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ABsTRACT. This paper is dedicated to the study of light rays joining an event p
with a timelike curve v, in a light~convex subset A of a stably causal Lorentzian
manifold M. We set up s functional framework, defined intrinsically, consisting
of a family of manifolds L} o.¢ and 8 positive functional Q defined on them. The
critical points of Q on LY. approach, as ¢ -+ 0, the lightlike, future pointing
geodesics joining p and y. We prove some regularity results, including the C'-
regularity of L} e the C2-regularity of Q on LY.« and the C2-regularity of
ita critical points. Using them, we develop » Ljusternik-Schnirelman theory for
light rays, obtaining some multiplicity results, depending on the topology of the
space of all lightlike curves joining p and v in A,

1. INTRODUCTION

This paper is dedicated to the study of light rays joining an event p with a time-
like curve 7, in a light-convex subset A of a stably causal Lorentzian manifold
M. We will assume that (M, g) is a stably causal Lorentzian manifold, with
Lorentzian metric tensor g. For the sake of simplicity, we will denote by {-,-)
the bilinear form on T; M given by g(z). We refer to classical books as {BEE,
HE, ON] for the main definitions and properties in Lorentzian geometry.

We recall that a Lorentzian manifold is said to be stably causal if it is causal,
i.e. it does not contain closed cansal curves, and if this property is preserved after
small C°-variation of the metric g. Equivalently (see [HE, Proposition 6.4.9)),
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M is stably causal if there exists a time function T on M, i.e. a smooth function
T : M+ R, satisfying:

(VT(g),VT(q)) <0,

for every ¢ € M. Here, VT is the Lorentzian gradient of T, defined by dT'(} =
(VT,-).

Let T be a fixed time function on M. As we will see later (up to multiplying
the metric by a conformal factor), it is not restrictive (for the study of light rays)
to assume that VT is normalized, i.e. (VT(g), VT(g)) = —1 for every q.

The vector field VT gives a time orientation on M: a vector v €ET,Mis
future pointing if (v, VT(z)) > 0. Observe that, by this definition, VT points
towards the past.

We will study the light rays in M, i.e., geodesics z satislying (i(s),:(s)) =0
for all s, joining an event p € M with a future pointing timelike curve v : IR —
M, which is assumed to be a closed embedding of R in M. In particular, this
implies that ¥ has no endpoints in M, i.e. ¥(s) is eventually outside every
compact subset of M for s = +oco. The curve ¥ is future pointing in the
sense that ¥(s) is future pointing for every s. In other words, T(+(s)) is strictly
increasing,.

Let A is an open subset of M containing supp(y) = 7(iR), with the following
properties:

(1) @A is a smooth (C?) submanifold of M;

(2) 3A is timelike, i.e. for every z € A the normal vector to T, A is space-
like;

(3) A is light—convex, i.e. all the lightlike geodesics in A = AUBA with
endpoints in A are entirely contained in A.

We introduce an auxiliary Riemannian structure on M, related to the time
function T, that will be used systematically throughout the paper. It is denoted
by (-, -kn) and it is given by the following formula:

(10.1) (€ Qm, = (€. €) +2(¢, VT(2))?,

for z € M and ¢ € T, M. Observe that (1.0.1) clearly defines a smooth bilinear
form on T, M; the (strict) positivity of (-, -)n) follows easily from the wrong way
Schwartz's inequality. We denote by || *|ln the norm on T, M induced by (G W
and by V{® the covariant derivative induced by the Levi-Civita connection of

(' ’ ')(l)'

The metric (1.0.1) allows to define intrinsically the Sobolev space
1

H'([0,1),A) = {z € Ac([0,1],A) | / l]j3 ds < +o0},
()

where Ac([0,1], A) is the set of absolutely continuous curves from [0,1] to A. It
is well known that H'2([0,1],A) is a smooth Hilbert manifold (see [K]). Using
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local coordinates, it is not difficult to see that the space F*3([0,1], A) does not
depend on the choice of the time function T.

We introduce the following space:

i3 = akd (A) = (z € HY([0,1],A) | (0) = p, 2(1) € supp(7)}-

It is not difficult to see that ﬂ:ﬁ is a smooth manifold and, for every z € ﬂ;ﬁ,

the tangent space T, 23 is identified with:
T,012 = {¢ € HY3(0,1},TA) | ¢(0) = 0, ¢(1) | ¥y~ (z()}-

The Arrival Time functional on 0;;3, introduced by Perlick in [Pel], is defined
by:
Tp(2) = v (2(1)).
The natural space for the search of the lightlike geodesics in A joining p and ¥
is given by:
ct,=ct (A ={zem]|(¢,2)=0and (2,VT(2)) 2 0
almost everywhere.}

Remark 1.1. Observe that the definition of L}, does not depend on the par-
ticular choice of a time function T', but only on the orientation of its gradient
VT.

To determine the lightlike geodesics in C:.v' we would like to look for the
critical points of the functional:

1
Qz) = /o (3,VT(2))* ds, on LY,

Indeed, it is known (see [AP]) that if zis a C? curve in L}, with i(s) # 0 for
every s, which is a critical point for Q, then z is a lightlike pregeodesic in M,
parametrized in such a way that (2, VT|(z)) is constant. The main properties of
Q will be discussed in [ull details in the next sections.

Unfortunately, calculations in local coordinates show that [.:., fails to be a
C* manifold precisely at those points z for which £ is null in a subset of the
interval [0, 1] having positive Lebesgue masure. (see [GM]). For this reason, in
order to use the standard techniques of Critical Point Theory, we introduce in
section 2 a family of approximating manifolds denoted by L}, . (see (2.0.2).
They consist of future pointing timelike curves z € Q};?, such that (2, £) = —¢?
almost everywhere. Some connections between the spaces C:‘m, and L:,., will
be shown in section 6.

Due to the presence of the boundary of A, we need to study a functional Qs,
penalizing Q, defined as follows:

aun =1+ [ ol
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where ¢ is defined in section 3, and nearby @A it measures the distance from
OA.

Even though we are only able to prove that the manifold L;" v.¢ i8 of class C1,
in section 3 we will prove that Q; is of class C2, This fact allows to use the
classical (infinite dimensional) techniques of the Morse theory for the functional
Qs on the approximating manifolds (see [GMP2)).

Unfortunately, we are not able to prove in general the C?.regularity for the
critical points of Qs (see section 4). For this reason, we are forced to change the
time function T' as shown in section 5. The construction of a new time function
can be carried over thanks to the following compactness condition.

For ¢ € IR, we denote by 77, the c-sublevel of 7,,, in 01:3:
Ty = (2€MT | palz) e}

Definition 1.2. Let ¢ be a real number. L}, is said to be c-precompact if
there exists a compact subset K = K{(c) of X such that supp(z) C K for every
z€L5, N1,

The above condition has a crucial role in the proof of the multiplicity results
presented in this paper, and also to develop an infinite dimensional Morse the-
ory for light rays between p and v (see [GMP2]). Notice that the multiplicity
results and the Morse Theory are obtained intrinsically, without the use of local
coordinates.

Remark 1.3. It should be emphasized that, in Definition 1.2, if we give the
c-precompactness in A rather than A, we would basically be in the globally
hyperbolic case. Indeed, it can be shown that if the compact subset K(c) is
contained in A for every c, then there exists a globally hyperbolic manifold
A D A, such that z(s) € A for every z € C:’T and every s (see Lemma 5.9).

In our case, in order to cover a more general class of cases, we have to use a
compactness condition weaker than the global hyperbolicity, due to the presence
of the boundary @A. In a certain sense, it is the only responsible for the lack of
completeness.

The multiplicity of light rays is given in terms of the Ljusternik-Schnirelman
category cat (C}.) of L}, which is the minimal integer number k, possibly
infinite, such that there exists k closed, contractible subsets of £::1 covering
s

Py

Theorem 1.4. Suppose that C::,, is non empty and c-precompact for any c €
R*. Then, there are at least cat (£},) future pointing, lightlike geodesics joining
p and vy with support in A.

Theorem 1.5. Under the same hypothesis of Theorem 1.4, ifcat (C}.) = 400,
then there ezists a sequence z, of future pointing, lightlike geodesics joining p and
v in A, such that:

.ll.";o Tp,v(2s) = +o00.
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Examples where cat {L},) = +oo can be found e.g. in [GM].

We obtain the multiplicity results using a curve-shortening method for the
functional Q on the space C:: 4+ This approach seems more convenient than

the use of curves of maximal slope for the functional Q5 on L}, especially
because of the presence of the boundary dA. However, the use of the penalized
functional Qj, together with the study of the Palais-Smale sequences and the a
priori estimates, will be used to get the existence of minimizers. Moreover, such
techniques will be also used in [GMP?2] to develop a Morse theory for light rays
under nondegeneracy assumptions, working directly in an infinite dimensional

space.

The mathematical formalism developed here has applications to astrophysics
in the following sense. If we consider the case of a four dimensional Lorentzian
manifold M, then M can be interpreted as a space-time in the sense of general
relativity, ¥ can be interpreted as the worldline of a light source, and p can
be interpreted as an event where the observation takes place. The solutions
of our variational problem are lightlike geodesics from p to ¥ which are [uture
oriented with respect to our time function T. If we interpret this orientation
as past pointing, any such lightlike geodesic can be interpreted as a light ray
from 7 to p. If our variational problem has more than one solution, an observer
at p will see more than one image of the light source v on his/her celestial
sphere. In this situation, astrophysicists speak of the gravitational lens eflect.
Whenever A is not empty, the set M \A, with A defined above, represents a non
transparent deflector (modelled by a hole in M). For a comprehensive exposition
of theoretical and observational material on this phenomenon we refer to [SEF].
Our formalism can be used to investigate if in some space-time, or in some
classes of space-times the gravitational lens effect takes place; moreover, some
information on the number of images is provided. Notice that, the Ljusternik-
Schnirelman theory does not need nondegeneracy assumptions, and this fact
allows to cover cases where continuous images, like arcs or rings, are observed
(see [SEF]).

Theorems 1.4 and 1.5 improve the results of [GM], where the globally hyper-
bolic case is considered. The multiplicity results and the Morse relations were
announced in [GMP1].

Acknowledgment: The authors wish to thank Volker Perlick for very useful dis-
cussions on the topics.

2. APPROXIMATION WITH REGULAR MANIFOLDS

In this section we assume that a time function T on M is chosen in such a
way that 7 is a vertical timelike curve, i.e.

(2.0.1) A(s) = Ms)VT(2(s))

for some function A € C°(IR, R). This choice is always possible in a stably causal
Lorentzian manifold, as it will be proven in Section 5.
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We introduce a family of approximating manifolds as follows. For ¢ > 0, we
define £}, _ by:

PV €
L), .={z€Q?|(3,%) = —e* almost everywhere,
(2.0.2) 3+ T(z(s)) strictly increasing }.

In order to study the regularity properties of L::'v.-' we introduce the following
map between functional spaces:

Y, : Qb3 — L%([0,1), R)

¥.(2) = V2(VT(2),5) - V@ + (,5) + 2{VI(3), 37

Lemma 2.1. £}, , = ¥;1(0).
Proof. I z € L}, ,, since T(z(s)) is strictly increasing, then (VT(z),2) >0
almost everywhere. Moreover (3,:) = —&2 almost everywhere, which implies

¥,(z) = 0 almost everywhere, i.e. ¥.(z) = 0 in L%([0,1], R). Conversely, if

2 € 0,2 is such that ¥,(z) = 0 almost everywhere, then

V2(VT(2), i) = /T (,3) + 2(VI(2), 22 2 ¢ > 0,
80 that (2,%) = —¢? ae. Furthermore, by the wrong way Schwartz’s inequality,
it is:
(VT(2),2)? > (VT(2), VT (z))(2 yi)=e?>0ae,
so that (VT(z), ) > 0 a.e. and T(2(s)) is strictly increasing. O

Proposition 2.2. Let z € Q!2 and ¢ € T.Q43. The map ¥, is Gateaus

differentiable at z in the direction ¢, and the Gateauz derivative Wi (2)[C) is
given by:
Vo(2)K) =v2 ({HT(2)¢ £} + (VT(2), V() +
_ {8 V00 + 2VT(2),5) ((HT(2)¢, 3) + (VT(2), V, ()
Vel +(2,2) + 2(VT(3), 5)?
where HT denotes the Hessian of T with respect to the Lorentzian metric.

Remark 2.3. Observe that the functions HT (z)¢ and VT(z) are L. Moreover,
it is:

: z ¥
VEE DT RVIE,2P  Vat Gl
hence
il e
VE+E D12V, V(e
This implies that ¥!(z)[¢] € L3([0,1), R).

The proof of Proposition 2.2 is split into several Lemmas.
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Lemma 2.4. Let ¢ : @13 ~— L?([0,1}, R) be given by:
¥i(z) = (VT(2) ,2)-

Then, for every z € Q43 and every { € T.QL3, ¢ is Gateauz differentiable at
z in the direction ¢, and its Gateauz derivalive is given by:

(24.1) Y(2)[¢] = (HT(2)¢, 2) + (VT (2), V().

Proof. We will prove that y is differentiable in all the manifold H'3([0, 1}, M),
with differential given by (2.4.1), which will imply the Lemma.

We denote by equ(-) the exponential map with respect to the Riemannian
structure (-,-)n, of M defined in (1.0.1). For A € (=6,8), & > O sufficiently
small, and s € [0,1], we define the two-parameter map u(A, s) by:

u(A, 3) = exp, () (A - {(3)),
which satisfies:
(1) u(0,3) =¢(s),
(2) 25(0,5) = (o)
for every s and A. By definition, we have:

Yi(u(}r, 3)) — ¥a(u(0,s))
By ’

(WA (2)CD(s) = fim,

where the limit is taken in the sense of the L?-norm.
Let D C {0,1] be defined by:

D = {3 €[0,1] | z and ¢ are differentiable at s};

this is a set of full measure in [0,1). We denote by n(z,v,0) the geodesic flow
around z with respect to the Riemannian structure of M. We have:

(242) u(M,8) = n(z(s), X(s), 1) = n(z(s):C(s)s A):

Then, for every s € D, it is:
212, 2) = m(x(s) C(e) N)i(e) + mals(s) C{a) ) V- (o)

where 7;, i = 1,2, denotes the differential of n with respect to the i-th variable.
Observe that, originally, 2 is a map from Ty TMto TM. This map is reduced,
with the help of the Riemannian metric, to a mapfrom T,(, )M to TM.

It follows:

va(u(r9)) = (VT(u(2,5)), me (2(), () M) (8) + malz(s) CL2), AV ((3))-
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If we fix s € D and we apply the mean value theorem to the map A —
¥1(u(), s)), we obtain:

5 01000, ) = Y100, ) =(I7 (u(0, 2418, 6),m(x(), o1, )5 o))+

+(HT(u0,5)55 (6,0), ma(s(a) C(2), )V, o))+
+(VT(u(0,) ma (s(o), (), D))+
(2.4.3) + (VT(“(av 3)) ) maa (2(s), (s),0)V, ((3»;

where 8 € [0, \]. Now, by (2.4.2),

%(0,3) = ma(2(s), 6¢(s), 1)¢(s)-

Moreover, the following identities hold:
(i) m(z,0,1)¢ =¢,

(i) n2(2,¢,0) =0,

(iii) m(z,¢,0)w = w,

(iv) ma(2,¢,0)w = w,

(v) ma(=¢,0) =0,
for every z € M and every ¢, w in T, M. We can therefore take the L2-limit in
(2.4.3), and from the Lebesgue Theorem the proof is concluded. O

Lemma 2.5. Let ¥, : 13 +—s L2([0, 1), R) be the map given by:

Ve(z) = \/ €2+ (2, £)m).

Then, for cvery z € 0132 and every ¢ € T,Q3, o, is Gateaus differentiable at

z in the direction (, and its Gateauz derivative is given by:

(2.5.1) V()¢ = £V D

£2 4 (3, Z)my '

Wellmy

Remark 2.6. Observe that, since 75— < 1, then (2.5.1) gives a well
Ve + (2, 2)m,

defined L? function.

Proof. For this proof, we will use an argument formally identical to the one used
in the proof of Lemma 2.4 (showing the Gateaux-differentiability in all the man-
ifold H'2([0, 1], M)), with the only difference that we will use the Riemannian
metric structure on M. So, we will still denote by n(2,{,)) the geodesic flow
with respect to (-, )a,, and n; will denote the partial derivative of n with respect
to the i-th variable. As observed in the previous Lemma, also in this case g is
reduced to a map from T,(eyM to TM using the Riemannian metric.
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Denoting by exp:."’ the exponential map with respect to the Riemannian met-
ric, and setting:
u(h,8) = expl (A~ C{s)),

For every s € D we have:
Ve(u(2, 3)) =
= /€2 4 (n(2,€,A) 3 + (2,6, ) VI, m (2,6, 0) £ + ma(2,602) Vi Qs

and

e (u(h,s)) =

= ('h(z'(ﬂ\)i + '72(3' (v)‘) v:”(:ﬂl)(zv (vA)z. + 7}2.\(1. C1A) V?’C)ﬂn .
e G A) E + 72,6 ) TG (€ A) & € ) 90y

Since
lmz+m M "(n) <1
\/;2 + ("1(31 ¢ A) i+ 'h(z.(, A) Vf“( y m(l- ¢ A) i+ '72(2’ - A) v(ll)C)(l.) -

taking the limit for A ~— 0 and using the Lebesgue Dominated Convergence
Theorem gives immediately the proof of the Lemma. 0O

We are now ready for the:

Proof of Proposition 2.2. Thanks to Lemma 2.4 and 2.5, all we need to check is
that:

(5, V™) = (3, V40) + AVT(2), ) (HT ()¢, 8) +(VT(2). Vo)) -

This is a direct consequence of the definition of (- ,-), in (10.1). O
Proposition 2.6. ¥, is a map of class cl.

Proof. From Lemma 2.4, it follows easily that ¢ is of class C'. From Lemma
2.5, to prove the Proposition it will suffice to show that if z, tends to zin H L2
then

(2.6.1) in L3, as n — oo.

Z, F 4
N/ o N MY~ Y £

Suppose by contradiction that (2.6.1) does not hold. Up to passing to a subse-
quence, we can assume that there exists a positive constant &g > 0 such that:

L ( in(s) i(s) ) ds> &
(2.6.2) L dx \/ET-Q- (2 (9) '5-(3))("' F—i— (5(3) .l'("»(ll i
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for every n € N, where a. is the Riemannian distance induced by (-, -)a, on the
tangent bundle TM. Since Z, is L?-convergent to z, we can assume that z,(s)
converges Lo z(s) almost everywhere on [0, 1). Then also

Za(9) (s)
Va0 0 VEF ), 2

and since m is in L™, by the Lebesgue Dominated Convergence The-

orem, we get:

lin / &2 in(s) ) ) ds =0,
oo (\/‘2 + (2n(s), 20 (’))un Ve + (2(s), 2(3))m
which contradicts (2.6.2) and proves the Proposition. O

We come now to the main result of the Section.

Theorem 2.7. Let € > 0 and suppose that L,., ¢ 15 non empty. Then, [';.7.- is
a C'! submanifold of ﬂ:j.

Proof. From Proposition 2.6 and the Implicit Function Theorem, all we need to
prove is that, for every 2 € C, .« the differential:

Ve(2) : T3 — Ty, () L?([0, 1), R} = L*([0, 1), R)

is a surjective map. In order to do this, we fix z € £}, ., ¢ € L?([0,1], R) and
we consider the problem:

(2.7.1) (2,9,¢) = V2(,VT(z)) 8,
where ¢ € T.2:2 is the unknown. We look for a solution of (2.7.1) of the form:
¢(s) = us) - VT(a(s)).
The condition for such a ¢ to belong to T, 02 .,, since v is vertical, is simply that:
#(0) =
The equation (2.7.1) becomes:
(3,9,0) = (2, VT(2)) + (s, HT(2)3) = V2(5, VT(2)) 4.

Since (2,VT(z)) > € > 0, to solve (2.7.1) we need to prove that the Cauchy
linear problem:

(3, HT(2)3)
(2.7.2) W= =y AtV

#(0) = 0.
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admits a solution s € H'3([0,1], R) whenever ¢ € L*([0,1], R). To prove this,

we set (i ' HT(z)i)
"z, VT(2))

Since 2 € L}, ,, it is ¥.(z) =0 ae., and

(VT(2) i) = % 2 4 (i B

so that:
ae —vaSHT(2)E,E)

\/Ei + zi,is(.,)

Thus, there exists a constant M, independent of s, such that:
la(s) < Mllilla 3.

which implies that a € L?([0,1], R). The solution of (2.7.2) can be written
explicitly as:

p(s) = Vel strdr (/o' glr)e= Jaorrdr dr) ,

which is in H%3([0,1), R), and this concludes the prool. O

Corollary 2.8. For z € C‘,"m,, the tangent space T,C,"‘m, is identified with the
set:

T,Ct,, = (¢ €T.OL3 | (5,V.0) =0 ae}.
Proof. By the Implicit Function Theorem, T, L}, . = Ker ¥!(z). From Propo-
sition 2.2, setting (,3) = —¢? and recalling that (VT(2) ,£) > 0, we have:

(8,90
VE(VT(z),3)’

for every z € L}, , and every ( € T.L}, ., which proves the thesis. O

Remark 2.9. The C! submanifold property of C:: ,¢ Can be established as well
in the more general case of an arbitrary time orientable Lorentzian manifold. In
that case, we have to replace VT with an arbitrary timelike vector field. For the
following construction, however, we need the stable causality of M.

¥ ()] =

3. THE PENALIZED FUNCTIONAL AND ITS REGULARITY

Also in this section, in order to use the results of section 2, we make the
assumption that v is vertical with respect to the given time function T'.

Let A be the open subset introduced in Section 1 and d, the distance function
on M induced by the Riemannian structure (1.0.1).
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Let T be a fixed time function on M; we choose a C? function ¢ : M +— IR
that satisfies the following properties:

(a) ¢ >0 onA,

(3.0.1) (b) ©<0 on M\R,
(c) (Ve,Ve) >0 ondA.

It is not difficult to prove that the existence of a function ¢ satisfying (a), (b)
and (c) of (3.0.1) is implied by the fact that that A is open and dA is smooth
and timelike.

For instance, ¢ can be defined in a neighborhood U of A by:

_f da(z0A)  ifzeAny,
olz) = ~da(2,0h) 2 €U\A,

and then extended to M is a suitable way.
We introduce the following functionals on qQLa:

Q,Q; : Q::s — R*

(3.0.2) Q) = / (#(s), VT(2(s)))? ds,
1 3
(3.0.3) Qs(z) = Q(z) + 6 /0 Tzd(sﬁ?'

These functionals are clearly differentiable on 2.3, it is not difficult to see that,

for every z € Q},:?,, the Gateaux differentials Q’(z) and Q%(z) are given by:

1
(3.0.4) Q)] =2 /0 (2,VT(2)) ((HT(2) ,€) + (VT(3),V,¢)) ds,

(Vv(z) ,{) d

1
(3.0.5) Qs(2)l] = Q'(2)I¢) - 26 /o ez

for every ¢ € T, L+

PeY,E°

The purpose of this section is to show that, even though the manifold C:: e
is only C', the restriction of Q and Qs to £}, . has a regularity of higher order,
in the sense explained as follows.

We consider the C! vector bundle W, over the manifold E:'. +v.e» Whose fiber
W¢(2) is given by the whole tangent space T.Ql3, 2 € £}

p.y.e- The elements of
W, are pairs (z,(), where z € £t . and¢e T,ﬂ,‘,ﬁ.
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We will think of W, as a regular extension of the tangent bundle TL}, ; they
are related by the bundle map: “rr

VW, —TCE,,

(:4) — (2.Ye),
where V; is defined by:
Ve(s) = C(s) = mag(8) VT (o)),

and g, ¢ is the solution of the Cauchy problem:

PRI A
(3.0.6) (VT(z),2) (VT(z),2)’
p(0) =0.

We set:

(HT(2) & ,3)

(3.0.7) = T(.5)

Arguing as in the proof of Theorem 2.7, it is easy to see that:
lal £ Mz}l

so that a € L3([0, 1], R). Observe also that

(_VFi)-,T) € L*([0,1],TM).

Hence, (3.0.6) can be solved explicitly by setting:

(3‘0.8) ﬂ(’) = e[.' a(r)dr (/0' (_(v%c- Jo o(r)dr dr) :

Proposition 3.1. V is a conlinuous map. Its restriction to the langent bundle
TL},, is the identily map; in particular, for every z € L} ¢ the map C— V
is surjective.

Proof. The continuity of V is immediately given by the continuous dependence
on the data for the solution of the Cauchy problem (3.0.6). The second part of
the thesis follows from the fact that, if { € T,L}, ¢ then from Corollary 2.8 it

is (V,(, £) =0, so that the solution of (3.0.6) is given by p =0, and Ve=¢ 0O

It is not difficult to show that V is indeed C! considered as a map from W,
to itsell, with image in TL}., ..

We are ready to state and prove our main regularity result:
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Theorem 3.2. For every § > 0, Q; is of class C? on L:mc' in the sense that
the map (2,¢) — Q"(2)[V¢ ] ( (2,¢) =+ Q}(2)[V¢ ] ) is of class C* on W,
Proof. From (3.0.4) and the definition of V¢, we have:

1 1
30V ] = [ (9T (), 5) ((HTe)s € - 9Ty
[}
(3.2.1) +(VT(2),Y,¢ - u'VT(2) - uH(2)i)+
Vo(z)
=8 G+~ HIT()) ds

Since (VT(z), VT(z)) is constant, then
(VT (), VT(e)) = 2(9T(2), HT (2)3) = o,

so that, recalling the definition of 4 (cf. (3.0.6)), (3.2.1) becomes:
(3.2.2)

1
3] = [ (VT DHT (5.0 4 (VT 39T, V.00
+ (vlC-é) i I‘(HT(z)z. ,2')+
Vlz
=82 ¢~ wvT(e) ) s

; + .
Sinceon L] itis

(3.2.3) VVT(2),3) = \fe2 + (, ),

substituting (3.0.8) and (3.2.3) in (3.2.2) and arguing as in Lemma 2.4 and
Lemma 2.5 we obtain the thesis. O

Corollary 3.3. For every local chart U on 5;7", the restriction of Qg to U is
of class C*. O

Observe that, setting § = 0, the previous results remain true for the functional

Q.

4. EULER-LAGRANGE EQUATION AND
REGULARITY FOR THE CRITICAL POINTS OF Qs

In this section we will use a boot strap argument to prove that, under suitable
assumptions on the time function T, the critical points of the functional Q and
of the penalized functional Qg are C? curves in M. The argument is well suited
to be presented in small steps, and for the reader’s convenience we break the
main result into some Lemmas.
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As customary we make the assumption that T is chosen in such a way that v is
vertical with respect to T; moreover, we also make the following two assumptions:
(40.1) (VT(q),Ve(q)) =0 for every g in a neighborhood of 9A,

- (VT(g),Vel(g)) 20 forevery g € A,

and
(4.0.2) HT(=(s))[¢(s),C(s)] <0,

for every z € L}, , and every causal vector field ¢ along z. Here HT denotes
the Hessian of the time function T'. It is not difficult to see that, since VT is
normalized, the condition (4.0.2) holds for any vector field along z if it holds for
causal vectors.

Even though this condition of negativity for HT does not seem natural, we
will discuss in the next section a way of producing, from a given time function,
another one which satisfies the required property in a relevant region of the
space. Also the assumption (4.0.1) will be discussed in the next section.

If z is a critical point of Q; in L}, ., recalling (3.2.2), for every ( € T..}, .
it is:
(4.0.3)

1 1
e / (VT(s), iNHT (2)i1€) ds + / (VT(2),i)(VT(2), V.C) ds+
0 . Y :
+ [(cirde- [Cuc T4 dot

! Ve(2) L Yela)
- JL (;G)—:’- ,() ds + 5‘/; Bag (—p—(")—s ,VT(Z)) ds.

To simplify the notations, in the following computations we will drop the
subscripts and we will denote by 4 the function u,¢.

We have a preliminary Lemma:
Lemma 4.1. Let o,f and v be three Junctions in L'([0,1], R). Then:

‘/‘; l-y(.s) ( /o .a(r)ef: ’(')d"dr) ds = /; la(.s)e‘ £s p(e)de ( /' l-y(r)cf-' ple)de dr) ds.

Proof. 1t is an easy application of Fubini’s Theorem. [m]
We set
N = {Ve(,d)
b= bel) = o)y

Observe that L is linear in (. From (3.0.8), we have:

wey= [ Leterexe [ [ ato) do] o,
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where a = a, is the lunction defined in (3.0.7).
By Lemma 4.1 applied to the functions o = Leyf=aandy= —(HT(z)é V),
we have:

/ol 1 (’s (% ' VT(2)) - (HT(2)2 .z')) ds =

. =/ol z—é,';:((z—iz)c— [ e(e) do (./:1 Fz,6) e i ate)do dr) ds,

where )
= 5ol 2)) = (HT(2)z, 3).
}-(276)_6<§0(2)3 IVT( » (H ( ) ’ )
From (3.2.2), (4.0.1) and (4.0.3), it follows
(4.1.1)

0 ='/ol(é,V.C) ds+

! ~ JJ a(a) deo ! = Jo a(e) de (2,V.()
tf s ([ e s o) L o

+ / (vT() ENVT(2),V,¢) ds + / l(v:r(z),z')ufﬂ(z)z' ) ds+
(1 0

b Vol(z)
= / HZES 0 do.

We denote by A¢,s the function:
1
(4.1.2) Aes(s) = e~ Jo alo)do ( / F(z,8) e~ Jooe) de dr) :

Observe that A, 5 € #/"!([0, 1], R), and also that, due to the assumptions (4.0.1)
and (4.0.2), it is:

(4.1.3) Aes(s) > 0.
From (4.1.1), integrating by parts, we obtain:

Ao s(s) 2

VT(z),5) T (VT(2):2)VT(2) = h € H (0,1, TM).

(4.1.4) it

An explicit analytic form of the function A of (4.1.4) may be given in terms of
the Christoflel symbols of the Riemannian metric | )

We are ready for our first regularity result:
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Lemma 4.2. (VT(z),4) is in H}([0,1], R).

Proof. Let h be the function defined in (4.1.4). Since h € H'!, also (h,h) €
H'!. Recalling that (#,:) = —e? and that (VT(z),VT(z)) = -1, we compute
(h,h) as follows:

(4.2.1) (b, h)=-¢ (1 + (7;(%)’—)-) + (1 + (v_;‘%?)‘,_zj) (VT(2),%)°.

Denoting by 8 = (VT(z),2) and p = (h,h), we write (4.2.1) as:

2
(4.2.2) x(0,p02c8) = —¢3 (l + A—;"-) +6%+ 2250 -p=0.

The derivative % is:

3X - 2A¢,6 At,‘
20 = 2¢ 7 (l + T) +20 42X, 5.

From (4.1.3) and the fact that & > 0 it follows that 2’5— > 0. Then, by the

Implicit Function Theorem, (4.2.2) can be solved for 8 locally, and @ is written
locally as a C?! function of A, ; and p. The conclusion follows from the fact that
A and p are of class H'!. O

The second step gives a regularity result for 2:
Lemma 4.3. z € H"([0,1},TM).
Proof. From (4.1.4), since (VT(z),£) is in H', we have:

where h; is in H%1. Since H"! is closed with respect to products, it will suffice
to show that

1

(4.3.1) (VT(:),:)—+4\," € H“'([0,1], R).
This is easily established, since

%((VT(:),:’) +Xed) € LV(0,1), R),
and

((vT(s). 3 + Mea)' 2 (VT(3).i)* =@ > 0.
Then, (4.3.1) holds and the proof is finished. O
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Proposition 4.4. If z € £}_ _ is a critical point for the functional Qg, then z

Py
is a curve of class C3.

Proof. From Lemma 4.3, z is in H'! and in particular 2 is continuous. Then,
from (4.1.2), ), 5 is a function of class C'. Hence, the same integration by parts
of (4.1.1) that gave (4.1.4) shows that the function h of (4.1.4) is also of class C!.
Moreover, the same argument of Lemma 4.2 shows that (VT(z), z) is of class
C!. Arguing as in Lemma 4.3, we get that 2 is of class C!, and the Proposition
is proven. O

Observe that the same argument can be repeated, and, by induction, one
proves that z is a curve with the same regularity of the time function 7.

Remark 4.5. By Proposition 4.4, integrating by parts in (4.1.1) allows to get the
Euler-Lagrange equation satisfied by the critical points of @5 on C‘;'.,I‘, which
is given by:

: Az 2
V.24V, (W) +V,((VT(2),2) VT(2))+

(4.5.1) +5 Z‘(‘;()";) ~(VT(z),5) HT(2) 3 =0,

where A = J, s is the function defined in (4.1.2).

5. A NEw TIME Funcrion

In this section we present some results of technical nature, mentioned in the
previous sections, that show how to modify a given time function on M to obtain
some extra properties. We will be concerned particularly with the problem of
verticalization of the timelike curve v and with the assumptions (4.0.1) and
(4.0.2) made at the beginning of section 4.

In the proof of Proposition 5.1 and 5.7, we have benefited of some ideas
contained in Lemmas 2.3 and 2.5 of U], proved in the globally hyperbolic case.
Note that in [U], Lemmas 2.3 and 2.5 are proven (without the presence of dA)
using a suitable coordinate system. Moreover, property (1) of Proposition 5.1 is
proven only for a compact portion of the curve . For these reasons, we prefer
to give a detailed proof of our next Propositions.

We recall that we are assuming the existence of a time function which is
unbounded on the support of v.

Proposition 5.1. Let y be a closed C* embedding from IR into a stably causal
Lorentzian manifold M, with 4 timelike everywhere. Then, there ezists a time
Junction T on M such that:

(1) v is vertical with respect to T;

(2) there exists an open neighborhood Ugp of A such that (VT(z),Ve(2)) =
0 for every z € Ugp, where ¢ is the function defined in (3.0.1)

(3) sup{T(7(s)),s € M} = 400.
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Proof. Let T be an arbitrary time function on M which satisfies (3). Denoting

by exp, the exponential map around the point ¢ € M, we define a local time
function T} in a connected neighborhood U, of supp(7) as follows:

Tl (expv(i) C) = T('V(-’)).

for all ¢ € T,,(,yM with (¢, ¥(s)) = 0. Clearly, v is vertical with respect to Ty.
Notice that T} is increasing on v, so that T) and T are equioriented on U,, i.e.:

(5.1.0) (VTy(z),VT(z)) <O on U,

Moreover, we define a local time function T3 on a neighborhood Uy, by setting:
(5.1.1) To(z) = T(2) + v(2) - (2),
where ¢ is given in (3.0.1), and v is defined by:

_(VT(z) , Ve(2))
(Vel(z) . Ve(2))

Observe that, since A is timelike, then (Vy, V) > 0 around 3A, and (5.1.2)
makes sense. Moreover, since ¢ =0 on A, for z € dA it is:

(5-1.2) v(z) =

(VT4(z), VT3(2)) = (VT(3) + w(x)Vo(2), VT (5) + vls) Vip()) =
(VT(2),Ve(2))?
(Ve(2), Vi 2))

so that (5.1.1) defines a time function in a connected neighborhood Uy, of 9A.

Observe that, since (VT3(z), Vi(2)) = 0 on Usa, (5.1.3) implies that on Uga it
is

(5.1.3) = (VT(2),VT(s)) - <0,

(5.1.4) (VT3(2), VT(2)) = (VTa(z), VTa(2)) < 0.

This implies that VT2 and VT are equioriented on Uga.
Clearly, we may assume U, O Upp = 0, s0 that, the function:
Ti(zs) if z€U,,
To(:) =
Ty(s) if 3 €Upa,

is a smooth time function on U, U Usa. Observe that T coincides with T on
supp(v) U @A. Moreover, from (5.1.0) and (5.1.4) it follows:

(5.1.5) (VTo(2),VT(s)) <0 on UyuUsa.
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Let now A be a fixed compact set in M.

Let a : M +— [0,1] be a smooth function, with support in U, U Ug,, which
is identically 1 in a neighborhood of supp(y) U@A. Then, a time function T on
K that extends T can be defined by:

(5.1.6) T=T+a(2)- (To- T - B(To - T)),
where A : R — R is a smooth map satisfying:

a) # =0in a neighborhood of 0;

b) A'(t) <1+0;

c) B(t) =tlor |t] > o,

and 0 = o(K) > 0 has been chosen sufficiently small, in such a way that the
sign of (VT (z),VT(z)) on U, UUs, is the same as the sign of the quantity:

G =(1-a(l-g))>(VT,VT) +o*(1 - §')* - (VTo, VTo)+
+2a(1 - F)[1 - a(1 - §)] - (VT, VTp).

If the coefficient of (VT,VTO) in the expression of G in (5.1.7) is nonnegative,
then clearly G < 0 and we are done. If it is negative, which happens when
1 < 8’ < 1+ 0, then, provided that ¢ is small enough, the sign of G coincides
with the sign of its first term, and again G < 0.

Hence, the function T of (5.1.6) satisfies the hypothesis in K.

Since M is paracompact and 7 is a closed embedding, there exists a sequence
(Ui)ien of open subsets of M having the following properties:

(5.1.7)

a) U, is compact in M;

b) ~(s) is eventually outside of U;;

c) U; C Uiy, for every i;

d) JUi=m.

i€N

Set Ko = U, and, by induction, K; = U; \ Ui-y; notice that K; N K43 =0 for
any ¢ € N. In every K; we can make the same construction as above. Notice
that in such a proof, the relevant fact is that we change T only in a small
neighborhood of (9A U 7(R)), but it remains the same on A U 7(RR).

We begin doing the proof above when K = K. Consider now K; and, up to
shrinking the neighborhood of 8A U y(IR) (already chosen for K;), we construct
the function T on KoU K. Consider now K3, since KoNK; = @, up to choosing

.a smaller neighborhood of (A U 7(JR)) N K we can define the function T on

Ko U K, U K3, so that it coincides with the previous one on K. An induction
argument allows to define the required time function on M, defining it on K;
without modifying the previous definition on K;_5 and we have done. O

We will now take care of the assumption (4.0.1). For every ¢ > 0, we denote
by T¢ the strip:
Ts={geM|0<T(g) <c}.
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Proposition 5.2. Let A be an open subset of a stably causal Lorentzian manifold
M, with DA smooth timelike submanifold of M, and let be a timelike curve,
which is a closed embedding of R in A. Let v be a C? function on M that
satisfies (a), (b) and (c) of (3.0.1), and let T be as in Proposition 5.1.
Let N C A be a region such that N NTS is precompact for every c > 0.
Then, there ezists a smooth function ¢y on M, satisfying (a), (b) and (c) of
(3.0.1), and: such that py = in a neighborhood of A, and such that:

(5.2.1) (VT(z), V1 (2)) = 0 on a neighborhood of A;

(5.2.2) (VT(z),Ver1(2)) 20 on A nN.

Proof. Let U, be the neighborhood of dA defined in Proposition 5.1. Thanks
to the precompactness assumption on N, we can find a smooth, positive real
function x, with X' > 0 everywhere, and such that the open set:

U = {z € M| x(T1(2)) - ¢(2) < 1}

has the following properties:
(a) @A CU;
(b) the closure of U in A is included in Uap.
Furthermore, let p : R —+ [0,1] be a smooth function satisfying:

(1) ple) =0if s < 5
(2) ¥ >0in (%,1);
(3) p(s) =1ifs2> 1

Finally, we define:

Now, if ¢(z) - x(T(z)) < %l it is p1(2) = @(z). Hence, up to modilying ¢,
outside a neighborhood of A, we can assume that ¢ satisfies (a), (b) and (c)
of (3.0.1). By (2) of Proposition 5.1 and property (b), we deduce the existence
of a neighborhood od dA where (5.2.1) is satisfied. Clearly, (5.2.2) is satisfied
if o(2) - x(T(2)) < 4. M (z)-x(T(z)) 21, thenp =1 and p' =0, 80 Voo, =
-Lx'x~3VT, and (Viu(2),VT(2)) = L(TEIX(T(2) 72 2 0. I § < o(2) -
x(T(2)) < 1, we compute Vipy(2) as follows:

' [xVe + ox'VT] — pX'VT
Vo1 =(1-p)Vy - p'v[sza + wx'VT] + X lx 2% ] 5



22 F. GIANNONI, A. MASIELLO AND P. PICCIONE

In this case, since z € U, it is (Vy(z),VT(z)) =0, thus
(Vor, VT) = (- o' v?x' + 2 “;"' XNV, VT) =
(5.23) = (sex-22% ) (~(vT, V1))

X
Clearly, 3 = 0. Moreover,

(el
20_fox _odxer 1
v'x' - xS («px 2)20.

8o that, from (5.2.3), since px > 1, it is (Vi (2) ,VT1(2)) 2 00n ANN NTY,
and the proof is finished. O

Deflnition 5.3. Let T; be a time function on M. A time function T} is said to
be a rescaling of T if there exists a C?> map ¢ : R —+ R such that:

(1) ¢'(r) > O for every r € R;

(2) T2(q) = é(T1(q)) for every g € M.

Remark 5.4. Observe that the results of Proposition 5.2 are invariant with re-
spect to the rescaling of the time function.

We now have an easy Lemma that shows how the differential operators of
covariant derivative, gradient and Hessian change by passing to a conformally
equivalent metric. Its proof is not difficult and it will be only sketched.

Lemma 5.5. Let (M,g1) be any semi-Riemannian manifold, ¢ : M — R*
@ smooth map, and g3(z) = Y(z)g1(z) a semi-Riemannian metric on M confor-
mally equivalent to g,.

Then, for every piecewise smooth curve z in M, every piecewise smooth vector
field ( along z, with ((0) = ((1) = 0, and every smooth function 8 : M ~—y R,
it is:

(1) V¥ = vis 4 myl(z(-’l))[vl'/’(3(-’)),5(3)]5(’)‘5'

—Wm(z(a))lz’(s).i(a)l Viy(z(s));

(2) V20(p) = ¥(p)~'V18(p), Jor every p € M;

(3) H8l, ) = HYIG Q) + 5 an(2V100), 9aw(a)] - (6, C 1+

—ﬁg.m[vle(z),d - 1(2)V19(2), ¢,
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where V,, V" and H, denote respectively the gradient, the covariant derivative
and the Hessian operator with respect lo g;, i = 1,2.

Proof. The statements can be easily proven by direct computation, differentiat-
ing the action functional relative to the metric g; and, for part (3), using the
weak equation satisfied by the g;-geodesics. O

Remark 5.6. From part (2) of Lemma 5.5 it follows easily that the results of
Proposition 5.2 continue to hold when we pass to a conformally equivalent metric
on M.

We now assume that 7; is a time function on M, and for ¢ € R*, we continue
te denote by (T})§ the strip:

(T)g={9€ M|0<Ti(g) <c}.

Proposition 5.7. Let N C M be a region such that N 0\ (T)§ is precompact
in M for every ¢ > 0. Then there exisis a rescaling T, of Ty and a Lorentzian
metric g2 on M which is conformally equivalent to g,, such thai:

(1) 92(2)[V2Ta(2), VaTa(2)] = (VaTa(2) , Vo Ta(2))2 = =1 Jor all 2 € N;

(2) HI3(2)[¢,¢] <0 for cvery z € N and every { € T. M, { causal;

(3) I sup{Ti((s)).s 2 0} = +oo, then sup{Tz(x(s)), s > 0} = +co.

Proof. Since we are to change conformally the metric gy, we may assume without
loss of generality that T; has normalized gradient with respect to g, i.e.:

n(2)[VaT(2), VaT(2)] = -1 Vze M.
We set
92(z) = ¥(Ti(2)) - u(2), (¥ >0)
and
Tx(2) = ¢(Ti{2)),
where ¢, ¥ : @ — IR are smooth functions to be determined in such a way
that (1) and (2) are satisfied.
The condition (1) is easily translated in terms of ¢ and ¥; indeed, from Lemma 5.5,
we have:

92(2)[VaTa(3), VaTa(2)] = ¥(Ti(2)) - 1(2)[V2Ta(2), V2 To(2)] =

= S VAT, Vi Tala) =

. 2

Hence, condition (1) becomes:

#'(Ti(z))?
¥(Ti(2))

(5.7.1) ¥(r) =¢'(r)?, VreR.
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Observe that ¢'(r) # 0 implies ¥(r) > 0.
From part (3) of Lemma 5.5, we have:

H (@), ¢] =
= BPGICC g 16 €1 T BT, V¥ TN
= W:-(z—))gn(z)lvw(n(z)).(] -a[V1¥(T(2)), (] =
- (e, )+ L5 1, o (TATite) VTl
(5.7.2)

- SO, @

Substituting (5.7.1) in (5.7.2), we get
HP(2)[¢,¢) = HP ()¢ ¢+ ¢"(Ta(2) - ()6 L1 (V1 Ti(), VaTal=)+
(5-7.3) - ¢"(Ty(2)) - a()ViTi(2),¢ P

Let 5 : (—6,8) — M be a gi-geodesic in M such that % (0) = z and (0) =¢.
We compute the Hessian H1?(z)[¢,¢] as follows:

BP0 = 3] Tt = L1 smi =

=0

= & @M (e GNIVATieo). 3(o)) =

=0

(5.7.4) = ¢"(Ty(2)) 1 () VA Ta(2), ¢ + #'(Ta(2)) HT* (2)[¢, ¢

From (5.7.3) and (5.7.4), the condition (2) in the thesis becomes:
—#"(Tx(2) - 91 ()6, -V Ta2), P+

(5.7.5) +¢(Ti(=) - HP(@)lG ¢l < 0.

By the wrong way Schwartz's inequality, if { # 0 is a causal vector field along z
the coefficient of ¢" in (5.7.5) is non positive, and it is null only when V{T1(3)
is a multiple of (. But in this case, also H]"(2)[¢,(] is zero:

1 d
2 d.agl
Hence, we can define a continuous function J : TM — IR by:

’ . H,T'(z)[c,(]
J( Q) = gl(z)[('( 1+ gl(z)[VlTx(z),(]’ '

Hf' (z)[VlTl,V, T|] = (z)[V,Ti(z), V‘Tl(z)] = dil‘;(—l) =0.

(5.7.6)
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and (5.7.5) becomes:
(5.1.7) #"(Ti(=)) - J(3,€) - #(Tu(2) > 0.

The function J(z,() is homogeneous of degree 0 in ¢, 80, by the precompactness,
it follows that, for every ¢ 2 0, J is bounded on (T1)5 NN. Hence, there exists
a continuous function 4 : [0, +00) — [0, +00) such that:

J(2,€) < u(Ti(2))

for every z € N. Taking

(5.7.8) ) = /o ‘ exp ( /o ’ u(s) ds) dr,

then ¢ satisfies the differential equation ¢" — u¢’ = 0. Since ¢’ > 0, it is:
¢"(Ti(2)) = ¢'(Ti(2)) J (2, ¢) > ¢"(Ti(3)) - #(Ti(2)) w(Ti(2)) = 0

for every z € A and every ¢ € T. M. Finally, since #21, lim ¢(t) = +oo, s0
also part (3) holds. O

Remark 5.8. In our case, Propositions 5.2 and 5.7 will be applied to the following
set:

N ={aeA|3:e0l2,(i5) <One.
(#,YT(z)) > Oace. andge supp(z) }

Indeed, in the definition of A(p,), the word 'causal’ can be replaced with
the word 'lightﬁke’. Thaus, thanks to the c-precompactness, N(p,7) N T* is
precompact in A. This follows from our next Lemma.

Lemma$5.9. Let M be an arbitrary Lorentzian manifold, Let P q two arbitrarily
fized points of M, and assume that there exists g causal curve Jrom p Lo q of class
H'3, Then, there ezists a lightlike curve from p to g of class H':3, Furthermore,
if M is time oriented and the causal curve is Juture (past) pointing, then the
lightlike curve can be found future (past) pointing.

The proof of Lemma 5.9 is omitted. It can be easily obtained using standard
techniques in causal geometry, working in convex normal neighborhoods.

Remark 5.10. Notice that lightlike geodesics are independent on conformal changes
of the metric, as a direct calculation shows. This fact allows to use Propositions
5.2 and 5.7 to study lightlike geodesics as critical points of the functional Q.
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o d +
6. RELATIONS BETWEEN L), AND L ,

In this section we will discuss the method of approximation of the non smooth
manifold £} with the regular manifolds Lt ., assuming that:

(6.0.1) (VT(z),Vy(z)) =0 on a neighborhood of A,

where y is defined in (3.0.1).

The main result, which is stated in the following proposition, is concerned
with the existence of transition functions between the Q-sublevels in 5;.'1 and
(e e

P.Y.¢

6.1 Proposition. Suppose that C',"ﬂ is c-precompact for some ¢ > énl' Q. Then,

Y
there exists a positive number €5 =£o(c) > 0 and for cvery € € (0,¢0] there are
two injeclive maps:

$:Q°NLp — LY, .,

Ve C:mt = L::v’
such that:

(1) ¢ arnd ¢ are continuous;

(2) for every z € LT, . such that Q(¥(2)) < ¢, it is de(Ve(2)) = =

(3) for every z € QN LY, it is Ye(de(2)) = 2;

(4) there ezists a positive constant M = M(c) such that dy(d¢(2),2) < M-¢
Jor every z € Q°N B;.’, where d; denotes the distance induced by the
Riemannian struture on Q):2. In particular, zi_r’r:)¢,(z) =z in Q)3, for
every z€Q°NLY..

Proof. We fix c and we find a compact subset K of A such that the support of
every z € Q°N L, lies in K. Let § be a positive number such that the flow

®(s, q) of the vector field —VT is defined on [-4, 5] x K. By definition, the curve
1¢(s) = ®(s,q) is the maximal solution of the Cauchy problem:

1= =VT(n),
n(0) = q.

Observe that T is strictly increasing on such a curve, namely:

ST(n(s)) = (VT{n(s)) i(s)) = ~(VT(n()), VT(n(a)) = 1> 0.
For z € QN L, ,, we define

ze(3) = de(2)(8) = B(7e,e(9), 2(5)),

for some function 7, (s) = 7(s) on [0,1] and with values in [0,5), to be deter-
mined in such a way that
7(0) =0,
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(which means that z,(0) = p),
(6.1.1) (2 VT (z,)) > 0,

and that

(3 ,2,) = -

Observe that any such curve automatically satisfies z,(1) € supp(7), since
7 is an integral curve of VT and #(0, #(1)) = 2(1) € supp{y). Moreover
z([0,1]) C A, thanks to (6.0.1).
We compute 2, as follows:
Ze = B[ 2] + &,[F] = &,[1] - VT(2,) 7,
which gives:
(6.1.2) (21 20) = =17 = 27 (VT(2.), 8, [2]) + (B,13], 8, [3]) = —e2.
This is a quadratic equation on ; observe that by the wrong way Schwartz
inequality:
(VT(z) »‘I’q[z.l)z 2 —(Q,,[z'],‘l"[i]),
the discriminant A of the equation is strictly positive:

(613) 2= (VT(e) 8,6 + (8yla], Byal) 4 € 3 ¢ >0
Take the solution 7 of (6.1.2) given by #, given by:
P = —(VT(x), 8[4]) + 5 VA,
where A is given in {6.1.3). Notice that by this choice
(2e \ VT(2)) = (8,[2] - VT(2,) #,VT(2,)) >0

and (6.1.1) is satisfied. Observe also that the coefficients of the equation (6.1.2)
clearly depend continuously on . The function 7 has to satisfy the Cauchy
problem:

. ' 1
(6.1.4) T= _(VT(Q) r "[z]) + EJKI

7(0) = 0.
Since for £ = 0 (6.1.4) has the null solution, which is defined on the whole
real line, then for & small enough (6.1.4) admits a unique solution defined on
the interval [0,1]. The construction of the map ¢, is done in a similar fashion,
considering the flow ¥(s,q) of the vector field VT, and setting:

Ve(2)(s) = 1°(s) = ¥(o(s), (),
where ¢ = o, is to be determined with the conditions:
0(0) =0, (:*,i)=0, and (:*,VT(z*))20.

An argument similar to the previous case shows the existence and the continuity
properties of such a map ¢, which proves the first part of the Proposition.

Part (2) and (3) follows immediately from the construction of ¢, and y,.

Part (4) follows from the Gronwall's Lemma. O
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7. SOoME COMPACTNESS RESULTS

In this section we will prove the completeness of the sublevels of the penalized
functional Q; on the regular manifold £}, , and the Palais-Smale compactness
condition for Q5. Thanks to Remark 5.8, from now on we can assume that T
and ¢ satisfy the properties of Propositions 5.1, 5.2 and 5.7.

We recall the following definition:

Deflnition 7.1. Let X be a Hilbert manifold, and / : X +—+ R be a C?
functional and ¢ a real number. [ is said to satisfy the Palais-Smale condition
at the level ¢ if every sequence z,, in X satisfying:

(PS1) "an;a I(z,) =¢,
(PS2) Jim I'(za) =0,

has a converging subsequence in X. A sequence z, satislying (PS1) and (PS2)
will be called a Palais-Smale sequence.

Let z € £,,; on the tangent space T,L}, , = {( € 1,943 | (2,9.¢) =
0 a.e.} we introduce a Hilbertian norm, setting:

1
(@.1.1) €. = /0 (VM VM), do.

We start with a technical Lemma that says that sequences contained in a
sublevel Q5 = {z € L}, | l Qs(2) < ¢} (with c € R*) stay away from 9A:

Lemma 7.2. Let (2z4)nen be a sequence in Q13 (A) that is weakly convergent
to z in HY3([0,1),A). If there ezists s € [0,1] such that z(s) € AA, then

b /Ld’__m
nbo0 Jo ¢(2a(9))? -

Proof. By the weak convergencein H'2, the sequence z, is uniformly convergent
to z, so that V . ¢(za(3)) is bounded, i.e.

(7.2.1) IIV(”w(Z,.(.!))"(., <en
for some c; > 0. Moreover, since , is bounded in L3([0, 1}, T M), there exists a

positive constant L, such that for every n € Nit is:

(7.2.2) / l(i,. vin ) d8 < Ly.
0

Assume that there exists a sequence s, in [0,1) such that nll.ngo @(zn(3a)) =

0. Observe that by the uniform convergence of z, and the fact that z,(1) €
supp(7), which is far from 9A, then s, is bounded away from 1, say

(7.2.3) 1-3,2n0>0.
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From (7.2.1), (7.2.2) and the Hélder's inequality, for s > s, it follows:

olenlel) = plan(sa) = [ (Foolon) i S a5,
and since ¢ > O on A:
(7.2:4) @(za(3))® < (c1L1V/a = 3n +0(2a(3a)))? < 2RL3(3 = 30) + 2020 (54))>.
Taking the inverse and integrating (7.2.4), we get:

1 ds 1 AL3(1 - 3,) + 0(2a(30))?
/.. O 2 28T '°‘(' TN )

Taking the limit for n — o0 in (7.2.5), recalling (7.2.3), we obtain the thesis. O

(1.2.5)

We will assume from now on that £+1 is c-precompact for every ¢ € R.
Observe that this condition does not depend on the choice of a parametrization
for .

Notice that from the HSlder inequality we get:

(7.2.6)

1 1 2
Q) 2 Q(a) = [ (9T, ip s> ( [T, 45) =@em) -TeEN,

for every § > 0 and for every z € ﬂ;;g. Since we are asuming that supT(y) =
400, whenever T'((1)) is bounded, 7, is bounded, too. Then for everyd € R*,
there exists m(d) > 0, such that

(7.2.7) QCc, véxo.

Lemma 7.3. For every c € R*, Q§ is a complete metric subspace of Lt . with
respect to the Hilbert stucture (7.1.1).

Proof. Let z, € Q§ be a Cauchy sequence. It suffices to show that there is
a subsequence of z, that converges in £}, ,. From (7.2.7), it is z, € e,
From the m(c)-precompactness, it lollows that there exists a compact subset
K = K(c) of A such that supp{z,) C K for every n € N. Moreover, since (z,)
is a Cauchy sequence, there exists a constant M > 0 such that

(73.0) /; i i)y ds < M.

From the Ascoli-Arzeld Theorem it follows that z, has a subsequence (still de-
noted by z,) that is uniformly convergent to a continuous curve z; from (7.3.1)
it follows that z € H'?([0,1],A) and that we have the weak convergence in
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H'3([0,1), M). (By weak convergence in H'3([0,1], M) we mean that z, is
uniformly convergent to z and that

1 1
tim [ o do= [ (5, 0he o
for every sequence v, € L?([0,1],TM) that is strongly convergent (in L?) to
v). Since [ ¢(za)3ds < §~1Q;(2,) is bounded, Lemma 7.2 says that z(s) € A
for every s, and therefore z € H'2([0,1},A). Since %, is a Cauchy sequence in
L3([0,1}, R™) and the tangent bundle TM is locally trivial, the compactness
of K and the completeness of L3([0,1], R") give immediately the strong L*-
convergence of i, to an element w € L3([0, 1}, RY). But i, tends to i weakly,
so w = # and z, is strongly convergent to z in H%3([0,1],A). By continuity, we
have:
¥.(s) = -lj'n; ¥e(22) =0,

where ¥, is the map introduced in Section 2, whose locus of zeroes is the set

l::’m,. This implies that z € L:" v, and the Lemma is proven. O

Most of the rest of this section will be devoted to the proof of the main
compactness property for the functional Q;:

Proposition 7.4. For every c € R*, Q; satisfies the Palais-Smale condition

at the levelc on L}, .

Proof. Let z, be a Palais-Smale sequence at the level ¢ for Qy, i.e. z, satisfies
(PS1) and (PS2) of Definition 7.1. We assume without loss of generality that z,
is smooth and that Q;(z,) < ¢+ 1, for every n € N.

We denote by ©,, the gradient of Q}(z,) with respect to the Hilbertian norm
(7.1.1) (-, )1, which is the vector field in T,_L, . that satisfies:

1
(7.4.1) Qz(zu)[(l = (eu 9()1 = /0‘ (Vi"eu ' v:.)()(l) ds,

for every ¢ € T;_ L, 4,s- By (PS2), it is:
1
Jim (6,,6.)1 = lim_ [ (vive,,vive,)y, ds =0,

i.e. V,©, is strongly convergent to 0 in L3. Using integration by parts (that can
be done assuming z, smooth) and the Riemannian metric (1.0.1), it is easy to
prove the existence of a sequence of vector fields A, in A, convergent to 0 in L3,

such that, for every ¢ € T, L}, it is:

(74.2) /o l(V:"’A.. VO ds = _/; l(A.. Vi() ds.
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NOW,
_/ol(. : ) _/ol(' . ) 2/1(VT( ) : )
Zn 1y Zn )iR) n 3 Z2n) 4 2n ds

-+ 2Q(za) £ 2Q4(24),

which is bounded. Then by Lemma 7.2, z, has a subsequence, still denoted by
zn, which is weakly convergent to z € H'2([0, 1], A).

Take {(s) € T,, H"?([0, 1], M), with ¢(0) = ¢(1) = 0, and set, as in Section 3,
Ve(s) = C(8) = banc(3) - VT (2n(s)),

where 4 = u, ¢ is the solution of the Cauchy problem {3.0.6). Since V; €

T..L}, .. from (7.4.1) and (7.4.2) one computes easily the following formula:

1
(7.4.3) Q;(z“)[V(] = L {A.,V, ¢ - pl VT(2:)+ 5 HT(Z,.) éu)(u) ds.

We need to prove that Z, is strongly convergent to z in L?([0, 1], TM).
Set u, = Bsp s

(HT(zn)in 1in)
(VT(zn),2n) '

(7.4.4) F(s.6) =6 (Z‘("z()’a) VT(a)) - (HT(2) £,5)

1
Aa(3) = e~ Joonto) de ( / F(20,8) e Joonler de dr).

a=a.(s) = -

Note that by Propositions 5.1 ad 5.2, F(z,4) is non-negative and it is uni-
formly bounded on the sublevels of @5, and the same holds for A,,.

From (3.2.2) and (7.4.3), it follows:
(7.4.5)

1 .
5 Zn
/(z,.,V,()ds+/ A,(m,v,()da+
+ / (YT(20), 30} (VT(20), VuC) ds = § / s (Telan) O dst
+ /o (VT(20) ) 20 ) (HT (20) 20 , C) da=-2- /o (An,V,¢) ds+
11 (HT () i vin) o ,
+§/o (A..VT(z,))W)—(VT( n) 1 Zn) tin ds+

1/ in
-3 [0 T (it 9e0 o [0 BT )i,
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It is easy to check the following boundedness properties for the functions involved
in our computations:

(a) ay is bounded in L3([0, 1}, R);

(b) (An,VT(2s)) - an is convergent to 0 in L}([0,1], R);

(c) e~ Js *=(#) 9 is bounded in L*([0,1], R);
and from these it follows that

ca(s)=¢" Jo snlo) de /l [(A. VT2 )) . an]ej.' sa(e)de 4.

tends to 0 in L*([0, 1], R). Moreover, we have:

z, . !
d) s—==—————is bounded in L*°([0,1], T M).
Integrating by parts the terms in (7.4.5) that do not contain the covariant
derivatives V,(, it follows that we can write (7.4.5) as:

(7.4.6) /; (Y, V00) ds =0,

with
(7.4.7)

: n . . 1
Ya=ta + m&. +(VT(z,),20) VT(20) — EAu + D,

1{A,,VT(z,)) . ' Ve(za) . .
T ¥ e [T )

where D, is defined as the map such that:

D V. ds= L [(an HT(5) i)und
./‘:( s V() 3—5/;( oy H (38) 3 )tin ds+

e (HT () b, 3n) .
+3 | (00 T (Gl (1(s,), 4 e ds.

A careful but straightforward check shows that, from the definition of 4, and the
boundedness properties of the functions involved, the sequence D, is uniformly
convergent to 0.

Obeerve that the last two integrals in (7.4.7) are covariant integrals, in the
sense that, if V] is a vector field along z,, then fo' Vi(2» ) ds denotes the unique
vector field V; along 2, satisfying V3(0) = 0 and V,V3 = V}. An explicit formula
for V3 may be given in terms of the Christoffel symbols of the Lorentzian metric
g.

Notice that, by (7.4.6) we have V,Y, = 0, so, by (7.4.7), Y, is uniformly
bounded, because its mean value is bounded.
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Set:

6/ Vﬁjﬁd&+/(vrug i) HT (30)in ds + Ve,

and
l 1{An,VT(2,) .

o= g8t 2 TG i) O
Then, we can write (7.4.7) shortly as:
. An . .
(7.4.8) Zy + m tn + (VT (2n),20) VT (2,) = H, + hy.

Moreover, the following properties of H, and 4, hold:
(1) hy, is convergent to 0 in L2([0, 1], TM),
(2) Hu(s) = fo. B, dr, with B, bounded in L!([0,1], TM).

Passing to a subsequence, we can assume that B, is convergent as a measure,
hence H, is pointwise convergent, with [|[H,]lo, bounded. This implies that
{hn, H,) is convergent to 0 in L?. Moreover, there exists a positive constant K

such that
H(hn  ha) | < K - llhn

and so (h, ,h,) converges to 0 in L'. Moreover, up to passing to a subsequence,
we have that h, converges to 0 pointwise almost everywhere.
Using the same techniques as in the proof of Lemma 4.2, considering the
product
(ha + Hy by + H,)

(see (7.4.8)) and using the Lebesgue's Dominated Convergence Theorem, from
(7.4.8) one proves that (z, ,VT(z.)) is pointwise convergent, and

I(én ,VT(Z,. ))I L an + fn,

with a,, convergent to Qin L! and f, boundedin L*°. Passing to the Riemannian
metric (1.0.1), this implies that Z, is pointwise convergent almost everywhere,
and

Minllon < Gn + Ba,
with &, convergent to 0 in L!, and 3, bounded in L. Again, by Lebesgue's
Theorem, this implies that %, is convergent to 2 in L?, and we are done. O
Remark 7.5. With the same arguments used in the proof of Proposition 7.4, it
is not too difficult to prove the following uniform version of the Palais-Smale
condition. Let § > 0 be fixed, ¢, be a positive, infinitesimal sequence, and
2y € Lp 4., be such that:

(1) lim Qu(an) =<,
() lim Qj(z) =0.
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Then, z, has a subsequence that converges strongly in H3([0, 1}, M) to a curve
z€L),. I .

At this juncture, we do not know whether the limit z of the sequence z, above
is a curve of class C2, nor il it is  # 0. Thus, we cannot conclude that z is a
geodesic from p to . For this reason, we need to make an intermediate step and
consider the critical points of Q; in L}, In the next session we will discuss

some a priori estimates for such critical points.

8. A PRioRl ESTIMATES FOR THE CRITICAL POINTS OF @y

Let’s consider the Euler-Lagrange equation for our variational problem, which
is given by (4.5.1)

A direct computation of the derivatives in (4.5.1) shows that the differential
equation satisfied by the critical points of Qs in L}, , is given by:

. Mo A . (HT(s)2,2) +(VT(2),V,.9)
Vit ttoTe.n Y (VI H
(8.0.1) +(HT(3),5) VT(z) 4 (VT(), V. 3) VT(s) + Ri'ﬁ Ve(s) = 0.

Multiplying (8.0.1) by , and using the fact that {%,) = —¢2, we obtain:

d A d (1 ? 4/ s
— 2—— —— — - 5 — m— ——— —
*% (o)t & (3evm0.9) - % () =

from which it follows a conservation of energy property for the critical points of
Qs on C::,.,:
el

(VT(2),%)

In this section, we assume that {2,4}¢.s>0 is a family of critical points for
Q; in L:",,.,. like for instance a family of minimal points, C € R is a constant
satisfying:
(8.0.3) Qi(ze,5) SC, Ve, &> 0 sufficiently small.

and we will study the limit of z, 5 when € and § tend to 0. Notice that (8.0.3)
implies:

: ’ 1§
(8.04) /o (VT(204) i s)? ds < C, and /o o sC

2
(8.0.2) + (-;-(VT(:) ,i)) - 1p—(i)_’ = E, 4 = const.

From Proposition 4.4, z. 5 is a curve of class C? on M.

Remark 8.0. Define A(s) = A, ¢(s) as in (7.4.4), with n replaced by ¢,$. Since
the scalar product (Vi(g) , VT(g)) is null in a neighborhood of dA, the quantity

ﬂ_:_m(w(z.,;).v.'r(z..s»

is uniformly bounded on the sublevels of Q;, independently of § and ¢. This fact
and (8.0.3) imply that also A = A4 is uniformly bounded independently of &
and e. Moreover by Proposition 5.2, it follows that A > 0.
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Lemma 8.1. Let 2,5 be as in (8.0.8). Then, there ezists a positive constant
L = L(C) > 0, independent of § and ¢, such that:

<L, Ve, §>0.

Proof. Let 3o = so(¢,8) € [0,1) be a minimum point for the function o(s) =
¥(2,6(s)) > 0. We can assume that so € (0,1), because if that weren't true for
all & € (0,89}, then the thesis of the Lemma would be trivially true. Then, it is

0= p'(.io) = (V‘P(zt,ﬁ("()) ’ 3.3,5(30»’

and
0< p”(.!o) = dd-—s (VW(ZC.J(") |’:(,6(")) =
(8.1.1) = (HY(2:,4(%0)) 7c,5(%0) s 0.6 (30)) + (Vo0(20,5(50) , Vo 32,5(50)).

Obviously, we can assume that z, j(so) is close enough to @A in such a way that,
by (4.0.1), we have:

(8.1.2) (Ve(ze,4(50)) , VT(26,4 (%))} = 0.
Then, multiplying (8.0.1) by Ve(z,4(30)), we get: .

A
(VT(2e,5(s0)) 1 2,6 (20)

(Veo(2e,5(%0)), Vooze,6(30))) _
+4- loe.(0))° =0.

(Ve(2.,5(30)) » Vi 2e,5(20)))+ ) (Vo s(30)) ) Vool 2,8 (30)))+

(8.1.3)

From (8.1.1) and (8.1.3) it follows:

0 < (HY(2¢,5(50)) Ze,6(30) » Ze,6(30))+

5 A =L
~ ola(ra) ¥ eles (20)) . Velais(2))) (‘ + (vr(z...(so».z'...(so))) '

hence
wj*,,,»—sm(z-s(w))  Vo(zes(50))) <
' A
(8.1.4) < (H?(2¢,5(30)) Ze,6(50) 1 Z6,5(50)) (1 * (VT(z¢,6(%0)) 1 2.8 (so))) '

If K, denotes the supremum of ||H* || on N(p,7) N O, recalling that:

(VT(24.4(50)) » 5es(50)) = 7‘5\/6 ¥ Hes(30) I2nys
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from (8.1.4), we get:
(8.1.5)

m(vw(zc.c(so)) , V(2,4 (30))) <
< K llies(30)Is, + VZA K lle,s(50)lm € Ka(llze,s(50)3n, + 1),

where K is a constant independent of § and ¢; the last inequality depends on
the fact that A is uniformly bounded independently on § and e.

By the wrong way Schwartz's inequality (VT(z4), %) 2 ¢, recalling that
). is uniformly bounded independently of ¢ and §, we obtain the existence of
a constant K3 such that

A

(8.1.6) Tl 2od) | S

Ks-c.

Integrating (8.0.2) gives that E, s is uniformly bounded. Then, again (8.0.2)
gives the existence of a constant K such that

e é
(8.1.7) (2.1 Fe8)m £ Ko+ PRl

and from (8.1.5) we get:

(]

gy (Veliloo)) Volzes (o)) < Ks + oo,

" ETEN

where K is a positive constant independent on ¢ and 8. Since z,4 lies in a
compact subset of A, there exists a constant 1y > 0 such that:

(Vv(l-,a(So)).VsP(z..s (30)» 21w >0,

hence:

§

< (V‘p(z‘" (30)) " V¢(3¢,5 ("0)» <SKs+ ,p(g"‘ (.\!1;]))2 g

&
s (30))°

Finally, from this we conclude that there exists a positive constant K, indepen-
dent of ¢ and §, such that:

é é
©(2e,6(20))° S FKe (l ith 'P(‘-.s(ao))"') :

from which the proof follows. O
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Lemma 8.2. Let 2,4 be as in (8.0.3). Then, the family {3, 4} is bounded uni-
Jormly with respect to § in H ([0, 1], TM).

Proof. As in (4.1.4), we have that the family:
A . )
(' * T ,_é.,.)) 20 +(VT(208) 1 2e) VT (22,4)

is bounded in H'1([0,1], TM). Keeping ¢ bounded away from 0 and arguing
as in the prool of Lemma 4.2 one proves that (VT(z,4),%.s) is bounded in
H'\([0,1], R) uniformly with respect to 8, and from this fact it follows that Zes
is bounded in H"! uniformly with respect to 4.

Then, £, 4 is bounded in H"* with respect to § and we are done. O

Ir particular, from Lemma 8.2 it follows that z, ; is bounded in L>=([o,1},TM)
with respect to 4. Hence, up to taking an infinitesimal sequence §,,, there exists
the strong limit:

(8.2.1) limz =2 in H'([0,1), M);
which is also a weak limit in H%3([0,1], M). Moreover, recalling the function
¥, defined in Section 2, we have:

wl(zl‘) = P_‘I:"tc(zc.l) = }i_l'.I})O =0,

from which it follows that z, € £}, (A)!.

Our next step is to show that z, satisfies a differential equation similar to
(4.5.1). Let §, be an infinitesimal sequence such that (8.2.1) holds. From Lemma

8.1, since ;z’—f'..':jg is bounded in L*, then it is also bounded in L2, and, up to
passing to a subsequence, we can assume that WTE‘:F is weakly convergent in
L2, and we write:

da
'P( zc,‘. )3
Since z, 5, tends to z, in H"2, taking the limit as n — 0o in (4.0.3), an integra-
tion by parts gives:

. Az ] N
V,z, + V, (m) + V, ((VT(Z.) b Z.) VT( ‘))+
(8.2.3) +6-Vo(z) — (VT(2),2)HT(2.) 2. =0 a.e.,

which is a sort of Euler-Lagrange equation satisfied (almost everywhere) by z,.
Notice that

(8.2.4) L(s)=0 if z(s)¢aA.
Notice also that
Zes, = 2 in H? and Qy_(2.s.) = Q(z.).

We can also prove that z, satisfies a sort of conservation of the energy property:

(8.2.2) — ¢, in L3([0, 1}, R*).

t i.e., z may touch the boundary 9A
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Lemma 8.3. For every € > O there ezists a constant E, such that:

S S
© (VT(z), 2)

Moreover, {E. }¢>0 is bounded (independently on e).

Proof. Fix s €]0, 1, if z,(s) € A, then s is a local minimum for ¢(z,(-)). Then,
since z, is of class C!, (V(z,(s)), i (s)) is zero. Moreover, {, is zero outside
9A, and recalling that (%, ,1,) = —¢, if we multiply (8.2.3) by Z,, we get:

(8.3.1) + (VT(z.) ) =

d Ae

—_ P Y VT(z,),z ) =0 ae
( (VT(z),z2) 2( (%), %) '

which proves the first part of the Lemma. To obtain the boundedness of E,, we

integrate (8.3.1) on [0, 1}, and we get:

. A 1
=] el PR =
(8.3.2) E,=—¢ ./ol VT(z), %) ds + 2Q(z,).
By (8.1.6), the integral in (8.3.2) is bounded, while Q(z) is bounded by (8.0.3),
and the proof is concluded. O

Lemma 8.4. 2, is uniformly bounded away from 0.

Proof. By contradiction, assume that there exists a sequence ¢, tending to 0
such that z,_(s,. ) — 0. Since as ¢ tends to 0 the quantity

_£2 ..._.....-_-_—_—A‘
(VT(z,)),4)

converges to 0 uniformly by (8.1.6), then E,_ must tend to 0, too. From Lemma
8.3 and the definition of L}, ., it follows that (%, ,Z,, )» is bounded. By the
Tychonoff’s theorem, up to passing to a subsequence, z,_ is pointwise convergent.
Then, from the Lebesgue theorem, z,_ is strongly convergent to a curve z € L:' .
in H':3, From (8.3.1), it would then be:

0= u:n E, =(VT(3),3),

which is an absurd, because 3 € £"" 4 cannot be constant. O

Lemma 8.5. Let 2, € L,., ¢ be such that Q(z,) € C and z, satisfies (8.2.3).
Then, there exisls z € C , and infinitesimal sequence e, such that z, converges
to z in HY? (and Q(z._) —+ Q(z)). The curve z is a lightlike, future pointing

pregeodesic, parametrized by (VT(z),2) constant.

Proof. Thanks to Lemma 8.4, arguing as in Lemma 8.2, one shows that z, is
bounded in H'*° (uniformly in ). Then, there exists s and e, as in the thesis,
such that z,, converges to z in H'3. Also, £ is in H"*. Taking the limit in
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(4.0.3) (see also (8.2.2) and (8.2.4)), we get the existence of ¢ € L3([0, 1], R*)
such that

v,z+v,( Az

+€-Vo(z) - (VT(2), ) HT(2) i =0 ae.
An easy contradiction argument shows that the light-convexity of dA implies:

(H*(w)(,¢) <0,

for any w € dA and ¢ € T, A, ( lightlike.
Then, since z is a lightlike curve,

(H?(2(s)) i(3),2(s)) < 0,

for every s such that z(s) € @A. Hence, arguing as in the proof of Lemma 8.1
(see also (8.1.1) and (8.1.4)), we see that £(s) < O for almost every s such that
z(s) € dA. But £ > 0 almost everywhere, and it is null if 2(s) € A. Then, ¢ = 0
almost everywhere, and z is a critical point of class C2 for Q on C;,(K)' in
the Gateaux sense. By Lemma 8.4, ¢ # 0 everywhere, and from [AP, Theorem
1.2] z is a pregeodesic parametrized in such a way that (VT(z),z) constant.
Finally, the light-convexity of 3A shows that 2([0,1]) C A, so z is a pregeodesic
on L}_(A), having (VT(z), Z) constant. O

Remark 8.6. To get the existence of minimizers for Qs on L}, . we needed to

deal with minimizing Palais-Smale sequences. This is due to the fact that gLt
is closed with respect to the strong convergence, but not with respect to the
weak H'3—convergence. In any case, a classical argument of critical point theory
shows that every C'-functional defined on a complete C'-manifold, satisfying the

Palais-Smale condition and bounded from below, attains its minimum value.

9. A SHORTENING METHOD FOR THE FUNCTIONAL Q.
DEFORMATION LEMMAS ON L},

The main goal of this section is to prove a series of deformation Lemmas for
the sublevel of the [unctional Q on C:: » Needed for the Ljusternik-Schnirelman
Theory. These results are well known in the case of functionals satisfying the
Palais-Smale condition on a regular manifold, but, in our setup, the lack of
regularity of the manifold C‘,". , does not allow the use of the general theory.

For this reason, we will now discuss a different approach to the deformation
Lemmas, based on a shortening method for the functional Q on C":.,, that resem-
bles the well known method of shortening geodesics in Riemannian manifolds.

For c € R*, we introduce the following set:
N(pv.c) = {g € A;| 3 € 032 such that (3,5) < Oae.

(9.0.1) (5,VT(z)) > Oae., with Q(z) <c,q€ supp(z) }

t i.e., z may touch the boundary 9A
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From the ¢-precompactness of £;"1, the set N(p, v,¢) is precompact in A for
every c € R*.

We fix a time function T on M satisfying the conditions of the Proposi-
tions 5.1, 5.2 and 5.7 (see Remark 5.8). For ¢ € M, we denote by ¥, the
maximal integral line of VT through g. We have the following

Lemna 9.1. [f q € A, then supp(+,) C A.

Proof. I ¢ is the function as in (4.0.1), it is:

(9-1.1) % @(75(2)) = (Vg (2)) 1 Fa(8)) = (Vo7 (s)), VT (v (s))-

By (4.0.1), the last term in (9.1.1) is null in a neighborhood of dA. Hence, 7,
cannot cross dA and supp{v,)CA. O

Proposition 9.2. For every c € R* there esists a positive number p = p(c) > 0
such that for every z € Q‘nt:;‘,., and for every 1, g2 € supp(2) with dx(q1,92) £
p, there exists a unigue lightlike pre-geodesic, fulure pointing, joining g and 7,

and that minimizes Q in £J, o (A).

Proof. Let c € R* be fixed such that Q°NL}, is non empty. By Lemma9.1 and
standard results in the theory of ordinary differential equations, it is easily seen
that there exists a positive number ¢ = ¢(c) such that, for every ¢ € (0,£(c)},
for every 2 € £}, and every qi,q2 € supp(z), the manifold L:’m"', is not
empty (see also Proposition 6.1 its proof). Hence, by the c-precompactness and
Lemma 5.9, there exists at least one minimizer z, s for @; on C:'mw,. Thanks
to the results of Section 8, we can pass to the limit as £,6 — 0 to obtain that z 5
is convergent in H'? to a curve z € L3, , = which minimizes Q on L3, ~.,(A)
Moreover z is of class C? and # is does not vanish anywhere. Finally, if p is
the minimum injectivity radius on A(p,7,c), the exponential map ensures the
uniqueness of such a minimizer. Indeed, assume that z, and 2; are minimizers
for Q. Since the quantity {z,VT(z)} is constant on critical points, we have:

1
Q) = / (& VT(x))? ds = [T(x(1)) - T(@)}’, i=1,2
Then, since @Q(z)) = Q(32), it would be T(21(1)) = T(z2(1)). But T(v,,(s) is
monotone, hence this is in contradiction with the definition of p. 0O
Lemma 9.3. Let © = Cl"ni(l:i )Q and p : [¢,4+00) —+ R* be the function of

Proposition 9.2. There ezists a continuous funclion v : [¢,+00) r— R*Y such
that, for every pair a,b € [0,1} with [b — a| < ¥(c), and every z € Q°N L} (A)
it is da(2(a), 2(b})) < &(c)-
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Proof. By Holder's inequality:

da(z{a), (b)) < f Vi) i)y ds < V=] ( / 'm,),,-(,»..,)* 3

1 ]
= V[b-a] ( /o‘ ((&(s) 4 (s)) + 2(i(s) , VT(2()))?) d’) =
= V2b-a|Q(2) < V2¢]b - a].

This shows that it is possible to get the continuous function ». O

We fix once and for all a continuous function v as in Lemma 9.3, and for every
¢ € [¢,+00), we define N(c) € N to be the maximum natural number such that:

N(e) < (e)) .

We define a first shortening operator S, : L:‘n —b C:‘..’ inductively, as follows.
Forz € L}, weset s; =i-N(Q(2))"!,i=0,1,...,N(Q(z)). Moreover, if
3n(Q(s)) < 1, which happens precisely when v(c)~! is not an integer, we also set
sN(QGp+1 = 1.
The map S; is uniquely determined by the conditions:
(a) the restriction of S)(z) on the interval [0, s;] coincides with the unique
lightlike, future pointing pre-geodesic joining p and v,(,,) that minimizes
Q. If sy(q(s)) < 1, then S(z) is defined analogously on the interval
[sn@en 1k

(b) for i € {1,...,N(Q(z)) — 1} the restriction of S)(z) on the interval
[3i1 8i41] gives the unique lightlike, future pointing pre-geodesic joining
S1(2)(si) and 7,(,,,,) that minimizes Q;

(c) Si(z) is parametrized in such a way that (VT(S;(z)), S1(z)) is constant
almost everywhere on [0, 1].

The map S, is well defined thanks to Proposition 9.2.

In a similar fashion, we define the second shortening operator S; : £} +—
L}, bysettingtg =0, =3, /2+ (i —1)-N(Q(2))?,i =1,...,N(Q(2)), and
defining recursively the restriction of S3(z) on [t;—1, ;] to be the unique lightlike,
future pointing pre-geodesic joining S3(z)(¢-1) and 7,(,), that minimizes Q.
The above modifications in the definition of S; need to be done in case v(c)™!
is not an integer.

Finally, we define the operator S as the composition:
S: C',’: y— C::.'

(9.3.1) S=S5308,.

Thanks to Lemma 9.1 and Proposition 9.2, a tedious but straightforward compu-
tation shows that S is a continnous map; moreover, by construction, Q(S(z)) <
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Q(z) for every z, where the equality holds only if z is a lightlike, future pointing
pre-geodesic joining p and 7, with (VT(2), z) constant. The reader should ob-
serve that the continuity of S; and S; on C:" , depend on the modifications made
to the their definitions in the case #(c)™! is not an integer. It is also important to
observe that the shortening operator S can be defined on all the lightlike curves
with support in M(p, 7), with endpoint lying on a timelike vertical curve.

Definition 9.4. A curve z € L}, is called a critical point for Q if 2 is a
pre-geodesic in A, with (i(s), VT'(z(s))) constant. A real number c is called a
critical value for Q on L} if there exists a critical point z for Q on £}, such
that Q(z) =c.

In the rest of this section we will denote by K the set of all critical points for
Qon L}, :

(9.4.1) K ={z€ L}, |zis acritical point for Q on cr.}

A real number c is called a critical value for Q on L:'.., if there exists z € X such
that Q(z) = c. A real number ¢ € R* which is not a critical value is called
regular value for Q on L} ..

Before proving the deformation Lemmas, we need to show that the set of
critical points of Q at any (fixed) sublevel is compact in L',". g

Lemma 9.5. For every c € R*, the set KNQ°N LY, is compact.

Proof. The geodesics are regular points of L;’".', since they have non zero deriv-
ative, and Q is differentiable at those points. If z, is a sequence of geodesics
in £}, with Q(2s) £ ¢, then, since Q'(z,) = 0, one can repeat verbatim the
same proof as in Proposition 7.4, setting ©, = 0 in (7.4.3), to conclude that z,
has a converging subsequence. Indeed, from the light-convexity asumption, it
follows also that a sequence cf critical points of Q on C:'.., can not approach the

boundary. O

Lemma 9.6. Let ¢ € R be a regular value for Q on C:" y- Then, there ezisis
o > 0 and a homotopy n € C°([0,1] x @<*' n L}, ,Q** n L} ) such that:

(1) n(0,2) = z for every s € Q' N LY.,

(2) n(1,@**nct )cQnL},.
Proof. Forn > 0,set S* =S0S0:--08 (n times). Since L}, is c-precompact,
the classical method of shortening geodesics (see [Mi]) shows that there exists
n = n(c) € N and ¢ = o(c) > 0 such that:
(9.6.1) Q(S™(2)) Sc—0, YzEQtnL;,.
The homotopy searched is then obtained by setting:

n(t,z) = s-("[:-c.u)'
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where zlh i is the restriction of z on the interval [1 — ¢, 1]. ‘The continuity of

1 is easily established using local coordinates. Part (2) of the thesis follows from
(0.6.1). O

In an absolutely similar fashion, we can prove the following:

Lemma 9.7. Let ¢ be a critical value for Q on L;,':.,, and U be an open neigh-
borhood of KN Q~(c)n C::.,. Then there ezists ¢ > 0 and a homotopy n €
C°([0,1] x Q<*n C',':.',Q“” NC}.) such that:

(1) n(0,2) = 5 for every s € Q<*' n L},

() n(1,@**nci \U)Cc@*nct,. O

In the last deformation Lemma we show that, if X is bounded, then the whole
space C:ﬂ can be continuously retracted to a sublevel of Q:

Lemma 9.8. Let c be such that KN {z € L}, | Q(z) > c} = 0. Then, there
exists a homotopy n € C°([0,1] x L}, L}.) such that:

(1) n7(0,2) = 2 for every 2 € L},
(2) n(1, L}, )CcQ@*nct..

Proof. Let ii(t, z) : [0, +00) x L}, +—b L}, be any continuous flow that interpo-
lates the discrete flow (n, 2) —— S™(z), in the sense that ij is a continuous map
that satisfies:

(1) for every z € L}, the function ¢ —+ Q(7i(t, z)) is non increasing,

(2) ii(n,2) = 5*(3), for every n € N and every z € £},

Such an interpolating map can be easily constructed using the same techniques
of the geodesic shortening method of [Mi]. By Lemmas 9.3 and 9.6, for every
5 € L}, there exists a positive number ¥(2) such that Q(j(t, z)) < c+ 1 for every
t > I(z). Using a partition of unity on L}, the function 7 : £}, —+ [0,4c0)
can be chosen continuous. The homotopy wanted is then given by n{t,z) =
fi(t-i(z),2z). O

10. LJUSTERNIK-SCHNIRELMAN THEORY
AND MuLrrrriciTY OF LigHT RAYS

In this section we will make use of the Deformation Lemmas proven in Section
5 to build a Ljusternik~Schnirelman theory for light rays joining p and . Let K
be as in (9.4.1).

The first result in an easy consequence of Lemma 9.8:

Lemma 10.1. Let c € R* be such that KN {z € L}, | Q(2) > c} = 8. Then,
it is:
at(6,) =gt @ 'negy).
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Proof. The Ljusternik-Schnirelman category is invariant by homotopies and
monotone by inclusion. Hence, from Lemma 9.8, it follows:

+ +iqpt + ) = +
:?: (€34) 2 :’2" (@*'ncp,) 2 2?‘1 (n(1,L5,)) = 2;‘1 (6,)- O

We prove now that all the sublevels of Q have finite category:
Proposition 10.2. For ecvery c € R*Y, it is

f?t (@ nL})) < +o.

Proof. By contradiction, suppose that there exists a number ¢ € R such that
cat (Q°n L} ) = 400,
Ly ’

and let € > 0 be defined by:

t=inf{r€ R| cat (@°nc},) = +oo}.
Ly~

It is shown in Lemma 9.5 that XN Q%N L}, is compact, so that it can be covered
k
by a finite number of open contractible balls B;, i = 1,...,k. Let U = |J B;;
iml

Lemma 9.7 implies that there exists o > 0 such that

(10.2.1) ot (@t nct)\V) < a (@ nc}).

But by definition of ¢, it is
Z4+ + 24+ +
@ 0L;)\U) 2 g;:(Q ‘neg)- @) 2

2 (@77 NL5,) — k= 4o,

Py

But, by the definition of T,

cat (@7 N L)) < +oo,

Lo

which contradicts (10.2.1) and proves the Proposition. O

In the next Proposition we prove a non smooth version of a classical minimax
argument of the Ljusternik-Schnirelman theory:
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Proposition 10.3. There esist at least cat (L7} critical points of @ on L.
c't” ' ;

Proof. If Q has infinitely many critical points on £ ,,, then the proof is done.
Assume that X is finite and define

= max Q(2).
By Lemma 10.1, there exists d > & such that

cat( ) = cat(Q‘nL::.,)=meN\[0}.

For every k € {1,2,...,m}, let

Te={Bc (@nc},) | cat(B) 2 4},

and define:

t= 0, ep )

Clearly, the c;'s are well defined, since cx € [0,d] and The c;'s are critical values
for Q on L} .. To prove this, assume by contradiction that, for some k, ¢ is not
a critical value for Q on £} .. Then by Lemma 9.6, there would exist o > 0 and
a homotopy : (0,1} x £}, +— L}, such that

(10.3.1) ”0,94* nf,) =@+ nc,
and
(10.3.2) n(1,@** n l:',':.,) cCqQRr—n C::.’

Moreover, by definition of ¢, there would exist a B € I'), such that

supQ(z) < ax + o,
2€8

so that B C Q*+* n L} . Denoting by B’ the set (1, B), from (10.3.1) and
(10.3.2) it follows that catc+ (B') = catzs (B) 2 k, so that B’ € I'x. Moreover,
since B' C Q" nL},, one has
supQ(s) < cp—o,
€D’
which contradicts the minimality of c;.
If the c;’s are distinct, then we have at least m critical points of Q on C, aF

and we are done. If for some k € {1,...,m — 1} it is cx = cx41, then Lemma
9.6 and a classical argument in critical poinl theory (see e.g. (MW]) show that
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there are infinitely many critical points at the level ¢, and the Proposition is
proven. O

We are ready to prove the multiplicity results of Theorem 1.4 and Theorem
1.5:

Proof of Theorem 1.4. From [AP, Theorem 1.2], critical points of Q on L,
correspond to light-like geodesics, up to a reparametrization. The proof is
finished with the observation that this correspondence is one-to-one, since the
reparametrizations needed for passing from a critical point of Q to a geodesic
and vice versa are uniquely determined. O

Proof of Theorem 1.5. If cates (C},) = +oo, then Q has arbitrarily large

critical values on £}, . Indeed, if Q didn't have critical values in the half line

[d, +c0), then, by Lemma 10.1 and Propesition 10.2, it would be ‘(::Et (L:' S =
| 2

cat (C:'_., n Q‘“'l) < 400, which is a contradiction.
[ a)
It follows that there exists a sequence A, > 0 of critical values of @ on L:: -

such that lim A\, = +oco0, and a sequence z, € [.;,':.' of critical points of Q,

n—oo
with Q(%,) = A,. From [AP, Theorem 1.2], for every n € N there exists a
reparametrization z, of Z, which is a light-like geodesic in M.
Since T(z(1)) — T(p) is invariant by reparametrization and (%, ,VT(z.)) is
constant, it follows that T'(z,(1)) — T(p) = Aa. Therefore T(z,(1)) —+ +0co and
since T(¥(s)) is strictly increasing, the same happens for 7, 4(2,). O
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