quast

inverse the functor (A el B) € BAp,y (Stone(A) " el Stone(B)®) € Set, where
Stone(B)® := {U € Stone(B) : U is a clopen subset of B)} .

2.3 Construction. Let (I, <) be a downward directed posetand G = (Gj; f;;) bea cofiltered

system of RSGs and SG-morphisms over I. Applying the Boolean hull functor to this diagram™
we obtain a cofiltered system of BAs over I,

B = (Bg; B(fy)).
Moreover, if G is a diagram in RSG iy, then B is a diagram in BAfin: if G; is a finite RSG, the
space of orders Xg, is finite (X¢, C Z,%) and Bg, , the BA of clopens of Xg,, is a finite BA, 1 € I

. : ~ € v . . y
Since the Qollectlon {G =% Bs;:Gisa RSG} is a natural transformation from Idgsc int0 B,
the collection € = {eg, : i € I} is a morphism of cofiltered systems

9 " " daiias i  aré
‘J.e., that preserves all joins and all meets (by the de Morgan law, meet and join preservation in BAs &
equivalent).
107, £, fis g 5 B ; ;
In fact, this works even in the category of complete lattices and complete morphisms.
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e:G— B

such that eg, is a complete embedding (i € I ). Let
(G,g;) = lim¢G and (B,B;) = limB.

By items (a) and (b) in Theorem 1.18, é\i is a RSG and the inclusion SG-morphism
| ¢ 1 G — G =]l Gi
is a SG-section, whence a complete embedding. By 2.1 and
the BA-morphisms f3; preserve arbitrary meets and joins.
SG-morphism of profinite RSGs

2.2, B is a complete atomic BA and
We thus obtain a unique continuous

(e) e = lime : lmg — lmB . .

B —7 Bg
such that the square above commutes, for each i € I.

Theorem 2.4 With notation as in 2.3,
a) The (continuous) SG-morphism € - G — B is a complete embedding.

b) The induced BA-morphisme : Bg — B
between the Boolean hull of G, Bg, and the Boo
. G — G, is surjective} 18 cotnitial m
dez of G 1is finite.

(1.11.(c)) 1s ingective and establishes a BA-isomorphism

lean subalgebra of B generated by e[G].
f) Suppose that the set I° = {iel:y (I,<). Then
€: By — B is a BA-isomorphism iff the stability in O

3 The Profinite Hull Functor on the category of Boolean

algebras

ed to a characterization of the action of Profinite Hull functor

12, [ particular, for each Boolean algebra B: (i) the profinite
isomorphic, as profinite BAs, to the BA of parts of the Stone
1, the embedding 7p B — P(B) is (naturally) identified
king B to the standard base of its Stone space. The reader

le in 1.9.

This section is essentially devot
on the category of Boolean algebras
BA, P(B), is shown to be (naturally)
space of B; (ii) under this isomorphist
with the well-known BA-embedding ta
should keep in mind the correspondence tab

Remark 3.1 In [3] Theorem 92.11.(2) and first paragraph of section 3 (or Corollary 3.3 in [4]) it
18 shown that P(B) is isomorphic to P(Stone(B)); however, there is lack of an gxphmt char'ac—
terization of the profinite hull functor’s action on BA-morplnsm§ and of the canpmca}‘ embec,i’dmg
of a BA into its profinite hull'®. Although this functorial behavior can be described “dually”, by
a appropriate combination of Corollary 22.(a), Theorem 1.94 and the universal property of the
\\—A‘__’.,——/ ) .

"E.g., by 1.21.(b), any profinite RSG can be described as t m of finite RSGs such
th*{t all the projections are surjective and regular (“‘/C 18(0)) A

"2 hig geems to be carried out for the first time in T h.eorcm 6.16 in e

" The emphasis in [2], [3] and [4] is on Jattice theoreplcal‘ aspects émfl i l
and profinite completions of Heyting algebras and distributive lattices in generas

he projective limit of a syste

[14] (in Portuguese).

esults are obtained on the profinite
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4 Some Applications

In this section we explore the interaction between the Boolean hull and the profinite hull of
RSGs, providing a natural transformation BoP — Po B and show that the profinite hull functor
preserves complete embeddings.

4.1 Let f: G — G’ be a SG-morphism. Since 7g is a SG-morphism that reflects subforms
and ne o f = P(f) o ng, it is straightforward that if P(f) is a complete embedding, a Lsc-
monomorphism, reflects isotropy, or reflects subforms then the same is true of f.

On the other hand, the proof that P(f) is a complete embedding iff f is a complete embedding
requires considerably more work. O

If f: G — G is acomplete embedding and A € F(G), then, in general, we cannot ensure
that f.(A) € F(G"). However, by Theorem 1.13.(b), this property is satisfied when G = Bg and
f = €¢. This fact is essential in the:

Proposition 4.2 For any reduced special group, G, the continuous SG-morphism P(eg) P(G)
— P(Bg) is canonically identified with the limit morphism

= Ji i G/A— i B 2.3).
_ EAE}_(G)Q;/A EAE}"(G) / EAe}'(G) G/A( )

O

In particular, P(eg) a complete embedding.

Theorem 4.3 a) Let G be a RSG and let, P(eg) : Bpgy — P(Bg) be the unique BA-morphism

such that Pleg)oepy = Pleg) (1.11.(c)). Then, P(eg) is injective and the Boolean hull of P(G),
Bp(), is isomorphic to the Boolean subalgebra of P(Bg) generated by P(eq)[P(G)).

b) The family of (injective) BA-morphisms {P(eg) : G € Obj(RSG)} is a natural transformation
BoP — PoB, e, for each f : G — G, the diagram below commutes:

Plec)
P(@ PB(G)
P(f) BP(f) PB(f)
P2, p (G’)@» PB(CY)
Plec)

¢) RSGyfin = {G € Obj(RSG) : stab(G) < oo} defines the largest full subcategory of RSG
where B and P “commute”, i.e., for each G € Obj(RSG), the following are equivalent:

(1) P(eg) : Bpigy — P(Bg) is a SG-isomorphism,;
(2) stab(G) < oo. 8

O

Theorem 4.4 The functor P preserves complete embeddings.
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5 Final remarks

eneral, the functor P does not pre-

We provide here some counterexamples showing that, in g
an elementary embedding. We also

serve i.nﬁnitary products and that the natural map 7¢ is not
establish a sharpening of Proposition 1.6 in the Boolean algebra setting.

the functor P : RSG— RS Gy preserves finite products.

owever, in general, it does not preserves infinite products. There is a simple counter-example

using the characterization of the profinite hull of BAs in section 3. If B is a BA, the profinite
hull g : B » P(B) is isomorphic to 05 : B — oXB) If B=[[;en2= oN g result due to A.
(2XB)) = 92*". but note

Tarski guarantees that card(X(B)) = 2% and card(P([L;en 2)) = card
that card([ [,y (P(2))) = card([Tien 2) = 2% ‘ O

1.96 we saw that if G is a RSG, the map 7 G — P(G) reflects
subforms; and, in Theorem 3.4.(f) we saw that if G is a BA, then 7ng is a pure embedding.
However, in general, 1 18 not an elementary embedding; moreover, G and P(G) might not even
b(? elementarily equivalent. To see this, we once again use the characterization of the profinite hull
of BAs in section 3. Let B be any infinite BA without atoms; then, 9X(B) is an infinite, complete
atomic BA and, since the existence of atoms is first-order expressible, it is clear that B and P(B)
are not elementary equivalent. In particular, 7 cannot be an elementary embedding. Since the
91‘der relation in a BA, <, can be described by a Lgo-formula (z <y i (z,0y)= (1,y)), there
is a corresponding Lsg-sentence expressing the existence of atoms, showing that B and P(B) are

not elementary equivalent as reduced special groups. a

Remark 5.1 By a Proposition in (18],

Remark 5.2 In Theorem

that, for each RSG @G, we have a (alois connection:

Psin(X(G)) & F(G)
« A F(G)— XalG) € Psin(X(G));

In Proposition 1.6.(d) we saw

x S €Pun(X(G) NS E F(G);

such that

v YA € F(G) (& =NXaG));

When we are restricted to the Boolean a

« V5 € Pfin(X(G)) ( SCXns(G) ).
lgebra setting we have a stronger result:
Proposition 5.3 For each RSG G the following are equivalent:

(1) G isa BA;
(2) The Galots connection Prin(X(G)) & F(G) is a duality, i€, it O
en by inverse decreasing bijections.

s g
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