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Automorphisms of certain subalgebras of matrix algebras have been the 

object of several recent papers. J¢11<lrup [6] has shown that if A is a simple 

algebra, finite dimensional over its center K, then all /{-automorphisms of 

the algebra of upper triangular matrices over A are inner. Similarly, Darker 

and Kezlan [3J have proved that every R-automorphism of the algebra of 

upper triangular matrices with entries from an integral domain R is inner. 

Related results appeared in (IJ, (2J, (51 and [71, 

In this paper we characterize the group of K-automorphisms of certain 

subalgebras of a matrix algebra with entries from a field K. Also, we give 

necessary and sufficient conditions for every /{-automorphism of such a sub­

algebra to be inner. In this sense, our results include those from [31 and (61, 

when the ring of coefficients is a field (see Corollary to Theorem D). 

"The author was partially supporte<l by the Conselho Nacional <le Desenvolvimenlo 
Cientifico e Tecnologico (CNPq). 



We would like to remark that the arguments or section 3 actually hold 

when entries are taken on a simple algebra, finite dimensional over its center 

(with very slight changes). Therefore, theorems A and B remain valid when 

the ring or coefficients is such an algebra. 

2. Notations and main results 

Let .M.,(l\') be the ring of n X n-matrices over a field [(. The unity element 

of Al.,(/() is denoted by /,.. Given A E M,.(I{), Ai; denotes the (i,j)-entry 

of A. The matrix unit having l in the (i,j) th position and zeros elsewhere 

is denoted by E' 1 • The matrix £ii is written simply E;. 

If p is a relation on I = { l, 2, . .. , n} which is reflexive and transitive, 

then the set 

S = S(p, /\') = {A E M,.(K) I A;;= 0 if (i,j) '/ p} 

is a subalgebra of M,.(/{) !see lOJ. 

Following !tOJ, we call S(p, [() the structural matrix algebra over [( de­

fined by the relation p. 

The group of K-automorphisms of S is denoted by Aut(S). In what 

follows, the word automorphism means /(-automorphism. 

For each invertible matrix A E S, we denote by CA the inner automor­

phism induced by A. 

Then, the set 

C = { CA IA E S is invertible} 

is a normal subgroup of Aut (S). 
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A permutation u of I is said to be an automorphism of p if (u(i), a(j)) E p, 

for all (i,j) e p. 

Such a permutation gives rise to an automorphism i, of S, defining: 

and extending linearly. 

The set of automorphisms i, of S such that a(i) < a(j) whenever 

(i,j), (j, i) E p and i < j is a subgroup of Aut (S), which we shall denote by 

P. 
In the case when S is semi-simple, these groups allow us to describe 

Aut (S). 

Theorem A. Let S be a semisimple structural matrix algebra. Then, 

Aut(S) = C >4 P , 

the semi-direct product of C by 'P. 

When Sis a semisimple algebra, it follows that pis an equivalence relation 

and we have: 

Theorem B. Let S be a scmisimple structural matrix algebra. Then, every 

K-automorphism of S is inner if and only if all the equivalence classes of p 

are of different sizes. 

Following 18), we say that a function g : p -+ /(" is transitive if 

g(i,j)g(j, k) = g(i, k) 

for all (i,j), (j, k) E p, Such a function is said to be trivial if there exists a 

functions: I-+ K• such that g(i,j) = s(i)s(j)-1 
, for all (i,j) E p. 
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Every transitive function g : p -+ /(· gives rise to an automorphism g• of 

S, defining: 

and extending linearly. 

Now, let p be the following relation on /: 

(i,j) E p iC and only if (i,j), (j, i) E p , 

and let a he the graph associated to the relation p \ p (that is, the vertices 

of .6. arc the clements i of J such that either (i,j) or (j, i) E p \ p, for some 

j E J, and the edges of .6. are the unordered pairs { i, j} such that either ( i, j) 

or (j,i) E p \ p) . 

For each connected component .6.1 oC .6., we consider a tree T, C .6.1 

containing every vertex of .6.1 !see 4, §2, Corollary 5J. We fix one such tree 

T1 for each index f. 

Let p be the subset of p such that 

(i,j) E p if and only if (i,j) E p and {i,j} is au edge of U, Tt. 

Furthermore, let V be the set of vertices of UT,. Let also J = I \ V and set 

~= p n J X J. 

Then, the set 

g = {g" E Aul (S)lg: p-. W and g(i,j) = 1 for all (i,j) E p U i} 

is a subgroup of Aut(S) . 

Theorem C. Let S be a structural matrix algebra. Then, 

Aut (S) = (C ><1 !J) ><1 'P . 
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Theorem D. LeL S be a structural matrix algebra. Then, every /{ -auto­

morphism of S is inner if and only if the following conditions hold: 

(i) every transitive mapping g ; p-+ I<* is trivial; 

(ii) every autorm>rphism of p fixes the equivalence classes of p. 

3. The semisimple case 

We begin with some lemmas. 

(3.1) Lemma. Let e f: 0 be a central idempotent of S. Then, there exists 

a subset J of J such that 

Proof. For all i E /, there exists x; E I< such that EieEi = xiEi. 

Since EieE; is an idempotent, we must have that either x; = 0 or x; = I. 

Writting 

the conclusion follows. 

(3.2) Lemma. The set 

e = /,.el,.= L E;eE , 
iE/ 

I= {A E i I A;;= 0 if (i,j) E p} 

is an ideal of S. 

Proof. Take BE S and A r ~ , and set C = BA. 
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Suppose now that (i,j) E p. Then, 

C;; = L Bi/,Ak; . 
kEI 

If, for some k, we had that both B;i, =/. 0 and Ai,; =/. 0, then we would 

have that (j, i), (i, k) E p. Hence, we can conclude that (j, k) E p. 

But, since Ai,; "I 0, we must have that (k,j) (/ p, a contradiction. 

Then, C;; = 0 and CE I. 

A similar argument shows that ABET. 

(3.3) Lemma. HS is a semisimple algebra, then I= 0. 

D 

Proof. In fact, by Lemma (3.2), we have that I is an ideal, hence a direct 

summand of S, i.e.: 

where T' is an ideal of S. 

Lrt e br the unity element of I. We have that either 

e = L Ei or e = 0 , 
jeJ 

due lo Lemma (3.1). 

Out T contains no diagonal matrices; hence e = 0. 0 

We are now ready to give a characterization of a semisimple structural 

matrix algebra. This result was proved in (9) following a different approach. 

(3.4) Theorem. Let S = S(p, K) be a structural matrix algebra. Then S 

is semisimple if and only if p is symmetric. 
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Proof. Suppose that S is semisimple. By Lemma (3.3), we must have that 

I = O; thus, p is symmetric. 

For the converse, let L :/- 0 be an ideal of S. We shall show lhat L is a 

direct summand of S. 

Given A E S, with At1 :/- 0, we have that 

Hence, Ekl E L. Since p is symmetric, we conclude that E 1k E S. There­

fore, E1 = E11' Ek1 E L. 

Now, let T = {t E IIE1 E L} and set e = LiET E1
• We claim that L = Se. 

Clearly, we have that Se C L. Now, if A E L with A11 :/- 0, we have that 

A1o1Ekl E Las we have shown above. 

Then, in order to prove that L C Se, it is enough to show that £kl E Se. 

But this follows immediately from the equation: Ek1 = E11 e . 

Now, if E 1d E L, we have tl,aL IE 7', as befo,·e. A similar argument shows 

that also k E T. 

Hence, it is easy to couclu<le that e is a ceutral idempotent of S, and the 

claim follows. D 

Before proving Theorem A, we need to characterize the simple compo­

nents of S. 

(3.5) Lemma. Let S be semisimple and let e E S be an idempotent such 

that Se is a simple component of S. Then, there exists one and only one 

equivalence class C of p such that 

e= EE". 
zEC 
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Proof. By Lemma (3.1), we have that e = E;eJ Ei , for a suitable subset J 

of I. 

Pick j E J and (k,j) E p. We have that 

Then, we must have eEki = £ki, and we conclude that k E J. 

We have shown that, if j E J, the equivalence class of j is contained in 

J. 

Then, J is a union of equivalence classes. But, if lhere were two or more 

such classes, it is easy to see that e would be decomposable. 

{3.6) Lemma. With the notations of Lemma {3.5), we have that 

Se= L l{Er•r1' 
r•.r1EC 

and, conscquentely, dimKSe = ICl2 (where ICI denotes the order of C). 

D 

Proof. If Xk, x, E C, we have that (xi., .i:,) E p. then, Er•r• = g•,r•e E 

Se, due to the expression of e given by Lemma (3.5). we have shown that 

Lr • .r, I( Er•r· C Se. 

For the other inclusion, we observe that, if A E Se, A= Ae = eA. From 

this, it is easy to conclude that A is of the required form. D 

Proof of Theorem A. Let S = S1 ffi S2 ffi · · · ffi S., where the S; are the 

simple components of S, and let</, be an automorphism of S. 
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We have lhal 

<J,(S.) = S/(iJ, l ::; i ::; r , 

where/ is a bijection of { l, 2, ... , r}. 

Furthermore, if C; denotes the equivalence class of p corresponding to the 

unity element of Si, given by Lemma (3.5), we have that ICd = ICJ(i)I , in 

view of Lemma (3.6). 

We now enumerate explicitly Ci = { x., x 2 , .•• , } au<l C /(ii = {ya, y2, ••• } , 

where Xk < x, and Yk < YI if k < I. 

We can define a bijection from C; to C/(i), mapping x1, to the correspond­

ing y1,. As this can be done in each equivalence class of p, this process defines 

a permutation of/, which we shall denote by u. 

It is easy to see that u is an automorphism of p; hence, it induces an 

automorphism 'ii of S. 

\Ve now fix a simple component Si of S. As we saw above, we have that 

</,(Sil = S11il· 

Given an element X E 511;1, we have that 

smce 

for all E11u, E s11;1 (because of Lemma (3.6)). 

Then, the map 

is an automorphism of S 11•1· 
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But S11;1 is a simple algebra finite dimensional over its center. By the 

Skolem-Nocther Theorem, there exists an invertible matrix A/(i) E S/(i) such 

that this automorphism is conjugation by A/(i) • 

Set now A= Al(I) +••·+A/In)• We claim that ,po (ir)-1 = C,.. 

In fact, it is enough lo prove the equality in each component S/(i)• 

Given a matrix unit E¥Ut E S/(i), we have that: 

and the claim is proved. 

Therefore, ,/, = CA o ii . 

To conclude the proof, we notice first that u E P. 

Also, CnP = I. In fact, given;; E CnP, we have that;; is a conjugation 

by matrix A E S. Therefore, u(Si) = S;, for all i. Then, u(C;) = C;, for all 

i, and by the definition of u it is easy to conclude that u = l. 

Since C <I Aul (S), the proof is finished. D 

A little extra rffort gives Theorem B. 

Proof of Theorem D. First, we observe that if o- is an automorphism of p 

and C is an equivalence class of p, then u(C) is also an equivalence class of 

p. 

Suppose first that the equivalence classes of p are of different sizes. 

In view of Theorem B, il is enough to prove that P = I. 

Set u E P. Dy the hypothesis and the above, we have that u(C) = C, 

for every <!<p1ivalence class C of p. 



Now, leL C = {za, z 2, ... ), where Z"k < z, if k < I. As a E P, we have 

Lhat u(zk) < u(z,). Thus, it is easy to see that u(zk) = Z"k, for all zk, and 

hence a= I. 

For the converse, we observe that P = 1 by hypothesis. 

Suppose there are two equivalence classes C1 and C2 of p such that jC1 j = 
IC2I and write: 

where Z'k < z, and Yk < YI if k < I. 

Then, we can define the following permutation u of /: 

a(zk) = Yk, Vzi. E C1 , 

a(yt) = z-1, Vy, E C2 , 

a(=)==, Vz r/. C1 U C2. 

Then, u E P, a contradiction. □ 

4. The general case 

First, we need to discribe .J(S), the Jacobson radical of 5. In what 

follows, we shall denote .J(S) simply by .J. 

The following proposition can be obtained as a consequence of the results 

in (9). We offer here a direct proof. 

(4.1) Proposition. With the notation above, we have that 

.J = {A E 5 I rl,j = 0 if (i,j) E p} . 
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Proof. Let 

I= {AES I A;; = O if (i,j) E p} . 

By Lemma (3.2), I is an ideal of S. 

We claim that 

j = {A+ I I Aij = 0 if (i,j) ¢ ii} . 

In £act, if B +IE 1, choose B' E S such that n:; = B;; if (i,j) E p, and 

n:; = 0 if (i,j) (/. p. Then, B- 8' EI, and B +I= B' +IE {A+ IIA;, = 
o ;r (i,j) ¢ ;;}. 

The opposite inclusion is trivial. 

Now, h·t 

S' = {A E M,.(K)IA;; = 0 if (i,j) ¢ p) . 

Then, the mapping f : S' -+ ~ given Ly !(A) = A + I, V A E S', is an 

isomorphism of algebras. 

By Theorem (3.4), S' is semisimple, since it is a structural matrix algebra 

drline(l by the symmetric rrlation p. 

Then, f is semisimple, hence .:I CI. 

Now, § is a semisimple component of J. Let e + .:I be its unity element, 

where e EI. We compute: 

e+..1 (/,. + ..1)(e + .J)(/,. + ..1) =(EE;+ ..1)(e + ..1)(}: E; + ..1) = 
iEf •El 

= L, E;e E; + .:I . 
iEI 
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ThaL is, 

e - L E'eE' = T/ E :J . 
iE/ 

Since :J CI, we have that L £ieE' = e - T/ E I. But I docs not contain 

diagonal matrices. Hence, e - T/ = 0 and e = T/ E :J. That is, I C :J. □ 

In order to deal with the automorphisms of S, we observe that given 

<PE Aut(S), we have that cf>(:J) = .J. So, cf> induces an automorphism ¢J of 

j, namely: 

~(A+ :J) = </l(A) + :J, for all A E S . 

Suppose now that e, e' are idempotents of S such that ¢( e + :J) = e' + :J. 

Since ~(e + :J) = ¢(e) + :J, we have that ¢(e) must be of the form: 

,p(e) = e' + 1J, where 7J E :J . 
We need more information about these idempotents. 

( 4.2) Lemma. Let E = EJ, T/ E .J and let £ = E + '1 be an idempotent of 

S. Then, for all i ~ 3 we have that 

£ = e + (1, + ,,2 + ... + ,r• )E + £(11 + 1,2 + ... + ,l- 1
) + 

i-l 

I:},+ 1/ + ... + ,r•-k>El + ,/ . 
1::1 

Proof. We shall proceed by induction on i. We have that 

Multiplying the first and last members of the equation by£(= E + 11), 
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we obtain: 

Dul EqE = 1/;;Ei, 1/ii E /(. As EqE E :J and :J does not contain 

diagonal matrices, we conclude that EqE = 0. 

So,£= E + (1/ + 17
2)£ + E(q + 112

) + 'IE'l + 11
3 

, and the claim is proved 

for i = 3. 

Suppose now that equality holds for a given index i, and multiply both 

sides of the equality by £( = E + 1/ ). 

Observing that the terms E(,7 + ,,2 + • • • + 1/i-t )E and L.1:('1 + ,,2 + • • • + 

,,i-k-l)E,/ E are both zero (by the argument used above), we get: 

£ = E + (11 + ,,2 + ... + 11')E + E(11 + '12 + ... + '1;) + ('1 + '12 + ... 
i-2 

11•- 1 )E'1 + 1)'1 + 111 + ... + ,,i-1-")Eq"+t + 1/i+t • 

a.q required. 

Notice that, since S is artinian, the elements of :J are nilpontent. 

(4.3) Corollary. With the notation of Lemma (4.2), we have that: 

(i) if the index of nil potency of '1 is 2, then £ = E + 11E + E11; 

(ii) if the index of nilpotency of '7 is s > 2, then 

£ = E+(11+112 + .. ·+11•-•>E+E(r,+r,2 + ... +,,•-1
) 

•-2 

+ 1)'1 + '12 +···+,,•-•-")Er," . 
l=I 

Proof. Since£= E + Eq +'IE+ r,2, (i) follows trivially. 
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In a similar way, (ii) follows from the lemma above. D 

{ 4.4) Corollary. Let £ be an idempotent of S in the conditions of Lemma 

( 4.2). Then, there exists O E .J such that 

£ = E + EO +OE+ OEO . 

Conversely, if fJ E .J and E = E' (j E /), then 

is an idempotent of S. 

Proof. Suppose£ is an idempotent as in Lemma (4.2). 

If the index of nilpotency of 7/ is 2, then £ = E + ETJ + TJE, by Corollary 

( 4.3). 

Computing £2, we get that: 

E + ETJ + TJE = e = e• = E + ETJ T TJE T TJETJ • 

Hence, TJE11 = 0 and it is enough to choose O = 1/ . 

If the index of nil potency is s > 2, computing £ 2
, we obtain: 

£ = £ 2 =E+(TJ+112 +···+TJ•-l)E+E(TJ+1J2 +··•+11•-I)+ 

( T/ + T/2 + ... + ,,•-I) E( T/ + T/2 + ... + T/•-1) • 

Then, it is enough to choose 8 = T/ + T/2 + .. • + ,,'-1. 

The converse is trivial. 

( 4.5) Lemma. Let OE .J, E = Ei (j E /) and lel £ be the idempotent: 

£ = E + ED+ OE+ OEO • 

15 
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• 

u = Un + EO)(/n - OE) E s 

is invertible and 

ucu-1 = E. 

Proof. \Ve have that 

(I., - OE)(!., + OE) = l., , 

([,. + EO)(l., - EO) = I., . 

The~don,, u-• = (I., + OE)(/,. - EO) • 

An ea.,;y calculation shows that 

(I,. - OE)£(/.,+ OE) = E + EO , 

(I,.+ EO)(E + EO)(I., - EO) = (I.,+ EO)E(I,. + EO)(l,. - EO) = 

= (/., + EO)E = E 

Now. ror Pach j E /, pick O; E .J and consider: 

£, = Ei + EiO; + O;Ei + O,E'O; , 

U; = (1,.+E'O;)(l,.-O;E;). 

( 4.6) Lemma. With the notations above, we have that: 

16 
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• 

(i) Cu, = 1, for all j E /. 

r (ii) If E;£; = £;£; = 0, where i,j E /, i =f. j, then E;U; = U,E; = E; . 

• 

Proof. Since the elements U; are such that U; + .J = In+ .J, for all j E /, 

( i) follows. 

In order to prove (ii), we compute: 

£'£; = E'01E' + E'O;E'O, = E;O;E1Un + O,) = 0, 

E,E; = E)O,E; + O,E'O,E; =Un+ O;)(E'O;E;) = 0. 

Since O; E .J, we have that In + O; is invertible. Hence, E'O; Ei = 

EiO,E; = 0. 

Now, we compute E;U; and U,E;: 

E;U, = E;U,. + EiO,)Un - O;Ej) = EiUn - O;Ei) = E' - EiO,E1 = E;' 

U;E' =Un+ E10,)U .. - O;E')E; =Un+ E'O,)Ej = Ej + E'O,E' = Ej 

D 

( 4. 7) Lemma. Lel .,, be an automorphism of S such lhat there exists a 

permutation u of I satisfying: 

?(E' + .J) = f;'!il + .:J, for all j E .J . 

Then, there exists an invertible element U of S such that Cu = I and 

(Cu o i,,)(E') = £"<1 >, for all j E J. 
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Proof. We have that 

c,,(£1) =£"(I)+ 711, where 711 E :J. 

Then £"1 11 + 71 1 is an idempotent of the type described in Lemma (4.2). 

By Corollary (4.4), there exists 8,,<•I E :J such that 

ConsiJer now the element U,,(l), given by Lemma (4.5). 

We have: 

due to Lemmas (4.5) and (4.6)(i). 

Then, 

(Cuo{I) o c,,) (£1 + :J) =£"Iii+ .J, Vj E /. 

Similarly, 

We now consider the element 8,,121 E :J, the idempotent £,,(2) = £"(2) + 

1/2 = E'*' + E"<218,,(2) + 8,,(21E0 <2
> + o,,(2)E0 <11 8,,c11 and the element U,,111, 

given by Corollary (4 .4) and Lemma (4.5) respectively. 

We have that 

E"12>£,,12) = (c11o{l)oip)(E1 E2 )=0, 

£,,<2>E"121 = (Cuoj,,o'r')(E2 E 1)=0. 
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By Lemma (4 .6)(ii), we have that Cu-<
2
,(E11111) = £ 1101, Therefore, 

( Cuo1,i o Cuo1 11 o r.p) (E1
) = £ 11 111. Furthermore, 

That is, 

( Cu-<•> o Cu-<•> o t.p) (E2
) = £"1

21 , 

Cu-<•> o Cu-<•> o <p = ip . 

(c.uo12) 0 Cuoil) 0 r.;) (E' + .J) = E"(j) t .J, Vj E /. 

Proceeding in this way, we get that the element U = Uu(n)Uu(n-1) · · ·Ua(J) 

verifies the thesis. □ 

Now we shall deal with the subgroup Q. 

Before stating the next lema, we must fix some notation. 

\Ve point out that if C, C' are e<1uivalence classes or p and (.r, y) E p, with 

:r E C and y E C', then C x C' C p. 

Among the equivalence classes of p, we may have some classes C with the 

following property: if C' is an equivalence class such that either C' x C C p 

or C X C' C p, then C' = C. 

Let C1, C2, •• • , C, be such classes (if they do exist) and fix an element z; 

in each C,. 

Choose also an element Yt E / such that Yt is a vertex of T,, for each tree 

In regard to the classes C; and the trees Tt, we remark that: 

• The sets of vertices of the trees T, are mutually disjoint. 
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• 

• None of the classes C;, l $ i $ q, intercept thci;e sets of vertices. 

• The union of Lhc set of vertices of the graph UtTt with Lf;= 1 C; is the 

set /. 

We are ready now to state our next lemma. 

(4.8) Lemma. Let g: p-+ K• Le a trivial function such that g(j,k) = l, 
for all (j, k) E p and let x;, l $ i $ q, and Yt be the elements above. Then, 

lhcre exists a map s : / -+ /{• such that 

(i) .s(x,) = 1, l $ i $ q, and .s(yt) = I, for all l; 

(ii) g(j, k) = s(j)s(kt1, for all (j, k) E p. 

Proof. There exists a map .s 1 : I -+ I\" such that 

y(j, k) = s1(j)s 1(lT1, for all (j, k) E p, 

since g is trivial. 

Pick j E /. Due to the remarks aLove, we have that either j E C;, 

for some i, which is uniquely determined, or there exists l, also uniquely 

determined, such that j is a vertex of T,. 

In the first case, we define s(j) = s 1(j)s1(x;)- 1 , aud in the i;econ<l oue, 

we set .s(j) = s 1(j)si(y,)-1 • Hence, s satisfies condition (i). 

To prove (ii), pick first (j, k) E p. Then, if j E C., for some i, we must 

have that k E C,, and 

Suppose now that j ft C;, for any i. 
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• 

Then, on the one han<l, we have that j, k EC, for some equivalence class 

C of p. On the other han<l, there exists an equivalence class C' # C such 

that either C x C' C p \ p or C' x C C p \ p. 

Then, it is easy to conclude that j and k are vertices of the same tree Tt. 

Thrrefore, 

Similarly, if (j, k) E p \ p, we have that j and k are vertices of the same 

tree Tt, and the equation above shows that g(j,k) = s(j)s(k)- 1• □ 

We remark that it can be pro\·ed that the function ., iu the co11ditio11s of 

Lemma (4 .8) is uniquely determined. 

We now observe that the set 

G = {g : p -+ /{" I g is a transitive function} 

is an abelian group, with respect to the point wise multiplication of functions. 

Furthermore, the subsets 

D {gEGlgistrivial}, 
q 

F {g E G I g(j, k) = l, for all (j, k) E p U IJ C; x C;} ,~, 
are easily seen to be subgroups of G. 

( 4.9) Lemma. With the notations above. we have that 

G = D x F (direct product). 
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Proof. First, consider g E DnF. We claim that g(j, k) = 1, for all (j, k) E p. 

In fact, given (j, k) E p sud1 that (j, k) ¢ TT C; xC;, there exist equivalence 

classes C and C' of p, C =/: C', satisfying: j, k EC and either C x C' C p or 

C' x C C p. Hence, j, k arc vertices of the same tree T,. 

Furthermore, there exists a function s 1 : / -+ /{" such that g( x, y) = 
si(.r)s1(y)- 1

, for all (x,y) E p. Since g E F, an easy argument shows that 

si(j) = s1(k} = si(y,), where Yt is the fixed vertex of T,. 

That is, g(j, k) = s1(j)s1(k)-1 = I. The claim is proved. 

Given the elements x; and Yt of Lemma (4.8), we have that there exists a 

maps : I --+ /1." such that s satisfies condition (i) and g(j, k) = s(j)s(k)- 1, 

for a.II (j, I.:) E p. 

Take j E / such that j is vertex of a (unique) tree T,. An easy argument 

shows that .s(j) = 1, since s(y,) = 1 and g(j,k) = s(j}s(k)- 1
, for all (j,k) E 

p. 

If j E C., for some i, then (x;,j) E p. Since g(j, k) = l, for all (j, k) E p, 

we have that s(j) = s(x;) = I. 
Hence, g(j, k) = s(j)s(l.:)- 1 = l, for all (j, k) E p. Thus, D n F = l. 
Now, choose an element g E G, and consider the restriction of glop. We 

claim that there exists s : / --+ /,;_" such that 

g(j, k) = s(j).s(k)- 1 
, 

for all (j, k) E p. 
In fact, if j E C;, for some i, we have that (x;,j) E p and we define: 
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s(j) = g(:r;,j)- 1• On the other hand, if j is a vertex of a ( uni(1ue) tree Tt, 

consider the unique path z0 z1 · · · z.,. connecting Yt to j (that is, z0 = Yt and 

z.,. = j). 

In order to define s(j), we proceed by induction on m. 

If m = 0, then j = Yt and we define s(j) = I. Suppose now that 

s(zo),s(zt), ... ,s(z.,._i) are defined. As usually, either (z.,._1,z.,.) E p or 

(z.,.,z.,._t) E p. 

In the first case, we define 

while in the second case, we set 

Then, s is as required. 

In order lo see this, we observe that if (j, k) E p, then j and k arc vertices 

of the same tree Tt and there exists a path joining Yt to k. 

Suppose that w0w1 • • • w1 is such a path, with Wo = Yt and W1 = k. Due 

to the uniqueness of the paths joining vertices of Tt, we conclude that either 

w,_, = j or w0 w 1 • • • w 1w1+1 , with Wc-+-1 = j, is the unique path connecting Yt 

to j. 

In both cases, the definition of s shows that g(j, k) = s(j)s(k)- 1 for all 

(j,k)Ep. 

Now, let s(j, k) = s(j)s(kJ- 1, for all (j, k) E p. Then, s E D. 

Furthermore, if (j, k) EC; x C;, for some i, we have that: 

(s 1g)(j, k) = g(:r.,j)g(:r;, kr'g(j, k) = g(:r;,j)g(k,:r;)g(j, k) = 
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= g(k,j)y(j,k) = 1 

Therefore, we conclude that: 

(r 1g)(j, k) = 1, for all (j, k) E p U IJ C; x C; . 

Hence, s- 1g =IE F, or g = sf, and the proof is complete. D 

( 4. 10) Lemma. Let g : p -t J{• be a transitive mapping. Then, g• = C,1 

for some A E S if and only if g is trivial. 

Proof. Suppose that g• = C,1, for some .4 ES. Then, 

for all (i,j) E p. 

AEii A-1 = g(i,j)Eii, i.e., 

At;', = g(i,j)E'' A, 

It is now easy to sec thal A is a diagonal matrix and hence Au -/- 0, for 

allkE/. 

The (i,j)-cntrics of both sides of the equation above give us: A;; = 

= g(i,j).4,j . 

Hence, y(i,j) = A;;.-1;/ , and it is enough to <lcfiuc .,(i) = 1I;., for all i E 

I. 

Suppose now that g(i,j) = s(i)s(j)- 1
, for all (i,j) E p. 

Then, if A= Li s(i)Ei, it is easy to see that 

as we wished to prove. 
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Proof of Theorem C. Let ef, be an automorphism of S and ¢, be the auto­

morphism induced on j. 
As we saw in the proof of Proposition (4.1), we have that j ~ S', where 

S' = {A E Mn(/()jA;; = 0 if (i,j) ¢ p} . 

Furthermore, an isomorphism f : S' -+ j is given by: 

f(A) =A+ .J, for all AES' . 

Due to Theorem A applied to the semisimple structural matrix algebra 

5' and the definition off, we have that 

°j, = CA+.10 & , 

where A E S' C S is an invetible matrix and q is an automorphism of p such 

that 

&(E;' + .J) = E"<;J,,Ul + .1. for all (i,j) E p. 

Furthermore, u verifies the condition: u(x) < o-(y) whenev<'r (x,y) E p 

and x < y. 

Then, 

Now, due to the definition of&, we have that: 

Hence, the automorphism cp = CA-• o ¢, satisfies the hypothesis of Lemma 

(4. 7). So, there exists an invcrtil,lc el1~mc11t U E S su<"h that 
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We set Ill = Cu o i.p = Cu,i-• o 4,. Then, 

lll(Ei;) = lll(EiEii E') = lll(Ei)'ll(Eii)IJl(Ei) = 

= £<•(illJl(Eii)E"(j) = ao(i)ao(j)Ea(i)a(j) , 

where Oa(i)o(j) E /(". 

Then, (q(i),u(j)) E p, for all (i,j) E p; hence u is actually an automor­

phism of p, and a E P. 

Now, let g: p-+ [{" be the transitive function: 

g(o-(i),u(j)) = a0 (,)a(j), for all (i,j) E p. 

We have that: 

ll'(Eij) = g"(Eo(i)a(j)) , i.e., 

ll'(Eii) = (g" o a)(E'i), for all (i,j) E p. 

Hence \JI = g" o ii, where a E P. Or: 

C,u-• o 1P = g" o a, i.e., 

4> = C ,iu-, o g" o a . 

But, by Lemma ( 4.9), we have that g = d J, where d E D and f E F. 

Hence, g" = d" of", where f" E 9 and d" = CA' for some A' E S, due to 

Lemma (4.10). 

Then, 
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where CAU-•.t• EC, f" E Q and u E 'P. Thus,</> has the required form. 

In order to finish the proof, we must show that: 

(a) C n Q = l, g" o CA o (g")- 1 EC, for all g" E Q and C,t EC. 

(b) (C :>4 Q) n 'P = l, u o </> o (ut1 EC >4 Q, for all u E 'P and t/, EC >4 Q. 

We start with claim (a). Clearly, C is normal in Aut (S). So, pick g• E Q 

such that g• is conjugation by a matrix of S. By Lemma (4.10), g is trivial. 

Hence, g ED n F. By Lemma (4.9), we obtain g = 1, i.e., g" = l. 
To prove (b), we observe that it is enough to show that a- o g" o (ut 1 E 

C >4 Q, for all g" E Q. 

We have that 

(u O g")(Ejk) = u(g(j, k)Ejk) = g(j, k)E"(j)a(kJ, for all (j, k) E p. 

Let h: p-+ I(" be such that h(u(j),u(k)) = g(j, k) for all (j, k) E p. 

Trivially, h is a transitive function. Therefore. h E G. 

By Lemma (4.9}, h = df, where d ED and/ E F. 

Back on the equation above, we obtain: 

That is, 

u o 9• o (a-)- 1 = a or . 
But, by Lemma (4.10), we have that d" EC. Therefore, d" of" EC >4 Q, 

as we wanted to prove. 

Finally, pick u E (C :>4 Q) n 'P. We have that u = C,t o g", where C,,. EC 

and g• E Q. Then: 

E"lil = u(Ei) = (CA o g")(E') = C,4(£;), for all j E l . 
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Con:!i<lering this e,1uation in j, we get that: 

Now, we recall that J ~ S', and from the definition of the isomorphism, 

we get that 

where A' ES' is such thaL A'+ .:J =A+.:,. 

But conjugation by A' fixes the simple components of S'. By Lemma 

(3.6), we conclude that u(j) belongs to the equivalence class of j defined by 

the relation p. From the definition of P, we get that a= 1. 

The proof of Theorem C is complete. □ 

Proof of Theorem D. Suppose first that conditions (i) and (ii) hold. Then 

Lemmas (4.9) and (4.10) and the definition of P imply respectively that 

g = I and P = I. Hence, by Theorem C, every automorphism of S is inner. 

Now, assume that every automorphism of Sis inner, and consider a tran­

sitive function g : p -+ /{" . By hypothesis g" is inner. Hence, by Lemma 

(4.10), g is trivial. 

For (ii), pick an automorphism a of p. Since a is inner, computing in j, 
we have: 

Now, J ="' S', where 

S' = {A E Mn(/{) I A;j = O if (i,j) ¢ p} , 
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as we saw in Proposition (4 .1). So, E0 lil = C,4,(Ei), where A' ES is such 

that A' + .J = A + .J. 

Since S' is semisimple and C,4, fixes the simple components of S', we get 

from Lemma (3.6) that a(j) belongs to the equivalence class of j defined by 

the relation p. This completes the proof. □ 

We can now obtain the results from [31 and (61 in the case where the ring 

uf coefficients is a field. 

(4.11) Corollary. Every K-aulomorphism of the algebra of upper triangu­

lar matrices with entries on /( is inner. 

Proof. We observe first that this is a structural matrix algebra defined by 

the relation 

p = {(i,j) I i,j EI and i ~ j} . 

Hence, we must show that conditions (i) and (ii) of Theorem O hold. 

To prove (i), pick a transiti\·e function g : p _. /(". 

We define: 

s(l) = l,s(2) = g(l,2)-1
, ••. ,s(n) = g(l,11)- 1

• 

We have that g(l,i)g(i,j) = g(l,j), that is, g(i,j) = -'(i)s(j)- 1
• Hence, 

g is trivial. 

For (ii), pick an automorphism a of p. Since the equivalence classes of p 

are singleton, we must show that a = l. 
We observe first that the relation p can be written as: p = LJ:'= 1 Pi, where 

p; = {(i,i),(i,i + l), ... ,(i,n)}, l ~ i ~ n. 
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Then, the image of p1 by u is: {(u( l ), u( l )), (u( l ), u(2), ... , (u( l ), u(n))} . 

Now, this set has n elements an<l is contained in p;, for some i. But 

IP;I = n - i + I, soi= l. Therefore, a(!)= l. 

Proceeding in the same way with p2 , we get that u(2) = 2 and, similarly, 

a(i) = i, for all i. Hence, u = I. □ 

5. Examples 

We now show that conditions (i) an<l (ii) of Theorem D are mutually 

in<lependcnt. 

Example 1. Let /{ be an arbitrary field . We exhibit a relation p where 

every transitive mapping g : p--+ I{• is trivial, but not all automorphisms of 

p fix the equivalence classes of p. 

Set p = {(!, 1),(1,2),(2,2),(3,2),(3,3)}; sop= {(I, 1),(2,2),(3,3)} . 

Now, the permutation a= ( I 3) is easily seen to be an automorphism of 

p, but u(l) f' l. 

Let now g : p--+ Ji• be a transitive function. 

We observe that the graph Ll associated to p \ p is: 

2 3 

Hence, it is connected and coincidi:s with a tree containing all its vertices. 

Therefore, with the notations of Lemma (4 .9), we have that G = D, 

F = l. That is, every transitive function is trivial. 
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We point out that, for the corresponding structural matrix algebra, we 

have that g = 1 and 'P = {l,u}. D 

Example 2. We shall now show that we can find a field I( and a rela­

tion p where the automorphisms fix the equivalence classes of p, but nol all 

transitive functions g : p-+ I(• are trivial. 

Set 

p = {(l, 1), (I, 4), (1,5), (1,6), (2,2),(2,3),(2,4),(2,5), (2,6), 

(3, 2), (3, 3), (3, 4), (3, 5), (3, 6), ( 4, 4), (5, 5), (5, 6), (6, 5 ), (6, 6)} , 

and let I< be a field such that IKI > 2. 

For such a p, we have that the graph ~ and a tree T which contains all 

its vertices are given by: 

1': 

.J 6 

4 

Furthermore, we have that p = { (1, 5), (I, 6), (2, 4), (3, 4), (3, 5)} and '= 
0. 
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Then, the functiou g : p -+ I{• such that g(l,·1) = o E /{•, o / I, 

g(i,j) = l, for all (i,j) "'f (l,-1) , is easily seen to be a non-trivial transitive 

function. 

We now observe that the equivalence classes of pare: {1}, {2,3}, {4}, 

{5, 6}. 

Let a ue an automorphism of p. Since equivalence classes go to equiva­

lence classes under <T, we have that either a( I ) = I or a( I) = 4. 

But, if a(l) = 4, we must have that a(4) = l, and (a(l),o-(4)) = (4, l), 

which docs not belong top. Then, o-(1) = 1 and therefore o-(4) = 4. 

Similarly, either a({2,3}) = {2,3} or u({2,3}) = {5,6}. If u(2) = 5, we 

have that (o-(2),u(4)) = (5,4) (/. p, a contradiction. Hence, o-({2,3}) = {2,3} 

and, consequently, o-({5,6}} = {5,6}. 

An easy calculation shows that for the corresponding structural matrix 

algebra, we have that 9 :! J{• aud P = I. □ 
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