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Abstract 

This work is a development of some logical-categorical aspects of the theory of Special 
Groups ~ a first order axíomatization of the algebraic theory of quadratic forms. We discuss 
the interaction between two functors defined on reduced special groups (RSG): the Boolean 
Hull Functor ([5], [6], [7], [8], [14]) and the Profinite Hull Functor ([14], [16], [17], [18]). 
Both functors are left adjoints to certain inclusion functors and encode local-global principles 
related to classes of positíve-existential formulas. We clescribe the Boolean hull of a profinite 
RSG as a certain Boolean subalgebra of a profinite Boolean algebra (BA); prove that the 
Profinite hull functor preserves stabilíty inclex; iclentify the restriction of the Profinite hull 
functor to the subcategory BA '-> RSG; study the interaction between these hulls (in 
particular, when they "commute") and apply it to prove that the Profinite hull functor 

preserves and reflects complete embeddings. 
Key words: Algebraic Theory of Quadratic Forme, Special Groups, Profinite Groups, Boolean 
Hull, Profinite Hull, Subform Refiection Property, Fure Embeddings, Local-Global Principie 

The following is a summary of the results presented at the Séminaire de Structures Algébriques 
Ürdonnés of the Équipe de Logique of the University of Paris VII, in February, 2012. Proofs will 

appear elsewhere (the Logic Journal of the IGPL). 

1 Preliminaries 
l. 1 S p ceia I Grou ps. We recall the defini ti ons and resul ts on spccial gro ups needed i n thc sequei, 

all set down and proven in [5], [12] or [14]. 
Spccial Groups (SGs) are a first-order a.xiomatization of the Algcbrak Theory o! Quadratic 

Forrns. The snitable first-order languagc, Lsc, contain.s two symbols for constants (1 and -1), 
one symbol for bina.ry operation (multíplication) and one symbol for quatcrnary relation (se, thc 
Isomctry between quadratic forros of dimension 2); the axiorns for special groups are sentences 
of thc fo rm \/ X ( ,Po ( X) --, ,p

1 
(X)), wh crc ,Po (X), ,P, ( X) are posi ti ve-existcntial L sa- formulas ( scc 

Defmition 1.2 in [5]). Many concepts in the theory of SGs can be describcd by positíve-exístential Lsc-formula.s 
Examples include th isometry between n-forms, the not1on of 1sotroprc form aud the relatron of 

a form being a subform of a.nother. 
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_The SG-morp~isms are the Lsc-morphisms of their underlyin~ Lsc-structures. If f : G a)) 
H 1s a SG-morph1sm and cp = ( a1, ... , an) 1s a n-form over G, wnte f * ip = ( /(a1),. · ·, /( n 
for the /-image form over H. Some special kinds of Lsc-monomorphisms appear naturally: 
(i) complete embeddings, i.e., the SG-morphisms that preserve and reflect isometry of n-fonns, n 
> 1· 
0i) SG-morphisms that preserve and reflect isotropy; ( ii)' SG-morphisms that preserve Witt iD<lex; 
(ii)" SG-morphisms that preserve and reflect subforms; t 
(iii) Elementary (resp., pure) SG-morphisms, i.e., those Lsc-morphisms that preserve and reflec 
arbitrary (resp., positive-existential) _Lsc-form~las; . . ~ G, 
(iv) Lsc-sect10ns, 1.e., the SG-morph1sms, G------+ H, such that there 1s a SG-morph1sm, H 
satisfying r o s = Ide. 

The notions of monomorphisms ( i), ( ii), ( iii), ( iv) are pairwise different. By Proposition 3 in 
[17] and the Witt cancellation law, the notions (ii), (ii)', (ii)'' coincide. 

The most useful notion of SG-epimorphism is that of the projection of a reduced special group 
(RSG) on a quótient by a saturated subgroup; the (proper) saturated subgroups classify the congru­ 
ences on a RSG whose associated quotient is a RSG. If G is a RSG and r, is a saturated subgrouP 

) 
. f1 of G, write Pt: : G ------+ G /"f, for the canonical SG-quotient morphism. If cp = ( a1, ... , a-. 18 e 

n-form over G, whenever convenient, we write cp /r, = ( aijI;, ... , an/I;) = Pt: * 'P for the irnab 
form over G /I;. 

From Corollary 2.29 and Theorem 2.11 in [5], we obtain: 

Proposition 1.2 Let G be a special group and let 6. be a subgroup of G. 

a) The proper saturated subgroups of G are, precisely, the kernels of SG-morphisms from G into 
some reduced special group. 

b) The proper maximal saturated subgroups of G are precisely the kernels of the SG-characters of 
G, i. e. the kernels of the elements of 

Xc = Hornsc(G, Z2), 
the space of orderings of G. Moreover, this association is bijective. 

, c) (Separation Theorem) Let 6. sat be the least saturated subgroup of G containing 6., then 6.sat ~ 
íl {ker ü : ü E Xc and 6. Ç ker ü}. 

1. 3 A ( non first-order) abstract presentation of the algebraic theory of quadratic forms is given 
b M M ·h 11' · t· f · . . · [20]. In y . urray ars a s not10n o space o orderings. The central reference on th1s subJect 1s 
Chapter 3 of [5] it is shown that there is a duality between the category of reduced special grou~ 
and the category of spaces of orderings. 

The following technical result is known by the quadratic form community for groups of exponen; 
two ( cf. Lemma 3.17, p. 55, in [5]); a proof in the context of special groups is given in Lemrna 6· 
in [14]. · 

Proposition 1.4 Let G be a RSG and let r be a proper saturated subgroup of G. If r ;~: 
codimension rn in G - i. e., dirnIB·2 ( G /r) = rn - , then there is a linearly independent su O { T1, ... ,T m} Ç Xc = H ornsc( G, Z2) , such that I7 = n~:l ker Tk. 

ln all that follows, write 
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{ 
lP(U) := { V : V ç U} 

lP fin(U) := {V E JP(U) : V is finite }. 

1.5. If G is a SG, Ssat(G) is the set of saturated subgroups of G, X(G) is the set of propet 
"!6aximal saturated subgroups of G and F( G) is the set of saturated subgroups of G of .finite index 
mG. o 

Proposition 1.6 (Proposition 4.15 in [14]) Let G be a RSG. Consider the mappings: 
(i) lP(X(G))-+ Ssat(G) given by S H íl S; 
(ii) Ssat(G) -+ JP(X(G)) given by 6 H X6(G) :={~E X(G): 6Ç~}. 

a) The functions above are decreasing and define a contravariant Galais connection, i. e., for each 
6 E Ssat(G) and SE JP(X(G)) we have 

6 ç íl 5 <=? S Ç X 6 ( G). 

ln particular, S ç Xns(G). 
b) Por each 6 E Ssat(G), 6 = íl X6(G). 
e) F(G) is a filter in Ssat(G), bóng the closure under finite intersections of X(G) in Ssat(G). 
ln particular, F(G) is the filter generated by X(G) in Ssat(G) and ( F(G), Ç) is a downward 
directed posei. 
d) The contravariant Galais connection in (a), (lP(X(G)), Ç) ;::::: (Ssat(G), Ç) restricts to a Galais 
connection: (]Pfin(X(G)), Ç);::::: (F(G), Ç). D 

Definition 1. 7 (Definition 4.1 in [14]) (The induced adjunction) Lei f : G --+ G' be a mor­ 
phism in the category RSG. We define 

j* : Ssat(G) --+ Ssat(G') and f* : Ssat(G') --+ Ssat(G), 

given, for 6 E Ssat(G) and 6' E Ssat(G'), by 

{ 

J. *(6) = (J[6])8ªt; 
f*(6') = r-1 [6'l. 

f* is the (saturated) direct image of f and f* the (saturated) inverse image of f. D 

Proposition 1.8 (Proposition 4.2 in [14]) Let G -1.+ a ~ G" RSG-morphisms. 
a) j* and J* are increasing functions, constztuting an a.djoint peir, i. e. 1 for each 6 E 5 sat( G) and 

6,.' E Ssat(G'), 
!*(6) Ç 6' <=? 6 Ç f*(6'). 

ln particular, 6 ç J*(j.(6)) and f.(1*(6')) C 6'. 
b) ( ) (2) (g o f)* = J* o g*; 1 (g o !). = g* o f*; 

(3) (Ide)* = Idssat(e) = (Ide) •. 
e) The following conditions are equivalent: 

( l) J is a complele embedding; 
(2) For any 6 SsaL(G), 6 = f*(j.(6)). 

d) lf J is surjectioe and 6' E Ssat(G'), then f*(f*(6')) = 
61

· 
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e) lf f is regular surjective1, then for all 6. E Ssat(G) 
ker f Ç 6. =* !*(6.) = ![6.] and J*(f*(6.)) = 6.. o 

1.9 Boolean Algebras as Special Groups. ln Chapters 4, 5 and 7 in [5] there is an extensive 
analysis of the interaction between Boolean algebras and special groups. ln particular, the Boolean 
hull functor and its properties are an essential tool in the solutions of many questions in quadratic 
form theory (see [6], [7], [8]). We provide here just the definitions and the results needed below; 
all this material was developed in the references above and in [14]. 

Let ( B, V,/\, __L, T) be a Boolean algebra (BA). Then ( B, 6, __L) is a group of exponent 2 and 
( B, 6, /\, __L, T) is a Boolean unitary ring. 

For each a, b, e, d E B, define 

[=B] ( a, b) =B ( e, d) <=;> a /\ b = e /\ d and a V b = e V d. 

By Corollary 4.4.(b) in [5], ( ( B, 6, __L ), =B, T) is RSG, where 1 := __L, - 1 := T. 

The following table describes the correspondence between BA concepts and SG concepts: 

Special groups Boolean algebras 
6 

1 __L 

-1 T 
a E Dc(l, b) a:::; b 

Saturated subgroup Ideal 
SG-morphism BA-morphism 

Lsc-pure embedding LBKpure embedding 

Let BA be the category of Boolean algebras and BA-morphisms. We have a functor, 'Y : 
BA --+ RSG, identifying BA with a [ull subcategory of RSG, justifying its frequent omission 
from the notation. O 

1.10 The Boolean hull of RSGs. Let G be a reduced special group, Xc = Homsc(G, 'l2) oe 
its space of orders and let Bc := B(Xc) be BA of clopen subsets of X0. The map Ec : G--+ Bc, 
given by 

Ec(a) = [a = - 1] = { CT E Xc : CT(a) = - 1} = [-a = l], 

is a RSG-embedding and the diagram C ~ Bc is the Boolean hull of G. Moreover, if G --1--+ G' 
is a RSG-morphism, let Xc X(f) Xc, be the induced continuous map. Now let Bc B(f_J Bc1 be 
the BA-morphism dual to X(!), given by B(f)(U) := X(J)-1[U], UE B(Xc). O 

The main properties of the above construction are described in the following 

Theorem 1.11 (Chapter 4, [5]) Lei G be a RSG. 

a) The set Ec[G] generates the BA Bc, i.e., for each u E Bc, there is a finite Jamily {F1, .. ·, Fn} 
of finite subsets of G such that 

u = U~1 ílaa, Ec(a). 
b) If G is a BA, then Ec: G --+ Bc is a FlSG-isomorphism. 

1 
I.e., f is the composition of an isomorphism with a quotient by a saturated subgroup. 
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e) If Bis a BA and h: G--+ B is a SG-morphism, there is a unique BA-morphism h : B --+ B 
such that the triangle below is commutative: ' e ' 

G Ec Bc 

\t 
B 

G Ec Bc 

f l B(J) 

G' eo G' 

d) The map (G ~ G') 1-t (Bc B(f~ B0, ), is a covariant functor, B : RSG --+ BA, the 

Boolean Hull Functor. 
e) Thefamily {(G Ec't Bc): G E Obj(RSG)} is a natural transformation, E: IdRsG--+ ,oB, 
i.e., the square obove is commutative, for all RSG-morphism f: G--+ G'. 
f) The Boolean hull functor is left adJoint to tlie "inclusion" functor 1 : BA --+ RSG and the 
natural transformation E : IdRsG --+ 1 o B is ihe unit of this adjunction. O 

Remark 1.12 Since the "inclusion", 1 : BA --+ RSG is a right adjoint it preserves all limits. 
Herice, when we consider limits of BAs, we need not specify the limit as a BA or a RSG. O 

It is shown in Theorem 5.16 (p. 86) of [5], that the operations of taking Boolean hull and 
quotients of RSGs "commute"; the following result, proved in Proposition 6.10 and Fact 6.21 of 

[14], is a refinement of the former: 
Theorem 1.13 Lei G be a RSG

1 
lei €e : G --+ Bc be its Boolean hull and let ( ea.. Ec) be the 

induced dual pair as in Definition l. 7. 

a) If 6 E Ssat(G), then 
Ec*(6) = {b E Bc: =3 {x1, ... ,xn} Ç 6 such that b S U7=1 Ec(xi)}, 

i.e., cc*(6) is the ideal of Bc generated by cc[l1]. 
b) Given {a

1
, ... ,an} Ç Xc let {clj: 1 S j S n} Ç Xsa be the set of extensions, as in Theorem 

1.11.(c). lf 6 = n;=l kerai,then 
éG*(f1) = n;=l ker üi· 

e) If I is an ideal of finite mdex in Bc and 6 :- eG(I), then by Propositwn 1.8 (e} Ec,(6) - I 
and there is a unique BA-morphism, B(p6) : B0/I --+ Bc;ti., making the following diagram 

commutative. 

G 

Pó l 
G/6-- Ec/ti. --------- . 

M oreover B (p") is a B A-i som orplusm wcth inverse ( e e) 1 : Bc I" - -> Bc / l, the "extenswn" o f 
the {mduced on quotien ts) RS G-morphism ( E e) r : G / 6 ~' Bc/ l, gwen by g / 6 H Ec (g) /1 
d) The dual pair ( ec,, cê) establish increasing correspondences between F( G) and F( Bc) thal o 

Ec B PI --'---.- G _....e-- _ _... Bc/I 

G/6 

are inverse bijectzons. 
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Remark 1.14 In Proposition 4.15. (b) in [5] it is shown that the dual pair ( cc., cê) yields inverse 
bijections between X(G) and X(B0); note that Theorem 1.13.(d) improves this result. On the 
other hand, by Proposition 7.28 in [5], cc* and cê establish inverses bijective correspondences 
between Ssat(G) and Ssat(Bc) iff G is a BA. D 

1.15 Profinite Special Groups. Profinite RSGs appeared (in the dual setting of orderings 
spaces) in [12]; after they have been studied in [13]; [15] and [16] describe logical-categorical 
properties of profinite structures and the profinite hull functor in a general setting; [14], [17] and 
[18] describe properties and applications of the notions of being profinite and of the profinite 
hull in the context of special groups, while [ 1] establishes a representation of profinite RSGs by 
Pythagorean fields. As above, we register the definitions and the results needed in what follows; 
all this material is established in the aforementioned references. 

Definition 1.16 Let L be a first-order language and let L-str be the category of L-structures and 
L-morphisms. 

a) An L-formula is geometrical if it is ihe negation of an atomic formula ar logically equivalent 
to otie of the form \/ x(({J(x, TJ) ----+ 1P(x, y)), where ({), <P are positive-existential L-formulas An 
L-theory is geometrical if it can be axiomatized by geometric sentences. 
a) A downward directed poset is a poset ( I, :S:) that is non-empty and such ihoi, for each i, j E J, 
there is k E I with k :S: i,j. 

b) A cofiltered system of L-structures is a functor ( ar diagram), D, [tom a downward directed 
poset ( I, :S:) into the category Ir-sir. 

e) An L-structure is profinite if it is L-isomorphic to the limit, in ihe category L-str, of a cofiltered 
system of finite L-structures. O 

1.17 Notation. We assume the reader is familiar with limits of cofiltered systems and set 
down notation to be used hereafter. Let ( 1, ~) be a downward directed poset and let M ~ 
( Mi; {fij : i :s: j}) be a cofiltered system of L-structures over I. Let M = niEl Mi be the 
product L-structure and, for each i E I, let qi : M ----+ M, be the corresponding coordinate 
projection. 

The limit of M is a pair P = ( P; { Pi : iE I}), where P is a L-structure and Pi : P --êt 
Mi are L-morphisms satisfying a well-known universal property. Moreover, there is a natural 
L-monomorphism, 

lp: P----+ M, given by lp(x) = (Pi(x) )iEI' 
such that for all i and all i ~ j in I: 

and 

Whenever P is clear from context, we write l in place of lp. The limit p may (and often is) 
identified with the closerf L-substructure l[P] of M given by: 

(*) l[P] = {(ai:iE/)ElVl:\/i:S:jinI, fiJ(ai)=aJ}- 

Witb this identification, the L-morphism pi is the restriction to l[P] of the projection 1ri, i E J. O 

A very useful characterization of profinite SGs comes from the following general resuit in [15]3: 
2
1.e. l[P] is a closed subset of niEI Mi endowed wíth the prod'Uct (Boolean) topology 

3
Generalizing to the category L - str Lemma 4.4 in [12], stated for spaces of orderings. 
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Theorem 1.18 ([15]) Lei L be a first-orde: language. 
a) Profinite L-structures are tetraeis of ultraproducts of finite L-structures. More precisely, if P 
is the limit of a cofiltered system M = (Mi, {fij : i<S, j E I}) of finite L-structures over the 
downward directed poset ( I, <;,), there is an ultrafilter U ouer I together with L-morphisms, 

i IT º 'tu p --+ iEI Mi --'--1 íliET Mi/U --+ p 
such that --yu o q o i = I dp, where i is the canonical embedding of P into the product of the Mi 
( cf. 1.17) and q is the natural quotient morptiistvi. 
b) If T is a geometrical L-theory, then Mod(T), the Jull subcategory of L-str consisting of models 
of T, is closed under profinite limits. D 

1.19 It is natural to consider the category RSGtop of all topological RSGs (i.e., the product op­ 
eration is continuous) and continuous SG-morphisms. RSGdis, the full subcategory of all discrete 
topological RSGs, is clearly isomorphic to RSG. We will denote RSG fin the full subcategory 
of nsc= of all finite and discrete topological RSGs and RSGpf denotes the full subcategory of 
RSGtop of all profinite topological RSGs. RSG fin is a full subcategory of RSGpf that is isornor- 
phic to a full subcategory of RSG. 

If G is a topological RSG we will denote Xé := {ü E SG(G,Z2) : O" is continuous}, where 
Z2 E Obj(RSG fin), i.e. it is a finite and discrete topological RSG. D 

1.20 The Profinite Hull of a Topological RSG. 4 Let G be a topological RSG. Since 
(F(G), Ç) is a filter in (Ssat(G), Ç) (Proposition 1.6.(c)), it is a downward directed poset and 

hence 
V(G) := {6 E F(C): the RSGtºP-quotient G/6 is (finite and) discrete} 

is a downward directed poset; furthermore, we have an obvious diagram: 

(6 Ç r) E V(G) (G/6 

where q
6
r is the unique SG-morphism such that: 

(G ~ G/6 ~ c/r) 

qt,r 
--» G/r) E RSGJin, 

( G J!!:+ G /f) 

where p
6
, Pr are the canonical SG-quotient morphisms. 

We now define: P(G) := lim G/6 and p6: P(C)--+ C/6 as the continuous coordinate 
f-- 

6EV(G) 
projection. For I: E Ssat(P(G)), we denote Pr;: P(G)--+ P(G)/I:, the canonical SG-quotient. 

Clearly, P( G) is a profinite RSG. The map 
7/C: C--+ P(G), given by T)c(g) = (g/6)t::.EV(G), 

is a continuous RSC-morphism. The diagra.m 7/c : G--+ P(G) is the profinite hull of G. 
NoLe that if G is a di:screte RSG (all points are open), then V(G) = F(G) and Xé = Xc- D 

The main properties of the preceding construction are described below: 

Theorem 1.21 ([15], [16]) Let G, G' be topological RSGs. 

a) The set 71c[G) is a dense su,bset of P( G). 

4Generalizing the construction in Remark 14 in [12]. 
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b) Jf G is a profinite RSG, then ito : G ----t P(G) is a RSGP1-isomorphism. 
c) If P is a profinite reduced special group and h : G ----t P is a continuous RSG-morphism, then 
there is a unique RSGP1-morphism, h : P(G) -t P making ihe triangle below commutative. 
ln particular, if f : G ----t G1 is continuous RSG-morphism, there is a unique continuous RSG­ 
morphism, P(f) : P( G) ----t P( G')i making ihe square below commutative. 

G __ r;_c_ P(G) 

\f p 

d) The association (G _L, G1) H (P(G) PU; P(G1))
1 
is a functor, RSGtop ~ RSGpt, 

the Profinite Hull Functor, left adjoin: to the iticlusion; i : RSGP! ----t RSGtºP. Moreover, 
the natural transformation { ( G ~ P( G)) : G E Obj (RSG)} is the unit of this adjunction. O 

From the universal property in the Theorem 1.21. (e) above, we obtain: 

Corollary 1.22 Let G be a topological RSG. Then: 
a) TJÔÍ : XP(c)----t X0, given by a~ a o r;ê is an well defined continuous bijection. 

b) We have well defined increasing and inver-se maps: 
* uc: (V(G), Ç)----t (V(P(G)), Ç): 6 H uc(L:.) = ker(p6); 
* de: (V(P(G)), Ç)----t (V(G), Ç): I: H dc(L:.) = ker(PI: o r;0). 
Moreouer, for each L:. E V(G) we have well defined itiuerse RSGfin-isomorphisms: 
* (r;c)e,: G/6----t P(G)/uc(L:.): g/L:. H TJc(g)/uc(L:.)i­ 
* p 6 : P ( G) / uc ( 6) ----t G / L:. : s / uc ( 6) H p 6 ( s) . 

1.23 Recall that the stability index of a RSG1 G, is stab( G) = sup{ k E N : 36 E :F( G), G / tsis 
a fan and dim[!2(G/ L:.) = k + 1} EN U oo; in particular, G is (the RSG associated to) a BA íff 
stab(G):s;l5. 

It follows directly from the paragraph above Theorem 2.5 in [12] that if ê is a profinite RSG, 
then stab(Ô) = sup{k EN: 3I: E V(Ô), Ô/I: is a fan and dimw

2
(Ô/I:) = k + 1}. O 

o 

The result below provides a ( very useful) characterization of the spaces of orderings of a profinite 
RSGs with finite stability índex. 

Theorem 1.24 (Theorem 3.2 in [12]) Let Ç} = ( Gi, (fiJ)i:s_JEI) be a cofiltered system of finite 
RSGs ouer the downward directed poset ( I,::::;) and let the profinite RSG ( ê, (ni)iEI) = lfrn Ç. 
Then1 the following are equivalent: 

(1) stab(Ô) < OO/ 
(2) X6 := { a E SG( ê, Z2) : a is continuous} =6LJiEJ 1r;f XcJ is a discrete subspace o~ the 

(Boolean) space Xê and the inclusion iê : x6 Y x6 is canonically identified with the Stone-Cech 
compactification embedding 8Câ : X6 >-> f3(X6)7. [] 

5See section 3.4 in [20]. 
6By Theorem 1.5 in [12]. 
7
1.e, if Íê: /3(X6) ----+ Xê is tbe urrique continuous function such that iê o SCê = iê, then Íc is a homeornor­ 

phism. 
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. L25 The B~olean and Profinite hulls and local-global principies. Local-global principles ;n the algebraic theory of quadratic forros were developed, initially, in the context of fields: Pfister's 
~c~l global principie, a generahzat1on of Sylvester's inertia law for the real field, appeared in the 

sixties. It was generalized to special groups in [5]. 
Equivalent rend_erings of Pfister's local-global principle in the theory of RSGs are, where G is 

a any reduced special group: 
(1) Usual description (Theorem 2.30 in [5]): for all forms 1P, 1/J of the the sarne dimension over G ) 

1P =e 1P <=;, for all a E Xc, a * tp =;z,2 a * 'ljJ. 
(2) (Proposition 3.7 in [5]): for all forms 1P, 7/J of the sarne dimension over G 

1P =e 1P <=? for each ~ E X(G), tp/~ =c/TJ 1j;/~. 

(3) The diagonal arrow 
cSà:G---1 ITTJEX(G)G/~,givenby g 1-t (g/~: ~EX(G)) 

1s a complete embedding. 
(4) (Corollary 5.4 in [5]) : The canonical 80-morphism, G ~ Bc, is a complete ernbedding. 

There is a formulation of (3) for quotients that will be useful below. If 60 Ç 61 are saturated 
subgroups of G, we have the usual "double quotient Theorem" for RSGs: (G/6o)/(6i/6

0
) º=' 

G / 61. Herice, if 6 E F( G), we get a natural bijection of finite Boolean spaces 

X(G/6) ~ X6(G) = {~ E X(G): 6 Ç ~}- 

(5) By (3) and the "double quotient Theorem" the SG-morphism 

ai: G/6 ---1 ílBEXes(G) G/~, given by g/6 r-1 (g/~ : ~ E X6(G)) 

1s a complete embedding. 
In [19], M. Marshall establishes a local-global principle, stronger than Pfister's, and also related 

to a certain class of positive-existential Lsc-formulas, namely: 

Marshall's Isotropy Theorem: If Cisa RSG and 1P is a form over G, then 
cp is isotropic over G <=;, For all 6 E F( G), tp / 6. is isotropic over G / 6.. 

In [17], we prove that the profinite hull functor, considered as a functor RSG º=' RSGdis '----+ 
RSGtop--+ RSGpJ, also encodes a general local-global principle8 : the reflection of subforms. 
R..ecall that if cp and 1P are forms over a SG G, we say that 'P is a subform of 'l/J, written ({J -j,c 

,;,, 1! there is a form 0 ovcr G such that 1/, ""G 'P Cll 0. D 

Theorem 1.26 ([17]) Let G be a RSG. 
a) For each G-forrns cp, 1/J, the following are equivalent: 

(1) cp jc 1/J,· (2) For all 6 E F(G), tp/ 6. jc/6 1/J/ 6.,· 
( 3) Let [I ( G) : = ílMF( G) G / t, and wasider the "diag anal" S G-morphism, J b : G ~ + TI ( G), 

given by g 1-t (g/ 6.)MF(G)i then 
f f 60 * tp::Sn(c)óc * 1/J · 

b) The canonical SG-morphism, ~e : G .--, P(G), preserves and refiects subforms. ln particular, 
it preserves and refiects isotropy and rs a complete embedding of RSGs. O 

8
In fact, eqiiivalen/; to Ma.rsba.Jl's isotropy tbeorem; see a.lso the Rema.rk 14 in [12]. 
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2 Profinite Boolean algebras and the Boolean Hull of a 
Profinite Reduced Special Group 

ln this section we show that the Boolean hull of a profinite RSG is a Boolean subalgebra of a 
profinite BA. We begin by recalling basic properties of profinite Boolean algebras. 

h. 9 2.1 Let BAcompl be the category of complete Boolean algebras ( cBA) and complete BA-morp isms · 
It is clear that if { Bi : i E I} is a family of cBAs and B := TiiEI B, is the product BA, then B 
is a cBA and the coordinate projections, ni, are complete BA-morphisms. It is straightforward to 
check that this remains true for general projective limits instead of products'". Since the category 
BAfin of finite BAs and BA-morphisms is a full subcategory of BAcompl, profinite Boolean algebras 
are complete. O 

Some of the basic properties of the well-known class of profinite Boolean algebras are collected 
in the following 

Fact 2.2 a) If B is a Boolean elgebr«, then the following are equivalent: 
(1) B is the underlying BA of an object of BABcol, the category 

of all topological BA endowed with a Boolean topology and 
continuous BA-homomorphims. 

(2) B is profinite. 

(3) Stone(B) is an extremally disconnected Boolean spece tuid 
Stone(B)iso := {U E Stone(B) : U is an isolated point of 
Stone(B)} is a dense subset of Stone(B). 

(4) Tlie inclusion Stone(B)iso '---+ Stone(B) is canonically iden­ 
tified with the Stone-Cecti compactification Stonei Bí:" >---) 

f3(Stone( B)iso). 
(5) B is a. complete atomic BA. 

(6) B is isomorphic to the Boolean algebra JP(Y), for some set Y. 

b) The contravariant powerset functor IP : Set---+ BABool is a duality of categories with quasi­ 
inverse the functor (A _.4 B) E BABool 1-t (Stone(A)cº C Stone(Bfº) E Set, where 
Stone(B)cº :={UE Stone(B) : U is a clopen subset of B)}. O 

2.3 Construction. Let ( J, s;) be a downward directed poset and ç = ( Gi; ÍiJ) be a cofiltered 
system of RSGs and SG-morphisms over J. Applying the Boolean hull functor to this diagrarn, 
we obtain a cofiltered system of BAs over I, 

B = (B0i;B(fiJ)). 
Moreover, if Ç is a diagram in RSGfin, then B is a diagram in BAfin: if Gi is a finite RSG, the 
space of orders Xci is finite (Xci Ç Z2ªi) and Bci , the BA of clopens of Xci, is a finite BA, i E J. 

Since the collection { G EG Bc : G is a RSG} is a natural transformation from I dnsc into B, 
the collection E = kci : i E I} is a morphism of cofiltered systems · 

9
I.e., that preserves all joins and all rneets (by the de Morgan Ja:w, rneet and join preservation in BAs are 

equivalent). 
10
In fact, this works even in the category of complete lattices and complete morphisms. 
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E : ç ----+ B 
such that ec, is a complete embedding ( i E J). Let 

( G, 9i) = 1~ Ç and ( Ê, f3i) = lim B. 

B . - Y items ( a) and (b) in Theorem 1.18, ê is a RSG and the inclusion SG 1.· ~ -m~JIBm 
l :G----tG=IT G 

is SG . iEJ i th ª B _sect10n.' whencc a complete. smbedding. By 2.1 anel 2.2, Ê is a complete atomic BA and 
SGe A morphisms Pi preserve arbitrary meets and joins. We thus obtain a unique cont 

-morphism of profinite RSGs uiuous 

e lim E - lim Ç ----+ lim B - - 
~ 9i G Gi 

e l CG, 

B f3i Bci 
D 

such that the square above commutes, for each i E J. 

Theorem 2.4 With notaiion as in 2.3, 
a) The (continuous) SG-mo,phism e : ê ----+ Ê is a complete embedding. 
:) The induced B kmorph 1.S"}:_ e : B é --+ Ê ( 111 (e)) is inJective = estob lishes a n A v-isomorphism 
etuieen the Boolean hull of G, Bê, and the Boolean subalgebra of B qenerated by e[G]. 

:} Suppose t_!:at the set I8 : = { i E J : 9i : ê ----+ G, is surjective} is coinitial in (I, ~) 
11
. Then 

e : Bê ----+ B is a BA-isomorphism iff the stability index of ê is finite. D 

3 The Profinite Hull Functor on the category of Boolean 

algebras 
This section is essentially devoted to a characterization of the action of Profinite Hull functor 

on the category of Boolean algebras12. ln particular, for each Boolean algebra B: (i) the profinite 
BA, P(B), is shown to be (naturally) isomorphic, as profinite BAs, to the BA of parts of the Stone 
space of B; (ii) under this isomorphism, the embedding rJB : E -----+ P(B) is (natura.lly) identified 
with the well-known BA-embedding taking E to the standard base of its Stone space. The reader 

should keep in mind the correspondence table in 1.9. 

Rernark 3.1 ln [3] Thcorem 211.(2) and lirst paragraph of section 3 (or Corollary 3.3 in [41) it 
is shown that P(B) is isomorphic to IP1(Stone(B)); however, there is lack of an explicit charac­ 
terization of the profinite hull functor's action on BA-morphisms and of the canonical ernbedding 
of a BA into its prolinite bullP Alt]wugh thís functuria.l behavior can be described "duaJ!y", by 
a appropríate combination of CoroJ!ary l.22.(a), Theorcm 1.24 and the universal proper\y of thr 

ti "Kg, by 12J(b), any profirnle RSG cao be .described as thc prnjecti,e \imit of a system of linite RSGs '"'h 

1at ali the pro_Ject1ons are surJect1ve and regulai (see 1.8.(e)) . . . 
12This seems to be carried out for the first t.ime in Theorem 6.16 m [14] (m Portuguese). 
"Th e em pha.sis i" 12), [ 3 J aod [4J is on lattice thoocetical. a,;pects aad deep rnsults ace obtai ned oa the prnfini te 

anct pronnite cornpletions of HeyLing algebras and distr1but1ve latt1ces m general. 
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4 Some Applications 

ln this section we explore the interaction between the Boolean hull and the profinite hull of 
RSGs, providing a natural transformation B o P ----+ P o B and show that the profinite hull functor 
preserves complete embeddings. 

4.1 Let f : G ----+ G' be a SG-morphism. Since 770 is a SG-morphism that refiects subforms 
and r;c, o J = P(f) o ttc . it is straightforward that if P(J) is a complete embedding, a Lsc­ 
monomorphism, reflects isotropy, or reflects subforms then the sarne is true of f. 

On the other hand, the proof that P(J) is a complete embedding iff J is a complete ernbedding 
requires considerably more work. O 

If J : G ----+ G' is a complete embedding and 6 E F( G), then, in general, we cannot ensure 
that J*(L:,,) E F(G'). However, by Theorem 1.13.(b), this property is satisfied when G' = Bc and 
J = r:: e. This fact is essential in the: 

Proposition 4.2 For any reduced special qroup, G, the continuous SG-morphism P(cc) : P(G) 
-------+ P ( Bc) is canonically identified with the limit morphism 

ec = lim E.c/6 : lim G / 6-----+ lim B0;6 (2.3). 
f--- 6EF(G) f--- 6EF(G) +--- 6EF(G) 

ln particular, P(cc) a complete embedding. o 
~ 

Theorem 4.3 a) Let G be a RSG and lei, P(cc) : BP(G) ----+ P(B0) be the unique BA-morphism 
such that~oE.P(G) = P(cc) (1.11.(c)). Then, ~ is injective and the Boolean hull o] P(G), 
BP(G), is isomorphic to the Boolean subalgebra of P(Bc) generated by P(cc)[P(G)]. 

~ 
b) The family of (injective) BA-morphisms {P(cc) : G E Obj(RSG)} is a natural transformatzon 
B o P ----+ P o B, i. e., for each f : G ----+ G', the diagram below commutes: 

P(cc) 

Pj(G CP(G) BP(G) ----- ~ PB(G) 
P(cc) j 

P(J) BP(!)_______ P B(J) 

E.P(G') , P(cc1) 

P(G') • B (G) ~ PB(G') 

P(c0,) 

e) RSGstfin := {G E Obj(RSG) : stab(G) < oo} defines the largest [ull subcategory of RSG 
where B ~p "commute", i.e., for each G E Obj(RSG), the following are equivalent: 

(1) P(sc) : BP(G) ----+ P(Bc) is a SG-isomorphism; 
(2) stab(G) < co. O 

Theorem 4.4 The functor P preserves complete embeddings. o 
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5 Final remarks 
W~ pr~vide here some counterexamples showing that, in general, the functor P does not pre­ 

serve :nfimtary products and that the natural map tto is not an elementary embedding. We also 
establish a sharpening of Proposition 1.6 in the Boolean algebra setting. 

Remark 5.1 By a Proposition ín [18], the functor P: RSG-tRSGpf preserves finite products. 
H~wever, in general, it does not preserves infinite products. There is a simple counter-example 
usmg the characterization of the profinite hull of BAs in section 3. If B is a BA, the profinite 
hull 'T/B : B >---, P(B) is isomorphic to 57-f : B -t i'<(B). If B = ILEN 2 ~ 21<1, a result dueto A. 
Tarski guarantees that card(X(B)) = 22w and card(P(íliEN 2)) = card(2X(B)) = 2

22

w; but note 

that card(íliEN (P(2))) = card(íliEN 2) = 2w. O 

Remark 5.2 ln Theorem 1.26 we saw that if G is a RSG, the map 'T)G G -t P(G) reflects 
subforms; and, in Theorem 3.4.(f) we saw that if G is a BA, then 'T)c is a pure embedding. 
However, in general, "te is noi an elementary embedding; moreover, G and P( G) might not even 
be elementarily equivalent. To see this, we once again use the characterization of the profinite hull 
of BAs in section 3. Let B be any infinite BA without atoms; then, 2X(B) is an infinite, complete 
atomic BA and, since the existence of atoms is first-order expressible, it is clear that B and P(B) 
are not elementary equivalent. ln particular, 'T/s cannot be an elementary embedding. Since the 
order relation in a BA, ~' can be described by a L50-formula (x ~ y iff (x,xy) == (1,y)), there 
is a corresponding Lsc-sentence expressing the existence of atoms, showing that B and P(B) are 
not elementary equivalent as reduced special groups. O 

ln Proposition 1.6.(d) we saw that, for each RSG G, we have a Galois connection: 

lfDJin(X(G)) ~ F(G) 
* SE lfDJin(X(C)) r't ílS E F(G); * 6. E F(C) H Xt,(C) E lPJin(X(C)), 

such that 
* Vb. E F(C) ( 6 = ílXt,(C) ); 

* VS E lPJin(X(G)) ( SÇXns(G) ). 

When we are restricted to the Boolean algebra setting we have a stronger result: 

Proposition 5.3 For each RSG G the Jollowing are equivalent: 

(1) C is a BA,· 
(2) The Galais connection IPJin(X(G)) ~ F(G) is a duality, i.e., it 

is given by inverse decreasing bijections. 

o 
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