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1. Introduction

Automorphisms of certain subalgebras of matrix algebras have been the
object of several recent papers. Jgndrup [6] has shown that if A is a simple
algebra, finite dimensional over ils center K, then all K-automorphisms of
the algebra of upper triangular matrices over A are inner. Similarly, Barker
and Kezlan [3] have proved that every R-automorphism of the algebra of
upper triangular matrices with entries from an integral domain R is inner.

Related results appeared in (1], [2], [5] and [7}.

In this paper we characterize the group of K-automorphisms of certain
subalgebras of a matrix algebra with entries from a field K. Also, we give
necessary and sufficient conditions for every K-automorphism of such a sub-
algebra to be inner. In this sense, our results include those from [3] and [6],

when the ring of coeflicients is a field (see Corollary to Theorem D).

*The author was partially supported by the Conselho Nacional de Desenvolvimento
Cientifico e Tecnolégico (CNPq).



We would like to remark that the arguments of section 3 actually hold
when entries are taken on a simple algebra, finite dimensional over its center
(with very slight changes). Therefore, theorems A and B remain valid when

the ring of coefficients is such an algebra.

2. Notations and main results

Let M, (K) be the ring of n x n-matrices over a field K. The unity element
of M,(K) is denoted by I,. Given A € M,(K), A;; denotes the (i, j)-entry
of A. The matrix unit having 1 in the (i,j)th position and zeros elsewhere
is denoted by E". The matrix E* is written simply E'.

If p is a relation on I = {1,2,...,n} which is reflexive and transitive,

then the set
S = S(p. K) = {A € My(K) | Ay = 0if (i,5) & p)

is a subalgebra of M,,(K) [see 10].

Following [10], we call S(p, K) the structural matriz algebra over K de-
fined by the relation p.

The group of K-automorphisms of S is denoted by Aut(S). In what
follows, the word automorphism means K-automorphism.

For each invertible matrix A € S, we denote by C, the inner automor-
phism induced by A.

Then, the set

C = {CalA € S is invertible}

is a normal subgroup of Aut(S).



A permutation o of [ is said to be an automorphism of p if (a(i), a(j)) € p,
for all (i,5) € p.

Such a permutation gives rise to an automorphisin & of S, defining:
a( El’j) = E"(")ﬂ(i)’ (i,5)€p,
and extending linearly.
The set of automorphisms & of § such that (i) < o(j) whenever

(i,7),(j,3) € p and i < j is a subgroup of Aut (S), which we shall denote by
P.

In the case when S is semi-simple, these groups allow us to describe

Aut (5).

Theorem A. Let S be a semisimple structural matrix algebra. Then,
Aut(S)=CxP,

the semi-direct product of C by P.

When § is a semisimple algebra, it follows that p is an equivalence relation

and we have:

Theorem B. Let S be a semisimple structural matrix algebra. Then, every
K-automorphism of S is inner if and only if all the equivalence classes of p
are of different sizes.

Following [8], we say that a function g : p — K* is transitive if
9(i,7)gU, k) = g(i, k)

for all (1,7), (J, k) € p, Such a function is said to be trivial if there exists a

function s :  — K such that g(i,7) = s(i)s(;)™" , for all (¢,5) € p.
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Every transitive function g : p — K* gives rise to an automorphism ¢* of
S, defining:
9" (EY) = g(i,5)E”, (L,j)€Ep,
and extending linearly.

Now, let 7 be the following relation on I:
(i,j) € p il and only if (i,7),(j,i)€p,

and let A be the graph associated to the relation p \ p (that is, the vertices
of A are the elements i of I such that either (z,7) or {j,i) € p \ B, for some
7 € 1, and the edges of A are the unordered pairs {1, j} such that either (z, j)
or (j,1) € p \ B).

For each connected component A, of A, we consider a tree T, C A,
containing every vertex of A, [see 4, §2, Corollary 5]. We fix one such tree
T¢ for each index €.

Let 7 be the subset of p such that
(i,7)€p ifandonly if (i,7) € p and {i,j} is an edgeof U,T, .

Furthermore, let V be the set of vertices of UT;. Let also J =1\ V and set

p=p0n JxJ.
Then, the set
G ={g" € Aut(S)lg:p — K" and g(i,j) =1 for all (i,5) € 5 U 5}

is a subgroup of Aut(S5).

Theorem C. Let S be a structural matrix algebra. Then,
Awt(S)=(CxG)xP.
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Theorem D. Let S be a structural matrix algebra. Then, every K-auto-
morphism of S is inner if and only if the following conditions hold:
(1) every transitive mapping g : p — K* is trivial;

(ii) every automtorphism of p fixes the equivalence classes of 5.

3. The semisimple case
We begin with some lemmas.

(3.1) Lemma. Let e # 0 be a central idempotent of S. Then, there exists

a subset J of [ such that

e=) E.

J€d

Proof. For all i € I, there exists z; € K such that E‘eE* = =, E".

Since E'eE* is an idempotent, we must have that either z; = 0 or z, = 1.
Writting
e= lel, = Z E'eE' ,

el
the conclusion follows. 0

(3.2) Lemma. The set
I={AeS|A;=0il(i,j) €p}
is an ideal of S.

Proof. Take B€ S and A £ 1, and set C = BA.
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Suppose now that (z,j) € p. Then,

C.'j = Z B;[,Akj o
kel

If, for some k, we had that both By # 0 and Ai; # 0, then we would
have that (j,1), (i, k) € p. lence, we can conclude that (j, %) € p.

But, since A; # 0, we must have that (k,7) € p, a contradiction.

Then, Ci; = 0 and C € T.

A similar argument shows that AB € . ]
(3.3) Lemma. If S is a semisimple algebra, then Z = 0.

Proof. In fact, by Lemma (3.2), we have that Z is an ideal, hence a direct
summand of S, i.e.:

S=IaT,

where 7' is an ideal of S.

Let € be the unity element of . We have that either

e=) Eore=0,
jeJ
due to Lemma (3.1).

But T contains no diagonal matrices; hence e = 0. a

We are now ready to give a characterization of a semisimple structural

matrix algebra. This result was proved in [9] following a different approach.

(3.4) Theorem. Let S = S(p, ') be a structural matrix algebra. Then S

is semisimple if and only if p is symmetric.
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Proof. Suppose that S is semisimple. By Lemma (3.3), we must have that
I = 0; thus, p is symmetric.

For the converse, let L # 0 be an ideal of S. We shall show that L is a
direct summand of S.

Given A € S, with Ay # 0, we have that
E*AE' = AyEM e L.

Hence, E* € L. Since p is symmetric, we conclude that E* € S. There-
fore, E' = E"E¥ ¢ L.

Now,let T = {t € I|E' € L} and set e = T ;1 E*. We claim that L = Se.

Clearly, we have that Se C L. Now, il A € L with Ay # 0, we have that
AuE® € L as we have shown above.

Then, in order to prove that L C Se, it is enough to show that EM € Se.

But this follows immediately from the equation: E¥ = E¥e .

Now, if E* € L, we have that ! € T', as before. A similar arguinent shows

that also k € T.
Hence, it is easy to conclude that e is a central idempotent of 5, and the

claim follows. a

Before proving Theorem A, we need to characterize the simple compo-

nents of 5.

(3.5) Lemma. Let S be semisimple and let ¢ € S be an idempotent such
that Se is a simple component of S. Then, there exists one and only one

equivalence class C of p such that

c=ZE’.

zeC
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Proof. By Lemma (3.1), we have that e = 3¢ E’ |, for a suitable subset J

of I.
Pick j € J and (k,j) € p. We have that

EMe=EN .

Then, we must have eE* = E*, and we conclude that &k € J.

We have shown that, if j € J, the equivalence class of j is contained in

Then, J is a union of equivalence classes. But, if there were two or more

such classes, it is easy to see that e would be decomposable. a

(3.6) Lemma. With the notations of Lemma (3.5), we have that
Se= Y. KE™*,
zx,71€C

and, consequentely, dimg Se = |C|? (where |C| denotes the order of C).

Proof. If z;,z; € C, we have that (zi,1;) € p. then, EB*® = E™te €
Se, due to the expression of e given by Lemma (3.5). we have shown that

P B GE S e
For the other inclusion, we observe that, if A € Se, A = Ae = eA. From

this, it is easy to conclude that A is of the required form. (=]

Proof of Theorem A. Let $ =5, ® S, @ --- D S,, where the S; are the

simple components of S, and let ¢ be an automorphism of S.
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We have that
#(S) =Sy, 1<iZr,

where f is a bijection of {1,2,...,r}.

Furthermore, if C; denotes the equivalence class of p corresponding to the
unity element of S;, given by Lemma (3.5), we have that |Ci| = |Cy,] , in
view of Lemma (3.6).

We now enumerate explicitly C; = {z,3,...,} and Cyy = {y1,92,. ..},
where z, < zyand y, <y if k < L.

We can define a bijection from C, to Cy;j, mapping z; to the correspond-
ing yx. As this can be done in each equivalence class of p, this process defines
a permutation of I, which we shall denote by o.

It is easy to see that o is an automorphism of p; hence, it induces an
automorphism & of S.

We now fix a simple component S; of S. As we saw above, we have that
#(5i) = Syqp)-

Given an element X € Sy;;, we have that
(3)""(X)eSs,,

since

(a.)—l(EnIn) = E* ¢ 5,

for all E#w € Sy, (because of Lemma (3.6)).
Then, the map

X €Sy 976X €SS (40(5))(X) € Sy

is an automorphism of Sy(,).



But Sy, is a simple algebra finite dimensional over its center. By the
Skolem-Noether Theorem, there exists an invertible matrix A € Sy such
that this automorphism is conjugation by Ay).

Set now A = Ay ++ - + Afn). We claim that ¢ o (6)' = Cyu.

In fact, it is enough to prove the equality in each component Sy(;).

Given a matrix unit E¥¥% € Sy, we have that:
C4(E™Y) = AEwm A-t AI(',)EanlA;(li) = (qSo (a.)—‘)(Elel) ,

and the claim is proved.

Therefore, ¢ = Ca07 .

To conclude the proof, we notice first that & € P.

Also, CNP = 1. In fact, given & € CNP, we have that 7 is a conjugation
by matrix A € S. Therefore, 3(S;) = 5;, for all i. Then, o(C;) = C;, for all
i, and by the definition of o it is easy to conclude that o = 1.

Since C < Aut (S), the proof is finished. o
A little extra effort gives Theorem B.

Proof of Theorem B. First, we observe that if o is an automorphism of p
and C is an equivalence class of p, then o(C) is also an equivalence class of
p-

Suppose first that the equivalence classes of p are of different sizes.

In view of Theorcm B, it is enough to prove that P = L.

Set G € P. By the hypothesis and the above, we have that ¢(C) = C,

for every equivalence class C of p.
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Now, let C = {z,,1,,...}, where z; < 7y il k < |. As & € P, we have
that o(z;) < o(z). Thus, it is easy to see that a(z;) = zy, for all z;, and

hence & = 1.
For the converse, we observe that P = 1 by hypothesis.

Suppose there are two equivalence classes C, and C; of p such that |Gy} =

|C:| and write:

C ={z1,25...}, Co= {v1,92,---}

wherez, < zjand y, <y if k < L.

Then, we can define the following permutation o of I:

olzk) =yk, Yz € Cr,
aly) =1, Yy eCy,
o(z)=z, Y:gCiUC,.

Then, & € P, a contradiction. (]

4. The general case

First, we need to discribe J(S), the Jacobson radical of §. In what
follows, we shall denote J(S) simply by J.
The following proposition can be obtained as a consequence of the results

in [9]. We offer here a direct proof.
(4.1) Proposition. With the notation above, we have that
TJ={A€S | A;=0il(ij)€p}.
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Proof. Let
T={AeS|A;=0if(ij)en).

By Lemma (3.2), T is an ideal of S.

We claim that

2 = A+ [ Ay =0 G) #7) -
In fact,if B+T € %, choose B’ € § such that Bj; = B;; if (i,) € p, and
B;=0if(i,5)¢p.Then, B—-B' €I, and B+I=B'+Te€ {A+I|A; =
0if (i,5) € 7}
The opposite inclusion is trivial.
Now, let
S" = {A € My(K)|lAi; = 0if (i,7) € 7) -

Then, the mapping f : §' — g given by f(A) = A+ZI, VA€ S5, isan
isomorphism of algebras.

By Theorem (3.4), §’ is scinisimple, since it is a structural matrix algebra
defined by the symmetric relation z.

Then, % is semisimple, hence J C T.

Now, § is a semisimple component of % Let e + J be its unity element,

where e € 7. We compute:

e+T = (L+INe+TNL+T) = E+TNNe+ TN E+T)=

i€l 1€l

S EeE'+T .

el
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That is,

e—ZE'eE'=q€J.
el

Since J C I, we have that I E'e£* = e —p € I. But T does not contain
diagonal matrices. Hence,e —n=0and e = p € J. That is,TcJ. (]

In order to deal with the automorphisms of S, we observe that given
¢ € Aut(S), we have that ¢(J) = J. So, ¢ induces an automorphisin ¢ of
:‘-;—, namely:

HA+T)=¢(A)+ T, forall A€ S .

Suppose now that e, e’ are idempotents of S such that ¢(e+ J) = '+ 7.
Since $(e + J) = #(e) + J, we have that #(e) must be of the form:
dle) =€ + 79, where p € J .

We need more information about these idempotents.

(4.2) Lemma. Let £ = E’, n € J and let £ = E + 3 be an idempotent of
S. Then, for all i > 3 we have that

£ = Ex(mtn’+- 40 VE+Em+0 "+ +y7") +

-2 . .
Y+t T E 4t
k=1

Proof. We shall proceed by induction on i. We have that
E=E=E*+ Eyn+nE+9 = E+Eqn+9E+9?.
Multiplying the first and last members of the equation by £(= E + 3),
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we obtain:
£ = E+EnE+nE+1)’E+E17+En’+nETI+n3-

But EgE = n;;E’, n;; € K. As EnE € J and J does not contain
diagonal matrices, we conclude that EnE = 0.

So, £ =E+(n+7)E + E(n+1%) +nEn+1°, and the claim is proved
for i = 3.

Suppose now that equality holds for a given index i, and multiply both
sides of the equality by £(= E + n).

Observing that the terms E(y + 9?4 --- + 7" ")E and Ti(n+n* +--- +

n'=*"1YEn*E are both zero (by the argument used above), we get:

E = E+(+n* 4+ +0)E+E@m+n'+--+0)+n+n*+---
i-2
1l|—l)En+Z(n+7l2+_“+nl—l—k)Enk+l +17l+l ,
k=1
as required. 8]

Notice that, since S is artinian, the elements of J are nilpontent.

(4.3) Corollary. With the notation of Lemina (4.2), we have that:
(i) if the index of nilpotency of 7 is 2, then € = E + nE + En;
(ii) if the index of nilpotency of 7 is s > 2, then

£ = E+(n+7+-+7 VE+E@+n*+-+07"7")
-2

+ Y+nt 4+ E"
k=

Proof. Since £ = E + En+1E + 7%, (i) follows trivially.
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In a similar way, (ii) follows from the lemma above. o

(4.4) Corollary. Let £ be an idempotent of S in the conditions of Lemma
{4.2). Then, there exists # € J such that

E=E+E0+0E +0E0.
Conversely, if d € J and E = E7 (j € I), then

E=E+ E0+0E+0ED

is an idempotent of S.

Proof. Suppose £ is an idempotent as in Lemma (4.2).

If the index of nilpotency of 7 is 2, then £ = E + En 4+ nE, by Corollary
(4.3).

Computing &2, we get that:

E+En+nE=E=E"=E+ Enp+nE+nEn.

llence, nEy = 0 and it is enough to choose & = 7).

If the index of nilpotency is s > 2, computing £?, we obtain:
£ = E=E++n*+-+0 E+En+n*+-+0"7") +
(+n*+--+0)E@+n +-- 407
Then, it is enough to choose § = +9? + - +7*7.
The converse is trivial.
(4.5) Lemma. Let 9 € J,E = E? (j € I) and let £ be the idempotent:

E=FE+F0+0E+0ED.
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Then,
U=(I,+E0)(I.-0E)eS

is invertible and

UEU' =E .

Proof. We have that

(I, = 0E)(In + 0E) = I, ,
(I + EONI, - EO) = I, .

Therefore, U~ = (I, + OE) (1, — E9) .

An easy calculation shows that

(I.—0E)e(I, + 0E) = E+E0,
(I, + EO)E + EO)(I, — E0) = (I, + EO)E(L, + E0)(I, — E0) =
= (L.+EOE=E

Now, for each j € I, pick 0; € J and consider:

= B+ E'0; + 0;E7 + 0,E'0; ,

Ln

(In + E70;)(1. - 0;E;) .

S
I

(4.6) Lemma. With the notations above, we have that:
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(i) Cu, =1,forall j€I.
(i) If E°€; = &;E* =0, where i,j € I, i # j, then E'U; =UE =E;.

Proof. Since the elements If; are such that U; + J = I, + J, for all j € 1,
(i) follows.

In order to prove (ii), we compute:

E'E; = E'0,E’ + E'0,E?0; = E‘0;E'(I, +6;) =0,
£,E = E0,E' + 0,E*0,E" = (I, + 0;)(E'0,E') =0 .

Since 8; € J, we have that I, + 0; is invertible. Hence, E0,E =
E9,E' =0.
Now, we compute E‘U,— and L(jE‘:

EiU; = E'(I, + E*0,)(I, — 0E’) = E'(I, - 0,E’) = E' - E'0,E’ = E*,
WE = (I, + E'0;)(I, - 0,E")E' = (I, + E’0,)E* = E' + E’0,E' = E'

a
(4.7) Lemma. Let ¢ be an automorphism of S such that there exists a

permutation o of I satisfying:
PE +T)=EVN3 T, foralljeJ.
Then, there exists an invertible element U of S such that Cu =1 and

(Cuo@)(E) = E°V), forall j€ J .
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Proof. We have that
o(E') = E°W 4 g, wherem € J .

Then E°(") + g, is an idempotent of the type described in Lemma (4.2).
By Corollary (4.4), there exists 8,(1) € J such that

E,(l) = ge +m = Eo(l) + E"“’O,m + 0.,(,)E"“’ + 0,(1)Ea“)0,,(1) .

Consider now the element U, (), given by Lemma (4.5).
We have:
(Cutyy, © PUE") = Cuiyyy (Eoy) = Zre,
C‘_U.(]) op = ‘1_9 )
due to Lemimas (4.5) and (4.6)(i).

Then,
(Coty090) (B2 + T) = E°D + 7, Vjel.

Similarly,
(Curyy 0 2) (E?) = E°® + 1, where ma € T .

We now consider the element 0,(5) € J, the idempotent &2y = E°3) 4
m = E7®) 4 E°, ) + 0,5 E°P) + 0,(2)E?@8,(2) and the element U, (z),
given by Corollary (4.4) and Lemma (4.5) respectively.

We have that

It

Ea('z) E,(z)

e E°®

(Cuy 00) (E'EP) =0,
(Cutgy 0 0) (E*E') =0
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By Lemma (4.6)(ii), we have that Cu,(,,(E"“)) — E“0). Therefore,
(C“m) © Gy °‘P) (E') = E°(M). Furthermore,

(Cutoiry © Cttsy 0 9) (E?) = E°® |

Cu’(n OC[(‘“) oY =@.
That is,
(('u,m o Cll,“) o 5‘9) (EJ + J) = Ea(J) + J‘ VJ el.

Proceeding in this way, we get that the element U = Us(nlUo(n-1) " **Us(1)

verifies the thesis. D

Now we shall deal with the subgroup G.

Before stating the next lema, we must fix some notation.

We point out that if C, C* arc equivalence classes of p and (r,y) € p, with
rzeCandyeC, then C xC' Cop.

Among the equivalence classes of 5, we may have some classes C with the
following property: if C' is an equivalence class such that either C' x C C p
or CxC'C p,then C'=C.

Let C1,Cs,...,C, be such classes (il they do exist) and fix an element z;
in each Ci.

Choose also an element y € I such that y is a vertex of T, for each tree
Te.

In regard to the classes C; and the trees Ty, we remark that:

e The sets of vertices of the trees Ty are mutually disjoint.
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s None of the classes C;, | <1i < ¢, intercept these sets of vertices.

o The union of the set of vertices of the graph U,T, with UL, C; is the

set /.

We are ready now to state our next lemma.

(4.8) Lemma. Let g: p — K* be a trivial function such that g(j,k) = 1,
for all (j, k) € p and let z;, 1 < i < q, and y, be the clements above. Then,
there exists a map s: [ — K* such that

(i) s(z,) =1, 1 €< q, and s(ye) = 1, for all ¢

(i) g(j, k) = s(j)s(k)™", for all (j,k) € p.

Proof. There exists a map s, : [ — K~ such that
g kY = s1(j)s1(k)™", for all (j,k) € p ,

since g is trivial,

Pick j € I. Due to the remarks above, we have that either j € C;,
for some ¢, which is uniquely determined, or there exists ¢, also uniquely
determined, such that j is a vertex of T}.

In the first case, we define s(j) = s,(j)s1(z;)~" , and in the second one,
we set s(7) = 5;(j)s1(ye)™" . Hence, s satisfies condition (i).

To prove (ii), pick first (j,k) € 5. Then, if j € C,, for some i, we must
have that k£ € C,, and

s)s(h)™! = su(f)sa(x:) 7 sa (k) Tsal@i) = su(G)si (k)7 = g(hi, k) -
Suppose now that j ¢ C;, for any i.
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Then, on the one hand, we have that j, k € C, for some equivalence class
C of 3. On the other hand, there exists an equivalence class C' # C such
that either Cx C'Cp\PorC'xC Cp\ p.

Then, it is easy to conclude that j and k are vertices of the same tree T}.

Therefore,
s(7)s(k) ™" = s1(f)sa(ye) " s (k) sulye) = 81 ()i (k)" = 905, k) -

Similarly, if (j, k) € p \ P, we have that j and k are vertices of the same

tree T, and the equation above shows that g(j, k) = s(j)s(k)~". 8]

We remark that it can be proved that the function s in the conditions of

Lemma (4.8) is uniquely determined.

We now observe that the set

G ={g:p— K" |gis a transitive function}

is an abelian group, with respect to the pointwise multiplication of functions.

Furthermore, the subsets

D
F

{g € G| g is trivial} ,
e
{9 € G|g(jk) =1, forall (5,k) €pu HC.— x C;}

=1

are easily seen to be subgroups of G.
(4.9) Lemma. With the notations above, we have that
G = D x F (direct product).
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Proof. First, consider g € DNF. We claim that g(j, k) = 1, for all (j, k) € .

In fact, given (j, k) € p such that (j, k) & [1CixC;, there exist equivalence
classes C and C’ of 5, C # C’, satisfying: j,k € C and either C x C' C p or
C' x C C p. Hence, j, k are vertices of the same tree Tj.

Furthermore, there exists a function s, : | — K™ such that g(z,y) =
si(z)si(y)Y, for all (z,y) € p. Since g € F, an easy argument shows that
s1(J) = s1(k) = s1(ye), where y, is the fixed vertex of Te.

That is, g(J, k) = 81(j)s1 (k)" = 1. The claim is proved.

Given the elements z; and y; of Lemma (4.8), we have that there exists a
map s : I — K" such that s satisfies condition (i) and g(j, k) = s(j)s(k)7!,
for all (7, k) € p.

Take j € I such that j is vertex of a (unique) tree T;. An easy argument

shows that s(j) = 1, since s(y¢) = 1 and g(Jj, k) = s(7)s(k)7, for all (5,k) €

i

If ; € C,, for some i, then (z;,7) € p. Since g(j, k) = 1, for all (5, k) € p,
we have that s(j) = s(z;) = 1.

Hence, g(j, k) = s(3)s(k)~! = 1, for all (3,k) € p. Thus, DN F =1.

Now, choose an element g € G, and consider the restriction of g to 5. We

claim that there exisis s : I — K" such that
9(d, k) = s(j)s(k)~",

for all (5, k) € p.

In fact, if j € C,, for some i, we have that (z;,7) € p and we define:
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() = g(zi,7)™". On the other hand, if j is a vertex of a (unique) tree Ty,
consider the unique path zoz; - - 2 connecting ye to j (that is, zo = y, and
2w = 7).

In order to define s(j), we proceed by induction on m.

If m = 0, then j = y, and we define s(j) = 1. Suppose now that
s(20), 3(21), ..+ ,8(2m=1) are defined. As usually, either (zm-1,2m) € p oF
(zmy Zm-1) € p.

In the first case, we define

3(7) = 5(zm) = g(Zm-1,2m) ' 8(zm-1) ,
while in the second case, we set
3(j) = 8(2m) = 9(2m; Zm-1)8(2m-1) -
Then, s is as required.

In order to see this, we observe that if (j, k) € p, then j and k are vertices
of the same tree T, and there exists a path joining y¢ to k.

Suppose that wow - -- wy is such a path, with wo = y¢ and wy = k. Due
to the uniqueness of the paths joining vertices of T¢, we conclude that either
W1 = j OF Wowy « + + WWeq1, With weyy = 7, is the unique path connecting y¢
to 3.

In both cases, the definition of s shows that g(j, k) = s(j)s(k)! for all
.k €D.

Now, let 3(j, k) = s(j)s(k)™", for all (j, k) € p. Then, 5 € D.

Furthermore, if (j, k) € Ci x C;, for some i, we have that:
G 9)G. k) = glzii)glai k)" gli, k) = g(zi j)g(k,z)g(s, k) =
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= g(knl)y(.hk) =1.
Therefore, we conclude that:
(37'g)(5, k) = 1, for all (j,k) € pU HC.- x C; .

Hence, 57'g = f € F, or g = 5f, and the proof is complete. a

(4.10) Lemma. Let g : p — K~ be a transitive mapping. Then, g" = C4

for some A € S if and only if g is trivial.

Proof. Suppose that ¢* = Cy, for some A € S. Then,

AEYA™Y = g(i,j)EY, i.e.,
AE” = g(i,j)E” 4,
for all (z,)) € p.

It is now easy to see that A is a diagonal matrix and hence Ay # 0, for

all k € .

The (i, j)-entries of both sides of the equation above give us: A;; =

=g(i,7)Aj; .

Hence, ¢(i,)) = fl,-,-:l)-_ll , and it is enough to define s(i) = A, for alli €

Suppose now that ¢(i,7) = s(i)s(j)~", for all (z,5) € p.
Then, if A = ¥, s(z)E', it is easy to see that
AEY AT = g*(EV),

as we wished Lo prove. 0
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Proof of Theorem C. Let ¢ be an automorphism of S and ¢ be the auto-

morphism induced on -_‘;

As we saw in the proof of Proposition (4.1), we have that % = S’ where
5' = {A€ M (K)|A; =0if (i,j) €7} -
Furthermore, an isomorphism f : §' — % is given by:
f(A)=A+J, forall A€ S .

Due to Theorem A applied to the semisimple structural matrix algebra

5’ and the definition of f, we have that
E = CA+J o 5 ’

where A € §’ C S is an invetible matrix and ¢ is an automorphism of 5 such
that
FEY+J)=EWW 1+ 7, forall (i,j) €7 .
Furthermore, o verifies the condition: o(z) < o(y) whenever (z,y) € 7

andz<y.
Then,

CA—I o= C..|-|+JO$ = CA-I+J OCA+.7 Oé = 5 .
Now, due to the definition of 127, we have that:
Caiod(E'+T)=5(E' +J)=EV+J, foralljelT.

Hence, the automorphism @ = C4-1 0 ¢ satisfies the hypothesis of Lemma

(4.7). So, there exists an invertible element U € S such that

(Cuow)(E) = E'Y), foralljel,
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Cu=1.
We set ¥ = Cy o = Cyu—r 0 ¢. Then,

Y(EY) = W(E'EVE’) = Y(E)W(EY)¥(E)=
Ea(i)\p(Eii)Eo(J') - aa('.)aamEt'(i)a(J') ;

where Qs(i)o(s) € I\"
Then, (o(i),o(j)) € p, for all (i,]) € p; hence o is actually an automor-
phism of p, and & € P.

Now, let g : p — K* be the transitive function:
g("(‘)aa(])) = bo(a)o(j)r for all (ly]) €p.
We have that:
W(EY) g (Bl [ie.,
V(EY)

(g° 0 &)(EY), for all (i,7) € p .

Hence ¥ = g" 0 3, where 5 € P. Or:

C[(‘,‘-l o] ¢ = _q' o &, i.e.,

¢=Cw-xog'o&.

But, by Lemma (4.9), we have that ¢ = d f, where d € D and f € F.

Hence, g = d* o f*, where f* € G and d* = C for some A’ € S, due to
Lemma (4.10).

Then,

¢=CAU—IAIOf'Oa‘,
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where C -4 €C, f* € G and & € P. Thus, ¢ has the required form.

In order to finish the prool, we must show that:

(a)CNG=1,g"0Ch0(g")' €C,forall g* €Gand C4 €C.

(b (CaG)NP=1,50¢0(5)'€CxG,foralld€Pand $€C HG.

We start with claim (a). Clearly, C is normal in Aut (S). So, pick ¢* € G
such that ¢° is conjugation by a matrix of S. By Lemma (4.10), g is trivial.
Hence, g € DN F. By Lemma (4.9), we obtain g =1, i.e., g" = 1.

To prove (b), we observe that it is enough to show that o g* o (3)™' €
CxG, forallg-eg.

We have that

(30 9")(E**) = 5(g(j, k) E™*) = g(j, K)E°WP™®), for all (j,k) € p .

Let h: p — K" be such that k(o(j),a(k)) = g(j, k) for all (5,%) € p.
Trivially, h is a transitive function. Therefore, h € G.
By Lemma (4.9), h=d f, whered € D and f € F.

Back on the equation above, we obtain:
(G0g")(E™) = (h* 03)(E*) = (d"o f* o &)(E™*) for all (j,k) € p .
That is,
Gog o(d)'=dof".
But, by Lemma (4.10), we have that d* € C. Therefore, d" o f* €C » G,

as we wanted to prove.

Finally, pick & € (C ¥ G) NP. We have that 3 = C40g", where C4 € C
and ¢g* € G. Then:

E°V) = G(E') = (Cprog”)(E’) = Ca(E?), forall je I .
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Considering this equation in %, we get that:
BV 4+ J =Carg(E' + 7).

Now, we recall that % 2 5' and from the definition of the isomorphism,

we get that
EV) = Cul(EY),

where A’ € §’ issuch that A+ J = A+ J.

But conjugation by A’ fixes the simple components of S’. By Lemma
(3.6), we conclude that o(j) belongs to the equivalence class of j defined by
the relation 5. From the definition of P, we get that o = 1.

The proof of Theorem C is complete. 8]

Proof of Theorem D. Suppose first that conditions (i) and (ii) hold. Then
Lemmas (4.9) and (4.10) and the definition of P imply respectively that
G =1 and P = 1. Hence, by Theorem C, every automorphism of § is inner.
Now, assume that every automorphism of § is inner, and consider a tran-
sitive function g : p — K". By hypothesis g" is inner. Hence, by Lemma
(4.10), g is trivial.
For (ii), pick an automorphism o of p. Since  is inner, computing in %,

we have:

E°V L T =G(E"+J)=Cays(E'+ J) .

Now, % = &' where

S'={A€ MJ(K) | A;=0if (z,) €7},
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as we saw in Proposition (4.1). So, E°U) = C4(E7) , where A’ € S is such
that A/ +J =A+J.

Since S’ is semisimple and C, fixes the simple components of S’, we get
from Lemma (3.6) that o(j) belongs to the equivalence class of j defined by

the relation p. This completes the proof. n]

We can now obtain the results from [3] and [6] in the case where the ring

of coeflicients is a field.

(4.11) Corollary. Every K-automorphism of the algebra of upper triangu-

lar matrices with entries on K is inner. *

Proof. We observe first that this is a structural matrix algebra defined by
the relation
p={(ij)ijeTandi<j}.
Hence, we must show that conditions (i) and (ii) of Theorem D hold.
To prove (i), pick a transitive function g : p — K°.

We define:
s(1) =1.5(2) = y(l,2)'l,...,s(n) =g(l,n.)—1 .

We have that g(1,i)g(i,7) = g(1,7), that is, g(i,5) = s(i)s(j)~". Hence,
g is trivial.

For (ii), pick an automorphism ¢ of p. Since the equivalence classes of 7
are singleton, we must show that o = 1.

We observe first that the relation p can be written as: p = Ui, pi, where

pi= (i) (hi+1),...,Gm)} 1 <i<n
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Then, the image of py by o is: {(o(1), (1)), (a(1),2(2),- .-, (a(1), a(n))} -

Now, this set has n elements and is contained in p;, for some i. But
[pil =n —i+ 1,501 =1. Therefore, o(1) = 1.

Proceeding in the same way with p,, we get that (2) = 2 and, similarly,

a(i) = 1, for all i. Hence, o = 1. o]

5. Examples

We now show that conditions (i) and (ii) of Theorem D are mutually

independent.

Example 1. Let K be an arbitrary field. We exhibit a relation p where
every transitive mapping g : p — K is trivial, but not all automorphisms of
p fix the equivalence classes of p.

Set p = {(1,1),(1,2),(2,2),(3,2),(3,3)}; s0 5 = {(1,1),(2,2),(3,3)}-

Now, the permutation ¢ = (1 3) is easily seen to be an automorphism of
p, but o(1) # 1.

Let now g : p — A" be a transitive function.

We observe that the graph A associated to p \ p is:

Hence, it is connected and coincides with a tree containing all its vertices.
Therefore, with the notations of Lemma (4.9), we have that G = D,

F = 1. That is, every transitive function is trivial.
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We point out that, for the corresponding structural matrix algebra, we

have that ¢ =1 and P = {1,5}. u}

Example 2. We shall now show that we can find a field KX and a rela-
tion p where the automorphisms fix the equivalence classes of 7, but not all
transitive functions g : p — K" are trivial.

Set

p = {(1' l)v(114)1(1a5)1 (lvﬁ)a(2v2 v(213)v (274)1 (275)1 (216)1
(3,2),(3.3),(3,4),(3,5),(3,6), (4,4),(5,5),(5,6),(6,5),(6,6)} ,
and let K be a field such that |K|> 2.

For such a p, we have that the graph A and a tree T which contains all

its vertices are given by:

~

A

5 6 5 6

I

3 "2 3 2
Furthermore, we have that 5 = {{1,5),(1,6),(2,4), (3,4),(3,5)} and 5=
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Then, the function ¢ : p — K* such that g(1,4) = a € K, a # 1,
¢(i,j) = 1, for all (i,7) # (1,4), is casily seen to be a non-trivial transitive
function.

We now observe that the equivalence classes of p are: {1}, {2,3}, {4},
{5,6}.

Let o be an automorphism of p. Since equivalence classes go to equiva-
lence classes under o, we have that either o(1) =1 or o(1) = 4.

But, if o(1) = 4, we must have that o(4) = 1, and (o(1),0(4)) = (4,1),
which does not belong to p. Then, o(l) =1 and therefore (4) = 4.

Similarly, either a({2,3}) = {2,3} or 0({2,3}) = {5,6}. If o(2) = 5, we
have that (¢(2), o(4)) = (5,4) € p, a contradiction. Hence, o({2,3}) = {2,3}
and, consequently, o({5,6}) = {5.6}.

An easy calculation shows that for the corresponding structural matrix

algebra, we have that G = K* and P = 1. m]
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