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Abstract.  This report aims at giving a gencral overview on the classification
of the maximal subgroups of compact Lie groups (not necessarily connected).
In the first part, it is shown that these fall naturally into three types: (1) those
of trivial type, which are simply defined as inverse images of maximal subgroups
of the corresponding component group under the canonical projection and whose
classification constitutes a problem in finite group theory, (2) those of normnal
type, whosc connected one-component is a normal subgroup, and (3) those of nor-
malizer type, which are the normalizers of their own connected one-component.
1t is also shown how to reduce the classification of maximal subgroups of the last
two types to: (2) the classification of the finite maximal Z-invariant subgroups
of centerfree connected compact simple Lie groups and (3) the classification of
the T-primitive subalgebras of compact simple Lie algebras, where ¥ is a sub-
group of the corresponding outer automorphism group. In the sccond part, we
explicitly compute the normalizers of the primitive subalgebras of the compact
classical Lie algebras (in the corresponding classical groups), thus arriving at the
complete classification of all (nou-discrete) maximal subgroups of the compact
classical Lie groups.

Mathematics Subject Classification 2000: 22E15.
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1. Introduction

In this paper, we address an important problem from the theory of Lie groups,
namely that of classifying their maximal subgroups.!  This is closely related
(though not completely equivalent) to another classical problem from the theory
of Lie groups, namely that of classifying their primitive actions, which goes all the
way back to Sophus Lie and has over decades received a great deal of attention
in the literature: sce Dynkin [8,9,39], Golubitsky et al. [12,13], Chekalov [4] and
Komrakov (28-30].

*Work supported by CNPq (Conselho Nacional de Desenvolvimento Cientfico e Tecnolégico),
Brazil.

In this paper, the term “maximal ... subgroup” will always mean “maximal ... closed
subgroup”, where ... stands for a string of other possible adjectives. A more detailed discussion,
with precise definitions, can be found in Section 2, for the case where this string is emply, and in
Section 3, for the case where this string represents the expression “I'-invariant” or “E-invariant”.
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Of course, the same two problems and, in particular, the notion of a primi-
tive action can also be formulated in the context of abstract groups. A transitive
action of an abstract group G on a set X is said to be primitive if the only G-
invariant equivalence relations R C X x X are the trivial ones: R = X x X
and R = {(z,z)| z € X}.2 This is equivalent to X being a homogeneous space
G/H where the stability group [ is a maximal subgroup of G, so in this context
the two problems are completely equivalent. For Lie groups, the corresponding
concept is defined somewhat differently. A transitive action of a Lie group G
on a manifold M is said to be (Lie) primitive if M admits no G-invariant
foliation with leaves of positive dimension smaller than dim M .2 This is equivalent
to M being a homogeneous space G/H where the stability group H satisfics the
following weaker maximality condition: for any Lie subgroup H of G such that
HcHCG, Hy=Hy or H, = Gy, where the index 0 denotes taking the
connected one-component. Clearly every action of a Lie group which is primitive
as the action of an abstract group is also Lie primitive, but not converscly.

The infinitesimal version of both problems leads to the quest for a classifi-
cation of the maximal subalgebras of complex semisimple Lic algebras. This was
completely solved in the late 1940s and early 19505 by Borel and de Sicbenthal [3],
Dynkin [8,9], Karpelevich [25] and Morozov [33,34]; sce also the Bourbaki review
by Tits [39]. However, the classification of maximal subalgebras of Lic algebras
(or at least of certain classes of Lic algebras such as compact or semisimple or,
more generally, reductive Lie algebras) only provides a classification of maximal
connected subgroups of connected Lie groups (within the corresponding class):
dealing with the discrete parts is quite another story. In fact, although maximal
subalgebras of a Lie algebra which are not ideals do give risc to maximal subgroups
of any corresponding connected Lie group (namely, as we shall see, by taking their
normalizer under the adjoint representation), it is not true that maximal subgroups
are necessarily associated with maximal subalgebras: an extreme counterexample
is provided by the trivial subalgebra {0}, corresponding to discrete maximal sub-
groups. Thus we must face the question as to what is the class of subalgebras
corresponding to the maximal subgroups.

The study of the global version including non-connected groups was initi-
ated in the 1970s by Golubitsky {12], who determined the maximal rank primitive
subgroups of the classical complex Lic groups. Soon after, his work was extended
to the exceptional complex Lic groups by Golubitsky and Rothschild [13]. Finally,
this classification was completed by including primitive subgroups of any rank, first
for the classical complex Lie groups by Chekalov [4] and later for the exceptional
complex Lie groups by Komrakov [30].

It is clear from this brief summary that most of the efforts were centered
around the notion of primitive actions, leaving that of maximal subgroups as an
auxiliary concept. It is not difficult to see that when the ambient group is a
simple Lie group, the non-discrete maximal subgroups can be obtained from the
primitive subgroups: the former are precisely the normalizers of the connected
one-components of the latter. However, this correspondence is less clear when the
ambient group is not simple. In fact, it is shown in [12, p. 179] that if a semisimple

20ften it is also assumed that the action is effective, but this is not essential.
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Lie group has more than three simple factors, then it does not admit any primitive
subgroups, while it is obvious that it does admit non-discrete maximal subgroups.
Thus although the results mentioned above constitute important steps towards a
full classification of maximal subgroups, some ingredients are still missing.

The main purpose of the present paper is to fill these gaps and to provide a
comprehensive treatment of the subject, which does not scem to be available in the
litcrature. In particular, our approach includes the study of maximal subgroups
of Lie groups which are not nccessarily connected: a problem which apparently
has never before been investigated systematically and which cannot be neglected
if one wants to arrive at a conceptually consistent picture. Indeed, such a picture
can only emerge if one requires the maximal subgroups considered to belong to
the same category as their ambient groups: either they should both be assumed to
be connected or clse they should both be allowed to have a non-trivial component
group. But apart from logical coherence and completeness, such an approach is
also of practical usec; in fact, it is imperative if one wants to iterate the process
in order to construct descending chains of subgroups in which cach subgroup is
maximal in the previous one: this is an important ingredient in studies of symmetry
breaking [24]. On the other hand, one cannot of course hope for a completely
general solution: some restriction on the type of Lie groups involved will certainly
have to be imposed. Not surprisingly, an adequate category for which a complete
theory can be developed is that of compact Lie groups, but it can be verified
with little cffort that practically all results obtained in this context continue to
hold within the larger category of reductive Lic groups, which contains that of
semisimple Lie groups — compact as well as non-compact.

The paper is divided into two parts: the first (Sections 2-5) is devoted to
the gencral theory whereas the second (Sections 6-8) deals with the classification
problem for the classical groups. In Section 2, we begin by specifying the precise
mathematical setup and, in particular, by giving an exact definition of the term
“maximal subgroup”. We also collect some elementary facts about the action
of a Lie group on its connected one-component and on its Lie algebra by auto-
morphisms and about normalizers. In Scction 3, we analyze the relation between
subgroups of a Lie group G and subgroups of its connected one-component G
(see Proposition 3.1), which leads us to introduce the important and useful concept
of a maximal D-invariant subgroup of Gg, where I' = G/G, is the component
group of G. Next, we prove as our first main theorem that maximal subgroups of
Lie groups fall into three distinct types which we shall refer to as the trivial type,
the normal type and the normalizer type (see Theorem 3.8). Briefly, for any Lie
group G with connected one-component Gy and component group I' = G/Go, a
maximal subgroup of G of trivial type® is obtained as the union of the connected
components of G labelled by the elements of a maximal subgroup of I' (so this
type can only exist if G is not connected), whereas any other maximal subgroup
M of G must meet every connected component of G and is classified according to
what is the normalizer Ng(Mg) in G of its connected one-component Mp, since
maximality of M lcaves only two options:

3This terminology, borrowed from the theory of finite groups (see Remark 3.10), is perhaps
unfortunate, and the authors are open to suggestions for a better one.
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o Ng(Mp) = G: this is called the normal type since M, is a normal subgroup
of G,

o Ng(Mp) = M: this is called the normalizer type since M itself is the
normalizer of its own connected one-component, or equivalently, of its own
Lie algebra.

In Section 4, we introduce the concept of a X-quasiprimitive subalgebra of a
Lic algebra g, containing as a special case that of a E-primitive subalgebra,
where T is any given subgroup of the outer automorphism group Out(g) of g.
In Section 5, we turn to reductive Lie groups and prove first that, at least in this
context, the T-quasiprimitive subalgebras of g correspond precisely to the maxi-
mal subgroups of G of normal type or of normalizer type, where G is any Lie group
with Lie algebra g whose component group I' projects to ¥ under the natural
homomorphism from I' to Out(g) induced by the adjoint representation of G
(sce Theorem 5.3).* Subsequently, we show how the classification of the maximal
subgroups of reductive Lie groups can, in a sequence of steps, be reduced to that
of the maximal E-invariant subgroups of centerfree connected simple Lie groups,
where ¥ runs through the subgroups of the respective outer automorphism group.
Together with the results obtained in the preceding sections, this procedure reduces
the classification of the maximal subgroups of a general compact Lie group G with
connected one-component Gy, component group I' = G/G, and Lie algebra g to

(1) the classification of the maximal subgroups of I', for the trivial type,

(2) the classification of the discrete (hence finite) maximal &,;-invariant subgroups
of Gy, for the normal type,

(3) the classification of the X,-primitive subalgebras of g,, whose normalizers
provide the non-discrete maximal I,-invariant subgroups of Gj, for the nor-
malizer type,

where G, is any one of the simple factors of the quotient of Gy by its center
Z(Go), g, is its Lie algebra and Z, is any subgroup of the outer automorphism
group Out(g,) of g,. Note that the first item is part of the problem of classifying
the maximal subgroups of finite groups, which constitutes an important issue in
the theory of finite groups that has been vigorously investigated in the last decade;
see, for example, [2,26,31,32,35,36]. On the other hand, the second item (even
with the simplifying assumption that G is connected and hence I' = {1}, or more
generally, that G acts on Gy by inner automorphisms and hence T = {1}) leads
directly to the problem of classifying the finite maximal subgroups of compact
connected simple Lie groups. For the classical Lie groups, it is known that this
may be reduced to a problem in the representation theory of finite groups (18],
whose solution in the simplest case A, is stated in Example 2.4 below, whereas for
the exceptional Lie groups, it constitutes a highly non-trivial problem which has
been the subject of recent (and still ongoing) research by experts in the theory of
finite groups [17-19].

4In this situation, we shall use the terms “¥-(quasi)primitive” and “I'-(quasi)primitive”
interchangeably. Of course, the prefix will be omitted as soon as X is trivial.
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In view of this situation, we shall in the sccond part of this paper deal
with the third of the above items: the classification of the maximal subgroups of
compact simple Lie groups of normalizer type, or equivalently, of the Z-primitive
subalgebras of compact simple Lic algebras g, where I is a subgroup of the (finite)
outer automorphism group Out(g) of g. Note that with only one exception,
Out(g) (and hence Z) is either trivial or equal to Z,; in fact,

{1} for Ay, B, (n>2),C, (n>3), By, Es, Fi, G2
Out(g) = ¢ Z, for An (n>2), Dy (n25), Es
53 for D4

Therefore, our strategy will be to first deal with the situation where X is trivial and
leave the determination of Z-primitive subalgebras for non-trivial ¥ to a second
step; this will be greatly facilitated by the fact that any primitive subalgebra which
is also X-invariant is automatically X-primitive. In Section 6, we discuss how
the classification problem for primitive subalgebras (and analogously, for maxi-
mal subalgebras) of compact simple Lie algebras can be translated to the complex
sctting, where it becomes a classification problem for primitive reductive sub-
algebras (and analogously, for maximal reductive subalgebras) of complex simple
Lic algebras. In Section 7, we use this method to translate the existing classification
of primitive reductive subalgebras of the complex classical Lie algebras [4,8,9,12]
to the compact setting and, in a second step, extend it to a classification of Z-
primitive subalgebras of all compact classical Lic algebras except s0(8). Finally, in
Section 8, we address the task of computing the corresponding normalizers in the
respective classical groups — a task that, strangely enough, is largely neglected in
the existing literature. We begin by assembling a few general tools that are needed
in these computations and then proceed to a case by case treatment of each of the
classical groups SU(n), SO(n) and Sp(n). The results are collected in Tables 5-8.
It should be pointed out that we restrict ourselves to listing maximal subgroups
whose connected one-component is not simple since the others are explicitly given
in terms of irreducible representations (see Theorem 7.1), with a “list of exceptions”
for which we refer the reader to the original paper by Dynkin [9]. This result will
finally filt in a gap left by Dynkin [9, p. 247], promising that the computation of
the normalizers of the maximal connected subgroups would appear in a scparate
article, which has apparently never been published.

The present manuscript is a complete version of the published paper, con-
taining the (long but elementary) proofs of several technical theorems and lemmas
that have been omitted in the published version.

2. General setup and basic definitions

In order to specify the precise mathematical setup for the problem to be treated
in this paper, we must first of all give an cxact definition of what we mean by a
“maximal subgroup” of a Lie group and, analogously, a “maximal subalgebra” of
a Lic algebra. For Lie algebras, this definition is standard.
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Definition 2.1.  Let g be a Lie algebra. A mazimal subalgebra of g is a proper
subalgebra m of g such that if @ is any subalgebra of g with m C m C g,
then m = m or m = g. The same terminology applies when the expression
“subalgebra” is everywhere replaced by the expression “ideal”.

In the case of Lie groups, however, the corresponding definition is ambiguous to the
extent that it depends on the specific lattice £ of subgroups in which one chooses
to scarch for maximal elements. The general convention on terminology here is
that a maximal ... subgroup of a Lie group G is a maximal clement in the lattice
of ... subgroups of G, where ... is a string of adjectives that defines £ - adjectives
such as “closed” or “Lie” or “connected” or “discrete” or “finite”, ete.®> Explicitly,
we have, for example:

Definition 2.2. Let G be a Lie group. A mazimal closed subgroup of G is a
proper closed subgroup M of G such that if M is any closed subgroup of G with
M C M C G, then M =M or M = G. The same terminology applies when
the expression “closed subgroup” is everywhere replaced by the expression “closed
normal subgroup”.

Similarly, we may define the concept of a mazimal Lie subgroup, as well as those
of a marimal connected closed/Lie subgroup and of a mazimal discrete closed/Lie
subgroup, of a Lie group G, repeating Definition 2.2 with the word “closed” every-
where replaced by the word “Lie” or by the expressions “connected closed/Lie”
and “discrete closed/Lie”, respectively.®

For connected Lie groups, it is natural to consider only connected (but not
necessarily closed) Lie subgroups, since the Lie correspondence [27, p. 47] estab-
lishes a bijection between the lattice of connected Lie subgroups of a connected Lic
group Go and the lattice of subalgebras of its Lie algebra g: hence it also estab-
lishes a bijection between maximal connected Lie subgroups of Gy and maximal
subalgebras of g. This implies that maximal connected Lie subgroups always exist
and that any connected Lic subgroup is contained in a maximal one; in fact, it can
always be realized as the last member in a finite descending chain of connected Lie
subgroups where each is maximal in the preceding one.”

On the other hand, for compact Lie groups, it is natural to consider only
closed (but not necessarily connected) subgroups, since these are again compact
Lie groups. Unfortunately, the Lie correspondence is almost entirely lost when we
exclude Lie subgroups which are not closed but allow for Lie subgroups which are
not connected. As a result, we cannot even guarantee that maximal closed sub-
groups exist at all, nor that a given closed subgroup is contained in a maximal one.

5 Abstract subgroups of Lie groups which are not Lie subgroups will be disregarded.

6Connected Lie subgroups are also called analytic subgroups. Discrete closed/Lie subgroups
are simply closed/Lie subgroups with trivial Lie algebra. In the closed case, these are discrete in
the topology of G, whereas in the Lie case, they are only discrete in their own topology but not
in that of G; quite to the contrary, they may very well be dense in G.

7The same favorable situation prevails for finite groups: they always admit maximal subgroups
and any subgroup is contained in a maximal one: in fact, it can always be realized as the last
member in 2 finite descending chain of subgroups where each is maximal in the preceding one.
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In fact, there is an clementary general obstruction:

Proposition 2.3. A connected abelian Lie group contains no mazimal closed
subgroups.

Proof. To begin with, note that it suffices to show that a connected abelian
Lie group contains no maximal discrete closed subgroups. (Indeed, if G is a
connected abelian Lie group and If is a closed subgroup of G with connected
one-component Hp, then G/Hy is a connected abelian Lic group and H/Hp is
a discrete closed subgroup of G/Hy, so if H were maximal among the closed
subgroups of G, H/H, would have to be maximal among the discrete closed
subgroups of G/ Hy.) To prove this, suppose that G is a connected abelian Lie
group, so G = R*/A = TP x R? where A is some lattice in R®, T denotes the
unit circle (one-dimensional torus) and p is the dimension of the subspace of R™
generated by A [38, Theorem 6.20, p. 155]. Now it is well known that the discrete
closed subgroups of R™ are precisely the lattices in R® [38, Lemma 6.18, p. 155},
so it is clear that discrete closed subgroups of G arc of the form L/A where L is
a lattice in R™ containing A as a sublattice. But for any of these lattices L, there
is always a bigger one in which it is contained. n

Fortunately, the situation is quite different for nonabelian Lic groups — otherwise,
the present paper would be pointless. To see this, let us look at a simple cxample:

Example 2.4,  Consider the group G = SO(3) of all rotations in R®. Then

up to conjugacy, the non-discrete proper closed subgroups (and in fact, the non-
discrete proper Lie subgroups) of G are

S0(2) = the two-dimensional rotation group ,
0O(2) = the two-dimensional orthogonal group ,

whereas the discrete closed (and hence finite) subgroups of G are

Z, = the cyclic group of order n ,
D, = the dihedral group of order 2n ,
T = the tetrahedral group = Ay,
O = the cubic/octahedral group & Sy,
1 = the dodccahedral/icosahedral group & As .

(The first statement follows by noting that if H is a non-discrete proper Lie sub-
group of G = SO(3) with connected onc-component Hy, then Ho must be equal
to its maximal torus T = SO(2) and H itself must be contained in its normalizer
Ne(T) = 0(2) 8 But Ng(T)/T = Zs, so there is no other alternative: H must be
either one or the other. For the second statement, sce [7, p. 192] and (14, p. 103].)
Concerning maximality, note first that SO(2) is a maximal connected Lie sub-
group of SO(3), since its Lic algebra 50(2) is a maximal subalgebra of s0(3), but

8Here, we use the fact that any Lie subgroup must normalize its own connected one-
component; this general feature will be used extensively in what follows.
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fails to be a maximal closed subgroup of SO(3), since SO(2) C O(2). However,
0(2) is a maximal closed subgroup of SO(3). Geometrically, SO(2) is a circle
and O(2) & Z, x SO(2) is the disjoint union of two circles, generated by SO(2)
and any orthogonal matrix of determinant —1, such as

01
10)°
which represents reflection along the main diagonal. Similarly, looking at the list

of finite subgroups above, we see that the first three fail to be maximal closed
subgroups of SO(3), since Z, C D, C O(2) and T C O, but the last two are.?

Of course, we may wonder what would happen if we were to replace the
concept of a maximal closed subgroup by that of a maximal Lie subgroup. To get
an idea, let us look again at the subgroups of the rotation group.

Example 2.5. Consider again the group G = SO(3) of all rotations in R3.
Then it follows from the arguments given in Example 2.4 above that the orthogonal
subgroup O(2) is a maximal Lie subgroup of SO(3). On the other hand, none
of the finite subgroups listed in Example 2.4 above is a maximal Lie subgroup
of SO(3). For example, the octahedral group O is contained in a bigger subgroup
SO(3,Q), which is clearly a discrete Lie subgroup. The same is true for the
icosahedral group I, with Q replaced by Q(\/g) Moroever, none of the discrete
Lie subgroups SO(3,Q(en, . .., ) of SO(3), where {ay, ... ,a,} is a finite set of
irrational numbers linearly independent over Q, is maximal, since one can always

extend any one of them to a bigger one by passing to a bigger field extension of Q,
with more generators.

In general, it is clear that maximal Lie subgroups fall into two distinct
classes: closed maximal Lie subgroups and dense maximal Lie subgroups. (Indecd,
if M is a maximal Lie subgroup of G, then its closure M is a Lic subgroup
of G containing M and hence M =M or M =G .) Now closed maximal Lie
subgroups are maximal closed subgroups, but the two notions do not coincide since
the former are maximal among all Lie subgroups while the latter arc only maximal
among all closed subgroups. (Taking into account that the expression “closed Lie
subgroup” is a tautology and is always abbreviated to “closed subgroup”, we may
express this fact by the statement that the adjectives “closed” and “maximal” do
not commute.) This discrepancy is not specific to the above example but rather,
at least for discrete subgroups, a general and systematic feature, since the same
argument as in the example shows that if G is any compact connected matrix Lie
group (G C 50(n)), then a finite subgroup of G can be a maximal closed subgroup
of G but cannot be a closed maximal Lie subgroup of G, since it is contained in a
dense discrete Lie subgroup of G of the form GNSO(n,Q(ay, ..., ax)), where the
a’s are chosen such that all matrix elements of all elements of H are rational linear

9Although it is true that Sy can be embedded into As as a subgroup, O cannot be embedded
into I within SO(3), even up to conjugacy: the symmetry group of the octahedron is not a
subgroup of the symmetry group of the icosahedron.
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combinations of the a’s. Moreover, none of these dense discrete Lic subgroups is
a maximal Lie subgroup. In fact, we know of no example of a dense maximal
Lie subgroup, and the arguments given here support the conjecture that such
subgroups do not exist.

These considerations show that studying maximal Lie subgroups is largely
uninteresting: the closed ones can be found among the maximal closed subgroups,
and on the dense ones, practically nothing is known, not even regarding the
question whether they exist at all. And even if they do, they are unintercsting
at least from the point of view of representation theory, since by continuity,
the restriction of an irreducible representation of a Lie group to a dense Lie
subgroup remains irreducible: there is no branching. Thus in order to simplify

the terminology, we adhere to the gencral convention already mentioned in the
footnote on the title page:

Convention: “mazimal subgroup” always means “mazimal closed subgroup”.

With this convention in mind, let us collect a few initial obscrvations on the
problem of determining the maximal subgroups of Lie groups, and in particular,
of compact Lic groups. As in the casc of maximal connected Lie subgroups, the
Lic correspondence (i.c., the one-to one correspondence between connected Lie
subgroups of a connected Lie group and subalgebras of its Lie algebra [27, p. 47])
plays an important role, but in a different way, because it is clear that if we allow
for Lie subgroups (more specifically, closed subgroups) which are not connected,
several different ones may have the same connected onc-component and hence
correspond to the same Lie subalgebra, so we must face the question which of
them, if any, is a maximal one. That this is not completely straightforward can
already be seen from Example 2.4 above: it shows that, cven when the ambient Lie
group G is connected, the classification of its maximal subgroups is by no means
cquivalent to the classification of the maximal subalgebras of its Lie algebra g,
simply because the connected one-component My of a maximal subgroup Mof G
and the corresponding subalgebra m are not necessarily maximal. Quite to the
contrary, My and m may even be trivial, which means that M must be discrete,
but that does of course not mean that M must be trivial. On the other hand,
M, may be maximal among the connected Lie subgroups of G and yet fail to be
maximal among all the Lie subgroups of G or even the closed subgroups of G.
Additional complications arise when the ambient Lie group G is not connected,
but these can be handled by introducing a modificd concept of maximality, giving
rise to the notions of a “maximal invariant” subalgebra or subgroup and of a
“(quasi)primitive” subalgebra; these will be specified in a mathematically precise
manner in Definitions 3.3, 3.4 and 4.4 below, with the conventions stated in
Remarks 3.2 and 3.11.

Before embarking on this program, let us fix some notation that will be
used constantly throughout this paper, often without further mention. In all that
follows, G will always denote a Lie group and g will denote its Lic algebra.’®
The case of main interest to us is when G is compact, but since many of the results

1071 Lie groups and Lie algebras considered in this paper are assumed to be finite-dimensional,
without further mention.
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in the first part of the paper hold more generally, we have refrained from assuming
this right from the start. Similarly, a case of particular interest and importance
is when G is connected, but the fact that maximal subgroups of connected Lie
groups necd not be connected, together with the desire to repeat the procedure of
passing to a maximal subgroup in order to construct chains of subgroups where
cach subgroup is maximal in the previous one, leads us to refrain from assuming
this right from the start. Thus in general, Go will denote the connected one-
component of G, T will denote the component group of G, that is, the discrete
quotient group G/Gy, and 7 will denote the canonical projection from G to T',
so we have the following short exact sequence:

{1} — Gy — G 5 T — {1}. (1)
Hence G is an upwards extension of Gg by T' (or downwards extension of I" by Gy ):
G = Gp.T (2)

Further, we shall writc Aut(Go) for the group of automorphisms of Gy, Inn(Gp)
for the normal subgroup of inner automorphisms of Gy (i.e., automorphisms of Gp
given by conjugation with elements of Go) and Out(Gy) for the quotient group

Out{Go) = Aut(Go)/Inn(Go)

which, by abuse of language, is called the group of outer automorphisms of G even
though its elements are not automorphisms but rather equivalence classes of auto-
morphisms. Similarly, we shall write Aut(g) for the group of automorphismns of g,
Inn(g) for the normal subgroup of inner automorphisms of g (i.e., automorphisms
of g of the form Ad(go) with go € Gp) and Out(g) for the quoticent group

Out(g) = Aut(g)/Inn(g)

which, by abuse of language, is called the group of outer automorphisms of g
even though its elements are not automorphisms but rather equivalence classes of
automorphisms. With this notation, we sce that any short exact sequence of the
form (1) gives rise to homomorphisms

I' — Out(Go) 3

and
I — Out(g) 4)

defined by taking the left coset gGp of an element g of G to the equivalence class
of the automorphism of Gy given by conjugation with ¢ and of the automorphism
of g given by Ad(g), respectively; its image is a subgroup of the respective
outer automorphism group Out(Gp) or Out(g) which we shall typically (and in
either case) denote by L. Of course, a natural question to ask is whether these
homomorphisms can be lifted to homomorphisms

I — Aut(Go) (5)
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and
I — Aut(g) (6)

respectively. A particularly important case where this happens is when the exten-
sion (2) is split, that is, when there cxists a homomorphism of I' into G which
is a right inverse to m: then identifying T' with its image by this homomorphism
allows to consider T as a subgroup of G and G as the semidirect product of Go
and I':

G = Go:T 7

Unfortunately, this is not always the case, even for compact G [20]. However,
there is a slightly weaker statement that does hold for any compact Lie group,
known as Lee’s supplement theorem,' according to which G always contains a
finite subgroup A, called a Lee supplement for Gq in G, which is such that (a) A
and Gp generate G and (b) their intersection Ag = ANG, is a normal subgroup
of G contained in the center of Gy [22, p. 272): then obviously, there is a canonical
isomorphism I' & A/Ao obtained by restricting the projection 7 : G = T' to A
and observing that this restriction is still surjective, due to (a), and has Ag as its
kernel. (The split case corresponds to A =T, Ag = {1}.) As a result, we obtain,
as in the split case, actions of T & AJ/Ag on Gy and on g by automorphisms,
defined by restricting the respective actions of G on Gy by conjugation and on g
by Ad to A and observing that Ag acts trivially because it is contained in the
center of Gy. Therefore, in the compact case, the homomorphisms (3) and (4)
can always be lifted to homomorphisms of the form (5) and (6), respectively, and
hence £ can be realized as a subgroup of Aut(Go) or Aut(g), rather than just
of Out(Go) or Out(g), respectively.

One of the most important tools in the study of maximal subgroups is the
concept of the normalizer of a subgroup. Supposc that H is a Lie subgroup of G
with connected one-component Hy and b is the Lie algebra of both H and Hp.
We denote by

Ng(Ho) = {g€ G| gHog™ C Ho} 8)

the normalizer of Hp in G and similarly by

Ng(h) = {geG|Ad(g)hCh} (9)

the normalizer of § in G with respect to the adjoint representation. Obviously,
we have

Ng(Ho) = Ne(h) (10)

and we shall denote this group simply by N whenever there is no danger of
confusion. It is easy to see that N is always a closed subgroup of G since using
a decomposition of the Lie algebra g into the direct sum of the subalgebra § and
an arbitrarily chosen complementary subspace, N can be written as the inverse
image of the “block triangular subgroup” {7 € GL(g) | T'(h) C b} under the
homomorphism Ad : G — GL(g). The Lie algebra of N, denoted by n, is

n={Xeglad(X)hCh} (11)

11We are grateful to one of the referees for drawing our attention to this theorem.
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and is the normalizer of § in g. Of course, we may also consider the normalizer
Ng(H) of H in G which is defined analogously but will be needed only occasion-
ally,)? and we then have the following sequence of inclusions which, although very
simple to prove, is fundamental:

Ho € H € Ng(H) C Ng(Hp) . (12)

Indeed, the last inclusion follows by observing that for any n € Ng(H), we have
nHn=' C H and hence nHyn™! C Hy since conjugation by n is a homeomor-
phism of H and thus preserves its connected one-component. The corresponding
inclusion at the level of Lie algebras is

hCn, (13)

which is also obvious from equation (11).

Remark 2.6.  In gencral, N may be larger than Hy or H and n may be larger
than fj. An extreme case is when N contains Gy, i.e., Hy is a normal subgroup
of Gy, or equivalently, when n = g, i.c,, b is an ideal of g. The other extreme
case occurs when N has Hp as its connected one-component, or equivalently,

when N/Hy is a discrete group, which in turn is equivalent to the condition that
n=Hh.

Definition 2.7.  Let G bea Lic group and g be a Lie algebra. A closed subgroup
H of G is called self-normalizing if it coincides with its own normalizer Ng(H)
in G. Similarly, a subalgebra ) of g is called self-normalizing if it coincides with
its own normalizer n in g.

In order to complete the picture, consider the general case where § is any
subalgebra of g. Denoting its normalizer in g by ny, the normalizer of n, in g
by n; and so on, we obtain an ascending sequence of subalgebras of g which, for
dimensional reasons, ends at some proper subalgebra n, of g:

hCmCnpC...Cn, Cg. (14)

Analogously, using equation (12), we obtain an ascending sequence of subgroups
of G,

HcNCcNC...CN,CG, (15)

where Ny = Ng(h), No = Ng(ni),...,Nr = Ng(n,-y). There are then two
possibilities: either n, is an ideal of g or else n, is self-normalizing.

3. The three types of maximal subgroups

The first main issue in this paper is to show that the problem of classifying
the maximal subgroups of an arbitrary Lie group G can be reduced to (a) that

12 passing, we note that the normalizer of a general Lie subgroup H may fail to be closed
and hence it cannot even be guaranteed “a priori” that it is a Lie subgroup, but it is an easy
exercise to check that this cannot happen when H is closed (or, as argued before, when H is
connected).
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of classifying the maximal subgroups of its component group T together with
(b) that of classifying the maximal I-invariant subgroups of its connected one-
component Gy, and these split naturally into two types: those whose connected
one-component is a normal subgroup and those who are the normalizer of their
own connected onc-component. The first step in this reduction, which in the
context of Lic groups has apparently never been formulated explicitly (although
its analogue in the context of finite groups scems to be well known), will be
quite elementary once we figure out the precise meaning of the term “maximal
T-invariant subgroup” of G, the main obstacle being that there is no canonical
way to make T act on Go. (Here, the emphasis is on the word “canonical”
because we have already mentioned that, at least for compact Lie groups, the
homomorphism (3) can always be lifted to a homomorphism of the form (5), so
the main problem with understanding the meaning of “I-invariance” is not lack
of existence but rather lack of uniqueness: the lifting is not canonical since it
depends on the choice of the splitting, in the split case, or of the Lee supplement,
in the general compact case.) However, and this is the key observation, I' does
act naturally on conjugacy classes of elements and also of subgroups of Gy, and
this will suffice since the property of maximality of subgroups is invariant under
conjugation.

To explain this in more detail, let us introduce some more notation. First,
given any element « of the component group T', we shall denote the corresponding
connected component of G by G, ie, Gy = 7~1({7}), so that in particular,
Gy = Go. Similarly, given any subset H of G, we write Hy = HN G, and, in
particular, H; = HNG,. Note that in the case of interest to us here, namely when
I is a closed subgroup (or Lie subgroup) of G with connected one-component Hp
and Lie algebra 1, therc is no reason for H to be connected, so in gencral, Hy will
be an intermediate closed subgroup (or Lie subgroup) of Go that lies in betwcen
Ho and H: just like Hy, it is necessarily normal in H, and of course, H, H; and
H, all have the same Lie algebra . Next, we shall write [go] for the conjugacy
class of an clement g, of G, in G, and, similarly, [Hp} for the conjugacy class of
a subset (subgroup / closed subgroup / Lie subgroup) Hg of Gy in Gy; explicitly,
as sets,

(9] = {Gogeis" |30 €Go} » [Hol = {fods" | 5o € Go, 90 € Hy}.
With this notation, given g € G, we define

voloo) = logog™ + 7+ [Hol = [9Hog™] . (16)

Observe that this provides well defined actions of I' on the set of conjugacy
classes of elements of G, and on the set of conjugacy classes of subsets (sub-
groups / closed subgroups / Lie subgroups) of Gy, since if we replace g by any
other representative of v, say gd, and gy by any other representative of the same
conjugacy class, say Jododo» the resulting element (990)(Fo90d0 1)(gd,) ™! equals
(g(f}oﬁo)g’l)ggng‘l(g(g’;of;o)g“l)_l which is conjugate to ggog~'. Again, we shall
write [X] for the Ad(Go)-orbit of an clement X of g and, similarly, [p] for the
Ad(Go)-orbit of a subset (subspace / subalgebra) b of g; explicitly, as sets,

[X] = {Ad@)X |Go€Go} , [0 = {Ad(G)X |do€Go, X €Y} . -
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With this notation, given g € G, we define

v-[X] = [Ad(g)X] , v-[b] = [Ad(g)b] . (7

Obscrve that this provides well defined actions of I' on the set of Ad{Gg)-orbits of
elements of G, and on the set of Ad(Go)-orbits of subsets (subspaces / subalgebras)
of g, since if we replace g by any other representative of v, say gg,, and X by
any other representative of the same Ad(Go)-orbit, say Ad(g,)X, the resulting
element Ad(gd,)Ad(§,)X equals Ad{g(dods)9 ')Ad(g)X which is in the same
Ad(Go)-orbit as Ad(g)X . All these actions are canonical since they do not depend
on any additional data such as the choice or even the existence of a splitting or,
more generally, a Lee supplement.

Concerning the relation between subgroups of G and subgroups of Gy, we
note that of course every closed subgroup (or Lie subgroup) H of G gives rise to
a closed subgroup (or Lie subgroup) H; of Gy by taking its interscction with Gy,
but the converse is not true: there may be closed subgroups (or Lie subgroups)
of Gy that cannot be obtained from closed subgroups (or Lic subgroups) of G in
this way. The situation is clarified by the following simple observation.

Proposition 3.1.  Let G be a Lie group with connected one-component Gg and
component group ', and let Hy be a closed subgroup (or Lie subgroup) of Go.
Then H, extends to a closed subgroup (or Lie subgroup) H of G such that
HNGo = Hy and n(H) = T if and only if its conjugacy class [} in Go
is I'-invariant. In this case, both H and H, have the same connected one-
component Hy whose conjugacy class [Hy) in Gy is also I -invariant, and all
have the same Lie algebra b whose Ad(Gy)-orbit is also T -invariant.

Proof.  Assume first that H is a closed subgroup (or Lie subgroup) of G such
that HNGo = H, and n(H)=T. Then for any v € T, H, # 0, and picking
any hy € H,, we get

hH, = H , HA'=H

since both left and right translation by h, are bijections that map Gg onto G,
and H onto itself. But this means that conjugation by h, leaves H; invariant
and therefore, being a homeomorphism, also leaves its connected one-component
Hy invariant, while Ad(h,) leaves b invariant, so [Hy], [Ho] and (h] are all T~
invariant. (Of course, h, is not unique but may be freely multiplied by elements
of Hy, from either side, and that is precisely the possible ambiguity in the choice
of h,.) Conversely, the condition that « leaves [H,] invariant means that, for any
representative g, of v in G, the subgroups 9,H, g;l and H; are conjugate in G,

i.c., there exists g{” € G, such that g, Hy 971 = g H, g !, which implies that

conjugation by h, = gAyg((,")_1 leaves H, invariant. Now since h, € G,, we can

define H by

H=|JH, where H,= hH = Ih,
~v€er
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and check immediately that I is a closed subgroup (or Lie subgroup) of G such
that H O Go = H; (provided we choose hy = 1, which is always possible) and
n(H) =T. (Of course, once again, h, is not unique but may be freely multiplied
by elements of Hj, from ecither side: this does not change the definition of H.
However, it may even be multiplied by elements of the normalizer of Hy in Gy,
and this can change the definition of H. In such a case, there are several subgroups
of G having the same intersection with Gy, but this is no problem since nowhere
do we need, nor did we claim, that H is uniquely determined by Hi: this cannot
be guaranteed in gencral.) -

Remark 3.2. By abuse of language, we shall say that a closed subgroup (or
Lie subgroup) Hy of Go is T-invariant if its conjugacy class [Hj} in Go is T'-
invariant.}3 Similarly, we shall say that a subalgebra b of g is [-invariant if its
Ad(Gyp)-orbit [b] is T-invariant. Explicitly, this property can be formulated as the
condition that every v € T' has at least onc representative g, € G, such that
conjugation by g, leaves Hj invariant and Ad(g,) leaves Iy invariant, or in other
words, as the condition that the respective normalizers Ng(Hy) of Hy and Ng(h)
of §j in G mcet every connected component of G.

With this language, we can complement Definitions 2.1 and 2.2 as follows.

Definition 3.3. Let G be a Lie group with Lie algebra g and component
group T'. A mazimal I'-invariant subalgebra of g is a proper I-invariant sub-
algebra m of g such that if m is any T'-invariant subalgebra of g with mCcm C g,
then @ = m or M = g. The same terminology applies when the expression
“subalgebra” is everywhere replaced by the expression “ideal”.

Definition 3.4. Let G be a Lie group with connected one-component Gp and
component group I'. A mazimal T -invariant closed subgroup of Gy is a proper
T-invariant closed subgroup M, of Gy such that if M, is any -invariant closed
subgroup of Gq with My C My C Go, then My = M, or M; = Go. The same
terminology applies when the expression “closed subgroup” is everywhere replaced
by the expression “closed normal subgroup”.

In order for this concept to become useful, we should convince ourselves
that non-trivial proper I'-invariant closed subgroups exist at all. As it turns out,
there is only one special situation where this may fail to be true; we give it a name:

Decfinition 3.5. Let G be a Lie group with connected one-component Gy and
component group I'. We say that Gy is T-irrational if Gy is abelian and simply
connected, i.e., Go & R™, and T' acts on it irreducibly and so that it contains no
I-invariant lattice.

Proposition 3.6. Let G be a Lie group with connected one-component Go
and component group T, and suppose Gy is not I'-irrational. Then Go contains
non-trivial proper I'-invariant closed subgroups.

131f one wants to be more precise, one can say that I is I'-invariant up to conjugacy.
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Proof.  The only information available on the action of ' on (conjugacy classes
of elements and subgroups of) Gy is that it preserves products; therefore, we shall
search for non-trivial proper closed subgroups H of G, which are invariant under
all automorphisms of Gy, up to conjugacy in Gy.

If Gy is neither semisimple nor solvable, take H to be its radical, which is
then a non-trivial proper connected closed subgroup and invariant under alt
automorphisms (38, Proposition 10.12, p. 207].

If Gy is solvable but not abelian, take H to be one of the non-trivial proper
subgroups (Go)x of its closed commutator subgroup series, all of which are
closed subgroups and invariant under all automorphisms. (Explicitly, let
Gf,l) be its algebraic commutator subgroup Gy, whose elements are products
of commutators g, g,97g;} with g,,9, € Gy, define Gg‘) recursively to
be the algebraic commutator subgroup G((]k_l)' of Gg‘_”, and let (Go)x be
the closure of G(()k) in Go. Then it is casy to see by induction on k that
each G(()k) is an abstract normal subgroup of Gg and each (Go)y is a closed
normal subgroup of Gy such that both G(()k) and (Go)x are invariant under all
automorphisms of Gy and both G(()k'l)/G((,k) and (Go)k-1/(Go)x are abelian;
moreover, it is also known that Gy is solvable iff the descending abstract
commutator subgroup series Gy D G((Jl) D...D G(()k) D ... terminates
after a finite number of steps and also iff the descending closed commutator
subgroup serics Gg D (Gp)1 D ... D (Go)k D ... terminates after a finite
number of steps [38, Chapter 10.1, pp. 201-204]. Then at least one of the
{Go)r must be non-trivial and proper. Note that the argument works cven

if Gf)l) should happen to be dense in Gy, so that (Go)1 = Gy, but this just
means that we have to look at the next step(s) in the scries.)

If Gy is semisimple and compact but not abelian, take H to be any maximal
torus, which is then a non-trivial proper connected closed subgroup and
invariant under all automorphisms, up to conjugacy.

If Go is semisimple and non-compact but not abelian, take H to be any
maximal compact subgroup, which is then a non-trivial proper connected
closed subgroup and invariant under all automorphisms, up to conjugacy.

If Gy is abelian but not simply connected, so Gy = TP x R? where T
denotes the unit circle (one-dimensional torus) [38, Theorem 6.20, p. 155],
with p > 0, take H to be Z§, x R?, for any value of N, which is then a
non-trivial proper closed subgroup and invariant under all automorphisms
since ZY, is the subgroup of TP formed by the N* roots of unity, and any
automorphism of any abelian group preserves the set of N*" roots of unity.

If Gy = R" is reducible under the action of T', take H to be the non-trivial
proper I'-invariant subspace (and hence connected closed subgroup) of R”
whose existence is guaranteed by reducibility.
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o If Go=R" is irreducible under the action of I' but contains a I'-invariant
lattice, take H to be this lattice, which is a discrete closed subgroup of R*
{and all discrete closed subgroups of R are of this form [38, Lemma 6.18,
p. 155}). n

Remark 3.7.  From a practical point of view, the exceptional case of Gy being
[-irrational is completely irrelevant: it cannot occur if Go is compact, which is
the case of main interest in this paper, or if Go is connected, or if Gy is not
abelian. And even when Gg & R”, it cannot occur for standard group actions,
such as those of reflection groups or crystallographic groups, which always leave

some lattice invariant.

As before, we could, in principle, consider the option of replacing the
concept of a maximal ['-invariant closed subgroup by that of a maximal T'-invariant
Lic subgroup, but again this will not lead to anything interesting: closed maximal
[-invariant Lie subgroups are maximal I'-invariant closed subgroups, and on dense
maximal T-invariant Lic subgroups, nothing is known, not even regarding their
existence. Thus once again, we shall adhere to the general convention already
mentioned in the footnote on the title page:

Convention: “mazimal T -invariant subgroup” always means
“mazimal T -invariant closed subgroup”.

Now we are ready to formulate our first main theorem, which provides a
splitting of the maximal subgroups of an arbitrary Lie group G into three distinct
classes:

Theorem 3.8. Let G be a Lie group with connected one-component Go and
component group T, and let M be a mazimal subgroup of G with connected one-
component My. Set My = M N Gy, so My C M, ¢ M. Then one of the
following three alternatives holds.

1. My = Go, My =G, and M is an (upwards) extension of Go by a mazimal
subgroup = of T:
M = Gp.E. (18)
We then say that M is of trivial type.

9. M, is a proper T-invariant closed connected normal subgroup of Gy, or
equivalently, a proper closed connecled normal subgroup of G, M, is an
(upwards) extension of My by a discrete mazimal T -invariant subgroup Do
of the quotient group Go/Mo and M is an (upwards) eztension of My by T':

M, = My.Dy , M = M.T. (19)
We then say that M and M) are of normal type. Here, we may have
My = M,, i.e., Dy is trivial, but according to Proposition 3.6, this can only

happen when the quotient group Go/My is T -irrational, and hence we shall
refer to this exceptional situation'® as the I-irrational type.

14G0e Remark 3.7
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3. My is a proper T -invariant closed connected non-normal subgroup of Gy,
M, is its normalizer in Gy, M is ils normalizer in G and M is an
(upwards) extension of My by T':

My = Ngo(Mo) , M = Ng(Mg) , M = M.T. (20)
We then say that M and M, are of normalizer type.1®

In the last two cases, M meets every connected component of G, and M, is a
mazimal I'-invariant subgroup of Gy which, except in the case of the T -irrational
type, is self-normalizing and contains the cenler of Gy. Conversely, the condition
that = should be mazimal in T, in the first case, and that M, should be mazimal
I'-invariant in Gy, in the last two cases, guarantees that M will be mazimal in G.

Remark 3.9. Note that Theorem 3.8 docs not provide a full “f and only
if” statement becausc one aspect is still missing: the restrictions that must be
imposed on M in order to guarantec that M is really maximal, or equivalently,
that M is really maximal T'-invariant. This question will be dealt with later;
see Theorem 5.3.

Proof. Assume M is a maximal subgroup of G, set = = 7(M) and let M
be its preimage in G (i.e., M = 77 (x(M))), N be the normalizer of My in G
and N; be the normalizer of My in Gy: then obviously, Ny = N n G, and, by
Proposition 3.1, Ny is I'-invariant. Since M is a closed subgroup of G such that
M C M CG, maximality of M in G implics that either M = M or M=3G.
In the first case (M = M), we conclude that M is the (disjoint) union of all
connected components of G that project to elements of = (in particular, Gy € M),
and M being maximal in G is then equivalent to = being maximal in I': this is
the first alternative of the theorem. In the second case (M= G), we conclude that
M meets every connected component of G (in particular, £ =T),s0 I' = M/M,
and M is an extension of M; by T'. It then follows from Proposition 3.1 that M,
is I'-invariant and that M being maximal in G is equivalent to M, being maximal
I-invariant in Go. Note, however, that My is just T-invariant and proper but may
or may not be maximal I'-invariant. Indeed, the fact that M is maximal in G
only implies that either N=M, Ny=M, or N = G, Ny = Gy, corresponding
to the third and to the second alternative of the theorem, respectively. Similarly,
letting Nz be the normalizer of M; in Gy and noting that N, is closed and I'-
invariant since M is, the fact that M; is maximal T-invariant in Gy implies that
either N = M; or N, = Go. In the first case, we conclude that M is self-
normalizing and contains the center of Gy (since the normalizer of any subgroup
always contains the center). Thercfore, we are left with the task of analyzing in
more detail what happens when M and/or My are normal. To handle part of this
analysis in one stroke, assume that M is any I-invariant closed subgroup of Gy
with connected one-component M; (in particular, it can be either M, or M),
and suppose that M is normal. Then we may consider the quotient groups G/M

15Here, the term “normalizer” may be thought of as an abbreviation for “normalizer of its own
connected one-component” or “normalizer of its own Lie algebra”.
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and Go/M , which will fit into a short exact sequence
(1} — Go/M — G/M 5 T — {1},

where 7 is induced from 7 by passing to the quotient. Repeating the arguments
at the beginning of this section, we sce that the concept of I'-invariant subgroups
of Go/M is well-defined, and it is then obvious that the non-trivial proper I'-
invariant closed subgroups of Go/M will, by taking the inversc image under the
canonical projection from Gy to Go/M, correspond to the T-invariant closed
subgroups of Go properly containing M and properly contained in Gp, with the
additional property that the former are discrete if and only if the latter have
connected one-component Mp. In the case of the sccond alternative of the theorem,
we can use this construction with M = M, to conclude that since M is a maximal
[-invariant subgroup of Go, Do = M /My must be a discrete maximal T-invariant
subgroup of Go/My. For the final statements of the theorem about M, we can
use the same construction with M = My, combined with Proposition 3.6 applied
to the quotient group Go/Mi, to conclude that if M, is normal, then Go/M;
must be D-irrational. In particular, Go/M; = R™, which is simply connected,
and an clementary application of the exact homotopy scquence to the bundle
Go — Go/Mi now shows that M, must be connected; hence we are in the case
of the normal type, with M; = Mo. a

Remark 3.10. A substantial part of Theorem 3.8, namely that concerning the
relation between M and M;, has been motivated by a corresponding statement for
finite groups relating maximal subgroups of {initc groups to maximal subgroups of
their extensions by groups of outer automorphisms (this is what we are dealing with
here if the homomorphism (3) is supposed to have trivial kernel): a brief summary
can be found in Secction 5 of the Introduction to the ATLAS [6, p. xix]. (Note,
however, that the notion of “maximal I-invariant” subgroup does not appear
there.) In particular, in Ref. [6], a maximal subgroup M of G, viewed as an
extension of a subgroup of Gy, is called “trivial” if it is of the form Gg .= with =
a maximal subgroup of T', as in the first alternative of Theorem 3.8, and we have
decided to follow this terminology, while it is called “ordinary” or “novel” if it is
of the form M;.T with M; a maximal T-invariant subgroup of Gy, as in the last
two alternatives of Theorem 3.8, according to whether M is a maximal or non-
maximal subgroup of Gp. Note that “novel” maximal subgroups M (for which
M, is non-maximal) can only appear when M, is contained in several maximal
subgroups Ml(’) of G, that are not conjugate in G, but are abstractly isomorphic
(as Lie groups) and whose conjugacy classes in G, are permuted transitively by T':
then none of them can be extended to a maximal subgroup of G and M; will be
a maximal [-invariant subgroup of Gy which is “smaller than expected” since it
is properly contained in each of the Ml(’).

Remark 3.11.  Note that the condition of I'-invariance of a closed subgroup
(or Lie subgroup) of Gy or of a subalgebra of g that plays a central role in this
paper depends only on the “outer automorphism part” of T', that is, on the image
% of T under the homomorphism (3) or {4), respectively. The full component
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group I is an extension of £ by the kernel of the respective homomorphism, but
for the purpose of deciding whether a closed subgroup (or Lie subgroup) H; of Go
or a subalgebra h of g is I'-invariant, this kernel is irrelevant, so throughout the
discussion in this section, we could equally well have used the term “T-invariant”,

instead of “I'-invariant”, where ¥ is the aforementioned subgroup of Out(Go)
or Out(g), respectively.

4. Quasiprimitive and primitive subalgebras

In Theorem 3.8, the maximality condition for a closed subgroup M of a Lie
group G which meets every connected component of G is reduced to a maximality
condition on its intersection M; with the connected one-component Gy of G,
but what is still missing is to translate that into an appropriate maximality
condition on the corresponding connected one-component M,, or equivalently,
on the corresponding Lie algebra m - which, as we shall see, is weaker than that
of being maximal T-invariant or maximal T-invariant and also somewhat more
intricate. This is the problem we shall turn to now.

We begin with a preliminary definition that should be more or less obvious.

Definition 4.1.  Given a Lic algebra g and a subgroup ¥ of its outer auto-
morphism group Out(g), we say that g is L-simple if it is not abelian and
contains no non-trivial proper T-invariant ideal. When T is the image under
the homomorphism (4) of the component group I' of a Lie group G with Lie
algebra g, we also usc the term “I'-simple” as a synonym for “E-simple”.

For a correct understanding of this terminology, it is useful to note that an
ideal of g is, by definition, invariant under inner automorphisms of ¢ and so its

invariance under an arbitrary automorphism of g depends only on the equivalence
class of the latter, as an element of Out(g).

Proposition 4.2. Let g be a Lie algebra and T be a subgroup of its outer
automorphism group Out(g). Then g is T-simple if and only if it is the direct
sum of various copies of the same simple Lie algebra which under the action of
are permuted transitively among themselves.

Proof.  The “if” part is obvious, whereas the arguments for the “only if” part
are very similar to those used in the last part of the proof of Theorem 3.8 above:

o If g is neither solvable nor semisimple, then its radical is a non-trivial proper
L-invariant ideal of g.

o If g is solvable but not abelian, then its commutator subalgebra is a non-
trivial proper Z-invariant ideal of g.

e If g is semisimple, then decomposing it into the direct sum of its simple
ideals and assembling these into Z-orbits shows that if there is more than
one such orbit, any one of them will be a non-trivial proper Z-invariant ideal

of g. [ ]

e - e
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A similar terminology is used for connected Lie groups.

Definition 4.3.  Givena connected Lic group Gy and a subgroup L of its outer
automorphism group Qut(Go), we say that Gy is L-simple if it is not abelian and
contains no non-trivial proper connected T-invariant normal Lie subgroup. When
5 is the image under the homomorphism (3) of the component group T of a Lie
group G with connccted one-component Gg, we also use the term “T-simple” as
a synonym for “¥-simple”.

To describe the maximality condition for subalgebras that we are after, let
us assume that g is a Lic algebra and X is a subgroup of its outer automorphism
group Out(g), as before, and that § is a subalgebra of g. These data give rise to
a subgroup

Autg(g,h) = Autz(g) N Aut(g,h) (21)

of the automorphism group Aut(g) of g, where Autg(g) denotes the inverse image
of & under the canonical projection from Aut(g) to Out(g) (i.e., the group of
automorphisms of g that project to X) and

Aut(g,h) = {@ € Aut(g)|o(h) =5} . (22)

denotes the stability group of § in Aut(g). When T is trivial (£ = {1}), this
becomes
Inn(g,h) = {¢ €Inn(g) | é(h) =0} (23)

In what follows, we shall only be interested in T-invariant subalgebras and thus
note that, according to Remarks 3.2 and 3.11, the condition that § should be -
invariant means that every element of should have a representative in Auty(g)
which leaves § invariant, or in other words, that under the canonical projection
from Aut(g) to Out(g), the subgroup Autg(g,h) should be mapped onto the
subgroup X : this will ensure that, for any other subalgebra h of g, Autg(g,b)-
invariance is a stronger condition than Y-invariance. (Of course, by the very
definition of Autg(g,h), b itsell is always Autg(g, h)-invariant.) Note also that in
the special case where fj is a T-invariant ideal, we have Autg(g, h) = Auty(g) (in-
dependently of ), so that for any other subalgebra b of g, Autg(g, b)-invariance

of f is then equivalent to § being a T -invariant ideal as well.

Definition 4.4. Let g be a Lic algebra and £ be a subgroup of its outer
automorphism group Out(g). A T -quasiprimitive subalgebra of g is a proper Z-
invariant subalgebra m of g which is maximal among all Autg(g, m)-invariant
subalgebras of g, that is, such that if @ is any Autg(g, m)-invariant subalgebra
of g with m C m C g, then m = m or W = g. A T-primitive subalgebra
of g is a Z-quasiprimitive subalgebra of g which contains no non-trivial proper
T.invariant ideal of g. When E is the image under the homomorphism (4) of
the component group ' of a Lic group G with Lie algebra g, we also use the
term “I'-(quasi)primitive” as a synonym for “¥-(quasi)primitive”, and when &
is trivial (£ = {1}), we omit the prefix and simply speak of a (quasi)primitive
subalgebra.
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Remark 4.5.  Note that the normalizer n of h in g is Auty(g, h)-invariant, for

any choice of I, because it is cven Aut(g, h)-invariant. Indeed, for ¢ € Aut(g, )
and X € n, we have

Yebh = ad(@X)(Y) = [6(X), (67 (V)] = ¢(ad(X)(¢7' (V) €,

that is, ¢(X) € n. Therefore, a E-quasiprimitive subalgebra is either sclf-
normalizing or is an ideal. In the second case, the observation immediately preced-
ing Definition 4.4 shows that the condition of being ¥-quasiprimitive is equivalent
to that of being a maximal X-invariant idcal. Thus a E-primitive subalgebra is
always self-normalizing. Morcover, the concepts of E-quasiprimitive subalgebra
and Z-primitive subalgebra coincide when the ambient Lic algebra is T-simple.

Remark 4.6. The position of a X-quasiprimitive subalgebra m of a Lie al-
gebra g relative to the center 3 of g is strongly restricted, since using the fact
that their sum m 4 3 is obviously an Auty(g, m)-invariant subalgebra of g, we
immediately conclude that either m contains 3 (this is necessarily the case when
m is self-normalizing, since any self-normalizing subalgebra contains the center) or
clse m is a maximal X-invariant ideal of g which, together with 3 which is also
a Z-invariant ideal of g, spans all of g, i.e., g = m +3 (note that this sum is
not necessarily direct). However, it follows from Theorem 3.8 that the second case
{which may occur even when m is primitive and in this context corresponds to
the so-called affine primitive examples mentioned in [12, Proposition 2.3]) does not

arise in the study of maximal subgroups, and hence it will be discarded in what
follows. 6

Remark 4.7, In the study of E-quasiprimitive subalgebras of a Lic algebra g,
what really matters is not X itself but rather only its conjugacy class in Out(g).
Indeed, if £ and I are two conjugate subgroups of Out(g), then it is clear from
the definitions that an automorphism of g representing an element of Out(g) that
conjugates one into the other will establish a bijective correspondence between
Z-invariant and ¥'-invariant subalgebras and similarly between E-quasiprimitive
and Y'-quasiprimitive subalgebras of g.

So far, we have not imposed any “a priori” restrictions on the choice of &,
but the idea is of course that X should be discrete. (For example, if a Lie
algebra g is X-simple, then due to Proposition 4.2, g is necessarily scmisimple,
so Out(g) is discrete, and hence so is £.) This is also what is required in order
to make contact with the situation encountered in the previous section, where G
is a Lie group with connected one-component Gy, component group I' and Lie
algebra g and where ¥ C Out(g) is the image of " under the homomorphism (4).
Indeed, take the adjoint representation of G, viewed as a Lie group homomorphism
from G to GL(g) which we shall denote by Ad or sometimes by Adg in order to

16 A nice example is provided by considering m = su(n) as a primitive subalgebra of g = u(n):
there is no maximal subgroup of U(n} which has SU(n) as its connected one-component, since
we may exlend the latter to closed subgroups with arbitrarily large finite component groups Z,
by multiplying matrices in SU(n) with p-th roots of unity.
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avoid ambiguities whenever this seems convenient: then the very definition of the
homomorphism (4), together with the fact that, also by definition, the group of
inner automorphisms of g is

Inn(g) = Ad(Go), (24)

jmplics that applying Ad to the short exact sequence (1) gives the corresponding
adjoint short exact sequence in the form

{1} — Ad(Go) — Ad(G) — T — {1}. (25)

This shows that there is a Lie group (even a lincar Lie group) which has ¥ as its
component group, namely the adjoint group Ad(G), and also implics that

Autg(g) = Ad(G) . (26)

Suppose further that b is a T-invariant subalgebra of g, and let N be its normal-

izer in G. Then
Auty(g,h) = Ade(N) . (27)

What seems to be more difficult is to formulate, for an arbitrary Lic algebra g,
reasonably simple conditions that would allow to state precisely which subgroups
% of the group Out(g) can arise from a Lie group G having g as its Lie algebra,
especially in those cases where Inn(g) fails to be closed in Aut(g) and hence
Out(g) is not even a Lie group (sce [21, Chap. 2, Exercise D3] for an example).
But we have not attempted to do so since we are ultimately interested in compact
Lie groups, for which the answer is immediate: £ must be finite.

The importance of the concept of a quasiprimitive subalgebra in the present
context stems from its relation to that of a maximal subgroup. However, a precise
formulation of this rclation depends on additional hypotheses, one of which is that
the Lie algebra g be reductive.

5. Reductive Lie algebras and groups

In order to continue our analysis, we shall now imposc an important restriction:
we consider only reductive Lie algebras and groups. Recall that, according to
one of various possible definitions (all of which are equivalent), a Lie algebra g is
reductive if it can be written as the dircct sum of its center 3 and a semisimple
ideal; the latter is then necessarily cqual to the derived subalgebra g’ of g, or what
is the same, the commutator subalgebra [8,8] of g. Asis well known, any compact
Lie algebra (i.c., any Lic algebra that can be obtained as the Lic algebra of some
compact Lie group) is reductive, and of course so is any semisimple Lie algebra.
For Lie groups, the situation is somewhat more complicated since there is a certain
amount of ambiguity in the literature as to what are the precise conditions required
of a reductive Lie group, over and above the obvious one that its Lic algebra should
be reductive. (Another standard requirement is that its component group should
be finite.) We shall return to this subject below and then give a precise definition
(sce Definition 5.5), but before that, we want to state and prove the basic theorem
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about the relation between quasiprimitive subalgebras and maximal subgroups in

the reductive setting, which does not depend on any of the more sophisticated
aspects of that definition.

As a preliminary step, we specify criteria to ensure that certain connected
normal subgroups of certain connected Lie groups are automatically closed.

Lemma 5.1.  Let Gy be a connected Lie group with Lie algebra g and let Hy
be a connected Lie subgroup of Gy with Lie algebra . Suppose that b is an ideal
of g and, in addition, either one of the following two hypotheses is satisfied:

1. Gq ts simply connected.
2. g is reductive and b contains the center 3 of g.

Then Hy is closed in Gg.

Proof.  Following the idea outlined in [5, p. 127], consider the quotient algebra
[ = g/b and assume L to be any connccted Lie group which has Lie algebra (.
Suppose we can lift the canonical projection from g to [, which is a Lie algebra
homomorphism f : g — [, to a Lie group homomorphism F : Gy — L. Then
it is obvious that Hy is equal to the connected one-component of the kernel of F
{since both are generated by the same subalgebra of g, namely §), and hence is
closed in Gp. This proves the first statement, since the desired lifting of f to F
always exists if Gy is simply connected. If not, let Gy be the universal covering
group of Gg, with covering homomorphism 7 : Go — Gy whose kernel will
be denoted by N, so that Gg = Go/N, and lift the Lie algebra homomorphism
f 19— [ toa Lie group homomorphism F : Gy —3 L. In order for the previous
argument to continue working, we must show that F is trivial on N, since this
guarantees that it factors to yield a Lie group homomorphism F : Gy — L, as
before. Now N is a discrete normal subgroup of Gy contained in its center Z (Go)

and F, being surjective since f is surjective and L is connected, maps the
center Z(Go) of Gy to the center Z(L) of L. Thus it suffices to show that L can
be chosen to be centerfree. This is guaranteed by taking L to be the adjoint group
of [, provided [ is centerfree. But if g is reductive and b is an ideal of g containing
its center 3, | =g/h = [g,9]/([9,8] N h) is semisimple and thus centerfree. n

Remark 5.2, It may be worthwhile to point out that the conclusion of the
second statement in Lemma 5.1 would become wrong if we were to omit any one

of its hypotheses. The source of the counterexamples is always the same, namely,
the irrational flow on the torus.

1. Take Gy to be the two-dimensional torus T? itself. Of course, Gy is abelian
and hence any subgroup Hp of Gy is normal. Thus taking Hp to be the
irrational flow on this torus, we obtain a connected normal Lic subgroup
of Gy which is dense in Gy, rather than closed, even though g, being abelian,
is reductive. However, § does not contain the center 3 of g, since 3 =g.

2. Take Gy to be the group of upper triangular complex (3 x 3)-matrices of
determinant 1 and diagonal entries from the unit circle T: its commutator
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subgroup Gj is the group of upper triangular complex (3 x 3)-matrices with
diagonal entrics all equal to 1. Here, G, is solvable, with discrete center
Z(Go) & Zg, whereas G is nilpotent, and by the very definition of the
commutator subgroup, any subgroup Ho of Gy containing Gj is normal.
In fact, the qoutient group Go/G is the two-dimensional torus T?, so taking
H, to be the inverse image of the irrational flow on this torus under the
canonical projection from Go to Go/Gg, we obtain a connected normal Lie
subgroup of Go which is dense in Gy, rather than closed, even though b
contains the center 3 of g, since 3 = 0. However, g is not reductive, since
it is solvable without being abelian.

Now we arc ready to formulate the first main theorem of this section.

Theorem 5.3. Let G be a Lie group with connccled one-component Go,
component group T' and Lie algebra g, and let M be a closed subgroup of G
with connected one-component Mo and Lie algebra m such thal M meets every
connected component of G. Set My = MnNGg, so My C My C M. Moreover,
suppose that the Lie algebra g is reductive and the quotient group My /My is finite.
Then M is a mazimal subgroup of G, or equivalently, M, is ¢ mazimal T -in-
variant subgroup of Gq, if and only if m is a I'-quasiprimitive subalgebra of g
containing its center 3 and, more specifically, one of the following two alternatives
holds:

o Normal type: w is a mazimal I'-invariant ideal of g, or equivalently,
M, is a mazimal T -invariant connected normal subgroup of Gy, and My/My
is a finite mazimal T -invarient subgroup of Go/My: from these data, My is
recovered by taking the inverse image under the canonical projection from Gy
to Go/M, while M is recovered using Proposition 3.1.

o Normalizer type: m is a self-normalizing T -quasiprimitive subalgebra
of g: then M is its normalizer in Go while M is its normalizer in G.

Proof.  This is naturally divided into two parts.

The first part of the proof consists in showing that if M is maximal, or equivalently,
M, is maximal T-invariant, then m must be T-quasiprimitive. First of all,
it is clear from Theorem 3.8 that m is I'-invariant and must cither be an ideal
of g or else be self-normalizing, depending on whether My is normal or not.
Now suppose that f is an Autg(g, m)-invariant subalgebra of g containing m,
where ¥ is the image of T' under the homomorphism (4), s usual: we want
to show that either # = m or @ = g. This will be done in three steps.
The first step consists in noting that in the case of the I-irrational type, where
Go/My is R™ (as an abelian Lie group) and hence g/m is R* (as an abelian Lie
algebra), this is trivial, since an intermediate T-invariant subalgebra between m
and g would correspond to a non-trivial proper I-invariant subspace of g/m, and
there are no such subspaces because I' acts irreducibly on Go /M, and hence also
on g/m. Therefore, according to Theorem 3.8, we may assume, without loss of
generality, that M, is self-normalizing and contains the center of Gy, implying that
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m contains the center 3 of g. The second step consists in showing that we may,
without loss of generality, assume m to be a [-invariant ideal of g. Indeed, if mis a
[-invariant ideal of g, Auts(g, m) is equal to Ad(G) and contains Ad(Gy), so the
conclusion is immediate. If on the other hand m is a T-invariant self-normalizing
subalgebra of g, Auty(g,m) is equal to Adg(M) and contains Adg(M,) since in
this case, according to Theorem 3.8, M is the normalizer of m in ¢ and M, is
the normalizer of m in Gy, so_Autg(g, m)-invariance of @ is equivalent to the
statement that its normalizer N in G contains M and also that its normalizer
Ny in Gy is I-invariant and contains M. Maximality of M now implies that
either N = M,Ni=M or N=G, N, = Gy. Thus if it denotes the normalizer
of m in g, which is just the Lic algebra of N and of Ny, we conclude that in
the first case, m C fi = m, which is one of the two possible conclusions that we
ultimately want to arrive at, while in the sccond case, fi = g,i.e, misanideal of g.
The third step consists in showing that, independently of whether m is an ideal
or is self-normalizing, @ being an ideal containing m, which in turn contains j,
leads to the conclusion that either i = m or @ = g. To this end, let M,
be the connccted Lie subgroup of G corresponding to m and let M, be the
abstract subgroup of Gy generated by M; and Mo; explicitly, 1\—41 = M, Mo
since @ is an ideal and hence M, is normal. Now since g is assumed to be
reductive, we can apply Lemma 5.1 to conclude that M, is a closed subgroup
of Go. Moreover, it follows that M, is also a closed subgroup of Gy and that it
has connected one-component M,. [Indecd, since as we have just scen, My is a
closed normal subgroup of Gy, the quotient Go/ My is a well-defined connected Lic
group and the image of M, under the canonical projection from Gy to Go/ M, is
the quotient group M;/(My N My); let us denote it by Q, for the sake of brevity.
Now according to the first and second isomorphism theorems of group theory, we
have M) /Mo = Q = (My/My) / (M1 N My)/Ms): the sccond isomorphism shows
that @ is a quotient group of M;/M,, which is assumed to be finite, and hence Q
itself must be finite, whereas the first isomorphism shows that M, is precisely the
inverse image of  under the canonical projection from Go to Go/My. Therefore,
My is a closed subgroup of Go with connected one-component M, and component
group Q.] Maximality of M now implies that either M, = My or My =G, and
hence either @ = m or @ = g, thus completing the proof that m is [-quasi-
primitive. In particular, note that if M and M; are of normal type, this means
that m is a maximal T'-invariant ideal of g and hence My is a maximal T-invariant
connected normal subgroup of Gy.

The second part of the proof is devoted to showing that the conditions stated in
Theorem 5.3 are not only necessary but also sufficient to guarantee that M is a

maximal subgroup of G, or equivalently, M; is a maximal P-invariant subgroup
of Gg. This will be done scparately for each of the two types.

e Normal type: First of all, it follows from Lemma 5.1 that the connected
normal Lie subgroup M of Gy corresponding to an ideal i of g containing
its center 3 is automatically closed: this implies that as soon as 3 Cm,
m is maximal T'-invariant if and only if if My is maximal I' invariant,
Assuming this to be the case, and assuming Dy to be a finite maximal
[-invariant subgroup of Go/My, let M, be the inverse image of Dy under



ANTONELIL, FORGER AND GAVIRIA 27

the canonical projection from Gy to Go/M, and M be the closed subgroup
of G obtained from M; according to Proposition 3.1. Now if M is a T'-
invariant closed subgroup of Gy containing My, it is clear that M, /M, is a
I-invariant closed subgroup of Go/M, containing Dy = M;/M,. (Here, we
just use the definition of the quotient topology, which states that a subset
A (U) of Go/My is closed (open) in Go/My if and only if its inverse image
7~ (A) (n~Y(U)) under the canonical projection 7 from Go to Go/My is
closed (open) in Gp. But M; is a subgroup containing M; and hence My,
so that 7~ M/Mo) = M,.) Maximality of Dy now implies that either
Ml/M(] = Ml/Mo or Ml/Mo = G()/M() , SO either Ml = M1 or ]\-41 = GO .

e Normalizer type: Suppose that m is a sclf-normalizing T'-quasiprimitive sub-
algebra of g, M, is its normalizer in Gy and M is its normalizer in G. Now
if M is a closed subgroup of G containing M and m is its Lie algebra, it
is obvious that # is an Adg(M)-invariant subalgebra of g containing m.
Thus in view of equation (27), [-quasiprimitivity of m implies that either
f=m or M = g and hence either M C M, according to equations (10)

and (12), so in fact M = M, orelse M =G. -

Remark 5.4. We emphasize here that the conclusions stated in Theorem 5.3
for the normal type are not independent, in the sense that the requirement on m —
namely the condition that m should be a maximal I'-invariant ideal of g, which
is equivalent to the condition that g/m should not admit any non-trivial proper
T-invariant ideals — is a necessary prerequisite for the existence of finite maximal
I-invariant subgroups of Go/Mp. Indecd, if m is not maximal, we can choose a
non-trivial proper [-invariant idcal of g/m, say 4, and consider the connected
normal Lie subgroup Hy of Go/Mp corresponding to ), noting that according to
Lemma 5.1, Hy is closed because g is reductive and m contains its center 3, so g/m
is semisimple, i.e., reductive with trivial center. Therefore, if Dy is any given finite
[-invariant subgroup of Go/Mp, the abstract subgroup H of Go/M; generated
by Do and Hy, explicitly given by H = DoHy since fj is an ideal and hence
H, is normal, is a closed subgroup of Go/M, with connected one-component Hy
properly containing Do and properly contained in Go/Ms, which shows that Dy
cannot be maximal. (The fact that H is also a closed subgroup of Go/My and
that it has connected one-component Hp is proved in exactly the same way as the
corresponding statement in the first part of the proof of Theorem 5.3, replacing
Go by Go/M,, M, by {1}, My by Dy and M, by Hq.)

Returning to the discussion of reductive Lie algebras and groups initiated
at the very beginning of this section, we proceed to formulate the precise definition
of the concept of a reductive Lie group announced there:

Definition 5.5. Let G be a Lie group with connected one-component Gg, com-
ponent group I and Lie algebra g. Assuming that g is a reductive Lie algebra,
we say that G is a reductive Lie group if it comes cquipped with the following
additional structurc: a compact subgroup K of G, an involutive automorphism
0 of g and an Ad(G)-invariant as well as f-invariant non-degenerate symmetric
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bilinear form B on g such that if we write

where t and p denote the eigenspaces of 0 for eigenvalue +1 and —1, respectively -
which implies the commutation relations

tece , [epjcp , [pplCE, (29)

expressing the requirement that 6 should be an automorphism, and forces t and
p to be orthogonal under B - we have

(i) € is the subalgebra of g corresponding to the closed subgroup K of G,
(i) B is negative definite on € and positive definitc on p,

(ili) the map
Kxp — G
(k, X) > kexp(X)
is a global diffeomorphism,

(30)

(iv) the derived subgroup G§ of Gy (defined as the connected Lie subgroup of Go
corresponding to the derived subalgebra g’ of g) has finite center.

As in the semisimple case, K is called the mazimal compact subgroup of G. (its
maximality follows easily from condition (iii) above), 0 is called the Cartan invo-
lution, the direct decomposition (28) is called the Cartan decomposition and B is
called the invariant bilinear form.

Note that this definition is slightly weaker than that of a “reductive Lie group
in the Harish-Chandra class” given in Chapter 7, Section 2 of Ref. [27), in that
among the conditions (i)-(vi) listed there, we impose conditions (i)-(iv) and (v1)
but discard condition (v). There are various advantages that speak in favor of this
omission. The basic one is that any compact Lie group and any semisimple Lie
group with finite component group!” and finite center is reductive in our sensc:
in particular, this avoids an annoying flaw of the definition given in Ref. [27],
according to which compact Lie groups G whose component group I' acts on
their Lie algebra g by outer automorphisms, such as the full orthogonal groups
in even dimensions, are not reductive. More precisely, it excludes all compact
Lie groups for which the image £ of I' under the homomorphism (4), which
according to equation (25) is also the component group of Ad(G), is non-trivial,
i.e., © # {1}: such groups are of great interest for our work and we cannot see any
convincing reason for excluding them from the category of reductive Lie groups.
Fortunately, many of the important structural results on reductive Lie groups
stated in Ref. [27], especially Propositions 7.19, 7.20 and 7.21, remain valid in
our slightly broader context. In particular, G§ is a closed subgroup of Go.
More generally, we have the following analogue of Lemma 5.1, whose proof is
however much less elementary.

1"We do not adhere to the convention adopted in Ref. {27] according to which semisimple Lie
groups are automatically supposed to be connected.
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Proposition 5.6. Let G be a reductive Lie group with connected one-
component Gg, component group I' and Lie algebra g. Then for any semisimple
ideal of g and, more generally, for any 0-invariant semisimple subalgebra of g,
the corresponding connected Lie subgroup of Gy is closed and has finite center.

Proof.  For the sccond statement, see Proposition 7.20 (b) of Ref. [27]. Using
this fact, the proof of the first statement for the general case is identical with that
for the special case of the derived subgroup G§ of Gy, which is the content of
Proposition 7.20 (a) of Ref. [27). n
In particular, this proposition can be applicd to the simple ideals of g as well as
to the I'-simple ideals of g (cach of which is, according to Proposition 4.2, the
direct sum of a certain number of copies of the same simple ideal, transitively
permuted among themselves under the action of T') to deduce that the connected
Lie subgroups of G, corresponding to these ideals are closed subgroups of G, with
finite conter: they will be called the simple factors and the I'-simple factors of G,
respectively. Note that the latter, being T'-invariant, extend to closed subgroups
of G, each of which meets every connected component of G.

In the remainder of this section, our main goal will be to show how, roughly
speaking, the study of the maximal subgroups of a reductive Lie group can be
reduced to that of the maximal subgroups of its simple factors.

We start at the Lic algebra level, where this process involves two steps.
The first one consists in boiling the reductive case down to the E-simple casc:

Theorem 5.7. Let g be a Lie algebra and % be a subgroup of its outer auto-
morphism group Out(g). Assuming that g is reductive, with canonical decompo-
sition

6=30¢ , ¢ =00...00 (31)
into its center 3, its derived algebra ¢ and its T-simple ideals of,..., g%,
let m be ¢ T-quasiprimitive subalgebra of g containing 3. Then denoting the
intersection of m with g’ by m’, so that m = 3 & m', one of the following two
alternatives holds.

1. w' is the direct sum of all T-simple ideals of g except one, say of, plus a
¥ -primitive subalgebra m¥ of g} :

m =g 9.0, em O 6..00 . (32)
We then say that m is of X-simple type.
2. w' is the direct sum of all ¥ -simple ideals of g except two isomorphic ones,

say gF and g¥, with the “diagonal” subalgebra g} of of ® g7,

m = Pk oof, (33)
k=1

ki
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where “diagonal” means that under suitable E-equjvaﬁapt isomorphisms
of = g¥ and gF = g¥, the subalgebra gs of of ® g5 corresponds to
the subalgebra .

diag g = {(X,X) | X € g}

of g¥ @ g=. We then say that m is of ¥ -diagonal type. In this case, m
is a mazimal ¥ -invariant subalgebra of g.

Moreover, m will be @ mazimal T-invariant ideal of ¢ if and a@l'y if m is of
T -simple type and mT = {0}; in all other cases, m is self-normalizing.

Proof.  Letting 77 denote the projection of g onto g7, which is an Autg(g)-
equivariant Lie algebra homomorphism, and m¥ denote the image of m under this
projection, we note first of all that there can be at most one index, say i, for which
m? is properly contained in g=. Indeed, if there were two such indices, say i and
4, then ]

10 0..omB..00 9...00
and

;0o . 0f0...omf 0.0

would be proper Autg(g, m)-invariant subalgebras of g and
30 0..omE0...0m 0.0 g

would be another Auty(g, m)-invariant subalgebra of g properly contained in any
of the two preceding ones and containing m (though perhaps not properly), which
contradicts maximality of m. Similarly, if there is one such index, say i, so that m’
is of the form given in cquation (32), then m¥ must be a E-primitive subalgebra
of g since otherwise, we could find a proper Auty(gP, mF)-invariant subalgebra
¥ of g7 properly containing mZ, and then

10 @0, om0, 0.0

would be a proper Autg(g, m)-invariant subalgebra of g properly containing m,
which contradicts maximality of m. (Note that there are then two possibilities:
either mf = {0}, which means that m is an ideal, or mZ # {0}, which implies
that both m, as a subalgebra of g, and m¥, as a subalgebra of g¥, must be self-
normalizing.) Finally, we must deal with the case that there is no such index,
ie., that m® = g¥ for all i. (This of course implies that m cannot be an ideal
and hence must be self-normalizing. Note also that this case cannot occur when
r = 1, so we may assume without loss of generality that r > 2.) Then for any
fixed value of 4, m+ gT is an Autg(g, m)-invariant subalgebra of g containing m,
which due to maximality of m implies that cither m + gF = m, i.e., gF C m,
or m+ g¥ = g, and the second alternative must occur for at least two different
values of 7 since if it did not occur at all, m would have to be all of g, and if it
occurred for only one value of 7, m would contain the kernel of 7r:3 and hence,
in order to satisfy the condition m¥ = g¥, would once again have to be all of g.
(As we shall sce soon, the alternative in question must in fact occur for exactly
two different values of 4.) This in turn implies that for any fixed value of ¢, mNgF
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is a S-invariant ideal of g, since we may choose j # i such that g =m+ g;: and
then use the obvious inclusions [mNgF,m] CmN of and [mNgF,gf] = {0} to
derive that [mNgZ,g] C mNgF. But g is T-simple, so we must have cither
mngd =g, ie, gf Cm,or mNgl ={0},ie, g= m®gF. Now let g” denote
the S-invariant semisimple subalgebra of g obtained by taking the direct sum of
all those S-simple ideals g7 of g that intersect m trivially, and let m” denote
the intersection of m and g”. Moreover, let ¢” = g{ ® gy be any non-trivial
direct decomposition of g” into two complementary 3-invariant ideals of g (each
of which must therefore be the direct sum of some of the E-simple idcals gf of g
which intersect m trivially), and let 7f : g" — g7 and 71 g" — gy be the
corresponding projections. Then we claim that, for k=1 as well as for k=2,
the restriction of 7} to m” cstablishes a E-equivariant Lie algebra isomorphism
between m” and gj.

To prove this for k=1, say, note that for any X-simple ideal g? of g
contained in gj, we have g = m @ gf and hence g' = m”" @ g?,
Therefore, we may decompose any clement X" of ¢" in the form
X" = X2+Xj with X7 € m” and X7 € gF toget ny(X") = n{(X7),
which shows that 77 maps m” onto g}. On the other hand, we can
repeat the argument employed above to show that m” N gh = mNgj
is a L-invariant ideal of g (choose any L-simple ideal g” of g con-
tained in g such that g =m & g% and use the obvious inclusions
mngym C mNg; and [mnN gs,0F] = {0} to derive that
[mngs,gl CmnN g4), so it must be the direct sum of some of the
©-simple ideals g}‘? of g contained in g, which is impossible since by
the definition of g", any such g}: intersects m trivially. This shows that
m” N g = {0}, and since gj is the kerncl of #{, that the restriction
of n{ to m” is one-to-one.

But this can only happen if both g} and gj are $-simple and isomorphic to m”,
which completes the proof of the main statement of the theorem.
What remains to be shown is that diag g% is really a maximal T-invariant sub-
algebra of g% @ g¥. To this end, assume that § is a T-invariant subalgebra
of g5 ®gE containing diag gf and define b, = pr,(h N (g & {0})) and
b, = pra(h N ({0} ® g7)) where pr, and pr, denote the first and second pro-
jection from @ g to g%, respectively. Obviously, B, and b, are L-invariant
subalgebras of g=, but they are even ideals: this follows by observing that since b
contains diag g¥, the projections pr, and pr, both map h onto g%, and hence
X, egf, €l = 3X,€g} suchthat (X, X;)€h, (N,0) €D
= ([leyl]ro) = [(XI’X2)a (Yl’o)] €h
= [XpYlebh
X,€¢6%, Y, €h, = 3 X €g] such that (X X)) €h, (0,Y,) €D
= (Or [X27Y2]) = [(XI»XZ))(OAG)] €h
= [Xp Yol €l

But g% is £-simple, so it follows that either b, = gf or b, =g> or b = {0}
and b, = {0}. In the first two cases, we can usc the hypothesis that b contains
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diag g= to conclude that b = g% @ g¥, whereas in the third case, it follows that
h = diag g5 - n

The second step consists in reducing the Z-simple case to the simple case.
Of course, when ¥ = {1}, this step is trivial. On the other hand, when & is
completely general, the corresponding theorem is awkward to state. Fortunately,
however, we can take advantage of the fact that it suffices to consider the case
where ¥ has been brought into a certain standard form:

Theorem 5.8.  Let g be a Lie algebra and I be a subgroup of its outer auto-
morphism group Out(g). Assuming that g is X -simple, with canonical decompo-
sition

g8 = 0:.9...® 9, (n summands) (34)
into the direct sum of n copies of the same simple Lie algebra g,, and that ¥ is
in standard form with respect to this decomposition, as explained in Remark 5.9

below, let m be a X-primitive subalgebra of g. Then one of the following two
alternatives holds.

1. m is the direct sum of n copies of the same XL,-primitive subalgebra m,
of g,

m=m®...0m, (n summands), (35)
where the subgroup ¥, of Out(g,) is oblained from the subgroup T

of Out(g) by projection (see Remark 5.9 below). We then say that m is
of simple type.

2. m is the direct sum of a certain number (say q) of copies of the diagonal
subalgebra of the direct sum of a certain number (say p) of copies of g, that
is, by applying an appropriate automorphism of g, it can be brought into the

Jorm
m = diag, g, ©...® diag, g, (q summands)
diog, 9, = {(Xp X,) | X, €0} (b summands) °

where p and q are divisors of n, with p> 1 and q < n, chosen such that

p is the minimum and g the mazimum possible value for which the resulting
partition

(36)

{1,...,n} = {{L,....,p}.... {n—p+1,...,n}} (37)

is ¥-invariant. We then say that m is of diagonal type.

Remark 5.9.  The expression “in standard form” in the previous theorem refers
to the position of the subgroup ¥ within the outer automorphism group of g, which
under the hypothesis that g should be E-simple is a wreath product: it means that
¥ should contain “enough shift automorphisms”.

In order to explain this in more detail, suppose that g is the direct sum of n copies
of one and the same simple Lie algebra g,, as in equation (34). Then the auto-
morphism group Aut(g) of g is the wrcath product of the automorphism group
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Aut(gs) of g, with the permutation group S,, that is, the semidirect product of
Aut(gs)" = Aut(gs) X ... x Aut(g,) (n times) with S,:

Aut(g) = Aut(g,)": S, . (38)

{Indeed, the cquality (34) implies that each permutation of the set {1,...,n}
provides an automorphism of g and, conversely, each automorphism of g projects
to a well-defined permutation of the set {1,...,n}, so S, is in a natural way
both a subgroup and a quotient group of Aut(g), and the kernel of the projection
from Aut(g) to Sy is precisely the normal subgroup Aut(g,)".) Moreover, since
inner automorphisms preserve the summands in the direct decomposition (34), so
Inn(g) = Inn(g,)*, this structure passes to the quotient, i.e., the outer auto-
morphism group Out(g) of g is again the wreath product of the outer auto-
morphism group Out(g,) of g, with the permutation group S,, that is, the semi-
direct product of Out(g,)” = Out(g,) x ... x Out(g,) (n times) with S,:

Out(g) = Out(gs)": S, . (39)

On the other hand, we shall need to distinguish between the various copies of g,
within g; this will be done by referring to the ideal

0, ={0}0..®9,®...0 {0}

of g, with g, in the i-th position, as its i-th simple summand, where 1 <1 < n.
Then given 1 <4, j < n, we shall say that an automorphism ¢;; of g is a “shift
automorphism from the j-th to the i-th simple summand” if it maps g, ; to g,
by an inner automorphism ¢;; of gs, or more explicitly,

¢i,j-(u,X,w = (g,_;;,_q,tﬁf'j(X),u) for X € g, .

i-1 n-j -1 n—i

and we shall say that the shift automorphism ¢; ; is standard if ¢ is the identity.
Note that, even in the standard case, the only condition on ¢; ; is that it should
do nothing on the j-th simple summand except move it to the i-th position,
but no restriction is imposed on what it should do on all the remaining simple
summands g, (k # j): this is why even the standard shift automorphisms are
far from unique. Finally, we can pass to the quotient by inner automorphisms and
say that an outer automorphism o;; of g is an “outer shift automorphism from
the j-th to the i-th simple summand” if all of its representatives are shift auto-
morphisms from the j-th to the i-th simple summand; obviously, if one of them is,
then they all are and there are always “standard” representatives. (This is why, in
the expression “outer shift automorphism”, we usually suppress the term “outer”.)

Next, given any subgroup £ of the group Out(g), let SZ denote its image under
the canonical projection to S,: this is a subgroup of S, such that the condition
that g should be E-simple becomes equivalent to the hypothesis that ST acts
transitively on the set {1,...,n}; therefore, we shall refer to such subgroups £
of Out(g) simply as transitive. In this case, we shall say that ¥ “contains enough
shift automorphisms” if, for any 1 < 4,5 < n, it contains at lcast one shift
automorphism o;; from the j-th to the i-th simple summand of g (all of whosc
representatives ¢;; satisfy ¢;; € Autz(g)).
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Now the essential point is that, although it is easy to construct examples of tran-
sitive subgroups ¥’ of Out(g) which do not satisfy this condition, every transitive
subgroup ' of Out(g) is conjugale, by an element of the subgroup Out(g,)", to a
transitive subgroup ¥ of Out(g) that does! Therefore, according to Remark 4.7,
the additional hypothesis in Theorem 5.8 that ¥ should be in standard form
implies no loss of generality: it just may require some adaptation when treating
concrete examples.

The proof of this statement is simple. Since ¥’ is assumed to be
transitive, there exists, for each 1 < j < n, an outer automorphism
o} € &', which can be represented by an automorphism ¢ € Auty,(g),
taking g,,; to g1, say; the latter will act on g, ; by shifting clements
of g, from the j-th to the first position and then applying some
automorphism of g,: let us denote that by {¢}); € Aut(g,) and
its class by (0}), € Out(g,). (Of course, the case j =1 is trivial:
we can take o] = 1, ¢} = 1 and hence (p}); will be the identity
of g,.) Now define gy = (5}); X ... X (d3), € Out(g,)" to be the
class of @y = (©}); x ... x {¢}); € Aut(g,)". Then the conjugate
subgroup ¥ =g,Z'05"! of Out(g) has the required property, since the
standard shift automorphisms defined by ¢, ; = tpoqp:'lcpggagl belong
to Autg(g) (that these are indeed standard shift automorphisimns is easy
to check just by looking at how ¢; ; acts on g, ;).

The main advantage of working with transitive subgroups £ of Out(g) that
do contain enough shift automorphisms is that these admit not only a natural
projection to a subgroup SZ of S, but also to a subgroup £, of Out(g,), which
can be defined as follows. First, note that the structure of Out(g) as a wreath
product, according to equation (39), implies that we have, apart from the canonical
projection to S,, which is a homomorphism, a natural projection to Qut(g,)" and
also n individual natural projections to Out(g,), which we shall denote by pr;
(1 €£i<g n). But none of these is a homomorphism. Remarkably, however,
pr; does become a homomorphism when restricted to the semidirect product
Out(g,)™ : (Sn)i , where (S,); is the stability group of 4 in S,:

(Sa)i = {m €S, |n()=1}. (40)

Its image is a subgroup of Out(g,) that we shall denote by £, ;. Now the hypothesis
that ¥ contains enough shift automorphisms implies that these subgroups will all
be equal (since it is clear that T,; and Z,; are conjugate under standard shift
automorphisms ¢;;), so we may drop the index i and simply denote them by Z,.
As a result, we may conclude that

Autg(g) C Autg,(g,)": S5, (41)
and hence that T is a subgroup of a smaller wreath product,
¥ c Er:SE (42)

Moreover, it follows that, given any L-invariant subalgebra b of g, its image under
the i-th projection from g to g, will not depend on i and will be a %,-invariant
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subalgebra of g, which we may simply denote by 1,; then we obtain the inclusion
Autg(g,h) C Auty, (g,,0,)7: S5 - (43)

Indeed, the inclusion (41), which clearly implies the inclusion (42),
follows by noting that given an automorphism ¢ belonging to Autg(g)
and writing 7 for the permutation belonging to ST that it induces (i.e.,
@ moves gs; t0 Bs.x(5)), the restriction of v € Autz(g) to g, ; (as an
automorphism of g, when we identify both g,; and ge.(; with g,)
docs belong to Auty,(gs), since it coincides with the restriction
of @woa-1(j); € Auts(g) N (Aut(gs)” : (Sn);) to gs; (as an auto-
morphism of g, when we identify g,; with g,), which obviously be-
longs to Autg,(gs). Morcover, regarding the inclusion (43), it is clear
that if b is E-invariant, ¢ and ¢r-1(;); both preserve § (up to an
inner automorphism of g) and hence the aforementioned restrictions
to gs; (with the aforementioned identifications) preserve b, (up to an
inner automorphism of g;).

Finally, the appropriate automorphism of g mentioned in the sccond item of
Theorem 5.8 is composed of an inner automorphism of g and a “pure permutation”,
i.e., an automorphism of g belonging to the subgroup S, of Aut(g) and just
permuting the direct summands in equation (34): together, they transform m into
the standard form given by equation (36). In fact, this technique can be applied
to any Z-invariant cquivalence relation in the set {1,...,n}, so as to bring it into
such a standard form, where the corresponding partition into equivalence classes
takes the “block” form given by equation (37), with 1 < p,g < n satisfying
pq = n. This leads to a sccond transition from the original subgroup of Out(g)
to a conjugate new one, but without disturbing the property of containing enough
shift automorphisms; moreover, with this new choice of I, SE now becomes a
subgroup of the wreath product of the permutation group S, with the permutation
group S,, that is, of the semidirect product - S7 : 5, . (This follows from the fact
that if & is transitive, then all equivalence classes in a E-invariant equivalence
relation must have the same cardinality, say p, which must therefore divide n.)
In the case at hand, it is the Z-primitive subalgebra m itself which provides this
equivalence relation.

Proof.  To begin with, we observe that under the conditions of Theorem 5.8 and
according to the explanations given in Remark 5.9, it follows from the inclusion (43)
that if b is any TL-invariant subalgebra of g and b, is the X,-invariant subalgebra
of g, obtained by any one of the projections pr; from g to g,, then the direct sum
hs @ ... ® b, will be a subalgebra of g which is not only again Y-invariant but
also Autg(g, b)-invariant. (The first part of this statement can also be inferred
directly by noting that, essentially, invariance under X is equivalent to invariance
under ¥, together with invariance under the standard shift operators introduced
above, and for the direct sum b, @ ... ® b, , the latter is manifest.) Thus if m is
a T-primitive subalgebra of g, there are precisely two distinct possibilities: either
m, is a proper subalgebra of g,, m =m,®...®m, and, as is then easy to see, m,
is a ¥,-primitive subalgebra of g, or elsc m, = g,. To handle the second casc,

Ll ttatus
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consider, for 1 £ 4,7 < n, the image prj(m N ker pri) of the intersection of m
with the kernel of the i-th projection pr; from g to g, under the j-th projection
pr; from g to g, and note that this is an ideal of g,.

Indeed, suppose that X € pr; (mﬂ ker pri) and X’ € g, . This means
that there exists (Xi,...,X,) € m such that X; = X and X; =0,
and since pr; maps m onto g,, there also exists (Xi,...,X’) € m
such that X = X'. Since m is a subalgebra and ker pr; is an ideal
of g, it follows that

(XL X X X)) = [(XD,. o, X0), (X0, -0, X))
belongs to m Nker pr; and therefore, (X}, X,] € pr;(m N ker pr;).

Since g, is simple, there are only two possibilites: either pr; (mﬂ ker pr;) = {0},
which means that m N ker pr; C m N ker pr;, or else pr; (m N ker pr) = gs.
Using that not only pr; but also pr; maps m onto g, and that m is a subspace
of g, we can sharpen the second alternative to the statement that for any two
elements of g,, there exists (Xy,...,X,) € m such that X; equals the first and
Xj equals the second. (Indeed, given Y,,Y; € g,, take X' = (X{,--., X)) €em
such that X{ = Y, and then take X" = (X{,...,X%) € m such that X! =0
and X = j then X = X'+ X satlﬁes Xi=Y and X; =Y;, as
desired. ) Thereforc thc second alternative is symmetric under the exchange of ¢
and j, and hence so is the first, which proves that the inclusion in terms of which it
is stated can be sharpened to an cquality. As a result, the first alternative provides
an equivalence relation ~ in {1,...,n}, defined by

t~7 <= mnNkerpr;, = m N ker pr; .

This means that when ¢ and j belong to the same equivalence class, then any two
elements X' = (Xj,...,X}) and X" = (X{,...,X”) of m will contain the same
element of g, in the i- th position (X} = X! = Y , say) if and only if they contain
the same element of g, in the j-th position (X = X] = Z, say); moreover, the
fact that m is X-invariant and Autg(g) contains shlft automorphlsms ¢;,; from the
Jj-th to the i-th simple summand implies that, up to some inner automorphism
of g5, Y = Z. (When ¢ and j belong to different equivalence classes, there
is no such restriction.) Thus applying an appropriate permutation to bring the
partition of {1,...,n} into the form (37), combined with an appropriate inner
automorphism of g, will take m into the standard form given by equation (36).
The requirement that m should be T-primitive (which includes the condition that
it should not be equal to all of g) is then guaranteed by the condition that p should
be chosen as small as possible and ¢ as large as possible, with the restriction that
p>1,g<n. L]

In order to perform the same reduction at the Lie group level, we again
proceed in several steps, assuming as before that G is a Lie group with connected
one-component Gy, component group I' and Lie algebra g (all steps refer to
properties of Gp):
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e Step 1: from general reductive to centerfree semisimple Lic groups,
o Step 2: [rom centerfree semisimple to centerfree I'-simple Lie groups,
e Step 3: from centerfree I'-simple to centerfree simple Lie groups.

The first step is elementary: it simply consists in dividing out the center
Z(Go) of the connected one-component Gy of G, which is a T-invariant closed
normal subgroup of Gy and which, according to Theorem 3.8, is contained in any
rpaximal [-invariant subgroup of Go. Thus considering the quotient Lie group
G = G/Z(Go), with connected one-component Go = Go/Z(G,), component
group I' = T' and Lie algebra g/3, it becomes obvious that every maximal
subgroup M of G is the inverse image of a maximal subgroup M of G (namely
M = M/Z(Go)) under the projection from G to G and similarly every maximal
D-invariant_subgroup M, of Gy_is the inverse image of a maximal I-invariant
subgroup My of Gy (namely M; = Mi/Z(Go)) under the projection from Go
to Go: in fact, this prescription establishes a one-to-one correspondence between
maximal subgroups M of G and maximal subgroups M of G and similarly
between maz(imal F—illvarielxlt subgroups M; of Gp and maximal T-invariant
subgroups M; of Go. Note that this procedure is completely general (it works
for any Lie group), so we must only convince ourselves that if G is reductive,
¢ will be semisimple and will have trivial center. To this end, assume that g
is reductive and consider the derived subgroup G§ of Gp, which is semisimple
and whose center Z(Gj) is equal to its intersection Z(Go) NGy with the center
Z(Go) of Go. (The only non-trivial statement in this equality is the inclusion
Z(G§) € Z(Gg), which follows by observing that gy € Z(Go) is equivalent to
Ad(go) = id; while go € Z(Gg) is equivalent to Ad(go)ly = idy, since Go and
G} are connected, but g =36 ¢ and obviously Ad(go)|, =id, for any go € Go,
since Gy is connected.) Therefore, Gy can be identified with the quotient group
G}/Z(G}), implying that G has trivial center (see Proposition 6.30 of Ref. [27]):
it is the adjoint group of Gj.

The second and third step will be summarized in the form of two theorems
which result from transferring Theorems 5.7 and 5.8 from the Lie algebra to the Lie
group context: this can be done, e.g., by invoking Theorems 3.8 and 5.3. Direct
proofs can also be given but will be left to the reader since they are completely
analogous to the proofs of Theorems 5.7 and 5.8 given above, with the obvious
changes applicd to the discussion in Remark 5.9.

Theorem 5.10.  Let G be a Lie group with connected one-component Gy and
component group ', and let £ C Out(Go) be the image of T' under the homomor-
phism (4). Assuming that Go is semisimple with trivial center and with canonical
decomposition

Gy = GEyx...xGry (44)

into its T-simple factors Gig,...,GFy, let M be a mazimal subgroup of G
with connected one-component My such that M meels every connected component

of G. Set My =MnNGy, so M, € My C M. Then one of the following two
alternatives holds:
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e M, is the direct product of all ¥ -simple factors of G, ezcept one, say G}?n,
with a mazimal T-invariant subgroup ME‘I of GEO :

M, = GTyx...xGLigX ME x GEy g% ... x Gry (45)
We then say that M and M, are of L -simple type.

o M, is the direct product of all T-simple factors of G, except two isomorphic
ones, say Gry and GFy, with the “diagonal” subgroup G54 of GF % Gfo ,

M, = [] Gio x Gio (46)
fory
where “diagonal” means that under suitable T-equivariant isomorphisms
GE, 2 GE, and G = GZy , the subgroup Gio of GFy x G}, corresponds
to the subgroup
diag G?,o = {(90:90) | % € G?,o}

of Gfo X GEO . We then say that M and M, are of Z-diagonal type.

Moreover, M and M, will be of normal type if and only if they are of E-simple
type and Mﬁ is discrete; in all other cases, M and M, will be of normalizer type.

Theorem 5.11. Let G be a Lie group with connected one-component Go and
component group T, and let & C Out(Go) be the image of T* under the homo-
morphism (4). Assuming that Go is Z-simple with trivial center and with canon-
ical decomposition

Gy = G, x...xG, (n factors) (47)

into the direct product of n copies of the same simple Lie group G,, and that ¥
is in standard form with respect to this decomposition (cf. Remark 5.9), let M be
a mazimal subgroup of G with connected one-component Mo such that M meets
every connected component of G. Set My = M NGy, so My C M; C M. Then
one of the following two alternatives holds:

1. M, is the direct product of n copies of the same mazimal ¥, -invariant
subgroup M,, of G,

M, = M, x...x My, (n factors), (48)

where the subgroup £, of Out(G,) is obtained from the subgroup %
of Out(G,) by projection (cf. Remark 5.9). We then say that M and M,
are of simple type.

2. M, is the direct product of a certain number (say g) of copies of the diagonal
subgroup of the direct product of a certain number (say p) of copies of G,,
that is, by applying an appropriate automorphism of G, it can be brought
into the form

M, = diag, G, x ... x diag, G, (q factors)

) , 49
dla’gp GS = {(gs)' M 1g3) | g.! e GG} (p faCtors) ( )
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where p and q are divisors of n, with p>1 and q < n, chosen such that

p is the minimum and q the maximum possible value for which the resulting
partition

{1,...,n} = {{L...,p},....{n~p+1,...,n}} (50)

is $-invariant. We then say that M and M, are of diagonal type.

Moreover, M and My will be of normal type if and only if they are of simple type
and M, is discrete; in all other cases, M and M; will be of normalizer type.

Regarding the proof of Theorem 5.11, there is only one case which is not
fully covered by Theorem 5.8, namely the one where M and M; and M, are
discrete. However, it is a simple exercise to perform the necessary adaptations,
observing that when Gj is a connected semisimple Lie group with Lie algebra g,
then if Go is simply connected or - as in the case of interest here — if Gg is
centerfree, every automorphism of g can be lifted to an automorphism of Go and
hence the groups Aut{Go) and Aut(g) and similarly the groups Out{Go) and
Out(g) are canonically isomorphic.

1t is instructive to illustrate the phenomena that appear in Theorems 5.10
and 5.11 by examples. The first of them will also show that the maximal subgroups
of a non-connected compact Lie group may differ considerably from those of its
connected one-component.

Example 5.12.  Consider the group O(4) of all orthogonal transformations
in R*, whose connected one-component is the special orthogonal group SO(4).
The latter has a non-trivial center Z and a non-trivial outer automorphism group
¥, both isomorphic to Z,: the non-trivial element of Z is the matrix —14, whereas
the non-trivial element of ¥ can be represented by conjugation with the reflection
matrix diag(1,-1,-1,—-1), say: thus SO(4) is not simple but is E-simple. As
explained before Theorem 5.10, the first step consists in dividing by Z, descending
to the adjoint group SO(3) x SO(3), on which the non-trivial element of £ acts
by switching the factors. (In passing, we note that SO(4) lies “in between” its
universal covering group SU(2) x SU(2) and its adjoint group 50(3) x SO(3);
more precisely, SO(4) = (SU(2) x SU(2))/Z, with Z, = {(12,12), (12, - 1)}
and SO(4)/Z = SO(3) x SO(3) )i® Therefore, using the classification of the
maximal subgroups of SO(3) given in Example 2.4 - according to which there
are two of normal type (which, as we recall, must be finite, since SO(3) is
simple), namely the cubic/octahedral group O and the dodecahedral/icosahedral
group I, while there is only one of normalizer type, namely O(2) — we sec that
Theorems 5.10 and 5.11 provide the following list of maximal subgroups and of
maximal E-invariant subgroups of SO(4)/2 (which give the corresponding ones
of SO(4) by taking the inverse image under the quotient homomorphism):

18Note that in this example, we encounter no less than three different Zy groups, which must
be clearly distinguished since they play very different roles.
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Maximal Maximal

Type SubgroUDS >-invariant
group subgroups

simple/normal 0 x50(3) , 50(3) x O O0x0,Ixl

IxS50(3) , SO@3)x1

simple/normalizer | O(2) x SO(3) , SO@B) x O(2) | 0O(2) x O(2)

diagonal diag, SO(3) diag, SO(3)

Table 1:  Maximal subgroups and maximal -invariant subgroups of SO(4)/2
(S0(4)/Z = 50(3) x 50(3))
(Z = center of SO(4) & Z,, £ = outer automorphism group of SO(4) & Z,)

Example 5.13.  Assume Gy to be a centerfree connected semisimple Lie group
which is the direct product of four copies of the same centerfree connected simple
Lie group G,

Gy = GsxGy, x Gy x G, ,

and suppose that ' = ¥ is the eyclic group Z4. Then Gy is Z;-simple since Zq
acts transitively on the set {1,2,3,4}, and it is casily checked that the maximal
Z4-invariant subgroup of Gy of diagonal type is

{(glyQZyglng) I 91,92 € Ga}

which is isomorphic to G, x G, and conjugate to the subgroup diag, G, of
equation (49) under the transposition 2 ¢ 3.

6. Real and complex primitive subalgebras

As pointed out in the introduction, we shall for the rest of this paper concentrate
on maximal subgroups of compact Lie groups which are of normalizer type, that
is, maximal subgroups which are the normalizer of their own Lie subalgebra.
From the theorems proved in the previous section, it follows that the problem
of determining all such subgroups can be reduced to that of classifying the Z-
primitive subalgebras of compact simple Lie algebras g, where £ is a subgroup
of the (finite) outer automorphism group Out(g) of g. The best way to do so is
by transferring the corresponding classification for complex simple Lie algebras,
which (at least for the case of trivial X) is known, to their compact real forms.
This requires studying the behavior of primitive subalgebras of a compact simple
Lie algebra under complexification.

It is well known that the complexification of a real Lie algebra defines a
functor from the category of compact Lie algebras to the category of complex
reductive Lie algebras, both with homomorphisms of Lie algebras as morphisms.
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Moreover, this functor establishes a bijective correspondence
compact Lic algebras +— complex reductive Lie algebras (51)

at the level of isomorphism classes, since according to the Weyl existence and
conjugacy theorem for compact real forms [27], every complex reductive Lic algebra
admits compact real forms and any two of thesc are conjugate.

If we fix a compact real form g of a complex reductive Lie algebra, denoted
by g€ to indicate that it is the complexification of g, then the above functor induces
a bijective correspondence between the lattice of conjugacy classes of subalgebras
of g and the lattice of conjugacy classes of reductive subalgebras of gC:

lattice of conjugacy classes of lattice of conjugacy classes of
subalgebras of the «—>  reductive subalgebras of the (52)
compact Lic algebra g complex reductive Lie algebra g©

Now note that complex reductive Lie algebras contain non-reductive subalgebras,
such as the parabolic subalgebras. Taking into account that every compact Lie
algebra is reductive and so is its complexification, these non-reductive subalgebras
cannot be obtained as the complexification of any subalgebra of any compact real
form. Thus in order to obtain the primitive subalgebras of a compact simple Lie
algebra from the primitive subalgebras of its complexification, we must restrict
ourselves to reductive subalgebras and therefore we should relativize the notions
of maximal and (quasi)primitive to the lattice of reductive subalgebras. This leads
to the following modification of Definitions 3.3 and 4.4.

Definition 6.1. Let g be a reductive Lie algebra and £ be a subgroup of its
outer automorphism group Out(g). A mazimal I -invariant reductive subalgebra
of g is a proper L-invariant reductive subalgebra m of g such that if m is any
T-invariant reductive subalgebra of g with m C M C g, then m=m or M =g.
A X -quasiprimitive reductive subalgebra of g is a proper Z-invariant reductive
subalgebra m of g which is maximal among all Auty(g, m)-invariant reductive
subalgebras of g, that is, such that if m is any Auty(g, m)-invariant reductive
subalgebra of g with m C m C g, then @ = m or m = g. A X-primitive
reductive subalgebra of g is a X-quasiprimitive reductive subalgebra of g which
contains no non-trivial proper Z-invariant ideal of g. When ¥ is the image
under the homomorphism (4) of the component group I' of a Lic group G with
Lie algebra g, we also use the term “maximal T-invariant” as a synonym for
“maximal L-invariant” and the term “T'-(quasi)primitive reductive” as a synonym
for “L-(quasi)primitive reductive”, and when I is trivial (E = {1}}), we omit the
reference to this group and simply speak of a maximal reductive subalgebra and
of a (quasi)primitive reductive subalgebra, respectively.

With this terminology, we have the following

Proposition 6.2.  Let g be a compact Lie algebra and g€ be its complexification,
and let £ be a subgroup of their outer automorphism group Out(g) = Out{g)C.
Then there is a bijective correspondence between the T-(quasi)primitive subalge-
bras of g and the X-(quasi)primitive reductive subalgebras of g€ which preserves
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conjugacy classes of subalgebras. Moreover, this correspondence takes mazimal
¥ -invariant subalgebras of g to mazimal L-invariant reductive subalgebras of g<.

Proof.  The proof is straightforward and is left to the reader. n

7. Primitive subalgebras of classical Lie algebras

In this section, we summarize the classification of the primitive subalgebras and,
more generally, the Z-primitive subalgebras of compact classical Lie algebras.
Our presentation is based on a combination of results obtained by various authors
[4,8,9,12,30]. As has already been mentioned in the introduction, all these papers,
with the exception of parts of Ref. [30], refer to the complex casc. Since we
are ultimately interested in compact Lie groups, we shall restate them by using
Proposition 6.2 to translate to the respective compact real forms. Correspondingly,
the term “classical Lie algebra” will in what follows mecan one of the compact
classical Lie algebras in the standard representation as given by cquation (53)
below.

When working with classical Lie algebras the adequate method for analyzing
the inclusion of subalgebras is to use their standard realization as matrix Lie
algebras — more precisely, as Lie algebras of complex (n x n)-matrices. Concretely,

A-series su(n) = {X eu(n)|tr(X)=0}
(A, r21) (n=r+1)
B-scries so(n) = {X€u(n)| XT+X =0}
(Br,r22) (n=2r+1odd) (53)
C-series sp(n) = {Xeun) | XTJ+JX =0}
(Cryr23) (n = 2r cven)
D-series so(n) = {X€un) | XT+X=0)}
(Dryr 2 4) (n = 2r even)
where
u(n) = {X e€gi(n,C) | X'+ X =0} (54)

is the Lie algebra of antihermitean complex (n x n)-matrices (as usual, the symbols
T and .t denote transpose and hermitean adjoint, respectively),

0 -1, 0 1, .
J=(L'o)“(—ho> (55)

is the standard symplectic (2r x 2r)-matrix (the position of the — sign being a
matter of taste), and the constraints on the values of , or n, in equation (53)
are imposed in order to avoid repetitions due to the well-known canonical isomor-
phisms between classical Lie algebras of low rank (A = B, = Cy, D, is abelian,
By=0Cy, Dy = A4 © A, Ay = D3). We also note that the outer automorphism
groups of the simple Lie algebras (including the five exceptional ones) are

{1} for Ay, B., C;, Ey, Eg, Fy, G,
Out(g) = ¢ Zy for A, (r>2), D, (r>5),Es p . (56)
Ss for Dy
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This implies that, apart from the exceptional case of the algebra Dy (s0(8)),
Z-primitive subalgebras of compact simple Lie algebras come in just two types:
primitive and Zs-primitive. Clearly, the latter exist only within the algebras
A (r 2 2), D, (r 2 4) and Eg, and except for Dy, they coincide with the
almost primitive subalgebras of Ref. [30]. In the exceptional case of the algebra
Dy (s0(8)), there are other possibilities, since I can be chosen to be one of the
other two Z,-subgroups of Sz, the cyclic subgroup Z; or all of S3; here, it is the
Ss-primitive subalgebras that coincide with the almost primitive subalgebras of
Ref. {30]. In what follows, we shall not dcal with these other types of E-primitive
subalgebras of Dy, nor with the Z,-primitive subalgebras of Eg: they require a
scparate analysis. However, we shall present results for the remaining cases, which
are the great majority, corresponding to the algebras A, (r 2 2) and D, (r > 5):
they will be handled by noting that any automorphism ¢ € Aut(g) representing
the non-trivial element of Out{g) = Z, can be realized as conjugation with an
antiunitary transformation on C", in the case of su(n) (n > 3), and as conjugation
with an orthogonal transformation on R™ of determinant —1, in the case of so(n)
(n even, n 2 10). This procedure also works for s0(8), except that it will in this
case not generate all of Out(g) = S3 but only one of its three Z;-subgroups.
With these preliminaries out of the way, we shall divide the set of sub-
algebras s of a given classical Lie algebra g into several types, according to two
natural criteria. The first criterion refers to the intrinsic nature of s: it can be

e abelian,

e simple,

e truly semisimple, i.c., not simple,

e truly reductive, i.e., with non-trivial center and non-trivial derived sub-

algebra.

The second criterion refers to the nature of the inclusion of s in g. Since g is a
matrix algebra acting on an n-dimensional (complex) vector space V & C", we
can also think of this inclusion as a (faithful) representation

w5 — gl(V)=gl(n,C) (57)
of s on V, which must be of one of the following three types:

e Type 0: such representations are said not to be self-conjugate, or to be truly
complex, and correspond to inclusions into g = su(n).

e Type +1: such representations are said to be real, or orthogonal, and
correspond to inclusions into g = so(n); abstractly, elements of so(n)
are characterized by the property of commuting with a given antilinear
transformation 7 on V of square +1 (complex conjugation).

e Type —1: such representations are said to be pscudo-real, or quaternionic,
or symplectic, and correspond to inclusions into g = sp(n); abstractly,
clements of sp(n) arc characterized by the property of commuting with a
given antilinear transformation 7 on V' of square —1 {complex conjugation
combined with application of J).
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There are then two distinct possibilities:

o 7 is irreducible,

e 7 is reducible.

As was first observed by Dynkin in the case of maximal subalgebras, the
procedure for classifying the simple ones is rather different from that for classifying
the remaining ones. As it turns out, the same goes for primitive and Z,-primitive
subalgebras.

To explain Dynkin's strategy, note first of all that when s is a simple
maximal subalgebra of a classical Lic algebra g, then with only one exception, s
is always irreducible, and the same statement holds for primitive and Z,-primitive
subalgebras. (The proof follows as a corollary from the general classification of
reducible primitive and Z-primitive subalgebras of classical Lie algebras carried
out later in this section; sce the discussion following Lemma 7.11 below.) What
Dynkin realized was that conversely, almost every irreducible representation of a
simple Lie algebra s provides an inclusion of 5 as a maximal subalgebra of the
pertinent classical Lie algebra g, where “almost all” means that there is only a
handful of exceptions, which can be listed explicitly:

Theorem 7.1.  (Dynkin [8,9], Chekalov [4], Komrakov [30]) Let g be a compact
classical Lie algebra. Then every simple mazimal subalgebra, every simple primitive
subalgebra and every simple Z,-primitive subalgebra s of g is irreducible, with the
only ezception of the inclusions

so(n—1) Cso(n) (n>6). (58)

Conversely, every simple irreducible subalgebra s is mazimal, which implies that
every simple irreducible subalgebra s is primitive and every Z; -invariant simple
irreducible subalgebra s is Zy-primitive, unless the inclusion s C g is one of the
18 exceptions listed in Table 1 of [8, p. 864] or Table 7 of [37, p. 236]. Among
these exceptions, there is only one inclusion s C g such that s is primitive, given
by [4, p. 279], [30, p. 200]

s0{12) C s0(495) , (59)

and none such that s is Z,-primitive.

Remark 7.2.  Although the theorem does not provide an explicit list of simple
maximal or primitive or Zp-primitive subalgebras of g, it is the cornerstone for
finding all such subalgebras. Namely, fixing the Lie algebra g with its natural
representation on C*, we apply representation theory — more specifically, the Weyl
dimension formula - to first find all irreducible representations of all simple Lie
algebras s (classical and exceptional) of dimension n. Next, we determine which
among these provide inclusions of s in g by deciding whether the irreducible
representation of s under consideration is sclf-conjugate, and if so, whether it is
real (orthogonal) or pseudo-real/quaternionic (symplectic). Finally, we apply the
theorem to eliminate the exceptions.
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To handle the general case of subalgebras which are not simple, we must
distinguish between two different constructions of the pertinent representation,
depending on whether the subalgebra in question is reducible or irreducible:

Definition 7.3. Let m : g1 — gf(Vi) and m2: g2 — gl(Va) be represen-
tations of Lie algebras g, and g2 on vector spaces Vi and Vs, respectively. The
external direct sum of m; and 7 is the representation m B of the Lie algebra
g1 @ g2 on the direct sum V; @ V, of the vector spaces Vi and V, given by

mBr: gn®g — gl(Vi & V)

. 60
X1+X2 — 7I'1(X1)(B7T2(X2) ( )

The ezternal tensor product of m and m is the representation m B, of the Lic
algebra gy x g2 on the tensor product Vi ® V, of the vector spaces V) and V;
given by

mRmy: g Xg — gl(Vi ® Vo)

61

(X1,X2) v— m(X1) ®1 + 18 m(X;) ©1)
Remark 7.4.  Observe that the resulting Lie algebra is the same in both cases,
namely the dircct sum of g; and gp. Still, in the case of the tensor product, we
prefer to use the symbol x, rather than ®, since cxperience shows that this helps
to avoid confusion. (On the other hand, we avoid the symbo! ® in this context,
since the concept of tensor product of Lie algebras does not exist.) In particular,
using both notations in parallel is helpful to characterize inclusions of subalgebras
by representations: the symbol ® indicates that the inclusion into g is by the
direct sum construction, whereas the symbol x indicates that the inclusion into
g is by the tensor product construction. This will greatly simplify the tables.

The main difference between the two constructions lies in the fact that, even
when both 7, and 7, are irreducible, the external direct sum m B, is always a
reducible representation of g; © gz, whereas the external tensor product m &,
is always an irreducible representation of g, X g2; moreover, it can be shown
that every irreducible representation of g1 x g2 is given by this construction.
(See [15, Proposition 3.1.8, p. 123] for the proof of an entirely analogous statement
for groups, which can be adapted to Lie algebras replacing the group algebra by the
universal enveloping algebra.) Finally, it is clear how to define the direct sum and
the tensor product of an arbitrary finite number of representations, by iteration.

When working with external direct sums and tensor products, it is useful
to consider the following generalization of the concept of equivalence between
representations, adapted from [26, p. 55):

Definition 7.5.  Two representations 7y : g1 — g!(W1) and m: g2 — pl(Va)
of Lie algebras g, and g on vector spaces Vi and Va, respectively, are said to be
quasiequivalent if there is a pair (@21, g21) consisting of a Lic algebra isomorphism
$21 : g1 — g2 and a lincar isomorphism gz : Vi — V, such that

Ty(bn(X1)) = gu m(X)) g5 for X, €, - (62)
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In this case, we may of course assume, without loss of generality, that g, =g = g2
and ¢ € Aut(g). Obviously, the usual notion of equivalence is recovered when
é € Inn(g), which motivates the terminology.

The concept of quasiequivalence is needed to formulate an important case
distinction in the calculation of normalizers for direct sums and tensor products
of irreducible representations.*

Lemma 7.6. Let m : g1 — gl(Vi) and m : g2 — gi{V2) be irreducible
representations of Lie algebras gy and g2 on finite-dimensional complez vector
spaces Vi and Vy, respectively, and let @ : g —> gi(V) be their external direct
sum: T=mBm, g=09g, V =V® V. For simplicity, assume m
and 7, to be faithful (if not, replace gy by g1/ ker my and gy by go/ kermy ). Then
considering g1, g2 and g as matriz Lie algebras (more precisely, g; C g C gi(V)
via 7 and also g; C ¢l(Vi) wvia m;), their centralizers and normalizers in the
respective general linear groups are related as follows.

1. For the centralizers,

ZGL(V)(GI) = C*idy, @ GL(V2) , (63)
Zorwy(o2) = GL(K) & C*idy,
and taking the inlersection,
ZGL(V)(G) = Cx idV) (%3] CX idv2 . (64)
2. For the normalizers,
Norny (o) = Nerylo) © GL(V2) , (65)
NGL(V)(92) = GL(W) a)NGL(v,)(GZ) )
whereas
Nerwvy(8) = Nepwy(81) @ Nopyy(e2) (66)
except when m and my are quasiequivalent, in which case
Nerw)(8) = (Nerw)(81) © Norg,y(92) = Sz - (67)

The generalization to more than two direct summands is the obvious one.

Here, for the sake of brevity, we use the following notation: given any two sub-
groups H, of GL(V;) and H, of GL(V,), H, ® H, will denote the subgroup of
GL(V1 ® V2) given by

Hi®Hy, = {h1®h21h1GH1,h26H2} .

19In what follows, C* denotes the multiplicative group of non-zero complex numbers.
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Proof.? The proof of the inclusions “2” in equations (63)-(67) is straightforward
provided we properly specify the action of S; involved in the definition of the semi-
direct product in equation (67) which, roughly speaking, consists in switching the
direct summands. More precisely, choosing the pair (¢21,921) as in Definition 7.5
and setting ¢y, = ¢35, g1z = gxt, we define an involutive automorphism ¢ on
g =0 ® g2 and a lincar involution g on V =V, &V, by setting

¢ n® g — 01D g2
(X1, X2) — (d12(X2), ¢1(X1))

g: eV, — VieV; (©8)
(v, v2) +— (G122, g t1)

and sce that equation (62) becomes equivalent to the condition that g normalizes
g, since

(3(X) 9)(vr,v2) = ((B12(X2) gr2)(w2) , ($21(X1) gm)(w1))
(9 X)(v1,02) = ((912 X2)(w2), (922 X1)(w1)) -

To prove the converse inclusions “C”, suppose first that g € GL(V) normalizes
g and writc ¢ for the automorphism of g induced by conjugation with g:

9X = ¢(X)g for Xeg.
Explicitly, this mecans that if we write ¢ in the form
(X1, X2) = (¢01(X1) + ¢1a(X2), S (X1) + $22(X2)) (69}

with ¢é1; € End(g1), ¢12 € L(g2,81), ¢ € L(g1,02), ¢22 € End(g2), and similarly
g in the form

glv,v) = (9uvr + g12va, gnvr + g22v2) (70)

with g11 € End(V4), g12 € L(V2, V1), gm € L(W1,V2), g € End(V), then for all
X =(X1,X2) in g=01 g2 and (v1,v2) € Vi @ Va, the expression

(9X) (v, v2) = g(X1v1, Xav2) = (guXivn + g12Xov2, gnXam + 922 Xavs)
must be equal to the expression
(¢(X) g) (v1,v2) = $(X)(gnv1 + 12v2, guvy + g22v2)

((d’u(xl) + ¢12(X2)) (gu1v1 + gu2v2)
($21(X1) + b22(X2)) (garv1 + gzzvz))

1l

leading us to the following system of equations, in which the ones in the first two
lines are obtained by leaving v; arbitrary and setting v; = 0, with X, arbitrary
and Xp = 0 (left column) and with X; = 0 and X arbitrary (right column),

20The explicit proof given here serves as a kind of “warm-up exercise” for the proof of the next
lemma.

FEITUTeuY
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while the ones in the last two lines are obtained by setting v; = 0 and leaving
vp arbitrary, with X; =0 and X, arbitrary (left column) and with X, arbitrary
and X, =0 (right column):

guX1 = du(Xi)gn , ¢2(Xe)gu = 0
gnX1 = da(X1)gn , ¢(Xa)gn = 0
g12X2 = $1(Xa2) 912 nu(X)gz = 0,
92X2 = $2(X2)g2 , ¢n(X1)gn =0

Now assume that ¢ € GL(V) normalizes g;: then these calculations can be
applied if we take X, = 0 with ¢13 € Aut(g;), ¢2; =0 and ¢y, ¢z undeter-
mined. Obviously, in this situation, the first equation in the first line statcs that
g1 € GL(V}) normalizes g, the first equation in the sccond line implies go; = 0,
the second equation in the third line implics g3 = 0 since m; is irreducible, and
all other equations arc trivial: this proves the inclusion “C” in the first line of
cquation (65) and, as an immediate corollary, that in the first linc of cquation (63)
{the second one being completely analogous).

I

’

(71)

Il

Finally, if g € GL(V) normalizes g, as supposed above, we can use the above
system of equations to argue as follows. If g;; (goo) is invertible, then according
to the second equation in the first (fourth) line, ¢12 = 0 (¢a; = 0), and accord-
ing to the first cquation in the third (sccond) line, g1 = 0 (gn = 0), since m
(m1) is irreducible. But g being invertible, this forces gay (g11) to be invertible as
well, so repeating the other part of the argument, we conclude that ¢ and hence
¢ are block diagonal. If on the other hand both g and gy are not invertible,
then ker g1, is a non-trivial g, -invariant subspace of V; and ker g2» is a non-trivial
g2-invariant subspace of V5, implying g;; = 0 and gy = 0, since m and m
are irreducible. But g being invertible, this forces g2 and gz to be invertible
and, up to a constant multiple, to be each other’s inverse, due to Schur’s lemma,
so we conclude that g and hence ¢ arc block off-diagonal and m, and m, are
quasiequivalent. u

Similarly, we have

Lemma 7.7.  Let m : gy — gl(V}) and 7 : g — gl(Va) be irreducible
representations of Lie algebras g, and gy on finite-dimensional complex vector
spaces Vi and V;, respectively, and let m: g — gl(V) be their external tensor
product: m =71 ®m, g=gixg, V=VeV. For simplicity, assume
7 and w3 to be faithful (if not, replace g, by g1/kerm, and ga by go/ kermy)
and traceless (this is automatic if g, and g, are semisimple or, more generally,
perfect). Then considering g, g; and g as Lie algebras of traceless matrices (more
precisely, g; C g C sl(V) vie m and also g; C sl(Vi) via m;), their centralizers
and normalizers in the respective general linear groups are related as follows.

1. For the centralizers,
Zoywvy(m) = {idy} ® GL(V,),

ZGL(V)(Uz) GL(V}) ® {idv,} , (72)

Il
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and taking the intersection,
ZGL(V)(B) = C*id, . (73)
2. For the normalizers,

Nerwy(81) = Neyy(o) ® GL(V,)

74
Nepwy(82) = GL(V}) ® Nppy,(02) (74)
and when both ¢, and gy are simple,
Nerwy(8) = Nepwy(81) ® Noray(6,) (75)
except when m and my are quasiequivalent, in which case
Nerwy(8) = (Norw,)(81) ® Nopy)(82)) : S, - (76)

The generalization to more than two tensor factors is the obvious one.

Here, for the sake of brevity, we use the following notation: given any two sub-
groups Hy, of GL(V}) and H, of GL(V,), H, ® H, will denote the subgroup of
GL(V: ® V3) given by

HeoH, = {M®h |heH , heH)}.
Remark 7.8.  In the formulation of Lemma 7.7, we have tacitly incorporated
the statement that if m and m are faithful and traceless, then so is =. To
show this, we make use of the notion of partial traces of endomorphisms in tensor

products. Given two finite-dimensional complex vector spaces V; and V3, we can
use the canonical isomorphism

End(V; @ V2) & End(V;) ® End(V2)

to argue that the bilinear maps
End(V}) x End(V2) — End(V})
(Al,Ag) — tl‘(Az) Ay

and
End(W}) x End(V;) -— End(V,)

(Al, A2) — tr(Al) A2
extend uniquely to linear maps

try : End(i @ V3) — End(W})

and
try : End(; ® Vo) — End(V2)

known as partial traces and characterized by the property that

try(4; ® Ay) = try(4,y) Ay, (77)
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and
tr; (A, ® Ay) = try (4)) 4, (78)

respectively. Obviously, the total trace is obtained by composing any one of these
partial traces with the ordinary trace on the remaining tensor factor:

try (trp(4)) = tryen(4) = try(tr(4)) . (79)

In particular,
t'rV1®V2(A1 @ A2) = ter(Al) ter(A:.Z) . (80)

As a result, we sce that A; and A, can be recovered from A, ® idy, + idy, ® A,,
provided both A; and A, are traceless, namely by the formula

1

A = dinzvg try(A; ® idy, + idy, ® Ay) if try,(Ay) =0, 1)
Ay = m LI‘I(AI & idy, + idy, 09/12) if tl’vl(/ll) =0,

which implies that if m and 7, are faithful and traccless, then so is 7. For later
use, we also note the following formulas, valid for any B € End(V; @ V) (they are
obvious when B is tensor decomposable, B = B) ® B, and hence hold in general
since both sides of cach equation are linear in B):

tr,((A, ® idy,) B) = A try(B) , try(B (A, 9 idy,)) = tr,(B) A, .

82
tr, ((idy, ® A,) B) Ay try(B) , tr(B(idy, ® 4,)) tr,(B) A, . (82)

I
1

Remark 7.9. A useful tool (which plays an important role in the proof of
Lemma 7.7) are the injections and projections that relate the tensor product space
V =V1®V, toits factors V] and V3. Namely, fixed vectors vy in V, and v; in W}
induce inclusions
iV WeV i Vo ek
v — 1,0, v, — 180U,

whereas fixed linear forms v; € V3 on V, and v} € V{* on V; induce projections

g e — Y g PR Vi®W o W
1Qu > (v3,v)y 1®Y, — (v],1) 1,
which are equivariant under the respective actions of g; on ¥} and V and of g,

on V; and V. This implies?! that the g;-irreducible subspaces of V' are precisely
the subspaces of the form imi,, =V} @ v, with v, € V,\ {0}, where

Vi®u, = Vi ®v) if v, and v} are linearly dependent
Vi®@u)N(Vi®@vh) = {0} if v, and v} are linearly independent

ZINote that the space V =V, @ V; is irreducible under g==g;x g but of course not under
g1 or g2; rather, it is the direct sum of dimV; copies of irreducible representations of g, all
cquivalent to 7y, and also the direct sum of dim V) copies of irreducible representations of gz,
all equivalent to w2, each of the corresponding decompositions into irreducible subspaces being
highly non-unique.
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and similarly that the gp-irreducible subspaces of V are precisely the subspaces
of the form im i, = v ®V, with v; € W \ {0}, where

neV, = vV, if v; and v} are linearly dependent
(1 ®V2)N (1 ®@Ve) = {0}  if v, and v} are linearly independent

Of course, the only non-trivial statement here is that all irreducible subspaces are
of this form; here is a proof for the first case (the second one being completely
analogous): Let W bea gq-irreducible subspace of V, W # {0}. Forany v} € Vy,
the projection Pry;, being gy-equivariant, maps the g1-invariant subspace W of V
to a g)-invariant subspace of V;, and W being g, -irreducible, this subspace can
only be {0} or all of V1. Similarly, the kernel of pr,. intersects W in a g;-invariant
subspace of W, and W being gy-irreducible, this subspace can only be {0} or all
of W. This means that the restriction pr,,;[w of pr,. to W is either 0 or an
isomorphism. It cannot be zero for all v3 '€ Vy because there is no non-zero
vector in V' that is annihilated by all the projections pr,,, v3 € V' (this is easy
to sce by expanding in a basis). Thus we have shown existence of a g1-cquivariant
isomorphism from W to V1; let us, for the time being, call it ¢. But then, for any
v3 € V5, pry; 0 ¢! € End(V1) centralizes g, and, V; being g;-irreducible, must,
according to Schur’s lemma, be a multiple of the identity: pr,; 0 ¢7h = A(v3)idy; .
Clearly, A(v3) is linear in v; because so is pr,. o ¢!, so there is a unique vector
v, € V, such that A(v3) = (v3,v,) and hence Pry;0 ¢7t = (3, v5) idy; = pry;oiy,.
Since this equation holds for all v; € V5, it follows that ¢~! = i,,, once again
because there is no non-zcro vector in V' that is annihilated by all the projections
Ply; vy € V5, qed..

Proof.? As in the previous lemma, the proof of the inclusions “D” in equations
(72)-(76) is straightforward provided we properly specify the action of S, involved
in the definition of the semidirect product in equation (76) which, roughly speak-
ing, consists in switching the tensor factors. More precisely, choosing the pair
(#21,921) as in Definition 7.5 and setting ¢,, = ¢, g,, = 95!, We define an invo-
lutive automorphism ¢ on g = g;x g, and a lincar involution g on V =V, ®V;
by setting

é: g1Xgr — 01X B2
(X1, Xa2) = ($12(X2), ¢ (X1)) (83)
g: Vx 03] V2 —_— V1 D Vz

v ® v — 912v2 ® g1

and sce that equation (62) becomes equivalent to the condition that g normalizes
g, since

($(X) 9)(1 ® v2)
(9 X) (1 ® v2)

22 rigorous proof of this lemma does not seem to be readily available in the literature and
will therefore be given here.

(612(X2) 312)(v2) ® gn(v1) + g12(v2) ® (P2 (X1) gm)(v1)
912(v2) ® (921 X1) (1) + (912 X2)(v2) © gm(v1) -
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To prove the converse inclusions “C”, suppose first that g € GL(V) normalizes
g and write ¢ for the automorphism of g induced by conjugation with g:

gXg™t = ¢(X) for Xeg.
Explicitly, this means that if we write ¢ in the form
(X1, X2) = (6u(X) + d12(X2), daa(Xi) + $22(X2)) (84)

with ¢ € End(g1), ¢12 € L(g2,81), d21 € L(g1,02), 22 € End(gs), as before,
then for all X = (X;,X2) in g = g1 g2, we have

g (X, ® idy, + idy, ® Xp) g™
= ($u(X1)+ $12(X2)) ® idy, + idy, ® (fn(X1) + $22(X2))

leading us, according to equation (81), to the following system of equations:

) = oo ta(a(X, ® idn) ™)

dn(X1) = dirrllvl tr; (9(X; ® idw,) g7") )
balXe) = g ra(alidv ®X3)970)

¢n(Xz) = dirrllvl tr; (g{idy, ® Xp) 9~ 1)

Moreover, it is a standard fact (which we have already used extensively) that auto-
morphisms of semisimple Lie algebras permute their simple ideals, without mixing
them, so under the additional hypotheses of equations (75) and (76) (g = g1 X g2
with g, and g, simple), there are precisely two distinct possibilities: cither (a) ¢
preserves both g; and ga, i.e., $11 € Aut(g:) and ¢z € Aut(gs), whereas ¢, =0
and ¢1p = 0, or (b) ¢ switches g1 and gz, i.e,, ¢1n =0 and ¢ =0, whercas
¢21: 01 — g2 and @2 : g2 — g1 are Lie algebra isomorphisms.

Now assume that g € GL(V) normalizes g; (but without imposing the additional
hypothesis that g; and g, should be simple): then the above calculations can be
applied if we take X, = 0 with ¢1; € Aut(gi), é = 0 and ¢, ¢z unde-
termined. Here, the main issue is to show that g must be tensor decomposable.
To this end, observe first of all that for each X, € g,, there exists X] € g; such
that g(X, ® idy;) ¢! = X| ® idy, ; then applying tr, to this equation and using
equation (85), we get X{ = ¢;,(X)), i.e,

g(Xl ® ide)g_l = ¢11(X1) ® idv2 .

Next, for arbitrary vectors v, € V, and covectors (lincar forms) v; € V5, we use
the inclusions and projections introduced in Remark 7.9 to define

pr(u;.uz)(g) = pr;ogoi, € End(V}) .
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Then

pr(”;:“z)(‘q) Xl = prvé °ge i"2 0X1 = prvi og(xl &® ide) o ivz )
Prys © (611(X)) ® idw,) g o i,, = ¢1.(Xy) Opr,; ©go i
é1{X,) Pr(u;,u,)(g) .

1l

v2

This implies that both the kernel and the image of each PT(ys.0,)(9) are gy-invariant
subspaces of V], so irreducibility forces all of these subspazc‘e; to be either {0} or
the entire space Vi, which means that cach pr,, , 1(g) is cither 0 or invertible.
They cannot all be zero because there is no non-zero lincar operator in V' that is
annihilated by all these projections (this is easy to see by expanding in a basis).
Thus we have shown existence of an invertible linear transformation on V4, which
we shall denote by g,,, which is equivariant in the scnse that

mX, 91_11 = ¢n(Xy) for X, €0,

i.c, g1 € GL(V)) normalizes g, so that conjugation with g;; induces ¢,;. But
then, for any (v3,v,) € Vo' x V3, giil o pr(vivvg)(g) € End(V,) centralizes g, and,
V; being g;-irreducible, must, according to Schur’s lemma, be a multiple of the
identity:

gi_ll © pr(v;,vz)(g) = )‘(U;)v2) idV[ -

Clearly, A is bilincar because g3' o Pr(y; 0,)(9) is bilinear in (v3,v,), so there is
a unique lincar transformation g,, € End(Vz) such that A(v3,vy) = (U3, 952%9),
implying

pry; 090 b, = pr(u;_,,z)(g) = (13, 90%) 911 = PTy; © (911 ® gn) © i, -

Since v; and v, are arbitrary, this implies g = g,,® g4y, With g1, € Ngpy(81)
and g,, € GL(V,) arbitrary: this proves the inclusion “C” in the first linc of
equation (74) and, as an immediate corollary, that in the first line of equation (72)
(the second one being completely analogous).

Finally, we return to the case where g € GL(V) is supposed to normalize g and
both g; and gz are supposed to be simple. If {(a) ¢ preserves both g, and g,, we
can immediately apply the previous part of the proof to conclude that

g € NGL(V)(gl)nNGL(V)(g2) = NGL(V;)(U!)®NGL(V2)(92)-

Thus assume that (b} ¢ switches g; and gs, i.e.,, ¢ =0 and ¢z = 0, whereas
¢ : g1 — 02 and &y : g2 — g; are Lie algebra isomorphisms. Then
we can argue in a similar manner as before, observing first of all that for each
X, € g, and each X, € g,, therc exist X € g, and X; € g, such that
g(X; ® idy,) 97! = idy, ® X] and g(idy, ® X;)¢7! = X3 ® idy, ; then applying
tr, to the first equation and try to the sccond cquation and using cquation (85),
we get Xi = ¢gy (X)) and X3 = ¢)5(Xy), e,

g(X,® idy,) g7t = idy, ® ¢(Xy)
g(idy, ® X,) g7} $12(X3) ® idy, .
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Next, for arbitrary vectors v, € Vy, v, € V; and covectors (linear forms) v; € Vy',
vy € V', we use the inclusions and projections introduced in Remark 7.9 to define

pr(v;,vz)(g) = prvl' ogo iv2 € L(Vh ‘/2) )
Prison(9) = przogei, € LV, V).
Then
Priu;p(9) 0 Xy = PRy 090 iy, 0 Xy = pry;o 9(X; ® idy,) o1, ,
PIy; © (idv, @ ¢n(X1))goiy, = ¢n(X))o pry; ©go i,
¢21(X1) o pr(v;,u2)(g) )

I

pr(vi‘ul)(g) 0X, = Ppr,; 0go i, © X, = pry;og(idy @ Xp)ei,
pr,; © ($15(X,) ® idyy) goi,, = ¢1a{Xy) 0 pry; ©go iy,
$12(X5) 0 pr(u;,vl)(g) .

This implies that the kernel of each pr(,. ,,y(¢) and the image of each pr,, , y(g) is
a gy -invariant subspace of V| and similarly the kernel of each pr, , () and the
image of each pr(v;’vz)(g) is a go-invariant subspace of V,, so irreducibility forces
all of these subspaces to be either {0} or the entire space, which means that each
pr(vIvvg)(g) and each pr(v;'vl)(g) is either 0 or a linear iso.morphism. They cannot
all be zero because there is no non-zero linear operator in V' that is annihilated
by all these projections (this is easy to sce by expanding in a basis). Thus we have
shown existence of lincar isomorphisms from V} to V, and from V, to V| which
we shall denote by ga1 and by gi2, respectively, and which are equivariant in the

sensc that _
¢n(X)) = gnoXjo 5121l )

$12(X;) = 20 X0 g7, -
Moreover, using Schur’s lemma, we see that the product of g2 and gi» must
be a multiple of the identity, so multiplying one of them with an appropriate
scalar factor, we may assume without loss of generality that they are each other’s
inverse. Thus we conclude not only that the representations =, of g, and m; of g
are quasiequivalent but also that any invertible linear transformation g on V' that
normalizes g and switches g; and g2 provides a rcalization of this quasiequivalence,
in the sense of Definition 7.5. Finally, the product of any such invertible linear
transformation on V with the inverse of any other one is of course an invertible
linear transformation on V' that normalizes both g, and g and hence, by what
has been proved before, belongs to Ngp4y(81) ® Ngyv;)(82)- n

Remark 7.10.  To sce that equation (75) may fail to be true if g, and g, are
not simple (even when they are semisimple), consider the following situation: take
01 = 00X §1, 92 =0oX §2 and m = MR on Vi =@ W, mp = mp B 7y
on V; = V, ® Vs, where gg, g1 and §2 are mutually non-isomorphic simple Lie
algebras and my, #; and 7, arc irreducible representations of go, ) and g, on the
vector spaces Vy, V; and V,, respectively. Then obviously, Nerv)(g) contains a
linear involution g which switches the two copies of Vp but preserves V; and Vs,
so it neither preserves nor switches ¥y and V;.
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The same methods allow us to prove the following fact about invariant bilinear or
sesquilincar forms in tensor products, which will be used later on:

Lemma 7.11.  Let m : g — ol(Vh) and =y : g2 — gl(Va) de irreducible

representations of Lie algebras g, and g, on finite-dimensional complex vector
spaces Vi and V3, respectively, and let 7 : g —» ol(V) be their external tensor
product: 7= m R, g=gixgy, V= Vi®Vy. Then every invariant bilinear
or sesquilinear form (.,.) on V is the tensor product of invariant bilinear or
sesquilinear forms (.,.); on Vi and (-,)2 on Va:

(U ®vy, 1 ® Uy) = (qulx)l (v, 1) - (86)

The generalization to more than two tensor factors is the obvious one.

Proof. Given an invariant bilinear or sesquilinear form (.,.) on V, let us
define, for any two vectors v,,v5 € V,, an invariant bilinear or sesquilinear form
(-1 )wpop 00 Vi by

V1L )y = (0, © vy, ®vp) .
That this form is really invariant is ecasy to check, since for X; € gy,

(X100 0) 0+ (00 Xa0h) )

= ((X, ®@idy)(v; ®v,), v} @ vh) + (v, ® vy, (X, ®idy,) (v ®24)) .

Therefore, its kernel (formed by the vectors orthogonal to all vectors in V}) is
a gi-invariant subspace of Vj, so irreducibility forces it to be either {0} or the
entire space Vi, which means that each of the forms (., ')("m"&) is either 0 or non-
degencrate. They cannot all be zero, except when the original form (.,.) on V
is zero, in which case the claim is trivial. Otherwise, we obtain existence of a
non-degencrate invariant bilinear or sesquilinear form (-,-)1 on Vi. However, due
to irreducibility, any two such forms are proportional, so we conclude that, for
any vy, € Vo, (1) Jw,np) = AMup,v5)(.,.),. Clearly, X is bilincar or sequilinear
because (.,.)(v,vy) Is bilinear or sesquilinear in (v,,v}), so we are done. L]

With these concepts at our disposal, assume now that s is a reducible
subalgebra of one of the classical Lic algebras g; note that we do not exclude
the case that s is simple. Viewing the inclusion of 5 into g as a (faithful)
representation 7 of 5 on V = C™ and using the fact that representations of
reductive Lic algebras are completely reducible, we may decompose 7 into its
irreducible constituents, which are certain irreducible representations 7; of s on
Vi C™ (1<i<r),as follows:

r

V=@@Vvew, , xX)=@ nX)xidy, for Xes. (87)
i=1

i=1

Here, the W; = C™ (1 € i < r) arc auxiliary spaces on which s acts trivially: for
each i, m; is the multiplicity with which m; appears in m, while the subspace
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V. @ W; of V is known as the corresponding isotypic component. The main
advantage of this decomposition into isotypic components is that it is unique,
whereas the finer one into irreducible subspaces is not. Another useful fact is that
every irreducible subspace of V' is contained in precisely one isotypic component.
Finally, the representation 7 is said to be multiplicity free if all m; are equal
to 1: in this case, the isotypic components become identical with the irreducible
subspaces, and these become unique.

Lemma 7.12.  Let s be a T-primitive reducible subalgebra of one of the classical
Lie algebras g, where T is any subgroup of Out(g). Then the repesentation of s
defined by its inclusion in g is multiplicity free.

Proof. This is a simple consequence of the fact that, in general, the isotypic
decomposition (87) implies that linear transformations A € End(V) of the form

r

A= idy® 4
i=1
with A; € End(W;) commute with all 7(X), X € s, and hence if m; > 1 for
some i, the centralizer of s in g contains elements that do no belong to s, so s
cannot be solf-normalizing. n

As a result, it becomes clear that for complex representations, that is, when
g = su(n), and with an appropriate choice of basis, s is contained in the complex
Jlag algebra

f=sum)e...oun)) (n=nm+...+n,). (88)

For self-conjugate representations, that is, when g = so(n) or g = sp(n), we can
say somewhat more: since g is pointwise fixed under conjugation with 7 and hence
so is &, 7 permutes the aforementioned irreducible subspaces and therefore these
fall into two classes: single subspaces that are 7-invariant and pairs of subspaces
that are switched under the action of 7. As a result, again with an appropriate
choice of basis, s is contained in the generalized real flag algebra

f = so(n)®...0s0(n,) Bun,.)®... du(n,y,)

, 89
(n=m+...4+0 4+ 2041+ ...+ 2n,4,) (89)

when g = so(n) (using the inclusion u(n;) C se(2n;)), but is contained in the
generalized quaternionic flag algebra

f=spn)®...0sp(n,) Ouln, 1) ... Ou(n.,,)

R 90
(m=ni+...+0+2n41+...+2n.4,) (90)

when g = sp(n) (using the inclusion u(n;) C sp(2n;)). Morcover, all these
(gencralized) flag algebras f are Inn(g, s)-invariant, and when s is Z,-invariant,
they are also Autz,(g,s)-invariant.?® [Indeed, given ¢ € Inn(g,s), write it in

ZFrom now on, whenever we speak about Zs-invariant or Autz,(g,bh)-invariant or Z,-
primitive subalgebras of one of the classical Lie algebras g, we always assume that g = su(n)
or g=so(n) with n even, even when this is not stated explicitly.
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the form ¢ = Ad(g) with g € Go. Then since ¢ preserves s, g permutes the
aforementioned irreducible subspaces; moreover, when g = so(n) or g = sp(n},
g commutes with 7 and hence transforms irreducible subspaces in the same pair
to irreducible subspaces in the same pair. But then ¢ = Ad(g) preserves f,
since § consists precisely of all clements of g that map cach of the aforementioned
irreducible subspaces to itsclf. The same argument prevails when s is Zy-invariant
and ¢ € Autz,(9,5) \ Inn(g,s), since we can still write ¢ = Ad(g) where g is
now an antiunitary transformation on C" in the case of su(n) and an orthogonal
transformation on R™ of determinant —1 in the case of so(n): the hypothesis
that s should be Zp-invariant merely states that the set of such automorphisms
¢ is not empty.] But this implies that if s is assumed to be primitive, it must
in fact be cqual to f, and the same conclusion holds if 5 is assumed to be Z-
primitive, provided f is Z,-invariant. Note also that for g = su(n), this additional
condition of Zs-invariance is automatically satisfied by the complex flag algebras
of cquation (88), but that for g = so(n) with n even, it imposes restrictions on
the generalized real flag algebras of equation (89) that are allowed; these will be
derived below.

Having shown that the reducible primitive or Z,-primitive subalgebras of
classical Lie algebras must be sought among the (gencralized) flag algebras or Z,-
invariant (generalized) flag algebras f introduced above, our next step will be to
figure out the additional constraints on the numbers n; imposed by primitivity
or Z,-primitivity. Beginning with the primitive case, we first note that any
automorphism of su{n), so(n) or sp(n) which preserves a (generalized) flag algebra
as defined in cquations (88), (89) or (90), respectively, can only permute blocks
of equal type and equal size. As a result, there are various situations in which a
(generalized) flag algebra f cannot be primitive, simply because one easily finds a
strictly larger proper subalgebra f of g which is Inn(g, f)-invariant, namely:

e If, in the casc of so(n) or sp(n), § contains “orthogonal blocks™ or “sym-
plectic blocks”, respectively, together with “unitary blocks”, take f to
be so(p) @ so(2q) or sp(p) ® sp(2g), with p = m + ...+ n, and
g = Mp41 + -+« + Nrys, Tespectively, to conclude that f cannot be primi-
tive.

o If, in the case of so(n) or sp(n), f contains no “orthogonal blocks” or
“symplectic blocks”, respectively, so then r = 0, but contains more
than onc “unitary block”, take | to be so(2n;) ® ... @ s0(2n,) or
sp(2n1) @ ... © sp(2n,), respectively, to conclude that f cannot be primi-
tive.

o If, in the case of su(n) or in the case of so(n) with “orthogonal blocks™ only
or of sp(n) with “symplectic blocks” only, f contains more than two blocks
whose sizes are not all equal, and arranging the blocks according to their size,
say in decreasing order, with i denoting the first index for which n; > n;y,y,
take f to be s(u(p) @u(q)) or so(p) ®so(q) or sp(p) ®sp(q), respectively,
with p=mn; +...+n; and q=ny,+...4n,, to conclude that f cannot
be primitive.
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Thus we are left with the following candidates for reducible primitive subalgebras:

(p) ®u(q) (n=p+q)
g = su(n): { s(us(g:; Q . .l@qugp)) (! summands, n=pl, [ > 3)
s0(p) @ s0(q) (n=p+aq)
g = so(n): so(p)@...®so(p) (I summands, n=pl, > 3)
u(p) {n = 2p)
5p(2p) @ sp(2q) (n=2(p+9)
g = sp(n): sp(2p) @ ... D sp(2p) (I summands, n=2pl, !> 3)
u(p) (n=2p)

Finally, in the case of s0(n) with n even, we must check which of these are also
Z,-invariant and hence Z,-primitive. Now if f contains at lcast one “orthogonal
block” (even a trivial one of the form so(1) = {0} will do), then f is Z-invariant,
because we can define the orthogonal transformation g on R™ of determinant —1
that implements the outer automorphism of se(n) to be orthogonal of determinant
—1 in that block and the identity in all other blocks. But if § consists just of a
single “unitary block” (f = u(p) with n = 2p), then g is complex conjugation in
C? = R™, and this has determinant (—1)?, so f will be Z,-invariant if and only if
p is odd.
Looking at the result, we note that it includes the first statement of
Theorem 7.1 above: the only reducible primitive or Z,-primitive subalgebras of
classical Lie algebras which are simple are given by the inclusion (58) (the above
case of so(p) @ so(g) with p=n—1 and ¢ = 1, say, taking into account that
so(1) = {0}).

Passing to the case of irreducible subalgebras, we note first of all that any
irreducible subalgebra s of a classical Lie algebra g is nccessarily semisimple since
its center, consisting of multiples of the identity and at the same time belonging
to g (whose elements are traceless), reduces to {0}. Thus if s is not simple, we
may decompose the irreducible representation space V 2 C™ of s into the tensor
product V = V; ®...® V; of irreducible representation spaces V; & C% of
the simple ideals s; of s (1 < i € r), where n = n;...n, (see, e.g., the first
part of Theorem 3.3 in [9, p. 272] or Proposition 3.1.8 in [15, p. 123]). Given the
fact that irreducible representations map simple Lie algebras into Lie algebras of
traceless matrices and applying Lemma 7.11 (for the case of sesquilinear forms),
it becomes clear that for complex representations, i.e., when g = su(n), and with

an appropriate choice of basis, s is contained in

P = su(m)x...xsu(n,) (n=ny...n.). (91)

For self-conjugate representations, that is, when g = so(n) or g = sp(n), we can
say somewhat more: since in these cascs, the representation of s on C™ preserves
a bilinear form {which is symmetric when g = so(n) and antisymmetric when
8 = sp(n)), Lemma 7.11 (for the case of bilinear forms) implies that the same is
true for each of the representations of s; on C™ ; moreover, since the tensor product
of two symmetric or two antisymmetric bilinear forms is symmetric whereas that
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of a symmetric and an antisymmetric bilinear form is antisymmetric, we conclude
that s is contained in

f¥ = so(ny) x ... x 50(n;) X 5p(nr41) X ... X 5p(nyys) »
(M=ny...nenpgr . Tgs) ! (92)

with s even when g = so(n) and s odd when g = sp(n) (see, e.g., the second
part of Theorem 3.3 in [9, p. 272]). Moreover, once again, all these subalgebras
§* are Inn(g, s)-invariant, and when s is Zo-invariant, they are also Autgz,(g, s)-
invariant.?® [Indeed, given ¢ € Inn(g,s), write it in the form ¢ = Ad(g) with
g € Gy. Then since ¢ preserves s, ¢ permutes the simple ideals of s and, as can
be shown by iterating the argument used in the proof of Lemma 7.7, g permutes the
tensor factors of V correspondingly, i.e., there exists a permutation 7 of {1,...,r}
such that @5; = 5,5 and g1 ®...Qv) = gra-1(1)(Ur-1(1)) . . .BFr,n- 1(,)(1;"4,(,))
where ¢q); is a Lic algebra isomorphism from s; to 5. and g; ,,_1(,) is a
lincar lsomorphlsm from Vi1 to Vi such that ¢, (X)) = ;-1 Xi 9, ”_,(1)
But then ¢ = Ad(g) preserves f*, since f* consists precisely of all elements
X of g that are tensor decomposable. The same argument prevails when s is
Zo-invariant and ¢ € Autgz,(g,s) \ Inn(g, 5), since we can still write ¢ = Ad(g)
where g is now an antiunitary transformation on C" in the case of su(n) and
an orthogonal transformation on R™ of determinant —1 in the case of so(n):
the hypothesis that s should be Zj-invariant merely states that the set of such
automorphisms ¢ is not empty.] But this implics that if s is assumed to be
primitive, it must in fact be equal to f*, and the same conclusion holds if s
is assumed to be Z,-primitive, provided f* is Z,-invariant. Note also that for
g = su(n), this additional condition of Z,-invariance is automatically satisfied
by all the subalgebras of equation (91}, provided we choose complex conjugation
in V=V®...0V, to be the tensor product of complex conjugations in each
tensor factor, but that for g = so(n) with n even, it imposes restrictions on the
subalgebras of equation (92) that are allowed; these will be derived below.
Having shown that the irreducible primitive or Zp-primitive subalgebras
of classical Lie algebras must be sought among the subalgebras or Z-invariant
subalgebras f* introduced above, our next step will be to figure out the addi-
tional constraints on the numbers n; imposed by primitivity or Z;-primitivity.
Beginning with the primitive case, we first note that any automorphism of su(n),
so(n) or sp(n) which preserves a subalgebra as defined in equations (91) or (92),
respectively, can only permute tensor factors of equal type and equal size.
As a result, there are various situations in which such a subalgebra f* cannot
be primitive, simply because one casily finds a strictly larger proper subalgebra f"

of g which is Inn(g, f*)-invariant, namely:

e If, in the case of so(n) or sp(n), f* contains “orthogonal blocks” as well as
“symplectic blocks”, then it must contain preciscly one “orthogonal block”
and preciscly a pair of “symplectic blocks” of type sp(2) in the case of
so(n) (s cven) or a single “symplectic block” in the casc of sp(r) (s odd):
otherwise, take f* to be so(p) x so(g) in the case of so(n) (s even)
or so(p) x sp(g) in the case of sp(n) (s odd), with p = n1...n, and
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g =Mpy1...Neys , to conclude that §* cannot be primitive.?t

e If, in the case of su(n) or in the case of so(n) or sp(n) with “orthogonal
blocks” or “symplectic blocks” only, f* contains more than two blocks whose
sizes are not all equal, and arranging the blocks according to their size, say
in decreasing order, with ¢ denoting the first index for which n; > n;4,, take
7* to be as follows:

—if g = su(n), take o= su(p) x su(g), with p = n;...n; and
qg="Nit1...Mp,

—if g = so(n) and all blocks are orthogonal, take f* = so(p) x so(q),
with p=n;...n; and g=n;4y...0,,

— if g =so0(n) and all blocks are symplectic (their number s being even

and n; =...=n; > 2), take
i = so(p) x so(q) ifiiscven
7 = sp(p) x sp(q) if4is odd

with p=n,...n; and g=n;;...n,,

— if g =sp{n) and all blocks are symplectic (their number s being odd
and n; =...=n; > 2), take

=
!

= so(p) x sp(q) ifiiscven
= sp(p) x so(g) if7isodd

—
X
|

with p=ny...n; and g =ni4;...70,,

to conclude that f* cannot be primitive, except in the last two cascs, pro-
vided that we choose i =1 and?!

s=2 for so(n) (s even) ,
s=3,n,=2=n; forsp(n) (sodd).

Thus we are left with the following candidates for irreducible primitive subalgebras:

- . su(p) x su(q) n=
g = su(n): { u(p) z 5>L<l(:1u(p) ( factor(s, n zqzz’, 1>3)
50(p) x so{q) (n=pq)
g = so(n): sp(2p) x 'p(2q) (n=4pq)
s0(p) X ... % 50(p) ({ factors, n = p',l > 3)
sp(2p) x ... x sp(2p) (I factors, n = (2p)},1 > 3 even)
= sp(n) - P(QP)XW() (n = 2pq)
g = sp(n): { p(2p) x ... x 5p(2p) (I factors, nn= (25){1' [ 23 o0dd)

24The possible occurrence of a pair of “symplectic blocks” of type sp(2) is due to the exceptional
isomorphism sp(2) x sp(2) 2 50(4), which entails that in this case, and only in this case, * is
just ¥ itself.
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Finally, in the case of so(n) with n even, we must check which of these are also Z,-
invariant and hence Z,-primitive. In order to sce whether it is possible to construct
an orthogonal transformation g on R™ of determinant —1 that implements the
outer automorphism of so(n) in such a way as to preserve {*, we proceed case by
case, making use of the fact that, as before, g can at most permute tensor factors
of equal type and equal size. Moreover, if g preserves the tensor factors, then it
must be the tensor product of orthogonal transformations in each tensor factor,
each of which must have determinant 1, and we can compute its determinant
from the following gencral formula for determinants in tensor products:

detygw(A® B) = (det, A)¥™ W (det, B)™™" . (93)

o % = s0(p) x s0(g) (n = pqg). Note that p or ¢ (i.e., at least onc of them)
must be even (since n is) and that if p # ¢, g must preserve the tensor
factors, while if p = g, g may be chosen to switch them. In the first case, it
follows from equation (93) that we can achicve detg = —1 if and only if p
or g (i.e., the other one of them) is odd, namely by taking g to be the tensor
product of an orthogonal transformation of determinant —1 in the even-
dimensional tensor factor with the identity in the odd-dimensional tensor
factor. In the sccond case, the switch operator has determinant (—1)P(P-1/2,
so we can achieve detg = —1 if and only if p/2 is odd.

o % =sp(2p) x 5p(2q) (n = 4pg). Note that if p # q, g must preserve the
tensor factors, while if p = ¢, g may be chosen to switch them. In the

first case, it follows from equation (93) that we cannot achieve detg = —1.
In the sccond case, the switch operator has determinant (=1)7%=1 | 50 we
can achieve detg = —1 if and only if p is odd.

e % =so(p)x...xso0(p) ({ factors, n = 7', 1 = 3). Note that p must be even
(since n is), so if g is assumed to preserve the tensor factors, it follows from
cquation (93) that we cannot achieve detg = —1. Moreover, if g switches
two of the [ tensor factors but is the identity on the remaining [ — 2, then
according to cquation (93) it has determinant (—1)®P=1/2%™* = 41, and
since every permutation can be written as the product of transpositions, it
follows that we cannot achieve detg = —1.

o §% =sp(2)x...x5p(2p) (I factors, n = (2p)', I > 3). Again, if g is assumed
to preserve the tensor factors, it follows from equation (93) that we cannot
achieve detg = —1. Similarly, if g switches two of the [ tensor factors but
is the identity on the remaining [ — 2, then according to equation (93) it
has determinant (—1)((F-1/ 2#"% = 41, and since every permutation can
be written as the product of transpositions, it follows that we cannot achieve
detg = -1.

To summarize, we sce that among the irreducible primitive subalgebras f of so(n)
with n even, as listed above, the only ones which are Z,-invariant and hence also
Z,-primitive are so(p) x so(q) (n = pg) with p # ¢ and either p or g odd,
s0(p) x s0(p) (n = p?) with p even and p/2 odd, and sp(2p) X sp(2p) (n = 4p*)
with p odd.
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This proves the classification of the primitive and Z,-primitive subalgebras
of classical Lie algebras: the simple ones are determined according to Theorem 7.1
above and the results for the remaining ones are summarized in Tables 2, 3 and 4,
providing the complete list of (conjugacy classes of) non-simple primitive and
Z,-primitive subalgebras of the classical Lie algebras su(n), so(n) and sp(n),
respectively, with the following conventions.

The first column indicates the isomorphism type of the subalgebra. The
second column indicates the conditions which are necessary for the inclusion to
exist and also for avoiding repetitions, most of which are due to well-known
canonical isomorphisms between classical Lie algebras of low rank:

s0(3) = su(2) , sp(2) = su(2) , s0(2) = R
sp4) = so(5) , so(4) = su(2) ®su(2)
s50(6) = su(4)

The third column indicates the intrinsic nature of the subalgebra, classifying it
into three types as above, namely abelian (a), truly semisimple (s) and truly
reductive (r), together with the type of inclusion: reducible (red.) or irreducible
(irred.). Finally, Table 3 has a fourth column, only relevant for so{n) with n even,
where we indicate under what additional conditions the corresponding subalgebra
is also Zy-primitive. Note that the subalgebras of so(2n) that are not Z,-primitive
fall into two distinct conjugacy classes that are transformed into each other by an
outer automorphism. (In Table 2, this additional column is superfluous since all
primitive subalgebras are also Zs-primitive.) All tables are divided into two parts:
in the upper part, we list the maximal subalgebras and in the lower part, we list
the non-maximal subalgebras.

The main reason for organizing these data in this form is for better reference,
for instance in the next section.

subalgebra conditions type
Rosup)@su(g) | n=p+q,p2q¢21,p22| r~red
R n=2 a—red.
su(p) x su(q) n=pg,prqg>2 s —irred.
-1 4
R & @ su(p) n=pl,123,p=2 r—red.
k=1
Rn-? nz3 a—red.
]
I1 su(p) n=p,123,p22 s —irred.
k=1

Table 2: Non-simple primitive and Z,-primitive subalgebras of su(n) (n > 2)
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subalgebra conditions type Zs-primitive
(n even)
so(p) © s0(q) n=p+q,p2qg23 s—red. yes
R & so(p) n=p+2,p23 r —red. yes
su(2) © su(2) n=25 s —red. -
R & su(p) = u(p) n=2p,p>3 r—red. podd
s0(p) x s0(q) n=pq,p2q23,pq#4 |s—ired pptq;:pp‘};"o‘(’i‘id
s5p(2p) x sp(2q) n=4pg,p2q21 s—irred. | p=gq: podd
4
@50(17) "=Pl»l>3,7’?3 s —red. yes
k=1
R! n=2,1>3 a—red. yes
i
I1 so(p) n=p,1>23,p>3,p#4 |s—imed no
k=1
1
I1 sp(2p) n=(2p),l>4,leven,p>1|s—irred no
k=1
s0(p) x sp(2) xsp(2) n=4p,p23,p#4 s —irred. p odd

Table 3: Non-simple primitive and Z,-primitive subalgebras of so(n) (n > 5)

subalgebra conditions type
sp(2p) © sp(29) n=2(p+q),p2g21 s—red.
R & su(p) = u(p) n=2p,p>2 r—red.
sp(2p) % so(q) n=2pq,p21,q23,9#4 | s—irred.
i
D sp(2p) n=2pl,123,p21 s —red.
k=1
!
I1 sp(2p) n=02p)},1>3,lodd, p>1|s—irred
k=1
sp(2p) x sp(2) x5p(2) n=8p,p>2 s —irred.

Table 4: Non-simple primitive subalgebras of sp(n) (n even, n > 4)

8.

Maximal subgroups of the classical groups

Our goal in this last section is to compute the normalizers, within the correspond-
ing classical groups G, of the primitive subalgebras of the classical Lie algebras
and thus obtain a complete list of all maximal subgroups of the classical groups.
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Beginning with the case of simple primitive subalgebras, we distinguish two
types: (i) the “classical” simple inclusions so(n) C su(n), sp(n) C su(n) and
so(n — 1) C so(n) and (ii) the remaining “non-trivial” simple inclusions given by
the irreducible representations that do not belong to Dynkin’s list of exceptions.
For the “classical” simple inclusions it is casy to find the corresponding maximal
subgroups: O(n) C SU(n), Sp(n) C SU(n) and O(n —1) C SO(n).

Passing to the non-simple primitive subalgebras, which have been deter-
mined in the previous section, what remains to be done is to compute the cor-
responding list of maximal subgroups of the classical groups. The final results
are summarized in Table 5 for the group SU(n}, in Tables 6 and 7 for the group
SO(n) and in Table 8 for the group Sp(n}. For ecach maximal subgroup H of G,
we list in the first column the isomorphism type of the connected one-component
Hy of H and in the second column the component group H/Hy, taking into ac-
count that H must be the normalizer Ng(Hy) of Hy in G. This information
completely characterizes H.

To carry out the concrete calculations, we shall employ two tools. The first
tool consists in the introduction of an “intermediate subgroup” between Hy and
H, which will be denoted by H; and will allow us to control the size and the
structure of H/H,.

Suppose G is a connected semisimple Lie group with Lic algebra g and H
is a maximal subgroup of G with connected one-component Hy and Lie algebra §.
Assume that b is not an ideal of g. In the particular case where g is simple -
which is the case of interest here - this is equivalent to assuming that § # {0}.
According to Theorem 3.8, H is then equal to the normalizer Ng(Hp) of Hy in G.

Now consider the centralizer Zg(Hp) of Hy in G and define H; to be the
closed subgroup of G generated by the two closed subgroups Hy and Zg(Hp):

Hy = Hy Zg(Ho) = Zg(Ho) Ho . (94)

Then we have®
Hy< H;< H . (95)

Considering the action of H on Hp by conjugation in G (recall that Ng(Hp)
is defined as the set of elements g of G such that conjugation by g leaves Hy
invariant), H; consists of those elements of H that act as inner automorphisms
on Hy, while Zg(H,) consists of those elements of H that act trivially on H,.
In other words, under the adjoint representation Ad : G — Aut(g) (which
maps into Inn(g) because G is connected and maps onto Inn(g) because G is
semisimple), H is the inverse image of Inn(g,h) while H; is the inverse image of
Inn(h), so

H/H; = Inn(g,b)/Inn(h) . (96)
Also note that H, H; and Hy all have the same Lie algebra § (since this is true for
Hy and HY) and thus the quotient groups H/Hy, H/H; and H;/H, are discrete.
Moreover, by the second isomorphism theorem of group theory, we have

H/H,
HjH, (97)

25 As usual, the symbol “<” is to be read as “is normal subgroup of”.

H/H; =
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If G is compact, the above mentioned discrete groups are in fact finite and their
orders satisfy the relation

In almost all cases of intercst, we may use additional properties to extract more
information about the structure of H;/Hg and of H/H;, and hence of H/Hj as
well.

e H;/Hy: Since HoNZg(Ho) = Z(Hy), the first isomorphism theorem implies
Hi/Ho = Zo(Ho) | Z(Ho) . (99)

Moreover, the inclusion Z(G) C Zg(H,) is valid in gencral. Conversely,
if G is a classical group and the inclusion of Hy in G is an irreducible
representation, then by Schur’s lemma we have Zg(Hp) € (K-1)NG C Z(G)
and thus

Zg(Ho) = 2Z(G) , Hi/Hy = Z(G)/Z(Hy) . (100)

More generally, by Schur’s lemma, Zg(Hp) acts by scalar multiplication on
each irreducible component. Finally, we note that if § has maximal rank,
that is, if Iy contains a maximal torus T of G, then Zg(Hy) C T C Hp
and hence H; = Hp.

e H/H;: This quotient group may identified with the group Out(f) N Inn(g)
of those outer automorphisms of fh that can be extended to inner auto-
morphisms of g and thus can be implemented by conjugation by clements
of the ambient group G. If b is semisimple, it may also be identified with
the group Aut(I')NInn(g) of those automorphisms of the Dynkin diagram
I' of b that can be extended to inner automorphisms of g and thus can be
implemented by conjugation by elements of the ambient group G-

H/H; = Aut(T)NInn(g) . (101)

In what follows, we shall calculate H/H; using the results of the previous
section, in particular Lemma 7.6 and Lemma 7.7.

Remark 8.1.  According to the relation (97), the group H/H, is an upwards

extension of the group H;/Hp by the group H/Hj, but simple examples show that
this extension is not necessarily split, that is, a semi-direct product.

The second tool is the following lemma which, in combination with
Lemma 7.6, allows to handle the reducible inclusions.

Lemma 8.2.  Assume that G is one of the classical groups SU(n), SO(n) or
Sp(n) and consider the standard embeddings

g(p)®olg) Co(n) (n=p+q)
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by block diagonal matrices, where g(r) is a generic symbol standing for the cor-
responding type of classical Lie algebra (i.e., su(r), so(r) or sp(r), respectively).
Then if g € G normalizes both g(p) and 9(q), g must ilself be block diagonal.
The same statement holds for more than two direct summands.

Proof.  Writing g = (45) and assuming that g normalizes matrices of the
form (¥8) as well as matrices of the form (§ ), it follows immediately that B
and C must vanish, since the X's and Y’s form irreducible scts of matrices. mn

With these gencralities out of the way, we proceed to the case by case
analysis of each of the entries of Tables 5-8.

8.1. Maximal subgroups of SU(n).
1. The inclusion
S(UP) xU(g) € SUM) (n=p+q)

is given by the direct sum of the defining representations of U(p) and U{q).
Explicitly, it is obtained as the restriction of the inclusion of U(p)xU(q) into
U(n) by block diagonal matrices. In fact, the inverse image of SU(n) C U(n)
under this inclusion is the subgroup

Ho = S(U() < U(9)) = {(A,B)€U(p) x U(q) | det(A)det(B) =1}

consisting of the block diagonal matrices belonging to SU(n), which is
connected. It follows from Lemma 7.6 that the centralizer Zg(Ho) of Hg in G
is contained in Hy; hence H; = Hy. Similarly, we compute H = Ng(Hp)
by combining Lemma 7.6 and Lemma 8.2 to conclude that the elements A
of H must be of the form h = (48) or h= (&8), with p = q in the
second case. In the first case, it follows that h € Hy, and thus H = H,
if p# q. In the second case, we may write h as the product of an element
of Ho with the matrix (% }) € SU(n) (n = 2p), whose square is —1, and
belongs to Hy, so we may conclude that H/Hy =2, if p=q.

2. The inclusion
SU(p) xz,8U(q) € SU(m)  (n=py)

is given by the tensor product of the defining representations of U (p) and
U{g), and d = ged(p, q) is the greatest common divisor of p and q.
Explicitly, it is induced by the homomorphism

Ulp) xU(q) — U(n)
(4,B) — AQB

which, in contrast to the situation encountered in the first item, is not
injective but rather has a non-trivial kernel given by

{{exp(ia)1,, exp(~ic)1,) |« € R} = U(1).
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Using the formula
det(A® B) = (det(A))? (det(B))",

we sce that the inverse image of SU(n) C U(n) under this homomorphism
is the subgroup

S'(U(p) x U(q)) = {(A,B)eU(p) x U(q) | det{A)det(B)P =1} .
and the restricted homomorphism

S'(Up) xUlg)) — SU(n)
(A, B) — A®B

still has the same kernel
{ (exp(ic)1,,exp(—ia)ly) |a € R} = U(1).
Its intersection with the connected subgroup SU{p) x SU(q) is
{ (exp(2nik/d)1, exp(—2mik/d)1;) | 0 < k < d}

and is isomorphic to Z4. Factoring this out, we obtain the desired inclusion.
Note also that the center Z(G) of G is contained in the quotient group
S (U(p) x U(g))/U(1) which is generated by Z(G) and by the quotient
group (SU(p) x SU(9))/Za ; hence

Ho = (SU(p) x SU(9))/Z4,

and
H; = S'(U) xU@)/UQ),
so according to equation (100),

H.'/}{g = Z(G)/Z(Ho) = Zn/Zn/d = Zq .

Explicitly, a representative of the connected component of H; corresponding
to k mod d is given by the matrix exp(2wik/n)1,, since when k is a
multiple of d, k/n will be a multiple of d/n which can be written in the
form p

r
-+
nop

C~J ")

(where 7 and s are chosen such that rd 4+ sp' = 1 with p’ = p/d and
q = q/d, which is possible since p' and ¢ are relatively prime) and there-
fore exp(2mik/n)1, € Ho.

In order to compute the normalizer H of the connccted subgroup Hp so
defined, we first note that (for p > 3) the Dynkin diagram of su(p) admits
only one automorphism which can be implemented by an antilinear invo-
lution o, in C?. Since the tensor product of linear / antilinear maps is a
lincar / antilincar map and the tensor product between a linear map and an
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antilinear map is not well defined, we see that there is only one non-trivial
automorphism of the Dynkin diagram I' of su(p) x su(q) induced by auto-
morphisms of the Dynkin diagrams of the factors which can be extended to
an automorphism of su(r), namely the one implemented by an anti-linear
involution of the form ¢,®0,, but this will always be an outer automorphism
of su(n). Thus it becomes clear that for p # g, Aut(T') N Inn(g) = {1},
while for p = ¢, Aut(I') N Inn(g) can at most be equal to the group Z,,
corresponding to the possibility of switching the factors in the tensor prod-
uct that exists in this case. Explicitly, a representative of the corresponding
connected component of H is given by the transformation

cr — cr
2=zQy +—> 2" =exp(i,)yRz '
which belongs to SU(n) (n = p?) if we choose the phase exp(id,) according

to
+lor—1 if p=0 mod4

+1 if p=1 mod4
exp(in/4) if p=2 modd4 '
-1 if p=3 mod4

exp(i¢,) =

since the permutation which maps z ® y to y @ x, when written in a basis
of C" provided by a basis of C? by taking tensor products between vectors
of the latter, is the product of (&) = p(p — 1)/2 transpositions

ei@@j(—)ej®e,‘ (1Sl<]<[))

with p fixed points ¢; ® ¢; (1 < ¢ < p) and hence is an involution
with determinant (—1)P~1/2_ Therefore, we conclude that for p=q,
Aut(T') N Inn(g) = Z,. Finally, the structure of the group H/H, in this
case can be deduced by observing that for p # 2 mod 4, the map .” has
order 2 and hence H/Hj is the direct product Z, X Zy, whereas for p= 2
mod 4, i.e., p=2r with r odd, it has order 8, but its square coincides with
the matrix exp(2mir?/p?) 1, = i1, which represents one of the non-trivial
connected components of H;, and the square of the latter belongs to Hp,
so it follows that H/H, is a non-split upward extension of the group Z, by
the group Z, (H/H, = Z,.Z3) which can be explicitly constructed as the
quotient group Z, xz, Z,.

. Generalizing the procedure of the first item, we define the inclusion

SUWP) x...xU(@) Cc SUM) (n=pl)

by the direct sum of ! copies of the defining representation of U (p), which
realizes U(p)x...xU(p) by block diagonal matrices in U(n), with { blocks
of size p along the diagonal. The inverse image of SU(n) C U(n) under
this inclusion is the subgroup

Hy = S(U(p) x ... x U(p))
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consisting of the block diagonal matrices belonging to SU(n), which is
connected. As before, it follows from Lemma 7.6 that the centralizer Zg(Ho)
of Hp in G is contained in Hy; hence H; = Hp. Similarly, we compute
H = Ng(H,) by combining Lemma 7.6 and Lemma 8.2 to conclude that
the elements h of H must be such that, when represented as block (I x I)-
matrices (with entries that are themsclves (p x p)-matrices), they contain
preciscly one nonvanishing entry in cach line and each column: obviously,
any such matrix h defines a permutation o(h) of {1,...,!}. Thus we obtain
a group homomorphism from H to the permutation group Sy which has
kernel Hp and is surjective (we can use the same argument as in item 1 above
to show that its image contains all transpositions), so we may conclude that
H/Hy= 5.

. Generalizing the procedure of the second item, we define the inclusion
(SU(p) % ... x SUP) /2t € SU(m)  (n=p)

by the tensor product of I copics of the defining representation of U{p).
Explicitly, it is induced by the homomorphism

Ulp)x...xUlp) — U(n)
(Al,...,A[) — A1®®A[

which, once again, is not injective but rather has a non-trivial kernel given
by

{ (exp(icn) 1, - .. explicy) 1) | exp(ifong +...+a)) =1} = UQ).
Using the formula
det(A ®...®A) = (det(A) ... det(A))”

we see that the inverse image of SU(n) C U(n) under this homomorphism
is the subgroup

{(/h,..-,/h)EU(p)X---XP(p)I

S(U(p)x...xU = Z
( (p) (p)) (dct(/h) i dCt(A[))p ' = 1} ,
and the restricted homomorphism

S(UP) x...xUp) — SU(n)
(Al,...,Al) — A1®...®A1

still has the same kernel
{ (explian) 1p,... explic) 1) | exp(i(en +...+e)) =1} = UQ).
Its interscction with the connected subgroup SU(p) x ... x SU(p) is

{(exp(2miky/p) 1p,. .. exp(2niky/p) 1p) | exp(2mi(ky + ...+ ki)/p) = 1}
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and is isomorphic to ZL‘I. Factoring this out, we obtain the desired inclusion.
Note also that the center Z(G) of G is contained in the quotient group
S'(U(p) x ... x U(p))/U(1)*"! which is generated by Z(G) and by the
quotient group (SU(p) x ... x SU(p))/ZY; hence

Hy & (SU(p) x X SU(p)) /25,
and
H, = SI(U(P) X... X U(p))/U(l)l_l )

so according to equation (100),

Hi/Hy = Z(G)/Z(Ho) = Z./Z, = T .

ib3
1

Explicitly, a representative of the connected component of H; corresponding
to k mod p'~! is given by the matrix exp(2mik/n) 1,, since when k is a
multiple of p'~!, exp(2rik/n) 1, € H,.

In order to compute the normalizer H of the connected subgroup Hy so
defined, we note, as before, that there is no automorphism of the Dynkin
diagram of su(p) x ... x su(p) induced by automorphisms of the Dynkin
diagrams of the factors that can be extended to an inner automorphism
of su(n). Thus it becomes clear that Aut(T) NInn{g) can at most be equal
to the symmetric group S, corresponding to the possibility of permuting
the ! factors in the tensor product. But for ! = 3, we can implement any
transposition through an involution of determinant +1 since, for example,
the determinant of the transformation

c» — cr

Z=IQT,®013Q...Q0x1 — 2717=It1'2®21®$3®...®11

which represents the transposition T2 (112(1) = 2, 712(2) = 1, 7y9(3) =i for
i >3)is (=1)'7'PF/2 and this is equal to +1 when p is even and, with
an appropriate choice of sign, also when p is odd. Therefore, it follows that
Aut(T) NInn(g) = S, and that H/Hj, is the direct product Zyi-1 X S).

8.2. Maximal subgroups of SO(n).
1. The inclusion
SO(p) x SO(g) € SO(n)  (n=p+q)
is given by the direct sum of the defining representations of O(p) and O(q).
Explicitly, it is obtained as the restriction of the inclusion of O(p)xO(q) into

O(n) by block diagonal matrices. In fact, the inverse image of SO(n) C O(n)
under this inclusion is the subgroup

Hy = 5(0(n) x O(g) = {(4,B) € 0(p) x O(q) | det(A)det(B) =1}
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connccted component Hy component group H/Hy

S(U(p) x U(g))

1 f =
(reducible) {Z} for n=pte,p>q21
(direct sum) 2 or n=p+qg,p=¢g21
SU(p) xz, SU(q)
reducs
(irreducible) Z, for nepg,p> g2

(tensor product)
(d = ged(p,q))

SU(p) xz, SU(p)
(irreducible)
(tensor product)

ZyxZy for m=p’,p>22,p#2 mod4
Zy%2,Zqy for m=p' p>2,p=2 mod4

!
s(11vo)
(red—ucible) Si for n=pl,l123,p21
(direct sum)
!
I15U(p) /23
k=1 Zy-r xS for n=pl,l>3,p>2

(irreducible)
(tensor product)

Table 5: Non-simple maximal subgroups H of SU(n) (n > 2)

consisting of the block diagonal matrices belonging to SO(n), which has two
connected components: its one-component is the subgroup

Hy = SO(p) x SO(g) = {(4,B) € O(p) x O(q) | det(4) =1 = det(B) } ,
while the other component is the set
{(4,B) € O(p) x O(q) | det(A) =—~1=det(B)} .

It follows from Lemma 7.6 that the centralizer Zg(Hy) of Hp in G is
contained in H, ; more precisely, we have H; = H, if p and ¢ are both
odd and H; = Hp otherwise. Similarly, we compute H = Ng(H,) by
combining Lemma 7.6 and Lemma 8.2 to conclude that, as in the SU(n)
case, the clements b of H must be of the form h= (£ 3) or h= (&8),
with p = ¢ in the second case. In the first case, it follows that h € H,,

and thus H = H,, H/Hy=1Z, if p# q. In the second case, we may write
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h as the product of an element of H, with the matrix (_"1 (1)) € SO(n)
(n = 2p), whose square is —1,, and belongs to H, but belongs to Hp only
when p is even, so we may conclude that H/Hy = Z, x Zy if p=gq iseven
and H/Hy =17, if p=q is odd.

. The inclusion

S0(4) < SO(5)

is a special case of the inclusion SO(n—1) C SO(n) and is the only one to
appear here because SO(n—1) issimpleif n > 6. But whether simple or not,
so(n—1) is 2 maximal subalgebra of so(n), and the normalizer of the corre-
sponding connected subgroup Ho = {(49)|A € SO(n - 1)} = SO(n —1)
in SO(n) is the subgroup Hy = {(4,9,)14 € O(n - 1)} = O(n ~1).
Therefore, H/Hy = Z,.

. The inclusion

Ulp) € SO(n)  (n=2p)
is given by

. A B
A4+iB +— ( _B A ) .
Note that u(p) has maximal rank in so(n) and hence H; = Hy. Moreover,
Aut(T) = Z; where the non-trivial diagram automorphism is given by
complex conjugation A+ iB — A — iB, and this can be implemented by
conjugating ( 4, %) with the matrix (3 %), which belongs to SO(n) if and
only if n=2p with p even. Therefore, H/Hy =7, if n= 2p with p even
and H/Hy= {1} if n=2p with p odd.

. The inclusions

SO(p) x SO(q) C SO(n) (n =pq,por q odd)
50(p) %z, SO(g) C SO(n) (n=pg,p and g even)

are given by the tensor product of the defining representations of O(p) and
O(q). Explicitly, they are induced by the homomorphism

O(p) xO(g) — O(n)
(A, B) — AQ®B

which, in contrast to the situation encountered in the first item, is not
injective but rather has a non-trivial kernel given by

{(lpilq)v(_lpv"lq)} = 2.
Using the formula

det(A® B) = (det(A))? (det(B))?,
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we sce that the inverse image of SO(n) € O(n) under this homomorphism
is the subgroup

—

S(O(p) x O(g)) if podd , qodd
O(p) x SO(q) if podd , geven
SO(p)xO(q) if peven , qodd

Op) xO(g) i

S'(O(p) x O(q)) =

—-

peven , ¢ cven

In the first three cases, the group S'(O(p) x O(q)) has two connected
components such that the kernel of the homomorphism introduced above
mects both components in exactly one clement (since (1,,1,) and (—1,,-1,)
belong to different connected components), so the restriction of this homo-
morphism to the connected one-component provides the desired inclusion.
In the last case, the group S'(O(p) x O(g)) has four connected components,
but the kernel of the homomorphism introduced above is contained in the
connected one-component (since (1,,1,) and (~1,,—1,) belong to the same
connected component), so it is necessary to factor this out in order to obtain
the following sequence of inclusions:

SO(p) X2z, SO(Q) c O(p) Xz, O((]) C SO(TL) .

Note also that the center Z(G) of G is contained in Hp; hence H; = Hy.

In order to compute the normalizer H of the connected subgroup Hy so
defined, we first note that (for p even, p > 4) the Dynkin diagram of so(p)
admits only one non-trivial automorphism which can be implemented by
a reflection o, in R?.% Computing determinants, we sce that the auto-
morphisms of the Dynkin diagram T' of so(p) x so(q) induced by auto-
morphisms of the Dynkin diagrams of the factors can always be extended
to automorphisms of so(n) and that these will be outer automorphisms
(implemented by a matrix in O(n) that does not belong to SO(n)) if p
or ¢ is odd but will be inner automorphisms (implemented by a matrix in
SO(n)) if p and g are even. Thus it becomes clear that for p # g,

Aut(T) NInn(g) = { {1} if pqporgodd

Zy X Zy if p+#q,pand qeven
while for p = ¢, Aut(l') N Inn(g) will contain an additional factor, corre-
sponding to the possibility of switching factors in the tensor product that
exists in this case. Explicitly, a representative of the corresponding connected
component of H is given by the transformation

R" — R"
=z@y +—r 2" =xyQ®zx

i)

26The argument can also be applied in the case of s0(4), even though its Dynkin diagram is
not connected. In the case of s6(8), there are other non-trivial automorphisms of the Dynkin
diagram, but these cannot be implemented by lincar maps on RS,
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which, by the same argument employed in the SU (n) case, is an involution
with determinant (—1)PP¥1)/2 and thus belongs to SO(n), provided we
make an adequate choice of sign, except when P = 2 mod 4. Therefore,
we conclude that Aut(T') N Inn(g) is equal to Z, if p is odd, to Zy x Z,
if p=2mod4,to (Zy xZy):7Z (or Zy % (Zy x Zy)) if p =0 mod 4
with p > 4 and to the full permutation group Sy if p = 4 (this case
is also covered in item 8 below). Note that, in the penultimate case, the
structure of this group as a semi-direct product is given by conjugation with
the transformation .” which maps AQ@B to B®A and thus actson Z, xZ,
by switching the factors.

. The inclusion

Sp(2p) xz, Sp(29) C SO(n)  (n=dpq)

is given by the tensor product of the defining representations of Sp(2p)
and Sp(2q). Indeed, noting that the tensor product of two pscudo-real/
quaternionic representations is real, we can proceed in the same way as in
the previous item, though with some simplifications: the homomorphism

Sp(2p) x Sp(2q) —  O(n)
(A, B) — A®B

always has image contained in G = SO(n) and the same kernel as before:

{(121))12())!(_12])7—12(])} = Z2 .

Thercfore, it yields the desired inclusion of the corresponding quotient group.
Note also that the center Z(G) of G is contained in Hy ; hence H; = H,.

In order to compute the normalizer H of the connected subgroup H, so
defined, we note that for p # gq, Aut(T) N Inn(g) = {1}, while for p = q,
Aut(T') N Inn(g) can at most be cqual to the group Z,, corresponding to
the possibility of switching the factors in the tensor product that exists
in this case. The argument to decide whether this switch operator has
determinant +1 or —1 is the same as before and leads to the conclusion
that Aut(l’) NInn{g) is trivial if p= ¢ is odd and is cqual to Z, if p=g¢q
is even.

. Generalizing the procedure of item 1, we define the inclusion

SO(p) x ... x 30(p) C SO(n) (n=pl)

by the direct sum of I copies of the defining representation of O(p), which
realizes O(p) x...xO(p) by block diagonal matrices in O(n), with { blocks
of size p along the diagonal. The inverse image of S0(n) € O(n) under
this inclusion is the subgroup

Hy = $(0(p) x ... x O(p))
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consisting of the block diagonal matrices belonging to SO(n), which has 2-1
connected components, its one-component being the subgroup

Hy = SO(p) x ... x SO(p) .

As before, it follows from Lemma 7.6 that the centralizer Zg(Hg) of Hy in
G is contained in H, ; more precisely, we have I; = H, if p is odd and
H; = Hp if p is even. Similarly, we compute H = Ng(Hp) by combining
Lemma 7.6 and Lemma 8.2 to conclude that, as in the SU(n) case, the
elements h of H must be such that, when represented as block (I x [)-
matrices (with entries that are themselves (p X p)-matrices), they contain
precisely one nonvanishing entry in each linc and each column: obviously,
any such matrix h defines a permutation (k) of {1,...,1}. Thus we obtain
a group homomorphism from H to the permutation group S; which has
kernel H, and is surjective (we can usc the same argument as in item 1
above to show that its image contains all transpositions, their preimages
being matrices whose square is —1, in two of the I diagonal blocks and 1,
in the remaining I — 2 ones, so these belong to Hy but belong to Hp only
when p is even), so we may conclude that H/Hp is an upwards extension of
the group ZI{I by the symmetric group S, which is a split extension, that
is, a scmi-direct product H/Ho = Z5' 2 8y (or Sy = ZEY), if p is even and
is a non-split extension H/Hy = Z571. 5, if p is odd.

. Generalizing the procedure of item 4, we define the inclusions
50(p) x ... x SO(p) C SO(n) (n=p', podd)
(SO} x...x S0(p))/2Z5 € SO(n) (n=1p', peven)

by the tensor product of I copics of the defining representation of O(p).
Explicitly, they are induced by the homomorphism

Op) x...xO(p) ~— O(n)
(Ay..., &) — A®...QA4

which, once again, is not injective but rather has a non-trivial kernel given
by
{(alp,...,alp) le,...,a=%1,e...q=1} = Z5.

Using the formula
-
det(A1®...® A1) = (det(dy) ... det(An)”

we see that the inverse image of SO(n) C O(n) under this homomorphism
is the subgroup

Swmxmxmm={5@@meWMime

O(p) x...x0(p) if peven

In the first case, the group S’(O(p) X ... X O(p)) has 21 connected com-
ponents such that the kernel of the homomorphism introduced above meets
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each of them in exactly one clement, so the restriction of this homomorphism
to the connected one-component provides the desired inclusion. In the sec-
ond case, the group S'(O(p) x ... x O(p)) has 2! connceted components,
but the kernel of the homomorphism introduced above is contained in the
connccted one-component, so it is necessary to factor this out in order to
obtain the following sequence of inclusions:

(SO(p) x ... x SOP)) /25 < (O®) x ... x op)/z5' < SoM) .
Note also that the center Z(G) of G is contained in Hy ; hence H; = H,.

In order to compute the normalizer H of the connected subgroup Hy so de-
fined, we note, as before, that every non-trivial automorphism of the Dynkin
diagram T of so(p) x ... x so(p) induced by non-trivial automorphisms
of the Dynkin diagrams of the factors (of course these exist only when p
is even) can be extended to an inner automorphism of so(n). Moreover,
Aut(T") NInn(g) will contain a permutation group as an additional factor,
corresponding to the possibility of switching the factors in the tensor product.
But for | > 3, we can proceed as in the SU(n) case to implement any trans-
position through an involution of determinant -+1. Therefore we conclude
that Aut(I’) NInn(g) is equal to the permutation group S if p is odd, to
Z4:8 (or Sy ™ ZL)if p is even with p >4 and to the permutation group
S if p=4 (this case is also covered in item 8 below). In the penultimate
case, the structure of this group is that of a semi-direct product since S, acts
on Zj by switching the factors.

. Generalizing the procedure of item 5, we define the inclusion

(Sp(2p) x ... x Sp(2p))/Z; C SO(n) (n = (2p)!, I even)

by the tensor product of ! copies of the defining representation of Sp (2p).
Indeed, noting that the tensor product of [ copics of a pseudo-real/
quaternionic representation is real if ! is even, we can proceed as in the
previous item, though with some simplifications: the homomorphism

Sp(2p) x ... x Sp(2p) —> O(n)
(Al,...,A[) —_ A1®®A1

always has image contained in G = SO(n) and has the same kernel as
before:

{(alzp, .. aly) e, ..,a=%1, ... g=1} = z41,

Therefore, it yields the desired inclusion of the corresponding quotient group.
Note also that the center Z (G) of G is contained in Hy ; hence H; = H,.

In order to compute the normalizer H of the conneeted subgroup Hy so
defined, we note, as before, that Aut(I") N Inn(g) can at most be cqual to
the symmetric group S, corresponding to the possibility of permuting the
factors in the tensor product. But for I > 3, we can proceed as in the SU(n)
case to implement any transposition through an involution of determinant
+1. Therefore, we conclude that Aut(I') N Inn(g) = S,.
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connected component Hy component group H/Hy -I
50(p) x SO(q) Z, for  n=p+q,p>q22
(reducible) Zy for n=p+q,p=¢g23o0dd
(direct sum) Zo X 7Ly for n=p+q,p=g=4even
S0O(4) Z, for n=>5
() {1} for n=2p,p=3,podd
Zs for n=2p,p=4, peven
SO(p) x SO(q) ) for ~ MTPP>a23
(irreducible) porae
(tensor product) Z, for n=p1,p=q423
p=qodd
Zy X T for n=pq,p>q24

p and q even
n=pq,p=q20
p=qg=2 mod 4

7 . n=p41p=Q>8
(Zax ) : 2y for p=¢=0 mod 4

S0(p) xz, 5O(q)
(irreducible) Zy x Ly for
(tensor product)

Sp(2p) xz, Sp(2q) {1} for n=4pg,p>q21
(irreducible) {1} for n=4pq, p=q odd
(tensor product) Zy for n=dpq, p= q even

8.3.

Table 6: Non-simple maximal subgroups H of SO(n) (n 2 §), part 1

Maximal subgroups of Sp(n) (n even).

. The inclusion

Sp(2p) x Sp(2g) C Sp(n) (n=2(p+4q))

is given by the direct sum of the defining representations of Sp(2p)
and Sp(2g). Again, it is obtained by taking block diagonal matrices,
and the inverse image of Sp(n) under this inclusion is the subgroup
Ho = Sp(2p) x Sp(2q) consisting of the block diagonal matrices belonging
to Sp(n), which is connected. The remainder of the argument is the same
as in item 1 of the SU(n) case, leading to the conclusion that H = Hy if
p#qand H/Hy=12Zy if p=q.
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connected component Il component group H/Hy

!
kI;IISO(p) Zy'.S  for n=pl,123,p>3,podd
(reducible) Zy': S for n=pl,l>3,p>2, p even
(direct sum)

(irreducible)
(tensor product)

S for n=p123,p>3, podd

SO(p)/ 2y

P
It

Zb:S for n=pl>3,p>6,pe
(irreducible) 29l p p26,peven

(tensor product)

11 Sp(ap) /247

(irreducible)
(tensor product)

S for n=02p),1>24,leven,p>1

Table 7: Non-simple maximal subgroups H of SO(n) (n 2 5), part 2

2. The inclusion
Ulp) € Sp(n)  (n=2p)

is given by
. A B
A+iB — ( _B A )
Note that u(p) has maximal rank in sp(n) and hence H; = Hy. Moreover,
Aut(l') = Z, where the non-trivial diagram automorphism is given by

complex conjugation A + iB — A — iB, and this can be implemented
by conjugating (4 §) with the matrix (§2), which belongs to Sp(n).
Therefore, H/H, = Z,.

3. The inclusions
Sp(2p) x SO(q) < Sp(n) (n =2pq, q odd)
S5p(2p) xz, SO(q) C Sp(n) (n = 2pq, q even)

are given by the tensor product of the defining representations of Sp(2p) and
O(q). Indeed, noting that the tensor product of a pseudo-real/quaternionic
representation and a real representation is pseudo-real/quaternionic, we can
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proceed in the same way as in items 4 and 5 of the SO(n) case: the
homomorphism
Sp(2p) x O{q) — Sp(n)
(A,B) — A®B

always has image contained in G = Sp(n) and has the same kernel as before:
{(121)1 lq): ("12117 _lq)} = Z.

On the other hand, the group Sp(2p)xO(q) has two connected components.
If ¢ is odd, the kernel of the above homomorphism meets both components
in exactly one element (since (1,,14) and (—1y,,—1,) belong to different
connected components), so the restriction of this homomorphism to the con-
nected one-component provides the desired inclusion. If ¢ is even, the kernel
of the above homomorphism is contained in the connected one-component
(since (1z,,14) and (—1z,,—1,) belong to the same connected component),
s0 it is necessary to factor this out in order to obtain the following sequence
of inclusions:

Sp(2p) %z, SO(g) € Sp(2p) xz,0(q) C Sp(n).

Note also that the center Z(G) of G is contained in Hy ; hence H; = Hy.

In order to compute the normalizer H of the connected subgroup Hp so
defined, we can proceed in the same way as in items 4 and 5 of the SO(n)
case to conclude that Aut(I) NInn(g) is trivial if ¢ is odd? and is equal
to Z, if ¢ is even, except when p=1 and g =4, in which case it is equal
to the full permutation group S; (this case is also covered in item 5 below).

4. Generalizing the procedure of the first item, we define the inclusion
Sp(2p) x ... x Sp(2p) C Sp(n)  (n=2pl)

by the direct sum of [ copies of the defining representation of Sp(2p). Again,
it is obtained by taking block diagonal matrices, and the inverse image of
Sp(n) under this inclusion is the subgroup Hp = Sp (2p) % ... x Sp(2p)
consisting of the block diagonal matrices belonging to Sp(n), which is con-
nected. The remainder of the argument is the same as in item 3 of the SU{n)
case, leading to the conclusion that H [Ho= 5.

5. Generalizing the procedure of previous items, we define the inclusion
(Sp(2p) x ... x Sp(2p)) /25" < Sp(n)  (n=(2p)', L odd)
by the tensor product of I copies of the defining representation of Sp(2p).

Indced, noting that the tensor product of I copics of a pscudo-real/
quaternionic representation is pscudo-real/quaternionic if I is odd, we can

2THere, we have to exclude the possibility of a switch operator between the tensor factors when
p=2and g =5, since sp(4) = 50(5), but this lollows from Lemma 7.7, taking into account that
the two fundamental representations of this simple Lie algebra used to construct the embedding
into sp(20) are not quasicquivalent, since they have different dimensions (4 and 5, respectively).
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connected component Hy

component, group I/ Hy

Sp(2p) x Sp(2q)

(reducible) {1} for n=2p+a),p>q>1
(direct sum) Zy for n=2p+q),p=g>1
U(p) Zy for n=2%, p>2
5p(2p) x SO(q)
(irreducible) {1} for n=2pg,p>21 , 023, qodd
(tensor product)
Sp(2p) %z, SO(q)
=2 > >
(irreducible) Zo  for n=2pq,p21,924,qeven
(tensor product) except when p =1 and g =4
!
1 50(2p)
= S =2 > >
{reducible) ¢ n=2pl,1>3,p>1
(direct sum)
: 1-1
I1 $p(2p) /27
k=1 S for m={(2p),123,lo0dd,p>1

(irreducible)
(tensor product)

Table 8: Non-simple maximal subgroups H of Sp(n) (n even, n > 4)

proceed as in item 8 of the SO(n) case: the homomorphism

Sp(2p) x ... x Sp(2p) —» Sp(n)

(Ay,...,4)

always has image contained in G = Sp(n) and the same kernel as before:

— A1®...®A1

{(6112,,,...,6[12,,)|61,...,6[=:*:1,61...E[=1} = Zl{l .

Therefore, it yields the desired inclusion of the corresponding quotient group.
Note also that the center Z (G) of G is contained in H, ; hence H; = H,.

In order to compute the normalizer H of the connected subgroup Hp so
defined, we note that Aut(I")NInn(g) can at most be equal to the symmetric
group Sy, corresponding to the possibility of switching the factors in the
tensor product. But for I > 3, we can, once more, proceed as in the SU(n)
casc to implement any transposition through an involution of determinant

+1. Therefore, we conclude that Aut(I') N Inn(g) = 5.
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