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DECORATION INVARIANTS FOR HORSESHOE BRAIDS
by

André de Carvalho & Toby Hall

Abstract, — The Decoration Conjecture describes the structure of the set of braid
types of Smale’s horseshoe map ordered by forcing, providing information about the
order in which periodic orbits can appear when a horseshoe is created. A proof of this
conjecture is given for the class of so-called lone decorations, and it is explained how to
calculate associated braid conjugacy invariants which provide additional information
about forcing for horseshoe braids.

Résumé (Invariants de décoration pour les tresses du fer & cheval)

La conjecture de décoration décrit la structure de 'ensemble des types de tresses
de I'application fer & cheval ordonné par la relation de forgage, fournissant des ren-
seignements en ce qui concerne Pordre d’apparition des orbites périodiques pen-
dant qu'un fer A cheval est créé. Cette conjecture est démontrée pour la classe de
décorations nommées seules, et un algorithme cst presenté pour calculer des invari-
ants de conjugaison de tresses associ¢s. Ces invariants fournissent des renseignements
supplémentaires en ce qui concerne le forgage des tresscs du fer A cheval.

1. Introduction

Forcing relations arc a valuable tool in the dynamical study of parameterized fam-
ilies of transformations: they provide information about when the presence of certain
dynamical features, such as the existence of periodic orbits of a particular type, imply
the presence of other dynamical features.

For surface homeomorphisms, Smale's horseshoe is the paradigmatic map with
complicated dynamical behaviour, and understanding how it is created in parame-
terized families of homeomorphisms is an important problem. In this context, it is
fruitful to study the forcing order on the sct of braid types of horseshoe periodic or-
bits [Boy84]: this partial order describes constraints on the order in which periodic
orbits can appear during the creation of a horseshoc.

2000 Mathematics Subject Classification. — 37E30, 37E15, 37B10, 37B40.
Key words and phrases. — Horseshoe, Forcing rclations, Decoration conjecture,
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Algorithmic implementations {BH95, FM93, Los93} of Thurston’s classification
of surface homeomorphisms provide a means of deciding whether or not one given
braid type forces another, but such an approach docsn’t provide any information
about the global structure of the forcing order on the set of all horscshoe braid types.

The decoration conjecture [dCHOZa] claims that the set of horseshoe braid types
is partitioned into families D* = {4}, each parameterized by a rational number g,
which are totally ordered by the forcing ordet, in such a way that gy forces S if
and only if ¢ < ¢’. The families are labelled by decorations w, which arc finitc words
in the symbols 0 and 1. Within families this trivializes the computation of forcing:
simply comparc the rational parameters in the usual order (or, equivalently, compare
the symbolic represcntations of the braids using the unimodal order).

Some special cases of this conjecture have been proved, and it is supported by
strong intuitive evidence from pruning theory: however, a general proof has so far
been clusive. In this paper, the conjecture is proved for a class of decorations called
lone. There are many lone decorations: two infinite families of them are described in
Sections 6.2 and 6.3 below. Collins [Col05] states that 21 of the 63 decorations of
length 5 or less are TonetD.

The proofs of the main results presented here combine the pruning techniques in-
troduced in [dC99} with unremovability arguments of the type developed in [Hal94].
Although pruning has provided an inspiration for several previous results about fore-
ing, this seems to be the first time that it has been used cffectively in proving such
results,

The second goal of the paper is to present a new set of braid type invariants. Each
totally ordered family D™ = {8’} gives rise to an invarient (or, looking at it from
the point of vicw of the horseshoe braids themselves, o braid conjugacy invariant) r*,
defined on the sct of alt horseshoe braid types 8 by

r(8) = inf{g : By < B}
Thesc invariants provide much additional information about the forcing order: a
periodic orbit of braid type / can only be created once periodic orbits of braid types
A have been created for all g > r¥{f). Notice in this statement that, while 37 is
restricted to be a horseshoe braid of lone decoration, 4 can be any horseshoe braid.
The techniques presented here make it possible, for lone decorations, both to prove

that the family D" is totally ordered by forcing, and to colculate the associated
decoration invariant v,

The necessary background material on horseshoe braids and the decoration conjec-
ture is given in Section 2, before the main theorem and the algorithm for computing

(UThese are: the cmpty decoration -, 0, 1, 00, 11, 000, 111, 101, 0000, 0110, 1111, 1001, 00000,
01001, 11001, 10040, 10011, 11011, 11111, 10101, and 10001,
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decoration invariants are presented in Scction 3. Some further background material
required for the proof, mostly concerning pruning and the Asimov-Franks theorem,
is given in Scction 4. The proof of the main theorem is given in Section 5, This is
followed by some examples and applications in Section 6. The applications include:

— a treatment of the so-called “Star” decorations (Section 6.2), which were intro-
duced in [dCHO4], including the completion of the main theorem of that paper
(Theorem 54 herce), thus providing a description of forcing between the families
corresponding to different star decorations;

— an cxample of how decoration invariants can be used to prove that certain other
decorations are lone, and hence provide their own invariants (Theorem 59);

— an example of how decoration invariants can be used to prove that certain
horseshoe braids are of pscudo-Anosov type (Theorem 62); and

— a discussion of topological entropy bounds arising from decoration invariants
(Section 6.4).

2. Horseshoe braids: height and decoration

This section contains the background material necessary to understand the state-
ment of the main theorem (Theorem 19). Although complete, the treatment is rather
terse: the papers [dCHO2a, dCHO2b] are recommended for readers sccking a more
detailed account.

2.1. Smale’s horseshoe and the unimodal order. — In this paper, the standard
model of Smale’s horseshoe map [Sma67)] F : D? — D? depicted in Figure 1 is used.
The set

A={zeD?: F'(z) € §foralln € Z}

(where S is the square depicted in Figure 1) is a Cantor sct, and the itinerary map
k:A - {0,1}* defined by

{0 ifFi{z)eH,
k(x)""{l if Fi(z) € Hy

is a homeomorphism, conjugating Fia : A - A to the shift map o : {0,1}% — {0,1)2,

The unimodal order < is a total order defined on {0, 1} as follows: if s,t € {0,1}¥,
then s <t if and only if cither s = t, or the word sps; ... s; contains an even number
of 1s, where 1 is least such that s; # ;.

This order reflects the horizontal and vertical ordering of points z,y € A.
Define the horizontal and vertical coordinate functions hyv : A — {0,1}¥ by
h(z) = k(z)ok(z)1k(2)2... and v(z) = k(z)-1k(z)-2k(z)-3.... Then z lics to the
left of y if and only if i{z) < h(y), and z lics below y if and only if v(2) < v(y).
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Hy Hy

FIGURE 1. Smale’s horseshoe map

2.2, Notation. — Much of the technical part of the paper is concerned with con-
structing clements of {0,1}¥ or {0,1}? from words w € {0, 1} for various j. The
following notation will be used.

A word is an clement of {J;5,{0, 1}7.

Let v = wouy...uj-1 € {0,1} be a word. Then [u] = j denotes the length
of u. wu is said to be even (odd) if it contains an cven (odd) number of 1s. Let
@ = uj~q...ujug denote the reverse of u, i = (1 —up)uy ... uj—; denote u with the
initial symbol changed, and & = wou, ... (1 — uj-1) denote u with the final symbol
changed. When two of these accents are combined, they are applied ‘bottom upwards’:
thus, for example, & = 4 is the word obtained by changing the final symbol of u and
then reversing the result. Denote by u* the word ugu ... uj—1u; € {0,1}9+1, where
u; is chosen so that u* is even; and by *u the word u_qupy; .. cujep € {0,141,
where u_; is chosen so that *u is even,

% denotes the element ... uuu - wuu... of {0, 1}2 and u™ denotes the clement
wuu... of {0, 1}, I v,w,z are also words, then *uw - wz™ denotes the element
Lo uuuy - wrzz... of {0,1}7’. If b = bybibe... and f = fofifa... are clements of
{0,1}", then b - S denotes the element ...bab1bo -+ fofifa... of {0,1}%. Similarly
bu-vf denotes the element ... bybibou - vfof1fa. .. of {0,1}%, uf denotes the element
ufofifz... of {0,1}¥, and so on.

A non-emply initial subword of u € {0,1} is a word ug. .. u;—1 € {0,1}* for some §
with 0 < ¢ < j. Similarly, a non-empty final subword of u is a word Uilligpl o0 Uy
for some 7 with 0 < i < 7.

2.3. The horseshoc and its inverse. — Rccall (see c.g. [dCHO3)) that F' is
conjugate to its inverse: F~! = ¢o Fo¢~1, where ¢ : D? — D? is the (orientation-
reversing) homeomorphism obtained by first reflecting $ in its horizonal centre line,
and then rotating it anticlockwisc about its centre point through an angle 7/2.

The involution ¢ restricts to an involution A — A which corresponds to reversing
itineraries: if k(z) = b- f then k(¢(z)) = f - b.
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2.4. Height. — The height function [Hal94)] is a (not strictly) decreasing function
{0,1}¥ — [0,1/2] which is central to the results and methods of this paper. In order
to define it, is is necessary first to introduce, for each rational m/n € (0,1/2}, a word
Cmym € {0,1}"F1: these words will also play a central réle throughout the paper.

Definition 1. — Let m/n be a rational in (0,1/2]. Let L,y be the straight line in
R? from (0,0) to (n,m). For0 <i <m,lets; = 1if Lyn/n crosses some line y = integer
forz € ({-1,i+1), and s; = 0 otherwise. Then the word ¢y, € {0,1}7+1 is defined
by Cm/n = 5081 5n.

So, for cxample, 3710 = 10011011001 can be read off from Figure 2. The general
form of these words can be seen in Table 1, which shows ¢y, for all m/n € (0,1/2)
with 1 £ m <4 and 3 £ n <11, Note that the words ¢, are clearly palindromic,
and ¢y is of the form 1071120212 ..., 120%~ 1 for some integers k; > 0 (an explicit
formula for k; can be found in [Flal94], but is not needed here: note, however, that
each k; is equal cither to k1 or to k; —1). It can also be seen casily from this description
(sce Lemma 2.7 of [Hal94}) that if m/n < m'/n/, then (e jnr0)™ < (Cm/n0)*.

(10,3)
1]
1
00 Lt—T_|
0 o 1 1 0 1 1 0 0 1
FIGURE 2. ¢3/10 = 10011011001
[ ] 1 [ 2 | 3 4

3 1001
4 10001
5 100001 101101
6 1000001
7 10000001 10011001 10111101
8 || 100000001 101101101
9 [ 1000000001 | 1000110001 1011111101
10 || 10000000001 10011011001
11 || 100000000001 | 100001100001 | 100110011001 | 101101101101

TABLE 1. Examples of the words cm/n (1 <m <4,3 <n < 11)
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Definition 2. — Let c € {0,1}. The height g(c) of ¢ is the unique clement of [0,1/2)
with the property that ¢ < (¢,0)* for all rationals ¢ € (0, g(c)), and (c,0)* < ¢ for
all rationals ¢ € (g(¢),1/2).

It is clear from the definition that ¢ : {0,1}¥ — [0,1/2] is decreasing. The next
lemma, (Theorem 3.2 of [Hal94]) provides a practical means of calculating g(e) for
all ¢ € {0, 1} which contain the subword 010 (this is all that will be required in this
paper).

Lemma 8. — Let ¢ € {0,1}¥, and suppose that ¢ contains the subword 010, Then
q(c) is rational, and can be calculated as follows. First, if 10 is not an initial subword
of ¢, then q(c) = 1/2. If 10 is an initial subword, then wrile

I (ALS Ll L

where each k; > 0, each p; is either 1 or 2, and p; = 1 only if ki41 > 0 (thus K; and
jt; are uniguely determined by c). For each v > 1, define

I(c)—( r T
R A A S ST

and let s > 1 be the least integer such that either p, = 1, or (V21 I.(c) = 8. Write
(zoy) = Mroy In(e) # 0. Then

(c)—{ z if s =2 and w < z for all w € I,41(c),
e = y ifus=1,orps =2 andw >y for all w € Ii41(c).

Ezample 4. — Notice that the fact that ¢ contains the subword 010 means that
s = 1 for some s, and hence the algorithm terminates. It may also terminate before
reaching the subword 010. For example, let ¢ = 1011110011.... Thenx; =1, u; = 2,
ke =0, iz =2, k3 = 2, and i3 = 2. This gives I;(¢) = (1/3,1/2}, I2(c) = (2/5,2/4],
and I3(c) = (3/9,3/8]. Since 3/8 < 2/5, the algorithm terminates and g(c) = 2/5.

The following technical lemma (which follows immediately from Lemma 63
of [dCHO04]) will be nceded:

Lemma 5. - Let m/n be a rational in (0,1/2], and let k; be integers such that
Cmyn = 107112012 120" 1.

Let 1 <7 <m, and let f be any element of {0,1}. Then

g (105+1120%7+112 | 1208 11) < %
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2.5. Periodic orbits of the horseshoe. — Let P be a period n orbit of the
horscshoe F : D? — D2 (throughout this paper, “period n” means least period n).
Let p be the rightmost point of P: thus k(p) = 5 for some word cp of length n,
which is called the code of the periodic orbit P. Note that the choice of p as the
rightmost point of P means that

ai(ﬁv')-<EF for1<i<n.

Recall [Boy84] that the braid type bt(P; f) of a period n orbit P of an orientation-
prescrving homeomorphism f : D? — D? is a conjugacy class in the mapping class
group MCG(D;,) of the n-punctured disk Dy, namely the conjugacy class of the
isotopy class of h™fh : D, — D, where b : D, — D? \ P is any oricntation-
preserving homeomorphism (if P C 8D?, then first extend f over an exterior collar).
Braid types can thus be classified using the Thurston classification [Thu88) as finite
order, reducible, or pseudo-Anosov. The forcing order < on the set BT of all braid
types is a partial order defined as follows: if 8,4 € BT, then 8 < v if and only if every
orientation preserving homeomorphism f : D? — D? which has a periodic orbit P
with bt(P; f) = 7 also has a periodic orbit Q with bt(Q; f) = 8.

If P is a periodic orbit of the horseshoe, then the symbol P will often be used to
denote the braid type bt(P; F) as well as the periodic orbit itsclf. In particular, the
notation P < Q is used as a shorthand for bt(P; F) < bt(Q; F).

Most periodic orbits P of the horscshoe arc paired, in the sensc that &p is also the
code of a horseshoe periodic orbit P: in this case bt(P; F) = bt(ﬁ; F). Thus, for
example, the two periodic orbits P and P with codes cp = 10010 and ¢p = 10011
have the same braid type, and it is common to write cp = 10018, reflecting the fact
that the object of interest is the braid type rather than the periodic orbit itself. The
only orbits which are not paired are those of even period 2k, whose codes are of the
form ¢p = ww for some word w of length k.

The height q(P) € (0,1/2] of a horseshoe periodic orbit P is defined to be g(c3®).
It is a braid type invariant [Hal94], so in particular q(P) = q(ﬁ) if P is paired, and
{taking the code which ends with 0), g(P) is rational and can be calculated using the
algorithm of Lemma 3. If P is not paired, then again ¢ contains the word 010, so
the algorithm terminates and ¢(P) is rational.

Periodic orbits of the horseshoe can be classified as follows:

Orbits of finite order braid type : There are two fixed points, with codes 0
and 1 (and a fixed point outside of S). There is one period two orbit, with
code 10.

For cach rational m/n € (0,1/2), there is cxactly one pair of period 7 orbits
of finite order braid type whose rotation number about the fixed point of code 1
is m/n. The codes of these orbits are dy,/, 8, where dp,/, is the word consisting
of the first n—1 symbols of Cm/n- These periodic orbits have height m/n. There
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are no other periodic orbits of finite order braid type. (These results are due to
Holmes and Williams [HW85].)

NBT orbits : For each rational ¢ = m/n € (0,1/2), the words Cm/ni are the
codes of a pair of period n + 2 orbits of pseudo-Anosov braid type, called NBT
orbits and denoted Py [Hal94]. These periodic orbits have height ¢. There are
no other horseshoe periodic orbits of these braid types. For ¢ = 1/2, the word
c1721 = 1011 is the code of a periodic orbit of reducible braid type, denoted Pl‘/z.

Orbits described by height and decoration : All other horseshoc periodic
orbits P can be described by their height ¢(P) € (0,1/2] N Q and their decora-
tion, which is a word w € {0,1}* for some k > 0: a periodic orbit of height q
has decoration w if and only if it has one of the four codes cqiw?. Two periodic
orbits of the same height and decoration have the same braid type [dCHO3]:
the notation Py’ can therefore be used for any periodic orbit of height ¢ and
decoration w.

Only certain heights are compatible with a given decoration w. Define the
scope g, of w to be the height of the horseshoe periodic orbit containing the
point with itinerary 10w0, that is,

Gw = amin q(o*{(10w0)7)).
The following result can be found in [dCHO02a)].

Lemma 6. -~ For q < qy, there are four periodic orbits of height q and deco-
ration w (i.e. those with codes cdw$), while for ¢ > qu there are no periodic
orbits of height q and decoration w. (For q = q, the four words cqiwi may or
may not be codes of periodic orbits of height q.)

It is convenient for many purposes to consider * to be a decoration as well (with
scope ¢, = 1/2). Then every periodic orbit P of the horseshoe is either of finite
order braid type, or can be described uniquely (up to braid type) by its decora-
tion w € {*} UU;50{0,1}* and its height ¢ < ¢,,. (If ¢(P) = m/n, then the period N
of P is either n, or_greatcr than or cqual to n+ 2. If N = n, then P is of finite order
braid type; if N = n + 2, then P has decoration *; and if N > n + 3, then P has
decoration w of length N — (n +3).)

The following lemma, which will be used scveral times, follows immediately {from
the definition of g, above, and the fact that q(ﬁ) = ¢(P) for any horseshoe periodic
orbit P, where P is the periodic orbit containing the point of itinerary ep (Lemma 3.8
of {Hal94)).

Lemma 7. — Let w € U;50{0,1}* be a decoration. Then q, = qg.

The results presented in this paper are related to the Decoration Congec-
ture [dCHO2a]. (Statement c) below is not relevant in this paper, and the definition
of topological train track type is therefore not given.)
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Conjecture 8 (Decoration Conjecture). —

a) There is an equivalence relation ~ on the set of decorations, with the property that
bt(Py; F) = bt(P(;f' i F)ifand only ifq=¢ and w ~w'.

b) If g # qu then P} has pseudo-Anosov braid type.

¢) For each decoration w, the periodic orbits Py with 0 < q < g all have the same
topological train track type.

d) For each decoration w, the set of braid types of periodic orbits of decoration w is
totally ordered by forcing, with Py’ < P} if and only if ¢ > ¢'.

e) There is a partial order < on the set of equivalence classes of decorations, with the
property that if ¢ > ' and w X w' then P} < P;‘,”.

The main theorem of this paper, Theorem 19 below, concerns d) and e) of Conjec-
turc 8, for a certain class of decorations:

Definition 9. — A decoration w € ly»{0,1}* is said to be lone if for all
q € (0,9,) N Q, the four horseshoe periodic orbits of height ¢ and decoration w are
the only horseshoe periodic orbits of their braid type.

Theorem 19 states that Conjecture 8 d) holds for lono decorations w, when re-
stricted to those P;” which have pscudo-Anosov braid type (so if b) is true, then so
is d) for lone decorations). It also clucidates the partial order < of ¢) by providing a
means of determining, for any lone decoration w and any horscshoe periodic orbit R,
which of the orbits Py are forced by R.

Remark 10. — If Conjecture 8 a) holds, then if there is a single ¢ € (0,q0)NQ for
which the four orbits of height ¢ and decoration w are the only horseshoe periodic
orbits of their braid type, then the samc is true for all ¢ € (0,4,) N Q. In this case,
the lone decorations are preciscly those which are alone in their ~-equivalence classes.

The results stated in the next lemma can all be found in [Hal94):

Lemma 11. — Let P and Q be periodic orbits of the horseshoc.

a) Height is a braid type invariant,
b) If g < q(P) then Py > P, while if ¢ > q(P) then P} ¥ P.
¢) If P 2 Q then q(P) < q(Q).

3. Statement of results
Lot w € Uy50{0,1}* be a lone decoration. Let
DY = {bt(Py; F) : q €(0,q,)NQY},

the set of braid types of horseshoe periodic orbits of decoration w. Let K¥ be the
subset of D consisting of pscudo-Anosov braid types: this contains bt(P¥ ; F) for
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a dense sct of ¢ € (0,¢,,) N Q by Lemma 18 below {and, if Conjecture 8 b) holds, for
all g except possibly g,,).
The main results of this paper are:

— that K* s totally ordered by forcing, with Py < PYifand only if ¢ > ¢/; and
— that there exists a practical algorithm to determine, for any horseshoe periodic
orbit R, the number r*(R) € (0, ) with the property that

R2P" if g¢>r“(R), and
RZEP® i g<rU(R)

In particular, for each lone decoration w, r® is a braid type invariant defined
on the set of all horseshoe periodic orbits,

The algorithm to compute r*(R) is complicated to state, although it is easily
implemented and is computationally light(®). T4 will therefore be described informally
and illustrated by examples first; a formal description which is more suitable for use
in later proofs will then be given. The purpose of the algorithm is to decide for which
values of ¢ points of R are contained in certain disks bounded by segments of stable
and unstable manifold through points of the orbits FPy’: this is what determines which
of the P’ are forced by R (Theorem 51).

Let R be any horseshoe periodic orbit, with code g if R is paired, then choose
the code ending with 0 (so that the algorithm of Lemma 3 can be uscd to compute
the various heights below). Let w be any word. Then r® (R) is given by

r™(R) = min{A*(R), max (¥ (R), ¥ (R)))

where A¥(R), p*(R), and v*(R) are clements of (0, ¢w) N Q which will now be de-
scribed.

’

u*(R). ~— Recall that *w is the word obtained by prepending one symbol to the
front of w, in such a way that *w is cven. Let v be a non-empty even final subword
of *w, and seek all occurrences of the words #10 in one period of g7 (that is, all
occurrences of either 9010 or of $110: recall that ¥ is the word obtained {rom v by
changing its initial symbol). For each such occurrence, compute the height of the
forward scquence in Zg starting at the final symbols 10 in the occurrence. p*(R) is
the minimum of such heights taken over all such oceurrences and all non-empty even
final subwords v of *w. If there are no such occurrences, or if the minimum of the
heights is greater than qu, then p*(R) = q,.

Example: Let R have code cg = 100010111001010, and let w = 1. Then *w = 11,
which has only one non-empty even final subword, namely v = 11. Hence ¥ = 01,
and occurrences of 01010 and 01110 are sought. The three occurrences of such words

()The horseshoe calculator script at http://www.maths.11v.ac.uk/cgi-bin/tobyhall /horsehoe im-
plements this algorithm.
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in one period of ¢ are shown in Figure 3. The corresponding forwards sequences

have heights ¢(10010...) = 1/3, ¢(1010...) = 1/2, and ¢(100010...) = 1/4. Hence
pP(R) =1/4.

173 1/4
—e —
...100010111001010 10001011. .,
12

Ficure 3. Computing p" (R)

v¥(R). — The computation of v*(R) is similar: let v be a non-empty even initial
subword of w*, and seck all occurrences of the words 0135 in one period of €x. For
each such occurrence, compute the height of the backward sequence in €3 starting at
the initial symbols 01 in the occurrence. v*(R) is the minimum of such heights taken
over all such occurrences and all non-empty even initial subwords v of w*. If there
arc no such occurrences, or if the minimum of the heights is greater than g, then
VY (R) = qu-

Example: Continuing with the above example, w = 11 which has only onc non-
empty even initial subword, namely v = 11. Hence % = 10, and occurrences of 01010
and 01110 are sought. This gives ™ (R) = 1/3 (sec Figure 4).

172 173
...11001010 100010111001010...
12

FIGURE 4. Computing v*(R)

AY(R). — Seek all occurrences of the four words 015w$10 in one period of ¢g. For
cach such occurrence, compute max(g(b),q(f)), where b is the backward scquence
starting at the initial symbols 01 in the occurrence, and f is the forward sequence
starting at the final symbols 10. Then A*(R) is the minimum value of this quantity
taken over all such occurrences. If there are no such occurrences, or if the minimum
is greater than q,,, then A¥(R) = qu.
Example: Continuing with the above example, occurrences of 0101010, 0111010,
0101110, and 0111110 are sought. There arc two such occurrences, one with g(b) = 1/3
and ¢(f) = 1/4, and the other with g{b) = 1/4 and ¢(f) = 1/3 (see Figurc 5). Hence
max{g(b), (f)) = 1/3 for both occurrcences, and hence A¥(R) = 1/3.

Thus r*(R) = min(A"(R), max (4 (R),v¥(R))) = min(1/3,max(1/4,1/3)) = 1/3.
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173 174 14 173
...0111001010 100010111001010 ..

FIGURE 5. Computing A¥(R)

Ezample 12. —- Table 2 lists all of the horseshoe periodic orbits of period 8, together
with the values of their decoration invariants for the lone decorations of length 3 or
less (and for the decoration = sce Remark 20). Period 8 orbits with the same height
and decoration (and henee the same braid type) are grouped in the same row. Those
orbits for which there is not 2 choice of 4 different codes are either of finite order type
(10110119 and 10000003), NBT orbits (1000001%), or orbits whose height is equal to
the scope of their decoration (10111010, with height 1/2 and decoration 101; 10111119
with height 1/2 and decoration 111; 1601101, with height 1/3 and decoration 01; and
10001%0(3), with height 1/4 and decoration 0 — here there are threc orbits with this
height and decoration, namely those with codes 10001001, 10001100, and 10001101).

This table gives exact information about which of the (infinitely many) orbits with
these decorations are forced by which period 8 orbits.

Thus, for example, 7 of the orbit types have r!! = 1/2 = gy, and hence force
no orbits of decoration 111, The other 4 orbit types all force some of the orbits with
decoration 111: for example, the orbits of code 10001°1° force qu“ for all ¢ > 1/4,
and do not force qu“ for all ¢ < 1/4.

Decoration | * . 0 1 |00 11 [000f101]111
Scope 12131412 [1/5 | 2/5|1/6 | 1/2 [1/2
lo111010 | 1/2|1/3 /4| 1/2|1/5 2/5 | 1/6 | 1/2 | 1/2
10111128 {1/2 {1/ | 174 [1/2 | 1/5 | 2/5 | 1/6 | 1/2 | 1/2
rotton1g  f1/2 | 1/3 114 f1/201/5 | 2/5 [ 1/6 | 1/2 | 1/2
10019108 {1/2{1/3 |1/ | 1/2{1/5|1/3|1/6|1/2]1/2
10018100 [ 1/3 [1/3 | 1/4 | 1/3{1/5|1/3]1/6]1/3|1/3
10012018 {173 [1/3 | 174 | 1/3|1/5(1/3 | 1/6 |1/3|1/3
1000130(%) | 1/2 [1/3 | 1/4|1/2|1/5 | 2/5 | 1/6 | 1/2|1/2
10001818 | 1/2 {1/4 {174 | 1/4{1/5 | 174 | 1/6 {172 ]| 1/4
1000018 | 1/2 |1/5 | 1/5 | 1/2 | 1/5 | 2/5 176 | 1/2 ] 1/2
10000018 | 1/6 [1/6 | 1/6|{1/6|1/6|1/6|1/6|1/6|1/6
10000000 | 1/2 | 1/3 | 1/4| 1721175 | 2/5 | 1/6 | 1/2]1/2

TABLE 2. Examples of some decoration invariants for period 8 orbits

On the whole, the orbits in this table force relatively few of the orbits of the given
decorations. This is because the period is low. The following “weak universality”
result says that, for a fixed decoration w, most horscshoe periodic orbits R have
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r(R) < ¢*: indeed, most have r*(R) very small, and hence force almost all orbits
of decoration w.

Theorem 13. — Let w be a decoration and q € (0,qw). Let p, denote the proportion
of period n horseshoe orbits R with 7*(R) < q. Then p, — 1 asn — co.

Proof. — Pick k with 1/k < g. Then any R whose code includes the word 0¥10w010%
has

(R) S A¥(R) < q(10%.. ) < 1/k < q.
O

As a further illustration of the use of these invariants, let R = Pll;)G be the periodic
orbit of code cg = 10000011100. Computing r*(R) for the same lone decorations w as
in Table 2 gives r*(R) = 1/3, 7' (R) = 1/3, r(R) = 1/6, r*(R) = 1/3, r%°(R) = 1/6,
r'H(R) = 1/3, r%%(R) = 1/6, r'°Y(R) = 1/3, and r1*}(R) = 1/3. The periodic orbits
of these decorations are depicted in Figure 6; for each decoration w, there are periodic
orbits P* for cach rational ¢ in (0, q,,) (represented by points on the vertical lines),
but not for rationals ¢ > q,,. The decoration invariants show that all orbits on the
thicker parts of the lines are forced by R, but that none of the orbits on the thinner
parts of the lines are forced by R (the theorem doesn’t state whether or not the orbits
represented by points at the transition from thin to thick arc forced by R). Notice
that since g(R) = 1/6, R cannot force any orbit Py with ¢ < 1/6 by Lemma 11 c).
The decoration 10 of R itself is not lone, and is not required to be by Theorem 19.

q ‘ ' 0 1 11 000 101 111

00
o T
16 l e R
15 +
114

113 +
2/5 A

FIGURE 6. Some orbits forced, and not forced, by the orbit of code 10000011100

A formal statcment of the algorithm for computing ™ (R) will now be given. Some
preliminary definitions are useful.
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Definitions 14. — Let v and ¢ be words, with |¢| > 1. For each i with 0 < i < lef,
let

—- . q(fy ifoi(€) =bv- f for some b, f € {0, 1}

T (Ev,i) =4 3 .

3 otherwisc.
Similarly, define 7 (Z,v,4) by replacing q(f) with q(b} in the above, and 7 (g, v,i) by
replacing g{f) with max(q(b), ¢(f))-
Then, if V' is a finite non-empty set of words, let

—_— . — e .
V)= m r (¢,v,1).
T(c’ ) veV, 015ni<|r,4 ( ' )

(¢, V) and ‘F(5, V) arc defined similarly using 7 (¢,v,1) and T (g, v,1) in place of
T v, 1).
Finally, if w is a word and R is a horseshoe periodic orbit, define
#(R) = min (qu, 7" (¢, V)),
where
V = {81 : v is a non-empty even final subword of Hw}.

Similarly, define
v"(R) = min (qu, 7" (7, V)),

where
V = {% : vis a non-cmpty even initial subword of w*},
and
AY(R) = min (g, T (R, V),
where

V = {0w0, 0wl, 1w0, 1wl}.
Remark 15. — 1t is clear from the definitions that A”(R) = A*(R), u®(R) = v(R),

-~

and v*(R) = u(R)
The pieces are now all in place to describe the invariant r¥:

Definition 16. ~ Let w € Uy50{0,1}* be a decoration, and R be a horscshoc
periodic orbit. Then the w-depth of R, r*(R) € (0,q,) N Q is defined by

r*(R) = min (A*(R), max(i” (R), v (R))).
A number of the results presented below require that the braid type of P’ be
pscudo-Anosov, hence the following definition:
Definition 17. — Let w be a decoration. Define
Q" = {g € (0,9,)NQ : P’ has pseudo-Anosov braid type}.
Conjecture 8 b) states that Q¥ = (0,49,) NQ for all decorations w, and this can be

proved in a number of special cases. However, in this paper all that is needed is the
following straightforward lemma:
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Lemma 18. -— For any decoration w, Q¥ is dense in (0,qy).

Proof. — Let w be a decoration of length & > 0, and let ¢ = m/n € (0,4,). Since
P}’ does not have finite order braid type, it must have pseudo-Anosov braid type if
its period n + k + 3 is prime [Boy84). Hence
Q¥ 2 AY ={m/n € (0,q,) : (m,n) =1 and n+k+ 3 is prime}.
However, A¥ is densc in (0,q,,). Indeed, for any N € N, the set
Qn ={m/n : (m,n) =1and n+ N is prime}

is dense in Q. For let r/s € Q. For each K > 1, let rx = K(N — 1)r + 1 and
sk =K(N ~1)s+1, so that rx/sxk — r/s as K — 00, and it suffices to show
that cach rx /si can be approximated arbitrarily closcly by elements of Q. Since
TkS8k is coprime to N — 1, Dirichlet’s theorem gives a strictly incrcaaing scqucncc of

integers aj such that ajrgsk + (N = 1) is prime for all i. Let mi = akr% and
nie = alrgsg ~ 1. Then i [ni — T [sk as i — 00, and mY/nk, € Qy for all i
as required. a

The main theorem of this paper can now be stated:

Theorem 19. — Let w be a lone decoration. Then

a) The braid types of the orbits Py with g € Q¥ are totally ordered by forcing, with
P2 P2 ifand only ifg<¢'.

b) For any horseshoe periodic orbit R,

r(R)=sup{g € Q¥ : R# P},
and hence ¥ is a braid type invariant.

Remark 20. - There is a corresponding result for the family {P; : 9 €(0,1/2nQ}
of NBT orbits [Ha194] This family is totally ordered by forcing (with P; > Py if
and only if ¢ < ¢'), and the corresponding braid type invariant r* can be calculntcd
by

r*(R) =T (e, {0,1}).

Remark 21. — r*(R) gives information about which periodic orbits of decoration w
are forced by R. Invariants ¢ (R) which give information about which periodic orbits
of decoration w force R can be defined similarly:

q°(R) =sup{g € Q" : P’ > R}

(or q¥(R) = qu if P # R for all q). However, the authors know of no means
of computing these invariants, except for the NBT decoration w = x, for which
q"(R) = q(R) by Lemma 11 b),
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4. Linking numbers, the Asimov-Franks theorem, and pruning

The main technique used in this paper to show that the braid type of one periodic
orbit P forces the braid type of a second periodic orbit @ is to apply the Asimov-

Franks theorcm [AF83, Hal91b] to show that Q is unremovable in D*\ P. In
order to show that the conditions of the Asimov-Franks theorem hold, linking number

considerations will be used. The necessary definitions and results are presented in

Sections 4.1-4.3.
On the other hand, the technique used to show that the braid type of one periodic

orbit does not force the braid type of a sccond is to show that all orbits of the second
braid type can be pruned away by an isotopy supported in the complement of the
first orbit. The pruning theorem used to do this [dC99) is stated in Section 4.4.

4.1. Linking numbers. — Let f: D? — D? be an orientation-preserving homco-
morphism, and {f;} : id = f be an isotopy (which will be referred to as a suspension
of f). Recall that, given two distinct periodic orbits P and @ of £, the linking num-
ber L(Q, P) of @ about P with respect to the suspension {f;} is an integer which
detcrmines the homology class of the suspension 7({, (o, (fs(@) % {s})) of @ in the

suspension manifold

(D*x 0, )\ U (4(P) x {s}) /(z, 0) ~ (z,1).
8€[0,1]

If the suspension {f} is changed, then the linking number L(Q, P) changes by a
multiple of the period n of Q: thus the linking number is well-dcfined modulo n.

The following two straightforward lemmas can be found in [Hal91a], where they
appear as Lemma 1.23 and Corollary 1.25 respectively. The first can be used to
show that two periodic orbits have distinct linking numbers about a third periodic
orbit P: intuitively, this means that they cannot move together and annihilate under

an isotopy rclative to P.

Lemma 22. -— Let f: D* — D? be an orientation preserving homeomorphism which
has periodic points qo and q1 of least period n lying on orbits Qp and Qi, and let
a: [0,1) — D? be a path from g to qi. Let v be the closed curve o - (f™ o )7,
Suppose that P is a periodic orbit of f with no points lying on o, and that v has

winding number wy(P) about P. Then

L(Q()1P> = L(erp) + w‘Y(P)y

where the linking numbers are calculated with respect to any fired suspension of f.

The second lemma can be used to exclude the possibility of a given periodic orbit

collapsing onto an orbit of lower period under isotopy.
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Lemma 28. — Let f; : D* — D? be a sequence of orientation-preserving homeo-
morphisms, converging in the C° topology to a homeomorphism f : D* — D?. Let
pi — p and @i — q be sequences in D? with the property that each p; lies on a pe-
riod m orbit P; of fi and each g; lies on a period n orbit Q; of fi. If q is a period n/l
point of f which does not lie on the f-orbit of p, then L(Q;, P;) is a multiple of | for

sufficiently large i (with respect to any suspension of fi).

4.2, The Asimov-Franks theorem. — The Asimov-Franks theorem [AF83] gives
conditions under which periodic orbits of homeomorphisms f : M — M persist (or arc
unremovable) under arbitrary isotopy of f. The version given here is from [Hal91b),
and is restricted to the case of interest in this paper (unremovability of single periodic
orbits of oricntation-preserving homeomorphisms of D? under isotopy relative to some

other periodic orbit).

Definitions 24. — Let f: D* — D? and g: D? — D? be orientation-preserving
homeomorphisms having period n points p and g respectively; and let R be a periodic
orbit of f in Int(D?). Then (p; f) and (q; g) arc connected by isotopy rel. R (denoted
(p; f) ~ (g; g)) if there exists an isotopy {fi}: f = g relative to R and a path a in

D? from p to ¢, such that a(t) is a period n point of f; for all ¢
(p; [) is said to be unremovable in (D?, R) if every homeomorphism g : D? — D?

which is isotopic to f rel. R has a period n point ¢ with (p; f) ~ (¢; 9).

Notice that being connected by isotopy rel. R is clearly an equivalence relation on
the set of all pairs (p; f), where f : D? — D? is an oricntation-preserving homeo-

morphism and p is a periodic point of f.
The Asimov-Franks theorem gives three conditions which together ensure the un-

removability of (p; f). The first condition prevents the orbit of p from collapsing onto
an orbit of lower period under isotopy.

Definition 25. -~ (p; f) is said to be uncollapsible if, given any scquence of hom-
comorphisms g; : D? — D? which converge in the C° topology to g : D* — D?, and
a sequence g; — ¢ in D? such that g; is a period n point of g; with (g;; g;) ~ (p; f)
for all j, then g is a period n point of g.

The sccond condition prevents the orbit of p from falling into the periodic orbit R.
Definition 26. - (p; f) is said to be separated from R if (p; f) ~ (¢; g) implics
g€ R

The final condition is that the total fixed point index of periodic points which
could interact with p under isotopy is non-zero. Recall (sce for example [Jia83]) that
il f:X — X is & continuous self-map of a compact manifold, then the fixed point
index index(S, f) of a subsct S of Fix(f) can be defined, generalising the familiar
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notion of the index of an isolated fixed point, provided that S is compact and is open
in Fix(f).

Definition 27. — Let p be a period n point of f. The strong Nielsen class snc(p; f)
of (p; f) is the set of all period n points ¢ of f with (p; f) ~ (q; f).

If (p; f) is uncollapsible and separated from R, then snc(p; f) is compact and
open in the set of fixed points of f™, so the following definitions can be made:

Definitions 28. — Let (p; f) be uncollapsible and separated from R. The indez of
(p; f) is defined by I(p; f) = index(snc(p; £), ). (p; f) is said to be essential if
I(p; f) #0.

Theorem 29 (Asimov-Franks). -— If (p; f) is uncollapsible, separated from R,
and essential, then it is unremouvable.

The following result can be found in [Hal91b): it says that rclevant topological
information is preserved under connection by isotopy.

Lemma 30. — Let (p; f) ~ (q; 9), and let the orbits of p and q be denoted P and Q

respectively. Then

a) bi(P; f) = bt(Q; 9).

b) If P# R and Q # R, then for any suspension of f there is a suspension of g such
that L(P, R) = L(Q, R) with respect to the given suspensions.

Remark 31. — By Lemma 30 a), (p; f) is necessarily scparated from R if
bt(P; f) # bt(R; f) (and in particular if P and R have different periods).

The following trivial result will also be uscful:

Lemma 32. - Let p and q be period n points of f and g. Then (p; f) ~ (q; g) if
and only if (f(p); f) ~ (9(q); g).

4.3. A method for showing that two periodic points are conmected by
isotopy. —

Definition 33. — Let f: D? — D? be an orientation-preserving homeomorphism
with distinct period n points p and ¢. Suppose that a: [0,1} — D? is an arc from p
to g with the property that
a) there exist a,b € [0, 1} such that
i) of[a,1]) U f*(([b,1])) is a simple closed curve bounding a (closed) disk A,
and
i) a((0,al) = f(a((0,8]),
b) ([0,1)) is disjoint from fi{«([0,1])) for 1 € i < n, and
c) the orbits P and Q of p and g are disjoint from Int A.
Then « is said to define the disk A under f.
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Remarks 34. —

a) Note that condition b) implics that ([0, 1]) intersects P U Q only at p and q.

b) Condition a) is ponderous, but the reason for it is simply explained. In the appli-
cations in this paper, where f is the horscshoe, the arc o will be taken to be an
arc of the stable manifold of p followed by an arc of the unstable manifold of q.
Suppose, for example, that p is a periodic point of negative index (so that f™
sends each branch of its stable manifold to itself), while ¢ is a periodic point of
positive index (so that f™ sends cach branch of its unstable manifold to the other
branch). The paramecter b corresponds to the point x where the two manifolds
mect, so that f™(a([0,b])) is & subset a([0,a]) of the image of c: the remainders
a([a, 1)) and f™(a([b, 1)) of the arc and its image under f™ are disjoint except at
their endpoints (which are at z and g), and hence form a simple closed curve. Sce
Figure 8, for cxample.

Theorem 35. — Let f: D — D? be an orientation-preserving homeomorphism, p
and q be distinct period n points of f, and R be a finite subsel of D? with f(R) = R.
Suppose that there exists an arc o: [0,1) — D*\ R from p to q, which defines a disk A
under f which is disjoint from R. Then (p; f) and (q; f) are connected by isotopy
rel. R.

Proof. — Denote by o; the image of the arc fioa for 0 < i < n: since f is a
homeomorphism, it follows from Definition 33 b) that o; Ney; = B for 4 # 4, except if
{11.7} = {0,n}.

Thus o; has endpoints on PUQ and is disjoint from 8A for 1 £ 1 < n, hence by
Definition 33 ¢) a; NA = § for 1 < i < n. Let D be a disk which contains ag U oy,
in its intcrior, but which is disjoint from R and from a; for 1 <4 < n; and let C be
a simple closed curve bounding & disk containing o in its intcrior such that both C
and f*(C) are contained in Int D, while f*(C) is disjoint from D for 1 <4 < n.

Then f(C) is isotopic to C rel. PUQ U R, since both are simple closed curves
contained in D, surrounding the only two points of PUQUR which lie in D. Hence (by
a theorem of Epstein [Eps66]) there is a homeomorphism h: D? — D?, supported in
D and isotopic to the identity rel. PUQUR, with k(f*(C)) = C. Let F = hof, so that
F"C)=C and f ~ F rel. PUQU R. Clearly (p; f) ~ (p; F) and (q; f) ~ (g; F)
(using the constant paths from p to p and from q to ¢, and the isotopy f ~ F rel.
PUQU R), so it remains to show that (p; F) ~ (¢q; F).

Let Ep be the closed disk bounded by C, write E; = Fi(Ep) for 1 < i < n, and set
E = U;:Ol E;. Thus E is an F-invariant subset of D?, disjoint from R, consisting of n
mutually disjoint disks. Let H: D? — D? be a homeomorphism supported in E with
H(F(q)) = F¥(p) for each i, and lct {H,}: H = id be an isotopy supported in E.
Then Hy(q) is a period n point of Hyo Fo H; ! for cach t, so that (p; G) ~ (q; F),
where G = I o F o H™', However G agrees with F on P and outside of E: thus
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applying the Alexander trick to all of the componcents of E (which each contain a
single point of P), there is an isotopy from G to F relative to P U R, which provides
an isotopy connection (p; F) ~ (p; G). Hence (p; F) ~ (g; F) as required. o]

4.4. Pruning theory. — Pruning theory provides a means of destroying some of
the dynamics of a surfacc homeomorphism by an isotopy with controlled support,
The following definition and theorem are from [dC99], simplified in accordance with

the requirements of this paper.

Definitions 36. — A pruning disk for the horseshoe map F : D? — D? is a closed
topological disk A C D? whose boundary is the union of an arc C of stable manifold
and an arc E of unstable manifold, intersecting only at their endpoints, which satisfy
FMC)NInt{A) = F~"(E)nInt(A) = 0 for all n 2> 1.
The common endpoints of the two arcs are called the vertices of A.

Theorem 37. — Let A be a pruning disk for F. Then there exists an isotopy, sup-
ported in U, oz F*(Int(A)), from F to a homeomorphism Fa for which all points of

Int(A) are wandering.
The pruning isotopy therefore destroys all of the dynamics in Int(A), while leaving
untouched any orbits which do not enter Int(A). In this paper the pruning theorem

will be applied in the form of the following corollary:

Corollary 38. — Let w be a lone decoration and q € (0,q,). Suppose that there is
a pruning disk A containing points of all four periodic orbits Py’ in its interior. If R
is a horseshoe periodic orbit disjoint from A, then R # P}'.

Proof. - The sct of braid types of the pruned homeomorphism Fa is precisely the
set of braid types of periodic orbits of F which are disjoint from A. In particular, Fa
has a periodic orbit of the braid type of R, but none of the braid type of Py O

5. Proof of the main theorem

Let w be a lone decoration of length k. This decoration will be fixed throughout
the section, and therefore the dependence of many objects on w will be suppressed:
on the few occasions when it is temporarily important to indicate this dependence,
this will be done by means of a superfix w. For the sake of clarity, it is assumed at
first that w is even: the modifications necessary in the case of odd w are described in

Scction 5.5.
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5.1. Iterated arcs. — The proof of the theorem depends on the details of the
configuration of the F-images of a collection of arcs joining points of the four periodic
orbits of height ¢ and decoration w for each g & (0,¢,) NQ. For the remainder of this
subsection, let ¢ = m/n be a fixed element of (0, ¢,,). For the sake of notational clarity,
arcs o : [0, 1] -» D? and their images a([0, 1)) will not be distinguished carefully; and
points z € Q(F) will often be identified with k(z) € {0, 1}%.
Let pr = c,0uw0, p; = c,0wl, p3 = ¢,Jwl, and py = ¢;1wl be the rightmost
points on each of the four periodic orbits of height ¢ and décoration w (which have
period n + k + 3). Note that index(p;, F*++3) = (—1)?, since the words ¢,0w0 and
cqlwl are even and the words ¢,0wl and ¢;1w0 are odd.
Let v and & be the following arcs connecting these points:
a) «y goecs from p; to po. It is the concatenation of the vertical arc from p; to the
point *®(c,0w1)- (c,0w0)* and the horizontal arc from *(c,0w1)- (c,0w0)* to ps.
b) ¢ goes from p3 to ps. It is the concatenation of the vertical arc from p; to the
point *(c,1w0) - (c,1w1)™ and the horizontal arc from ™ (cg1w0)- (¢q1w1)™ to py.
These arcs are depicted schematically in Figure 7. The points p; are shown with their
correct relative horizontal and vertical orderings, calculated using the fact that w is

even.

FIGURE 7. The arcs 7y and §

It will be shown that each of these arcs defines a disk (in the sense of Definition 33)
under the horscshoe map F, and explicit conditions for a point of the non-wandering
set Q(F) to lie in cach of the disks thus defined will be given.

Lemma 89. — The arc v defines a disk C, under F. A pointz =b- f of QF) lies
in Int C, if and only if

a) f > (c,0w0)>, and
b) o(b) » (w0c,1)™.
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P1 Tn+k+3

FIGURE 8. The disk defined by +

Proof. - Denote by «; the arc F7 oy, for 0 < J £ n+k+3. A straightforward
induction shows that for 0 < j < n + k + 2, the arc v; is contained in S, and is the
concatenation of the vertical arc from o/ (c,0w0) to 09 (% (c,0w1) - (¢,0w0)™) and the
horizontal arc from o7 (% (c,0wl) - {¢,0w0)®) to o (c,0wl). This is true by definition
when j = 0, and follows for 1 < j < n 4 k + 2 since v;j-1 does not cross the vertical
centre line C of S.

Thus Yn4k42 Is the concatenation of the vertical arc from 0c,0w to *(1c,0w) -
(0cg0w)™ and the horizontal arc from “(1c0w) - (0c0w)™ to Te,0w (which
crosses C). Hence (see Figure 8) 7,413 is the concatenation of

i) the vertical arc from py = ;00 to *(1c,0w) 0 - (c,000)>;

ii) the horizontal arc from ©(1e,0w) 0 - (c,0w0)™ to the right hand cdge of S;

iif) a semicircular arc outside of S; and

iv) the horizontal arc from the right hand edge of S to e,0wl = py.
Condition a) of Definition 33 thus follows (with a(b) = (1cy0w) 0+ (¢,0w0)™) and
conditions b) and ¢) are satisfied because p1 and p; lie to the right of all other points
in both of their orbits, and the arcs 7v; are contained in S for 1 < j < n+k+2.
A point z = b- f of Q(F) lies in Int Cq if and only if both f > (c,0w0)™, and
0{w0c,1)> < b < (1d0c,)™: the latter condition is equivalent to a(b) > (¥0c,1)™.

O

The corresponding result for the arc 4 is analogous, and its proof is omitted.
Lemma 40. - The arc & defines a disk Dq under F. A pointz =b- [ of Q(F) lies
in Int Dy if and only if
a) > (cglwl)™, and
b) a(b) = (Wlc,0)™.

For the purposes of the current argument, denote the arc «, which depends on g
and on the decoration w, by Yy Now g < ¢y = qu (Lemma 7), and hence, applying
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Lemma 39 with decoration 0, the arc 7}f (which joins ;060 to c,0%1) defines a disk
Cy under F, and a point & = b- f of (F) lies in Int C¥ if and only if

a) [ > (c010)*, and

b) o(b) > (wlcq1)™®.

Applying the involution ¢ of Section 2.3, the arc ¢(v?) (which joins Gwlc, to Twle,)
defines a disk ¢(CZ) under F~!, and a point = b- f of Q(F) lics in Int $(CP) if
and only if
a) b (c,000)%, and
b) o(f) > (wlcy1)>.

T4

FIGURE 9. The arcs a and 8

Write o = a¥ = ¢(v¥), and similarly f§ = ¥ = $(6?) (sce Figure 9). Thus o
joins the highest point 7y = OwOc, on the orbit of p; to the highest point ry = Twlc,
on the orbit of ps; while # joins the highest point o = Owlc, on the orbit of ps to
the highest point r3 = Twle, on the orbit of ps, and the argument above gives:

Lemma 41. -— The arc o defines a disk Ay under F~1. A pointz =b- f of Q(F)
lies in Int Aq if and only if

a) b (c,000)*, and

b) o(f) » (whc,1)>.

Lemma 42. — The arc (3 defines a disk By under F71. A pointz =b- f of QF)
lies in Int By if and only if

a) b (cg1d1)*°, and

b) o(f) » (wle,0)™.

Figure 10 depicts the disks Ay, By, C1y3, and Dy3 for w = 11, together with
the four periodic orbits of height 1/3 and decoration w. This figure is drawn to
scale, and short segments of stable and unstable manifolds cannot be discerned on it.
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The disks A3 and Cy3 arc shaded lightly, and the disks By /3 and Dy3 are shaded
heavily.

FIGURE 10. The disks A1/3, 31/3, 01/3, and D1/3 forw =11

This figure motivates the following straightforward lemma.
Lemma 43. — For any decoration w and any q € (0,qy,), D,CC, and B, C A,.

Proof. -~ Let £ = b- f € Q(F). It suffices to show that if z € Int(D,) then
z € Int(Cy). That B, C A, will then follow since A, = ¢(C¥) and By = ¢(D?).

Suppose « € Int(D,): then f > (c,1wl1)*™ and o(b) > (Wlc,0)™ by Lemma 40.
Since hoth ¢, and 1 are even words, it follows that f > (¢,0w0)™ and o (b) = (00c,1)™,
so that z € Int(C,) by Lemma 39.

5.2. Linking properties. — Let q € (0,4,,) N @, and for 1 <4 < 4 denote by P, 4
the periodic orbit, containing the point p; of Section 5.1. Fix a suspension {f:} of the
horseshoc map F. Given a horseshoe periodic orbit R distinet from each P; 4, denote
by Li4(R) the linking number of P, ; about R with respect to the suspension {ft}.

Lemma 44. —
Liqo(R) = Lig(R)+IRNA,]
L3g(R) = L2g(R)+|RN B,
Lao(R) = Li1g(R)+|RNC,|
L3qo{R) = L4g(R)+|RND,|.
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In particular,
max(L1q(R), L2,q(R), L3,¢(R), Ls,q(R)) = Lsq(R)  and
min(L1,q(R), L2,4(R), L3o(R), L1g(R)) = L1q(R).

Proof. — Note first that the boundaries of the disks A4, B,, Cy, and Dj are composed
of segments of the stable and unstable manifolds of points of the orbits P; 4, and so
cannot intersect the orbit R.

Consider the arc v from p; to p2. The curve 7 - (F*T5+3())? goes clockwise
around the boundary of C,. Hence Ly 4(R) = Laq(R) — [RN Cy| by Lemma 22 as
required. Similarly Lag(R) = Lgq(R) + |R N Dy (the curve § - (F*+¥+3(8))~1 goes
anti-clockwise around the boundary of D,).

Let g = F ~(n+k+3) (@ ), an arc from 7y to 4. Then Gq 0y 1 goes clockwisc around
the boundary of Ay, so that Ly 4(R) = Lsq(R) — [RN Al as required. Similarly
Lo.o(R) = Loa(R) + RN By o

Corollary 45. — Let R be any horseshoe periodic orbit distinct from each Py q. Then
[RNCyl+ RN By| = |[RNDy| + RN A
Proof. — Both arc cqual to Lz ¢(R) — Ly o(R). O

5.3, Forcing conditions. — The first main result is that {P}’ : ¢ € Q“} is totally
ordered by the forcing relation. The following lemma will be used:

Lemma 46. — Let q,¢' € (0,4.,)NQ with ¢’ < q. Let R be the periodic orbit of code
cyOwl. Then [ROAgl=|RNCy| =1, and |[RN Bg| = |RNDy| = 0.

Proof. — Observe first that a point of R lics in onc of the disks if and only if it lies
in its interior, since R is distinct from the orbits P; 4.

a) The rightmost point ¢ = b« f of R lies in Cy \ Dy. For f = (cg'0w0)™ and
b = (060cy)™. Now ¢’ = q(f) < ¢ = q({c,0w0)™) and hence f > (¢;0w0)™, so
condition a) of Lemma 39 (for a point to lie in Cy) is satisfied.

Since g = g (Lemma 7) and ¢’ < ¢ < Gy, the words ¢,/000 and c,190
are codes of periodic orbits of heights ¢’ and ¢ by Lemma 6. Therefore
(cg00)™® = (cq1120)”.  Prepending the even word @0 to both sides gives
o(b) > (10c,1)*, so that condition b) of Lemma 39 is satisfied.

On the other hand, o(b) = %0... < (W1c,0)™ (since w is cven), and hence
condition b) of Lemma 40 (for a point to lic in D,) is not satisfied.

No other point £ = b- f of R lies in C,. Certainly this is true if f begins in w or
at the final 1 of ¢}: for

z

— 3 i 00
qu = min _q(o*((10w0)7))

gives that q(f) 2 quw > q = q{(c,0w0)™) for any f € {0,1}N which starts either
with 10w010, or with a final subword of w followed by 010, so that f < {¢;0w0)™,
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and condition a) of Lemma 39 is not satisfied. ‘Thus condition a) of this lemma
can only be satisfied if

f = 10%1%,..1%0"~10w0...  and
b o= 10%-1120%-21%. . 120™1040...  for some i with 1 <i < m/
(where ¢, = 10712 ...120%~1). Hence
9(100(b)) £ ¢’ < qu = gu < q(10(B0cy1)™)
(the first inequality coming from Lemma 5 and the fact that ¢, is palindromic,

and the second from the above formula for g,,), so that 100 (b) > 10{00c,1)*, i.c.
o(b) < (90cg1)™, and condition b) of Lemma 39 fails.

Hence |[RNCy| = 1 and |[RN D, = 0. So |§ﬁCf| =1and |i§ﬁD}f’| =0, and therefore
IR0 Ag| = [6(R) N ¢(CF)| = 1 and |[RN By| = |$(R) N ¢(D¥)| = 0 as required. O

Theorem 19 a) follows immediately from the following result.
Theorem 47. — Let g€ Q¥ and ¢’ € (0,q) N Q. Then Py =z Py,
Proof. — Let R be the periodic orbit of code c0w0. Lemmas 44 and 46 give that
Lyo(R) = Lao(R) = Lag(R) = Ly 4(R) + 1.

Suppose first that Ly ,(R) is not divisible by n + & + 3. It will be shown that
(p1; F) is unremovable in (D?, R), which will establish the result. Note first that
(p1; F) is certainly scparated from R, since R and P, , have diflerent braid types
(Remark 31). To show that (p; ; F) is uncollapsible, suppose that g; — g is a sequence
of homeomorphisms D? —» D?, and r; —» r in D? is such that r;isa period n+k+3
point of g; with (r;; g;) ~ (p1; F) for each j. The fact that n-+k+3 fL; , means (by
Lemma 23) that r cannot be a fixed point of g. If r were a period (n+ k + 3)/£ point
of g for some £ with 1 < £ < n-+k+3, then for j sufficiently large the braid type of the
g;-orbit of r; would be reducible with (n+k+3)/¢ reducing curves, contradicting the
fact that P) 4 has pscudo-Anosov braid type. Thus r is a period n 4+ k + 3 point of g,
establishing the uncollapsibility of (p1; F). Finally, to show that (p; ; F) is essential:
if r € sne(py ; F), then r lies on a periodic orbit of braid type bt(P;,,) and has linking
number L; ,(R) about R with respect to some suspension of F by Lemma 30. Since w
is a lone decoration and Ly 4(R) = L3 4(R) = L4 ,4(R) = L1,4(R) + 1, it follows that
r € Py g, and hence I(p; ; F) = —|snc(py; F)| # 0, s0 (p1; F) is essential as required.

On the other hand, if L1,¢(R) is divisible by n + k + 3, then Lg,(R), L3 q(R),
and Ly4(R) are not. The above argument can then be repeated with pz, the only
part which is any different being the proof that I(p;; F) # 0. For this part, observe
first that by Lemma 30 the only points which can lie in snc(py ; F) arc points of the
form F*(p;) for j € {2,3,4}, since thesc arc the only periodic points of F which lie
on periodic orbits of braid type bt(P;,;) and have linking number Ly 4(R) about R.
However, since |[RN Byf = [RN Dg| = 0, Theorem 35 gives that (p2; F) ~ (p3; F) ~
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(ps; F). Hence if Fi(p;) € snc(py; F) for some j € {2,8,4}, then (Lemma 32) this is
true for all j € {2,3,4}. Since points of Pp,¢ and Pyq have index +1, while thosc of
Py 4 have index —1, it follows that I(p2; F) = |sne(pe; F)|/3 > 0 as required. o

Remark 48. — A cleancr approach to this proof would be to start by using the fact
that RN D, = 0 to prune away the periodic orbits P34 and Py 4 by an isotopy which
leaves R, P,,q, and P; 4 untouched (a suitable pruning disk can be constructed by
analogy with Lemma 50 below). There would then remain only two periodic orbits of
the braid type of Py,q, whose linking numbers about R would differ by 1. However,
in order to take this approach it is necessary to ensurc that the indices of p; and
p2 are unchanged after the pruning isotopy, which requires more careful control of
the support of this isotopy. The technical details involved in doing this arc more
complicated than the approach taken in the proof above.

The next lemma describes how the disk C, can be enlarged to a pruning disk A,
which contains all of the points p;. (See Figure 11.) A, is “approximately the same”
as C, in the sensc that if ¢ has large denominator then the boundary of 4, is close
to that of Cy, and in particular Ay \ C; cannot contain periodic points of low period.
This idea is encapsulated in the following definition:

Definition 49. — Let g =m/n € Q. If X,Y C D?, write X C, Y if any periodic
point of F of period less than n/2 which lics in X also liesin Y.

S
v1
re a
7 pa q
1 §
[0}
Pa
vo LI E

FIGURE 11. The pruning disk A,

Lemma 50. — Let vp and vy be the points ©0c,0u8 - (c,0w011)™. Then vy and
vy are the vertices of a pruning disk &, which contains {p1,p2,p3,pa}. Moreover
A, Cq Cy.
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Proof. — Obscrve that a point = b - f of Q(F) lies in Int(A,) if and only if
[ > (e;0w011)™ and o(b) > W0c,0%.

Let C and E be the segments of stable and unstable manifold constituting the
boundary of A,. Obscrve that, for n > 1, F*(C) (respectively F~"(E)) is a scg-
ment of stable (respectively unstable) manifold, with endpoints F™(v;) (respectively
F~"(v;)), which is contained in the central square S of the horseshoe. Thus to show
that A, is a pruning disk (Definition 36), it is enough to show that F™(v;) € Int(A,)
for all n € Z.

Now guo1 = minpgicr+49(a*((10w010)™)) = minggick+2 ¢(o*((10w0))) = qu,
and hence g < guo1. Thus (Lemma 6) ¢,0w011 is the code of a periodic orbit, whose
rightmost point is on the stable leaf containing C. Tt follows that F™(v;) ¢ Int(A,)
for all m > 0.

If n < 0, then A(o™(1;)) > (c,0w011)™ could only occur if

h(o™(v;)) = 10%712 ... 120" 10w3(c,0w011)™
q

for some 1 < r £ m (recall the horiztonal and vertical coordinate functions b and v
from Section 2.1). If 7 > 1 then this is not possible (as ¢(10%°12...120%=10...) > q),
while if » = 1 then a(v(o™(v;))) = 0% ¥ wW0c,0%°. Thus A, is a pruning disk as
required.

It is straightforward that A, contains all of the p;, since (c,,‘fw‘f)w > (¢, 0w011)™
and (@36,%)™ > w0c,0%.

For the final part of the lemma, suppose that z = ¢ is a point of a period
N=lc|<n/2 orhit R of F. It is required to show that if z € Int(A;) then
z € Int(C,). Suppose for a contradiction, then, that x € Int(A,) \ Int(Cy): that is,
by Lemma 39, cither

(€0w011)® < c¢® =< (c0w0)™, or
W0c0° < a(é®) = (1W0ce1)™.
If the former incqualities hold, then ¢(c®) = q. Since |¢| < n/2, both ¢ and cc must be
initial words of ¢;, and so ¢ = 10"112...120%"1 for some r < m/2. Now the code ¢cg
of R is some cyclic permutation of ¢, so cg = 10%12,.,120%r 120" ., 120"-11 for
some ¢ between 1 and 7. Removing the even initial subword 10%112...120%-11 (of
length s, say) from each term in the inequalities gives

0*((c0w011)*®) < cp™ = o*({c0w0)™),
and hence g(R) = q{cr™) > ¢. On the other hand, g(R) < ¢{¢™) = ¢, and hence
g{R) = ¢ = m/n, and so R has pcriod at least n. This is the required contradiction.

If the latter inequalities hold, then (removing the even initial subword w0 from
cach term) there is some point d*° of R such that

g0 < d® < (c,110)%,

and the proof proceeds in exactly the same way. 0
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The description of the invariant r* follows relatively easily from the following
theorem:

Theorem 51. - - Let R be a period N horseshoe orbit, and let g = m/n € Q¥ be
such that n > 2N. Then R > PY if and only if RN A, #0 and RNCy #£ 0.

Proof. - Notice that R cannot intersect the boundary of any of the disks Aq, By,
Cy, Dy, since its period is less than the period n+ k + 3 of P’

If RNC, = 0, then R # P;’ by Lemma 50 and Corollary 38. Similarly, if RNA, =0
then ¢(R) N (Ag) = ¢(R)NCY = @, and $(AP) is a pruning disk which is disjoint
from R but contains the highest points {r1,72,73,74} of the orbits Py’

Suppose, then, that RN A, # 0 and RN Cy # . It is required to prove that
R > P}’. By Lemma 44, the linking number Ly is strictly smaller than the linking
numbers Lo, L3, and Ly. If Ly is not divisible by n+k+3, then an identical argument
to that in the proof of Theorem 47 shows that (p1; F) is unremovable in (D?, R),
which establishes the result. On the other hand, if Ly is divisible by n + k + 3 then
Lo, Ls, and Ly are not. Either onc of these linking numbers is distinct from the other
two, or all three are equal, and in either case the proof proceeds identically to that of
Theorem 47.

O

5.4. The invariant ., — The next result completes the proof of Theorem 19 for
cven decorations.

Theorem 52. — Let R be any horseshoe periodic orbit, and r(R) € (0,g,] N Q be
as given in Definition 16. Then for ¢ € Q¥

0<g<r(R) => RZPF/ and
™(R)<q<qw = R2P}.

In particular, ™ is a braid type invariant.

Proof. ~- Let ¢ = m/n € Q”. Suppose first that 0 < ¢ < r*(R): it is required to
show that R # P;’. Without loss of generality, assume that n/2 is greater than the
period of R, so that Theorem 51 applies (if not, replace ¢ with ¢’ € (¢,7*(R)) N Q¥
having sufficiently large denominator. Then P)° > PpY by Theorem 47, so showing
that R # Py shows that R % P}").

Assume for a contradiction that R > P¥, so that RN Ag # ¢ and RNC, # 0 by
Theorem 51.

Letz = b-f € RNC,. By Lemma 39, f > (c,0w0)™ and o(b) > (#0c,1)™. If
o(b) = BOb' for some b’ € {0,1}N then b- f = V0ws - f, where f > (c,0w0)™ (so
a(f) < q) and V' > (c,190)™ (so q(b') < q). Thus there is a word 010wil0 in TR
which forces A™(R) < q.
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On the other hand, if o(b) doesn’t begin 0. .. then o(b) = #b', where # is a non-
empty cven initial subword of @0. Then b f = ¥4 - f where v is a non-empty even
final subword of Ow, and f > (c,0w0)* so that q(f) < g. Hence u“(R) < q.

To summarize: the existence of a point of RN C, means that either A¥(R) < g or
#“(R) < q.

Now let z = b- f € RN A, (to simplify the notation the same symbols z, b, and f
arc used although z must be a different point of R). Thus ¢(z) = f-b e Rn C:f’,
so that either /\'i’(fi) <gqor uﬁ’(ﬁ) < g. Thus either A¥(R) < ¢ or ¥*(R) < q by
Remark 15.

So the fact that both RNC, and RN A, are non-empty means that either \¥(R) < q,
or both u*(R) and v*(R) are less than or equal to gq. This is precisely to say that
r¥(R) < g, which is the required contradiction.

For the converse, suppose that r(R) < ¢ < gy, it is required to show that B > Py.
Once again, assume without loss of generality that n/2 is greater than the period of R
(if not, replace ¢ with an element of (r*(R), q) having sufficiently large denominator).

Since ¢ > r*(R) = min(A¥(R), max(u* (), v (R))), at least one of the following
two possibilities holds: that ¢ > A*(R), or that ¢ is greater than both u“(R) and
v*(R). Tt will be shown that in cither case R contains points of both A, and Cj, so
that B > P}’ by Theorem 51 as required.

a) Suppose that ¢ > A*(R). Thus there is & point z == b- f of R with q(f) < ¢
and b = }{b’, where ¢(b’) < q. In particular, f > (c,0w0)™ and o(b) = W3 >
(#0cq1)™, so z € C, by Lemma 39. Similarly, q > A‘i’(ﬁ) = A¥(R), so there is a
point of R in C3?, and hence a point of R in A,.

b) Suppose that ¢ > p*(R) and ¢ > v™®(R). The fact that ¢ > p*(R) means that
there is a point z = b- f of R with ¢(f) < g and b= 95..., where v is a non-empty
even final subword of Gw. Thus f > (c,0w0)™ and ¢(b) > (W0c,1)™, so = € C,
by Lemma 39. Similarly, ¢ > v*(R) = ;t“’(ﬁ) means that there is a point of R in
C¥, and hence a point of R in 4,.

]

5.5. The case of odd decoration. — The casc where w is an odd decoration works
similarly, the only substantial changes being the exchange of the réles of C; and D,
(and similarly of A4, and B,), and the replacement of the inclusions of Lemma 43 with
“approximate inclusions”.

Define the points p; and the arcs 7, é, o, and § exactly as in Scction 5.1: observe
that now index(p;, F**5+3) = (—1)**! rather than (~1)* as beforc. Lemmas 39- 42
{describing the disks defined by these arcs) and Lemma 44 and Corollary 45 (describ-
ing the linking numbers of the orbits P, about a periodic orbit R) are unchanged.
However Lemma 43 is false, as can clearly be seen from Figure 12, which is a schematic
depiction of the points p; (with their correct relative horizontal and vertical ordering),
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the arcs v and &, and the images of these arcs under F™+¥+3, What is true, though,
is that the disk O, is approzimately contained in Dy in the sense of Definition 49.

N

P2P3

n

ps

FIGURE 12. The disks C, and Dy when w is odd

Lemma 48 (odd version). — For any odd decoration w and any q¢ € (0,qu),
Cy Cy D, and A, C, B,.

Proof. -~ Let ¢ = m/n. Let = € be a point of a period N = |e] < n/2 orbit R of F.
It suffices to show that if z € Int(C,) then z € Int(Dg). The result will then follow
since A, = ¢(CP) and B, = ¢(DY¥). The proof works in exactly the same way as the
final part of the proof of Lemma 50.

O

Only a minor modification is necded to Lemma 46:

Lemma 46 (odd version).-— Let q,¢' € (0,qw) N Q with ¢/ < q. Let R be the
periodic orbit of code cy0wd. Then |[RN Ayl = |[RNCy| = 0, and [RN By| =
[RN Dol = 1.

The proof works in exactly the same way, the only small difference being the nced
to show that points of R other than the rightmost point lie in neither C, nor Dg: this
uses the fact that if w is odd then q(10w010...) = ¢(10w110...).

Theorem 47 is true as stated for odd decorations, and the proof is identical except
that L3 ,(R) plays the role of Ly o(R), since the revised Lemma 46 gives that

Ll.q(R) = L?.q(R) = L4,q(R) = Ls.q(R) -L

The pruning disk which contains all of the points p; is different from that used in
the case of even decoration.
Lemma 50 (odd version). - Let vo and vy be the points ®0cy 1w} - (¢,0w10)™
if w ends with the word 01% for some i > 0, and the points ©0c 1uf - (c,0w110)>®
otherwise. Then vy and vy are the vertices of a pruning disk A, which con-
tains {p1,p2, pa,pa}. Moreover A, C, D,.

The only change to Theorem 51 is the replacement of A, and C, with B, and D,
The proof works identically.
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Theorem 51 (odd version). — Let R be a period N horseshoe orbit, and suppose
that ¢ = m/n € Q¥ is such that n > 2N. Then R > Py if and only if RN B, #0
and RN D, # 0.

Finally, the statement of Theorem 52 is unchanged, and its proof works in just the
same way. Using B, and Dg in place of A; and Cj is cxactly what is required to
compensate for the changes introduced because w is odd, and because *w = 1w and
w¥ = wl, rather than Ow and w0 as in the cven case.

6. Examples and applications

6.1. Gencralities. — The following straightforward lemma will be uscful in this
scetion.
Lemma 53. — Let w be a lone decoration.

a) If R is a horseshoe periodic orbit of decoration w, then r¥(R) = q(R).
b) If R is any horseshoe periodic orbit and ™ (R) # qu, then r¥(R) > q(R).
¢) If R is any horseshoe periodic orbit, then r(R) = r®(R).

Proof. — a) is immediate from Theorem 47, Theorem 52, and Lemma 11 ¢), while c)
is immediatc from Remark 15.

For b), suppose that r*(R) < g(R). Pick q1,q; € (r*(R), min(q(R), g,))NQY¥ with
71 < g2. Since g3 < g(RR), Lemma 11 b) gives P, 2 R. Since r"(R) < g, Theorem 52
gives R > P, Hence P, > Py, and Lemma 11 ¢) gives g = q(Py) < (P = qu,
which is the required contradiction. 0

6.2. Star decorations. — For each rational m/n € (0,1/2), consider the “star”

decoration wp,/, which is defined by removing the initial symbols 10 and the final

symbols 01 from the word Cm/n of Definition 1. Thus, using the notation of Lemma 5,
Wy = 0¥17112072170%312 || 120"m-1120%m 1,

Thesc decorations were considered in [dCHO4J: their name is duc to the fact that
the train tracks for periodic orbits with decoration Wm/n are all star-shaped, with
n branches: the pscudo-Anosov has an n-pronged singularity corresponding to the
vertex of the star, whose prongs are rotated by m/n.

The scope Qu,,;, Of the decoration w,,,, is m/n. In order to simplify the notation,
the periodic orbits P;™/" of decoration w,, /n and height ¢ € (0, m/n) will be denoted
PJ"/ " and the invariants 1=/~ will be denoted 7™/™ throughout this subsection.

It is shown in Lemma 17 and Corollary 18 of [dCHO04] that cach W/ 18 & lone

decoration, and that the periodic orbits Py" /™ all have pscudo-Anosov braid type.
Thus for cach fixed m/n the set

pmin {bt(l’,;"/",l") : g € (0,m/n)}



DECORATION INVARIANTS 33

is totally ordcred by forcing, with P{;f’/ "> P;”/ "™ if and only if ¢ < g (Theorem 47).
The aim in this section is to use Theorem 52 to determine the forcing between braid
types in distinct families D™/ that is, for each m/n, m'/n/, g, and ¢/, to deter-

mine whether or not P;f”'/ "> P™™, This completes the proof of Theorem 15 d)

of [dCHO4].

Recall that the rotation number p(R) € (0,1/2] of a horseshoe periodic orbit R
{other than a fixed point} is its rotation number in the annulus obtained by puncturing
the disk at the fixed point of code 1. The rotation interval pi(R) C (0,1/2] is the
set of rotation numbers of periodic orbits forced by R. Clearly pi(R) is a braid type
invariant, and if R > S then pi(R) 2 pi(S).

Lemma 17 of [dCHO4) states that pi(P/™) = [g,m/n). Hence if Pq'f‘l/"l > pprin
then [g,m/n] C [¢’,m'/n']. The main result of this section is a near-converse to this
statement.

Theorem 54. -— Let m/n,m’[n',¢' € (0,1/2) NQ with ¢ <m'/n'. Then
Tm/n(PZII/"') - { ’5:‘ ifg < ’r;':‘ < 1:_/’

2 otherwise.

That is, if ¢’ # ¢ then P,;?I/"’ > P™™ if and only if [q,m/n] C [¢’,m//n]. In the
language of Conjecture 8, this means that wp,/n = Wy n if and only if m/n < m'/n’.
Proof. — Ifm/n < ¢ orm/n>m//n, then pi(PqTfll/"') = [¢',m/ /n'] does not contain
the rotation interval {g, m/n] of Py" /™ for any q: that is, pe """ does not force any
P(;”/", and hence r’”/"(P;flI/"/) = m/n as required.

If m'/n’ = m/n, then rm/"(P;,"l/"l) = ¢' as required by Lemma 53 a).

Supposc, then, that ¢ < m/n < m//n’. Lemma 53 b) gives that r"‘/"(P;,"I/"’) >q,
so it suflices to show that r"‘/"(P;III/nl) < ¢'. To do this, it is enough to show that
Jutm/n (P:l‘/n,) <¢ and u’”m/"(P;fLI/"’) <4q.

Let R= P;fll/"’ with er = € 0w /0, and write

W je = 0711702120512, 120%m 11205 71,
Similarly, write
Wy = 071 7112072120%01% . 1207112071,

Consider the point of R with itinerary o™ *1(z5) = Qwpr/n0¢ = b+ f, so that
f= 0wy /,,,Ocqz)w and b = (cg0w,n/w0)™ (the latter using the fact that wps/n
and ¢y are palindromic). It will be shown that f = 05f' for some f' € {0,1}¥, where
v is a non-cmpty cven initial subword of w;; /n Thus

Unl+[u|(a€-) = b3 - f’,
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for v a non-empty even initial subword of w;/n, 0 I/w"‘/'\(P;?I/"’) < q(b) = ¢’. Then

/Lw'"/“ (P(;:,l/n’) — I/w"‘/" (P‘;,’m'/n') = plm/n (qu:,’/nl) < q/,

so that rm/"(P;7l/’L’) < ¢ as required.
Thus it only remains to cstablish the claim, that f = (0wp,/n0ce')™ is of the form
0% f’, where v is a non-empty cven initial subword of w,': /n = Wm/n0.
Observe first that the words
Wot Oy = 0071120%1% | 120%~11%05~10... and
07111207212 | 120mm -2

Wm /nO
must disagree before the shorter of their lengths. For

a) There is a subword of the form 010 in w,y, /n0cq but no such subword in w,), /n0
Henee if {wp /70| > W;ne 0/ 0cq/| then the two words must disagree.

b) On the other hand, if {wp, /0] < |ty /n0cq | and the words do not disagree, then
Wyt fnt0Cqr = Wenyn0 ..., and 80 10w /ey = 10wy, 0. .. and (since 10wy, ,,0
is an odd word)

1()wm//n406ql - IOqu/n010°°.

Taking the height of both sides gives m’/n’ < m/n, a contradiction.

Since m'/n’ = q(10wpy /nOcq ...) > q{10wy,7,010...) = m/n, the word Went fnrOcqe
is greater than wy,/,0 in the unimodal order. Let u be the longest initial word on
which they agree, and v be the length |u| + 1 initial subword of w,, /n0. Then cither
u is even and v = u0, or v is odd and v = ul. In cither casc, v is a non-trivial
cven initial subword of w} /n = Win/n0 and 07 is an initial subword of Qw,ns /n:Ocy as
required. O

6.3. Decorations of the form 1%+, — For cach i > 0, consider the decoration
w; = 1241 with scope gu, = ¢ ((101%+20)%) = 1/2. Tt will be shown that w; is
lone for all 4, yielding corresponding braid type invariants % by Theorem 19. These
invariants will then be used to show that Fp% has pscudo-Anosov braid type for all i
and all g € {0,1/2).

In order to simplify the notation, the periodic orbits P*i will be denoted P; and
the invariants v+ will be denoted 7* throughout this subscction. Similarly, Avs, g
and v¥ will be abbreviated to A}, pi, and v,

Remark 55. --- Dceorations of the form 1% (i > 0) arc also lone: 12! is the decora-
tion W(i+1)/(2i+3) of Section 6.2.

The proof that the decorations w; arc lone is by induction on i: the fact that w;
is lone will be cstablished by using the fact that w;—-; is lone, and hence that r*~1
is a braid type invariant. The proof will also make usc of the following theorem and
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lemma, which can be found in [Fal94], Theorem 56 appearing as Theorems 3.11
and 3.15, and Lemma 57 appearing as Lemma 3.3.

Theorem 56. - The rotation interval of any horseshoe periodic orbit R is of the
form

pi(R) = [o(R),the(R)] N Q,
where the(R) € [q(R),1/2] N Q is equal to 1/2 if and only if g contains either the
word 01010 or the word 01°™*10 for some m > 1.

Lemma 57. — Suppose that ¢ € {0,1}Y has q¢) = 1/2. Then ¢ = 0..., or
c=11...,0orc= 101%%-10... for some k > 1.

The following lemma will also be used in the proof.

Lemma 58. — Leti >0, and let R be a horseshoe periodic orbit with #*(R) < 1/2.
Then TR contains a word of the form 012410 for some k < i+ 2.

Proof. - (Note that it is not assumed in this proof that rt is a braid type invariant.)

Since r*(R) = min(X(R), max(i'(R),*(R))) < 1/2, either A(R) < 1/2 or
Vi(R) < 1/2.

If A{(R) < 1/2, then there is a word v = {1* ¢ such that some shift of 2x is of the
form bv - f, where q(b) < 1/2 and q(f) < 1/2 (i.e. =10... and f =10...). Thus
bu - f = ...01912%1910..., which contains a block of 1s of odd length either 2i + 1,
2i + 3, or 2 + 5 as required.

Similarly, if #*(R) < 1/2 then there is some non-empty even final subword v = 12
(1<j <i+1)of w = 1%+2 with the property that some shift of €z is of the form

05 - f = b31%-10. f, where g(b) < 1/2 and so b = 10.... Hence T contains a block
of 1s of odd length either 25 — 1 or 2j + 1 < 2i + 3 as required. ]

Theorem 59. — For each i > 0, the decoration w; = 1%+ is lone.

Proof. — The proof is by induction on i. For ¢ = 0, it is required to show that for
each g = m/n € (0,1/2)NQ, the four horseshoe periodic orbits Pp* of codes cg21] are
the only horseshoe periodic orbits of their braid types. Now the only other horseshoe
periodic orbits of height ¢ and period n + 4 arc those of decoration 0, i.e. those with
codes ¢,%03 (since qo = 1/3, there is in fact nothing to prove if g > 1/3). However
pi(Pye) = [q,1/2] by Theorem 56 (since cq21% contains the word 0131310), while the
periodic orbits of codes ¢,209 have rotation intervals with right hand endpoints less
than 1/2, since ¢,30} contains neither of the words of Theorem 56. (In fact these are
periodic orbits with star decoration w /3, and hence their rotation intervals have right
hend endpoint 1/3.)

Now let i > 0. By the inductive hypothesis, 7*~! is a braid type invariant.

Lemma 58 gives r=(P}) = 1/2. For writing R = P}, with

cr = cqlwil = 107112, 1207 1344
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CR contains only one block of 1s of odd length, and that block has length 2i + 5.
Thus F; is a period n+2i+4 orbit with rotation intcrval l9,1/2] and r*~1(P}) = 1/2.
It will be shown that any horseshoe orbit with these propertics must be P;, which
will complete the proof.
Suppose then that R is a period n + 2i + 4 periodic orbit with height g(R) = ¢,
with r*=}(R) = 1/2, and for which (using Theorem 56) €x; contains cither the word
01010 or the word 01*™+10 for some m > 1. Take

cr = cglw'l = 10712, 120" w1

for some decoration w’ of length 2i + 1 distinct from 12¢+1, A contradiction will be
derived.

Consider the first occurrence of one of the words 01010 or 012m+1¢ (m>1)inc%®.
Since w' # 1%+1, this word is either 01010 or 012™+10 for 1 < m < i. Thus there
is a corresponding shift of Zg of the form ...0131*"~10 . f where 1 < m < i or, in
other words, of the form b33 - f, where v = 12™ is a non-trivial cven initial subword
of wli=D+ = 12,

Because we chose the first occurrence of one of the words 01010 or 012™+1Q in e,
b= 10... cannot be of the form 101*~10... for any k > 1. Thus q(b) < 1/2 by
Lemma 57, and hence v#~Y(R) < 1/2.

Now pi=(R) = v%-1(R) = vi=Y(R). Since ¢(R) = q(R) (Lemma 3.8 of [Hal94])
and T contains one of the words 01010 or 012™+10, this gives p~1(R) < 1/2. Hence
r""1(R) < 1/2, which is the required contradiction.

O0

Thus 7% is a braid type invariant for all i > 0. These invariants will now be used
to prove that Pqi has pseudo-Anosov braid type for all ¢ > 0 and ¢ € (0,1/2). The
proof will make use of a more general result (Theorem 62 below) for showing that
horseshoe periodic orbits have pscudo-Anosov braid type.

The following result (Lemma 3.4 of [Hal94]) will be required:

Lemma 60. — Let q € (0,1/2) N Q. Let w, be as in Section 6.2. Then, for any
ce {0,1},

q(c) = ¢ <= (10w, 1)™® = ¢ =X 10w 0(11wg0)%.
In particular, if g(c) = q then ¢ = 10w,110... or ¢ = 10w,0l....

The first step is to give a lower bound on the period of horseshoe orbits R for which
r(R) < r=}(R).

Lemma 61. -— Let g =m/n € (0,1/2), and let R be a horseshoe periodic orbit such
that r*(R) = q < r'"1(R). Then R has period at least n + 2i + 4.
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Proof. — 2) Suppose first that A{(R) = ¢. It follows from Definitions 14 that for

b

fabl

some §

o' (E) = WI#H12. f,
where g(b) < q and ¢(f) < ¢, with cquality in one of the two cascs. Suppose that
q(f) = g the case where g(b) = ¢ works identically. Hence (Lemma 60) either
f=10w,110... or f = 10wg01.... In the former case, Tx contains both the word
01912¢+1910 (which has length 2i+7 and contains only isolated 0s and blocks of 1s of
odd length) and the word Owg110 (which has length 41 and contains only blocks
of 1s of even length). Thus R has period at least (2i+7)+(n+1)—2 > n+2i+4
as required. In the latter casc, T again contains the word 0181%%1¢10, and also
contains the word 0w,0 (which has length n — 1 and contains only blocks of 1s of
cven length). Thus R has period at least (2i+7)+(n~1)—2 = n+2i+4 as required.
(Note that if R has period n + 2i + 4, then 0*(€7) = 10w,0181%+1¢ = Ccgd1%+1g,
ie. R=P})
Suppose, then, that A¥(R) # ¢. Since r'(R) = g, it follows from Definitions 14
that Ai(R) > ¢, and that pi(R) < q and v#(R) < g, with equality in one of the
two cascs. Suppose that j;(R) = g: the case where v;(R) = ¢ works identically.
Hence, by Definitions 14, there is some s such that

03(2—1—{) — b012k_1? . f’

where 1 < k <i+1and g(f) = ¢ (here 0125~ = ¥, where v = 1?* is a non-cmpty
even final subword of *wt = 1%1+2),

i) If k = i+ 1, then Cx contains the word 01%+1410 (of length 2i -+ 5, with only
isolated 0s and blocks of 1s of odd length). It also contains cither the word
0w,110 (length n+ 1) or Ow,0 (length n — 1), which contain only blocks of 1s
of even length. So if R has period less than n + 2i + 4, T must contain the
words 012¢%1910 and 0w,0, and these words must overlap at either one or both
of their endpoints: that is, 0°(€R) is either 10w, 0121, or 10w,0012+13, or
100wg012+28. In the first case, R = Pi~!, and hence r*~1(R) = g, contra-
dicting the hypothesis that ¢ < r¢~}(R). In the sccond case, f = 10w,00...
and in the third case, f = 100w,0..., cach contradicting ¢(f) = ¢ (since by
Lemma 60, if q(f) = q then the number of 1s in the first n + 1 symbols of f
is either 2m or 2m + 1),

ii) If k < 4, then *~1(R) < ¢ (since 1?* is a non-empty cven final subword of
+wi=1). Since ri~1(R) > q, it follows that v*~1(R) > q.

Let ¥(R) = r < ¢. Then G contains the word w,0131%%10 (the block of
1s here can’t be shorter, since ¥~1(R) > r). In particular, it contains the
word 0191%+10 (which has length 2i 4+ 5 and contains only isolated 0s and
blocks of 1s of odd length). Since p(R) = q, Tk also contains cither the
word 0wg110 (length n + 1) or Ow,0 (length n — 1). So if R has period less
than n + 2i + 4, €x must contain the words 0131%+10 and Ow,0, and these
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words must overlap at either one or both of their endpoints: that is, o%(eR) is
gither 10w, 01512, or 10w,00151%/, or 100w;0131%. As before, in the first case
R = Pi!, contradicting ri-1(R) < g, while the other two cases contradict

g(f) =g

O

Note that there is no restriction on the decoration of the horseshoe periodic orbit R
in the following result, which thus provides a gencral test for pseudo-Anesov braid
type of horseshoe periodic orbits.

Theorem 62. -~ Let 4 > 1 and let R be a period N horseshoe orbil wilh
M(R) =m/n <Y R). Let d be the largest divisor of N other than N itself.
Ifd < n+ 244, then R has pseudo-Anasov braid type.

Proof. — The fact that ri(R) < r*~'(R) < 1/2 means that R forces infinitely many
periodic orbits of decoration wt, so cannot be of finite order braid type.

1f R hed reducible braid type, then it would force the braid type of the outermost
component in its Nielscn-Thurston canonical representative g: in particular, this is
the braid type of some horseshoe periodic orbit §. Since R > &, it follows that
ri-Y(S) 2 ¥~ Y(R). Now i = Fj for all ¢ > ri(R) with ¢ € Q¥%, so g has periodic
orbits of each of these braid types in its outermost component, and hence S> P,; for
all ¢ > 1 (R) with g € Q¥. So ri(S) = r'(R) < r-Y(R) < r71(S), and hkence S has
period at least n + 2i + 4 by Lemma ¢1. This contradicts the fact that the period
of § is at most d, which is less thun n -+ 2i + 4. m|

Corollary 63. — Pg has pseudo-Anosov bruid type for all? = 0 and all g € (0,1/2).

Proaf. — Let ¢ = m/n. Suppose first that i > 0. Then r“‘(P;) = 1/2, as established
in the proof of Theorem 59; and r*(Fy) = q by Lemma 53 a). Since Fj has period
n + 25 + 4, the result follows from Theorem 62.

For the case i = 0, suppose for a contradiction that R has reducible braid type.
As in the proof of Theorem 62, let 5 be a horseshoe periodic orbit whose braid type
is that of the outermost component in the Niclsen-Thurston canonical representative
of the braid type of R. Then pi(S) = pi(ft), s0 in particular g(S) = q(R) = m/n,
and hence S has period at least n. Since R has period n + 4, the period of S is at
most /2 +2: thus n < 4. A direct check verifies that the orhits Py and P{)H have
pseudo-Anosov braid type.

It follows from Theorem 19 that Pj > P;, for all i and all q,¢" € (0,1/2) with
g < q'. The forcing between families with different i can also be determined casily
using the invariants r. The next result says that Pqi forees none of the Pg, with 7 < 1,
whilc if 7 > 1 it forces all those with g > ¢: in the language of Conjecture 8, this
means that w < w?if and only if § 2 i.
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Theorem 64. — Let i and j be non-negative integers, and ¢ € (0,1/2)NQ. Then
i ( pi q ifj=2i
(P = { 1oifi<i
Proof. — Let R = P} with cp = ¢q1%*3. Then the only words of the form 017*+10
in 277 have k = i + 2. It is therefore immediate from Lemma 58 that r/(R) = 1/2 for
j<i.

r(R) = ¢ by Lemma 53 &), so suppose that j > i. ¥/(R) > ¢ by Lemma 53 b), s0
it is only necessary to show that ri(R) < q. Now T = ...01%%31 . (c,1%+%), and
01231 is a word of the form #?, where v = 1%+ is a non-empty even final subword
of fw! = 1%+2 Hence p/(R) < q((¢g1%*+3)%) = ¢. Similarly +/(R) < ¢, giving
rJ(R) < q as required. |

Corollary 65. - Let R be a period N horseshoe orbit. Then (r*(R)) is a decreasing
sequence, with *(R) = ¥ (R) if i,i' > (N ~7)/2].

Proof. — Let ¢ > r*(R) and pick ¢ € (r*(R),q). Then R > Pqi, by Theorem 19,
and P} > Pj*! by Theorem 64. That is, R 2 Pit! for all ¢ > ri(R), and so
ri+1(R) < ri(R) as required.

That the sequence (r*(R)) stabilises after i = [(N — 7)/2] is immediate from
Lemma 61. 0

6.4. Topological entropy bounds. — Recall that the topological entropy h(8) of
a braid type 8 is the minimum topological entropy of oricntation-preserving homeo-
morphisms of the disk having a periodic orbit of braid type f: it is rcalised by the
Nielsen-Thurston canonical representative of the braid type.

Let w be a lone decoration, and let A* (g) = h{P;’) denote the topological entropy
of the braid type of the periodic orhits with height ¢ and decoration w (0 < ¢ < gu).
It is clear that, for any horseshoe periodic orbit R, h(R) > h*(q) for all ¢ > r¥(R)
and, in particular, that h(R) > h*(+¥(R)), where

h¥(q) = Jim B (q)

It is often possible to calculate h¥(q) explicitly using train track techniques, pro-
viding a convenient means to compute topological entropy bounds. The approach for
the decorations w; of Scetion 6.3 will be outlined in this scction. A similar calculation
could in principle be carried out for the star decorations of Secction 6.2, using the
explicit train track maps described in [dCHO4].

An explicit train track [BH95] and train track map for the periodic orbits P is
depicted in Figure 13. Writing ¢ = m/n, the n+2i+4 points of the orbit are depicted
with solid circles. There are two valence i + 3 vertices, depicted with unfilled circles.
The strings of edges denoted A, B, and C contain respectively n —2m + 1, m, and
m points of the orbit (the remaining 2i + 3 points comprising ¢ at valence 1 vertices
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around the left hand valence i + 3 vertex, ¢+ 1 at valence 1 vertices around the right
hand valence 7 + 3 vertex, and 2 between these two vertices).

A routine but long calculation using this train track map shows that k¥ (m/n) is
the logarithm of the largest real root of the polynomial

Hyyn(2) = 2" 0i(@) + 20(2? = 1)@ + 1) frn/n(a) - 2**6g,(1/2),

mjin

where
m-—1 )
gi(x) =2¥*3(12® - 22 2~ 1)-2  and Fm(z) = Z zlin/ml
=1

(In fact H}, , (z) is (z% 1) times the characteristic polyomial of the transition matrix
of the train track map.)

A g

FIGURE 13. The train track map for P}

Using this result, the following theorem can be proved:

Theorem 66. — Let 0 < m/n < 1/2. The polynomial

Hopa(z) = (2" = 1)gi(2) + 2% = D@ + 1)1 + fr/u(2))

inz>1, and E""(rn/n) = log )\jn/".

has a single real root )\:n/n



DECORATION INVARIANTS 41

Proof. — Let
Tt n—1
K@) = 2208 )3 o0 4 2o+ 1)@ 4 1)1+ Fgnlo))
=0

Observe that K(1) = 4(2m — n) < 0 and that K(2) > 0 since g;(2) > 0, so that K
has at least one root in (1,2). Now

n-1 n-1

K(z) = z2it6 z 2 4 2(z + D)(@¥H +1) Zme/mJ (%5 + g4 4 %3 4 9) Z )
ji=0 j=0 ij=0
m—1 n—=1
= 2™ Loz +1) (e +1) Z glin/ml _ g2i+5 _ (g2 | 2143 1 g) Z ad.
§=0 j=0

Since n > 2m, every term of 2(z + 1)(z%** + 1) Zm'l zlin/m} is cancelled by terms
of (z%+4 + 2%+3 4+ 2) 5277 27, so that K(z) is of the form

n+2i4+3
I{( ) n+2:+5 Z a}x]

where all of the coefficients a; are non-negative. It follows that all of its positive roots
occur with positive derivative, so that K(z) has a unique positive root, and hence
ﬁm /n has a unique root in (1, 00) as required.
m3k

mnk-1/*
Pick a rational m’/n’ € (0,1/2) which is greater than m/n, and let p = h¥i(m'/n'),
so that ¢ < i for all sufliciently large k. Restrict to such large &, and work with
values of z in the interval (e, 2]. Then

Now h®i(m/n) is the limit as k — oo of the increasing scquence 1y, = h': (

mk— m2k—j)(mnk=1
Hiopjmmi—ny(®) = 2™g;(2) + 22(2% - 1)(a¥* +1) Z l i }
J:

- z2i+69i(l/$)

il

m?
gmnk g1($)+2(3§2 2z+4+1) Z z[—ﬂ—"%",—'[—‘lj __m21+6 mnk (1/.’1})

Now

mk— m—1 mk-1

mik-1

—i(mnk-1 —jn i
> el S e Sl S
j=1 r=1

r=0 j=1
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and since (rm + 5)/m?k < 1/mforr <k —1 and j <m -1 and (rm + j)/m2% < 1
for r <mk —1and j <m ~ 1, this gives

m2p-1 T k—1 m-1 ] mk~1
Z z{. e | = zx‘m Z gl=in/ml 4 Z ™™ 4 Rk,m/n(x)
j=1 r=0 j=1 r=1
k mk—1
= fm/n(.'E) Z =™ -+ Z z~™ + Rk_m/n(x),
r=1 r=1

where the remainder term Ry, ,, /n () satisfies

mk
0 < Bmyn(2) £ 2fm/n(z) Z z7" forallz € [e,2),
r=k+1
Thus ( i @
" — " NG .
:mn/lc(mn 2 = H:n./n(x) + Sk.i,m/n(z)y

where Sy i m/n(2) — 0 as k — oo uniformly for z € [e*,2). For cach k this function
has a zero at e#*, and hence the unique zero in (1,00) of }7:,,/"(9:) is at limg_, o e =
eh™ (m/n) a5 required. m]

Ezample 67. — Note that entropy bounds obtained in this way depend only on
local features of the code of the periodic orbit under consideration.

For example, let R be any horseshoe periodic orbit for which Cr contains the word
0013111§100. Then some shift of €5 is of the form by - £y where v = 111¢ = %w,9, and
q(b) < 1/3, q(f) < 1/3. Thus r**(R) < 1/3, and hence h(R) > E¥1(1/3), which is
the logarithm of the unique root in £ > 1 of the polynomial '}_11/3(30).

Now ﬁ;/s(a:) = (2% - Dg1(z) + 2(2® - 1)(2® + 1) (note that f173(z) = 0), which
simplifies (using g1 (2) = 2%(2% =22 =2 - 1) - 2) to

ﬁ}/s(z) =22 (z* - 1) (P - 2! — 2B+ 22— 2).
Thus any periodic orbit R whose code contains this word has h{R) > log(1.47669).

Compare this to the topological entropy of Pl% itself, which is given by the largest
positive root of the polynomial
Hij5(z) z*g1(z) - 2891(1/2)
= (:z"—- 1) (zs-x7—m6 2% 4+ 3% - 2% - 22 —:I:+1),

giving hll“/‘3 ~ log(1.56294).
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