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1. Introduction

In this article we consider the initial value problem (IVP) associated to the
two dimensional modified Zakharov-Kuznetsov (mZK) equation,

ug + O3 + &ﬁgu +u?0,u =0, (r,y) € R?, t € R, } (1.1)
U(l’,y,O) = Uo(l',y). .

This equation is a bidimensional generalization of the Korteweg-de Vries (KdV)
equation and serves as a mathematical model to describe the propagation of
nonlinear ion-acoustic waves in magnetized plasma (see for instance [26]).

In recent years, the well-posedness of the IVP (1.1) has been studied in
the context of the classical Sobolev spaces H*(R?). The Zakharov-Kuznetsov
equation, even with more general non-linearities than those we are considering,
has been studied, among others, in [1,3,6,14,15,17] and references therein. In
the two dimensional case, Ribaud and Vento in [25] obtained well-posedness re-
sults for s > 1/4 relying solely on linear estimates for free solutions. Kinoshita
addressed the critical case s = 1/4 in [14], and also established C3-ill-posedness
for s < 1/4.

In this work, we focus on the IVP (1.1) within the context of weighted
Sobolev spaces. In this regard, the pioneering work for nonlinear dispersive
equations is due to T. Kato [11] for the Korteweg-de Vries (KdV) equation

Opu + 02u + udyu = 0. (1.2)
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Subsequently, in [5] and [24], local well-posedness was established in weighted
Sobolev spaces (for non-integer indices) for the Cauchy problem associated to
(1.2).

In the case of the Zakharov-Kuznetsov equation, the Cauchy problem
in weighted Sobolev spaces was initially studied in [2] and [4] for dimension
d = 2, where the authors adapted techniques developed for the KAV equation
n [5], [11], and [23]. Additionally, Linares, Pastor, and Drumond Silva in [16]
also considered the local well-posedness in weighted Sobolev spaces for the 2D
symmetrized Zakharov-Kuznetsov equation, as part of their work on dispersive
blow-up phenomena. More recently, Mendez and Riafio in [20, Theorem 1.2]
obtained a first local well-posedness result for arbitrary dimensions d > 2
without pursuing minimal regularity.

It is worth mentioning that it is possible that the ideas of Ribaud and
Vento [25] may be extended to the context of well-posedness in weighted
Sobolev spaces. Since our main interest in this work is not to pursue opti-
mal local well-posedness in such spaces, we will consider s > 3/4 coming from
the classical Kenig-Ponce-Vega method [12] involving maximal estimates.

Isaza, Linares and Ponce in [9, Theorem 1.4] and [10, Corollary 1.6]
showed that there exists an improvement in regularity when an excess of decay
is exhibited by the solutions of the KdV equation. More precisely, they proved
that if u € C(R; L?(R)) is the global solution of the KAV equation obtained
in [13], and there exists a > 0 such that in two different times ¢g, t; € R

2| u(z, to), |o|*u(e,t:) € L*(R),
then
u € C(R: H**(R)).

Later on, in [22], Mufioz and Pastor revisited [9, Theorem 1.4] and adapted the
proof for the modified KdV equation obtaining a similar result for any a > 0
without relying on the ideas of propagation of regularity done in [10, Corollary
1.6]. A related result was also obtained for some dissipative perturbations of
the KdV in [21, Section 4]. Recently, Linares and Ponce in [18] carry on the
study of this phenomena obtaining a similar result for the Intermediate Long
Wave equation.

In the context of propagation of decay Mendez and Riafo in [20, Theo-
rem 1.1] proved that localized decay on the initial data is propagated by the
corresponding solution. The authors showed that the gain of extra localized
regularity is determined by the magnitude of the decay r with respect to their
maximum gain of regularity |2r|. In particular in the integer case, a weight of
size r produces regularity of order up to 2r.

Inspired by the ideas of Isaza, Linares and Ponce in [9], the main objective
of this work is to study the relation between regularity and decay for solutions
of the two-dimensional modified Zakharov-Kuznetsov equation in the weighted
Sobolev spaces

Zs (rr ) o= H (R®) N L2((1 + 2> + |y[*"*)dady).
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Taking into account the linear change of variables performed by Griinrock and
Herr in [6]

¥=pr+ Xy, yi=pr—y, t:=t and v,y t") =u(x,y,t),

where = 471/3 and A\ = /3y, we consider the symmetrized version of equa-
tion (1.1), that is

v + 030 + O5v + 473 (020,v + v?0,v) = 0. (1.3)

Note, u satisfies the equation in (1.1) if and only if v satisfies equation (1.3).
In this way, we may consider the IVP

vy + O3v + O3v + 473 (0200 + v20yv) = 0, (r,y) € R?, t € R, }

v(a:,y, O) = Uo(x, y)7
(1.4)

where vo(2',y') := ug(x,y), instead of IVP (1.1).

Following the ideas of Fonseca and Pachén in [4], and Bustamante, Jiménez
and Mejia in [2], we will first establish in Theorem 3.3 (below) a well posed-
ness result for the IVP (1.4). From Theorem 3.3 and [20, Theorem 1.1] the
relationship between the regularity index s and the decay rate (r1,72) of the
solutions of the equation (1.3) is expected to be r +— 2max{ry,r2}. Neverthe-
less, the main result of this article extends the relation of Mendez and Riano
to fractional exponents s,r1, 79 (in the particular case d = 2) in the sense that
the relationship between the indices s and (r1,72) obeys r +— 2min{r,ro}.
More precisely,

Theorem 1.1. Let v € C([0,T]; H*(R?)) be the solution of the IVP (1.4) pro-
vided by Theorem 3.1 (below). Assume there are to < t1 € [0,T] such that (1+
|z[/2Fer 4 |y[s/2Fe2)o(t;) € L*(R?), i = 0,1. Then, v € C([0,T]; H*F2*(R?)),
a = min{ay, as} in the following cases

(1) 3 <s<1land0<a< 5.

(2) s>% and a > 0.

Note we may also interpret Theorem 1.1 as an ill-posedness result in
the following sense: assume vy belongs to Yy o, a, = (HS(RQ) \H* (RQ)) N

L2((1+]z]?* +|y|**2)dzdy)) with min{aq, as} > s/2. Then the corresponding
solution of the mZK equation does not persist in Ys o, a,-

The gap s € [1, %] ought to be compared to that displayed in Theorems
1.2 and 1.3 of [18] in the context of the intermediate long wave equation.
The argument used to prove our main result also involves a weighted energy
estimate that remains standard when a < % When o > 1/2 the structure
of the nonlinear part of the equation is degenerated on increments of one
derivative per each step of length 1/2 on the size of a.

We also point out that when s > 1 the proof of our main result relies
strongly on the use of maximal estimates in the presence of weights (see Lemma
3.4 below) to handle the propagation of degeneration coming from derivatives
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of the nonlinear expression fdf. It is known for the non-symmetrized group
that the estimate
1U (t)uol|rz 1

<o S Clluollms

holds whenever
s>1-1/pif p>4or when s >3/4if p € [2,4). (1.5)

Moreover, this is sharp up to the endpoint (see Theorem 1.2 in [19]). To con-
trol the weights in H®(R?) with s > 1 in our method, the condition (1.5) is
translated into s > 9/4. It is expected this is the best we can get with this
method.

This article is organized as follows: in Section 2 we establish some linear
estimates for the group associated to the linear part of the symmetrization of
the mZK equation, we present the Leibniz rule for fractional derivatives, and we
recall some results concerning the Stein derivative and interpolation estimates.
Section 3 is devoted to the study of the local theory for the Cauchy problem
(1.4) in the weighted Sobolev spaces Z (,, r,). In Section 4 we present the
main contributions of this paper, we establish the relationship between decay
and regularity of solutions for the mZK equation and prove Theorem 1.1.

2. Preliminaries
2.1. Notation

We use ¢ to denote several constants that may vary from line to line.
Dependence on parameters is indicated using parenthesis. We write a ~ b
when there exists a constant ¢ > 0 such that a/c < b < ca. For a real number
s we denote with s (respec. s7) the quantity s + ¢ (respec. s — ¢) for an
arbitrary small € > 0.

The set LP(R) is the usual Lebesgue space and L?(wdz) represent the
space L? with respect to the measure w(z)dz. The norm in LP(R) will be
denoted by || - ||,- For a function f, the expressions fand fY mean the Fourier
and inverse Fourier transform, respectively. For s,71,72 € R the set H*(R?) is
the L2-based Sobolev space of index s and the set

Zs () 7= HO(R?) VL2 ((1+ [ + [y[*") dwdy)

is the weighted Sobolev space with regularity s and decay (r1,72). In case
1 = r2 we simply write Z, (,, r,) =t Zs,r,. We denote with || - ||z s the norm
in the mixed Lebesgue spaces defined by

T p/q 1/p
[fllze L == /R(/O |f(m,t)|th> dz

We use (&,7) € R? for the dual Fourier variable of (z,y) € R?. We denote the
fractional derivatives with

(D*))NEm) = (D3, HNEm) = (&) F(E,m),



NoDEA On decay and regularity of solutions Page 5 of 35 57

(D3 H)MEm) = €1 F(€,m),
(D3 £)" (&) = |nl* F(&,m)-

For simplicity we adopt the notation (z) := (14 22)/2. Also, denote with
J? f the potential

TN Em) = (L+2> +y*)*2F(&,m).

If f,, — f and we say an estimate is valid for m large enough we mean
that for some M € N if m > M then

[l < Alfm = FIH A< TSI < el FI-

2.2. Linear estimates

Let us consider the linear IVP associated to the IVP (1.4),

vy + 030+ 93v = 0, (r,y) € R?, t € R,
x Y (2.1)
U(SC, Y, 0) = U0(1'7 y)a
whose solution is given by
v(z,y,t) = [V([t)wl(z,y), (z,y) €R? tER,
where {V(t) : t € R} is the unitary group defined by
1 i3 4m3) o .
VOl = g [ Ty agay. (22

Lemmas 2.1 to 2.3, as well as Proposition 2.4, deal with some results
concerning the group defined in (2.2).

Lemma 2.1. (Strichartz-type estimates). Let £ € [0,1/2], v = 122 and § =
(2 — 3¢)/18. We have that

V() fllgrs < T IDZ flliz,, (2.3)
IV flles e < TV NIDyFlla, (24)
IV COS e < 21D 22, (2.5)
and
IVCFl e < TNDZ 11z, (2.6)

Proof. Tt is clear that the procedure developed in proving Lemma 2.1 in [2],
and Lemma 2.6 in [17] can be adapted to establish the estimates (2.3) to (2.6).
O

Although the following Lemma is not strictly demonstrated in [2] or [17],
it can be established using the same methods as shown in those works.
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Lemma 2.2. (Local-type estimates). There exists a constant ¢ such that

102V (-t)voll gz, < cllvollrz, ,
[0y V (-t)voll ez, < cllvollzz,,

’ /Vt—t t')dt’

t
0, [ vie— ()
0

<cllgllpazz, (2.9)

LFLE,

and

Proof. Notice that estimates (2.9) and (2.10) are simply the dual versions of
(2.7) and (2.8), respectively. For the proof of (2.7) and (2.8) we refer the reader
to Lemma 2.2 in [2]. O

<cllglprze, - (2.10)
LygL2, o

Lemma 2.3. (Maximal-type estimates). Let vy € H*(R?), for some s > 3/4.
Then for all T >0

IV (e)vollza gy, < e(s)(1+T)2|wollzrs, (2.11)

IV (-t)voll L2 Les, < e(s)(1 +T)?|lvol|ag, - (2.12)

Proof. See Lemma 2.3 in [2]. O
Proposition 2.4. For 6 <r < oo and s = % - % we have

Hv(t)f”Lij{ <l fllg, - (2.13)

Proof. See Corollary 1 in [7]. O

Using (2.13) and Sobolev embeddings it can be seen that for s > 3/4 it
follows

V() fllzarg < cllfllmg, and V(@) fllrarss < cllflla;, - (2.14)
2.3. Fractional derivatives
The following inequality is crucial to deal with the L?—norm of the frac-
tional derivative of a product.

Lemma 2.5. (Leibniz fractional rule). Let us consider 0 < a <1 and 1 <p <
co. Thus

ID*(fg) = D9 — gD fll o) < cllgll@ 1D fllLe @),

where D* denotes Dy or Dy.
Proof. See Theorem A12 in [12]. O

In what comes to the LP —norm of the fractional derivative of a function,
we have the following useful result.
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Lemma 2.6. Let I,m, r € (1,00], and 0 < a < b with

1 1 al

Loyt

l ( b) r o bm

a/b a/b
D Fle,

Then
D fller <

where D denotes Dy or Dy

Proof. See Lemma 5 in [23]. O

Denote with A, the Muckenhoupt class on R™. More precisely, given
1 < p < oo, Ay consists of all weights w such that

[wlp = sup<Q|/ w(y )dy) (&/@w_f’ll(y)dy)pl <oo, (2.15)

where the supremum is taken over all cubes @ C R"; additional details may
be seen in [8].

Lemma 2.7. The Hilbert transform is bounded in LP(wdzx), 1 < p < oo, if and
only if w € Ap.
Proof. See Theorem 9 in [8]. O

2.4. Interpolation results

Lemma 2.8. Assume a,b>0,1<p<oo and @ € (0,1). If J*f € LP(R™) and
(z)°f € LP(R™) then

() T f || Lo amy < ell(@)® FI1 T ey 1 F I o Gy (2.16)
The same holds for D instead of J. Moreover, for p =2 we have
179 (@)D fll 2 ny < el T F |22 m 1€2)° F 1| 2 Gy - (2.17)

Proof. Inequality (2.17) follows from (2.16) in view of Plancherel’s identity.
The proof of (2.16) follows using Hadamard’s three lines theorem. See Lemma
4 in [23]. O

Under slight modifications of the proof of Lemma 2.8 it can be seen that
for all j € {1,2,...,n} it follows
15) T fll 2y < el ) 12 gy 19 F | 2y (2.18)

and
17 () O~ fll 2 @ny < el TS 22y 1) FIl 2 Gy - (2.19)
Consider the space L3 ,(R") := {f € L*(R") | (1 + 5]2)"‘/2f(§) € L*(R")} and

define the directional Stein derivative

( f(z +t€;) — fla )Ith>1/2. (2.20)

|12
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Theorem 2.9. Let o € (0,1). f € Lia(R") if and only if f € L*(R") and
Dj(f) € L*(R™). Moreover || 3 f|[L2 ~ [|fllz2 + D || 2

Proof. Note
) IFC+ ) — FOI
D51 = | et
Since
£+ 165) = FOIR: = [ 1 1) Pas
we have
N |€1t£7 -1 2
D5 (I = / e [ e
2.21
2a |6 -1 12 QOS )
P& i e dudg = c(a) A [FE)7I&; 17 dE.

We conclude that the fact that both D§(f) and f are in L*(R™), is equivalent
to (1+€2)*/2f € L2(R™). O

Lemma 2.10. Let a,b > 0. For j € {1,...,n} assume that fg\Jf =(1 +€]2)a/2f
and (x;)°f = (1 + |z|?)*/2f are in L*(R™). Then, for all € (O, 1) we have

1757 () =D fll iz < ell I3 FIZall(z5) Fll (2.22)

Proof. Tt is enough to consider a = 1+ 3, with 8 € (0,1). For any g € L*(R")
define

By = [ ()01 (a) o

Using Theorem 2.9 it can be seen, in a similar fashion as done in the proof of
Lemma 2.8, that

. — 2_
|Fj(iw)] < e 71 [{ay)" £l
and
. _w2
|F5(1 +iw)| < c(a)e™ (1+ [wb*) [T £l 2.

The lemma follows from Hadamard’s three lines theorem and duality. O

3. Local theory

We gather some useful results regarding the existence of solutions to the IVP
(1.4) in Sobolev and Weighted spaces. We begin with the result concerning the
local well-posedness in H*®(R?).
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Theorem 3.1. Let s > 3/4 and vg € H*(R?) a real valued function. Then there
ezist T > 0 and a unique v, in a certain subspace X1 s of C([0,T]; H*(R?)),
solution of the IVP (1.4). (The definition of the subspace X s will be clear in
the proof of the theorem), such that

1D7vell e r2, + 1Dgvalloerz, + 1Dgvalleerz, + [Dzvyll ez, < o0,

L2L% < 0.

ol o, + el o g Nl gy < 00 and lollzzog, +olges

Moreover, for any T' € (0,T) there exists a neighborhood V' of vy in H*(R?)
such that the data-solution map vy — v from V into Xp: is Lipschitz.

Proof. The proof of this result employs the contraction principle and follows
the ideas of Linares and Pastor in [17] for the modified (non-symmetrized) ZK
equation; and of Bustamante, Jiménez, and Mejia in [2] for the ZK equation
after being symmetrized. Due to the similarity of the estimates involved, we
will provide only a sketch of the proof.
We begin by considering the integral operator
t

U (v)(t) :== V(t)vg — 471/3/ V(t — ') (vvg 4+ vvy) (t)dt' = V(t)vo + E(v)(t

—t
and defining the metric space
X5 :={v e C([0,T); H*(R?)) : ns(v) < oo},
where
1s(v) = lollegny, + 1D5vell ez, + 1 Dyvelligenz, + llvall pgra e

Flvllzz e + Doyl ez,

zy

10
D50 g 2, + ol + I0liga, + oy oz = > m(e). (32)
=1

In the first place, we will consider s € (3/4,1]. Assume that vq € H*(R?). By
using the Strichartz type, local type, and maximal type estimates (inequalities
(2.3) to (2.12)), it can be seen that

ns(V (£)vo) < e(s)(1+T)"2||vo|ms,

(3.3)
zy
Now, let us assume that v € Xp,. We divide the analysis into the cases

3/4<s<1,and s > 1. If 3/4 < s < 1, it can be shown that the inequality
1s(E(v)) < e(s)(1+T)*(T° + 1) [ (v))? (3.4)
holds, using the Leibniz fractional rule (Lemma 2.5), Minkowski’s inequality,
Holder’s inequality, and (2.3) to (2.12). The case s = 1 is simpler since it is
used the ordinary Leibniz rule for derivatives. Thus, it is not hard to see that

(3.4) is also valid in such case. Consequently, combining (3.3) and (3.4), we
have that, for s € (3/4,1],

(¥ (0)) < e)(1+T)2 oo, + e(s)(L+T)2(TYE +T%°) s (v)].
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Defining a := 20(3)(1+T)1/2Hv0||H;y, and choosing T > 0 such that a?c(s)(1+
T)Y2(T/6 4 72/9) < L it follows that

1 1
ns(v) <a = ns(¥(v)) < §a—|— 4—2a3 = 0<a
If we define X9 . := {v € Xr s : ns(v) < a}, then we have proven that ¥ :

Xis— Xpgis well defined. Moreover, following standard-by-now arguments,
it can be seen that W : X7 - — X7 _ is a contraction. Therefore, there exists a
unique v € X7 o such that U(v) = v, As a consequence of the method, it can
be shown that for every 7" € (0,T), there exists a neighborhood V of vy in
H*(R?) such that the data-solution map @ ~ @ from V into Xy is Lipschitz.

Now we consider the case s > 1. For vg € H*(R?), it is evident that
vy € H(R?). Therefore, by applying the previous established result for s = 1,
there exists a unique solution v € X7  to the integral equation (3.1). Let us
confirm that actually o € C([0,T]; H*(R?)). Without loss of generality, let us
assume that s € (1,2]. Since 171 (?) < oo, it can be seen that

IE@)lLgrz, < TP (o) < cc. (3.5)
By employing Lemma 2.6, and Hélder’s inequality, we can affirm that
s ~ s—1)/s s—1)/s
IDE®) Iz 12, < el @) 52 " 1000 B@N 5 Y (3:6)
Taking into account the case s = 1, we notice that

”amE(@)”(Ll%Zg%;l)/?) < C{(T1/6 +T2/9)771(1~))}3(1*(871)/2) < 0. (3.7)

In relation to the second factor on the right hand side of (3.6), we can use
estimate (2.9) in Lemma 2.2, and the fact that v € X7, to conclude that

CRCNAGIOI e

< ell0n (%o, + %0, |0
< ellonlS 0" + ellvonn |0 + cllovany 1§87 + ello®un 15,0
< [TVl 22 Lo 0zl o 22, ool 310 157172 .
+clllvllzz e llvlirzLes, Hvar:v||L;<>L§T](s_1)/s
+ [T |0l g2 pog vzl e 2, oyl 2o 17D/
+{llvllz pog vl 22 nog lvay |l L 2, )77
(1+T1/18)[n1< )]3(3 /s
From (3.6), (3.7), and (3.8) we have that
ID3E®) | Ly 12, < (T4 TV (5) <oo.  (3.9)

Similary we can obtain that

IDyE@)Lgrz, < (T D1+ TV (0) < oo, (3.10)
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Combining (3.5), (3.9), and (3.10), we conclude that @ € C([0,T]; H*(R?)).
Theorem 3.1 is proven. O

After establishing the result in Theorem 3.1, we proceed to demonstrate
a similar one in weighted Sobolev spaces of the form

Z (rre) = H*(R?) N L2((1+ [2*™ + [y|*")dady).

For this purpose, we will employ a result by Fonseca and Pachén in [4],
adapted for the group associated with the linear part of the symmetrized ZK
equation, defined in (2.2), instead of the non-symmetrized equation. It is worth
noting that the same proof conducted by Fonseca and Pachén applies to the
symmetrized group, with the respective adjustments required. The result is
stated in the following Lemma.

Lemma 3.2. Let ri,75 € (0,1), s > 2max{ry,r}, and {V(t) : t € R} the
unitary group defined in (2.2). If ug € Zs (r, r,), then, for all t € R, and
almost every (z,y) € R?,

2|V (Ouo(@,y) = V() (|2 uo)(z,y) + V(E{ Pre,r, (G0)(§, )} (2,1),

(3.11)
with
11,0, (10)(€ M)} 12, < (L + [t (luollz, + [ D3uollzz, + 1 D3uollz, ),
(3.12)
and
lyl"2V (tyuo(, y) = V() [yl uo) (z,y) + V() { Dot (G0) (€, m)} (2, 9),
(3.13)
with
[{ P28, (G0) (€} M2, < e(L+[t))([Juollzz, + [[Diuollzz, + | Dyuollrz,)-
(3.14)

Moreover, if in addition we suppose that for 3 € (0, min{ry,ra})
DP(|x|" ug), DP(|z|" ug) € LE(R?) and uy € HPFS(R?), (3.15)
then for all t € R and for almost every (z,y) € R?
D (|2 V (t)uo)(z. y) = V()(D”|z|" uo) (z, )
V(D ({@r.r, (@) (€ 1)} ) (2,y)  (3.16)
and
DY (|y|"2V (t)uo)(z,y) = V(£)(D°|y["uo) (2, y)
V() D ({2, (o) (&)} )(2,y)  (3.17)
with
D7 ({ D51, (@0 (&, M} )Lz, < e(1+ [t)([luollzz, + D5 *uo
Iz, + 1Dy P uoll2,), 4 =1,2. (3.18)
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Proof. See Theorem 2 in [4]. O
The result in weighted Sobolev spaces is as follows.

Theorem 3.3. Let s > 3/4 and v € H*(R?) the solution of the IVP (1.4)
obtained in Theorem 3.1. Let us assume that (|z|™ + |y|™)ve € L?(R?), with
0 < 2max{ry,ra} <s. Thenv € C([0,T]; Zs (7, ry))-

Moreover, for any T’ € (0,T) there exists a neighborhood V' of vy in
Zs (r1,r2) Such that the data-solution map vo — v from V into the class defined
by Xr,s in Theorem 8.1, with T" instead of T, is Lipschitz.

Proof. We follow the ideas from the proof of Theorem 2 in [4]. We begin, as in
the proof of Theorem 3.1, assuming that s € (3/4, 1]. In the proof of Theorem
3.1 we obtained a unique o € X7 5 C C([0,T]; H*(R?)) such that

o(t) ==V (t)yvy — 4713 /t V(t —t') (00, + 09,)(t)dt' = V(t)vo + E()(1),

—t

and we proved that

ns(E(v)) <e(s)(1+T)2(T° +T%°)[ns (v)), (3.19)
05 (¥(0)) <e(8)(L+T) 2 vol s (2, + €(5) (1 +T)V2TY0 + T2 (0)],
(3.20)

for every v € X ,.
Let us define the norm

Mra,ra (V) = [[|2] 0l e rz, + 1Yl vl e L2y,
By using Lemma 3.2, Holder’s inequality, and bearing in mind (3.19), we can

affirm that

el 5(®)lrz, < el V(E)vollzz, +clll=l™ E@)(O)]l2

zy

T
<V (2" vo)llzz, + (1 +T)llvolla, +C/ ] (8%02) ()| 2, d
0

+ C/O 2]™ (%) ()| 2, d¢’ + (1 + T E@)(1)] e,

2/9

< Mzl wollzz,, +e(L + Dllvollrz, + T M2l Oll ge rz, 10l g, s, 102l o/a e

2/9

+ T2 0l g 2 18] g s I18ull oy e + (L + TYTYE + T ns(8)),
T Ty

T “zy

which implies that

Iz o)LLz, < Mzl vollzz, + et +T)llvolla,

+ T2 Y| 0| Lge 2, [0 (0))?
+ (1 +TYTYO + T [n,(0))°.
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In a similar way,
|Hy|r27~}(t))||L%0L§y < |||y|T2U0||L§y +e(l+ T)||v0||H;y
+ T2 lyl #5121, (6
+e(L+ )T+ T%%)ns(0))°.
Thus
My (0)(8) < ™ wollzz, + [y vollzz, + e(1+T)llvollmg,
+cT2On() s (8)] + e(1 + T) (T + T%/°) [, (9)).
If we define

s, (r1,72) (V) 3= 15 (V) + 1y 1y (),
we have that
s, (r1,72) (0) = 0s(0) + 1y ry (0) <05 (0) + [l voll 22,
Ul vol 2, + (1 +T)llvol

+ CTz/gﬁs,(n,rz)(f))[ns (’5)]2 + C(l + T) (TI/G + T2/9)[ns (@)]3
< nu(6) + lllel ™ vollsz, + Ny enlzz, + (14 D)ol

zy
+ C(l + T)l/z(Tl/ﬁ + T2/9)ﬁs,(r1,r2)(ﬁ)[ns(f})]Z
+e(L+T)(TY0 + T2 [0 (9)]2.
Let us recall that in the proof of Theorem 3.1, we chose a := 2¢(s)(1 +
e

T)'2||vo|| s, and T > 0 such that a*c(s)(1+T)"/*(T"/6+T%9) < §. Besides,
from the contraction principle, we had that 7,(?) < a. Therefore

s, (r1,r2) (0) < @+ cfl[[2[Mvoll Lz, + Iy vollzz, + (1 + T)[volla,]
1

+Zﬁs,(nm(ﬁ) +c(1+17)"%a.

The latter implies

s () () < clll[2] w0l L2, + Iyl voll L2, + (14 T)llvollms,] + c(1 +T)**a
< 00.

This completes the proof for s € (3/4,1]. The case s > 1 can be handled in a
similar manner to that of the proof of Theorem 3.1 taking into account that
(3.12) and (3.14) can be adapted for 71,72 > 1 via iterations at every integer
step (as done in the proof of Lemma 3.5 below). Theorem 3.3 is proven. [

Lemma 3.4. Let s > 9/4 and ri,r2 > 9/8 such that 2max{ry,re} < s. If
v € C([0,T; Zs (v, 7)) is the solution of the IVP (1.4) provided by Theorem
3.8, then
3+ 3+
()% vllzars + 1)+ vllLars < o(Tymo/as(v), [vllgez ). (3.21)

(See the definition of 1g a4 (v) in (3.4)).

s,(r1,72)
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Proof. Using Lemma 3.2 and (2.14) we have
+

3+

)3 V(vollsns < IV ()T vollsrs + [V O{Ry, 5+ @)} llrarg
3+ 3+ 3+ . v
<l Jay (@)1 vollrz, +ellJdy {®y; 5+ (00)} (L2, -
(3.22)
Note from (2.19) with § = 1/3 that

3+ 3+ 9+ 1/3 9+ 2/3
172 (@) wollze, < ell Ty voll 4’ (2)¥ vol7a’ < c(llwol
Ty zy

Zs,(rlmz))'
(3.23)

Similarly, from (3.12) and (3.18) we have

3+ R 9+
[ Jay {@y, a+(@0)} [lzz, < el + D)1 Jay vollzz, < (T llvollz, ., . )-

(3.24)
From (3.22) - (3.24) we conclude
3+
z) 2 V(t)vollpars < o, voliz, (., ..))- (3.25)

On the other hand,

T
| 1@ V(= )00+ 0,0 s
0
T 3+
< [ WO @20 + 0,00 (¢ 15t
0
T
+/0 IVt =)D,y s+ (0300 + 0,0)) "} | parsdt’  (3:26)
r 3+ 3+, 9 / ’
<e [ 1IN @ (@200,0)(¢) i,

T 3+
—|—c/ 178 {0, 5+ (02000 + 0,00} |12, .
0

Note as done for (3.23), via interpolation, and using Young’s inequality, we
have that

T %+ 3+, o / /
A 17 (@) (03000 + 0y0) () 12, dt

T 9+
< 2, (020, ) g2 dt’
o [ 194 @@+ 0,00z, o

T
+C/‘H®ﬁ+w%@w+5wnﬁﬂhaﬁ'
i .

< (Tonojas (), vllLsez, oy )
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Also

T 3+
| A (@ g (0200 + 0,0 iz,
0 \

T 3.28
<c(1+T) / [v2(9pv + Oyv) ()| o+ dt (3.28)
0 Hdy

< (T, n9)a4(w))-

From (3.26)-(3.28) we conclude
T +
[ @
0

Finally, from (3.25), (3.29) and symmetry of the arguments we obtain

IS

V(t = t") (0> (000 + 8y0)) ()| LaLog dt’ < (T, [0l [0l Lse 2, () )-

yt

(3.29)

3+ 3+
Kz)® ollearg + 1) vlinsrs < e(Timosar (0): VL 2, 0y oy |

which proves Lemma 3.4 0

Lemma 3.5. Let s > 9/4 and ri,ro > 9/8 such that 2max{ry,ro} < s. If
v e C([0,T]; Zs (r, r,)) is the solution of the IVP (1.4) provided by Theorem
3.3, then

).

1(2)*?0ll g e + 1) 0l e < (Toms(o), vl 2. . 0
(See the definition of ns(v) in (3.4)).

Proof. 1t is sufficient to develop the proof under the assumption § = 1+ b
with b € (0, 1).

Given that ', ; := x — 3t02 commutes with 9, + 93 + 82, it can be seen
that

2V () (vo)(x, y) = V (t)(wvo)(,) + 3tV (t)(97v0) (2, y)-

Thus,

72V (£) (vo) (2, )| < [V (£) (vo) (2, y) + 3tV () (Dvo) (. y))|
V(#)(|z|*zvo) (2, y)| + [V ({@re0(@00)} (2, )]
+[3tV (1) (2] 07 vo) (2, y)|

+ I3tV (){®1,1.6(0200)} (2, ) - (3.30)

<
<|

Therefore, taking into account the Strichartz estimate (2.3) with ¢ = 0,
inequality (3. 30) estimate (3.12), and the interpolation inequalities (2.18) and
(2.19) with 6 = 22, we have
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1) 2V (#)voll g e, < AT)I{)* *voll 2, + [{@re0(@00)} |22,
+ [[(@)* 2ol 2, + H{‘I’l,t,b(gf;\v)}vHLzy]
< (D)) ?vol L2, + 195 ()voll Lz, + [[(2)* Tovollzz,
+ HngaivoHLgy]
< (D)) 2vollzz, + 173, v0l 72, ||<$>s/2v0\|2§f
+ \lJiyUOHILng<$>S/2110||9L5y +[[JZyvollzz, ]

< e(T)]lvol

Zs,(r1,r0)"

(3.31)

A similar procedure shows that the nonlinear part satisfies

t
(z)°/? / V(t = ') (0 (Dpv + By0)) (¢ )dt!
0 L;}Lgoy
T
<o) [ {I@ 2000+ 0,0z, (332
0

(02 000+ 0,0) ()|, |

< C(T7 ns(v)a ||U| Z51S/2)'
The lemma follows from (3.31), (3.32) and symmetry of the arguments. [

4. Decay versus regularity
For N € N and a € [0,1/2) denote

o o (x)?* -1 =z €0,N],
Pivle) = {(QN)QO‘ z € [3N, 00).

Let p% be a smooth regularization of 57\,, defined in [0,00), such that for
j =1,2,... we have |9]p%| < ¢ with ¢ independent of N. Set p% to be the
odd extension of p%;, that is,

pee;

o) = PN D) @ € (0,00, (4.1)
—p%(—z) 1z € (—00,0).

Note that (p%)" > 0.

Let m € NU{0}. For 8 > m/2 define p]’i,,m = pﬁ,ﬁm/Z. Let us note that in
case (3 € 2k, mEEEL] for some k € N we would have that 3—m/2 € (&, £
which prevents the derivatives |8£p7i,’m|, j =1,...,k; to be bounded above
independent on .

Before stating and proving the main results of this work, let us recall the
definition of the norm 7, given in (3.2), as it will be used frequently in the
proofs that follow.

1s(0) = vllegenz, + 1D3vell e rz, + 1Dgvall oo rz, + vzl po/s o
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T llollgzrs + 1Dl s,

10
1Dl g 12, + oyl o+ Nollzgess, + ol gy = 3 o)
=1

Theorem 4.1. Let v € C([O,T];H%+(R2)) be the solution of the IVP (1.4)
provided by Theorem 3.1. Let us assume that there are to < t1 € [0,T] such
that

(14 |23 F 4 |y[3 Fe2)o(ty) € LA(R?), i = 0,1, (4.2)

where ay,as € [0,1/8) and denote o := min{ay, as}. Then, v € C([0,T];
H%++2Q(R2)).

Proof. Without loss of generality we assume to = 0. Let {vom}m C CF°(R)
be a sequence converging to vg in H%+(R2). Denote with v, € H*(R?) the
corresponding solution provided by the local theory with initial datum wvg,,.
By regularity of the data-solution map we can assume all the v,,’s are defined
in [0, 7] with v, converging to v in C ([O,T]; H%+(R2)).

We set (31 := %+ + a1 and consider py = p]ﬂvl’O defined above. In particular

we note that |pxn(z)| < c(z)?P.

Let us take the symmetrized mZK equation (1.3) for v, and multiply
it by v (x,y)pn(z). Taking into account that py depends only on z, after
integration by parts in space we get

1d 3
Sd /U?npzvdxdy+ 3 /(%vm)%?vdwdy
(4.3)

1
~5 /vfnp%dmdy - %/vﬁlp’]\[dxdy =0.

In what follows, we will make use several times (without explicitly men-
tioning it) the continuous dependence provided by Theorem 3.1 in the sense
that for m large enough 7, (v,,) < ns(v).

Integrating (4.3) over [0, 1] and taking into account that

t1
[ [ tiaoivar| < ction s, < ol

(4.4)
= 0(773/4+(U))’
and that
tl tl
/ /vfnp’]\,dxdydt‘ < c/ ||vm|\%g%/vzldxdydt
0 0
< C||vm||2L§L;3 lvmllLgerz, (4.5)

< (@) [oml3g 15 lom e 2,

< (T3 yas-(0)]* < (T, 13744 (v)),
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we obtain for m large enough that

t1
/ / (Orvm) pldadydt < (T, s 0 () + cllom(t)p¥ 22, + cllvonpl I3,
0

1/2 1/2

< olTma/a () + cllo(t)ol* 132, + ellooph 22,
< (T, yas (0)) + cllo(t) (w >"1||Lgy + cllootz)! |22,
< el maas (), o)l ol 2 ),

(4.6)

3+ 3+
where || ]|z = [|(1+ 2|3 Fo1 4 [y|3 o) f 2 .
Let us note that for each N fixed we have

ty
[ [ V@onoy = 0.0 | dndyt
0

t1
< / / Datm — Ou]|Buvmm + Dav|oly (2)dadydt
0

ty
< C/O ||(3xvm — Ozv )X[ 2N, 2N ||L2 ||(8 U + Oy v)X[ 2N, 2N ||L2
< CH(azUm —5xU)X[ 2N 2N] HLz " H(a U + O v)x[ 2N 2N] Hnytl
< AN0vm = Bavllz sz, (10vmllizrz, + 10wl sz, )
<N, [0DN0svm = Ozl g2, ——— 0. (4.7)

Therefore, for all N € N we have from (4.6) and (4.7) that there exists

¢ > 0 such that
t1
/ /(3mv)2p§\,d:cdydt <ec, (4.8)
0

with ¢ independent of N.
According to the definition of py(x), for |z| > 1 it follows that p/y(x)

——— 231 (x)?%1 725 ~ (2)261=1 Thus, from Fatou’s Lemma, and considering
N—»oo

, we obtain that

t1 tl
/ // (0zv) 251 Ydxdyt < chm 1nf // (0,v)?plydadydt < c
|z|>1 |z|>1

(4.9)

Let us also note that

t1 ty
/ // (0,0) ()2~ Y dzdyt < c/ /(axv)QX{mgl}(.x)dacdydt
0 lz|<1 0 (4.10)

S cflOzvllpeerz, < c(nsat(v)-

Combining (4.9) and (4.10) we conclude that

/ / (0,v) () ~drdydt < oo, (4.11)
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which implies
<I>ﬁ1*1/23zy(t) € L*(R?) a.e. t € [0,14]. (4.12)

Now, with (4.11) in hand, we reapply the argument above with ¢y being
the even extension of gy instead of py. Note that |¢/y| < c(x)?1~1. Using
(4.3) with ¢ instead of py and arguing as in (4.4)-(4.11) it follows that

11 t1
lim / /(3xv,,L)2¢§Vda:dydt :/ /(8xv)2¢’]\,da:dydt

and
/ (0,0) qudxdydt‘ / / (0,0)2 ()P~ Ldadydt <
From these estimates and integrating over [0,¢] C [0, 1] it follows that
(x)Pro(t) € L*(R?) for all t € [0,#,]. (4.13)
Because of the symmetry of the equation it can be seen that for 8y :=
3+
2 + a2
8

{<y>ﬁzv(t) € L*(R?) for all t € [0,t4], (4.14)

(y)P2=1/29,0(t) € L*(R?) a.e. t € [0,11].

Let t* € [0,¢1] be such that (4.12), (4.13) and (4.14) hold at ¢*. In par-
ticular we have

Ja ()71 2u(%)) and J; ((y)?>~/20(t")) are in L*(R?).

For i = 1,2 set fi(z,y) = (a;)% 2v(t*)(x,y) where a; = z and ay = y.
Interpolating with 6 = 24, € (0,1) we get

= |4 a)

We conclude from (4.15) that v(t*) € H4++20‘(R2), which implies v €
c([0,TY; H%++2Q(R2)). Moreover, by Theorem 3.3,

CAS C([O7T]7 Z%++2a,%++a)' (416)

||J3'611)(t*) < 00.

i SelRally s,

(4.15)

Theorem 4.1 is proven. O

Theorem 4.2. Let v € C’([O,T];H%+(R2)) be the solution of the IVP (1.4)
provided by Theorem 3.1. Assume there are to < t1 € [0,T] such that

(1+ 2|8 7% 4 |y Fonyu(t) € L2(R?), i =0,1; (4.17)
where a1, as = 0. Denote o := min{ay, aa}. Then

ve (0, T]; Hi +2(R2)).



57 Page 20 of 35 E. Bustamante et al. NoDEA

Proof. Without loss of generality assume tg = 0. We proceed by cases depend-
ing on the size of a.

Casea € [0,3/8).
From the hypothesis and Theorem 3.3 it follows that v € C([0,T]; Z 9+ 9 +).

Let {vom }m be a sequence of C§°(R?) functions converging to vg in Z9+ 9t

Let us denote with v,, the respective solution provided by Theorem 3. 3 Wlth
initial datum vg,,. We can assume that for m large enough all the v,,’s are in
c([o,TY; Z%+,%+).

In what follows we will make use several times, without mentioning the
continuous dependence provided by Theorem 3.3 in the sense that for m large
enough 7944 (V) < €ng/ay (V).

We first prove that (z)'/20,v(t) € L*(R?) a.e. in [0,,]. To do so, we fol-
low the same argument used to obtain (4.12) except for the fact that, defining
B1 = % + oy, 833,0’?}70 is no longer bounded above independent of N; that is,
estimate (4.5) is no longer valid.

Instead of (4.5) we argue as follows

t1
hdnofo(adadydt] < ¢ [ 1oy ol [ o ooy

< (D)) Pom Ty p 1) Pvmlize 2,

9+ 9+
o(T)||(z) vm\lig%llwﬁ vmlliz L2,

o(Tmosa+ (V) vllzg s o1 ); (4.18)

NN

where we have used Lemma 3.5.

Taking into account (4.18) and repeating the steps (4.3)-(4.11) done in
the proof of Theorem 4.1, it can be seen that

(2)P 7129, 0(t) € L*(R?) a.e. t € [0,]. (4.19)

Moreover, if the convergence in m is omitted, it follows for m large enough
that

@) 2000l 2, < e(Tymgpar (0) l0llzy s 4. )- (4.20)
1 8

Without loss of generality we can assume (4.19) holds for 0 and ¢;, other-
wise we would consider a subinterval [t§,¢7] C [0, 1] with ¢ and ¢} satisfying
(4.19).

Let us take the simmetrized mZK equation (1.3) for v, and differentiate
once with respect to x. Denoting w,, := 0,v,, we get

Oswpy, + 02w,y + (9Swm + 10, (V2w + vfnayvm) =0. (4.21)
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For i = 1,2 we define 3; :=

%++min{ai, %_}. Let us consider py(z) = pﬁ,l’l(x).
Multiplying (4.21) by w,,,pn(x) and integrating by parts we get

ld
2 dt
+,U/8 (W + Oyop) )wmpndady = 0,

1
wh,pydady + % / (Ot )? plydady — 5 / w, P dady
(4.22)

where, integrating by parts,
/6 o (Wi, + Oyo) )W pNdady
= /v?naxwmwmdexdy + /2vmw?nde;z:dy
+ /vfnﬁywmwmpzvdxdy + /QUmwfnﬁyvmdexdy

=- / V3 Ox Wi Wi py davdy — / Vi Wi Py ddy

+/v,2n[“)ywmwmdexdy+/2vmw72nayvmdexdy
=I1+1I+1II+1V. (4.23)

Let us observe that

t1

ty
w2 p,/dxdydt’ <e / / w?,dadydt < o(T)|wnll 1z 12, < (T, (v):
0
(4.24)

Now, let us integrate (4.23) over [0, #1], and estimate each of the four integrals
that result on the right hand side.

By using Lemma 3.4, (4.20) and the continuous dependence, we begin
estimating

ty
/ Idt’ =
0

3+ 2
<llox villzzzgs [0zwmllzeorz,

t1

02, 0 W W pdrdydt| < ||v2 w0 meN||L§yt

||/)N meLiytl (4.25)
ol (z) ¥ vaILgL;gl||3zwm||L;OLg,,1H<x>l/ Wi L2

<
zyty
< T (@) mas () oz, s ).

‘We continue with

[l

t1

t1
w2 o 2 2
p dxdydt‘ < c/ U || 7,00 /wmdzdydt

)IlwmllLooLz lomlZs oo < (T2 (v), 1944 (1))
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For the third term we have

t1
/ IIIdt‘ / /v 040, vmwmdezdydt‘ 02,020y Vi Wi p || 11
0

xyty
4.27
< l2pd Nozeg 19ywmllssors, ok walliz,, (4.27)
< (Ta 771(’0),779/4+(U)7 ||UHZ%+_%+)'
For the fourth term we argue as follows
ty
/ Ith‘ = vmwfnayvmpjvdxdydt‘
0
2
||UWHL¢yt1 Hayvm”LQ/‘lLoo ||wmpN||L9/5L1 (428)

1/2

(Domll e oo 10yvmll posa o o wmllzz

<
< e(Tmoyas (). Iollz, o)

From (4.23) to (4.28) and integrating (4.22) over [0,t1] we conclude

t1
/ / (0w )? ply dwdydt
0

1/2 1/2
< e(Tm (@) moyay (), ollzg s o)+ 1N *0vm ()2, + oy *dwvomll Lz,
1

9
8

1/2 1/2
< e(T,m V), mgyar (), Illzgy o4 )+ C||PN/ axv(tl)”Lgy +CHPN/ 89cUO”Lgy
1

ool

1) +ell@) V2 0mu(t)ll 2+ ell(@) 20wl 2,

< C(T7 771(71)7779/4+(U)a HUHZ9+ 9
178

< ATm(v),me/as () lvllzg 4 oo H(I)Bl*lﬂ@zv(tl)lbgyﬁ ||<96>ﬁ171/23zv0||1,§y)~

) (4.29)

4 8

From (4.29), following the same ideas of the proof of Theorem 4.1 it can
be seen that

{<x>ﬁllagv(t) € L2(R?) a.e. t € [0,1],

(y)2~10%u(t) € L*(R?) a.e. t € [0,t1] (by symmetry). (4:30)

Without loss of generality assume (4.30) holds for 0 and ¢;.

Now, we differentiate the simmetrized mZK equation (1.3) for vy, twice
respect to the variable x, multiply by 0%v,,pn(z), where py () := p]’i}g, use

integration by parts, and denote 2., := 92v,,, to obtain
1d 3 1
sar [ sty + S @ Potvardy — 5 [ 2pfiasdy
2dt 2 2 (4.31)

+ ,u/82 OpUm + OyUm))zZmpndrdy = 0.

Let us note that the linear part of (4.31) is analogous to the linear part
of (4.22) when seen for z,,. We therefore focus on the nonlinear part.
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Note

57

(R (Butm + Oyom)) = oy 3 (%)otctez o, + 02 70,0,)

7=0

7=0 k=0
+027 0y 0,02 F v, 08 vy,

2 J
= Z > zmpn {Aj + Bjr} -
0 k=0

g

Let us first estimate
ty
L, = ‘/ /zmpNAjkdxdydt‘.
0

1/2

Ifj=0:

Vi pee 1070mllz2

Tyt

Ioo < |03 Um||L°cL2 HP

< () 0200vm | o3, 1(2) Vil Zarzs l2mlzsers,
<

Ty (0, [0z, g )
If j=2: First, in case k # 1 we have, using Lemma 3.5, that

t1
Ipp = Ino </ ||pNUm||Lg<;||3xvang/Zgzdxdydt
0

< (1) st 15,
< C(Ta 772(1})7 ||UHZ%+,%+)'
In case k = 1 we argue as follows

102 vmll 2,

o8 st 2

Ip1 < [|0pvm 17 200,

xzyty

<Dl yagee 1@ 200052,

(T, ol I (x)* =200l 2

Tyty

<
< (T, mgjay (v), ||UHZ%+ g+)7
'8

where we have used (4.20).
If j=1:

I = Iz < C(Ta 772(1))’ HU||Z9+ 9+)7 for k = 0,1.
1 8

lonvmllog oo lzmll3e 2,

2 7 .
ZZ ( ) ( )ZmpN {8gijvmaiikvmaﬁvm

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

On the other hand in what comes to the Bj; terms, we proceed to esti-

mate

11, = Zm PN Bjrdxdydt

as follows.
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If j=0: Same estimate (4.33) holds with H&‘g&‘yvaLgoLgtl instead of

HagUMHL;OLZtl'
If j=2: When k # 1 the estimate is analogous to (4.34) and to (4.35) when
k=1

If j=1: We have that Il = II;;. Besides, by using integration by parts, we
have that

/Qnﬁyvmvm@xvmzmp]vda:dy = —/6yvm(8xvm)2zmp1vd:cdy

f/ayvmvmzfnpjvd:cdy
(4.37)
7/3yvmvm8mvm8§vmpjvdxdy
—/ayvmvmaxvmagvmpﬁ\,dxdy.
Taking into account that estimate (4.35) holds with [|0vm||zse, [|0yvmllLes,
instead of [|0,vp||% , estimate (4.34) holds with |Oyvm||Les,, instead of
xzyty xyt
[020m || Lss, » and the facts
ty
/ /8yvmvm8wvm8§vmp]vdxdydt'
0
< HagawvaLgCLf,tl HayvaLi‘i,tl HpNawUm”Liytl ”UmHLiL;il
< e(n2(v),m9/a+ (v)),
and
t1
/ / ayvmvmamvmaivmpﬁvdxdydt’
0
< e(DN0yvmllrss,, 10avm L., lvmllzgrz, 107vm Lz L2,
< (T, m2(v)),
we conclude, integrating (4.37) over [0, 1], that
IIlk < C(T7 772(1})’779/44»(’0)7 ||U||Zg+ g+) for k = 1727 (438)
4 8

Integrating (4.31) over [0,¢;] and taking into account (4.30)-(4.38) it can be
seen as done in (4.29) that

ty
| [ @z ovdzdyat <T@ mpis ). oz
)10yt 22,0 1) 000l (4.39

From (4.39) following the ideas of the proof of Theorem 4.1 it can be seen
that

{<x>61—3/2821;(t) € L*(R?) a.e. t € [0, 4], (4.40)

<y>ﬁ273/23§’1}(t) € L*(R?) a.e. t € [0,t1] (by symmetry),

n
where 5 := % + .
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Let t* € [0,%1] be such that (4.30) and (4.40) hold for t*. For ¢ = 1,2
we define f;(t*)(x,y) = (a;)%3/202v(t*)(z,y) where a; = z and ay = y.
Interpolating with 6 = 23, — 2 we get

_ " ) _o).1
172202, 0(t) Iz, = 16 ai) =2 fill 2

Ty

< ell{aa) 2 Fi@) Iz I a, fi() 12z, < oo. (4.41)
From (4.41) we conclude v(t*) € Hi +2%(R2) which implies
veo(0,T); HE +2%(R?)).
Moreover, from Theorem 3.3
v e C([0,T7; Z%++2a%++a). (4.42)

Casea € [4’7%, %),n eN.

Let us consider the following statement
P(n): For i = 1,2 and all j3; € (4"%8, 4"‘%12] with 3; < %+ —|—min{ai, 4”T+3_}
there is a non-degenerated subinterval I C [0,¢1] such that for almost every
t € I we have

{<az—>ﬁ“”/282f2v(t> € (), (4.4

<ai>ﬁi_3/2_"/2agi+3v(t) c L2(R2);

where a; =z and as = y.
It is enough to use induction to prove P(n) for all n € {0,1,...,n}. In
9+

such case, taking t* € [0,7;] such that (4.43) holds for n = n with 3; = 3~ +

min{ai, ﬁ_ and considering f;(z,y) := (a;)%=3/2=1/201+20(t*) (z, y) we

would interpolate with = 28; — 2 — ) to get
1T27 200 20 (t) | 2, < oo, (4.44)

which implies v € C([0,T]; Hi +22(R2)).

The base case P(0) follows from (4.30) and (4.40).

Let us assume that P(n) is true and let us prove P(n + 1). Without loss
of generality we assume I = [0,#1]. From (4.43) with 8; = B, = 282 =
23 it follows that 97 3v(t) € L?*(R?) a.e. t € [0,t1]; which implies v €
C([0,T); H"*3(R?)). Since n < n we have 252 < %+ + «;. Therefore, using
Theorem 3.3 we conclude v € C([0,T7; Zn+3’nT+3).

Note from Lemma 2.7 and (2.18) that

nt3—k "
(z) ™2 Ogvllre, < el vllgs,
nt3 _ n+3—k
) = ollz)s 0= ——5— (4.45)

Also, from Sobolev embeddings, for k € {0,1,...,n+ 1}

103 vllzss, < cllvll gpge. (4.46)
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Let {vom } C C§°(R?) be a sequence converging to vg in Zy 43,243 . Denote
with v, the solution provided by Theorem 3.3 with initial datum vg,,. Assume
for all m large enough that v, € C([0,T7; Zn+37nT+3).

. + . -

Let 8y € (4fi2 4ntl6] — (nd3 ndd) with 8 < 27 + min{ey, 222}

Let us denote w,, = 0% 2v,,. Differentiating the symmetrized mZK
equation (1.3) for v,,, n + 2 times respect to the variable z, we get

Wy + Odw, + Oown, + 10y (V2,0 vm + V7, 0y Un) = 0. (4.47)

Let us multiply (4.47) by wy,pn(2), where py(z) := p%,n+27 and integrate by
parts to get
1d 1
sar [ whondsdy+ 3 [@un2ondody — 5 [ ey
2 dt 2 2 (4.48)

+u / T2 (02, 0y, + V2, 0y U )W pn drdy = 0.

We note that the linear part of (4.47) is the same as in the symmetrized
mZK equation when seen for w,,, therefore to argue as in the proof of Theorem
4.1 we only need to estimate
ty

A2 (02,00 + vfnaywm)wmpzvdxdtdy’ .

Since

T2 (02,05 + V2,0, 0m)

n+2 j
= ZZ( )( )8] 50 08 0 (0243 vy + 22700, 0,),

=0 k=0
we have
P2 (02, 0y + 02,0y Vm )W pv dadtdy
n+2 j .
n+2\ /7
<23 (") (1) e
=0 k=0
where
Aj = H8n+3 ]'U aj kvmakvmanJr 'UmpN“L—ruf
and
By, = 007279 0,000 0,0, 080,00 20, pv | 11

J_ytl

We first estimate the A;j, terms.

Ifj = 0:
H8n+3vmv an+2'UmpN||L1m1 HpNUm”Ll Lo 8"+3Um||L°°Liy ||8n+2vaLooL2
1/2
< c(Dllpy /2o |L%Lg?yHUm||L§‘E’HL‘y+3
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() (@) vml|Zs, pos l1vmll s e

<
< (T n2(v), [vllz ); (4.49)

n+3, 43
where we have used Lemma 3.5.
Ifj=n+2:

First, if K = 0 or k = n 4+ 2 we have, by using Lemma 3.5, that

t1
10,0m (02 2om P ompnlis,,, < [ 10wl lowvmloz, [(@F o) dzdy

zyty

< C(T)||UmH3<>oH"+3 H<x>2vm||L§,LOO (450)
T Hry zy
< (T, ||U||Zn+37#).
Now, if k € {1,2,...,n + 1}, we have that
102005 2~ 0,0 85005 2 vmpn Lt
3/4 1/4 _
<o) &cvaL?Lgylle/ g);“r2%||Liyt1 105 vl 1022 o1,
< c(T)||<x>3/2axvm||L%°L£y ||<f”>1/28;‘+20m||L§yt1 ||vm||2L%oH;;3 (4.51)
n+3—-1
<e(D)|{x) 2 Opvmllrg Lz, H<x>1/282+%m“Liytl vaHi%OHQﬁ
< T [v] 2 ),

n+3,";’3

where we have used (4.45), the inductive hypothesis, and (4.46).
Ifj = 1: In this case we follow the exact same estimate (4.50).
=2

First, when k = 0 or k£ = 2 we have

||ag+lvmaivmvmag+2vmpN HL;yt1

< e(DNOF  vmllzgs,, 1050mllzss,, 1) vm g 2, 105 vm s s,

n+3
C(T)valli%cH;;?» [[{z) = vm”L%"Lgy

<
<D lollz va)- (4.52)

"*3'%%

Now, in case k = 1 we have

||8;L+lvm (azvm)2ag+2”mpN HL}EW1

3/4 1/4an+2

< D07 omllzzs,, PN OavmllLs Lz, oy vmllzz,, [0evmllLss,,
n+3—1

S ADNoml7 s s ll(@) 2 Oovmllzge 2, 1) 20 2vmll 2,

< (T lvllz ); (4.53)

where we have used the inductive hypothesis.
Ifj € {3,4,...,n+ 1} :

‘|8g+3_jvmai_kvmala?vma:+2vmpN (F5}

wyty

- 3/4 —q 1/4
< DN vz, 105vmllrss, (1% 00+ T vnllps 2 Iy 00+

2
zyty zyty Um ||L

Tyty
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AT 013 e gryers () 2055 0| e 22 1) 205 v 12

xzyty

<
< el lvllz, , ugs ), (4.54)

where we used (4.45) and the inductive hypothesis.

We now proceed to estimate the Bj; terms.
Ifj = 0: Analogous to (4.49) with 97720, v,,, instead of 92 3v,,
If j=n+2: When k = 0 or k = n + 2 we argue analogous to (4.50) with 0y v,
instead of 0,v,,. When k € {1,2,...,n+ 1} the estimate follows analogous to
(4.51) with dyvy, instead of v, using the following interpolation

N Oyvmllig iz, < @) 20 vz 2,

= 110y ({2)* *vm)ll e 2,
<2y (@) 2ol g r2,
wis

< el P omllg 2 I162) ™2 vmll 15

(/2%

(4.55)

where § = n+3, a=n+3and b= ggzg; < o3

Ifj = 1: Analogous to (4.50) with 9719, v,,07"2v,, instead of (971 2vy,)?.

Ifj = 2: Analogous to (4.52) and (4.53) with 970, v, instead of 82 v,,.

Ifj € {3,4,--- ,n+1}: Analogous to (4.54) with 97*?779,v,, instead of

ont3=Jy,,, taking into account that for 6§ = m

o¥ 02 Oy 12, < el (@) 20070012,

n 3n+16
< |y 2o, m||L29||< )5 Oyumll7a, (4.56)

and that for A = %H

3146 3n+6 3n49 _
o) ™5 By, < elldpyba) @ vmllnz, < ellTi Pomlizs, [62) ™5 vz

n+3

< Cllvmll gzgs + ell(z) ™2 oml 2, - (4.57)

Taking into account (4.49) - (4.57), integrating (4.48) over [0,¢;] and
arguing as in the proof of Theorem 4.1 it can be seen that

t1
/ / (9302 ()1 =3/27n 2 gy dt < oo, (4.58)

which implies
<x>ﬁr3/2*n/23g+3y(t) c LQ(]R2) a.e. t € [0,t1]. (4.59)

On the other hand, denoting z,, := 97 3v,,, and differentiating the sym-
metrized mZK equation (1.3) (n + 3)-times with respect to the variable z, we
get

Otz + O3 2 + (’“);’zm + O3 (02,0500 + V2,0yvp) = 0. (4.60)
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Let us multiply (4.60) by z,,pn, where py(z) 1= pﬁ}’mrg(x), and integrate
by parts to get

1d 1
sar [ Fowdsdye [@uan)ondody — 5 [ 22 pidady
2 dt 2 2 (4 61)

+u a;”rg(vfnamvm + ’Ufnay’um)zmde;pdy =0.

To argue as in the proof of Theorem 4.1, we only need to take care of the
nonlinear part. Note that

t1
/ / 3 (02,0 vm +U,2n3yvm)zmp1v(x)dxdydt’
0

w0

§=0 k=0
where
Ajk = “a;l+4_j”mai_kvmaﬁvmzmpN||L;ytl
and
Bjy, = (105778, 0m 00 *vmdfvmzmpn|LL, -
We proceed to estimate the Ajk terms.
Ifj =0:
||8g+4_jumag_kvm3§vmzmp1v||L;yt1
3+ 1-
<0 vl o2, 0k Vllizro 102+ vmply Nz, o)
M A

3+
< (DN vmll e rz, @) T vl Larss | ()
<

C<T7 779/4+(v)? ||U||Zn+3,"TH )’

where we have used the continuous dependence, Lemma 3.4 and (4.58).
Ifj=1:

| (a:+3UM)2vmazvmpN Il 1

xytq

< lvmllzs,, 10avmlizs,, llon (052 vm)? | 11

xzyty xytq zytq
(@)= I,

(4.63)
< C||Um||2 %?H:JS’ ||
<

Ty mnsa (@), Iollz,,, o)

where we have used (4.58).
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Ifj €{2,3,...,n+1}:

||axn+4_jUmag_kvmaivmag+3vmpN HL,1

Yty
< o(T)|[() 20y o, lzger2

<$>B173/27n/26;l+3 l

O vmlzz,, 105vmllLss,, |

Tyt Tyt

(Y || 2
m Lwytl

(4.64)

[31—3/2—n/28;1+3vm”L2

@ _
< erllvmll s sl (@) = 0 Tl 2 [l )
<

C(Tv nn+3(v)ﬂ HU”ZnJrS,nTH )7
where we have used (4.45) and (4.58).
Ifj=n+2:
First, if k =0 or Kk = n + 2 we have
102002 00800 P v0pl1s,

|| <x>51—3/2—n/28:+3

< 10zvmllLes,, lvmlls,

zyty Tyt

(@) 205 o1,
Cllom 2 5 g (2120542

<
< C(T7 77n+3(”)7 ||U||Zn+3 ﬂ;s)7
379

Uml| L2

ZTyty

()1 =327 2G4 |

(4.65)

|22

(% || 2
milL zyty

xytq

where we have used (4.58) and the inductive hypotheses.
Now, If k € {1,...,n+ 1} we have

"aivmag+2_kvmaivmag+3vmpN (7!

zyt]

< e(D)02vml L, N2 ol s, @) /205 vml| e 2, |

wyty zyty

()32 2
nt3—k

(D) lomll oo e ()55 O vml| o2, 1 {0)
(

R P

Q

<
< T (o). [ollz, ., uya):
2

(4.66)

where we have used (4.45) and (4.58).
Ifj=n+3:

In case k = 0 or k = n+ 3 the estimate is the exact same estimate (4.63).
In case k =1 or k =n+ 2 we have

1(050m) 205 200 P vmpn 1,

< 0uvmlB, 1@V 200 20l ) =520/ 2gm 40, s
< C(Ta Tn+3 (U)v ||U||Z”+3’TLTH )? (467)

where we have used the inductive hypotheses and (4.58).
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Also, in case k € {2,3,...,n+ 1} we argue as follows
|0p 0 023 kvmﬁkvma n+3 UmpN”Liyq
k k
<077 omllLes, 105vmlLss,,
@) 200l () =322 30, (4.68)
‘n,+3 1 _ —
< e(Dloml7 g ggpsll{@) Oxvmllng 2, (@) =227 200 0y | 2
< C(Ta 77n+3( )7 ||UHZn_*_3 M)a
3,
where we have used (4.45) and (4.58).
We now proceed to estimate the B;; terms.
Ifj = 0 : Analogous to (4.62) with 07139, v,, instead of 97 v,,.
Ifj=1:
105420y v 0p vV Oy P vmpn | 1,
< ADNBwvmllzs,, 1K) 2omll g Lo 10520y vmll e 22, I
,LH +3
()P =" ”mHLiyzl (4.69)
9+ — —
< AT 0 s @) 0 )220 0,
< C(T7 77n+3(”)a ”fU”ZTLJr3 L+3)7
]

where we used Lemma 3.5 and (4.58).
Ifj € {2,3,...,n+ 1} : Analogous to (4.64) with 9773779,v,, instead of
Ont4=Jy,,considering the interpolation

. n+2
) 2052 Oy vmlle, < el T 20y vmll 2" I )20 By 9
Y Ty ) L: Y Ty

i —1 2
WithH:j ,a:n+2andb:n,;and
n—+2 2(j-1)

n42 n42
(@) 200 Byvmllzz, < |5y ()2 D vl 2,
+3

S " (4.70)
< el T3y omlIzz (1) 2

-
UmHngcy

with A= k5, 0=, b= 5k < 552
Ifj = n + 2 : Analogous to (4.65) and (4.66) with 9,0,v,, instead of 92vy,.
Ifj = n + 3: Analogous to (4.63), (4.67), and (4.68) with 0,v,, instead of O, vy,

where in (4.68) we interpolate as follows:

@) 28y vm L2, < 12y (@) Pomll g r2,

|| Tz =R

Vmllfge 2, 1) 2 omllzg’pe o (471)

with 8 = Zig, a=n+3and b= 2(7;+32) < n-25-3.
Taking into account (4.62)-(4.71), integrating (4.61) over [0,¢1] and ar-

guing as done in the proof of Theorem 4.1 it can be seen that

/ /6"+4 )72 2 dpdydt < oo,
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which implies
ANt hu(t)(z) =272 ¢ L2(R?) a.e. t € [0,1,]. (4.72)

Finally, P(n + 1) follows from the choice of 31, (4.59), (4.72) and symmetry
of the arguments. Theorem 4.2 is proven. 0

It is clear that Theorems 4.1, and 4.2 imply the results stated in Theorem
1.1.
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