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1 Introduction 

'I'h ln [DM3] we proved the following isotropy-reflection principle: 

eorem L t F closure. rh e be a formally real jield and lei F' denote its Pythagorean 
G (FP) e natural embedding of reduced specíal groups from G d (F) inio 
red - G(FP) . r e - mduced by the inclusion of fields1 reflects isotropy. O 

g 
. Her~ Grei F) denotes the red uced special group ( with underlying 

roup F /'E.F2) . cf. [DM!] associated to the field F, henceforth assumed formally real; 
' Ch. 1, §3, for details. 

the p thThe result proved in [DM3] is, in fact , more general. For example, 
s0-ca1ied :~orean closure FP can be replaced in the statement ~bove by the 
fixed al der-closure of F, 1.e., the smallest algebra1c extens1on (ms1de a 
statem gebraic closure) of F' to which every ordcr cxtends uniquely. Similar 
sensc ;r~s hold for even more general relative Pythagorean closures (in the 

0 ecker [B], Ch. 3). 
by a fi Since the notion of ísotropy of a quadratic forro can be expressed 
the e rsffit,-~rder formula in the natural language Lsc for special groups ( with 

oe cients · · h · h l h embedd· as parameters ), this result raises t e ques\Ion w et ier t e 
form l ing 'n,: G,,,(F) '-+ G(FP) is elementary. Furthcr, since the Lsu· 
, u ~ exprcssing isotropy is positive-existcntial, one may also a.sk whether 
FPP re ects all (closed) formulas of that kind with parameters in GreAF). 
for a ln this paper we givc a negative answer to the first of these questions, 

vast ela f f' ) fi ld F (P 5 · ) Conccr . 58 0 onnally real (non-Pythagorean e_ s ' rop. .1 . 
With ·t~mg the second question the situation is more nuanced; we shall <leal 

i ma th no er paper. 
result The result just statcd follows from two, rather general prescrvation 
on sp 8 concerning the "Boolean hull" and Lhe "reduced quotient" operations 

ec1al groups. 

ln Chapter 4 , section 2 of [DMl] we introduced the Boolean hull op- 

1 



eration which to every reduced special group (rsg) G associates a Boolean 
B · f ncto- algebra (BA), its Boolean hull B0. The correspondence G ~ e is_ u e 

rial. ln §2 below we show that this functor preserves elementary equ1valenc 
and elementary SG-morphisms (Proposition 3.2). The technique to prov~ 
this consists in, first, showing that the Boolean dual B(<50) of the diagona 
embedding 50 : G --r G1 /il of the rsg G into any ultrapower is an ele­ 
mentary morphism of Boolean algebras (Proposition 3.1); then, the reSUlts 
announced above follow by use of the Keisler-Shelah ultrapower theorem. 

Similar results hold with "elementary equivalence" replaced by 
"positive-existential equivalence" and "elementary morphism" by "pure mor­ 
phism" (i.e., a morphism reflecting positive-existential sentences with param­ 
eters ). However, these results are, in a sense, trivial. Indeed, in §1 we prove 
the seemingly unknown ( at least, previously unknown to us), though r~la­ 
tively straightforward fact that any injective (SG-, or Boolean) morphism 
between BA's is pure. - 

ln §3 we shall consider the operation that to each formally real spe­ 
cial group (frsg) G associates its reduced quotient G d = G / Sat( G), where 

re . G f de- Sat( G) = Un>i Dc(n( 1)) is the srnallest saturated subgroup of 7i or . 
tails on this nÕtion see Chapter 2 of [DMl), especially Definition 2.7. This 
operat~on is functo~i~l, and we shall pr~~e tha~ it p~eserve_s purity of :~: 
morphisms (Propositinn 4.1(1)) and pos1tive-ex1stential eqmvalence (Co 
lary 4.3(b) ); under the additional assumption that the underlying groups 
have finite Pythagoras number 1, this functor preserves elementary mor­ 
phisrns (Proposition 4.2(b)) and elementary equivalence (Corollary 4.3.(c))Í 
The technique of proof for this case is similar to that of the Boolean hul 
functor. 

Another by-product of these results is that the first-order theorY of 
formally real fields of fixed, finite Pythagoras number having at least n °rder~ 
( n E N U { 00}, n ~ 1) is axiomatizable in the first-order language of fie}ds, 
we do not give an explicit set of axioms for this class when n > 3. ' - 

LI Notation and Preliminaries. (I) Concerning special groups, spac~s 
of orderings and quadratic forms, we shall adhere to the notation used Jil 
the monography [DMl]. The notions and results therein will also be used 
systematically. 

Let G be ª frsg, I a set and il an ultrafilter on /. Elements of the 
ultrapower G1 /U will be written ( 9i : i E I) /il. 
(II) Observe that any SG-morphisrn f : G ---+ H extends to ultrapowers, as 
follows : For ( 9i : i E I) /il, 
(**) ~ 

f((gi: i E l)/il) = (J(gi): i E I)/il. 
Routine verification shows that f is well-defined and a SG-rnorphism. fur­ 
- tThe Pytha_go_ras ~umberof aspecial group G, p(G), isthe least n EN such that Sat(G) 
- Da(n( 1 )), 1f 1t ex1sts; otherwise, p(G):::: oo. 
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ther, a routine application of Los' Theorem yields 

Lemma 1.2 The map f 1-t f preserves injectivity1 completeness1 purity and 
elementarity. O 

(III) a) Since I, il remain fixed throughout the proofs, we may safely omit 
th . ,.._ . " em to ease notation; thus, we set G = G1 /il. We wnte Óa : G --+ G for 
the diagonal embedding which sends g E G to the class ( g; /il of the constant 
/-sequence with value g. ó

0 
is an elementary embedding (Los' Theorem.) 

b) ln particular, for the Boolean hull Ba of a rsg G, we have Ba = B//il, 
to b d. · e istinguished from the (much smaller) BA Bc- 
~IV) a) Let us right away note that the "reduced quotient" operation on frsg's 
Is well-defined. Since any SG-morphism J : G --+ H preserves isometry of 
and representation by forms of arbitrary dimension, it follows that 

f(Sat(G)) Ç Sat(H). 
Th ·t us, 1 G, H are frsg's, the rule 

Íreia/Sat(G)) = J(a)/Sat(H) (a E G) 
defines a SG-morphism J. d : G d --+ H d (preservation of binary isometry 
fol] f re re re th ows rom Definition 2.13 and Proposition 2.28 in [DMl]). It is clear that 

e correspondence 

. G 1--t G red; f ............+ Íred 
18 a functor from the category of FRSG of formally real special groups to 
the ~ategory of RSG of reduced special groups, which we call the "reduced 
quotient" functor. Clearly, this functor is the identity on the sub-category 
RSG of FRSG. 
b) Write 7r a : G --+ G for the canonical quotient map. For a SG-morphism 
J : G r~d . . . -+ H the functional equation defimng f d is : 
( +) re 

Íred O 7r G = 7r H O J. 
e) ln the case of the reduced quotient G we shall use the traditional no- 
t t" red 
~ 10n...._ Gted/il -instead of ~- in arder to avoid typographical confusion 
~1th Gred (i.e., (Ô) ), which will also be in use. Likewise, we employ o; 
instead of ( ºe) d t~d avoid confusion with the diagonal embedding ó G d : Q re l re 

reâ -+ ( Gred)f /il, which will also be used. 
(V) For structures Q{. ~ with language L an L-morphism f : 2l -+ ~ is 
PU . ' ' ' re if for every positive-existential formula IP( v1, ... , v,,;,) and all a1, · · · , an 
E~, 

(*) ~ F <p(J(a
1
), ... , J(an)] =>- 2l F cp[a1, · · · , an]. 

The co · · · L h. A· t d . [DMl] Ch. nverse 1s alw~ys tru~, s1~1ce J 1s an _,,-morp 1sm: _. s n~ e m . . , 
. 5, §3, to establish punty 1t suffices to check cond1t10n ( ) on positive- 

~ (pp) L-formulas, i.e. for <p's of the form 
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'P(vl,··· ,vn) := :J W1, ... ,Wm .: 1PJvl,··· ,Vn, W1, ... ,Wm), 
- ositive- where the 1P .'s are atomic. This stems from the fact that any _P t· ns 

i • • r · · f conJunc 10 existential formula is logically equivalent to a disjunction o , 
of pp-forrnulas. 

(VI) The following model-theoretic fact will be used below : 

Fact 1.3 Let f : 21. --t Q.i, g : Q3 --+ ~ be L-morphisms. Then, 

(1) g o f pure :::} f pure. 
(2) Assume : ) 

( 
Vn (a) g is a L-rnonomorphism, i.e., for every atornic L-formula <p vi,··· ' 

andb11 ••• ,bnEQ.i 

~ F <p[b1, ... , bn] B ~ F 'P[g(b
1
), .. · , g(bJ] 

(b) g o f is elementary. 

Then, f is elementary. o 

. ddition, Remark. If J is surjective, then in 1.3.(1) we rnay conclude, 1D ª h·srn- 
that g is pure and, in 1.3.(2), that g is elementary and f is an isomorp I o 

(VII) We write 2l. (:3+) _Q) t~ indicate that eve_ry positive-exis_tential_!1-sei;e~:: 
(no parameters) holdmg m Ql also holds m ~- We wnte 21. ::::::3+ 
2l. (:J+) ~ and ~ (::3+) 21.. 

Th f f h . . . . · 5 2.2 (P· e proo o t e next result 1s similar to that of Proposition · 
307) in [CK] : 

Proposition 1.4 a) The following conditions are equivalent : 
( 1) Ql ( :3+) Q3. 

(2) There is an elementary extension ~ --< ~' and a L-morphism g : 2L Á ~'- 
b) The Jollowing conditions are equivalent : 
(3) f : 2l. -+ ~ is pure. 

. rri ( 4) There is an elementary extension i : Ql --+ Ql' of f)1 and a L-rnorphis 
g : ~ --+ 2l.' such that i == g o J. 

f m. ---- .. 

g 

Ql' 
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ln ( 4), the elementary extension may be taken as an ultrapower of Q.l.1 ui 
which ease the L-morphism g will satisfy g o f = the diagonal embedding of 
2l inio its ultrapower. O 

(VIII) We shall use the following major rnodel-theoretic result (Theorem 
6-1.15, p. 398-401, in [CK]) : 

Theorem 1.5 ( The Keisler-Shelah ultrapower theorem) 
. Lei f : 2l----+ ~ be a L-morphism of L-structures. Tlien, J is elementary 
iff/here is a sei [

1 
an ultrafilter ll oti I and a L-isomorphism F : Q.l.

1 
/ll -+ 

~ /il so that the following diagram commutes : 

where ºzti ºm are the respeciive diagonal embeddings. 
o 

2 SG-Embeddings of Boolean Algebras and 
SAP Fields 

. ln this section it will be shown that a SG-embedding of a Boolean algebra 
~nto any reduced special group is pure (2.3). This in turn will imply that if F 
Is a formally real SAP field and G is a reduced special group" any complete 
embedding of GreiF) into G is pure. 

Our argument proves, in fact, a fairly general result on first-order struc­ 
tures of continuous functions. Let [, be a first-order language with equality, 
M a .l-structure and Z a Boolean space ( compact, Hausdorff, with a basis 
~~lopens). We can associate to M and Z two C-structures, C(Z, M) and 

, where 

C(Z, M) = {Z __L, M: f is continuous}, 
witb M endowed with the discrete topology. Mz and C(Z, M) can be natu- 
rally .d . . d 1 . . . consi ered as C-structures, by definmg operations an re ations point- 
Wise. Moreover, if e is a constant symbol in C, then its interpretation in both 
of these structures is the constant function with value cM, the interpretation 
?f e in M. Hence, if Ris a n-ary relation symbol in C and 7 = ( Í1, · · · , Ín) 
Is seque f I z nce o· e ements in C(Z, M) or M ", then 

C(X, M) p R[J] iff For ali z E Z, M F R[f1(z),. · ·, In(z)], 
~i_th an analogous definition holding for Mz. We then see that the natural 
InJection 
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, : C(Z, M) -----t Mz, 
. . · mbedding of that sends a, continuous map to its underlymg set map, is an e_ . bles 

f-structures, that is, for all terms T11 ••• 1 T _::2 in ( at most) the_ n free v;;t 
v1, ... , Vn, all m-ary relations R in .C and f = ( !1, ... , Ín) m C(Z, 

"ff 

{ 

C(Z,M) f= R(r1,---,rm)[(fi, ... ,fn)] l 

iff [atom] Mz I= R(r1,---,Tm)[(fi, ... ,fn)] 
For all z E Z, MI= R(r1,---,Tm)[f1(z), ... , Ín(z)]. 

We have 

that is, it Proposition 2.1 The embedding 1 : C(Z, M) -----t Mz is rv=. 
tefiecis positive-existential formulas with parameters in C(Z, M). 

. ables in Proof: As usual, we write l.f!(v1, .•• ,vn) to mean that the free varr t 
//l th F - ( ) · Mz d z E Z, se r are among e v1, ... , Vn. or g = g1, ... , 9n m an 

g(z) = (g1(z), ... ,gn(z)). ) 
O · bitrarY Let r be the set of all formulas l.f!( v1, ... , vn) in .C ( n 2: 1s ar 

verifying the following conditions: 

(1) For g = (g1, ,gn) in Mz, M2 r= l.f![g] iff V z E Z, MI== cp[~.z)]; 
(2) For J = ( f1, , fn) in C(Z, M), Mz 1= l.f![]] =* C(Z, M) F <p[f]- 

that all The comments preceding the statement of 2.1 ([atom]) guarantee der 
atornic formulas belong to r. It is straightforward that r is closed unt if 

· f d d' · · h ck tha conjunc 10n an isjunction. To finish the proof, it suffices to e e rne 
l.f!(v1, · · ·, Vn) E r, then :3v. l.f! E r. Without loss of generality, we may asSU 
that j = 1. J 

:3v1 l.f! verifies (1): Ifh = (h2, ••• ,hn) is in Mz, then since <p E f, 
Af Z F :3v1 l.f![h] iff :3 g E Af Z, Af Z I= <p[g; h] 

iff V z E Z, M r= l.f![g(z); h(z)] 
iff V z E Z, M r= 3v1 l.f![h(z)], z 

where the last equivalence is true because any map that associates to .z E 
a witness in M of :3v1 l.f!(v1; h(z)) belongs to Mz. 
7 1/l ºfi ( ) - . e each 
:::iv~ r ven 1es 2 : Fixa (n- ~) tuple J ~ ( J2, ·_-., Ín) _i~ C(Z, M); s:nc non- 
Íj 18 

a locally constant funct1on there 1s a fimte partit10n P of Z wto . g 
' rn empty clopens SUch that each Íj is constant in every u E P. Now, asSUrD 

that 

Af Z F :lv1 l.f![J], 
th
ere_is ª. map 9 : Z --+ M ( not necessarily continuous) such that fv(Z f 

l.f![g; f]. Smce l.f! verifies (1), it follows that for all z E Z 

M r= 'P[g(z); f(z)]. 
For u E P, select zu E u; then, because f is constant on u, (*) entails 

(*) 

6 



For all t E u, M I= lf[g(zJ; J(t)). (**) 
~~fine 9 : Z -------t M by setting the value of g equal to g( zJ on u E P. Then, 
(,~8 l_ocally constant in Z and thus an elemcnt of C(Z, M). Moreover, since 

) is valid on each u E P, we get 
For all z E Z, M I= 'P[g(z); f(z)]. 

~;:ce 'P' E r, we obtain Mz F 'P[g'; J1 (from (1)) and so C(Z, M) F 'P[g'; J] 
m (2)). Hence, C(Z, M) I= :lv1 'P[J], as desired. 

[, The preceding argument shows that every positive-existential formula in 
belongs to r, concluding the proof. D 

f Let B be a Boolean algebra and let S( B) be its Stone space, consisting 
~

0

the (prope:) _ultrafilters on B, or equivalently, the SG-~haracters of B. 
B reover, B 1s isomorphic to C(S(B), 2) where 2 = {±1} 1s the 2-element 
A. Hence, 2.1 yields the first assertion in 

~:rollary 2.2_ a) IJ B is a Boolean algebra and S(B) is iis Stone space, 
n the canonical monic 

b E B f------t b E 2s(B) 1 

where +o S( ) V •• dd' , J' r CY E B, b(CY) = CY(b), is apure embe ing. 
b) A ny i . t · B · · dd. niec zue A-morphism is a pure embe mg. 

P
3
roof: To verify (b ), let h : B --+ C be an injective BA-morphism. By 
tone dualit h . d . . 1 Y, m uces a continuous surJect1on 

h* : S( C) -+ S( B), CY E S( C) f------t CY o h, 
which in t . . . . . BA h" ,,...h 2S(B) _\. 2s(C) ( . um grves nse to an mJect1ve -morp isrn, : -, . 
agam by composition). It is readily verified that the following diagram is 
commutative : 

h 
B---C () l l () (I) 

2S(B) ,,... 2S(C) 

B h . 
y ( ª), both vertical arrows in (1) are pure. Since for any set J, z.1 1s a 
:;rnplete BA and complete BA's are the injective object~ ~n t~e c1tegory 
ret 800\ean algebras (Thm. 5.13, p. 71 in [HBA]), the miectwn h has a 
e ract , and so is also pure. It is then straightforward that h must be a pure 
mbedding. o 
Propo ·t· · l b . 81 10n 2.3 Any injective SG-morphism from a Boolean age ra to a 
reduced · · ____ special group is a pure embedding. 

2
s(~l)f A is the image of h in 2s(C) the inverse of h, from A to 2s(B) can be extended to 

to · l . ~ ' Yle d a left mverse to h. 
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Proof : Let B _!__,, G be a SG-injection, where B is a B~ and G ª ls;~ 
Let éa·_: _G -t Ba ~e the ~o~lea_n hull of G (~hm. 4.1 '. m [DMl])ich by 
composition éa o f yields an injective BA-morph1sm of B into Ba, ~h 

0 2.2.(b) is apure embedding. Hence, f must also be apure embeddmg. 

Remark. The converse to Proposition 2.3 also holds: Boolean algebras are 
the only_rsg's such t~at every S~-embedding into an?ther such grou_p_is Ptt7 lndeed, 1f the canonical embeddmg êa : G -t Ba 1s pure, Propos1twn b 
of [DMl] together with the fact that the statement "the forro ( 1, a, b, --a ) 
is isotropic" ( a, b E G) is expressed by a positive-existential Lsc-sentenc~ 
entail that G is a BA. 

Corollary 2.4 Any two Boolean algebras have the same positive-existentiall 
. z n a - true sentences (m both the languages for special groups and for Boo ea 

gebras). 

P f G. BA' A · · · d B nd let roo : iven s , B, let C be a joint extension of A an , ª 
f : A Y C , g : B <-r C be (SG~ or Boolean) embeddings. Let <p ~e ª 

·t· · · I ph1s!11, posi 1ve-ex1stentia sentence such that A F l.fJ; since f is a homomor . 
C F 'P , and since g is pure, B p= 'P. This shows that A (:3+) B. Symmetr; 
cally, we have B (3+) A, whence A ==::i+ B. 

As a particular case of 2.3 we have: 

Proposition 2.5 Lei F be a Jormally real SAP field. 
) !,, L · 1 ll . z . · 2 h the ª J is a jorma Y real extension of L such that 'f,L n F = EF , t en 
SG-morphism lFL : GreiF) -+ Gred(L) is a pure ernbedding. 

b) ln particular, the reduced special group of F is purely ernbedded in the 
(necessarily reduced) special groups of its Pythagorean closure and of its order 
closure. 

Proof : Item (b) is an immediate consequence of (a) by taking L to be eí; 
~her ~he Pythagorean closure or the order closure of F. For (a)' recall tha 
!f F is ª ?AP field, then its reduced special group is a Boolean algebra (~e~ 
I~em (l\m the_proof of Prop. 5.5 in (DMll) and observe that the couclitio 

F n 'f,L = r,p2 implies that lFL is a SG-embedding. The conclusion the(JI1 
follows from 2.3. 

Remark. Statement (b) h ld . ]ative 
P th , 0 8, more generally when L 1s the re · 
Y agorean closure of p · ·d . ' [B] Ch 3. 

ms1 e a pnme-closed extension; cf. . , · (J 
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3 Elcmeutary Behavior of the Boolean Hull 
Functor 

ln this se t · l . S e _10n we s 10w that the functor of the title preserves both elementary 
G-morph1sms and elementary equivalence in the language LsG· 

Pro ·t· · B P081 ion 3.1 Let G be a rsg. With iiotaiion as ui 1.1.(l I I.a)i the 
. oolean dual B(oa) : Ba --+ Bê, of the diagonal embedding ºa : G-+ G 
~~ an elementary embedding (both in language Lsa of special groups and ui 

e language LBA of Boolean algebras). 

Proof · L t ---- G,.... ---- • 1 b ddi · e Ea : --+ Ba be the extension of the canonica em e mg 
;~ :( G .~ Ba, as defin_ed in item (II) of 1.1. By Lemma 1.2 and Corollary 
f. · a) m [DMl], ~ is complete. Theorem 4.17.(4) in [DMl] shows that Ç 
actors through B0, i.e. the following diagram is commutative: 

,.._ é' 
G -----'ª;:._.-+ B â 

Ba 
Where B(-') · · · ----- Th êG 1s the BA homomorphism functonally associated to Ea by e- 
orem 4·14-(I) in (DMI]. We prove: 
(A) B(-) ---- . Ea O B(J

0
) : Bq --+ B

0 
is the diagonal embeddmg ºsa· 

. Let b E B
0
; write ( b) for the constant I-sequence with value b. We must 

Venfy that 

. B(ea)o(J0)(b)=(b)/il. (I) 
~~e lt('a) generates Ba as a BA (Proposition_1.10 in [DMl]) and B{íÇ;) 

0 

a) s ª BA-morphism, it suffices to check the ídentity m (I) for elements b ! ~:•{éa), i.e. '. b .~ ,c(g), g E G. Now, since 6a(9) = ( g) /1.l and ê;;( ( g) /1.l) 
a(g)) /il, 1t 1s clearthat (I) is satisfied for g E G, as needed. 

~ern_ark. More forrnally, note that (**) in 1.1.(II) gives, for a constant 
Unct1on (g) E 01, i((g)/il) = (f(g))/il, i.e. . 

p . f o ºa = ól-l o f. 
h
or f:::: E

0 
: G --+ B we get € 0 0 = J O 6 . Applying the Boolean 

ull fun ·t . . ª' a C! Ba e d B( ) - J d e or to th1s 1dentity and observrng that B( Ó Ba) == Ó Ba an 
6
a - 

8a, proves (A). O 

Item (A) shows that B(i) o B(o) is elementary. By Fact 1.3.(2), the 
Proof of 3 1 a G h. b t tl · · reduces to showing that B(i;) is a L50-monomorp isrn, u 

118 
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1 2 and ------ · 1 t ( f Lernrna · follows immediately from the fact that ê
0 

1s comp e e e · 
Theorern 5.1 in [DMJ]). L 

. h B( r ) . L I ntary, For BA' Remark. We havc just shown t at ºa 1s 'so:" erne . ms of repre- 
recal I that the Boolean operation., are first-order definable m ter 

0 sentation, and hence in L
80

. 

. o] reduced Proposition 3.2 JJ f : G --+ H is an elementary morphistn 
special groups1 the same is irue of B(J) : B

0 
--+ BH" 

Proof : We use Theorem 1.5 to get an isomorphism F : G ---t it, S0 that 
the diagram on the left commutes : 

f G H 

G f 
H 

CG l l EH 
JGl lJH Bc BH 

B(J) 

B(Jc) l l B(JH) 
G H 

F 

B, Bil G 
B(F) 

d' arn on Taking Boolean duais and using Theorem 4.17 in [DMl), the iagr ice 

l' d tWJ ' lhe right also commutes. Item (2) of Theorem 4.17 in [DMl] (app ie B(J ) 
to F and F·

1
) shows that B(F) is an isomorphism. Since the maps t ~Y­ 

and B(JH) are elementary (Proposition 3.1), B(F) o B(Ja) _is clem;n
1
j is 

Then, lhe cornmutat1vc d1agram above right and 1.3.(2) entail that ( o elementary. 

Corollary 3.3 lf G, H are rsg's, ilien G ~ H irnplics Ba = Bw 
. . "' "' h Boolean Proof: By 1.5, G and H have rnomorph1c ultrapowcrs, G"' H. T e --1 

d ual of t his iso morphisrn gi ves B á "' B ;;- S ince t he rn aps B ( J e) : B G o 
Bá and B(JH) : BH --+ BH are elementary, we rnust have Bc = Bw 

4 Elementary Properties of the Reduced quo· 
tient Functor 

. ,,,t 
Th

. · · · d . . d uot1e» . 1s '.ect1on 1s evoted to examine lhe heha~1or of the reduce_ q esuJts 
functor w1th respect to first-order notions, provmg the preservat10n r 
announced in the lntroduction. 
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Proposition 4.1 Lei G be a frsg. With notaiion as iti 1.1.(IV.c), the SG­ 
morphism ( óa) d = ó* : G d -+ G d induced bv the diagonal embedding re G r e re ,'J 

6c : G ----,. G has the following properties : 
(1) ó; is pure. 
(2) If G has finite Pythagoras number, then ó; is elemetiiaru. 

Pro~f : As in the proof of 3.1, the idea is to define a SG-morphism 
B : Gred ----,. ( Gred)f /51 such that 0 o ó; : Gred --+ ( G,·ed)1 /il is the di­ 
agona,J embedding óa . Since this is an elementary rnap, Fact 1.3.(1) yields 
that o* . . r ed • f • . a is pure, proving (1). For (2), we show that 1f G has finite Pythagoras 
number, then 0 is a Ls

0
-monomorphism; Fact 1.3.(2) then entails that o; is 

elementary. 

( Th- map 0 will be induced by the ultrapower extension 7íG : G -+ 
Gred)f /il of the canonical quotient map 1r O : G -+ Gred' as defined in (**) 
of 1.1. (II)· To ease notation, write 1r = 1r O and ir = ira. We first check : 

(A) Sat( G) Ç ker(ir). 
~o~ of (A). Let (gi: i E I)/il E Sat(G), i.e., there is k ?: O such that /i ~ E Da(l, k( 1) ). Since representation by forms of arbitrary 
imension is first-order definable in Lsa, by Los' Theorem 

A= {i E/: gi E Da(l, k(l))} E il. 
For i E A , we clearly have 1r(gJ = 1. Thus, 

A Ç {i E I: 1r(gJ = 1}, 
~nd 80 this last set must be in u But then, ( 1r(gJ : i E I) /il = ir( ( gi : i E I) /il) 
- l, as desired. O 

By the inclusion in (A) 1r induces a SG-rnorphism 0: Gred-+ ( Gred)
1 /il; 

na l ' me Y, for a E G 
) 

0(a/Sat(G)) = i(a). 
ln othe . r words, 0 is defined by the functional equat10n 
(++) 0 o 1f(j = ?f. 

N ext' we prove : 
(B) 0 º o* . . . . . (G )1/il 

G is the diagonal embeddmg J0 of Gred mto red · P red 

~ ó'" is defined by the functiona1 equation ( +) of 1.1.(IV.b ), 
nam.e}y G 

J* o 1f :::: 1f ê: o JG. 
Corn . e 

Posing on the left by 0 and using ( ++) yie1ds 
( +++) ,..._ r 0 o ó* o 1r = 0 o 1r â O 50 = 1r O 0c· 
1'he d' G 

iagonal embedding ó is defined, for g E G, by : 
Gred 

óc (1r(g)) = (1r(g))/il. 
red 
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Sinceir(g) = ír( ( g ) /il) = ( n (g) ) /il, we get ír -~ ó G = Ó o.: 0 1r. Fro: ( +++~ 
we get 0 os: o ;r == 50 o 1r, verifying 0 o 6

0 
== óa d' as requite · 

li red r e 

As observed at the beginning, this establishes ( 1) in 4.1. 

d . (A) ( equiva- Returning to item (A), note that equality may noi hol m hat 
lently, 0 might not be injective). ln fact, ir((gi: i E I)/il) = 1 means t 

B == { i E I : 1r(g) = 1} == { i E / : g. E S at( G)} E il, 
t t (l)); that is, for each i E B, there is an integer ki ~ O such that gi E Dc(l, ki 

the ki may well be unbounded in N. However : 

. ,,.._ (,,.._) Moreover, (C) If G has firute Pythagoras number, then Sat(G) = ker Ir · 
p( G) == p( G). 

) · ex­ Proof of ( C). The second assertion follows by observing that JJ = p( G 18 es 
pressed by first-order L sa-sentences ( wi thout parameters) and herice go _ 

,,.._ S t(G) - over from G to G. N arnely, p is smallest m E N such that ª 
Da(m( 1)) iff the following L80-sentences hold in G : 

* For k > p, V x [x E D(k( 1)) --t x E D(p( l) )];3 
* 3 x [ x E D (p( 1 ) ) /\ x rt D ( (p - l) ( 1 ) ) ] . 
To prove the first assertion in (C), let ( gi : i E /) /il E ker(ir), i.e., 

C = { i E / : 9; E S at( G)} E u. 
Since Sat( G) = Dc(p( 1)), 

C = { i E / : s, E Dc(p( 1))}, 
· Ids and since the condition x E D(p(])) is first-ordcr, LoS' Theorem yre 

0 (gi: i E /)/il E Da(P( 1 )) Ç Sat(G), as needed. 
As observed above, ( C) yields : 

(D) If G has finite Pythagoras number, then O is injective. 
Proof of (D). The functional equation ( ++) implies 

ker(ri) = 1r61 [ker 0]; 
this and ( C) entail, for a E G : 
a/Sat(G) ::::1rã(a) E ker(0) iff Q' E ker(ir) iff a E Sat(G) 

iff a/Sat(G) == 1. 
To complete the proof of (2) in 4.1 we show : 

(E) If G has finite Pythagoras number, then 0 is a SG-monomorphisrn- 
F h ~d ?~ t e proof of (E) we need the following immediate consequen 

Defimt1on 2.13 and Proposition 2.28 in [DMI] : 
F t If A • G tbeJJ ac · u 1s a saturated subgroup o[ a special group G anda, b E ' 

3 - It suffices to require it for k ::.: p + l. 

o 
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/

A { :l a0, b0 E G, so that aa0, bb0 E ~ 
a w. E Da; t:,. ( 1, b /Li) iff 

and a0 E Da(l, b0). 

Proof of (E)._ To ease notation, set H = ( Gred)1 /il. Since 0 is a SG-morphism 
';::e need only verify that 0 reflects atomic Lsa-formulas with parameters in 
Gred; that is, we must show that for ç = (gi: i E/), f/ = (g;: i E/) E G1

, 

0(7rê(ç/il)) E DH(l, 0(7ra(7J))) ~ 7ra(Uil) E DareJl, 7ra(ry/il)). 
~y virtue of the functional equation ( ++) above, the assumption translates 
mto 

7?(ç/il) E DH(l, 1r(77/il)); 
~ince i( ç/il) = i( ( gi : i E /) /il) = ( 7r(gJ : i E /) /il ( cf. definition of 1r just 
efore the statement of (A)), we get 

E= {i E l: 1r(gJ E Dar,d(l, 1r(g;)} Eil. 
~ sing the preceding Fact , with ti = S at( G), for each i E E there are el- 

_ments hi, h~ E G such that gihi, g;h~ E Sat( G) and hi E Da(l, hJ For 
J E I \ E set hj = g and h'. = g' .. By assumption, Sat( G) = Da(p( 1) ), 
for some integer p > 1

1 whedce g.h. g'h' E Da(p( l )) for all i E l. Since 
V D( - ) 1 1' 1 l 

E 1, P( 1)) is a Lsa-formula, Los' Theorem gives 

(gihi: i E l)/il E Da(p(l)) Ç Sat(Ô), 

i.e., ( 9i : i E I) /il . ( hi : i E I) /il E Sat( â), which implies 
(*) 7ra((gi: i E /)/il) = 1ra((hi: i E l)/il), 
ªnd similarly for g~ h'. Further since h. E Da(l, h') for i E E E il, we get 

1) 1 l 1 1 

(hi: i E l)/il E Da(l, (h~: i E l)/il). 
~~nc~ 71"ê is a SG-morphism, (*) yields 7ra(Uil) E Dar,)l, 7ra(77/il)), as 
quired to complete the proof of Proposition 4.1. O 

t By arguments similar to those proving 3.2, 3.3, we obtain analogous 
s atements for the reduced quotient functor. 

Prop 't· H b SG osi Ion 4.2 Let G H be frsg 's and let f G --t · e ª - 
rnorphism TI i · ien1 

a) f pure =} f pure. 
b) red 

t 
lf G, H have finite Pythagoras number, f elementary ~ Íred elemen- 

ary. · 

::oof_: a) By Proposition 1.4.(b) there is an ultrapower â of G a~d ª SG­ 
. rp~ism g : H ---+ â so that g O f = ªa, the diagonal embeddmg of G 
into G. s· . . . r - (á ) = á* . 
S. mce the reduced quot1ent 1s a functor, 9red O Jred - G red G 
Ince ó"' · · · 1 b _ G 18 pure (4.1.(1)), Fact 1.3.(1) entails that Íred 1s aso pure. 
) By Theorem 1.5 there are a set I, an ultrafilter il on I and ª SG-rnorphism 

such th t l . . ª t le diagram below left is commutat1ve: 
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f H 

Gr 
Íred «: G 

(x) JGl lJH o* lJ~ G 

----- ti.; 
,.._ 

H o: G 
F 

Fred 

where o0, oH are the diagonal embeddings. Below we prove: 

( 1) The diagrarn above right is commutative; 

(2) F d is a SG-isomorphism. 

re b 4 1 (2)· then This suílíccs to prove (b ). lndeed, J~, -~ are elementary Y · · b' Fact 
F o J* = J* o f is elementary which irnplies f d elementary Y red G H red ' re 
1.3.(2). 

Proof of (1 ). We need to show, for g E G : 

Fred O o;(1rc(g)) = 0;1 ° Írei1rc(g)), 
i.e., 

(a) Fred o 0; o 7rG = o~ o Íred o 1fa· 

The functional equation fr·ed o 1f G = 7r H o f defines Íred ( cf. ( +) in 1.1. (IV· b) ); 
replacing in (o:) we are reduced to show : 

(/3) Fred o J; o 1r G = J; o 1r H o f. 
Likewise ( +) also yields : 

o; o 7rG = (Jc\ed o 1fG = 1fG o JG and O~ o 1fH = Kif o J'W 

Substituting these equalities in (/3) reduces the problem to : 

('y) Fred o 7r G o ó G = 7f if o ó H o J. 
Yet another application of ( +) to the definition of Fred gives : 

Fred o 7r G :::: 7r if o F. 
Substituting this in the left-hand side of ( 1) we obtain : 

( J) 7r if o F' o ó G = 7r Íl o ó H o f. 
Diagram (x) gives F o o0 = oH o F, which composed on the left with 7TfI 
proves (J) and (1). 

( ) . h . conse- Proof of 2 . It suffices to prove that v »: = u:,,i-1, whic IS a o 
quence of the fact that the reduced quotient is a functor. 

The proof of the following result is analogous to that of 3.3. 

Corollary 4.3 Lei G, H be formally real special groups. 
a} G (::J+) H :::} Gred (:J+) Hred' 
b) G =-=3+ H :::} G d =-=3+ H d' 

re re O 
e) lf G, H have finite Pythagoras number, G == H itnplies Gred = Hred· 
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5 Some Applications 

Whe shall derive from the preceding analysis two interesting consequences in 
t e case of fields. 

1. The Pythagorean closure of a formally real field. 

Pro ·t· p osr 10n 5.1 Let F be a non-Pythagorean formally real field whose 
s;ace 0f orders has isolated pouiis. Let FP be the Pythagorean closure of 
i ·d Then Gred( F) =/= G( FP). ln particular, the map i : c;« F) -+ G( FP) 
n uced by the field inclusion of F inio FP is not elernentary. 

~r;of: By Corollary 3.3, the assumption Gred(F) = G(FP) implies BGred(F) 
~ G(F:J· Let us denote these BA's by B1 and B2, respectively. By Corollary 
/-(b) m [DMI], S(B1), the Stone space of B1, is homeomorphic to the space :f ºrders x(F), while S(B2) is homeomorphic to x(FP). By Theorem 3.2.(d) 
p [DM3], x(FP) is a perfect space, whenever F is formally real and non­ 
Ythªgorean. By the assumption on F B has atoms, while B2 is atomless, 

contradicting B = B ' 1 o 
1 - 2· 

There are many fields meeting the assumptions of 5.1; for example, any 
non-Pyth · E 1 ali agorean formally real field with finitely many orders. xamp es are 

h 
formally real algebraic number fields (finite extensions of Q). ln fact, we 

ave 

Propo ·t· . 1 
d 

81 10n 5.2 Every Boolean space is horneornorphic to the space O or- 
ers of ª non-Pythagorean field. 

th We shall give a sketch of the proof of 5.2, indicating modifications on 
e proof presented in [P] of the result proved by Craven in [Cr], that ev­ 

;ry Boolean space is homeomorphic to the space of orders of a field, which 
f~~ns ?ut to be Pythagorean. The proof presented in [P] proceeds along the 

owmg steps : 

Step 1 ([P] ~ , Thm. 6.9) Given a real closed field R, tbe fi.eld 

. F = R(X)({vX-a : a E R}); 
18 SAp ([PJ, Thm. 9.4), and x(F) ~ 2'\ wbere K = card(R). 
t Since every Boolean space is horneomorphic to a closed subset of 211'. 
or som · fi · h · ffi t e m nite cardinal K in order to get Craven's T eorem 1t su ces o 
constr t ' hº · . uc an extension F of F such that x(F) is homeomorp 1c to a g1ven 
Pioper closed non-empt/subset A of x(F). Tbis is achieved by: 
Step 2 ( [P] r F . , ~ , Thm. 6.7) Let A be a closed subset of x(F), where 15 

a 

xV: field, and A is distinct from 0 and x(F). Supposc C Ç É' is such tbat 
e E b.'c A CC, Üccc H(c), with H(c)_ 'f 0, H(c) = {P E x(F) : e >r O}, 

ons1der the a1gebra1c extenswn 
F

1 
= F({(-c)112n : e E C, n EN}) 

15 



. . (F Pi) with of F, where the square roots are taken m a fixed real closure , 0 
P0 E A: Then, A~ x(F1

). 

·r s 2 We now indicate the changes needed in this proof to get Proposi ion · · 

f ple 1 + The base field R(X) of Step 1 is non-Pythagorean; or exaro :
1 2 4 X

2 
is not a squ~re in R(X), hy_ lhe Pfister-Casse] Theore~ (R~m:r~(X) 

and cmollary 2.6 m [KS]). Wc fix a surn of s_quares s = I;,~1 f, ~ field f 
which 1s not_ a square, and will check that s 1s not a square m_ th of F, 
constructed m Step 1. Then, we modify Step 2 to get an extension F2 

. n square. not necessarily algebraic, where the given element s remams a no - a 
The following lemmas are designed to achieve the first objective (they are 
bit more general than needed). 

·, L. lf Lemma 5.3 Lei K Ç L be fields, char(K) i- 2, a
1
, ... , a

11 
E h, b E 

b (f:_ "f,K
2 
and Vb (/_ K(b), (i.e., b (f:_ K(b)2), then 

Li a/ ri:- K2 * Li a/ (f:_ K( Jb)2. 

2 · . e that Proof: Let a = VLi ai (m some algebraic closure of K). Assuru , 
a E K( Vb); then a = x + y-/b, with x, y E K. If y = O, then a == x E J(' 
contrary to assumption; so y i- O. 

2 yto 1) x = º.· Then a= yv[;, whence b = i7" = I;, (;')' E EK2, contrar 
assumpt1on. 

2 
2 x2 - by 
~ 2) x -j:. O. Then, a

2 = x2 + by2 + 2xyv[;. Since x, y i- O, Jb = 2xy 
o E K(b), contrary to assumption. 

Iterating 5.3 yields : 

L 5 4 L E Í{, emma · .. et K Ç L be Ji,elds, char(K) f- 2. Let a1, .. · , an 
bl' · · · , bl E L. For O :S: i S l - 1

1 
set inductively 

K0=K ri:-- and Ki+ 1 = J{i ( V bi+ 1), 
so 

th
at Ki = K( Ã, · · · , Ã), i 2:: 1. Assume that for i = 1, · · · , l : 

(li) bi (/_ "f,[{l_I; (2i) Ã fÍ. /{i~l (bi) · 
Then1 L a .2 (f:_ [{2 ==} '°'. a _2 d }·'2 

J J 63 J y:. i1 . 

Proof : The hypoth (1 ) d ( ) . 1· bilitY of ' eses i an 2i guarantee success1ve app 1ca o 
Lemma 5.3 to the fields Ki, i :::: 1, ... 'l. 

The following' 1 . · . h. eh the 
. emma gives more manageable conditions under w 1 assumptions of 5.4 hold. 

Lemma 5.5 Let [{ e L b fi 1 A , - e e ds, K Jormally real; let b
1
, . ssume that there are orders p p E (J.') h t·l t 

l 1 • • • , / X \ S11,C W 

b E t. 
••• J / 
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(1) p 
1 euends to an arder P' E x(K(b1)) such that b <P' O 

and f · 1 
1 1 ' 

or every i' 2 < í < l 
(2~) p - - ' a~d b i extends to an arder P' E x(I<(bl' ... , b.)) so that bJJ ... bi-I >P,' O 

i <p, O. i i 

Then th 
1 

, e assu t · ( ) particul ~ mp ians li and (2i) of 5.4 are verífied for i == l, ... , l. ln 
ar LJ 2 d y2 .1 · ' j ªj 'F 11 i i a1,··· ,an E K are such that Ej a;~ K2

. 

Proof : (1 ) s· K( vi;- ' ince b" ... , b,_1 > P/ O, the order P: extends to K,_1 ~ 
K (i') · · · ' ~) (indeed, it has 2i-I extensions). Let P" be an order of 
i-1 i extending P' s· b O h b d bi d "v2 (2,) Sinc i. ince i <p: ' t en i <p/' O, an i ~ "'n;.1. 

e b, <er O, bi cannot be a square in Ki-I (bi)· O 

Propositio 5 field b _n -6 Let F ~ R(X)( { jX - a : a E R} ), R a real closed 
\" ' e as m St 1 L f ( ) h ,_,. f' ,t R ep · ei 1, ••. , J n be non-zero elements in R X such t at 

J J (X)2. ThenLj f] (/. F2. 

Proof. It. · 1s en h · . } ~ 2 is not . oug to verify that for any finite set { a1, ..• , a1 Ç R, L,,j fj 
a squ · b,"" X _ are_m R(X)( jX -· a1, ... , jX - a,). We prove that the elements 

ªi (z = 1, ... , l) verify the conditions (1) and (2:) of Lemma 5.5. 

Let a < that 1 · · · < a
1 
in the order of R. Pick elements rl' ... , r1 E R so 

The orders P. 
a, r E R i 

' 

rl < ª1 < r2 < ª2 < .. · < r, < ª1· 
Pr; ( or Pr:-) satisfy the conditions of 5.5. Indeed, for 

1 

Then, b == X - a <r.; o iff a > r. 
. . i 1 X - a 

1 
< P, + O; for 2 S i S 1, X - a; > P,+ O wh enever j ~ 1, 

' - 1, while X - a.1 < O ' O 
i p + . 

To medi f r, .. [l!J] n 1 Y lhe constrnction of Step 2 we use Propos1t,on 8. 7, P· 4 78, in 
' amely: 

Prop ·. lhe,, osihon 5.7 l,et K be a ficld and A a c/osed subsei of x(K). Then, 
is a pseud l } (i) J, . 0 rea closed extension L of [{ such t wt 

1 is rel t' ( ii) ª ively algebraically closed in L. 
The re t . A. s rictíon PLIK : x( L) --t x( I<) maps x( L) homeomorphically onto o 

Let p b . . . the e d' 
2
. e the PRC extension of the field F constructed m Step 1 meetmg 

fi 
on 1t1or f · · ·f F h'l h elct F IS o 5. 7 u; may not be an algebra1c extensJOJI o ' w 1 e t e 

j
. 1 of Step 2 · e , ~ 1·2 d F2 

( ·th f 1 1,... . . m raven s theorem is). If L,,j j 'F ' w1 , or examp e 
,fn as lil 5.6), then ~j JJ (/. FJ, by item (i) of 5.7. This completes 
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the sketch of proof of Proposition 5.2. 

. . ber and a II. Formally real fields with prescribed Pythagoras num 
lower bound on the number of orders. 

o 

F) :::: Proposition 5.8 Lei F~, F, be Jormally real ficlds such that G",( fini~ 
G d ( F2) ( as special sro ups). Then eiihe r f; and F~ h ave the s; me F , 
r e . . d J'f · ad ition, 1 number of orders, or both have mfinitely many or ers. J, m ·ther 

0
f 

b f l · l lds under ez F; have finite Pythagoras num er, t ,e same cone usion w , fi lds}. 
the assumptions G(F1) == G(F2) (as special groups) or F

1 
= F2 (as e 

. . . . terpretable Proof: Observe first that lhe language D,a of specia] groups 18 m · oduc· 
i n t he langu age of fi e! ds ( i. e., uni tary ri ngs). This is jus t a mat ter ofrcp;a ti on, 
ing lhe standard definitions of the primitive notions of L so ( represe;) F a 
etc.; see section 3, chapter 1 in [DMl]) for the special group G( . ' the 
field; we omit the details ( some care has to be exercised in inter?reti_ng 
quantifiers ). At any rate, this shows, without any extra assumptwns · 

F1 '= F2 (as fields) ==} G(F1) == G(F2) (as special groups). 

If F1' F2 have finite Pythagoras nurnber, Corollary 4.3 gives : 

G(F1) == G(F2) ==} G d(F1) = G ed(F2)- 
re r . ter- Alternatively, if F has finite Pythagoras number, Grei F) is directly 10 pretable in F. 

) where Frorn GreAFi) = GreAF2) we have (Corollary 3.3) B(F1) = B(Fz ' 
B(Fi) = B0 d(F.)' i = .1, 2. Now we consider two cases : . ) 

re 1 (fz 1
) x(F1) is finite: Then, B(F1) is finite and B(F

1
) ~ B(F

2
). Hence, B 

is finite and lx(F1)l = lx(F2)I (= cardinal of x(F
2
)). . 

. plJeS 2) x(F1) is infinite: Then B(F1) is infinite, and B(F
1
) = B(F,) ,m a 

B(F',) infinitc, which, in lurn, entails that x(F~) is infinite. e 
F . RF, for th or an mteger p > .1 and n E N u {N } n > I write F p,ri ·

11
g 

-: • O , - , d haVI class of formally real fields w1th Pythagoras number exactly p, an 
at least n (possibly infinitely many) orders. 

l entarY The preceding result shows that F RF n is closed under e ern . 
· 1 It · l 1 P, h' roof · equiva ence. Is a so e osed under ultraproducts; we sketch t IS P 

· n of Lemma 5.9 Let n EN U {No}, n 2: 1. Let {F, : i E I} be a collect; /ter 
Jormally r·eal fi elds such th at lx( F,) 1 2: n, for ali i E l. 1/ il is an ultr fi 
on !, then lx(íliEI Fi/U)J ~ n. 

Proof : It is enough to construct an injection 

. p: íl,El x(F,)/il -+ x(TI,e, FJJJ.). a 3.6 
For then, if r;,i === lx(Fi)/, we have líl- r;,./Ui > jnl/ill > n, by Lemm 
of Ch t 6 · [BS] . iEJ 1 - - • 

ap er m , as reqmred. Observe, in passing, that 1f 
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{ i E I : r.,i = m} E u, 
for sorrie m N [BSI). On t E , m ;o: n, then_ líl;E/ _,Jill_ = m (Lernma 3.6: Chapter 6, 
N ) th he other hand, ,f this condition 1s not mel (m particular 1f n = 

0 ' en IILEJ r.,jill 2 2N° (Lemma 3.11, Corollary 3.14, Chapter 6, [BS]). 

We shall · d unde. . . view or ers of F as ± 1-characters whose kernels are closed 
ob . 1 addition and which send -1 to -1. The map P is constructed in the 

V]OUS way . 11 for ea h . : given ª E ;E/ x(F;), i.e., a map that selects an order in xU;) 
e i E I, define, for ( Íi : i E l) E íliEJ Fi; 

pu ( ( Íi : i E l ) ) = { l 
-1 

Routine h k' , e ec mg proves : 
a) p . senl is a well defined ±1-character on the multiplicative group of íliEI Fjil, 

ing -1/il to -1. 
b) ker(P ) · 
) 

u is closed under addition and so P is an order on íl·EJ F.. 
e /ti ' u i i 

tnod l == a-' /il '* P = P , that is P depends only on the class of CJ 
Uoi( u u' ' u 

, and we may unambiguously write Pu/ii = P(T. 
d) ~ /ti # a-'/il ......... claimed. ----,- Pu #- Pu,, and herice the map o- /il M Pu is injective, as o 

if {i E l: CJ(i)(JJ = 1} E il; 
if{i E I: <J(i)(JJ = 1} \l'il. 

Corollary 5.10 The class F RFp,n is axíomatizable in the language o] fields. 

Proof: I . . . elem mmcd,ate from 5.8 and 5.9 using the standard charactenzat1on of 
entary classes (Theorem 4.1.12, ~- 220, in [CK]). O 

Obviously tt · · 1· · · t for p R . , 111s raises the question of finding an exp ICit axiom sys em 
FP,n m the language of fields. This is easy for n = l, 2; namely: 

- FRF. · . . . numb ~·1 18 ax1omatized by the sentences expressmg that the Pythagoras 
er Is exactly p : 

(1) 
\/ XI ••• 

(2) 
Plus : 

(3) -1 is not a surn of p squares. 
-- FRp · . the P,2 18 ax1omatized by the sentences above plus the statement that 

set of s ( 11 h a field F ums of squarcs is no\ ( the positive cone of) an_ order r_eca t at 
r,p2 has a urnque arder iff r,F2 is an order ). This 1s eqmvalent to 

U -r,p2 f- F which, with the axioms above, boils down to : 

It 3 x \/ Y1 ... y (x =f I:P-1 yf /\ -x =f I:f=1 yl). 
, Wou ld b . P ,_ e mteresting to determine axioms for F RFp,n in general. 
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