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There has been considerable interest in computing the spectrum of the Laplace 
opera.tor acting both on functions and on differential forms for a compact 
Riemannian manifold, see e. g. [12, 2, 9, 22, 18, 24]. The natural method for 
such computations in Lie groups and homogeneous spaces essentially uses the 
Peter-Weyl theorem and the Frobenius reciprocity law to reduce the problem 
to a representation-theoretic one, namely, one wants to know: how does an 
irreducible representation of a compact Lie group decompose into irreducible 
summands when restricted to a smaller subgroup'? ("branching law"). Once 
that is solved, one can compute the eigenvalues from Freudenthal's formula 
and the multiplicities from Weyl's dimension formula. But generally branch­
ings laws are not easy to find. 

The purpose of this note is to examine the corresponding problem in the 
sub-Riemannian setting. Let (M, V,g) be a contact sub-Riemannian man­
ifold, that is, M is a smooth 2n + I-dimensional manifold, V is a contact 
distribution of hyperplanes in M ( a sub bundle of TM) and g is a positive 
definite metric on V. Associated to (M, V, g), there is a sub-elliptic operator 
of the simplest kind, its sub-Laplacian. This operator has been defined and 
studied by a number of authors (see e. g. [20, 14, 19, 10, I]). We determine 

1 



its eigenvalues acting on functions on the odd-dimensional spheres and on the 
real rank two Stiefel manifolds. 

1 The sub-Riemannian Laplace operator on a 
sub-Riemannian manifold 

Let (M, V,g) be a contact sub-Riemannian (sR) manifold, that is, M is a 
smooth 2n + I-dimensional manifold, 1) is a contact distribution of hyper­
planes in M (a subbundle of TM) and g i11 a positive definite metric on V. 
Set dimM = 2n + l and let dV be the volume form of V. The normal­
ized contact form is the unique differential I-form 0 such that kerO = 1) and 
( dO Iv)" = n! 2" dV. Since dO has maximal rank, there is a unique vector field 
eon M such that O(e) = 1 and Led0 = 0. It is called the characteristic vector 
field. Note that the sR metric g has a natural extension to a Riemannian 
metric on M by setting e to be orthonormal to V. In particular, there is a 
canonical volume form defined on M. 

Let the operator dv be defined on C00
( M) as the usual differential of func­

tions followed by the projection SV(M) ➔ f! 1(M)/<6>, and consider the sR 
connection V (see [8, 51). The (real) sR Laplace operator (or sub-Laplacian, 
for short) on functions is the second order linear sub-elliptic' differential op­
erator 

/);.vf = -tracev(Vdvf), f E C 00(M) 

(see also [14, 19, 20]). If {E;}t;\ is a local frame on V and g;; = g(Ei, E;), 
(yii) = (gi;)-1

, then we have that /);.Df = - "f:}j=1 g';(E,Eif-df(VE;E;)). In 
particular, if {E;}t:1 is orthonormal at x0 E M and we choose V-geodesics 
'Yi in M with -y;(O) = x0 and -y:(O) = E; for i : 1, ... , 2n, then /);.vf = 
Et:, i,t=O(/ 0 ,,)(t). 

EXAMPLE 1 Let H 3 be the 3-dimensional Heisenberg group with its unique 
left invariant sR structure, that is, X, Y, Z is a basis for its Lie algebra where 
[X, Y] = Z, Z is central and X, Y is an orthonormal basis for 'D. Then we 
compute this frame to be parallel so that Av = X 2 + y:i. 

The celebrated theorem of Hormander ( [16]) implies that the sub-Laplacian 
is hypoelliptic. One can also show that /);.D is self-adjoint and positive with 

1This means that i~ symbol it positive semidefinite. 
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respect to the natural L2-inner product in C00 (M). It follows that if M is 
compact, the eigenvalues of 6.v form a discrete sequence O = ,\0 < ,\1 < 
. . . -+ +oo with finite multiplicities and the corresponding eigenfunctions 
form a complete orthonormal set in L2(M) ([21]). 

Next we show that the suh-Laplacian is a sR invariant that characterizes 
the isometries among the diffeomorphisms of a sR manifold. 

Theorem 1 Let cp : M -+ M be a diff eomorphism. Then cp leaves the sub­
Laplacian D..v invariant if and only if it is an isometry (in the sR sense). 

Proof Let p E M. We must show that cp.V = V an <p*g = g at p. 
By the Darboux theorem, there are local coordinates (x1 , yi, ... , Xn, Yn, z) 
centered at p such that 'D = ker0 where{) = dz - ½ Li=1 (x;dy; - y;dx;). 
:Now the vector fields X; = a!. - "ffz, Y; = a!. + T :. ' e = I; are such 
that [X;, Y;] = ~. i : 1, ... , n, and the other brackets equal zero. Define 
E2;_1 = X., E2; = Y; for i : 1, ... , n. Then {E;};,;!1 is a local frame on 
'D and we have the following convenient expression for the sub-Laplacian: 

. "[ 1 kl ( )] 6.vf = - L;,j g'J (E;E;f) - 2 Ek,I g (E;g;k + E;gki - Ekg;;) Ed . We can 
always assume that g;;(q,(p)) = O;;. Therefore, at </>(p) the expression becomes 

Now, by applying this formula, the hypothesis 6.v(f o t/J) = livf o </> and the 
product formula 6.D(J f') = ( 6.vf)f' + f(6.vf') + 2g(gradvf, gradvf') (for 
f, f' E C00(M), where gradv is the V-component of the gradient) to the 
coordinate functions on M, we easily see that d<f>,. is an isometry V,. -+ Vef>(p)• 

□ 
Let Diff(M) be the group of diffeomorphisms of Mand consider its action 

on L2(M) by composition with the inverse, namely,</>· f(x) = f(4>- 1(x)) for 
</> E Diff(M), f E L2(M), x E M. 

Corollary 1 An element¢, E Diff(M) is a sR isometry if and only the 6.v­
eigenspace decomposition of L2 (M) is invariant under the action of 4>. 
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2 The case of a Hermitean sub-Riemannian 
symmetric space 

The suh-Laplacian on a homogeneous sR manifold is certainly an invariant 
differential operator. In this section we want to describe the suh-Laplacian in 
the case of sR symmetric spaces of Hermitean type. These are homogeneous 
sR manifolds classified in ([5, 7, 3]). We recall the construction. 

Let G / H be a compact semisimple Hermitean Riernannian symmetric 
space and let g = (:, + IJ be the Cartan decomposition. Choose an element 
e E (:, such that the centralizer·of ( in g is (:,, define e to be the Cartan-Killing 
orthogonal complement of ~ in ~ and let K be the connected subgroup of 
G defined by e. Then M = G/ K is the total space of a circle bundle over 
G / H, and the AdK-invariant complement IJ to the fibers defines a G-invariant 
distribution 'D on M. It is easy to check that 'D is a contact distribution. 
Now the restriction of the Cartan-Killing form sign changed to p defines a 
G-invariant sR metric on 1)_ In this way,, (M, 'D,g) becomes a sR manifold. 
Since the Riemannian central symmetries of G / H can be lifted to sR isome­
tries of M which are central symmetries when restricted to 'D, M becomes -
as it is called in [3) - a sR symmetric space of Hermitean type. The reader 
may keep in mind the example of an odd-dimensional sphere fibering over a 
complex projective space. 

View g as the Lie algebra of left-invariant first-order differential operators 
on G, Xf(g) = -it l f(gexptX) for X E g, I E C00 (G) an g E G, and 

t=O 
identify the universal enveloping algebra .U(g) of g with the associative algebra 
D( G) of all left-invariant differential operators on G. Now, view C 00

( G / K) as 
the subspace of K-right-invariant functions in C00 (G), that is, C00 (G/K) = 
{/ E C00 (G) : f(gk) = J(g) for g E G, k EK}. Then it is easy to see 
that the elements of .U(g) = {a E .U(g) : Adka = a fork E K} induce 
differential operators on G / K. More precisely, we have 

Theorem 2 ([15)) The associative algebra D(G/ K) of G-invariant differ­
ential operators on G/ K is naturally isomorphic to .U(g)K /(il(gt n il(g)t). 

The sub-Casimir element of g is the element WD = w+e in the enveloping 
algebra .U(g) of g, where w is the Casimir element of g and e is a unit vector 
in the orthogonal complement to t in ~ (with respect to the Cartan-Killing 



form). Note that wv is AdK-invariant, so it defines a G-invariant second 
order differential operator on M. 

Proposition 1 Let M be equipped with the G-invariant sR metric induced 
from the negative of Cartan-Killing form of G. Then the sub-Laplacian of 
M is just the action of the Casimir element on functions, that is, !iv = wv 
on C00 (M). 

Proof. Since both operators are invariant, it suffices to check that they 
coincide at the base-point x0 • Write 1r : G ➔ M for the projection and let 
X1, ... , Xr; (; Xr+I, .. . , Xr+2n be an orthonormal basis of g compatible with 
its decomposition g = t + <(> + l). Since the Cartan-Killing form of g is 
negative definite, we have that WD = - L~;;n xr Now 'Yi : t ,-+ exp.,o tX, is 
the V'-geodesic2 through x 0 with initial velocity X; for i : r + 1, ... , r + 2n. 
Therefore: 

r+2n d2 r+2n d2 
fivf (xo) = - ,J; 

1 
dt2 I,=/( exp tX, xo) = - tr dt2 I,=/( exp tX; xo) 

r+2n d2 r+2n d2 
= - tr dt2 11::0(! o rr)(exptX; 1) = - tr dt2 ' 1=0 (1 o rr)(exp 1 tX;) 

wv(f o rr)(l) 

D 

We know that H is a subgroup of maximal rank in G, so there is a CSA 
l of g such that e E l C ~. Let Ii+ be a positive root system and write 
tr = { 0:1, •.• , Or} for the corresponding system of simple roots. The Borel­
de Siebenthal theory says that the highest root /3 = Cl:io + Li,i!io n,a, and 
o:io(() -f:. 0, o;(O = 0 if i -=/: i0 for some index i0 . Let A1, •.. , Ar be the 
fundamental highest weights and let A+ = Liz+ A;, A+( G), respectively, 
denote the dominant integral weight lattices of g and G ( recall that A+/ A+ ( G) 
is an abelian group isomorphic to the fundamental group of G). Finally, write 
p = (1/2) Eae~+ a. Now we have 

2 For sections X, Y of 'D we have the following relation between the Levi-Civita connec­
tion~ and the 1R connection V: VxY - VxY = -½d0(X, Y), because the subtorsion T 

is zero, see [8, 5]; it follows that 'Yi is a geodesic, qua Riemannian, qua sub-Riemannian. 
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Theorem 3 If 1r.x denotes the irreducible complex representation of G of 

highest weight>. E A+(G), then the sub-Laplacian An has eigenvalues 

ii>.+ Pii 2 
- i1Pil2 

- ll>-io i l-2 (>.io, µ )2, 
where µ is a weight of 11">, such that its weightspace has K-fixed vectors. The 

multiplicity of the eigenvalue i.s equal to the dimension of representation space 

of 11',\ multiplied by the dimension of the space of K-fixed vectors in the weight 

space ofµ. 

Proof For a compact manifold, the C00 functions are dense in the L2 
functions. By the Peter-Weyl theorem, 

L2(G) = I: v,.,l ® v,.1 
.\EA+(G) 

as G x G-modules, where the left hand side is acted on by the (left-and-right-) 
regular representation and where V,..l is the representation space of 1r.x, so that 
V,..l ® V,,.,. can be considered to be the space of coefficients of 1r_x: the embedding 
V,,l ® V,..,. ➔ L2(G) is given by u ® v t-+ f,.,,, where f,.,,,(g) = <u,1r.x(g)>, 
g E G. Viewing L2(M) as the subspace of K-right-invaria.nt functions in 

L2(G), we get 
L2(M) = I: v,.l ® v,..1[, 

.\EAk(G) 

where the superscript indicates the subspace of K-fixed vectors and A1(G) is 
the sub-lattice of A+(G) corresponding to representations that have K-fixed 
vectors, the so-called class 1 representations relative to K. By Proposition 1, 
-An coincide with wn on L2(M). Since wn acts on functions on the right, 
we are left to compute the eigenvalues of 1r_x(wn) on V,..~ for>. E A1(G). 

Now it is well known that 11'_x(w) is the scalar II>.+ Pli2 
- IIPIJ 2 on V,..l 

(see e. g. [17, 11, 23]), so we have only to compute the action of 11'.x(e). 
Since 2(>.i,a;)/(a;,a;) = O;;, we get that e corresponds to All>-ioil-1>.;0 

under the Cartan-Killing form. Therefore, if v,, is a. vector in the eigenspace 
corresponding toµ, then 

11'>,(e)v,, = µ(e)v" = v'=Tll>-ioll-1(>.;0,µ). 

This completes the proof of the theorem. □ 

REMARK 1 We note here, for future reference, that the weights of 11">. whose 
weightspace has K-fixed weight vectors are all multiples of ~;0 • That is 
because the a;'s with i # i0 are simple roots fore relative to the CSA tn !. 
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3 Calculations 

3.1 S3 

We shall use the notation and results in [6). We identify 

S3 = SU(2) = {( :p ! ) : o,,B EC, lol2 + l,812 = l} 

so that the unit sphere metric corresponds to -1/8 times the Cartan-Killing 
form. Let 

1 ( i O ) 
Xi= 2 0 -i ' 

1 ( 0 1 ) 
X 2 = 2 -1 0 ' X=!(O i) 3 2 i 0 

be a basis for .su(2) such that [X1 , X2] = X 3 and other cyclic permutations 
of this identity hold. The most general sR symmetric space structure on S3 

is then given by the horizontal space D = < X2 , X3 > of the Hopf fibration 
U(l) -t S3 -t CP2 and the sR metric on Vis given by the matrix 

( l~a l~b ) · a~ b > 0. 

Note that this example does not conform to the construction described in 
Section 2 since the sR metric is not induced by a multiple of the Cartan­
Killing form of .su(2) if a :f; b (in fact, the eigenvalue of the sub-torsion 
is To = (a - b)/4, see [8, 5]). Nonetheless, we can make use of the group 
structure of the space to perform the calculations. The Peter-Wey} theorem 
says that L 2 (SU(2)) = E~(n + I)Vn as left SU(2)-modules, where the 
left hand side is acted on by the left regular representation and in the right 
hand side V,. is the nth symmetric power of the vector representation which 
can be identified with the complex homogeneous polynomials of degree n in 
two variables z1 , z2 • The horizontal one-parameter subgroups are geodesics 
(see [6]), so we get no linear terms and An = -aX?- bX; : V,. ➔ V,.. Define 

Vj = ( ; ) 
112 

zr-j zt for j : 0, ... 'n. Then {Vo, ... 'v,.} is an orthonormal 

basis of V,. and 

D.nv; = ~{[(n - j)(n - j - l)(j + 2)(j + 1)]112(a - b)v;+2 

-[n + 2j(n - j)J(a + b)v; + [(n - j + 2)(n - j + l)j(j -1)]1l2(a - b)v;-2 }. 
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In particular, if a= b = 4, then we recover the result in [23, 10): 

llvv; = 4[n + 2j(n - j)]v;. 

Note that the matrix (6.nlv .. ) is "bi-symmetric" (symmetric with respect to 
both diagonals), so the eigenvalues have even multiplicities, with the possible 
exception of the ones that are also eigenvalues of the Riemannian Laplacian 
of CP2• It is not an easy problem to diagonalize that matrix. We can list the 
first few eigenvalues and their multiplicities: 

• n = l : (a+ b)/2, multiplicity 4; 

• n = 2 : 2a, 2b, 2(a + b), multiplicity 3; 

• n = 3: (5(a + b) ± (7(a2 + b2) + 2ab) 112)/2, multiplicity 8; 

• n = 4 : 2(a + b), 2(a + 4b), 2(4a + b), 4(a + b ± (a2 + b2 
- ab)112

), 

multiplicity 5, etc. 

REMARK 2 Notice the phenomenon of "changing multiplicities" of the eigen­
values, as we vary the parameters a, b defining the metric. Corollary 1 points 
out to the fact that this should be related to the existence of metrics which 
are more "symmetric" than others, but the precise relation is not clear as it 
is easy to see that all such metrics have the same full group of isometries, 
with the obvious exception of the one with a = b ([6]). 

3.2 The odd-dimensional spheres s2n+l, n ~ 2 

Consider the (2n + !)-dimensional sphere as a sub-Riemannian symmetric 
space, S2"H = SU(n + 1)/SU(n) with the sub-Riemannian structure pulled 
back from CP", n ~ 2. Here G = SU(n + I), H = S(U(I) x U(n)) and 
K = S({l} x U(n)). The Cartan-Killing form of g is <X, Y> = 2(n + 
l)trace(XY). Choose the CSA to be the diagonal matrices in g, 

Define 8;(H) = A a;, i: 1, ... ,n + 1. Then 6_+ = {8; - 8;: 1 Si< j S 
n + 1} is a system of positive roots and { a; = 8; - 0;+1 : 1 S i $ n + 1} is the 
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corresponding system of simple roots, so the rank of g is n. The fundamental 
highest weights are A;= 01 + ... + 0;, i: 1, ... , n and G is simply-connected, 
so A+(G) = fl.+. Note that a1(t)-::/- 0 and a;(t) = 0 for i: 2, ... ,n, so { 
corresponds to A1 = 01. The complex irreducible representations of U(n} can 
be constructed as follows. Consider U(n) = U(l) xz,. SU(n), where Zn is the 
center of SU(n). The complex irreducible representations of U(l) x SU(n) 
are the tensor products Pm ® r~e2+ ... +k..ll,. where T,1:2~+ ... +A:,.II,. denotes the 
representation of SU(n) of highest weight k:iJ2+ ... +k,.0,., k2 ~ ••• ~ k,. ~ 0, 
md Pm denotes the mth power of the circle action of U(l), m an integer. In 
order for it to induce a representation of U(n) we require Zn to act trivially, 

_ 80 we must have m = k2 + ... + kn + nk1 for an integer k1 • This gives the set 
of complex irreducible representations of U(n) as 

Now U(n) embeds in Gas H, so (Ji maps to -*01 and 6; maps to 6; + *61 , 
i : 2, . .. , n + 1. Therefore, as a representation of H C G, (1) has highest 
weight -k161 + k262 + ... + kn()n• Fix a representation of G on V of highest 
weight A= m1A1 + ... +mnAn EA+, m 1 , •.. ,mn ~ 0. We need the following 
"branching theorem": 

Theorem 4 ([18)) We have that V decomposes, as a left H-module, into 
irreducible H -modules as follows: 

V = L Vi:111,+~~+ ... +A:..II,. 

where the summation runs over all integers k1 , k2 2::: k3 2". .•• ~ kn 2". 0 for 
which there ezists an integer k satisfying 

m1 + ... + mn ~ k2 + k 2". 
m2 + ... + mn 2". k3 + k ~ m3 + ... + mn 2::: ... 2:: kn + k :2::: mn :2::: k ~ 0 

and 

Now we can find the representations of G that have K-fixed vectors. In 
the decomposition of Theorem 4, we must have then-tuple {ki,O, ... ,0) 
allowed. Unravelling the inequalities in the theorem easily gives that m2 = 
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... = mn-l = 0, and then k1 = m1 -mn turns out to be the unique possibility. 

We conclude that a representation of G which is class 1 relative to K has a 

highest weight a>. 1 +b,\n, a, b ~ 0 integers, and its subspace of K-fixed vectors 

is one-dimensional with corresponding weight given by ( a - b ),\1 = ( a - b )81. 

Therefore, Theorem 3 says that the eigenvalues of the sub-Laplacian for the 

sphere S2n+l are 
1 

2(n + l) (2ab + n(a + b)), 

or, after dividing the metric by 4(n + 1) in order to get the unit sphere metric 

(compare [211), 
2(2ab + n(a + b)), 

and the multiplicity is the dimension of the representation 1r 1191 +bB .. which can 

be easily computed using Weyl's dimension formula to be 

(a+ n - l)!(b + n - l)!(a + b + n) 

a!b!n!(n - l)! 

It is interesting to observe that the representation space of 1r ,.o1 +bll., can be re­

alized to be the space of harmonic polynomials of bi-degree (a,b) in cn+I. So 

we refine the usual SO(2n+2)-irreducible decomposition of L2(S2n+l) into the 

spaces of harmonic polynomials of degree m in IR.2n+2 , m ~ 0 ( compare [10]). 

3.3 The real rank two Stiefel manifolds 

The next example is the sub-Riemannian symmetric space SO(N +2)/ SO(2)x 

SO(N) of orthonormal 2-frames in N + 2-dimensional Euclidean space. We 
divide the analysis into two cases. 

3.3.1 The odd dimensional case 

Here, G = S0(2n + 1), H = SO(2) x SO(2n -1) and K = {1} x S0(2n -1) 
where 1 is an identity 2 x 2 block. The Cartan-Killing form of s is < X, Y > = 
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(2n - l)trace(XY). Choose the CSA to be 

a; ER . 

0 

Define O;(H) = J='[a;, i: 1, ... ,n. Then D.+ = {0; ± 0;: 1 ~ i < j ~ 
n} U {0;: 1 ~ i ~ n} is a system of positive roots and {a:;= 0; - 0;+1 : 1 ~ 
i ~ n - l; On = On} is the corresponding sysem of simple roots, so the rank 
of g is n. We have that G is not simply-connected and its fundamental group 
has order two; so A+(G) has index two in A+ and we have 

n 
A+(G) ={A= I:a,O,: m1 2 m2 2 ... mn 2 0 integers}. 

i=l 

Note that a:, ( e) is not zero precisely for i = l, so e corresponds to 01 • 

Let 1Tl be the complex irreducible representation of G of highest weight 
AEA+(G). 

Lemma 1 ([13]) We have that 1Tl is of class 1 relative to Kif and only if 
A = a01 + b02 for a ~ b ~ 0 integers. 

Proof. This is an easy consequence of the "branching theorems" for the 
orthogonal groups (cf. [4, 11]). D 

Let 1r:,b denote the representation 7r4 s1 +ua of G = S0(2n t 1), a~ b ~ 0 
integers. We need to identify the K-fixed weights of 1r:,6. 

Lemma 2 The K-fixed weights of 1r:b are (a-b-2j)01 for j: 0, 1, . .. , a-b. 

Proof. We proceed by induction on the rank n. If n = 2 then, just by 
looking at the weight diagrams, it is easy to see that the K-:fixed weights for 
1r~,b a.re the same as those for 1r!_0,0 , which have the required form. Let n ~ 3 
and assume the result true if the rank is less than n. Consider the subgroups 
G1, G2 of G = S0(2n + 1), isomorphic to S0(2n - 1) a.nd spanned by 
01, .•• , 0,. and by 02 , • •• , Bn+l, respectively. Then G1 n G2 is isomorphic to 
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S0(2n - 3). Let v be a weight-vector in the representation space of 11":,b of 

weight µ which is G2-fixed. We know that µ is a multiple of 01, so vis in the 

representation space of 11":,1;1 of G1 , if we consider it as a sub-representation 

of 11":,b· But we have that v is G1 n G2-fixed, so we can apply the inductive 

hypothesis for (G1 , G1 n G2). D 

Theorem 3 now says that the eigenvalues of the sub-Laplacian are 

2
(
2
n
1
- l) (2ab + (2n + 2j - l)a + (2n - 2j - 3)b - 4f2), 

where a ~ b ~ 0 and j : 0, . . . , [0 ;b] (here [·] denotes the "greatest integer 

less than"). The multiplicity of each eigenvalue is 2 dim Va.,b, except in the 

case where a - b is even and j = ";b, when it is dim v .. ,b , Weyl's dimension 

formula gives 

dim V..,b = 
IIi<i(m; - m; - i + j)(m; + m; + 2n - i - j + l)Il;(2m; + 2n - 2i + 1) 

(2n -1)!(2n - 3)! ... l! 

where m 1 = a, m 2 =band m; = 0 if 3 ::; i Sn. In particular, when n = 2 

we get 

dim V..,o = i(2a + 3)(2b + l)(a - b+ l)(a + b+ 2). 

3.3.2 The even dimensional case 

Here G = SO(211), H = SO(2) x S0(2n - 2) and K = {1} x S0(2n - 2) 

where 1 is an identity 2 x 2 block. The Cartan-Killing from of g is <X, Y > = 
2(n - l)trace(XY). Choose the CSA to be 

0 a1 
-a1 0 

t= H = a; ER. . 

0 On 

-an 0 

Define 9;(H) = Ha;, i: 1, . . . ,n. ThenD.+ = {8;±0;: 1::; i <j::; n} isa 

system of positive roots and { a; = O; - 0;+1 : I ::; i S n - 1; an = On-l + On+i} 
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is the corresponding sysem of simple roots, so the rank of g is n. We have 
that G is not simply-connected and its fundamental group has order two; so 
A+ ( G) has index two in A+ and we have 

n 

A+(G) = {). = I:aioi: m1 2 m2 2 ... mn-1 2:: lmnl integers}. 
i=l 

Note that o:i(O is not zero precisely for i = 1, soc corresponds to 01. 

Let 1r..i. be the complex irreducible representation of G of highest weight 
>. E A+(G). As in the odd-dimensional case, we can show 

Lemma 3 ([13]) We have that rr..i. is of class 1 relative to K if and only if 
>. = a01 + b02 for a ~ b ~ 0 integers. 

and 

Lemma 4 The K-fixed weights of rr a8, +b8l = rr a,b are ( a - b - 2j)01 for 
j : 0, 1, ... , a - b. 

Theorem 3 now says that the eigenvalues of the sub-Laplacian are 

( l /2ab + 2(n + j - l)a + 2(n -j - 2)b - 4j2
), 4n-1 

where a ~ b ~ 0 and j : 0, ... , [";b]. The multiplicity of each eigenvalue is 
2 dim V..,b, except in the following cases: if n > 2, a - b is even and j = '";b 
or if n = 2, a is even, b = 0 and j = i then it is half that value; if n > 2, 
a - b is odd and b > 0 then it is twice that value. Weyl's dimension formula 
gives 

. n-1 rri<j(m; - ffij - i + j)(mi + ffij + 2n - i - j) 
dim v .. ,b = 2 (2n - 2)!(2n - 4)! .. . 2! ' 

where m 1 = a, m 2 =band m; = 0 if 3 ~ i ~ n. In particular, if n = 2 we 
get 

dim v .. ,b =(a+ 1)2 
- b2

• 
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