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1. Introduction

In this article we consider the initial value problem (IVP) associated to the
two dimensional modified Zakharov-Kuznetsov (mZK) equation,

ut + ∂3
xu + ∂x∂2

yu + u2∂xu = 0, (x, y) ∈ R
2, t ∈ R,

u(x, y, 0) = u0(x, y).

}
(1.1)

This equation is a bidimensional generalization of the Korteweg-de Vries (KdV)
equation and serves as a mathematical model to describe the propagation of
nonlinear ion-acoustic waves in magnetized plasma (see for instance [26]).

In recent years, the well-posedness of the IVP (1.1) has been studied in
the context of the classical Sobolev spaces Hs(R2). The Zakharov-Kuznetsov
equation, even with more general non-linearities than those we are considering,
has been studied, among others, in [1,3,6,14,15,17] and references therein. In
the two dimensional case, Ribaud and Vento in [25] obtained well-posedness re-
sults for s > 1/4 relying solely on linear estimates for free solutions. Kinoshita
addressed the critical case s = 1/4 in [14], and also established C3-ill-posedness
for s < 1/4.

In this work, we focus on the IVP (1.1) within the context of weighted
Sobolev spaces. In this regard, the pioneering work for nonlinear dispersive
equations is due to T. Kato [11] for the Korteweg-de Vries (KdV) equation

∂tu + ∂3
xu + u∂xu = 0. (1.2)
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Subsequently, in [5] and [24], local well-posedness was established in weighted
Sobolev spaces (for non-integer indices) for the Cauchy problem associated to
(1.2).

In the case of the Zakharov-Kuznetsov equation, the Cauchy problem
in weighted Sobolev spaces was initially studied in [2] and [4] for dimension
d = 2, where the authors adapted techniques developed for the KdV equation
in [5], [11], and [23]. Additionally, Linares, Pastor, and Drumond Silva in [16]
also considered the local well-posedness in weighted Sobolev spaces for the 2D
symmetrized Zakharov-Kuznetsov equation, as part of their work on dispersive
blow-up phenomena. More recently, Mendez and Riaño in [20, Theorem 1.2]
obtained a first local well-posedness result for arbitrary dimensions d � 2
without pursuing minimal regularity.

It is worth mentioning that it is possible that the ideas of Ribaud and
Vento [25] may be extended to the context of well-posedness in weighted
Sobolev spaces. Since our main interest in this work is not to pursue opti-
mal local well-posedness in such spaces, we will consider s > 3/4 coming from
the classical Kenig-Ponce-Vega method [12] involving maximal estimates.

Isaza, Linares and Ponce in [9, Theorem 1.4] and [10, Corollary 1.6]
showed that there exists an improvement in regularity when an excess of decay
is exhibited by the solutions of the KdV equation. More precisely, they proved
that if u ∈ C(R;L2(R)) is the global solution of the KdV equation obtained
in [13], and there exists α > 0 such that in two different times t0, t1 ∈ R

|x|αu(x, t0), |x|αu(x, t1) ∈ L2(R),

then

u ∈ C(R : H2α(R)).

Later on, in [22], Muñoz and Pastor revisited [9, Theorem 1.4] and adapted the
proof for the modified KdV equation obtaining a similar result for any α > 0
without relying on the ideas of propagation of regularity done in [10, Corollary
1.6]. A related result was also obtained for some dissipative perturbations of
the KdV in [21, Section 4]. Recently, Linares and Ponce in [18] carry on the
study of this phenomena obtaining a similar result for the Intermediate Long
Wave equation.

In the context of propagation of decay Mendez and Riaño in [20, Theo-
rem 1.1] proved that localized decay on the initial data is propagated by the
corresponding solution. The authors showed that the gain of extra localized
regularity is determined by the magnitude of the decay r with respect to their
maximum gain of regularity �2r�. In particular in the integer case, a weight of
size r produces regularity of order up to 2r.

Inspired by the ideas of Isaza, Linares and Ponce in [9], the main objective
of this work is to study the relation between regularity and decay for solutions
of the two-dimensional modified Zakharov-Kuznetsov equation in the weighted
Sobolev spaces

Zs,(r1,r2) := Hs(R2) ∩ L2((1 + |x|2r1 + |y|2r2)dxdy).
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Taking into account the linear change of variables performed by Grünrock and
Herr in [6]

x′ := μx + λy, y′ := μx − λy, t′ := t and v(x′, y′, t′) := u(x, y, t),

where μ = 4−1/3 and λ =
√

3μ, we consider the symmetrized version of equa-
tion (1.1), that is

vt + ∂3
xv + ∂3

yv + 4−1/3(v2∂xv + v2∂yv) = 0. (1.3)

Note, u satisfies the equation in (1.1) if and only if v satisfies equation (1.3).
In this way, we may consider the IVP

vt + ∂3
xv + ∂3

yv + 4−1/3(v2∂xv + v2∂yv) = 0, (x, y) ∈ R
2, t ∈ R,

v(x, y, 0) = v0(x, y),

}

(1.4)

where v0(x′, y′) := u0(x, y), instead of IVP (1.1).
Following the ideas of Fonseca and Pachón in [4], and Bustamante, Jiménez

and Mej́ıa in [2], we will first establish in Theorem 3.3 (below) a well posed-
ness result for the IVP (1.4). From Theorem 3.3 and [20, Theorem 1.1] the
relationship between the regularity index s and the decay rate (r1, r2) of the
solutions of the equation (1.3) is expected to be r �→ 2max{r1, r2}. Neverthe-
less, the main result of this article extends the relation of Mendez and Riaño
to fractional exponents s, r1, r2 (in the particular case d = 2) in the sense that
the relationship between the indices s and (r1, r2) obeys r �→ 2min{r1, r2}.
More precisely,

Theorem 1.1. Let v ∈ C([0, T ];Hs(R2)) be the solution of the IVP (1.4) pro-
vided by Theorem 3.1 (below). Assume there are t0 < t1 ∈ [0, T ] such that (1+
|x|s/2+α1 + |y|s/2+α2)v(ti) ∈ L2(R2), i = 0, 1. Then, v ∈ C([0, T ];Hs+2α(R2)),
α := min{α1, α2} in the following cases

(1) 3
4 < s < 1 and 0 � α � 1−s

2 .
(2) s > 9

4 and α � 0.

Note we may also interpret Theorem 1.1 as an ill-posedness result in
the following sense: assume v0 belongs to Ys,α1,α2 :=

(
Hs(R2) \ Hs+

(R2)
)

∩
L2((1+|x|2α1 +|y|2α2)dxdy)) with min{α1, α2} > s/2. Then the corresponding
solution of the mZK equation does not persist in Ys,α1,α2 .

The gap s ∈ [1, 9
4 ] ought to be compared to that displayed in Theorems

1.2 and 1.3 of [18] in the context of the intermediate long wave equation.
The argument used to prove our main result also involves a weighted energy
estimate that remains standard when α � 1

2 . When α > 1/2 the structure
of the nonlinear part of the equation is degenerated on increments of one
derivative per each step of length 1/2 on the size of α.

We also point out that when s > 1 the proof of our main result relies
strongly on the use of maximal estimates in the presence of weights (see Lemma
3.4 below) to handle the propagation of degeneration coming from derivatives
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of the nonlinear expression f∂f . It is known for the non-symmetrized group
that the estimate

‖U(t)u0‖Lp
xL∞

y,t∈[0,T ]
� c‖u0‖Hs

holds whenever

s > 1 − 1/p if p � 4 or when s > 3/4 if p ∈ [2, 4). (1.5)

Moreover, this is sharp up to the endpoint (see Theorem 1.2 in [19]). To con-
trol the weights in Hs(R2) with s > 1 in our method, the condition (1.5) is
translated into s > 9/4. It is expected this is the best we can get with this
method.

This article is organized as follows: in Section 2 we establish some linear
estimates for the group associated to the linear part of the symmetrization of
the mZK equation, we present the Leibniz rule for fractional derivatives, and we
recall some results concerning the Stein derivative and interpolation estimates.
Section 3 is devoted to the study of the local theory for the Cauchy problem
(1.4) in the weighted Sobolev spaces Zs,(r1,r2). In Section 4 we present the
main contributions of this paper, we establish the relationship between decay
and regularity of solutions for the mZK equation and prove Theorem 1.1.

2. Preliminaries

2.1. Notation

We use c to denote several constants that may vary from line to line.
Dependence on parameters is indicated using parenthesis. We write a ∼ b
when there exists a constant c > 0 such that a/c � b � ca. For a real number
s we denote with s+ (respec. s−) the quantity s + ε (respec. s − ε) for an
arbitrary small ε > 0.

The set Lp(R) is the usual Lebesgue space and L2(wdx) represent the
space L2 with respect to the measure w(x)dx. The norm in Lp(R) will be
denoted by ‖ · ‖p. For a function f , the expressions f̂ and f∨ mean the Fourier
and inverse Fourier transform, respectively. For s, r1, r2 ∈ R the set Hs(R2) is
the L2-based Sobolev space of index s and the set

Zs,(r1,r2) := Hs(R2) ∩ L2((1 + |x|2r1 + |y|2r2)dxdy)

is the weighted Sobolev space with regularity s and decay (r1, r2). In case
r1 = r2 we simply write Zs,(r1,r2) =: Zs,r1 . We denote with ‖ · ‖Lp

xLq
T

the norm
in the mixed Lebesgue spaces defined by

‖f‖Lp
xLq

T
:=

⎛
⎝∫

R

(∫ T

0

|f(x, t)|qdt

)p/q

dx

⎞
⎠

1/p

.

We use (ξ, η) ∈ R
2 for the dual Fourier variable of (x, y) ∈ R

2. We denote the
fractional derivatives with

(Dsf)∧(ξ, η) = (Ds
xyf)∧(ξ, η) := |(ξ, η)|sf̂(ξ, η),
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(Ds
xf)∧(ξ, η) := |ξ|sf̂(ξ, η),

(Ds
yf)∧(ξ, η) := |η|sf̂(ξ, η).

For simplicity we adopt the notation 〈z〉 := (1+z2)1/2. Also, denote with
Jsf the potential

Ĵs(f)(ξ, η) = (1 + x2 + y2)s/2f̂(ξ, η).

If fm → f and we say an estimate is valid for m large enough we mean
that for some M ∈ N if m � M then

‖fm‖ � ‖fm − f‖ + ‖f‖ � 1 + ‖f‖ � c‖f‖.

2.2. Linear estimates

Let us consider the linear IVP associated to the IVP (1.4),

vt + ∂3
xv + ∂3

yv = 0, (x, y) ∈ R
2, t ∈ R,

v(x, y, 0) = v0(x, y),

}
(2.1)

whose solution is given by

v(x, y, t) = [V (t)v0](x, y), (x, y) ∈ R
2, t ∈ R,

where {V (t) : t ∈ R} is the unitary group defined by

[V (t)v0](x, y) :=
1
2π

∫
R2

ei[t(ξ3+η3)+xξ+yη]v̂0(ξ, η)dξdη. (2.2)

Lemmas 2.1 to 2.3, as well as Proposition 2.4, deal with some results
concerning the group defined in (2.2).

Lemma 2.1. (Strichartz-type estimates). Let ε ∈ [0, 1/2], γ = (1−ε)
6 and δ =

(2 − 3ε)/18. We have that

‖V (·t)f‖L3
T L∞

xy
� cT γ‖D−ε/2

x f‖L2
xy

, (2.3)

‖V (·t)f‖L3
T L∞

xy
� cT γ‖D−ε/2

y f‖L2
xy

, (2.4)

‖V (·t)f‖
L

9/4
T L∞

xy
� cT δ‖D−ε/2

x f‖L2
xy

(2.5)

and

‖V (·t)f‖
L

9/4
T L∞

xy
� cT δ‖D−ε/2

x f‖L2
xy

. (2.6)

Proof. It is clear that the procedure developed in proving Lemma 2.1 in [2],
and Lemma 2.6 in [17] can be adapted to establish the estimates (2.3) to (2.6).

�

Although the following Lemma is not strictly demonstrated in [2] or [17],
it can be established using the same methods as shown in those works.
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Lemma 2.2. (Local-type estimates). There exists a constant c such that

‖∂xV (·t)v0‖L∞
x L2

ty
� c‖v0‖L2

xy
, (2.7)

‖∂yV (·t)v0‖L∞
y L2

tx
� c‖v0‖L2

xy
, (2.8)∥∥∥∥∂x

∫ t

0

V (t − t′)g(·, t′)dt′
∥∥∥∥

L∞
T L2

xy

� c‖g‖L1
xL2

yT
(2.9)

and ∥∥∥∥∂y

∫ t

0

V (t − t′)g(·, t′)dt′
∥∥∥∥

L∞
T L2

xy

� c‖g‖L1
yL2

xT
. (2.10)

Proof. Notice that estimates (2.9) and (2.10) are simply the dual versions of
(2.7) and (2.8), respectively. For the proof of (2.7) and (2.8) we refer the reader
to Lemma 2.2 in [2]. �

Lemma 2.3. (Maximal-type estimates). Let v0 ∈ Hs(R2), for some s > 3/4.
Then for all T > 0

‖V (·t)v0‖L2
xL∞

yT
� c(s)(1 + T )1/2‖v0‖Hs

xy
, (2.11)

‖V (·t)v0‖L2
yL∞

xT
� c(s)(1 + T )1/2‖v0‖Hs

xy
. (2.12)

Proof. See Lemma 2.3 in [2]. �

Proposition 2.4. For 6 � r � ∞ and s = 1
2 − 3

r we have

‖V (t)f‖L4
xyLr

t
� c‖f‖Ḣs

xy
. (2.13)

Proof. See Corollary 1 in [7]. �

Using (2.13) and Sobolev embeddings it can be seen that for s > 3/4 it
follows

‖V (t)f‖L4
xL∞

yt
� c‖f‖Hs

xy
and ‖V (t)f‖L4

yL∞
xt

� c‖f‖Hs
xy

. (2.14)

2.3. Fractional derivatives

The following inequality is crucial to deal with the L2−norm of the frac-
tional derivative of a product.

Lemma 2.5. (Leibniz fractional rule). Let us consider 0 < α < 1 and 1 < p <
∞. Thus

‖Dα(fg) − fDαg − gDαf‖Lp(R) � c‖g‖L∞(R)‖Dαf‖Lp(R),

where Dα denotes Dα
x or Dα

y .

Proof. See Theorem A12 in [12]. �

In what comes to the Lp−norm of the fractional derivative of a function,
we have the following useful result.
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Lemma 2.6. Let l,m, r ∈ (1,∞], and 0 < a < b with
1
l

=
(
1 − a

b
)
) 1

r
+

a

b

1
m

.

Then

‖Daf‖Lp � c‖f‖1−a/b
Lr ‖Dbf‖a/b

Lm ,

where Dα denotes Dα
x or Dα

y .

Proof. See Lemma 5 in [23]. �

Denote with Ap the Muckenhoupt class on R
n. More precisely, given

1 < p < ∞, Ap consists of all weights ω such that

[ω]p = sup
Q

(
1

|Q|
∫

Q

ω(y)dy

) (
1

|Q|
∫

Q

ω− 1
p−1 (y)dy

)p−1

< ∞, (2.15)

where the supremum is taken over all cubes Q ⊂ R
n; additional details may

be seen in [8].

Lemma 2.7. The Hilbert transform is bounded in Lp(wdx), 1 < p < ∞, if and
only if w ∈ Ap.
Proof. See Theorem 9 in [8]. �

2.4. Interpolation results

Lemma 2.8. Assume a, b > 0, 1 < p < ∞ and θ ∈ (0, 1). If Jaf ∈ Lp(Rn) and
〈x〉bf ∈ Lp(Rn) then

‖〈x〉θbJ (1−θ)af‖Lp(Rn) � c‖〈x〉bf‖θ
Lp(Rn)‖Jaf‖1−θ

Lp(Rn). (2.16)

The same holds for D instead of J . Moreover, for p = 2 we have

‖Jθa〈x〉(1−θ)bf‖L2(Rn) � c‖Jaf‖θ
L2(Rn)‖〈x〉bf‖1−θ

L2(Rn). (2.17)

Proof. Inequality (2.17) follows from (2.16) in view of Plancherel’s identity.
The proof of (2.16) follows using Hadamard’s three lines theorem. See Lemma
4 in [23]. �

Under slight modifications of the proof of Lemma 2.8 it can be seen that
for all j ∈ {1, 2, . . . , n} it follows

‖〈xj〉θbJ (1−θ)af‖L2(Rn) � c‖〈xj〉bf‖θ
L2(Rn)‖Jaf‖1−θ

L2(Rn) (2.18)

and

‖Jθa〈xj〉(1−θ)bf‖L2(Rn) � c‖Jaf‖θ
L2(Rn)‖〈xj〉bf‖1−θ

L2(Rn). (2.19)

Consider the space L2
j,α(Rn) := {f ∈ L2(Rn) | (1 + ξ2j )α/2f̂(ξ) ∈ L2(Rn)} and

define the directional Stein derivative

Dα
j (f)(x) =

(∫
R

|f(x + t�ej) − f(x)|2
|t|1+2α

dt

)1/2

. (2.20)
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Theorem 2.9. Let α ∈ (0, 1). f ∈ L2
j,α(Rn) if and only if f ∈ L2(Rn) and

Dα
j (f) ∈ L2(Rn). Moreover ‖Jα

j f‖L2 ∼ ‖f‖L2 + ‖Dα
j ‖L2 .

Proof. Note

‖Dα
j (f)‖2L2 =

∫
R

‖f(· + t
ej) − f(·)‖2L2
x

|t|1+2α
dt.

Since

‖f(· + t
ej) − f(·)‖2L2
x

=
∫
Rn

|eit	ej ·ξ − 1||f̂(ξ)|2dξ

we have

‖Dα
j (f)‖2L2 =

∫
Rn

|f̂(ξ)|2
∫
R

|eitξj − 1|2
|t|1+2α

dtdξ

=
∫
Rn

|f̂(ξ)|2|ξj |2α

∫
R

|eiu − 1|2
|u|1+2α

dudξ = c(α)
∫
Rn

|f̂(ξ)|2|ξj |2αdξ.

(2.21)

We conclude that the fact that both Dα
j (f) and f are in L2(Rn), is equivalent

to (1 + ξ2j )α/2f̂ ∈ L2(Rn). �

Lemma 2.10. Let a, b > 0. For j ∈ {1, . . . , n} assume that Ĵa
xj

f = (1+ ξ2j )a/2f̂

and 〈xj〉bf = (1 + |x|2)b/2f are in L2(Rn). Then, for all θ ∈ (0, 1) we have

‖Jaθ
xj

〈xj〉(1−θ)bf‖L2 � c‖Ja
xj

f‖θ
L2‖〈xj〉bf‖1−θ

L2 . (2.22)

Proof. It is enough to consider a = 1 + β, with β ∈ (0, 1). For any g ∈ L2(Rn)
define

Fj(z) := ez2−1

∫
Rn

Jaz
xj

(
〈xj〉(1−θ)bf(x)

)
g(x)dx.

Using Theorem 2.9 it can be seen, in a similar fashion as done in the proof of
Lemma 2.8, that

|Fj(iw)| � e−w2−1‖〈xj〉bf‖
and

|Fj(1 + iw)| � c(α)e−w2
(1 + |wb|2)‖J1+β

xj
f‖L2 .

The lemma follows from Hadamard’s three lines theorem and duality. �

3. Local theory

We gather some useful results regarding the existence of solutions to the IVP
(1.4) in Sobolev and Weighted spaces. We begin with the result concerning the
local well-posedness in Hs(R2).
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Theorem 3.1. Let s > 3/4 and v0 ∈ Hs(R2) a real valued function. Then there
exist T > 0 and a unique v, in a certain subspace XT,s of C([0, T ];Hs(R2)),
solution of the IVP (1.4). (The definition of the subspace XT,s will be clear in
the proof of the theorem), such that

‖Ds
xvx‖L∞

x L2
yT

+ ‖Ds
yvx‖L∞

x L2
yT

+ ‖Ds
yvx‖L∞

y L2
xT

+ ‖Ds
xvy‖L∞

y L2
xT

< ∞,

‖v‖L3
T L∞

xy
+ ‖vx‖

L
9/4
T L∞

xy
‖vy‖

L
9/4
T L∞

xy
< ∞ and ‖v‖L2

xL∞
yT

+ ‖v‖L2
yL∞

xT
< ∞.

Moreover, for any T ′ ∈ (0, T ) there exists a neighborhood V of v0 in Hs(R2)
such that the data-solution map ṽ0 �→ ṽ from V into XT ′ is Lipschitz.

Proof. The proof of this result employs the contraction principle and follows
the ideas of Linares and Pastor in [17] for the modified (non-symmetrized) ZK
equation; and of Bustamante, Jiménez, and Mej́ıa in [2] for the ZK equation
after being symmetrized. Due to the similarity of the estimates involved, we
will provide only a sketch of the proof.

We begin by considering the integral operator

Ψ(v)(t) := V (t)v0 − 4−1/3

∫ t

−t

V (t − t′)(vvx + vvy)(t′)dt′ ≡ V (t)v0 + E(v)(t),

(3.1)

and defining the metric space

XT,s := {v ∈ C([0, T ];Hs(R2)) : ηs(v) < ∞},
where

ηs(v) := ‖v‖L∞
T Hs

xy
+ ‖Ds

xvx‖L∞
x L2

yT
+ ‖Ds

yvx‖L∞
x L2

yT
+ ‖vx‖

L
9/4
T L∞

xy

+ ‖v‖L2
xL∞

yT
+ ‖Ds

xvy‖L∞
y L2

xT

+ ‖Ds
yvx‖L∞

y L2
xT

+ ‖vy‖
L

9/4
T L∞

xy
+ ‖v‖L2

yL∞
xT

+ ‖v‖L3
T L∞

xy
≡

10∑
i=1

ηi(v). (3.2)

In the first place, we will consider s ∈ (3/4, 1]. Assume that v0 ∈ Hs(R2). By
using the Strichartz type, local type, and maximal type estimates (inequalities
(2.3) to (2.12)), it can be seen that

ηs(V (t)v0) � c(s)(1 + T )1/2‖v0‖Hs
xy

. (3.3)

Now, let us assume that v ∈ XT,s. We divide the analysis into the cases
3/4 < s � 1, and s > 1. If 3/4 < s < 1, it can be shown that the inequality

ηs(E(v)) � c(s)(1 + T )1/2(T 1/6 + T 2/9)[ηs(v)]3 (3.4)

holds, using the Leibniz fractional rule (Lemma 2.5), Minkowski’s inequality,
Hölder’s inequality, and (2.3) to (2.12). The case s = 1 is simpler since it is
used the ordinary Leibniz rule for derivatives. Thus, it is not hard to see that
(3.4) is also valid in such case. Consequently, combining (3.3) and (3.4), we
have that, for s ∈ (3/4, 1],

ηs(Ψ(v)) � c(s)(1 + T )1/2‖v0‖Hs
xy

+ c(s)(1 + T )1/2(T 1/6 + T 2/9)[ηs(v)]3.
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Defining a := 2c(s)(1+T )1/2‖v0‖Hs
xy

, and choosing T > 0 such that a2c(s)(1+
T )1/2(T 1/6 + T 2/9) � 1

4 , it follows that

ηs(v) < a =⇒ ηs(Ψ(v)) � 1
2
a +

1
4a2

a3 =
3
4
a < a.

If we define Xa
T,s := {v ∈ XT,s : ηs(v) < a}, then we have proven that Ψ :

Xa
T,s → Xa

T,s is well defined. Moreover, following standard-by-now arguments,
it can be seen that Ψ : Xa

T,s → Xa
T,s is a contraction. Therefore, there exists a

unique v ∈ Xa
T,s such that Ψ(v) = v, As a consequence of the method, it can

be shown that for every T ′ ∈ (0, T ), there exists a neighborhood V of v0 in
Hs(R2) such that the data-solution map ṽ0 �→ ṽ from V into XT ′ is Lipschitz.

Now we consider the case s > 1. For v0 ∈ Hs(R2), it is evident that
v0 ∈ H1(R2). Therefore, by applying the previous established result for s = 1,
there exists a unique solution ṽ ∈ Xa

T,s to the integral equation (3.1). Let us
confirm that actually ṽ ∈ C([0, T ];Hs(R2)). Without loss of generality, let us
assume that s ∈ (1, 2]. Since η1(ṽ) < ∞, it can be seen that

‖E(ṽ)‖L∞
T L2

xy
< cT 2/9[η1(ṽ)]3 < ∞. (3.5)

By employing Lemma 2.6, and Hölder’s inequality, we can affirm that

‖Ds
xE(ṽ)‖L∞

T L2
xy

� c‖∂xE(ṽ)‖1−(s−1)/s
L∞

T L2
xy

‖∂x[∂xE(ṽ)]‖(s−1)/s
L∞

T L2
xy

. (3.6)

Taking into account the case s = 1, we notice that

‖∂xE(ṽ)‖(1−(s−1)/2)
L∞

T L2
xy

< c{(T 1/6 + T 2/9)η1(ṽ)}3(1−(s−1)/2) < ∞. (3.7)

In relation to the second factor on the right hand side of (3.6), we can use
estimate (2.9) in Lemma 2.2, and the fact that v ∈ Xa

T,1 to conclude that

‖∂x[∂xE(ṽ)(t)]‖(s−1)/s
L∞

T L2
xy

� c‖∂x(v2vx + v2vy)‖(s−1)/s

L1
xL2

yT

� c‖vv2
x‖(s−1)/s

L1
xL2

yT
+ c‖v2vxx‖(s−1)/s

L1
xL2

yT
+ c‖vvxvy‖(s−1)/s

L1
xL2

yT
+ c‖v2vxy‖(s−1)/s

L1
xL2

yT

� c[T 1/18‖v‖L2
xL∞

yT
‖vx‖L∞

T L2
xy

‖vx‖L2
T L∞

xy
](s−1)/s

+ c[‖v‖L2
xL∞

yT
‖v‖L2

xL∞
yT

‖vxx‖L∞
x L2

yT
](s−1)/s

+ c[T 1/18‖v‖L2
xL∞

yT
‖vx‖L∞

T L2
xy

‖vy‖L2
T L∞

xy
](s−1)/s

+ [‖v‖L2
xL∞

yT
‖v‖L2

xL∞
yT

‖vxy‖L∞
x L2

yT
](s−1)/s

� c(1 + T 1/18)[η1(ṽ)]3(s−1)/s.

(3.8)

From (3.6), (3.7), and (3.8) we have that

‖Ds
xE(ṽ)‖L∞

T L2
xy

< c(T 1/6)1−(s−1)/s(1 + T 1/18)[η1(ṽ)]3 < ∞. (3.9)

Similary we can obtain that

‖Ds
yE(ṽ)‖L∞

T L2
xy

< c(T 1/6)1−(s−1)/s(1 + T 1/18)[η1(ṽ)]3 < ∞. (3.10)
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Combining (3.5), (3.9), and (3.10), we conclude that ũ ∈ C([0, T ];Hs(R2)).
Theorem 3.1 is proven. �

After establishing the result in Theorem 3.1, we proceed to demonstrate
a similar one in weighted Sobolev spaces of the form

Zs,(r1,r2) := Hs(R2) ∩ L2((1 + |x|2r1 + |y|2r2)dxdy).

For this purpose, we will employ a result by Fonseca and Pachón in [4],
adapted for the group associated with the linear part of the symmetrized ZK
equation, defined in (2.2), instead of the non-symmetrized equation. It is worth
noting that the same proof conducted by Fonseca and Pachón applies to the
symmetrized group, with the respective adjustments required. The result is
stated in the following Lemma.

Lemma 3.2. Let r1, r2 ∈ (0, 1), s � 2max{r1, r2}, and {V (t) : t ∈ R} the
unitary group defined in (2.2). If u0 ∈ Zs,(r1,r2), then, for all t ∈ R, and
almost every (x, y) ∈ R

2,

|x|r1V (t)u0(x, y) = V (t)(|x|r1u0)(x, y) + V (t){Φ1,t,r1(û0)(ξ, η)}∨(x, y),
(3.11)

with

‖{Φ1,t,r1(û0)(ξ, η)}∨‖L2
xy

� c(1 + |t|)(‖u0‖L2
xy

+ ‖Ds
xu0‖L2

xy
+ ‖Ds

yu0‖L2
xy

),
(3.12)

and

|y|r2V (t)u0(x, y) = V (t)(|y|r2u0)(x, y) + V (t){Φ2,t,r2(û0)(ξ, η)}∨(x, y),
(3.13)

with

‖{Φ2,t,r2(û0)(ξ, η)}∨‖L2
xy

� c(1 + |t|)(‖u0‖L2
xy

+ ‖Ds
xu0‖L2

xy
+ ‖Ds

yu0‖L2
xy

).
(3.14)

Moreover, if in addition we suppose that for β ∈ (0,min{r1, r2})

Dβ(|x|r1u0),Dβ(|x|r1u0) ∈ L2(R2) and u0 ∈ Hβ+s(R2), (3.15)

then for all t ∈ R and for almost every (x, y) ∈ R
2

Dβ(|x|r1V (t)u0)(x, y) = V (t)(Dβ |x|r1u0)(x, y)

+V (t)Dβ({Φ1,t,r1(û0)(ξ, η)}∨)(x, y) (3.16)

and

Dβ(|y|r2V (t)u0)(x, y) = V (t)(Dβ |y|r2u0)(x, y)

+V (t)Dβ({Φ2,t,r2(û0)(ξ, η)}∨)(x, y) (3.17)

with

‖Dβ({Φj,t,rj
(û0(ξ, η)}∨)‖L2

xy
� c(1 + |t|)(‖u0‖L2

xy
+ ‖Dβ+s

x u0

‖L2
xy

+ ‖Dβ+s
y u0‖L2

xy
), j = 1, 2. (3.18)
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Proof. See Theorem 2 in [4]. �

The result in weighted Sobolev spaces is as follows.

Theorem 3.3. Let s > 3/4 and v ∈ Hs(R2) the solution of the IVP (1.4)
obtained in Theorem 3.1. Let us assume that (|x|r1 + |y|r2)v0 ∈ L2(R2), with
0 < 2max{r1, r2} � s. Then v ∈ C([0, T ];Zs,(r1,r2)).

Moreover, for any T ′ ∈ (0, T ) there exists a neighborhood V of v0 in
Zs,(r1,r2) such that the data-solution map ṽ0 �→ ṽ from V into the class defined
by XT,s in Theorem 3.1, with T ′ instead of T , is Lipschitz.

Proof. We follow the ideas from the proof of Theorem 2 in [4]. We begin, as in
the proof of Theorem 3.1, assuming that s ∈ (3/4, 1]. In the proof of Theorem
3.1 we obtained a unique ṽ ∈ XT,s ⊂ C([0, T ];Hs(R2)) such that

ṽ(t) := V (t)v0 − 4−1/3

∫ t

−t

V (t − t′)(ṽṽx + ṽṽy)(t′)dt′ ≡ V (t)v0 + E(ṽ)(t),

and we proved that

ηs(E(v)) �c(s)(1 + T )1/2(T 1/6 + T 2/9)[ηs(v)]3, (3.19)

ηs(Ψ(v)) �c(s)(1 + T )1/2‖v0‖Hs(x,y) + c(s)(1 + T )1/2(T 1/6 + T 2/9)[ηs(v)]3,
(3.20)

for every v ∈ XT,s.
Let us define the norm

ηr1,r2(v) := ‖|x|r1v‖L∞
T L2

xy
+ ‖|y|r2v‖L∞

T L2
xy,

By using Lemma 3.2, Hölder’s inequality, and bearing in mind (3.19), we can
affirm that

‖|x|r1 ṽ(t)‖L2
xy

� ‖|x|r1V (t)v0‖L2
xy

+ c ‖|x|r1E(ṽ)(t)‖L2
xy

� ‖V (t)(|x|r1v0)‖L2
xy

+ c(1 + T )‖v0‖Hs
xy

+ c

∫ T

0

‖|x|r1(ṽ2ṽx)(t′)‖L2
xy

dt′

+ c

∫ T

0

‖|x|r1(ṽ2ṽy)(t′)‖L2
xy

dt′ + c(1 + T )‖E(ṽ)(t)‖Hs
xy

� ‖|x|r1v0‖L2
xy

+ c(1 + T )‖v0‖Hs
xy

+ cT 2/9‖|x|r1 ṽ‖L∞
T L2

xy
‖ṽ‖L3

T L∞
xy

‖ṽx‖
L

9/4
T L∞

xy

+ cT 2/9‖|x|r1 ṽ‖L∞
T L2

xy
‖ṽ‖L3

T L∞
xy

‖ṽy‖
L

9/4
T L∞

xy
+ c(1 + T )(T 1/6 + T 2/9)[ηs(ṽ)]3,

which implies that

‖|x|r1 ṽ(t))‖L∞
T L2

xy
� ‖|x|r1v0‖L2

xy
+ c(1 + T )‖v0‖Hs

xy

+ cT 2/9‖|y|r2 ṽ‖L∞
T L2

xy
[ηs(ṽ)]2

+ c(1 + T )(T 1/6 + T 2/9)[ηs(ṽ)]3.
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In a similar way,

‖|y|r2 ṽ(t))‖L∞
T L2

xy
� ‖|y|r2v0‖L2

xy
+ c(1 + T )‖v0‖Hs

xy

+ cT 2/9‖|y|r2 ṽ‖L∞
T L2

xy
[ηs(ṽ)]2

+ c(1 + T )(T 1/6 + T 2/9)[ηs(ṽ)]3.

Thus
ηr1,r2(ṽ)(t) � ‖|x|r1v0‖L2

xy
+ ‖|y|r2v0‖L2

xy
+ c(1 + T )‖v0‖Hs

xy

+ cT 2/9η(ṽ)[ηs(ṽ)]2 + c(1 + T )(T 1/6 + T 2/9)[ηs(ṽ)]3.

If we define

η̃s,(r1,r2)(v) := ηs(v) + ηr1,r2(v),

we have that
η̃s,(r1,r2)(ṽ) = ηs(ṽ) + ηr1,r2(ṽ) � ηs(ṽ) + c[‖|x|r1v0‖L2

xy

+ ‖|y|r2v0‖L2
xy

+ (1 + T )‖v0‖Hs
xy

]

+ cT 2/9η̃s,(r1,r2)(ṽ)[ηs(ṽ)]2 + c(1 + T )(T 1/6 + T 2/9)[ηs(ṽ)]3

� ηs(ṽ) + c[‖|x|r1v0‖L2
xy

+ ‖|y|r2v0‖L2
xy

+ (1 + T )‖v0‖Hs
xy

]

+ c(1 + T )1/2(T 1/6 + T 2/9)η̃s,(r1,r2)(ṽ)[ηs(ṽ)]2

+ c(1 + T )(T 1/6 + T 2/9)[ηs(ṽ)]3.

Let us recall that in the proof of Theorem 3.1, we chose a := 2c(s)(1 +
T )1/2‖v0‖Hs

xy
and T > 0 such that a2c(s)(1+T )1/2(T 1/6+T 2/9) � 1

4 . Besides,
from the contraction principle, we had that ηs(ṽ) < a. Therefore

η̃s,(r1,r2)(ṽ) � a + c[‖|x|r1v0‖L2
xy

+ ‖|y|r2v0‖L2
xy

+ (1 + T )‖v0‖Hs
xy

]

+
1
4
η̃s,(r1,r2)(ṽ) + c(1 + T )1/2a.

The latter implies

η̃s,(r1,r2)(ṽ) � c[‖|x|r1v0‖L2
xy

+ ‖|y|r2v0‖L2
xy

+ (1 + T )‖v0‖Hs
xy

] + c(1 + T )1/2a

< ∞.

This completes the proof for s ∈ (3/4, 1]. The case s > 1 can be handled in a
similar manner to that of the proof of Theorem 3.1 taking into account that
(3.12) and (3.14) can be adapted for r1, r2 � 1 via iterations at every integer
step (as done in the proof of Lemma 3.5 below). Theorem 3.3 is proven. �

Lemma 3.4. Let s > 9/4 and r1, r2 > 9/8 such that 2max{r1, r2} � s. If
v ∈ C([0, T ];Zs,(r1,r2)) is the solution of the IVP (1.4) provided by Theorem
3.3, then

‖〈x〉 3
4
+
v‖L4

xL∞
yt

+ ‖〈y〉 3
4
+
v‖L4

yL∞
xt

� c(T, η9/4+(v), ‖v‖L∞
T Zs,(r1,r2)). (3.21)

(See the definition of η9/4+(v) in (3.4)).
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Proof. Using Lemma 3.2 and (2.14) we have

‖〈x〉 3
4
+
V (t)v0‖L4

xL∞
yt

� ‖V (t)〈x〉 3
4
+
v0‖L4

xL∞
yt

+ ‖V (t){Φ1,t, 34
+(v̂0)}∨‖L4

xL∞
yt

� c‖J
3
4
+

xy 〈x〉 3
4
+
v0‖L2

xy
+ c‖J

3
4
+

xy {Φ1,t, 34
+(v̂0)}∨‖L2

xy
.

(3.22)

Note from (2.19) with θ = 1/3 that

‖J
3
4
+

xy 〈x〉 3
4
+
v0‖L2

xy
� c‖J

9
4
+

xy v0‖1/3
L2

xy
‖〈x〉 9

8
+
v0‖2/3

L2
xy

� c(‖v0‖Zs,(r1,r2)).

(3.23)

Similarly, from (3.12) and (3.18) we have

‖J
3
4
+

xy {Φ1,t, 34
+(v̂0)}∨‖L2

xy
� c(1 + T )‖J

9
4
+

xy v0‖L2
xy

� c(T, ‖v0‖Zs,(r1,r2)).

(3.24)

From (3.22) - (3.24) we conclude

‖〈x〉 3
4
+
V (t)v0‖L4

xL∞
yt

� c(T, ‖v0‖Zs,(r1,r2)). (3.25)

On the other hand,
∫ T

0

‖〈x〉 3
4
+
V (t − t′)(v2(∂xv + ∂yv))(t′)‖L4

xL∞
yt

dt′

�
∫ T

0

‖V (t − t′)〈x〉 3
4
+
(v2(∂xv + ∂yv))(t′)‖L4

xL∞
yt

dt′

+
∫ T

0

‖V (t − t′){Φ1,t−t′, 34
+(v2(∂xv + ∂yv))∧}∨‖L4

xL∞
yt

dt′

� c

∫ T

0

‖J
3
4
+

xy 〈x〉 3
4
+
(v2(∂xv∂yv))(t′)‖L2

xy
dt′

+ c

∫ T

0

‖J
3
4
+

xy {Φ1,t−t, 34
+(v2(∂xv + ∂yv))∧}∨‖L2

xy
dt′.

(3.26)

Note as done for (3.23), via interpolation, and using Young’s inequality, we
have that

∫ T

0

‖J
3
4
+

xy 〈x〉 3
4
+
(v2(∂xv + ∂yv))(t′)‖L2

xy
dt′

� c

∫ T

0

‖J
9
4
+

xy (v2(∂xv + ∂yv))(t′)‖L2
xy

dt′

+ c

∫ T

0

‖〈x〉 9
8
+
(v2(∂xv + ∂yv))(t′)‖L2

xy
dt′

� c(T, η9/4+(v), ‖v‖L∞
T Zs,(r1,r2)).

(3.27)
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Also
∫ T

0

‖J
3
4
+

xy {Φ1,t−t′, 34
+(v2(∂xv + ∂yv))}‖L2

xy
dt′

� c(1 + T )
∫ T

0

‖v2(∂xv + ∂yv)(t′)‖
H

9
4
+

xy

dt′

� c(T, η9/4+(v)).

(3.28)

From (3.26)-(3.28) we conclude

∫ T

0

‖〈x〉 3
4
+
V (t − t′)(v2(∂xv + ∂yv))(t′)‖L4

xL∞
yt

dt′ � c(T, |||v|||, ‖v‖L∞
T Zs,(r1,r2)).

(3.29)

Finally, from (3.25), (3.29) and symmetry of the arguments we obtain

‖〈x〉 3
4
+
v‖L4

xL∞
yt

+ ‖〈y〉 3
4
+
v‖L4

yL∞
xt

� c(T, η9/4+(v), ‖v‖L∞
T Zs,(r1,r2) , ‖v0‖Zs,(r1,r2)),

which proves Lemma 3.4 �

Lemma 3.5. Let s > 9/4 and r1, r2 > 9/8 such that 2max{r1, r2} � s. If
v ∈ C([0, T ];Zs,(r1,r2)) is the solution of the IVP (1.4) provided by Theorem
3.3, then

‖〈x〉s/2v‖L3
T L∞

xy
+ ‖〈y〉s/2v‖L3

T L∞
xy

� c(T, ηs(v), ‖v‖L∞
T Zs,s/2 , ‖v0‖Zs,(r1,r2)).

(See the definition of ηs(v) in (3.4)).

Proof. It is sufficient to develop the proof under the assumption s
2 = 1 + b

with b ∈ (0, 1).
Given that Γx,t := x − 3t∂2

x commutes with ∂t + ∂3
x + ∂3

y , it can be seen
that

xV (t)(v0)(x, y) = V (t)(xv0)(x, y) + 3tV (t)(∂2
xv0)(x, y).

Thus,

|x|s/2|V (t)(v0)(x, y)| � |x|b|V (t)(xv0)(x, y) + 3tV (t)(∂2
xv0)(x, y)|

� |V (t)(|x|bxv0)(x, y)| + |V (t){Φ1,t,b(x̂v0)}∨(x, y)|
+ |3tV (t)(|x|b∂2

xv0)(x, y)|
+ |3tV (t){Φ1,t,b(∂̂2

xv0)}∨(x, y)|. (3.30)

Therefore, taking into account the Strichartz estimate (2.3) with ε = 0,
inequality (3.30), estimate (3.12), and the interpolation inequalities (2.18) and
(2.19) with θ = 2b

s , we have
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‖〈x〉s/2V (t)v0‖L3
T L∞

xy
� c(T )[‖〈x〉s/2v0‖L2

xy
+ ‖{Φ1,t,b(x̂v0)}∨‖L2

xy

+ ‖〈x〉b∂2
xv0‖L2

xy
+ ‖{Φ1,t,b(∂̂2

xv)}∨‖L2
xy

]

� c(T )[‖〈x〉s/2v0‖L2
xy

+ ‖J2b
xy〈x〉v0‖L2

xy
+ ‖〈x〉bJ2

xv0‖L2
xy

+ ‖J2b
xy∂2

xv0‖L2
xy

]

� c(T )[‖〈x〉s/2v0‖L2
xy

+ ‖Js
xyv0‖θ

L2
xy

‖〈x〉s/2v0‖1−θ
L2

xy

+ ‖Js
xyv0‖1−θ

L2
xy

‖〈x〉s/2v0‖θ
L2

xy
+ ‖Js

xyv0‖L2
xy

]

� c(T )‖v0‖Zs,(r1,r2) .

(3.31)

A similar procedure shows that the nonlinear part satisfies∥∥∥∥〈x〉s/2

∫ t

0

V (t − t′)(v2(∂xv + ∂yv))(t′)dt′
∥∥∥∥

L3
T L∞

xy

� c(T )
∫ T

0

{
‖〈x〉s/2(v2(∂xv + ∂yv))(t′)‖L2

xy

+‖(v2(∂xv + ∂yv))(t′)‖Hs
xy

}
dt′

� c(T, ηs(v), ‖v‖Zs,s/2).

(3.32)

The lemma follows from (3.31), (3.32) and symmetry of the arguments. �

4. Decay versus regularity

For N ∈ N and α ∈ [0, 1/2) denote

˜̃ρα
N (x) :=

{
〈x〉2α − 1 x ∈ [0, N ],
(2N)2α x ∈ [3N,∞).

Let ρ̃α
N be a smooth regularization of ˜̃ρα

N , defined in [0,∞), such that for
j = 1, 2, . . . we have

∣∣∂j
xρ̃α

N

∣∣ � c with c independent of N . Set ρα
N to be the

odd extension of ρ̃α
N , that is,

ρα
N (x) :=

{
ρ̃α

N (x) x ∈ [0,∞],
−ρ̃α

N (−x) x ∈ (−∞, 0).
(4.1)

Note that (ρα
N )′ � 0.

Let m ∈ N∪{0}. For β > m/2 define ρβ
N,m := ρ

β−m/2
N . Let us note that in

case β ∈ (m+k
2 , m+k+1

2 ] for some k ∈ N we would have that β−m/2 ∈ (k
2 , k+1

2 ]
which prevents the derivatives |∂j

xρβ
N,m|, j = 1, . . . , k; to be bounded above

independent on N .
Before stating and proving the main results of this work, let us recall the

definition of the norm ηs given in (3.2), as it will be used frequently in the
proofs that follow.

ηs(v) := ‖v‖L∞
T Hs

xy
+ ‖Ds

xvx‖L∞
x L2

yT
+ ‖Ds

yvx‖L∞
x L2

yT
+ ‖vx‖

L
9/4
T L∞

xy
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+ ‖v‖L2
xL∞

yT
+ ‖Ds

xvy‖L∞
y L2

xT

+ ‖Ds
yvx‖L∞

y L2
xT

+ ‖vy‖
L

9/4
T L∞

xy
+ ‖v‖L2

yL∞
xT

+ ‖v‖L3
T L∞

xy
≡

10∑
i=1

ηi(v),

Theorem 4.1. Let v ∈ C([0, T ];H
3
4
+
(R2)) be the solution of the IVP (1.4)

provided by Theorem 3.1. Let us assume that there are t0 < t1 ∈ [0, T ] such
that

(1 + |x| 3
8
++α1 + |y| 3

8
++α2)v(ti) ∈ L2(R2), i = 0, 1, (4.2)

where α1, α2 ∈ [0, 1/8) and denote α := min{α1, α2}. Then, v ∈ C([0, T ];
H

3
4
++2α(R2)).

Proof. Without loss of generality we assume t0 = 0. Let {v0m}m ⊂ C∞
0 (R)

be a sequence converging to v0 in H
3
4
+
(R2). Denote with vm ∈ H∞(R2) the

corresponding solution provided by the local theory with initial datum v0m.
By regularity of the data-solution map we can assume all the vm’s are defined
in [0, T ] with vm converging to v in C

(
[0, T ];H

3
4
+
(R2)

)
.

We set β1 := 3
8

++α1 and consider ρN ≡ ρβ1
N,0 defined above. In particular

we note that |ρN (x)| � c〈x〉2β1 .
Let us take the symmetrized mZK equation (1.3) for vm and multiply

it by vm(x, y)ρN (x). Taking into account that ρN depends only on x, after
integration by parts in space we get

1
2

d

dt

∫
v2

mρNdxdy +
3
2

∫
(∂xvm)2ρ′

Ndxdy

− 1
2

∫
v2

mρ′′′
Ndxdy − μ

4

∫
v4

mρ′
Ndxdy = 0.

(4.3)

In what follows, we will make use several times (without explicitly men-
tioning it) the continuous dependence provided by Theorem 3.1 in the sense
that for m large enough ηs(vm) � ηs(v).

Integrating (4.3) over [0, t1] and taking into account that∣∣∣∣
∫ t1

0

∫
v2

mρ′′′
Ndxdydt

∣∣∣∣ � ct1‖vm‖2L∞
T L2

xy
� c‖v‖2L∞

T L2
xy

= c(η3/4+(v)),
(4.4)

and that ∣∣∣∣
∫ t1

0

∫
v4

mρ′
Ndxdydt

∣∣∣∣ � c

∫ t1

0

‖vm‖2L∞
xy

∫
v2

mdxdydt

� c‖vm‖2L2
T L∞

xy
‖vm‖L∞

T L2
xy

� c(T )‖vm‖2L3
T L∞

xy
‖vm‖L∞

T L2
xy

� c(T )[η3/4+(v)]4 � c(T, η3/4+(v)),

(4.5)
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we obtain for m large enough that
∫ t1

0

∫
(∂xvm)2ρ′

Ndxdydt � c(T, η3/4+(v)) + c‖vm(t1)ρ
1/2
N ‖2

L2
xy

+ c‖v0mρ
1/2
N ‖2

L2
xy

� c(T, η3/4+(v)) + c‖v(t1)ρ
1/2
N ‖2

L2
xy

+ c‖v0ρ
1/2
N ‖2

L2
xy

� c(T, η3/4+(v)) + c‖v(t1)〈x〉β1‖2
L2

xy
+ c‖v0〈x〉β1‖2

L2
xy

� c(T, η3/4+(v), ‖v(t1)‖L2
w

, ‖v0‖L2
w

),

(4.6)

where ‖f‖L2
w

:= ‖(1 + |x| 3
8
++α1 + |y| 3

8
++α2)f‖L2

xy
.

Let us note that for each N fixed we have∫ t1

0

∫ ∣∣(∂xvm)2ρ′
N − (∂xv)2ρ′

N

∣∣ dxdydt

�
∫ t1

0

∫
|∂xvm − ∂xv||∂xvm + ∂xv|ρ′

N (x)dxdydt

� c

∫ t1

0

∥∥(∂xvm − ∂xv)χ[−2N,2N ](·x)
∥∥

L2
xy

∥∥(∂xvm + ∂xv)χ[−2N,2N ](·x)
∥∥

L2
xy

dt

� c
∥∥(∂xvm − ∂xv)χ[−2N,2N ](·x)

∥∥
L2

xyt1

∥∥(∂xvm + ∂xv)χ[−2N,2N ](·x)
∥∥

L2
xyt1

� c(N)‖∂xvm − ∂xv‖L∞
x L2

yt1

(
‖∂xvm‖L∞

x L2
yt1

+ ‖∂xv‖L∞
x L2

yt1

)
� c(N, |||v|||)‖∂xvm − ∂xv‖L∞

x L2
yt1

−−−−→
m→∞ 0. (4.7)

Therefore, for all N ∈ N we have from (4.6) and (4.7) that there exists
c > 0 such that ∫ t1

0

∫
(∂xv)2ρ′

Ndxdydt � c, (4.8)

with c independent of N .
According to the definition of ρN (x), for |x| > 1 it follows that ρ′

N (x)
−−−−→
N→∞

2β1〈x〉2β1−2x ∼ 〈x〉2β1−1. Thus, from Fatou’s Lemma, and considering

(4.8), we obtain that∫ t1

0

∫ ∫
|x|>1

(∂xv)2〈x〉2β1−1dxdyt � c lim inf
N→∞

∫ t1

0

∫ ∫
|x|>1

(∂xv)2ρ′
Ndxdydt � c.

(4.9)

Let us also note that∫ t1

0

∫ ∫
|x|�1

(∂xv)2〈x〉2β1−1dxdyt � c

∫ t1

0

∫
(∂xv)2χ{|x|�1}(·x)dxdydt

� c‖∂xv‖L∞
x L2

yt1
� c(η3/4+(v)).

(4.10)

Combining (4.9) and (4.10) we conclude that∫ t1

0

∫
(∂xv)2〈x〉2β1−1dxdydt < ∞, (4.11)
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which implies

〈x〉β1−1/2∂xv(t) ∈ L2(R2) a.e. t ∈ [0, t1]. (4.12)

Now, with (4.11) in hand, we reapply the argument above with φN being
the even extension of ρ̃N instead of ρN . Note that |φ′

N | � c〈x〉2β1−1. Using
(4.3) with φN instead of ρN and arguing as in (4.4)-(4.11) it follows that

lim
m→∞

∫ t1

0

∫
(∂xvm)2φ′

Ndxdydt =
∫ t1

0

∫
(∂xv)2φ′

Ndxdydt

and ∣∣∣∣
∫ t1

0

∫
(∂xv)2φ′

Ndxdydt

∣∣∣∣ �
∫ t1

0

∫
(∂xv)2〈x〉2β1−1dxdydt � c.

From these estimates and integrating over [0, t] ⊂ [0, t1] it follows that

〈x〉β1v(t) ∈ L2(R2) for all t ∈ [0, t1]. (4.13)

Because of the symmetry of the equation it can be seen that for β2 :=
3
8

+ + α2 {
〈y〉β2v(t) ∈ L2(R2) for all t ∈ [0, t1],
〈y〉β2−1/2∂yv(t) ∈ L2(R2) a.e. t ∈ [0, t1].

(4.14)

Let t∗ ∈ [0, t1] be such that (4.12), (4.13) and (4.14) hold at t∗. In par-
ticular we have

J1
x(〈x〉β1−1/2v(t∗)) and J1

y (〈y〉β2−1/2v(t∗)) are in L2(R2).

For i = 1, 2 set fi(x, y) := 〈ai〉βi−1/2v(t∗)(x, y) where a1 = x and a2 = y.
Interpolating with θ = 2βi ∈ (0, 1) we get

∥∥J2βi
ai

v(t∗)
∥∥

L2
xy

=
∥∥∥Jθ·1

ai
〈ai〉(1−θ)· 12 fi

∥∥∥
L2

xy

� c
∥∥J1

ai
fi

∥∥θ

L2
xy

∥∥∥〈ai〉1/2fi

∥∥∥1−θ

L2
xy

< ∞.

(4.15)

We conclude from (4.15) that v(t∗) ∈ H
3
4
++2α(R2), which implies v ∈

C([0, T ];H
3
4
++2α(R2)). Moreover, by Theorem 3.3,

v ∈ C([0, T ];Z 3
4
++2α, 38

++α). (4.16)

Theorem 4.1 is proven. �

Theorem 4.2. Let v ∈ C([0, T ];H
9
4
+
(R2)) be the solution of the IVP (1.4)

provided by Theorem 3.1. Assume there are t0 < t1 ∈ [0, T ] such that

(1 + |x| 9
8
++α1 + |y| 9

8
++α2)v(ti) ∈ L2(R2), i = 0, 1; (4.17)

where α1, α2 � 0. Denote α := min{α1, α2}. Then
v ∈ C([0, T ];H

9
4
++2α(R2)).
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Proof. Without loss of generality assume t0 = 0. We proceed by cases depend-
ing on the size of α.
Caseα ∈ [0, 3/8).

From the hypothesis and Theorem 3.3 it follows that v ∈ C([0, T ];Z 9
4
+, 98

+).
Let {v0m}m be a sequence of C∞

0 (R2) functions converging to v0 in Z 9
4
+, 98

+ .
Let us denote with vm the respective solution provided by Theorem 3.3 with
initial datum v0m. We can assume that for m large enough all the vm’s are in
C([0, T ];Z 9

4
+, 98

+).

In what follows we will make use several times, without mentioning the
continuous dependence provided by Theorem 3.3 in the sense that for m large
enough η9/4+(vm) � cη9/4+(v).

We first prove that 〈x〉1/2∂xv(t) ∈ L2(R2) a.e. in [0, t1]. To do so, we fol-
low the same argument used to obtain (4.12) except for the fact that, defining
β1 := 9+

8 + α1, ∂xρβ1
N,0 is no longer bounded above independent of N ; that is,

estimate (4.5) is no longer valid.
Instead of (4.5) we argue as follows

∣∣∣∣
∫ t1

0

∫
v4

m∂xρβ1
N,0(x)dxdydt

∣∣∣∣ � c

∫ t1

0

‖〈x〉1/2vm‖2L∞
xy

∫
v2

m〈x〉dxdydt

� c(T )‖〈x〉1/2vm‖2L3
T L∞

xy
‖〈x〉1/2vm‖2L∞

T L2
xy

� c(T )‖〈x〉 9
8
+
vm‖2L3

T L∞
xy

‖〈x〉 9
8
+
vm‖2L∞

T L2
xy

� c(T, η9/4+(v), ‖v‖Z 9
4
+

, 98
+ ), (4.18)

where we have used Lemma 3.5.
Taking into account (4.18) and repeating the steps (4.3)-(4.11) done in

the proof of Theorem 4.1, it can be seen that

〈x〉β1−1/2∂xv(t) ∈ L2(R2) a.e. t ∈ [0, t1]. (4.19)

Moreover, if the convergence in m is omitted, it follows for m large enough
that

‖〈x〉β1−1/2∂xvm‖L2
xyt1

� c(T, η9/4+(v), ‖v‖Z 9
4
+

, 98
+ ). (4.20)

Without loss of generality we can assume (4.19) holds for 0 and t1, other-
wise we would consider a subinterval [t∗0, t

∗
1] ⊂ [0, t1] with t∗0 and t∗1 satisfying

(4.19).
Let us take the simmetrized mZK equation (1.3) for vm and differentiate

once with respect to x. Denoting wm := ∂xvm we get

∂twm + ∂3
xwm + ∂3

ywm + μ∂x(v2
mwm + v2

m∂yvm) = 0. (4.21)
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For i = 1, 2 we define βi := 9
8

++min{αi,
3
8

−}. Let us consider ρN (x) ≡ ρβ1
N,1(x).

Multiplying (4.21) by wmρN (x) and integrating by parts we get

1
2

d

dt

∫
w2

mρNdxdy +
3
2

∫
(∂xwm)2ρ′

Ndxdy − 1
2

∫
w2

mρ′′′
Ndxdy

+ μ

∫
∂x(v2

m(wm + ∂yvm))wmρNdxdy = 0,

(4.22)

where, integrating by parts,
∫

∂x(v2
m(wm + ∂yvm))wmρNdxdy

=
∫

v2
m∂xwmwmρNdxdy +

∫
2vmw3

mρNdxdy

+
∫

v2
m∂ywmwmρNdxdy +

∫
2vmw2

m∂yvmρNdxdy

= −
∫

v2
m∂xwmwmρNdxdy −

∫
v2

mw2
mρ′

Ndxdy

+
∫

v2
m∂ywmwmρNdxdy +

∫
2vmw2

m∂yvmρNdxdy

= I + II + III + IV. (4.23)

Let us observe that∣∣∣∣
∫ t1

0

∫
w2

mρ′′′
Ndxdydt

∣∣∣∣ � c

∫ t1

0

∫
w2

mdxdydt � c(T )‖wm‖L∞
T L2

xy
� c(T, η1(v)).

(4.24)

Now, let us integrate (4.23) over [0, t1], and estimate each of the four integrals
that result on the right hand side.

By using Lemma 3.4, (4.20) and the continuous dependence, we begin
estimating

∣∣∣∣
∫ t1

0

Idt

∣∣∣∣ =
∣∣∣∣
∫ t1

0

∫
v2

m∂xwmwmρNdxdydt

∣∣∣∣ � ‖v2
mwm∂xwmρN‖L1

xyt1

� ‖ρ
3
4
+

N v2
m‖L2

xL∞
yt1

‖∂xwm‖L∞
x L2

yt1
‖ρ

1
4

−

N wm‖L2
xyt1

� c‖〈x〉 3
4
+
vm‖2L4

xL∞
yt1

‖∂xwm‖L∞
x L2

yt1
‖〈x〉1/2wm‖L2

xyt1

� c(T, η1(v), η9/4+(v), ‖v‖Z 9
4
+

, 98
+ ),

(4.25)

We continue with∣∣∣∣
∫ t1

0

IIdt

∣∣∣∣ =
∣∣∣∣
∫ t1

0

∫
v2

mw2
mρ′

Ndxdydt

∣∣∣∣ � c

∫ t1

0

‖vm‖2L∞
xy

∫
w2

mdxdydt

� c(T )‖wm‖2L∞
T L2

xy
‖vm‖2L3

T L∞
xy

� c(T, η1(v), η9/4+(v)).
(4.26)
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For the third term we have∣∣∣∣
∫ t1

0

IIIdt

∣∣∣∣ =
∣∣∣∣
∫ t1

0

∫
v2

m∂x∂yvmwmρNdxdydt

∣∣∣∣ � ‖v2
m∂x∂yvmwmρN‖L1

xyt1

� ‖v2
mρ

3
4
+

N ‖L2
xL∞

yt1
‖∂ywm‖L∞

x L2
yt1

‖ρ
1
4

−

N wm‖L2
xyt1

� c(T, η1(v), η9/4+(v), ‖v‖Z 9
4
+

, 98
+ ).

(4.27)

For the fourth term we argue as follows∣∣∣∣
∫ t1

0

IV dt

∣∣∣∣ =
∣∣∣∣
∫ t1

0

∫
vmw2

m∂yvmρNdxdydt

∣∣∣∣
� ‖vm‖L∞

xyt1
‖∂yvm‖

L
9/4
T L∞

xy
‖w2

mρN‖
L

9/5
t1

L1
xy

� c(T )‖vm‖
L∞

T H
9/4+
xy

‖∂yvm‖
L

9/4
T L∞

xy
‖ρ

1/2
N wm‖2L2

xyt1

� c(T, η9/4+(v), ‖v‖Z 9
4
+

, 98
+ ).

(4.28)

From (4.23) to (4.28) and integrating (4.22) over [0, t1] we conclude
∫ t1

0

∫
(∂xwm)2ρ′

Ndxdydt

� c(T, η1(v), η9/4+(v), ‖v‖Z 9
4
+

, 98
+ ) + ‖ρ

1/2
N ∂xvm(t1)‖L2

xy
+ ‖ρ

1/2
N ∂xv0m‖L2

xy

� c(T, η1(v), η9/4+(v), ‖v‖Z 9
4
+

, 98
+ ) + c‖ρ

1/2
N ∂xv(t1)‖L2

xy
+ c‖ρ

1/2
N ∂xv0‖L2

xy

� c(T, η1(v), η9/4+(v), ‖v‖Z 9
4
+

, 98
+ ) + c‖〈x〉β1−1/2∂xv(t1)‖L2

xy
+ c‖〈x〉β1−1/2∂xv0‖L2

xy

� c(T, η1(v), η9/4+(v), ‖v‖Z 9
4
+

, 98
+ , ‖〈x〉β1−1/2∂xv(t1)‖L2

xy
, ‖〈x〉β1−1/2∂xv0‖L2

xy
).

(4.29)

From (4.29), following the same ideas of the proof of Theorem 4.1 it can
be seen that{

〈x〉β1−1∂2
xv(t) ∈ L2(R2) a.e. t ∈ [0, t1],

〈y〉β2−1∂2
yv(t) ∈ L2(R2) a.e. t ∈ [0, t1] (by symmetry).

(4.30)

Without loss of generality assume (4.30) holds for 0 and t1.

Now, we differentiate the simmetrized mZK equation (1.3) for vm twice
respect to the variable x, multiply by ∂2

xvmρN (x), where ρN (x) := ρβ1
N,2, use

integration by parts, and denote zm := ∂2
xvm, to obtain

1
2

d

dt

∫
z2mρNdxdy +

3
2

∫
(∂xzm)2ρ′

Ndxdy − 1
2

∫
z2mρ′′′

Ndxdy

+ μ

∫
∂2

x(v2
m(∂xvm + ∂yvm))zmρNdxdy = 0.

(4.31)

Let us note that the linear part of (4.31) is analogous to the linear part
of (4.22) when seen for zm. We therefore focus on the nonlinear part.
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Note

zmρN∂2
x(v2

m(∂xvm + ∂yvm)) = zmρN

2∑
j=0

(
2
j

)
∂j

x(v2
m)(∂3−j

x vm + ∂2−j
x ∂yvm)

=
2∑

j=0

j∑
k=0

(
2
j

)(
j

k

)
zmρN

{
∂3−j

x vm∂j−k
x vm∂k

xvm

+∂2−j
x ∂yvm∂j−k

x vm∂k
xvm

}

≡
2∑

j=0

j∑
k=0

zmρN {Ajk + Bjk} . (4.32)

Let us first estimate

Ijk ≡
∣∣∣∣
∫ t1

0

∫
zmρNAjkdxdydt

∣∣∣∣ .

Ifj = 0 :

I00 � ‖∂3
xvm‖L∞

x L2
yt1

‖ρ
1/2
N vm‖2L4

xL∞
yt1

‖∂2
xvm‖L2

xyt1

� c(T )‖∂2
x∂xvm‖L∞

x L2
yt1

‖〈x〉 3
4
+
vm‖2L4

xL∞
yt1

‖zm‖L∞
T L2

xy

� c(T, η9/4+(v), ‖v‖Z 9
4
+

, 98
+ ).

(4.33)

If j=2: First, in case k �= 1 we have, using Lemma 3.5, that

I22 = I20 �
∫ t1

0

‖ρNvm‖L∞
xy

‖∂xvm‖L∞
xy

∫
z2mdxdydt

� c(T )‖∂xvm‖L∞
xyt1

‖ρNvm‖L3
T L∞

xy
‖zm‖2L∞

T L2
xy

� c(T, η2(v), ‖v‖Z 9
4
+

, 98
+ ).

(4.34)

In case k = 1 we argue as follows

I2,1 � ‖∂xvm‖2L∞
xyt1

‖ρN∂xvm‖L2
xyt1

‖∂2
xvm‖L2

xyt1

� c(T )‖vm‖3
L∞

T H
9/4+
xy

‖〈x〉2β1−2∂xvm‖L2
xyt1

� c(T, |||v|||)‖〈x〉β1−1/2∂xvm‖L2
xyt1

� c(T, η9/4+(v), ‖v‖Z 9
4
+

, 98
+ ),

(4.35)

where we have used (4.20).
If j=1:

I1k = I22 � c(T, η2(v), ‖v‖Z 9
4
+

, 98
+ ), for k = 0, 1. (4.36)

On the other hand in what comes to the Bjk terms, we proceed to esti-
mate

IIjk ≡
∣∣∣∣
∫ t1

0

∫
zmρNBjkdxdydt

∣∣∣∣
as follows.
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If j=0: Same estimate (4.33) holds with ‖∂2
x∂yvm‖L∞

x L2
yt1

instead of
‖∂3

xvm‖L∞
x L2

yt1
.

If j=2: When k �= 1 the estimate is analogous to (4.34) and to (4.35) when
k = 1.
If j=1: We have that II10 = II11. Besides, by using integration by parts, we
have that∫

∂x∂yvmvm∂xvmzmρNdxdy = −
∫

∂yvm(∂xvm)2zmρNdxdy

−
∫

∂yvmvmz2mρNdxdy

−
∫

∂yvmvm∂xvm∂3
xvmρNdxdy

−
∫

∂yvmvm∂xvm∂2
xvmρ′

Ndxdy.

(4.37)

Taking into account that estimate (4.35) holds with ‖∂xvm‖L∞
xyt1

‖∂yvm‖L∞
xyt1

instead of ‖∂xvm‖2L∞
xyt1

, estimate (4.34) holds with ‖∂yvm‖L∞
xyt1

instead of
‖∂xvm‖L∞

xyt1
, and the facts∣∣∣∣

∫ t1

0

∫
∂yvmvm∂xvm∂2

xvmρNdxdydt

∣∣∣∣
� ‖∂2

x∂xvm‖L∞
x L2

yt1
‖∂yvm‖L∞

xyt1
‖ρN∂xvm‖L2

xyt1
‖vm‖L2

xL∞
yt1

� c(η2(v), η9/4+(v)),

and ∣∣∣∣
∫ t1

0

∫
∂yvmvm∂xvm∂2

xvmρ′
Ndxdydt

∣∣∣∣
� c(T )‖∂yvm‖L∞

xyt1
‖∂xvm‖L∞

xyt1
‖vm‖L∞

T L2
xy

‖∂2
xvm‖L∞

T L2
xy

� c(T, η2(v)),

we conclude, integrating (4.37) over [0, t1], that

II1k � c(T, η2(v), η9/4+(v), ‖v‖Z 9
4
+

, 98
+ ) for k = 1, 2, (4.38)

Integrating (4.31) over [0, t1] and taking into account (4.30)-(4.38) it can be
seen as done in (4.29) that∫ t1

0

∫
(∂xzm)2ρNdxdydt � c(T, η2(v), η9/4+(v), ‖v‖Z 9

4
+

, 98
+ ,

‖〈x〉β1−1∂xv(t1)‖L2
xy

, ‖〈x〉β1−1∂xv0‖L2
xy

). (4.39)

From (4.39) following the ideas of the proof of Theorem 4.1 it can be seen
that {

〈x〉β1−3/2∂3
xv(t) ∈ L2(R2) a.e. t ∈ [0, t1],

〈y〉β2−3/2∂3
yv(t) ∈ L2(R2) a.e. t ∈ [0, t1] (by symmetry),

(4.40)

where β2 := 9+

8 + α2.
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Let t∗ ∈ [0, t1] be such that (4.30) and (4.40) hold for t∗. For i = 1, 2
we define fi(t∗)(x, y) := 〈ai〉βi−3/2∂2

xv(t∗)(x, y) where a1 = x and a2 = y.
Interpolating with θ = 2βi − 2 we get

‖J2βi−2
ai

∂2
ai

v(t∗)‖L2
xy

= ‖Jθ·1
ai

〈ai〉(1−θ)· 12 fi‖L2
xy

� c‖〈ai〉1/2fi(t∗)‖1−θ
L2

xy
‖J1

ai
fi(t∗)‖θ

L2
xy

< ∞. (4.41)

From (4.41) we conclude v(t∗) ∈ H
9
4
++2α(R2) which implies

v ∈ C([0, T ];H
9
4
++2α(R2)).

Moreover, from Theorem 3.3

v ∈ C([0, T ];Z 9
4
++2α, 98

++α). (4.42)

Caseα ∈ [4η−1
8 , 4η+3

8 ), η ∈ N.
Let us consider the following statement

P(n): For i = 1, 2 and all βi ∈ (
4n+8

8 , 4n+12
8

]
with βi � 9

8

+ + min
{

αi,
4n+3

8

−}
there is a non-degenerated subinterval I ⊂ [0, t1] such that for almost every
t ∈ I we have {

〈ai〉βi−1−n/2∂n+2
ai

v(t) ∈ L2(R2),
〈ai〉βi−3/2−n/2∂n+3

ai
v(t) ∈ L2(R2);

(4.43)

where a1 = x and a2 = y.
It is enough to use induction to prove P(n) for all n ∈ {0, 1, . . . , η}. In

such case, taking t∗ ∈ [0, t1] such that (4.43) holds for n = η with βi = 9
8

+ +

min
{

αi,
4η+3

8

−}
and considering fi(x, y) := 〈ai〉βi−3/2−η/2∂η+2

ai
v(t∗)(x, y) we

would interpolate with θ = 2βi − 2 − η to get

‖J2βi−2−η
ai

∂η+2
ai

v(t∗)‖L2
xy

< ∞, (4.44)

which implies v ∈ C([0, T ];H
9
4
++2α(R2)).

The base case P (0) follows from (4.30) and (4.40).
Let us assume that P (n) is true and let us prove P (n + 1). Without loss

of generality we assume I = [0, t1]. From (4.43) with β1 = β2 = 4n+12
8 =

n+3
2 it follows that ∂n+3

ai
v(t) ∈ L2(R2) a.e. t ∈ [0, t1]; which implies v ∈

C([0, T ];Hn+3(R2)). Since n < η we have 3+n
2 � 9

8

+ + αi. Therefore, using
Theorem 3.3 we conclude v ∈ C([0, T ];Zn+3, n+3

2
).

Note from Lemma 2.7 and (2.18) that

‖〈x〉n+3−k
2 ∂k

xv‖L2
xy

� c‖Jn+3
xy v‖θ

L2
xy

‖〈x〉n+3
2 v‖1−θ

L2
xy

, θ =
n + 3 − k

n + 3
. (4.45)

Also, from Sobolev embeddings, for k ∈ {0, 1, . . . , n + 1}
‖∂k

xv‖L∞
xy

� c‖v‖Hn+3
xy

. (4.46)
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Let {v0m} ⊂ C∞
0 (R2) be a sequence converging to v0 in Zn+3,n+3

2
. Denote

with vm the solution provided by Theorem 3.3 with initial datum v0m. Assume
for all m large enough that vm ∈ C([0, T ];Zn+3, n+3

2
).

Let β1 ∈ (
4n+12

8 , 4n+16
8

]
=

(
n+3
2 , n+4

2

]
with β1 � 9

8

+ + min{αi,
4η+3

8

−}.
Let us denote wm := ∂n+2

x vm. Differentiating the symmetrized mZK
equation (1.3) for vm, n + 2 times respect to the variable x, we get

∂twm + ∂3
xwm + ∂3

ywm + μ∂n+2
x (v2

m∂xvm + v2
m∂yvm) = 0. (4.47)

Let us multiply (4.47) by wmρn(x), where ρN (x) := ρβ1
N,n+2, and integrate by

parts to get
1
2

d

dt

∫
w2

mρNdxdy +
3
2

∫
(∂xwm)2ρ′

Ndxdy − 1
2

∫
w2

mρ′′′
Ndxdy

+ μ

∫
∂n+2

x (v2
m∂xvm + v2

m∂yvm)wmρNdxdy = 0.

(4.48)

We note that the linear part of (4.47) is the same as in the symmetrized
mZK equation when seen for wm, therefore to argue as in the proof of Theorem
4.1 we only need to estimate∣∣∣∣

∫ t1

0

∫
∂n+2

x (v2
m∂xvm + v2

m∂yvm)wmρNdxdtdy

∣∣∣∣ .

Since

∂n+2
x (v2

m∂xvm + v2
m∂yvm)

=
n+2∑
j=0

j∑
k=0

(
n + 2

j

)(
j

k

)
∂j−k

x vm∂k
xvm(∂n+3−j

x vm + ∂n+2−j
x ∂yvm),

we have ∣∣∣∣
∫ t1

0

∫
∂n+2

x (v2
m∂xvm + v2

m∂yvm)wmρNdxdtdy

∣∣∣∣
�

n+2∑
j=0

j∑
k=0

(
n + 2

j

)(
j

k

)
(Ajk + Bjk),

where

Ajk := ‖∂n+3−j
x vm∂j−k

x vm∂k
xvm∂n+2

x vmρN‖L1
xyt1

and

Bjk := ‖∂n+2−j
x ∂yvm∂j−k

x vm∂k
xvm∂n+2

x vmρN‖L1
xyt1

.

We first estimate the Ajk terms.

Ifj = 0:

‖∂n+3
x vmv2

m∂n+2
x vmρN‖L1

xyt1
� ‖ρNv2

m‖L1
T L∞

xy
‖∂n+3

x vm‖L∞
T L2

xy
‖∂n+2

x vm‖L∞
T L2

xy

� c(T )‖ρ
1/2
N vm‖2L3

T L∞
xy

‖vm‖2
L∞

T Hn+3
xy
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� c(T )‖〈x〉vm‖2L3
T L∞

xy
‖vm‖L∞

T Hn+3
xy

� c(T, η2(v), ‖v‖Z
n+3, n+3

2
), (4.49)

where we have used Lemma 3.5.
Ifj = n + 2 :

First, if k = 0 or k = n + 2 we have, by using Lemma 3.5, that

‖∂xvm(∂n+2
x vm)2vmρN‖L1

xyt1
�

∫ t1

0

‖∂xvm‖L∞
xy

‖ρNvm‖L∞
xy

∫
(∂n+2

x vm)2dxdy

� c(T )‖vm‖3
L∞

T Hn+3
xy

‖〈x〉2vm‖L3
T L∞

xy

� c(T, ‖v‖Z
n+3, n+3

2
).

(4.50)

Now, if k ∈ {1, 2, . . . , n + 1}, we have that

‖∂xvm∂n+2−k
x vm∂k

xvm∂n+2
x vmρN‖L1

xyt1

� c(T )‖ρ
3/4
N ∂xvm‖L∞

T L2
xy

‖ρ
1/4
N ∂n+2

x vm‖L2
xyt1

‖∂k
xvm‖L∞

xyt1
‖∂n+2−k

x vm‖L∞
xyt1

� c(T )‖〈x〉3/2∂xvm‖L∞
T L2

xy
‖〈x〉1/2∂n+2

x vm‖L2
xyt1

‖vm‖2
L∞

T Hn+3
xy

� c(T )‖〈x〉n+3−1
2 ∂xvm‖L∞

T L2
xy

‖〈x〉1/2∂n+2
x vm‖L2

xyt1
‖vm‖2

L∞
T Hn+3

xy

� c(T, ‖v‖Z
n+3, n+3

2
),

(4.51)

where we have used (4.45), the inductive hypothesis, and (4.46).
Ifj = 1: In this case we follow the exact same estimate (4.50).
Ifj = 2 :

First, when k = 0 or k = 2 we have

‖∂n+1
x vm∂2

xvmvm∂n+2
x vmρN‖L1

xyt1

� c(T )‖∂n+1
x vm‖L∞

xyt1
‖∂2

xvm‖L∞
xyt1

‖〈x〉2vm‖L∞
T L2

xy
‖∂n+2

x vm‖L∞
T L2

xy

� c(T )‖vm‖3
L∞

T Hn+3
xy

‖〈x〉n+3
2 vm‖L∞

T L2
xy

� c(T, ‖v‖Z
n+3, n+3

2
). (4.52)

Now, in case k = 1 we have

‖∂n+1
x vm(∂xvm)2∂n+2

x vmρN‖L1
xyt1

� c(T )‖∂n+1
x vm‖L∞

xyt1
‖ρ

3/4
N ∂xvm‖L∞

T L2
xy

‖ρ
1/4
N ∂n+2

x vm‖L2
xyt1

‖∂xvm‖L∞
xyt1

� c(T )‖vm‖2
L∞

T Hn+3
xy

‖〈x〉n+3−1
2 ∂xvm‖L∞

T L2
xy

‖〈x〉1/2∂n+2
x vm‖L2

xyt1

� c(T, ‖v‖Z
n+3, n+3

2
), (4.53)

where we have used the inductive hypothesis.
Ifj ∈ {3, 4, . . . , n + 1} :

‖∂n+3−j
x vm∂j−k

x vm∂k
xvm∂n+2

x vmρN‖L1
xyt1

� c(T )‖∂j−k
x vm‖L∞

xyt1
‖∂k

xvm‖L∞
xyt1

‖ρ
3/4
N ∂n+3−j

x vm‖L∞
T L2

xy
‖ρ

1/4
N ∂n+2

x vm‖L2
xyt1
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� c(T )‖vm‖2
L∞

T Hn+3
xy

‖〈x〉j/2∂n+3−j
x vm‖L∞

T L2
xy

‖〈x〉1/2∂n+2
x vm‖L2

xyt1

� c(T, ‖v‖Z
n+3, n+3

2
), (4.54)

where we used (4.45) and the inductive hypothesis.
We now proceed to estimate the Bkj terms.

Ifj = 0: Analogous to (4.49) with ∂n+2
x ∂yvm, instead of ∂n+3

x vm.
If j=n+2: When k = 0 or k = n + 2 we argue analogous to (4.50) with ∂yvm,
instead of ∂xvm. When k ∈ {1, 2, . . . , n + 1} the estimate follows analogous to
(4.51) with ∂yvm instead of ∂xvm, using the following interpolation

‖ρ
3/4
N ∂yvm‖L∞

T L2
xy

� ‖〈x〉3/2∂yvm‖L∞
T L2

xy

= ‖∂y(〈x〉3/2vm)‖L∞
T L2

xy

� ‖J1
xy〈x〉3/2vm‖L∞

T L2
xy

� c‖Jn+3
xy vm‖θ

L∞
T L2

xy
‖〈x〉n+3

2 vm‖1−θ
L∞

T L2
xy

,

(4.55)

where θ = 1
n+3 , a = n + 3 and b = 3(n+3)

2(n+2) � n+3
2 .

Ifj = 1: Analogous to (4.50) with ∂n+1
x ∂yvm∂n+2

x vm instead of (∂n+2
x vm)2.

Ifj = 2: Analogous to (4.52) and (4.53) with ∂n
x ∂yvm instead of ∂n+1

x vm.
Ifj ∈ {3, 4, · · · , n + 1}: Analogous to (4.54) with ∂n+2−j

x ∂yvm instead of
∂n+3−j

x vm, taking into account that for θ = j
n+2

‖ρ
3/4
N ∂n+2−j

x ∂yvm‖L2
xy

� c‖〈x〉3/2∂n+2−j
x ∂yvm‖L2

xy

� c‖Jn+2
x ∂yvm‖1−θ

L2
xy

‖〈x〉 3n+6
2j ∂yvm‖θ

L2
xy

(4.56)

and that for λ = 1
n+3

‖〈x〉 3n+6
2j ∂yvm‖L2

xy
� c‖J1

xy〈x〉 3n+6
2j vm‖L2

xy
� c‖Jn+3

xy vm‖λ
L2

xy
‖〈x〉 3n+9

2j vm‖1−λ
L2

xy

� c‖vm‖Hn+3
xy

+ c‖〈x〉n+3
2 vm‖L2

xy
. (4.57)

Taking into account (4.49) - (4.57), integrating (4.48) over [0, t1] and
arguing as in the proof of Theorem 4.1 it can be seen that

∫ t1

0

∫
(∂n+3

x v)2〈x〉β1−3/2−n/2dxdydt < ∞, (4.58)

which implies

〈x〉β1−3/2−n/2∂n+3
x v(t) ∈ L2(R2) a.e. t ∈ [0, t1]. (4.59)

On the other hand, denoting zn := ∂n+3
x vm, and differentiating the sym-

metrized mZK equation (1.3) (n + 3)-times with respect to the variable x, we
get

∂tzm + ∂3
xzm + ∂3

yzm + μ∂n+3
x (v2

m∂xvm + v2
m∂yvm) = 0. (4.60)
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Let us multiply (4.60) by zmρN , where ρN (x) := ρβ1
N,n+3(x), and integrate

by parts to get

1
2

d

dt

∫
z2mρNdxdy+

3
2

∫
(∂xzm)2ρ′

Ndxdy − 1
2

∫
z2mρ′′′

Ndxdy

+ μ

∫
∂n+3

x (v2
m∂xvm + v2

m∂yvm)zmρNdxdy = 0.

(4.61)

To argue as in the proof of Theorem 4.1, we only need to take care of the
nonlinear part. Note that

∣∣∣∣
∫ t1

0

∫
∂n+3

x (v2
m∂xvm + v2

m∂yvm)zmρN (x)dxdydt

∣∣∣∣
�

n+3∑
j=0

j∑
k=0

(
n + 3

j

)(
j

k

)
{Ājk + B̄jk},

where

Ājk := ‖∂n+4−j
x vm∂j−k

x vm∂k
xvmzmρN‖L1

xyt1

and

B̄jk := ‖∂n+3−j
x ∂yvm∂j−k

x vm∂k
xvmzmρN‖L1

xyt1
.

We proceed to estimate the Ājk terms.
Ifj = 0 :

‖∂n+4−j
x vm∂j−k

x vm∂k
xvmzmρN‖L1

xyt1

� ‖∂n+4
x vm‖L∞

x L2
yT

‖ρ
3
4
+

N v2
m‖L2

xL∞
yT

‖∂n+3
x vmρ

1
4

−

N ‖L2
xyt1

� c(T )‖∂n+4
x vm‖L∞

x L2
yT

‖〈x〉 3
4
+
vm‖L4

xL∞
yT

‖〈x〉β1−3/2−n/2∂n+3
x vm‖L2

xyt1

� c(T, η9/4+(v), ‖v‖Z
n+3, n+3

2
),

(4.62)

where we have used the continuous dependence, Lemma 3.4 and (4.58).
Ifj = 1 :

‖(∂n+3
x vm)2vm∂xvmρN‖L1

xyt1

� ‖vm‖L∞
xyt1

‖∂xvm‖L∞
xyt1

‖ρN (∂n+3
x vm)2‖L1

xyt1

� c‖vm‖2
L∞

T Hn+3
xy

‖〈x〉β1−3/2−n/2∂n+3
x vm‖2L2

xyt1

� c(T, ηn+3(v), ‖v‖Z
n+3, n+3

2
),

(4.63)

where we have used (4.58).
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Ifj ∈ {2, 3, . . . , n + 1} :

‖∂x
n+4−jvm∂j−k

x vm∂k
xvm∂n+3

x vmρN‖L1
xyt1

� c(T )‖〈x〉1/2∂n+4−j
x vm‖L∞

T L2
xy

‖∂j−k
x vm‖L∞

xyt1
‖∂k

xvm‖L∞
xyt1

‖
〈x〉β1−3/2−n/2∂n+3

x vm‖L2
xyt1

� cT ‖vm‖2
L∞

T Hn+3
xy

‖〈x〉 j−1
2 ∂n+4−j

x vm‖L∞
T L2

xy
‖〈x〉β1−3/2−n/2∂n+3

x vm‖L2
xyt1

� c(T, ηn+3(v), ‖v‖Z
n+3, n+3

2
),

(4.64)

where we have used (4.45) and (4.58).
Ifj = n + 2 :

First, if k = 0 or k = n + 2 we have

‖∂2
xvm∂n+2−k

x vm∂k
xvm∂n+3

x vmρN‖L1
xyt1

� ‖∂2
xvm‖L∞

xyt1
‖vm‖L∞

xyt1
‖

〈x〉1/2∂n+2
x vm‖L2

xyt1
‖〈x〉β1−3/2−n/2∂n+3

x vm‖L2
xyt1

� c‖vm‖2
L∞

T Hn+3
xy

‖〈x〉1/2∂n+2
x vm‖L2

xyt1
‖〈x〉β1−3/2−n/2∂n+3

x vm‖L2
xyt1

� c(T, ηn+3(v), ‖v‖Z
n+3, n+3

2
),

(4.65)

where we have used (4.58) and the inductive hypotheses.
Now, If k ∈ {1, . . . , n + 1} we have

‖∂2
xvm∂n+2−k

x vm∂k
xvm∂n+3

x vmρN‖L1
xyt1

� c(T )‖∂2
xvm‖L∞

xyt1
‖∂n+2−k

x vm‖L∞
xyt1

‖〈x〉1/2∂k
xvm‖L∞

T L2
xy

‖
〈x〉β1−3/2−n/2∂n+3

x vm‖L2
xyt1

� c(T )‖vm‖2
L∞

T Hn+3
xy

‖〈x〉n+3−k
n+3 ∂k

xvm‖L∞
T L2

xy
‖〈x〉β1−3/2−n/2∂n+3

x vm‖L2
xyt1

� c(T, ηn+3(v), ‖v‖Z
n+3, n+3

2
),

(4.66)

where we have used (4.45) and (4.58).
Ifj = n + 3 :

In case k = 0 or k = n+3 the estimate is the exact same estimate (4.63).
In case k = 1 or k = n + 2 we have

‖(∂xvm)2∂n+2
x vm∂n+3

x vmρN‖L1
xyt1

� ‖∂xvm‖2L∞
xyt1

‖〈x〉1/2∂n+2
x vm‖L2

xyt1
‖〈x〉β1−3/2−n/2∂n+3

x vm‖L2
xyt1

� c(T, ηn+3(v), ‖v‖Z
n+3, n+3

2
), (4.67)

where we have used the inductive hypotheses and (4.58).
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Also, in case k ∈ {2, 3, . . . , n + 1} we argue as follows

‖∂xvm∂n+3−k
x vm∂k

xvm∂n+3
x vmρN‖L1

xyt1

� ‖∂n+3−k
x vm‖L∞

xyt1
‖∂k

xvm‖L∞
xyt1

‖〈x〉1/2∂xvm‖L2
xyt1

‖〈x〉β1−3/2−n/2∂n+3
x vm‖L2

xyt1

� c(T )‖vm‖2
L∞

T Hn+3
xy

‖〈x〉n+3−1
2 ∂xvm‖L∞

T L2
xy

‖〈x〉β−3/2−n/2∂n+3
x vm‖L2

xyt1

� c(T, ηn+3(v), ‖v‖Z
n+3, n+3

2
),

(4.68)

where we have used (4.45) and (4.58).
We now proceed to estimate the B̄jk terms.

Ifj = 0 : Analogous to (4.62) with ∂n+3
x ∂yvm instead of ∂n+4

x vm.
Ifj = 1 :

‖∂n+2
x ∂yvm∂xvmvm∂n+3

x vmρN‖L1
xyt1

� c(T )‖∂xvm‖L∞
xyt1

‖〈x〉1/2vm‖L3
T L∞

xy
‖∂n+2

x ∂yvm‖L∞
T L2

xy
‖

〈x〉β1−n+3
2 ∂n+3

x vm‖L2
xyt1

� c(T )‖vm‖2
L∞

T Hn+3
xy

‖〈x〉 9
8
+
vm‖L3

T L∞
xy

‖〈x〉β1−3/2−n/2∂n+3
x vm‖L2

xyt1

� c(T, ηn+3(v), ‖v‖Z
n+3, n+3

2
),

(4.69)

where we used Lemma 3.5 and (4.58).
Ifj ∈ {2, 3, . . . , n + 1} : Analogous to (4.64) with ∂n+3−j

x ∂yvm instead of
∂n+4−j

x vmconsidering the interpolation

‖〈x〉1/2∂n+3−j
x ∂yvm‖L2

xy
� c‖Jn+2

x ∂yvm‖1−θ
L2

xy
‖〈x〉 n+2

2(j−1) ∂yvm‖θ
L2

xy

with θ =
j − 1
n + 2

, a = n + 2 and b =
n + 2

2(j − 1)
and

‖〈x〉 n+2
2(j−1) ∂yvm‖L2

xy
� ‖J1

xy〈x〉 n+2
2(j−1) vm‖L2

xy

� c‖Jn+3
xy vm‖λ

L2
xy

‖〈x〉n+3
2 vm‖1−λ

L2
xy

(4.70)

with λ = 1
n+3 , a = n + 3, b = n+3

2(j−1) � n+3
2 .

Ifj = n + 2 : Analogous to (4.65) and (4.66) with ∂x∂yvm instead of ∂2
xvm.

Ifj = n + 3: Analogous to (4.63), (4.67), and (4.68) with ∂yvm instead of ∂xvm,
where in (4.68) we interpolate as follows:

‖〈x〉1/2∂yvm‖L∞
T L2

xy
� ‖J1

xy〈x〉1/2vm‖L∞
T L2

xy

� c‖Jn+3
xy vm‖θ

L∞
T L2

xy
‖〈x〉n+3

2 vm‖1−θ
L∞

T L2
xy

, (4.71)

with θ = n+2
n+3 , a = n + 3 and b = n+3

2(n+2) � n+3
2 .

Taking into account (4.62)-(4.71), integrating (4.61) over [0, t1] and ar-
guing as done in the proof of Theorem 4.1 it can be seen that∫ t1

0

∫
(∂n+4

x v)2〈x〉β1−2−n/2dxdydt < ∞,
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which implies

∂n+4
x v(t)〈x〉β1−2−n/2 ∈ L2(R2) a.e. t ∈ [0, t1]. (4.72)

Finally, P (n + 1) follows from the choice of β1, (4.59), (4.72) and symmetry
of the arguments. Theorem 4.2 is proven. �

It is clear that Theorems 4.1, and 4.2 imply the results stated in Theorem
1.1.
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