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1 Introduction

In [D
[DM3] we proved the following isotropy-reflection principle:

ThEOre
I Tr%h Let F be a formally real field and let FP denote its Pythagorean
e natural embedding of reduced special groups from G, (F) into

G,y (F?) = .
a(F?) = G (F?) induced by the inclusion of fields, reflects isotropy.

s F?EF)G L reduced special group (with underlying
ef. [DM1], Ch ssociated to 'the field F', henceforth assumed formally real;
, Ch. 1, 83, for details.

the Pyt};I; gzrnf’su“ proved in [DM3] is, In fact, more general. For examp
So-called ord ee dnl closure FP can be replaced in the statement above by the
fixed a]ge#_cﬂ@ of F, i.e., the smallest algebraic extension (inside a
statements h:idd;)sure) of F' to which every order extends uniquely. Similar

or even more general relative Pythagorean closures (in the

Sense of Becker (B], Ch. 3).

by a ﬁrsts-lotcde the notion of isotropy of a quad
" COefﬁcien:r formula in the natural language

eHlbedding i i és parameters), this result raise

ormuly, exprlégf’" G_red(F) ‘——> G(F”) 18 ellemen.tary.

Lpp Teflect sing 1sotropy 1s p051txve-ex1stent1al, one may also .ask whether

s all (closed) formulas of that kind with parameters 1n G, (F)
o first of these questions,
) fields (Prop. 5.1)-

uanced; we shall deal

le,

ratic form can be expressed
Lsg for special groups (with
s the question whether the
Further, since the Lsg-

In thi ; :
for 4 _ t}lns paper we give a negative answer to th
oncel‘nir; class of formally real (non—Pythagorean
with it g the second question the situation is more Il
I another paper.
ther general preservation

r-[‘\ ‘ )
he result just stated follows from two, ra
ced quotient” operations

result

S concernj

on specy rning the “Boolean hull” and the “redu
,Cla.l grollps.

In (O},
hapter 4, section 2 of [DM1] we introduced the Boolean hull op-



. ; eall
eration which to every reduced special group (rsg) G asso(:latf’; dist(ljl(r)llcto_
algebra (BA), its Boolean hull B,. The correspondence G ‘—-> (g ;livalence
rial. In §2 below we show that this functor preserves elementar‘y 2q o prolh
and elementary SG-morphisms (Proposition 3.2). The teChmq-ue diagonal
this consists in, first, showing that the Boolean dual B(d,) of the' o
embedding ¢, : G — G!/i of the rsg G int(? any ultrapowert}]lse Lesults
mentary morphism of Boolean algebras (Proposition 3.1); then, the ol
announced above follow by use of the Keisler-Shelah ultrapower theor

: : aced by
Similar results hold with “elementary equivalence” replace )
iti I I i e” and “el t orphism” by “pure M
“positive-existential equivalence” and “elementary morp i woitl
phism” (i.e., a morphism reflecting positive-existential sentence‘zs with p e
eters). However, these results are, in a sense, trivial. Indeed, in §1 Wehprelar
the seemingly unknown (at least, previously unknown to us), thoug

R hism
tively straightforward fact that any injective (SG-, or Boolean) morp
between BA’s is pure.

In §3 we shall consider the operation that to each formally real }512:6
cial group (frsg) G associates its reduced quotient G| , = G/ Sat(G??fz 1
Sat(G) = U,s, Dg(n(1)) is the smallest saturated subgroup .Of G; This
tails on this notion see Chapter 2 of [DM1], especially Deﬁmtlon.Z.’?.f S
operation is functorial, and we shall prove that it preserves purity OCorOI‘
morphisms (Proposition 4.1(1)) and positive-existential equiva‘ler.lce ( -
lary 4.3(b)); under the additional assumption that the underlying grmor—
have finite Pythagoras number ', this functor preserves elementaryrs )
phisms (Proposition 4.2(b)) and elementary equivalence (Corollary 4.3-

‘o an hu
The technique of proof for this case is similar to that of the Boolean
functor.

Another by-product of these results is that the first-order theor(}llefsf
formally real fields of fixed, finite Pythagoras number having at least n (g \ds:
(n € NU {00}, n > 1) is axiomatizable in the first-order language of 1
we do not give an explicit set of axioms for this class, when n > 3.

1.1 Notation and Preliminaries. (I)
of orderings and quadratic forms, we sh

the monography [DM1]
systematically.

Let G be a frs

ultrapower 3/

+naCes
Concerning special groups, bpz "
all adhere to the notation useuse
. The notions and results therein will also be

the
g I a set and i an ultrafilter on /. Elements of
/4 will be written (gi:ie )y

s
(IT) Observe that any SG-morphism f: G —y g extends to ultrapowers ®
follows : For (¢ :4 ¢ 1)/,

(**) Casie 1)) = (fg) i e 1yu

. o . e 18T Isllr’
Routine verification shows that f is well-defined and a SG-morphism- )
1 t G
'The Pythagoras number of 5 special group (3, P(G), is the least n € N such that 5@ (
= Dg(n(1)), if it exists; oth

erwise, p(G) = 00.

.



ther, a routine application of Lo§’ Theorem yields

Lem 2 WY
; ma 1.-2 The map f > f preserves injectivity, completeness, purity and
ecementarity. 0

E;Iell)ni) Since 1, il.remain fixed throllghout the proofs, we may safely Emit

b diao eas]e notation; thus-, we set G = G1/il . We write 5 : G — G for

e gona, C-mbeddmg Whlcb sends g € G to the class (g )/4l of the constant
quence with value g. d, is an elementary embedding (Lo’ Theorem.)

b . » b
t(z kI)n P«:Lrt‘lculz.xr, for the Boolean hull B, of a rsg G, we have b, = BGI/LL,
I e distinguished from the (much smaller) BA Bg.
\ g
(IV) a) Let us right away note that the “reduced quotient” operation on frsg’s

1s well- ; i
o erll d'eﬁned. 'Smce any SG-morphism f : G — H preserves isometry of
epresentation by forms of arbitrary dimension, it follows that

. f(Sat(@)) C Sat(H).
hus, if G, H are frsg’s, the rule
y f,.u{a Sal(G)) = f(a)/Sat(H) (a €G)
€ .
nes a SG-morphism f,_, : G,y — H,eq (preservation of binary isometry

red

fol] L
y ows from Definition 2.13 and Proposition 2.28 in [DM1]). It is clear that
€ correspondence

& = Gred; f — fred

1S a

the Cf:?ctor from the category of FRSG of formally real special groups to

quoti e%ory of RSG of reduced special groups, which we call the “reduced
ent” functor. Clearly, this functor is the identity on the sub-category

RSG of FRSG.

b) Wri
f)- Gr!lte Tq: G— G, , for the canonical quotient map. Fora SG-morphism
( — H the functional equation defining JRCE
+
) frcdoTrG::'n'HOf.
e shall use the traditional no-

c) In w
) the case of the reduced quotient G,ed
hical confusion

tati 1 , e

Wit}?n@Gred/ 4 ——lgstead of G,.q— in order to avoid typograp

inSteadred (ie., (G),,,), which will also be in use. Likewise, we employ b
of (6),.4» to avoid confusion with the diagonal embedding 0.0 "

red — (Gyeq)! /4, which will also be used.

(V
) For structures 2, B, with language L, an [-morphism f : & — B is

Pure if fo; s
& Qlie if for every positive-existential formula ¢(vy,... ,va) and all a1,...,0n
(*

) B k= ¢f(a,), ..., fla)] = A ¢lat, -l

morphism. As noted in [DM1],

The
2 cor = o : :

werse is always true, since [ 1s an L-
ition (*) on positive-

Ch. 5
I)firniot" 83, to establish purity it suffices to check cond
Pimitive (pp) L-formulas, i.e. for ¢’s of the form



k
oW
@(Uly---)vn) ::le,...,wm Ai:l wi(vl,-..’vn7wl’.- ) 'm)7

i . ositive
where the ¢,~’s are atomic. This stems from the fact that any p

| L & . : junctions
existential formula is logically equivalent to a disjunction of conj
of pp-formulas.

(VI) The following model-theoretic fact will be used below :

Fact 1.3 Let f: 2 — B, ¢g: B — ¢ be L-morphisms. Then,
(1) go f pure = f pure.
(2) Assume :

. Un)
(a)gisa L-monomorphism, i.e., for every atomic L-formula #(v1,- >

and by,... b, € B

By, b & CEeo), ..., b))
(b) go fis elementary.

0
Then, f is elementary.

Remark. If f is surjective, then in 1.3.(1

n additio®
that g is pure and, in 1.3.(2)

) we may conclude, 1 hism-
0

, that g is elementary and f is an isomorP

. . . s . ntence
(VII) We write 2 (3*) B to indicate that every positive-existential L-5€

o o =ae B0
(no parameters) holding in 2 also holds in %B. We write 2 =g
2 (3%) B and B @ty

. 2 (P
The proof of the next result is similar to that of Proposition 5.2
307) in [CK] :
Proposition 1.4 a) The
(1) 2 (3*) 8.
(2)

. o g 2 B
There is an elementary extension B < B’ and a L-morphism g -
B'.

Jollowing conditions are equivalent :

b) The Jollowing conditions are equivalent :

(3) f: U — B 4 pure.

. his™
(4) There is qn elementary extension ¢ : QY —y 9’ of A and a L-morP
g:%*—)ﬁl'suchthati:gof

oa_J

— B



In (4), the elementary extension may be taken as an ultrapower of &, in

which case the L-morphism g will satisfy g © f = the diagonal embedding of

A into its ultrapower. g

éVIHr) We shall use the following major model-theoretic result (Theorem
1,15, p. 398-401, in [CK]) :
Theorem 1.5 (The Keisler-Shelah ultrapower theorem)

i t}LEt f ;A — B be a L-morphism of L-structures. Then, f is elementary
o vere is a set [, an ultrafilter 4 on [ and a L-isomorphism F : Qll/il —
/AL so that the following diagram commutes :

oI m

Oy dop
Ql[/ﬂ ——T—" %I/u

where Og, Ogy are the respective diagonal embeddings.

2 SG-Embeddings of Boolean Algebras and
SAP Fields

intoI; this section it inll be shown that a SG-embedding offi Bpolean alge.bra
is fony reduced special group is pure (2.3). This in turn will imply that if F°
ik dm’mlly real SAP field and G is a reduced special group, any complete
edding of G_,(F) into G is pure.
ture?;; a«l‘gu_ment proves, in fact, a fairly general result on ﬁrst-f) |
T continuous functions. Let £ be a first-order language Wlt'h eq“aht_y ’
iy -structure and Z a Boolean space (compact, Hausdorff, with a basis
Z VI;EHS)- We can associate to M and Z two L-structures, C(Z,M) and
) ere

rder struc-

C(Z,M)={Z2 Ty M fis continuous},

wi
r&lltlh M er_ldOWed with the discrete topology. M7 and C(%,M) can be natu-
- Y considered as L-structures, by defining operations and relations point-
of Sti Moreover, if ¢ is a constant symbol in £, then its interpretation in both
of ese structures is the constant function with value ¢M | the interpretation

¢ 3 . . . -
N g)m M. Hence, if R is a n-ary relation symbol in £ and F={fi,-. fn)

Sequence of elements in C(Z, M) or MZ, then

C(X,M) = R[J| iff Forallz€ 2, MBI L))

with ar
injeh :Il analogous definition holding for MZ. We then see that the natural
>ction




v: C(Z,M) — M?,

ing of

: an. | bedding ©

that sends a continuous map to its underlying set map, 15} an f;rrrée i
L-structures, that is, for all terms 7,..., 7,, in (at most) the n

U1, .-+, Un, all m-ary relations Rin £ and f = (fy,..., f,) in C(Z, M)iﬁ
C(Z, M) E R(t1, ., mm)[( f1s e s fn)] i
[atom] MZI:R(Tlr'-)Tm)[(fh---;fn>]

Forallze Z, M R(y, .., mu)[fy(2), -, £ (2)]-
We have

o 1t

Z that s,
Proposition 2.1  The embedding  : C(Z,M) — M i [1’\;7)"6:
reflects positive-existential formulas with parameters in C(Z,M).

jables in
Proof : As usual, we write P(v1y... ,0,) to mean.that Zthe gree gag )
¥ are among the vy,... ,v,. For§ = {g1,-.. ,9n) in MZ and 2z ’

9(2) = (9,(2), ... ,g,(2)). .
Let T' be the set of all formulas Py v gt} i L (n>01s arbitr
verifying the following conditions: w[ﬁ(Z)];
() Forg={(g1,...,0.) in M?, MZ = o[g] iff Vze 2, ME -
@) For f = (fi,.... fu) inC(2,M), M7 ¢[f] = c(2,M) H[t'a”
The comments preceding the statement of 2.1 ([atom]) gua_fantee sthder
atomic formulas belong to I'. It is straightforward that I' is close :

; . ) k that !
conjunction and disjunction. To finish the proof, it suffices to chec

. assume
P(v1,...,v,) €T, then 3'0]. ¥ € I'. Without loss of generality, we may
that j = 1.

v, ¥ verifies (1) : If &, = 1 .

+5h, ) isin M?, then since % € T,
M? &= 3v ¢[R] iff 3g¢ M?, M? &= ¢[g; R)

iff VzeZ, MEelg); ()

iff VzeZz, ME v, ¢[h(z)]
where the last equivalence 1s true be
a witness in M of Fv, P(v;; h(z))
Jv, ¥ verifies (2) : Fixa (n—1
f; 1s a locally

)

iates t0 7 € 2
cause any map that associates
belongs to MZ.

h
— . . e eaC
) tuple f = (f,, ... [, ) inC(Z, M); S-mtco non
; constant function, there is a finjte partition P of Z msumin
empty clopens such that each f; is constant in every u € P. Now, as

that

M | 3o, ¢f7), il
(not necessarily continuous) such that

» 1t follows that for all z € Z

. (*)
M = ¢lg(2); F(2)).

For u € P, select Z, € u; then, becayse Fi

thereisamapg: g— 7

®lg; f]. Since ¢ verifies (1)

: *) o ),]15
1s constant on u, (*) enta

6



Forallt € u, M E ¥lg(2,); F(). (**)
Define g : Z —3 M by setting the value of § equal to g(z,) on u € P. Then,
g is locally constant in Z and thus an element of C(Z,M). Moreover, since
(**) is valid on each u € P, we get
For all z € Z, M = #[G(2); f(2))- B
Since ¢ € T, we obtain M? |= ¢[g; f] (from (1)) and so C(Z, M) E ¢lg; f]
(from (2)). Hence, C(Z, M) | v, #[f], as desired.
The preceding argument shows that every positive-existential formu
L belongs to I, concluding the proof.

Let B be a Boolean algebra and let S(B) be its Stone space, consisting
of the (proper) ultrafilters on B, or equivalently, the §G-characters of B.
Moreover, B is isomorphic to C(S(B), 2) where 2 = {&1} is the 2-element
BA. Hence, 2.1 yields the first assertion in

lain
O

Corollary 2.2 a) If B is a Boolean algebra and S(B) is its Stone space,
then the canonical monic

be B+— be 25D,
where, for o ¢ S(B), Z)(a) = a(b), is a pure embedding.
b) Any injective BA-morphism is a pure embedding.

Proof . Tq verify (b), let h : B — C' be an injective BA-morphism. By
Stone duality, k induces a continuous surjection

h*: S(C) — S(B), 0 € S(C)—raoh,

s o R B 5(C)
Whlc.h In turn gives rise to an injective BA-morphism, A : 2.5( ) — 27
(again by composition). It is readily verified that the following diagram 1s
Commutative -

h

B___——-——»C

() ) (D
98(B) e 95(C)
B h

Y (a), both vertical arrows in (1) are pure. : .
complete BA and complete BA's are the injective objects 1n the category
of Boolean algebras (Thm. 5.13, p. 71 in [HBA]), the injection h has a
fetract?, and so is also pure. It is then straightforward that h must be a pure
embedding_ s

Since for any set J, 27 is a

ProDOSition 2.3 Any injective S(i-morphism from a Boolean algebra to a

reduy e ; :
wd special group 1s a pure embedding.

2,“ A'is the image of h in 25(C), the inverse of h from A to 95(B) can be extended to

25(c) :
to yield a left inverse to h.



Proof : Let B -1 G be a SG-injection, where B is a BA agiflﬁ)al r;sfe
Let e, G — B, be the Boolean hull of G ('.li“hm. 4.17 in L which by
composition €, o f yields an injective BA-morphism of B mtob fl’ding, -
2.2.(b) is a pure embedding. Hence, f must also be a pure embec

a5 are
Remark. The converse to Proposition 2.3 also holds: Boolean algeb'lsasui'
the only rsg’s such that every SG-embedding into another such gro?.}i" np7-17
Indeed, if the canonical embedding €q 1 G — B, is pure, Prop?bl ‘z i
of [DM1] together with the fact that the statement “the form (1,a,0,

e : 3 .-sentence,
s isotropic” (a,b € G) is expressed by a positive-existential Lgg-sen a
entail that G is a BA.

Corollary 2.4 Any two Boolean algebras have the same positive-existe

. ; an ak-
true sentences (in both the languages for special groups and for Boole
gebras).

: d let
Proof : Given BA’s A, B, let C be a joint extension of A and B, ?pnbe g
f: A C ,g: B<S QO be (5G- or Boolean) embeddings. Let il
positive-existential sentence such that A = ¢; since f is a homomorphist,

tri-
C | ¢, and since g is pure, B |= ¢. This shows that A (3%) B. Symme 0
cally, we have B (3*) A, whence A =3+ B.

As a particular case of 2.3 we have:

Proposition 2.5 Let I pe a formally real SAP field.

a) If L is a formall

. : -2 the
y real extension, of L such that EL2 N F =XF, then
SG-morphism Loy

2 GLy(F) — G,.a(L) is a pure embedding. b
b) In particular, the reduced special group of F' is purely embedded "

- ‘15 order
(necessarily reduced) special groups of its Pythagorean closure and of its ¢
closure.

. : . . be €l
18 an immediate consequence of (a) by taking L toll il
ean closure or the order closure of F'. For (a), reca

o (s€€
. ced special group is a Boolean a.lgebr;it(;ion
item (1)2i11 the proof of Prop. 5.5 ip [DM1]) and observe that the con .
. . CE . 3 )
FNIL =yp implies that Lpp 1S a SG-embedding. The conclusion t 0
follows from 2.3.

Remark. Statement (b)

- the relatiV®
» more generally, when [ is the
Pythagorean closure of f ;

. ‘ ; 21 Ch.
nside a prime-closed extension; of. [B], ¢



3 Elementary Behavior of the Boolean Hull
Functor

In this section we show that the functor of the title preserves both elementary
SG-morphisms and elementary equivalence in the language Lsa.

Proposition 3.1 Let 'G be a rsg. With notation as in 1.1.(I11.a), thf
BOOlmn dual B(6,) : B, — Bg of the diagonal embedding o - G — G'
18 an elementary embedding (both in language Lgg of special groups and in
the language Ly, of Boolean algebras).

Proof : Let By ! G = é; be the extension of the canonical embedding
€& G — By, as defined in item (II) of 1.1. By Lemma 1.2 and Corolla;rz
9.4.(a) in [DM1], £ is complete. Theorem 4.17.(4) in [DM1] shows that £,
actorg through Bc’;*a i.e. the following diagram is commutative :

by The-

Where B(&;) is the BA homomorphism functorially associated to Eg
rem 4.14.(1) in [DM1]. We prove :
(8) BE) 0 B(5,) - By —» B i he dingonalembeddin

Let b e B_; write (b) for the constant [-sequence with value b. We must

verify that

(D)

B(g) o (65)(b) = (b)/.
(EG) ( . [DMl]) i B(EE) )

Since Im(e . 10
: o) generates B, as a BA (Proposition 4. in [|

B((Sc) B8 BA‘mOTphism,Ci;t suffices to check the identity (I) for/elementzll))

S[TTL(EG), i.e., b= EG(g), g€ (. Now, since (5G(g) = (g)/ﬂ aJrl((ii EG((Q>/

= {eq(9) )4, it is clear that (I) is satisfied for g € @7, as needed.

tBemark, More formally, note that (**) in 1.1.(1I) gives, for a constant
ction (g) € G, f((g)/4) = (f(o))/h i

fodg=dyolt
5. ° €G- Applying the Boolean

hat B(dg,) = b, and B(eg) ;

FO[‘ — ¥ o~
hul]? = €q: G — BG, we get €, © 5(} =
unctor to this identity and observing t
B, proves (A).
: h
ltem (A) shows that B() o B(S,) is elementary. By Fact', I.S.I(Q)ty 1‘51 ii
#ooliof 3.1 redinaes to showing that B(gg) is a LSG-I'II()IIOITIOrphlSIIl, hut this

9



~ . 1.2 and
follows immediately from the fact that €; is complete (cf. Lemma
Theorem 5.1 in [DM1]).

' y For LBA’
Remark. We have just shown that B(s,) is L¢-elementary.

: s of repre-
recall that the Boolean operations are first-order definable in term d
sentation, and hence in o

' educed
Proposition 3.2 Iff:G—— Hisan elementary morphism of T
special groups, the same is true of B(f) : B, — B,.

. -~ 3} 0} that
Proof : We use Theorem 1.5 to get an isomorphism F : G — H,
the diagram on the left commutes -

a_ 1

s H

€
G ‘f\* H e B
L
By—ous B,
2 8y “ B(f)
= )
Y Y
B. By
“ By H

. on
Taking Boolean dualg and using Theorem 4.17 in [DMI], the dlég;zr;ice,
the right also commutes. Item (2) of Theorem 4.17 ip [DM1] (applie B(8¢)
to F' and F-1) shows that B(F) is an isomorphism. Since the maps tary:
and B(4,) are elementary (Proposition 3.1), B(F) o B(d) is elementa®
Then, the ¢

s
ommutative diagram above right and 1.3.(2) entail that B<f) 0

Corollary 3.3 IfG, H are rsg’s, then G = J umplies B, = By .
Proof: By 1.5, G'and H have isomo

dual of this 1somorphism gives B,
Bé and B((SH) y BH S Bﬁ

rphic ultrapowers, G~ H. The %OO i
~ By. Since the maps B(d) : Pa 0

are e]emental‘y, we must have B, = By

tient
) Juced quoti€
ted to €Xamine the behavior of the reduced q sults
. - 1 e‘
functor with respect to first-order notions Proving the preservation r
announced in the lntroduction

10



Proposition 4.1 Let G be a frsg. With notation as in 1.1.(IV.c), the 5G-

morphism (& -G, — G, induced by the diagonal embedding
red red

5 /(i')rea' = 52;
¢ * G — G has the following properties :

(1) 5; is pure.

() If G has finite Pythagoras number, then 47, is elementary.

;)I.‘O(g : As in the proof of 3.1, the idea is to define a SG-morphism
aag‘Ona]red ? (.Gred)l/u such that 6 o 6; . Gred . (Gred)l/u ' thc-.: T
oo 5'* eirsn edding (5@“‘. Since this is an elementa.r.y m’ap, Fa;c‘t 1.3.(1) yields
Uumbgr thp:nreé proving (1). For (2), we sh<3w that if G has ﬁnl?f? Pythag;ra:s
element’ is a L g.-monomorphism; Fact 1.3.(2) then entails that o, Is
ary.
(e r[;};eumap ¢ will be induced by the ultrapower extension 7g : 6’ —
of ried /4 of the canonical quotient map Ty : G — G, 4, a8 defined in (**)
1.(II). To ease notation, write m = 7, and # = 75. We first check :

(4) Sat(@) C ker(7).

Proof r
r??f' of (A). Let (g;:i€ [)/i € Sat(G), ie., there is k > 0 such that
lg;n ' E J ./Ll € Dg(1, k(1)). Since representation by forms of arbitrary

ension is first-order definable in L, by Los’ Theorem

For i ¢ 4 A:{i61391'6DG(1’k<1>)}€u'
» We clearly have m(g,) = 1. Thus,
AC{iel:n(g)=1}
in(li szst}cllis l.ast set must be in 4. But then, (7(g;) : 7 € I)/u=r((g;:1€ Iy/4)
) esired. -

By the inclusion in (A), 7 induces a SG-morphism 6 : ércd =ie (Gred)l/u;

Namely, for o ¢ @
: 0(a/Sat(G)) = ().
n
(+0ther words, 6 is defined by the functional equation
+) 0 o TG = T.
: Next, we prove :
B ® s ;
) 0o 66‘ 1s the dia,gona] ernbedding (and of Gred into ((1”3(1)]/5.1.

Pro '
nan?(fl;:f(B)' ‘5:; is defined by the functional equation (+) of 1.1{IVD),

* — -~
(5(: om="mg O(SG.

C()m &2 ‘
4 Posing on the left by 6 and using (+-+) yields
+4 =7
) 9052},0%—907%056: WOJG'

The ¢;
diagona] embedding 4, 3 is defined, for g € G, by :
5. (m(9) = (m(9))/1h

Ll



- rom (+++)
Since 7(g) = #((g)/8) = (w(g)) /4L, we get 7 0 6, = 5., ,om. From (+

6 TIre quired D
vy ) — as re :
we get § 0 6%, o 1 = dg o, verifying 6 o 0g = 0g

As observed at the beginning, this establishes (1) in 4.1.

. uiva-

Returning to item (A), note that equality may not hold in (‘A;)aIE:(ihat
lently, 6 might not be injective). In fact, T({(gi:1el)/)=1m
B={iel; W(gi):l}:{iélzgiESat(G)}GL[,

k(1));
that is, for each ; ¢ B, there is an integer k; > 0 such that g; € Dq(1, z<
the k; may well be unbounded in N. However -

A~

p(G) = p(G).

: — (@) is €X
Proof of (C). The second assertion follows by observing that p = }fgnc)e g0es
pressed by first-order L ¢s-sentences (without parameters) and

€

~ _ HG
over from G to . Namely, p is smallest m € N such that Sat(G)
Da(m(1)) iff the following Lgg-sentences hold in (

*Fork>pVelze D(k(1)) = 2 € D(p(1)));?
*32lo € DG(1) A ¢ D((p—1)(1))], .
To prove the first assertion in (C), let (g:i:1€ 1)/ € ker(T), i€

C={iel, 9; € Sat(Q)} e 4.
Since Sat(G) = Da(p(1))

~ ~ eover)
(C) If G has finite Pythagoras number, then Sat(G) = ker(w). Mor

5

C={ier. 9; € Da(p(1))}, . 18
and since the condition 2 € D(p(\l)) is first-order, Lo§’ Theorem Y1 0
(gi:iel)/ye De(p(1)) C Sat(G), as needed.
As observed above, (C) yields :

(D) If G has finite Pythagoras numbe

r, then 0 is injective.
M The functional €quation (+4) implies

ker(T) = WGTI[ker 0];
this and (C) entail, for o € (7 .

a/S’at(é) =Ta(a) € ker(6) iff o ¢ ker(7) iff o e Sat(@)

iff a/Sat(G) = 1.
To complete the proof of (2)
(E) If G has finite Pythagoras ny

For the proof of (E
Definition 92,13 and P

in 4.1 we show :

mber, then 6 is » SG-monomorphism-

; sequence ©
) we need the following immediate conseque
roposition 2.28 ip [DM1]

. ;. thep
Fact. I A js s saturated subgroup of 4 special group G and a, b € G
31t suffices to require it for 4 — p+1.

12



o by € G, s0 that aa,, bb, € A

]
a/A € Dgja(1,b/A) iff |
and a, € Dg(1,by).

gﬁw To ease notation, set H = (G,,,;)" /4. Since 0 is a SG-morphism
We need only verify that @ reflects atomic Lg,-formulas with parameters in

Gred3 that is, we must show that for ¢ = (g;:1 € 1), n = (gi:iel}e &,
Ora(€/80) € Du(1, O(mg(n)) = wa(€/W) € Dg, (1, ma(n/4)).
i{ virtue of the functional equation (++) above, the assumption translates
0
| w(¢/U) € Du(1, 7(n/4h));
Zlnfce w(f/u) =7((g:i€I)/i) = (W(gi) e 1)/ (cf. definition of 7 just
€tore the statement of (A)), we get
i B={icl:n(g) € Dol n(g)} €
. SIng the preceding Fact, with A = Sat(G), for each ¢ € E there are el-
‘ments h,, k. € G such that g;h;, g'h € Sat(G) and h; € Da(1, k). For
iJ" €I\ E set h; = g, and k!, = ¢/. By assumption, Sat(G) = Da(p(1)),
1 some integer p > 1, whence g;h, g/b; € Da(p(1)) for all v € 1 g
€ D(1, p(1))is a L 4-formula, Los’ Theorem gives

A~

| (g:h; i€ 1)/ € Dg(p(1)) C Sat(G),
](‘:" (gi:ie IV -(hi:iel)/the Sat(a), which implies
) me((gi 1€ I)/4) = mg((hi i € 1)/,
and similarly for g;, h!. Further, since h; € Dg(1, b)) fori € E € i1, we get
(hitieI)/she DL, (hi:i€T)/H).

Si :
2Ince 76 is a SG-morphism, (*) yields mo(¢/%) € Da., (1, me(n/4)
quired to complete the proof of Proposition 4.1.

, as
|

stat By arguments similar to those proving 3.2, 3.3, we obtain analogous
ements for the reduced quotient functor.

P oy
OPosition 4.2 [t G, H be frsg’s and let [ : G — H be a 5G-
Morphism, Then,

Y f pure - f.., pure.

o) I
targf G, H have finite Pythagoras number, [ elementary = frea elemen-

an ultrapower G of G and a SG-

Proof .
oof : a) By Proposition 1.4.(b) there is
gof G

mo Is ~ . .
int rp;lbm 9: H — G sothat g o f =dg, the diagonal embeddin
ne} 17-
Sil’]Ce 5*
g

b)

S.inCG the reduced quotient is a functor, g,.q © Bt = (0g)red = g
7 18 pure (4.1.(1)), Fact 1.3.(1) entails that f,,, is also pure.

By T} -
Y Theorem 1.5 there are a set [, an ultrafilter & on [ and a SG-morphism

such t : .
ch that the diagram below left is commutative:

13



(x) 8 Oy 0g :
G R (o et
A Fred

where &, §,; are the diagonal embeddings. Below we prove :

(1) The diagram above right is commutative;

2) F

Te

4 18 a SG-isomorphism.

9. en
This siffices 4o prove (b). Indeed, 5:;, 5}; are elementary by 4.1.(2); ;?}‘]act
F ;o 6"(; = (5;{ © frea 18 €lementary, which implies [,eq €lementary by
1.3.(2).

Proof of (1). We need to show, for g € (& :
Fred i 5;(7‘-(;(9)) i 6;.1 2 fmd(TFG(g)),

(C() Fred 2 52;’ = 7TG — 6;{ i fred 4 ﬂ-G'

The functional equation Loy B = Ty o f defines freg (cf. (+)in 1.1.(IV~b))’
replacing in () we are reduced to show :

(8) F

redoégoﬁG:(s;{oﬂHof'
Likewise (+) also yields :

5*G Oy = (5G)red °Tg="mgod, and 5;{ O Ty =Ty © Oy
Substituting these equalities in (B)

(7) FredowéoéG:WﬁoéHof’

Yet another application of (+) to the definition of F ., gives :

reduces the problem to :

Frcd © 7TG, i 7T1j1 ¥,
Substituting this in the left-hand side of (
() TgokFof

Diagram (x) gives F o by =
proves (&) and (1)

7¥) we obtain :
¢ =Tgodyof.

n © F, which composed on the left with 74

Proof of (2). It suffices to prove that

(F-l)red = (Fred)_l, which 1s a conseg'
quence of the fact that the red

uced quotient is a functor.

The proof of the following result is analogous to that of 3.3.

Corollary 4.3 [ G, H be Jormally real special groups.
a) (AN H = G, (3Y - S
b) G = H = G,y =4 . P
¢) If G, H have finite Pythagoras number, G = | implies G, = H,q- .

14



9 Some Applications

We shall 1ve w
§ erive from the precedi ysi ' I '
4 S iy p ing analysis two interesting consequences 1n

LT
he Pythagorean closure of a formally real field.

Proposit;

Spacs Ooj‘ltol,(«)dn ?-1 L’et F be a non-Pythagorean formally real field whose

F. Then @ ers has 1Sf)lated points. Let F? be the Pythagorean closure of

indured b rﬁd(F) ;_éG(Fp) ITL pa7‘ticular, the map 1 Gred(F) s G(Fp)
ced by the field inclusion of F' into F? is not elementary.

Proof -
. l(;of. B}LCOrollary 3.3, the assumption Grea(F) = G(F?) implies Bg_,(r)
5'4'(%({;3"[[);7[ us denote these BA’s by B, and By, respectively. By Corollary
of orders x(F 1l S.( By), the Stone space of By, 1s homeomorphic to the space
of [DM3] (I)p,pW}.llle S(B,) is homeomorphic to x(F?). By Theorem 3.2.(d)
Pythagor’ex ) is a perfect space, whenever I is formally real and non-
contrad; . By the assumption on F', B, has atoms, while B, is atomless,
Ctmg Bl = Bz' (]

Th
non-Pyi;le are many fields meeting the assumptions of 5.1; for example, any
agorean formally real field with finitely many orders. Examples are

Ee mally real algebraic number fields (finite extensions of Q). In fact, we

PPO ey J h h pa
ders OfSlthIl 5.2 very Boolean space 18 omeomorphic to the space Of or-
a non-Pythagorean ﬁeld

ndicating modifications on
aven in [Cr], that ev-
ders of a field, which

proceeds along the

W ;
the przosfhall give a sketch of the proof of 5.2, 1
ery Boo| presented in [P] of the result proved by Cr
turng Ou': atn Zpace is homeomorphic to the space of or
L o be P :
ollowing i ythagorean. The proof presented in [P]

Step 1
=2 1 ([P}, Thm. 6.9) Given a real closed field R, the field

Eoup F = RX)({VE=a : a€ B
g ([P], Thm. 9.4), and x(F) =~ 2%, where & = card(R).
or Solr?lie- T Boolean space is homeomorphic to a closed subset of 2%
Constructmﬁmte cardinal , in order to get (Craven’s Theorem 1t suffices to
Proper ¢ an extension F. of F such that x(F}) i homeomorphic to a given
Shep 5 osed non-empty subset A of x(F)- This is achieved by :
p -
m S[P], Thm. 6.7) Let A be a closed subset of x(F), where F is a
X(F) id;qand A is distinct from @ and x(F). Suppose ¢ C F is such that
CEC. o E Ucec H(c), with H(c) # 0, H(c) = P e x(F): ¢>p 0},

onsj ) .
nsider the algebraic extension

F, = F({(—C)1/2" . ceC, neN})

15



~ ure (F- P,) with
of I, where the square roots are taken in a fixed real closure (F, Fo)
P, € A. Then, A ~ x(F)

pr i B0
: : : - sition 9.
We now indicate the changes needed in this proof to get Propo

; e. 1+

The base field R(X) of Step 1 is non-Pythagorean; for e)((?{r:rilar’k 2.4

X? is not a square in R(X), by the Pfister-Cassel Theoreril i R(X)

and Corollary 2.6 in [KS]). We fix a sum of squares § = Zi:-l el F

which is not a square, and will check that s is not a square IIT' R of

constructed in Step 1. Then, we modify Step 2 to get an e?(tensloon-sgquare'
not necessarily algebraic, where the given element s remains a n

. “ g the are @
The following lemmas are designed to achieve the first objective (they
bit more general than needed).

; [f
- pe L.
Lemma 5.3 Let K C L be fields, char(!x") #2,a1,...,a, € K, b
b¢ XK? and /b Z K(b), (i.e., b ¢ K(b)?), then

Lol ¢ K = 20 ¢ K(Vb)?.

- e that
Proof : Let ¢ = V2 a2 (in some algebraic closure of K). Assume th%

¢ K,
= 7T €

a€ I\;’(\/E); then a = 7 4 yVb, with T,y € K. If y = 0, then a
contrary to assumption; so y %0,

a? A;\o EA’Z contrary o
)z =0, Then a = y/b, whence b — ?221' (g) € ,

assumption. g byz
2)z #£0, Then, o = 22 4 by® + 2zy/b. Since z,y £ 0, /b= 2zy 0
€ K(b), contrary to assumption.

Iterating 5.3 yields :

Lemma 5.4 Let K

- K,
=
C L be fields, char(K) # 2. Let ay,...,0n
by, b € L. Forg

St -1, get inductively

Ko=K and K n = K,(/bipy),

so that K, = K(v/by,. .. V), 1> 1, Assume that fori =1, ...,1:
(1) b, ¢ BK? |, (20) Vbi & K, (b).

Then, 2 a’d K2 o 2 a’ ¢ K2,

-

icability ©

Proof : The hypotheses (1) and (2:) guarantee successive applicabll d
Lemma 5.3 to the fields K,i=1,.. .

The fol]owing lemma

e
. - - whick
glves more Manageable conditions under
assumptions of 5.4 hold.

: el
Lemma 5.5 Let K C [, e fields, | Jormally real; let by, - b
Assume that thepe are orders P, » B € X(K) such that

16



(1P
) 1 fixtends to an order P| € x(K (by)) such that b, <p: 0,
and fOT‘ Every i) 9 S i <l

() P. eqt
and bizjz!eélds to an order P/ € x(K (b, - ,b.)) so that byy one Big P 0

Then, ¢ .
pa?‘ti;ul’;i assumzptwns (1;) and (2;) of 5.4 are verified fo
2 00 € KE ifay,... a0 € K are such that ) at ¢ K2,

O T A

Proof . . 4
+ (L) Since byy ooy By PP 0, the order Pi’ extends to K,_; =

K (B, -~
WO, ., /bisy) (indeed, it has 27 extensions). Let P be an order of

K\t .
(21.;18(.%) extending P!. Since b; <p; 0, then b, <pr 0, and b, & LK ,.
1) O1 i
nce b, <pu 0, b, cannot be a square in Ki_1(bi)- &

P[‘Q S,

po

field, b:l;;O.n 56 Let F = RX){VX—a : @€ R}), R a real closed
in Step 1. Let fy,... , fn be non-zero clements in R(X) such that

i I} ¢ R(X)2. Then > ¢ F2.
O 0= ,al} g R7 Zj sz

prove that the elements
(27) of Lemma 5.5.

PrOof. .
is not a.slt il el.lollgh to verify that for any finite set {
b Quare in R(X)(v/X —a,--- /X —a;). We

-—

~a,(i=1,...,1) verify the conditions (1) and

Let o :
1 < ... < q, in the order of R. Pick elements Ty, -+ 71 € R so

that

The q r1<al<7'2<a2<...<r,<al.
order - -
4GrecpR B oy = Prj (or P’.-_) satisfy the conditions of 5.9

Indeed, for

X—-a<p, 0 if a>r.
X ~a <p, 0;f0r2§i§l,X-—a]->p+OWheneverj——-l,
] r]

Then’b .
1=
..)l\l,WhileX_ai<P+ 0 0

To .
modify the construction of Step 2 we use Proposition 8.7, p. 478, n

) na,mely .

[Hy)

Pro .
Positj i
sition 5.7 Let K be a field and A @ closed subset of x(K). Then,

ere is a
(i) pseudo real closed extension L of K such that

(54) The gty
A € restriction P © x(L) — y(K') maps x(L)

X i .
relatively algebraically closed in L.
homeomorphically onto

Let F .
, be the PRC extension of the field constructed in Step 1 meeting

the copg;

“ondit; '
fielq po Ol;lé)ns of 5.7 (F, may not be an algebraic extension of £, while the
b tep 2 in Craven’s theorem is). If O 1 é F? (with, for example

o faas in 5.6), then Z,‘ f}é F2, by item (1) of 5.7. This completes

17



O
the sketch of proof of Proposition 5.2.

nd a
I1. Formally real fields with prescribed Pythagoras number a
lower bound on the number of orders.

Proposition 5.8 [et F,, F, be formally real fields such that G”{?Zﬂtﬁ
G . (F2) (as special groups). Then either F, and F, have -Mﬂtﬂ'gn F,
number of orders, or both have infinitely many orders. If, in addi l'th’er ,
F, have finite Pythagoras number, the sqme conclusion holds under €t

: lds)-
the assumptions G(F) = G(F) (as special groups) or F, = F, (as fields)

le
Proof : Observe first that the ]

anguage L. of special groups is interpr‘z“;’“fc_
in the language of fields (i.e., unitary rings). This is just a matter of repi 1ot
ing the standard definitions of the primitive notions of Lyq (reprisen s Fa
etc.; see section 3, chapter 1 iy [DM1]) for the special group G(F_)’ the
field; we omit the details (some care has to be exercised in interpreting

quantifiers). At any rate, this shows, without any extra assumptions :

P =F, (asfields) = G(R) = G(B) (as special groups):

It B, F, have finite Pythagoras number, Corollar

y 4.3 gives :
G(F) = G(F) = G () = G, ().

Gl inter-
Alternatively, if F' has finite Pythagoras number, Gred(F) is directly 11
pretable in F.

heré
FromG_ (F) = G, .a(F2) we have (Corollary 3.3) B(F,) = B(F2), W
B(F) = Grea(Fi) ¥ = 1, 2. Now we consider two ca,

; F)
1) X(F)) is finite - Then, B(F) is finite and B(F) ~ B(F;). Hence, B(
s
1s finite and IX(F)| = IX(F2)| (= cardina) of X(F))
2) X(F,) is infinite - Then B(F))
el PRl

B(F3) infinite, which, in turn, ¢

Ses

‘mplies
i1s infinite, and B(F\) = B(f3) 1P 0

at least n (possibly infinitely mg

The precedip
equivalence. [t ig

ny) orders.

ntary
8 result shows that FRF,, is closed under elemf;'
also closed under ultraI)roducts; we sketch this proot

o of
Lemma 5.9 nENU {R}, n >1. Let{F. : 5 ¢ I} be a collectio”

Iter
formally req) fields such, thqy |X(E), >n, forallic I If 4t is an ultrafi
oLy then XMy Fiftt)] > .

Proof : [t i enough to constyyct an injection
5 T x(B)/u — X(ILier F/4%).

For then, if & ) ma 3.6
Ot gt =X)L, we have T %/U) 2 ! /4] > n, by Lem
of (/hapter 6 in [BSL as required. ObS(‘,rV(-‘,) n passing, that if

18



{iel:r =m}el

for some m

[BS)). On thi ii}m 2 n, then [Lc; #:/4 = m (Lemma 3.6, Chapter 6,

Ry), then Il er hand,le this condition is not met (in particular fn=
rer K, /4] > 2% (Lemma 3.11, Corollary 3.14, Chapter 6, [BS]).

We shall vi
under additio i Ord?rs of I as +1-characters whose kernels are closed
obvious - -n .and which send —1 to —1. The map P is constructed in the
P given o € [, x(F,), 1.e., a map that selects an order in x(F)

for :
each 7 € [, define, for <f1 = ]> € H'el F:
Pa((f,-:ie”):{ 1 if{iel:o@)(f) =1} €
' 1 if{iel:o =1} ¢ U
Routine checking proves : e i
a) P is a wel '
o 1 W g
sending _ljﬂizﬁield 1-character on the multiplicative group of [Lier
b) ker(P ) ; .
g 0/11( ) is closed under addition, and so P, is an order on [[;er Fi-
moduloz[ Z/EL = P = P, that is, P, depends only on the class of o
, and we may unambiguously write P,y = 5

d) U/u 7& ’
claimeq o'/t = P_+ P, and hence the map o/th P, s injective,

F/4,

as
O

Corolla
ry 5. .
Y 9.10 The class FRF, 1s aziomatizable in the language of fields.

of

Proof
5 Imm .
ediate from 5.8 and 5.9, using the standard characterization
O

element
ary classes (Theorem 4.1.12, p. 220, in [CK])-
an explicit axiom system

Obvi .
1ously, this raises the question of finding
forn=1,2 namely :

fOI’ FR

F .
£l FRFP,H .m the language of fields. This is easy
Numbep ?: ;iaifll;r;étized by the sentences expressing that the Pyth

agoras

(1)
4
) Ty oo Tpyy ERTET (Zf:-ll z? = =1 yjz')3
32, . 2, Yy, Yy DY R

plus .
(3)

—1 is not a sum of p squares.

ve plus the statement that
) an order (recall that
This is equivalent to

et i .

the S:Ei?zs Is axiomatized by the sentences abo

a fielq p hums of squares is not (the positive cone of

LF2 §E[§§ a unique order iff XF? is an order).
# I which, with the axioms above, boils down 10 :

31'\7’yl e Y, (z # Y5 y? A —2 # Yimt v

It
W( j]ll l b .
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