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ABSTRACT. Thi• paper i1 dedicated to the 1tudy of light ray• joining an event p 

with a timelike curve-,, in a light-convex 1ubaet A of a 1tably causal Lorentzian 

mani(old M. We set up a functional rramework, defined intrin■ically, con1iating 

of a family of manifolda .c't,.,,. and • poaitive functional Q defined on them. The 

critical point• of Q on ct,.,,. approach, 11 f ➔ O, the lightlike1 future pointing 

geodeaicsjoining p and-,. We prove 10me regularity re1ulta1 including the C 1 -

regularity of .c't,.,,., the C 2-regularity of Q on .c: . ..,.• and the C2-regularity of 

it1 critical point■• Uaing them, we develop a Ljuaternik-Schnirelman theory for 

light ray■, obtaining 10me multiplicity reeulta, depending on the topology of the 

■pace of all lightlike curvea joining p and -, in A. 

l. INTRODUCTION 

This paper is dedicated to the study of light rays joining an event p with a time­

like curve -,, in a light-convex subset A of a stably causal Lorentzian manifold 

M. We will assume that (M,g) is a stably causal Lorentzian manifold, witb 

Lorentzian metric tensor g. For the sake of simplicity, we will denote by (·, •} 

the bilinear form on T1 M given by g(z). We refer to classical boob as [BEE, 

HE, ON) for the main definitions and properties in Lorentzian geometry. 

We recall that a Lorentzian manifold is said to be stably causal if it is causal, 

i.e. it does not contain closed causal curves, and if this property is preserved after 

small C°-variation of the metric g. F,quivalently (see (HE, Proposition 6.4.9)), 

1991 ll•IAcni•Cin Sa6jecc C/•,.ificalioa. 13 C 22, 13 C 80, 49 J IO. 

Key wonl, .. , pArwsc,. Loren&aian Geometry, Fermat'• Principle, General Relativity, Light 
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M is stably causal if there exista a time function Ton M, i.e. a smooth (unction 
T : M t--+ ll, satisfying: 

(VT(q), VT(q)) < 0, 

for every q EM. Here, VT is the Lorentzian gradient of T, defined by dT(•} = 
(VT, •). 

Let T be a fixed time (unction on M. As we will see later (up to multiplying 
the metric by a conformal factor), it is not restrictive (for the study of light rays) 
to assume that VT is normalized, i.e. (VT(q), VT(q)) = -1 for every q. 

The vector field VT gives a time orientation on M: a vector II E T, M is 
future pointing if (v, VT(z )) > 0. Observe that, by this definition, VT pointa 
towards the past. 

We will study the light rays in M, i.e., geodesics z satisfying (.i(a), .i(•)) = 0 
for all •• joining an event p E M with a future pointing timelike curve -, : ll t--+ 
M, which is assumed to be a closed embedding of 6l in M. In particular, this 
implies that -, has no endpoints in M, i.e. -,{a) is eventually outside every 
compact subset of M for a ➔ ±oo. The curve -, is future pointing in the 
sense that -y(a) is future pointing for every s. In other worm, T(-,(a)) is strictly 
increasing. 

Let A is an open subset of M containing supp('Y) = ;,(.R), with the following 
properties: 

(1) 8A is a smooth (C2) submanifold of M; 
(2) 8A is timelike, i.e. for every z E 8A the normal vector to T,aA is apace­

like; 

(3) 8A is light-convex, i.e. all the lightlike geodesics in A= AU8A with 
endpoints in A are entirely contained in A. 

We introduce an auxiliary lliemannian structure on M, related to the time 
function T, that will be used systematically throughout the paper. It is denoted 
by ( ·, · )111,1 and it is given by the following formula: 

(1.0.1) 

for z EM and ( E T.,M. Observe that (1.0.1) clearly defines a smooth bilinear 
form on T,M; the (strict) positivity of(·, ·)111,1 follows easily from the wrong way 
Schwartz's inequality. We denote by II• 1111, the norm on T,M induced by ( ·, -~11,,. 
and by V!ll' the covariant derivative induced by the Levi-Civita connection of 
(· • ·)111,1• 

The metric (1.0.1) allows to define intrinsically the Sobolev space 

H1
•
2 ((0, 1), A) = { z e Ac ((0, 1), A) I fa1 

II.ill! da < +oo}' 

where Ac ([o, I], A) is the set of absolutely continuous curves from (o, I] to A. It 
is well known that H 1

•
2 ((0, l], A) is a smooth Hilbert manifold (see (K}). Using 
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locaJ coordinates, it is not difficult to see that the space 111,:.1((0, 1), A) does not 

depend on the choice of the time function T. 

We introduce the following space: \ 

n!:~ = o;:! (A)= {z E H1
•
2 ([0, 1],A) I z(O) = p, z(l) E supp(-y)}. 

It is not difficult to see that O!;~ is a smooth manifold and, for every .i E O~;~, 

the tangent space T.n!;~ is identified with: 

The Arrival Time functional on O!;~. introduced by Perlick in [Pel], is defined 

by: 
r,,..,(z} = -y- 1(z(l)). 

The natural space for the search of the lightlike geodesics in A joining p and 'Y 

is given by: 

c:,.., = c:,.., (A)= { z En!;~ I (.i, .i} = 0 and (.i, VT(z)) ~ o 
almost everywhere.} 

Remark 1.1. Observe that the definition of c:,.., does not depend on the par­

ticular choice of a time function T, but only on the orientation of its gradient 

VT. 
To determine the lightlike geodesics in c.:,..,, we would like to look (or the 

critical points of the functional: 

Q(.i) = fo1 

(.i, VT(z))2 ds, on c:,..,. 

Indeed, it is known (see (AP]) that if z is a C2 curve in ,,~.,, with .i(.s) ¢. 0 for 

every s, which is a critical point for Q, then .a is a lightli e pregeodesic in M, 

parametrized in such a way that (.i, VT(z)) is constant. The main properties or 

Q will be discussed in full details in the next sections. 

Unfortunately, caJculations in local coordinates show that c:,l fails to be a 

C 1 manifold precisely at those points z for which .i is null in a subset of the 

interval (0, 1) having positive Lebesgue masure. (see (GM]). For this reason, in 

order to use the standard techniques of Critical Point Theory, we introduce in 

section 2 a family of approximating manifolds denoted by c:,..,., (see (2.0.2). 

They consist of future pointing timelike curves z E O~:~ such that {.i, .r) = -e2 

almost everywhere. Some connections between the spaces c.:,..,,, and c;,., will 

be shown in section 6. 

Due to the presence of the boundary of A, we need to study a functional Q,, 

penalizing Q, defined as follows: 

f1 d.s 
Q,(z) = Q(z) +6 Jo rp{z(a))l' 
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where rp is defined in section 3, and nearby iJA it measures the distance from 
iJA. 

Even though we are only able to prove that the manifold ct,.,,. is of class C 1, 
in section 3 we will prove that Q, is of class Cl. This fact allows to use the 
classical (infinite dimensional) techniques of the Morse theory for the functional 
Q, on the approximating manifolds (see (GMP2]). 

Unfortunately, we are not able to prove in general the Cl-regularity for the 
critical points of Q, (see section 4). For this reason, we are forced to change the 
time function T as shown in section 5. The construction of a new time function 
can be carried over thanks to the following compactness condition. 

For c E ll, we denote by r,,., the c-sublevel of rp,-, in n~:~: 

Definition 1.2. Let c be a real number. c:,., is said to be c-precompact if 
there exists a compact subset K = K(c) of X such that supp(z) C K for every 
z E ct,., n r,,.,. 

The above condition has a crucial role in the proof of the multiplicity results 
presented in this paper, and also to develop an infinite dimensional Morse the­
ory for light rays between p and 7 (see [GMP2)). Notice that the multiplicity 
results and the Morse Theory are obtained intrinsically, without the use of local 
coordinates. 

Remark 1.3. U should he emphasized that, in Definition 1.2, if we give the 
c-precompadness in A rather than X, we would basically be in the globally 
hyperbolic case. Indeed, it can be 'shown that if the compact subset K(c) is 
contained in A for every c, then there exists a globally hyperbolic manifold 
A '.) A, such that z(-') E A for every z E c.:,., and every., (see Lemma 5.9). 

In our case, in order to cover a more general class of cases, we have to use a 
compactness condition weaker than the global hyperbolicity, due to the presence 
of the boundary iJA. In a certain sense, it is the only responsible for the lack of 
completeness. 

The multiplicity of light rays is given in terms of the lJusternik-Scbnirelman 
category cat (t.:,.,) of c:,.,, which is the minimal integer number k, pOS11ibly 
infinite, such that there exists k closed, contractible subsets of C!;., covering + 

r, lp,.,• 

Theorem 1,4, Suppoae that c.:,., i, non t:mpt11 and c-precompact for an11 c e 
n+. Then, there art: at ft:ad cat (c:;.,) future pointing, JightliA:t: gt:odt:1ic1 joining 
p and -y with .,upport in A. 

Theorem 1.5. Under the ,amt: h11potht:1i1 of Theorem 1.,4, if cat (c:;.,} = +oo, 
then there ezi,t, a 1e9uence Zn of future pointing, fightliA:t: gt:oduic, joining p and 
-y in A, 1uch that: 

lim r. -,(zn) = +oo. 
a➔oo ,, 
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Examples where cat (.c:,-y) = +oo can be found e.g. in [GM]. 

We obtain the multiplicity results using a curve-shortening metlaod for the 

functional Q on the space .c:,-Y. This approach seems more convenient than 

the use of curves of maximal slope for the functional Q4 on t.:,-y, especially 

because of the presence of the boundary lJA. However, the use of the penalized 

functional Q,, together with the study of the Palaia-Smale sequences and the a 

priori estimates, will be used to get the existence of minimizers. Moreover, such 

techniques will be also used in [GMP2] to develop a Mol'lle theory for light rays 

under nondegeneracy assumptions, working directly in an infinite dimensional 

space. 

The mathematical formalism developed here has applications to astrophysics 

in the following sense. lf we consider the case or a four dimensional Lorentzian 

manifold M, then M can be interpreted as a space-time in the sense of general 

relativity, -, can be interpreted as the worldline of a light source, and p can 

be interpreted as an event where the observation takes place. The solutions 

of our variational problem are lightlike geodesics from p to -, which are future 

oriented with respect to our time function T. If we interpret this orientation 

as past pointing, any such lightlike geodesic can be interpreted as a light ray 

from-, top. I( our variational problem has more than one solution, an observer 

at p will see more than one image of the light source -y on his/her celestial 

sphere. In this situation, astrophysicists speak of the gravitational lens effect. 

WheneverlJA is not empty, the set M\A, with A defined above, represents a non 

transparent deflector (modelled by a hole in M). For a comprehensive exposition 

of theoretical and obaervational material on this phenomenon we refer to (SEF]. 

Our formalism can be used to investigate if in some space-time, or in some 

classes of space-times the gravitational lens effect takes place; moreover, some 

information on the number of images is provided. Notice that, the Ljusternik­

Schnirelman theory does not need nondegeneracy assumptions, and this fact 

allows to cover cases where continuous images, like arcs or rings, are observed 

(see (SEF]). 
Theorems 1.4 and 1.5 improve the results of (GM), where the globally hyper­

bolic case is considered. The multiplicity results and the Morse relations were 

announced in (GMPl). 

Adnowledgment: The authon, wish to thank Volker Perlick for very useful dis­

cussions on the topics. 

2. APPROXIMATION WITH REGULAR MANIFOLDS 

In this section we assume that a time function T on M is chosen in such a 

way tha& -, is a vertical timelilte curve, i.e. 

(2.0.1) -y(a) = A(a)VT(-y(s)) 

for some function A E Co(R, R). Thia choice is alwaya possible in a stably causal 

Lorentzian manifold, as it will be proven in Section 5. 
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We introduce a family of approximating manifolds as follows. For c > O, we 
define c:,.,,, by: 

c;,.,,. = {z € O!~ I (.i, .i) = -£
2 almost everywhere, 

(2.0.2) ., ..__. T(z(.t)) strictly increasing}. 

In order to study the regularity properties of ct,.,,., we introduce the following 
map between functional epaces: 

1', : O!;~ ..__. L2([0, 1), JR} 

9,(z) = J2 (VT(z), .i) - Jc2 + (.i, .i) + 2(VT(z) ,.i)l 

Lemma 2.1. c:,.,,, = 11';1(0). 

/'roof. If z e c;,.,,,, since T(z(-')) is strictly increasing, then (VT(z), .i) ~ 0 
almost everywhere. Moreover (i, .i) = -c2 almost everywhere, which implies 
9,(z) = 0 almost everywhere, i.e. IJ,(z) = 0 in L2([0, 1),ll). Conversely, if 
z E O!:~ is such that IJ,(z) = 0 almost everywhere, then 

J2 (VT(z), z) = J c2 + (.i, z) + 2(VT(z), z)2 ~ c > 0, 

110 that (.i, .i) = -e2 a.e. Furthermore, hy the wrong way Schwartz'• inequality, 
it is: 

(VT(z), z)2 ~ (VT(z), VT(z))(.i, .i) = c2 > 0 a.e., 
so that (VT( z) , .i) > 0 a.e. and T( z(.,)) is strictly increasing. □ 

Proposition 2,2. Ld z e n!:~ and { e T,n!:~- The map 'l, i, Gateauz 
differentia61e at :z in the direction (, and the Gateauz deriuatiue 9~(:z)[() i, 
given 611: 

11!~(:z)(() =Ji ({HT(z)(, .i) + (VT(:z), V ,()} + 
(.i, V ,() + 2(VT(z), .i) ((HT(:z)(, .i) + (VT(z), V ,()) 

Je2 + (.i, .i) + 2(VT(z), .i)2 

where HT denote, the Heuian of T with reaped to the Lorentzian metric. 
Rcmarlc f.3. Observe that the functions HT(z)( and VT(z) are L00

• Moreover, 
it is: 

.i .i 
Je2 +(z,.i)+2(VT(z),z):l = Je:l+(.i,.i~a,' 

hence 

Je2 + (.i ,.i) + 2(VT(z) ,.i)2 -

This implies that 9~(z)((] E V1([0, 1), ll). 

The proof of Proposition 2.2 is split into several Lemma■. 
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1/11(z) = (VT(z) ,z). 

Then, for every z E O~;~ and every ( E T,O~;~, V'l i, Gateauz differentia6le at 

z in the direction (, and ib Gateauz derivative iJ given 6y: 

(2.4.1) 

Proof. We will prove that ¢1 is differentiable in all the manifold 1/1•2([0, I), M), 

with differential given by (2.4.l), which will imply the Lemma. 

We denote by exp,(·) the exponential map with respect to the Riemannian 

structure ( · , · )nll of M defined in ( 1.0.1 ). For A E ( -cS, cS), cS > 0 sufficiently 

small, and., E (0, 1), we define the two-parameter map u(A, -') by: 

which satisfies: 

(1) u(O,.t) = ((-'), 
a 

(2) al (0,-') = ((s), 

for every ., and A. By definition, we have: 

where the limit is taken in the sense of the L2-norm. 

Let D C [O, 1) be defined by: 

D = {s E (0, 1) I z and ( are differentiable at .t}; 

this is a set of full measure in {O, 1). We denote by '1( z, 11, a) the geodesic flow 

around z with respect lo the Riemannian structure of M. We have: 

(2.4.2) 

Then, for every s e D, it ia: 

:., fJ(l, a) = '1l (z(s),((s), A).i(s) + '1:z(z(.t), ((.t), l)V. ((.t), 

where 'li, i = 1, 2, deno&es the differential of '1 with respect to the i-th variable. 

Obse"e that, originally, '1l is a map from T«•>™ to TM. This map is reduced, 

with the help of the Riemannian metric, to a mapfrom T•<•>M to TM. 

It follows: 

tJ,1(u(l, s)) = (VT(u(l, s)), '11 (z(s),((.t), A).i(s) + 'll{z(,),((a), l)V. ((s)). 
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I( we fix a e D and we apply the mean value theorem to the map ~ _. l'la(u(A,a)), we obtain: 

X (1/11(u(A, a)) - tj,1(u(0, a))) =(HT (u(8, a):~ (8, a), '11(.t(.,), ((a),6).i(a))+ 
au 

+ {HT(u(8,a) 
8

~ (8,,) ,'b(•(.,),((a),8)V,({a))+ 
+ (VT(u(8, a)), 'lU (z(a),((a),8).i(a))+ 

(2.4.3) + (VT(u(8,a)), fbA(z(.,),((a),8)V ,((.,)), 

where 8 e (0,.\). Now, by (2.4.2), 

au 
cJ.\ (8,a) = Jb(z(a),8((a), l)((s). 

Moreover, the following identities hold: 
(i) Jb(z,0, 1)( = (, 

(ii) '1:l(Z,(,0) = 0, 
(iii) 'li(z,(,O)w = w, 
(iv) 'llA(z,(,O)w = w, 
(v) 'lt1,(~,(,0) = 0 1 

for every z EM and every(, win T,M. We can therefore take the L2-limit in (2.4.3), and from the Lebesgue Theorem the proof is concluded. D 
Lemma 2.5. Let ,p, : O!:~ _. L2((0, 1), ll) 6e the mop given 6J/: 

t/J,(z) = Je2 + (.i, .i)111,1, 

Then, far ever, z E O!:~ and ever, ( e T,O!:~, ,p, i1 Gateau differentiable at z in the direction (, and ib Gateau derivative i, given 611: 

(2.5.1) 

. II.ill Ill Remark ~.6. Observe that, smce J 2 '. . < 1, then (2.5.1) gives a well e + (z,zh, 
defined Ll function. 

Proof. For this proof, we will use an argument formally identical to the one used in the proof of Lemma 2.4 (showing the Gateaux-differentiability in all the man­ifold H 1,l([O, 1), M)), with the only difference that we will use the Riemannian metric structure on M. So, we will still denote by 'l(z,(,A) the geodesic flow with respect to(·, •)111,1, and 'li will denote the partial derivative of 11 with respect to the i-th variable. As observed in the previous Lemma, also in this case fb is reduced to a map from T,c,)M to TM using the Riemannian metric. 
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Denoting by expr1 the exponential map with respect to the Riemannian met­

ric, and setting: 
u(.\1 .1) =exp~(!)(,\• ((a)), 

For every II E D we have: 

tJ,.(u(.\,.,)) = 

= Je'J + (111(.i,(, ,\) .i + '1'J(z,(, ,\) v!•1c '11(z, ,. ,\) i + '1'J(z,(, ,\) V!.'(h,, 

and 

= 
('11(z,(, .\) i + 'l'J(z, (, ,\) V!•'(, '1u(z, (, ,\) i + 'b.\(z, (, .\) v~•1()1a1 

e'l + ('11(z, (, ,\) Z + 'l'J(Z, (, ,\) v~•I, 1 '11 (z, (, A) Z + fb(%, (, A) v~a)()caJ 

Since 

taking the limit for l t--+ 0 and using &he Lebesgue Dominated Convergence 

Theorem gives immediately the proo( of the Lemma. □ 

We are aow ready for the: 

Proof of Propo,ition !.!. Thanb to Lemma. 2.4 and 2.5, all we need to check ill 

that: 

This ill a direct consequenceohhe definition of(·,-~., in (I.0.1). □ 

Proposition 2.6. IP• i, a map of cla.u C1• 

Proof. From Lemma 2.4, it follows easily that 'Pl is o( class C 1• From Lemma 

2.5, to prove the Proposition it will suffice to show that if z,. tends to z in H 1•'J, 
then 

.i,. .i 
-;::===F-==;::=;::= t--+ --;:::;;=o:::::;=;==;:;=ar in £'l, u n i--+ oo. 
y'e'J + (.i,. • .;.~., y'r + (.i,.i~., (2.6.1) 

Suppose by contradiction that (2.6.1) does not hold. Up to passing to a subse­

quence, we can assume that there exists a positive constant 60 > 0 such that: 

(2.6.2) 
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for every n E N, where d11 is the Riemannian distance induced by (,.-)111, on the 
tangent bundle TM. Since .i,. is Ll-convergent to .i, we can assume that .i.,(3) 
converges to .i(s) almost everywhere on (0, 1). Then also 

and since J i(', ·j is in L00
, by the Lebesgue Dominated Convergence The­,1+ I ,1 IR) 

orem, we get: 

which contradicts (2.6.2) and proves the Proposition. D 

We come now to the main result of the Section. 

Theorem 2. 7. Let e > 0 and ,uppo1e that t.:,.,,, i1 non empty. Then, t.:,.,,, iJ 
a c• $Ubmanifold of n;:~-
Proof. From Proposition 2.6 and the Implicit Function Theorem, all we need to 
prove is that, for every z E c-:,..,,. the differential: 

is a surjective map. In order to do this, we fix z E Ct,.,,,, if, E £l([o, l], ll) and 
we consider the problem: 

(2.7.1) ( z , V, () = V2 ( .i , VT( z)) IP, 

where ( E T,O!:~ is the unknown. We look for a solution of (2.7.1) of the form: 

The condition for such a ( to belong to T,n!:~, since-, is vertical, is simply that: 

µ(0) = 0. 

The equation (2.7.1) becomes: 

(.i, V,() = µ'(.i, VT(z)) + µ(.i, HT(z)z) = V2{.i, VT(z))ip. 

Since {z, VT(z)) 2: e > O, to solve (2.7.1) we need to prove that the Cauchy 
linear problem: 

{2.7.2) 
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admits a solution µ E H1,:z((o, 1), ll) whenever ' E £:Z((o, 1), ll). To prove this, 

we set 
(.i ,HT(z).i) 

a= - {i, VT{z)) • 

Since .r Er.:,.,,,, it is l}',(z) = 0 a.e., and 

so that: 
a=-Vl (HT(z)z,.i). 

J£2 + (.i I .i)(R) 

Thus, there exists a constant M, independent of 8, such that: 

which implies that a E L2([0, 1), ll). The solution of (2. 7.2) can be written 

explicitly as: 

which ia in H1•2([0, 1), ll), and thia concludes the proof. □ 

Corollary 2.8. For z E c..:,.,,,, the tangent ,pace T.c..:,.,,., i, identified lllilh the 

,et: 

Proof. By the Implicit Fundion Theorem, T.c..:,.,,. = Ker l}'~(z). From Propo­

sition 2.2, setting (.i, .i) = -£2 and recalling that (VT(z), .i) > 0, we have: 

II'' (z)[ ) - - (.i' V .(} 
• ( - J2(VT(z),.i)' 

for every z E c..:,.,,., and every ( E T.c..:,.,,., which proves the thesis. a 

Remark !.9. The C1 submanifold property of c..:,.,,., can be established as well 

in the more general case of an arbitrary time orientable Lorentzian manifold. In 

that case, we have to replace VT with an arbitrary timelike Yector field. For the 

following construdion, however, we need the stable causality of M. 

3. THE PENALIZED FUNCTIONAL AND ITS REGULARITY 

Also in this section, in order to use the results of section 2, we make the 

aaumption that-, ia vertical with resped to the given time function T. 

Let A be the open subset introduced in Section 1 and da the distance function 

on M induced by the Riemannian structure (1.0.1). 
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Let T be a fixed time function on .M; we choose a C2 function rp: .Mt-+ JR 
that satisfies the following properties: 

(a) rp > 0 on A, 
(3.0.1) (b) rp < o on M \ i\, 

(c) (Vrp, Vrp) > 0 on aA. 
It is not difficult to prove that the existence of a function rp satisfying (a), (b) 
and (c) of (3.0.1) is implied by the fact that that A is open and al\ is smooth 
and timelike. 

For instance, rp can be defined in a neighborhood U of 81\ by: 

if z E J\nU, 
if z EU\ A, 

and then extended to M is a suitable way. 
We introduce the following functionals on O~;~: 

(3.0.2) Q(z) = 1• {z(-'), VT(z(a))}2 da, 

(3.0.3) . 11 da Q,(z) = Q(z) + 6 o ip(z(a))2. 

These functionals are clearly differentiable on O!:~; it is not difficult to see that, 
for every z E O!:~, the Gateaux differentials Q'(z) and QHz) are given by: 

(3.0.4) 

(3.0.5) 

for every ( E T.c:,..,, •. 
The purpose of this section is to show that, even though the manifold c:,..,,. 

is only C 1
, the restriction of Q and Q, to c:,.., .• has a regularity of higher order, 

in the sense explained as follows. 
We consider the C 1 vector bundle w. over the manifold c:,..,,., whose fiber 

W.(z) is given by the whole tangent space T.n!:j, z E c:,..,, •. The elements of w. are pairs (z, (), where z E c:,..,,. and ( E T.n,:~-
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We will think of w. as a regular extension of the tangent bundle Tc+ • they 
p,7,ct 

are related by the bundle map: 

V : W. t-+ rc.:,..,,. 
(z,().....,. (z, l'(), 

where l'( is defined by: 

l'((a) = ((a) - µ.,((a)VT(z(.s)), 

and µ,,( is the solution of the Cauchy problem: 

(3.0.6) 

We set: 

(3.0.7) 

{ 

,_ (HT(z).i,i) (V,(,i) 

µ - (VT(z),z) µ+ (VT(z),i)' 

µ(0) = 0. 

Arguing aa ia the proof of Theorem 2.7, it ia easy to see that: 

Jal :S MJliU., 

ao that ca E £2 ((0, 1), .R). Obsene alao that 

(VT(~) Ii) E £00(10, 1), TM). 

Hence, (3.0.6) can be solved explicitly by setting: 

(3.0.8) µ(a) = el: •<")d" (1' (V,(, i~ e- 1: •C .. )dr dr) . 
0 (VT(z),z) 

Proposition 3.1. V u a co,atirauou, map. It. re,tridion to the tangent •undle 

Tt.t,..,,. i, the identitv map; in particular, for eue'l/ z e t.:,..,,., the map ( a-+ "c 
u ,u,jutiue. 

Proof. The continuity of V ia immediately given by the continuoua dependence 

on the data for the aolutioa of the Cauchy problem (3.0.6). The eec:ond part of 

the thais follows from the fact that, if ( e T.t.t,.,,., thea from Corollary 2.8 it 

is (V ,C, i) = 0, so that the aolution of (3.0.6) is given by µ = 0, and l'( = (. □ 

It is not difficult to show that V is indeed C1 considered as a map from W, 

to itself, with image in Tc.:,.,,,. 
We are ready to state and prove our main regularity result: 
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Theorem 3.2. For every 6 ~ 0, Q, i, of clan C2 on c:,..,,., in the ,en,e that 
the map (z,() i---+ Q'(z)[\.'() { (z,() ~ Qi(z)[\.'(] ) i, of clau C 1 on W •• 
Proof. From (3.0.4) and the definition of V<, we have: 

~Q~(z)[\.'(] = 1• (VT(z), z){ (HT(z).i ,( - µVT{z))+ 

(3.2.1) + (VT(z), V,( - µ'VT(z) - µHT(z).i)+ 

Vrp(z) ) - 6( ip(z)3 ,(- µVT(z)) d., 

Since (VT(z), VT(z)) is constant, then 

:., (VT(z), VT(z)) = 2{VT(z), yT (z).i) = O, 

so that, recalling the definition ofµ (cf. (3.0.6)), (3.2.1) becomes: 
(3.2.2) 

~Q~(z)[\.'() = 1• ( (VT(z), .i)(HT(z).i, () + (VT(z), .i)(VT(z), V .()+ 

+ (V,( ,.i) - µ(HT(z)i ,.i)+ 

Vip(z) ) - 6( ip(z)J ,( - µV'T(z)) ds 

Since on c:,.,,. it is 

(3.2.3) 

substituting (J.0.8) and (3.2.3) in (J.2.2) and arguing as in Lemma 2.4 and Lemma 2.5 we obtain the thesis. 0 

Corollnry 3.3. For euery local chart U on c:,.,,., the re,triction of Q, to U i, 
of clau Cl. □ 

Observe that, setting 6 = 0, the previous results remain true for the functional q. 

4. EULER-LAORANGE EQUATION AND 
REGULARITY FOR THE CRITICAL POINTS OF Q& 

In this section we will use a boot strap argument to prove that, under suitable assumptions on the time function T, the critical points of the functional Q and of the penalized functional Q, are C2 curves in M. The argument is well suited 
to be presented in small steps, and for the reader's convenience we break the 
main result into some Lemmas. 
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As cW1tomary we make the assumption that Tis chosen in such a way that 'Y is 

vertical with respect to T; moreover, we also make the following two assumptions: 

(4.0.1) 

and 

(4.0.2) 

{ 
(VT(q), VV'(q)) = 0 for every q in a neighborhood of aA, 
(VT(q), Vcp(q)) 2: 0 for every q EA, 

for every , E c.:,.,,. and every causal vector field ( along ,. Here HT denotes 

&he Hessian of the time function T. It is not difficult to eee that, since VT is 

normalized, the condition (4.0.2) holds for any vector field along z if it holds for 

causal vectors. 

Even though this condition of negativity for HT does not seem natural, we 

will discuss in the next section a way of producing, from a given time function, 

another one which satisfies the required property in a relevant region of the 

space. Also the assumption (4.0.1) will be discussed in the next section. 

If .a is a critical point of Q, in t:.t,.,,., recalling (3.2.2), for every ( E T.c:,.,,. 
it is: 
(4.0.3) 

o = fo1 

(VT(.a), i)(HT(,).i ,<) d.t + fo1 

(VT(.a) ,i)(VT(•), v.() d.t+ 

+ 1· (V.(. i) d.t - Ll µ.,c(HT(,). ,.i) d,+ 

(' Vcp(z) / 1 Vcp(z) 
- 6 lo ( cp(.s)l ,() d., + 6 lo l"a.( ( cp(,)3 , VT(z)) d.,, 

To simplify the notations, in the following computations we will drop the 

.ubaaipla and we will denote byµ the function Pa,(• 

We have a preliminary Lemma: 

Lemma 4.1. Ld o, fJ and 'Y 6e three /unctioru in L' ((0, 1], B). Then: 

L\(•) (L0

o(r)el: l<•)cwdr) d, = 1• o(.t)e-1: -'<•)ct. (1\(r)ef; ,'(,)d• dr) d,. 

Proof. U is an easy application of Fubini'• Theorem. □ 

We set 
( ) 

(V.( ,.i) 
L=Lc.t =(VT(z),.i)' 

Observe tha& L is linear in (. From (3.0.8), we have: 

µ(•) = [ Lc(r)exp [[• cz(u) du] dr, 
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where a = aA is the function defined in (3.0.7). 
By Lemma 4.1 applied to the functions er = Le, P = a and 'Y = -(HT(z).i, .i}, 

we have: 

where 

:F(z, 6) = 6 ( :rz\1, VT(z)) - (HT (z).i I .i). 

From {3.2.2), (4.0.1) and (4.0.3), it follows 
(4.1.l) 

0 = fo
1 

(.i, V.(} d:,+ 

+ [1 e- J: •<•> d,, (ft :F(z,6) e- J: •<•> d• dr) (.i' V,()_ d:,+ 
} 0 , (VT(z),z} 

+ fu'rvr(z),i){VT(z), V.() d:, + 11

(VT(z),.i)(HT(z).i,() d:,+ 

(' Vip(z) 
- Jo 6{ ip(z)3 '() d:,. 

We denote by ~ •. , the function: 

( 4. l.2) 

Observe that~ •. , E H 1•
1([0, I), ll), and also that, due to the assumptions (4.0.1) 

and (4.0.2), it is: 

(4.1.3) 

From (4.1.1), integrating by parts, we obtain: 

( ) • ~d ( ll) Z (~ ( • ( ) 1 l ([ ] ) 4.1.-1 z+ (VT(z),i} + vT z),z)VT z = h EH• 0,1,TM . 

An explicit analytic form of the function h of (4.1.4) may be given in terms of 
the Christoffel !lymbols of the Ricmannian metric(·, ·)1,..1• 

We arc ready for our first regularity result: 
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Lemma 4.2. (VT(.r), i) i, in H 1•1([0, 1], .R). 

Proof. Let h be the function defined in (4.1.4). Since h e H1•1, also (h, h) e 
H 1•1• Recalling that (.r 1 .i) = -£2 and that (VT(z) 1 VT{z)) = -1, we compute 

(h, h) as follows: 

(4.2.1) (h,h)=-!
2 (1+ (V;t;),i)r + (1+ (V;~:),.i))(VT(z),i)

2
• 

Denoting by 8 = (VT(z), .i) and p = (h, h), we write (4.2.1) as: 

(4.2.2) x(8,p,~ •• ,) = -£
2 

( l + ~~•) 
2 

+ 82 + 2~ •• ,8 - p = 0. 

Th d 
. . ax. 

e envat1ve iJB IS: 

From (4.1.3) and the fad that 8 > 0 it follows that :: > 0. Then, by the 

Implicit Function Theorem, (4.2.2) can be solved for 8 locally, and I is writtea. 
locally aa a C1 fonction of ~ •• , and p. The conclusion follow• Crom the fact that 

~ •• , and pare of clasa H 1•1• a 
The aecond step gives a regularity result for z: 

Lemma 4.3 • .i E H 1•1([o, 1), TM). 

Proof. From (4.1.4), since (VT(z),i) is in H1•1, we have: 

. where h1 ia in H 1•1• Since H 1•1 is closed with respect to products, it will suffice 

to show that 

{4.3.1) 

This is eaaily established, aince 

and 
( (VT(.r), .i) + ~ •. ,) 

2 
~ (VT(.r), i)2 = c2 > 0. 

Then, (4.3.1) bolds and the proof is finished. 0 
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Proposition 4.4. // z E c:,..,,. ia a critical point for the functional Q,, then z 
ia a curve of clau Cl. 

Proof. Prom Lemma 4.3, z is in H 1•1 and in particular z is continuous. Then, 
from (4.1.2), ~ •• , is a function of cla.,s C 1

• Hence, the same integration by parts 
of (4.1.1) that gave (4.1.4) shows that the function h of (4.1.4) is also of class C1• 
Moreover, the same argument of Lemma 4.2 shows that (VT{z), .i) is of class 
C 1. Ar,guing as in Lemma 4.3, we get that z is of class C 1, and the Proposition 
is proven. D 

Observe that the same argument can be repeated, and, by induction, one 
proves that z is a curve with the same regularity of the time function T. 

Remark ,1.5. By Proposition 4.4, integrating by parts in (4.1.1) allows to get the 
Euler-Lagrange equation satisfied by the critical points of Q, on c;,.,,., which 
is given by: 

v' ,z + v'. (vr~:) 'iJ +v'. ((v'T(z) Ii) VT(z))+ 

(4.5.1) +cS :~w-(VT(z),i}HT(z)i =O, 

where ~ = ~ •. & is tJ,e function defined in ( 4. 1.2). 

5. A NEW TIME FUNCTION 

In this section we present some results of technical nature, mentioned in the 
previous sections, that show how to modify a given time function on M to obtain 
some extra properties. We will be concerned particularly with the problem of 
verticalization of the timelike curve -, and with the assumptions (4.0.1) and 
(4.0.2} made at the beginning of section 4. 

In the proof of Proposition 5.1 and 5.7, we have benefited of some ideas 
contained in Lemmas 2.3 and 2.5 of (U], proved in the globally hyperbolic case. 
Note that in (U), Lemmas 2.3 and 2.5 are proven (without the presence of 8A) 
using a suitable coordinate system. Moreover, property (1) of Proposition 5.1 is 
proven only for a compact portion of the curve -y. For these reasons, we prefer 
to give a detailed proof of our next Propositions. 

We recall that we are assuming the existence of a time function which is 
unbounded on the support of -y. 

Pro1>0sition 5.1. Let "f be a doJed C 1 embedding from JR into a Jlably cau.sal 
Lorentzian manifold M, with :.Y timeli/ce e11er11where. Then, there eziJta a time 
function T on M .such that: 

( 1) -y i.s vertical wilh re.sped to T; 

(2) there ezi.stJ an open neighborhood Ua,. of 8A auch that (v'T(z), v'<p(z)) = 
0 /or every z E UaA, where <p iJ the Junction defined in {3.0.1} 

(J) snp(T(-y(Jl),., E JR}= +oo. 
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Proof. Let T be an arbitrary time function on .M which aatisfies (3). Denoting 

by exp, the exponential map around the point q E M, we define a local time 

function T1 in a connected neighborhood u., o( 11upp( -y) as follows: 

for all { E T.,c.).M with ({, -y(.,)) = 0. Clearly, 1 is vertical with respect to T1 • 

Notice that T1 is increasing on 'Y, so that T1 and f' are ~uioriented on U.,, i.e.: 

(5.1.0) (VT1(z), VT(z)) < 0 on U.,. 

Moreover, we define a local time function T:.i on a neighborhood U BA by 11etting: 

(5.1.1) T2(z) = T(z) + v(z) • cp(z), 

where cp is given in (3.0.1), and II is defined by: 

(5.1.2) 

Observe that, since 8A ia timelike, then (Vcp, Vcp) > 0 around 8A, and (5.1.2) 

makes sense. Moreover, since rp = 0 on 8A, for .r E 8A it is: 

(VT:i(z), VT:i(z)) = (VT(z) + v(z)Vrp(z), VT(z) + v(z)Vrp(z)) = 

(5.1.3) 
- - (VT(z), Vcp(z)):1 

= (VT(z), VT(.r)) - (Vrp(z), Vrp(z)) < D, 

so that (5.1.1) defines a time function in a connected neighborhood UBA of 8A. 
Observe that, since (VT:.i(z), Vcp(z)) = 0 on UaA, (5.1.3) implies that on Ua,. it 

is 

This implies that VT:2 and VT are equioriented on UaA• 

Clearly, we may assume U., n UaA = 9, so that, the (unction: 

{ 

T1(.r) if .r E U.,, 
To(z) = 

T:.i(z) if z E UaA, 

is a smoo&li time (auction on U., U UaA• Observe that T0 coincides witli Ton 
aup.P(-y) U 8A. Moreover, from (5.1.0) and (5.1.4) it follcnn: 

(5.1.5) (VT0(z), VT(.r)) < O on U.,.u UaA• 
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Let no~ K be a fixed compact set in M. 
Let 0t: M .,._. (o, 1) be a smooth runction, with auppon in u., U u,,A, which 

is identically 1 in a neighborhood of supp( -r) U 8A. Then, a time function Ton 
K that extends T0 can be defined by: 

(5.1.6) T = T + a(z) · (To - T - .B(To -T)), 
where fJ : ll -+ ll is a smooth map satisfying: 

a) fJ = 0 in a neighborhood of O; 
b) {J'(t) $ 1 + 17i 

c) ,B(t) = t for !ti~ u, 

and 17 = u(K) > O has been chosen sufficiently small, in such a way that the 
sign o( (VT(z), VT(z)) on U., U UaA is the same as the sign o( the quantity: 

(5.1.7) 
G = (1 - a(l - .B'))2•(VT, VT)+ a 2(1 - .8')2 

• {VTo, VTo)+ 

+ 20t(l - P')(l - a(l - P')] ·(VT, VT0 ). 

If the coefficient of (VT, VT0 ) in the expression of Gin (5.1.7) is nonnegative, 
then clearly G < 0 and we are done. If it is negative, which happens when 
1 < .B' < 1 + 17, then, provided that 17 is small enough, the sign of G coincides 
with the sign of its first term, and again G < 0. 

Hence, the function T of (5.1.6) satisfies the hypothesis in K. 
Since M is paracompact and -, is a closed embedding, there exista a sequence 

(U;);eN of open subsets of M having the following properties: 

a) U; is compact in M; 
b) 'Y(-') is eventually outside of U;; 
c) U; C U;+1, for every i; 

d) LJU;=M. 
iEN 

Set Ko= Uo, and, by induction, K; = U; \ U;-1; notice that K; n K;+2 = 0 for 
any i E N. In every K; we can make the same construction as above. Notice 
that in such a proof, the relevant fact is that we change T' only in a small 
neighborhood of (8A U -y(ll)), but it remains the same on 8A U -y(JR). 

We begin doing the proof above when K = K0 • Consider now K1 and, up to 
shrinking the neighborhood of 8A U-y(JR) (already chosen for K0 ), we construct 
the function Ton K0 U K1• Consider now K2, since Kon K2 = 0, up to choosing 

_a smaller neighborhood of (8AU-r(E)) n K 1 we can define the function Ton 
Ko U K1 U /(2, so that it coincides with the previous one on K 0 • An induction 
argument allows to define the required time function on M, defining it on K; 
without modifying the previous definition on K;_2 and we have done. D 

We will now take care of the assumption (4.0.1). For every c ~ 0, we denote 
by To' the strip: 

1o = {q EM IO~ T(q) ~ c}. 
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Proposition 5.2. Ld A bt: an open 1u6,et of a ,tably cau,al Lorrntzian manifold 

M, ,vith al\ ,moolh timt:like ,u6manifold of M, and Id -, 6e a timt:like cur11t:, 

which i, a clo,ed embedding of ll in A. Let ,p be a C2 function on M that 

.tati,fie, (a), (6) and (c) of (3.0.J), and let T bt a, in Propo,ition S.J. 

Ld N C A bt a region 1uch that N n T8 i, precompact for e11ery c ~ 0. 

Then, there e:ri,t, a 1mooth function I/JI on M, ,ati,fying (a), (6) and (c} of 

(3.0.J}, and: ,uch that ,p1 = rp in a neighborhood of 8A, and ,uch that: 

(5.2.1) (VT(z), Vrp1 (z)) = 0 on a neighborhood of aA; 

(5.2.2) (VT(z), Vv,i(z)) ~ 0 on A nN. 

Proof. Let UaA be the neighborhood of rJA defined in Proposition 5.1. Thanks 

to the precompadness assumption on N, we can find a smooth, positive real 

function X, with x' > 0 everywhere, and such that the open set: 

U = {z EM I x(Ti(z)) ·v,(z) < l} 

has the following properties: 

(a) aA CU; 
(b) the closure of U in JI is included in UaA• 

Furthermore, let p : JR i-+ [0, l] be a smooth function satisfying: 

(1) p(1) = 0 if 1 :S ~; 

(2) p' > 0 in (i, l); 

(3) p(1) = 1 if 1 ~ 1. 

Finally, we define: 

[ ] 
1 p(rp(z) • x(T(z))) 

rp1(z) = 1- p(rp(z) • x(T(z)) · rp(z) + 2 x(T(z)) · 

Now, if cp(z) • x(T(z)) :S t_ it is rp1(z) = v,(z). Hence, up to modifying 'Pt 

outside a neighborhood of A, we can assume that ,Pt satisfies (a), (b) and (c) 

or (3.0.1). By (2) or Proposition 5.1 and property (b), we deduce the existence 

of a neighborhood od BA where (5.2.1) is satisfied. Clearly, (5.2.2) is satisfied 

if ip(z) • x(T(z)) :S ½- If ip(z) • x(T(z)) ~ 1, then p = 1 and p' = 0, so V,p1 = 
-h'x-2VT, and (V,p1(z), VT(z)) = ½x'(T(z))x(T(z))-2 ~ 0. If½< ,p(z) · 

x(T(z)) < 1, we compute Vrp1(z) as follows: 

, [ , ] xp' (xVrp + rpx'VT] - p x'VT 
Vrp1=(l-p)Vrp-prpxVrp+rpxVT + 2x2 · 
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In this case, since z E U, it is (Vip(z), VT(z)) = O, thus 

(5.2.3) 

PX' Clearly, -
2 2 > O. Moreover, 

X -

so that, from (5.2.3), since 'PX > ½, it is (Vip1(z), VT1(z)) ~ 0 on A nN n'ro, 
and the proof is finished. D 

Deftuitiou 5.3. Let T1 be a time fondion on M. A time function T:2 is said to 
be a rescalini of T1 if there exists a C2 map ; : ll .......,. ll such that: 

(1) 4»'(r) > 0 for every r E B; 

(2) T:2(q) = ;(T1(q)) for every q EM. 

Remark 5.,4. Observe that the results of Proposition 5.2 are invariant with re­
aped to the rescaling of the time function. 

We now have an easy Lemma that shows how the differential operators of 
covariant derivative, gradient and Hessian change by passing to a conformally 
equivalent metric. Its proof is not difficult and it will be only sketched. 

Lemma 5.5. Ld (M,g1 ) be anv ,emi-Riemannian manifold, tJ,: M.......,. n+ 
a ,mooth map, and g:;i(.z) = y,(z)g1(z) a ,emi-Riemannian metric on M confor­
mallr equivalent to 91. 

Then, for e11er, piecewi,e ,mooth curve z in M, t:llt:'l/ pit:cewi,e ,mooth 11eclor 
field ( along z, with ((0) = ((1) = 0, and e11erv ,mooth function 8: M.......,. ll, 
it i,: 

(1) V~21 .i = Vl'' .i + tJ,(,~.,)) 91(z(.,))[V 1,/l(z(.,)), .i(.,)].i(.,)+ 

2 tJ,(!(.,)) g,(.z(.,))[.i(.,), .i(a)] V 1 tf,(z(a)); 

(2) V:28(p) = tJ,(p)-1V18(p), for e11erJ1 p EM; 

(3) n;((, (] = H~((, (] + 2tJ,~z) g1(z)(V 18(z), V1 tJ,(z)] • g,(z)((, { )+ 
1 

- .J,(z)g1(z)(V18(z),(] · 91(z)(V1tf,(z),(), 
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where V;, V~•l and H, denote re.spectivel11 the gradient, the covariant derivative 
and the Heuiar. operator with re.sped to 9;, i = 1, 2. 

Proof. The statements can be easily proven by direct computation, differentiat­
ing the action functional relative to the metric 92 and, for part (3), using the 
weak equation satisfied by the 9rgeodesics. D 

Remark 5.6. From part (2) of Lemma 5.5 it follows easily that the results of 
Proposition 5.2 continue to hold when we pass to a conformally equivalent metric 
on M. 

We now assume that T1 is a time function on M, and for c E JR+, we continue 
to denote by (T1 )0 the strip: 

Proposition 5.7. Let /II C .M be a region .such that /II n (Tdo ;., precompacl 
in M for every c ~ 0. Then there ezi,t, a re.scaling T2 of T1 and a Lorentzian 
metric 92 Oli M which i, conJormally equivalent to g1, .such that: 

(1) g2(z)[V2T2(z), V2T2(z)] = (V2T2(z), V2T2(z))2 = -1 for all z E /II; 
(2) Hf'(z)[(, (] ::S: 0 /or every z E /II and every ( E T,M, ( cau.sal; 

(3) //sup{T1(-y(.,)),., ~ D} = +oo, then sup{T2(-y(,)),., 2:: 0} = +oo. 

Proof. Since we are to change conformally the metric g1, we may assume without 
loss or generality that T1 has normalized gradient with respect to gi, i.e.: 

We set 

and 

92(z) = 1'(T1 (z)) · g, (z), (11' > 0) 

T2 (z) = ~(Ti(z)), 

where ~. 11 : /R t---+ ll are smooth functions to be determined in such a way 
that (1) and (2) are satisfied. 

The condition (1) is easily translated in terms or if, and IJ; indeed, from Lemma5.5, 
we have: 

Hence, condition (1) becomes: 

(5.7.1) 

<P'(T1 (z))2 

1Jt(T1(z)) . 
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Observe that tf,'(r) 'F O implies 1'(r) > O. 

From part (3) of Lemma 5.5, we have: 

Hf2 (z)[(, (] = 

(5.7.2) 

= H[2(z)[(,(] + 
2
1'(;i(z)) 91(z)[(, (] • 91(z)[V 1 (l/l(T1(.r)}, Vi t'(T1(.r)) ]+ 

1 
- \J(Ti(z))g1(z)(V1"1(T1(z)),(] ·g1(V19(T1(.s)),(J = 

T, "''(T1(.r))1''(T1(z)) [ ] [ ) ( )] 
= Hi (z)[(,()+ 2ir(Ti(z)) 91(.r) (,( 91(z) V1T1(.r, V1T1 z + 

_ .S'(T1(z))'P'(T1(z)) 9 
(z)(V T (z) , 12 

9(T1(z)) • t t ,, • 

Substituting (5.7.1) in (5.7.2), we get 

HJ2 (z)((, () = H[•(z)[(,() + 4>"(T1(z)) · 91 (z)[(.~ )91 (.r)[V1 T1(.r), v. T1(z))+ 

(5.7.3) - 4>"(T1(.r)) · 91(z)(V1T1(z),()2
• 

Let 1'( : (-cS, cS) ........,. M be a g.-geodesic in M such that 7c(O) m z and -re (0) = (. 
We compute the Hessian H[•(z)[(,() as follows: 

d2 ~2 
H;•(z)[(,() = ds2 T2(1'c(s)) = dsl 4>(T1(hds))) = 

••0 ••0 

= -t} 4>'(T1 h< (~)})91 ('Y({s))[V 1 T1h< (s)), 'Y< {s)}] = 
dsJ •• o 

(5.7.4) = ip"(Tt(z))g1 (z)(V 1 T1(z), ()2 + ip'(T1 (z)) H[1 (z)[(, (). 

From (5.7.3) and (5.7.4), the condition (2) in the thesis becomes: 

-"1"(T1(z)) · 91 (z)[(, ( )-g1(z)[V 1 T1(z), ( f1)+ 

(5.7.5) + 4>'(T1(z)) · H[1 (.r)((,() ~ O. 

By the wrong way Schwartz's inequality, if ( 'F O is a causal vector field along z 

the coefficient of "1" in (5.7.5) is non positive, and it is null only when V 1T1{.r) 

is a multiple of(. But in this case, also H[1 (.r)[(,() is zero: 

Hence, we can define a continuous function J : TM ........,. B. by: 

(5.7.6) • 
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and (5. 7.5) becomes: 

(5.7.7) 

The function J(z,() is homogeneouaof degreeO in(, 101 by the precompadness, 
it follows that, for every c ~ 0, J is bounded on (T1)3 nN. Hence, there exists a continuous (unction µ : (0, +oo) ...,... (0, +oo) auch that: 

for every z e /v. Taking 

(5.7.8) 

then ; satisfies the differential equation ;" - µ ;' = 0. Since ;' > 0, it is: 

for every z e Iv and every ( e T.M. Finally, since p > 1, lim l(t) = +oo, 10 
- l➔♦oo abo part (3) holds. □ 

Remark 5.8. In our c-, Propoeitioaa 5.2 and S.7 will be applied to the following eet: 

.,,. J./(p,y) = { q e A 13 z e n!:~ , (.i, .i} s o Le. 

(.i, VT(z)) ~ Oa.e. and q E aupp(z) }· 

Indeed, in the definition of J./(p, 7), the word 'cauaal' can be replaced with the word 'lightlike'. Thus, thanb to the c-precompadne11S, J./(p, 7) n re ia precompad in X. This follows Crom our next Lemma. 

Lemma 5.9. Ld M 6c: aa ar6itrorr Lorentzian manifold. Let p, q ISJo ar6itraril11 fizc:d point. of M, and auumc: that there ui,t. a c,usal c:urvc: from p to q of dau 
H 1•2• Then, lhc:rc: emt. a lightlike c:urvc: from p to q of da,1 H 1•2• Furthermore, if M u time: otic:ntc:d and the: c:awol c:urvc: u future: (pa,t) pointing, thc:ra the: lightliJ:c: c:urve c:aa 6c: found future: {pa,t) pointing. 

The proof of Lemma 5.9 is omitted. It can be easily obtained using standard 
techniqn'9 in causal geometry, working in convex normal neighborhoods. 
Remark S. JO. Notice that lightlike geodesics are independent on conformal changes of the metric, aa a direct calculation shows. This fad allows to use Propositions 
5.2 and 5.7 to study lightlike geodesics as aitical points of the functional Q. 
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6. RELATIONS BETWEEN c.:,., AND c.:,.,,. 
In this section we will discuss the method of approximation of the non smooth 

manifold C.t,., with the regular manifolds c.:,.,,,, assuming that: 

(6.0.1) (v'T(z), v',p(z)) = 0 on a neighborhood of cJA, 

where ,p is defined in (3.0.1). 
The main resuh, which is stated in the following proposition, is concerned 

with the existence of transition functions between the Q-sublevels in ct,., and ,.. . .... ,,.,, .. 
6.1 Proposition. Suppo,e that ct,., i.s c-precompact for .some c > inf Q. Then, 

£,, . ., 

there ezi.sb a po1iti11e number £0 = e0 (c) > 0 and for evtrl/ £ E (0, e0 ] there are 

two injtclivt map.s: 

.such that: 

tp,: QC n c.,,-, ......... c.:,.,,. I 

1/1 •• c:,.,,. -+ c:,.,, 

(1) ~. and tJ,. are continuou.s; 

(2) for e11erJ1 z E c;,.,,. ,uch that Q(tJ,.(z)) ~ c, it i, ~.(tJ,.(z)) = z; 

(3) /or e11er11 z E Qc n c.;,., it i, tJ,.(~.{z)) = z; 
(4) there ezi,ll a po1iti11e- con.slant M = M(c) ,uch that d1(~.(z), z) ~ M • £ 

for tlltrJI z E qc n ct,.,, WJhere d1 denote, the di,tance induced 611 the 

Riemannian ,tnJture on 0,1,:2.,. In particular, lim ~.(z) = z in 0,1,:2.,, for 
' r➔O • 

f!l/f!rJI z e qc n c.:,.,. 
Proof. We fix c and we find a compact subset K of X sucb that the support of 

every z e Qc n C,,., lies in K. Let 6 be a positive number such that the ftow 

~(.,, q) of the vector field -VT is defined on (-6, cS] >< K. By definition, the curve 

'lq(-') = ~(.,,q) is the maximal solution of the Cauchy problem: 

{ 
r, = -v'T(11), 

'1(0) = q. 

Observe that T is strictly increasing on such a curve, namely: 

! T('1(.,)) = (v'T('1(-')), '1(-')) = -(v'T(11(-')), v'T('l(-'))) = 1 > 0. 

For z E qc n c,,.,, we define 

for some function Ta,,(-') = T(-') on (0, 1) and with values in (0,6), to be deter­
mined in such a way that 

r(O) = O, 
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(which means that z.(0) = p), 

(6.1.1) (i., VT(z.)) > O, 
and that 

(.ic ,.ic) = _,2. 
Observe that any 1uch cune automaticaUy satisfies .1.(1) e aupp('Y), since 
-, is an integral curve of VT and +(O,.s(l)) = .z(l) e supp(1), Moreover 
z,([0, 11) C A, thanb to (6.0.1). 

We compute z. as follows: 

.i. = +9[.i) + +,(f) = +9(.i]-VT(z.)f, 
which gives: 

(6.1.2) (z. ,.ic) = -i-2 
- 2f(VT(z.),+,(.i)) + (+tl,i),+tf,i]) = -,2• 

This is a quadratic equation on f; observe that by the wrong way Schwartz 
inequality: 

(VT(z.), .J,(.i))2 ~ -(+tl,i] 1 ct,(.i)), 
the discriminant l!. of the equation is strictly positive: 

(6.1.3) ! = (VT(z.), +tl,i))2 + (+,(.i), ct,(.il) +,, ~ t 2 > O. 

Tale the 10lutioa f of (6.1.2) given by f, given by: 

f = -(VT(z.) ,cttl,i)) + ½VA, 
where A is given in (6.1.3). Notice that by this choice 

{z., VT(z. )) = (+,[.i) - VT(z.) f, VT(z.)) > 0 
and {6.1.1) is satisfied. Observe also that the coefficient.a of the equation (6.1.2) 
clearly depend continuously on t. The function T has to satisfy the Cauchy 
problem: 

(6.1.4) 
{ 

f =-(VT(•), •,(.i)) + ½.JA, 
T(0) = 0. 

Since for t = 0 (6.1.4) has the null solution, which is defined on the whole 
real line, then for t ,mall enough (6.1.4) admit.a a unique aolution defined on 
the interval (0, 1). The comtruction of the map 'Pc is done in a similar fashion, 
coa.idering the flow 9(a,q) of the vector field VT, and aetting: 

,t,.(.s)(a) = .1•( .. ) = 9(o-(a), z(a)), 
where O' = o-.,. is to be determined with the conditions: 

o-(0) = 0, W, .i•) = 0, and W, VT(z•)) ~ 0. 
An argument 1imilar to the previoua cue shows the existence and the continuity 
properties of such a map o-, which proves the first part of the Proposition. 

Part (2) aad (3) follows immediately from the construction of;. and ,t, •• 
Part (4) follows from the Gronwall's Lemma. □ 
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7. SOME COMPACTNESS RESULTS 

In this section we will prove the completeness of the sublevels ofthe penalized 

functional Q, on the regular manifold c.:,.,,, and the Palais-Smale compactness 

condition for Q,. Thanks to Remark 5.8, from now on we can assume that T 

and ip satisfy the properties of Propositions 5.1, 5.2 and 5.7. 

We recall the following definition: 

Definition 7.1. Let X be a Hilbert manifold, and / : X i-+ ll be a C1 

functional and c a real number. / is said to satisfy the Palais-Smale condition 

at the level c if every sequence Zn in X satisfying: 

(PSI) lim /(zn)=c, 
n➔oo 

(PS2) lim /'(z,.) = 0, 
n➔oo 

has a converging subsequence in X. A sequence z,. sati!-(ying (PSI) and (PS2) 

will be called a Palais-Smale sequence. 

Let z E !,.,..,,,; on the tani;ent space T.c:,.,,, = {( E T,O!;; I (.i, V,() = 
0 a.e.} we introduce a Hilbertian norm, setting: 

(7.1.1) (('()a = 1· (V~lll(' V~ll'()11t1 d.,, 

We start with a technical Lemma that says that sequences contained in a 

sublevel Q4 = { z E c:,..,,, I Q,(z) :$ c} (with c E n+) stay away from 8A: 

Lemma 7.2. Let ( z,. ),.EN 6e a ,equence in O!;; (A) that is weak/11 convergent 

to z in H 1•2([0, I), A). If the~ ezi,11 ., E (O, I] ,uch that z(-') E 8A, then 

Proof. By the weak convergence in ffl(J, the sequence z,. is uniformly convergent 

to z, so that V,11.,ip(z,.(s)) is bounded, i.e. 

(7.2.1) 

for some c1 > 0. Moreover, since .in is bounded in L2([0, 1), T .M), there exists a 

positive constant L1 such that for every n E M it is: 

(7.2.2) fo' (z,. .z..~11., d.s s L1, 

Assume that there exists a sequence s,. in (0, 1) auch that lim ip( z,. ( .,,. )) = 
•-+oo 

0. Observe that by the uniform convergence of z,. and the fact that z,.(1) E 

supp(-,), which is far from 8h, then .,,. is bounded away from 1, say 

(7.2.3) 1 - .,_ ~ 'lo > 0. 
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From (7.2.1), (7.2.2) and the Holder'• inequality, for • > •,. it follows: 

,p(z,.(a))- rp(z,.(a,.)) = r (V,.1,p(.z,.),.i,.~., ~ c1Ln/• - ,,., J •• 
and since v, > 0 on A: 

Taking the inverse and integrating (7.2.4), we get: 

(7.2.5) 

Taking the limit for n i--+ oo in (7.2.5), recalling (7.2.3), we obtain the thesis. □ 

We will assume from now on that t:.t,l is c-precompad for every c E ll. 
Observe that this condition does not depend on the choice of a parametrization 
for 7. 

Notice that from the Holder inequality we get: 
(7.2.6) 

l ( l )2 
Q,(.r) ~ Q(.r) = L (VT, .i)2 d• ~ L (VT, .i) da = (T(.r(l)) -T(z(p)))2

, 

for every 6 ~ 0 and for every z E D};~- Since we are asuming that supT(-y) = 
+oo, wheneverT(z(l)) is bounded, r,.,,. is bounded, too. Then for every d E n+, 
there exists m(d) > O, such that 

(7.2.7) 

Lemma 7.3. For euerr c E n+, QJ ii a complete metric ,u6,pau of t:.t_,.,. 11ith 
re.sped to the Hil6ert .studure {1.1.1). 

Proof. Let .z,. E QJ be a Cauchy sequence. It suffices to show that there ill 
a subsequence of .z,. that converges in £.t_,.,,. From (7.2.7), it is z,. E r;:Jc). 
From the m(c)-precompadne11111 it follows that there exists a compact subset 
K = K(c) of A such that supp(.z,.) CK for every n e N. Moreover, since (z,.) 
ia a Cauchy sequence, there exist. a constant M > 0 such that 

(7.3.1) 

From the Ascoli-Arzela Theorem it follows that .z,. has a subsequence (still de­
noted by z,.) that ill uniformly convergent Lo a continuous curve z; from (7.3.1) 
it follows that z e H 1•2([0, l], A) and that we have the weak convergence in 
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H1•2([0, 1), M). (By weak convergence in H1•2([0, 1), M) we mean that z,. is 
uniformly convergent to .s and that 

lim /' (z,., "•~•i da = f' (i, "~•• da, 
•➔00 lo lo 

for every sequence "• E £2((0, 1), TM) that is strongly convergent (in L2) to 

11). Since J; ip(z.r2 da :S 6-1Q,(z,.) is bounded, Lemma 7.2 says that .1(1) EA 
for every a, and therefore .s E H 1•2([0, 1), A). Since z,. is a Cauchy .sequence in 

£2((0, 1), llN) and the tangent bundle TM ia locally trivial, the compadnesa 

of K and the completeness of L2([0, l], .llN) give immediately the strong L2-
convergence of i,. to an element w E L2([0, 1), RN), But i. tends to i weakly, 
10 w = i and z,. is strongly convergent to .s in H 1•2([0, 1), A). By continuity, we 
have: 

where 9 • is the map introduced in Section 2, wh01e loc1111 of zeroes is the set 
t.t,-y,c• Thia implies that ;r E t.t,'Y,• and the Lemma is proven. □ 

Moat of the rest of thia section will be devoted to the proof of the main 
compactness property for the functional Q,: 

Proposition 7.4. For everJI c E .fi+, Q, ,ati1fie1 the Palai,-Smale conditiori 

at the level C on c:,-y,c• 

Proof. Let .s,. be a Palais-Smale sequence at the level c for Q,, i.e. z,. eatisfiea 
(PSI) and (PS2) of Definition 7.1. We assume without loaa of generality that .s,. 
is smooth and that Q,(.z.) :Sc+ 1, for every n EN. 

We denote bye. the gradient of Q~(.111 ) with respect to the Hilbertian norm 
(7.1.1) (·, •h, which is the vector field in T,. l.,,'Y,• that satisfies: 

(7.U) 

for every ( E T,.c.,,'Y,I' By (PS2), it is: 

i.e. v.e. ia strongly convergent to 0 in L2• Using integration by parts (that can 
be done assuming z,. smooth) and the Riemannian metric (1.0.1), it is easy to 
prove the existence of a sequence of vector fields o. in A, convergent to 0 in L2, 

1uch that, for every ( e T,,. t.t,'Y,•' it is: 

(7.-t.2) 
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Now, 

-t
2 + 2Q(z,.) :$ 2Q,(z,.), 

which is bounded. Then by Lemma 7.2, z,. has a subsequence, still denoted by 
z., which is weakly convergent to z E H1•2([0, 1), A). 

Take ((3) ET,. H1•2([0, 1), M), with ((0) = ((1) = 0, and set, as in Section 3, 

where µ = µ,,c is the solution of the Cauchy problem (3.0.6). Since i'( E 
T,J,:,.,,w, from (7.4.1) and (7.4.2) one computes easily the following formula: 

We need to prove that z. is strongly convergent to .i in L2([0, 1), TM). 
Set µ. = µ, •. ,., 

(HT(z,.) .i,., z.) 
a=an(s)=- (VT(.z,,),z,.), 

(7.4.4) r(z, 6) = 6 ( :r;;! , VT(z)) - {HT (z) .i, .i) 

~ .. (.s) = e-l:•.(t1)dt1 ([
1 
r(z,.,6)e-f:•-<t1)dt1 dr). 

Note that by Propositions 5.1 ad 5.2, r{z, 6) is non-negative and it is uni­
formly bounded on the sublevels of Q,, and the same holds for~ •. 

From (3.2.2) and (7.4.3), it follows: 
(7.4.5) 

11 /I · 
o (z,.,V,()d.s+ lo ~ .. ((VT(~),.i,.) ,V.()d.,+ 

11 1· 1 + {VT(z,.) I .i.) (VT(z,,) IV.() d.s - 6 - ( )3 (Vf{)(Z..) I() d.s+ 
0 0 I{) z .. 

r1 1(1 + Jo (VT(z,.),.i.){HT(z,.).i,. ,() d.s = 2 Jo (A,., V,() d.,+ 

11• ))(HT(z,.).i,. ,.i,.)(VT( ) . ) d +2 0 
(A.,,VT(z. (VT(z,.),.i.,) Zn ,z,. µ,. .s+ 

11I .i,. 111 T • - 2 0 
(A,.,VT(z.))((VT(z,.),.i,.)'V.()d.s+ 2 0 

(A,.,H (z,.)z,.)µ,.d.s. 
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It is easy to check the following boundedness properties for the functions involved 
in our computations: 

(a) a,. is bounded in L2([0, 1], ll}; 
(b) (6,., VT(z,. )) • a,. isconvergenUo O in L1([0, 1], ll); 
(c) e- Ji••<•> d• is bounded in L00 ((0, 1), ll); 

and from these it follows that 

c,.(,) = e-J;•.C•)d• J.1 
({6,., VT(.a,.)) •a,.Jel:•.C•)d, dr 

tends lo O in L00 ({0, l],B). Moreover, we have: 

(d) (VT(~),.i,.) is bounded in L00((0,1),TM). 

Integrating by pans the terms in (7.4.5) that do 110& contain the covariant 
derivatives V.(, it follows that we can write (7.4.5) as: 

(7.4.6) 

with 
(7.4.7) 

fo1 

(Y,. 'V.() d, = 0, 

Y,. =.i,. + (VT(::) ,.i,.) .i,. + (VT(z,.),.i,.) VT(z,.)- ½~11 + D,. 

- ! (~ .. 'VT(z,.)) . + 6 f' Vcp(z,.) d -[(VT( ) . ) HT( ) • d 
2 (VT(z,.), .i,.) .t-. ) 0 ip(z,.)3 • 0 .t-. '.a,. .a,. .a,. "• 

where D,. is defined as the map such that: 

A careful but 1traightforward check 1how1 that, from the definition oC µ,,. and the 
boundedness properties of the functions involved, the sequence D,. is uniformly 
convergent to 0. 

Obee"e that the last two integrals in (7.4.7) are covariant in&egrala, in the 
aenee that, if V1 is a vector field along .a,., then J: Vi ( .a,. ) da denotes the unique 
vector field V2 along .i,. satisfying V2(0) = 0 and VI V2 = Vi. An explicit formula 
for Y2 may be given in terma of the Christoffel symbols of the Lorentzian metric 
fl• 

Notice that, by (7.4.6) we have V,Y,. = 0, so, by (7.4.7), Y,. is uniformly 
bounded, because its mean value is bounded. 
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Set: 

1• Vcp(z,.) 1• . . H,. = -6 - ( )3 d.,+ (VT(z,.),z,.)HT(z,.)z,. da+ Y,., 
0 IP z,. 0 

and 
h 1 1 (611 , VT(z,.) . 
"= 2611 + 2 (VT(z,.), i,.) z,. + D,.. 

Then, we can write (7.4.7) shortly as: 

(7.4.8) .i,. + {VT(::) ,i,.) i,. + (VT(z,.) ,.i,.) VT(z,.) = H,. + h,.. 

Moreover, the following properties of H,. and h,. hold: 

(1) h,. is convergent to O in £2 ((0, 1), TM), 
(2) H,.(,) = J~ B,.dr, with B,. bounded in £1((0,1),TM). 

Passing to a subsequence, we can assume that B11 is convergent as a measure, 
hence H,. is pointwise convergent, with l1H11 ll00 bounded. This implies that 
(h,., H,.) is convergent to O in £2 • Moreover, there exists a positive constant K 
such that 

l(h,. , h,.) I ~ K • llh. 11:.,. 
and so (h,. ,h.,) converges to O in £1• Moreover, up to passing to a subsequence, 
we have that h,. converges to O pointwise almost everywhere. 

Using the same techniques as in the proof of Lemma <t.2, considering the 
product 

(h,. + H,. ,h,. + H11 ) 

(see (7.4.8)) and using the Lebesgue's Dominated Convergence Theorem, from 
(7.4.8) one proves that (i.,, VT(z., )) is pointwise convergent, and 

l(i.,, VT(z,.))I Sa,.+ P11, 

with a 11 convergent to O in L1 and p., bounded in £00
• Passing to the Riemannian 

metric (1.0.1), this implies that .i,, is pointwise convergent almost everywhere, 
and 

Oz110,., s 011 + p,., 
with &,. convergent to O in L1 , and p11 bounded in L00

• Again, by Lebesgue's 
Theorem, this implies that .i,, is convergent to .i in L3

, and we are done. □ 

Remark 1.5. With the same arguments used in the proof of Proposition 7.4, it 
is not too difficult to prove the following uniform version of the Palaia-Smale 
condition. Let 6 > 0 be fixed, l!:,. be a positive, infinitesimal sequence, and 
z,. E £,,,-,.~. be such that: 

(1) lim Q,(z,,) = c, 
11➔00 

(2) lim Q6(z,.) = 0. 
11➔00 
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Then,:~ .. bas a subsequence that converges strongly in H1•3([0, 1), M) to a curve 

t,+ I 
.r E ,,-y• . . 

At this juncture, we do not know whether the limit i or the sequence i,. above 

is a curve or class C3, nor if it is i 'I: 0. Thus, we cannot conclude that .r is a 

geodesic from p to -,. For this reason, we need to make an intermediate step and 

consicb:r the critical points of Q, in t.:,.,,,. In the next session we will discuss 

ao~e a priori estimates for such critical points. 

8. A PRIORI ESTIMATES FOR THE CRITICAL POINTS OF Q1 

.. ,. Let's consider the Euler-Lagrange equation for our variational problem, which 

is given by (4.5.1) 
A direct computation of the derivatives in (4.5.1) shows that the differential 

equation satisfied by the critical points or Q, in c:,'Y,• is given by: 

V
, >.' • >. • (HT(.r)i,.i)+(VT(.r),V,.i). 

,z+ (VT(.r),.i) z+ (VT(.r),.i) V,.r-~ (VT(..r),.i)3 .r+ 

(8.0.1) + (HT(.r) .i, .i) VT(.r) + (VT(..r), V, i) VT(.r) + cp(!)3 Vrp(..r) = 0. 

Multiplying (8.0.1) by .i, and using the fad that (i,.i) = -c2 , we obtain: 

-c2 :" ((VT(~)' i)) + ! (½(VT(.r)' .i)) 2 - :11 (IP(!)'~) .= O, • 

from which it follows a conaervatioa of energy property for the critical points of 

Q1 OD t.t,-y,,: 

(8.0.2) 
g2).. (1 ·)2 6 

-(VT(.r),.i} + 2(VT(.r),.r) - rp(.r)2 =E,,,=const. 

In this section, we assume that {.r,,,},,bo is a family or critical points for 

Q, in t.:,'Y,•' like for instance a family of minimal points, CE .fl is a constant 

satisfying: 

(8.0.3) Q,(.r,,,) :$ C, V c, 6 > 0 .ufficiently small. 

and we will study the limit or .r,,, when c and 6 tend to 0. Notice that (8.0.3) 

implies: 

(8.0.4) 11 11 6 
(VT(.r,,,), .i,,,)2 da :$ C, and ( )2 d., ~ C. 

0 0 rp "•·· 

From Propositio~ 4.4, z.., is a curve of clue C2 OD M. 

Remark 8.0. Define .).(s) = .).,,,(s) as in (7.4.4), with n replaced by c,6. Since 

the scalar product (Vrp(q), VT(q)) is null in a neighborhood of BA, the quantity 

6 
cp( )3 (Vip(z.,,), VT(.r.,,)) 6,., 

ia uniformly bounded on the sublevela of Q,, independently of 6 and e. This fact 

and (8.0.3) imply that also .). = .).,,, is uniformly bounded independently of 6 

and c. Moreover by Proposition 5.2, it follows tha& .). ~ 0. 
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Lemma 8,1. Lei z.,, 6e a, in (8.0.3). Then, there ui,t, a po,itive con,tant 
L = L(C) > 0, independent of 6 and!, 1uch that: 

Vt, 6 > O. 

Proof. Let ao = ao(t,6) E (0, I) be a minimum point for the function P(-') = 
rp(z,,,(,)) > 0. We can assume that , 0 E (0, 1), because if that weren't true for 
all 6 E (0, 6o], then the thesis of the Lemma would be trivially true. Then, it is 

and 

0 ~ p" (-'o) = :., I {V cp(z.,, ( s), z,,, (,)} = 
•• 

(8.1.1) = {H"(z,.,(,0 )) z,,,(,0 ), z,,,(,o)) + (Vcp(z,,,(so), V,z,,,(so)). 

Obviously, we can usume that z,,,(s0 ) is close enough to 8/\ in such a way that, 
by (4.0.1), we have: 

(8.1.2) 

Then, multiplying (8.0.1) by Vrp(z,,,(,o)), we get: . 

(Vcp(z,,,(,0 )), V • .i..,,(s0 )))+ (VT( ( \ . ( )} (V ,z,,,(so)), Vcp(z.,, (so)))+ z,,, s0 , z,,, ,0 

( ) + 6 . (Vrp(z,,,(so)), Vrp(z.,, (so))) = O. 
8.1.3 rp(z.,,(so))3 

From (8.1.1) and (8.1.3) it follows: 

0 :5 (H"(z,,,(so)) i,,,(so), i,,,(so))+ 

( ~ )-1 
- v,(z,,,~so))J (Vv,(z,,, (so))' Vv,(.r,,, ("o))) l + (VT(.r,,,(.,o)) 'z,,, ("o)) • 

hence 

If K1 denotes the supremum of IIH" II on .A/(p, -y) n 0~, recalling that: 

(VT(z,,,(-'o)), .i,,,(.,o)) = ~ ~i + 11.i-,,,(.,o) II~ .. ,, 
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where Ki ia a constant independent o( 6 and tj the last inequality depends on 

the (act that ~ ia uniformly bounded independently on 6 and t. 

By the wrong way Schwartz's inequality (VT(z.,,), z.,,) ~ ,, l'l!Calling that 
~ •• , is uniformly bounded independently of t and 6, we obtain the existence or 
a constant K3 such that 

(8.1.6) 

Integrating (8.0.2) gives that E.,, is uniformly bounded. Then, again (8.0.2) 
gives the existence o( a constant K, such that 

(8.1.7) 

and from (8.1.5) we get: 

where K5 is a pos~ive constant independent on t and 6. Since •••' lies in a 
compact subset of A, there exists a constant l"o > 0 such that: 

hence: 

Finally, from this we conclude that there exiau a poeitive conatant Ke, indepen­
dent of c and 6, such that: 

from which the proof follows. □ 
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Lemma 8.2. Ld z,., 6e 01 in {8.0.3}. Then, the Jamil11 {z,,,} i1 6ounded uni• 
/orml11 snth mpect to 6 in H1•00 ([0, 1), TM). 

Proof. As in (4.1.4), we have that the family: 

(1+ (VT(z,:),.i,,,)) .i,,1+(VT(z,,,),i,,,)VT(z,,,) 

is bounded in H1•1([0, 1), TM). Keeping t bounded away from O and arguing 
as in the proof of Lemma 4.2 one proves that (VT( z,,,), .i,,,) is bounded in 
H 1•1{(0, 1), B) uniformly with respect to 6, and from this fact it follows that z,,, 
is bounded in H1•1 uniformly with respect to 6. 

Then, z,,I is bounded in H1•00 with respect to 6 and we are done. D 
Ir. particular, from Lemma8.2 it follows that .i,.~ is bounded in L""([O, 1), TM) 

with respect to 6. Hence, up to taking an infinitesimal sequence 6,., there exists 
the strong limit: 

(8.2.1) 

which is also a weak limit in H2•2{[0, 1), M). Moreover, recalling the function 
9, defined in Section 2, we have: 

IP,(z,) = Jim 1J,(z1 ,) = lim O = 0, 
l➔O ' l➔O 

from which it follows that z, E .c:,'Y,,(X)t. 
Our next step is to show that z, satisfies a differential equation aimilar to 

(4.5.1). Let 6,. be an infinitesimal sequencesuch tha& (8.2.l) holds. from Lemma 
8.1, since ~ is bounded in L00

, then it is also bounded in L2 , and, up to ¥'\I••'•,~ 
passing lo a subsequence, we can assume that ( •• )• is weakly convergent in 

., •···· L2, and we write: 

(8.2.2) 

Since z,,, .. tends to z, in H 1•2 , taking the limit as n ➔ oo in (4.0.3), an integra­
tion by pans gives: 

V,.i, + V0 ( (VT;z~) ,.i,J + V,((VT(z,) ,i,) VT(z,))+ 

(8.2.3) + t, • V,p(z,) - (VT(z,), .i,) HT(z,) .i, = 0 a.e., 
which is a 10rt of Euler-Lagrange equation satisfied (almost everywhere) by z,. 
Notice that 

(8.2.4) t.(s) = 0 if z,(s) tat... 
Notice also that 

z •. ,. ➔ z. in H1•2 and Q,. (z.,,.) ➔ Q(z.). 
We can also prove that z, satisfies a sort of conservation of the energy property: 

t i.e., .a may touch the boundary 8A 
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Lemma 8.3. For everJI & > 0 there ezi,b a con,tant E. ,uch that: 

(8.3.l) 2 A. 1 (VT( ) . )2 ...! E 
-£ (VT( z.) , .i.) + 2 z. ' z, - • · 

Moreover, {E,}.>o i, 6ounded (independentl11 on&}. 

Proof. Fix s €)0, 1(, if z,(s) E 8A, then sis a local minimum for ip(z.(·)), Then, 
· since z, is of class C 1, (Vip(z,(,)),.i,(.s)) is zero. Moreover, t, is zero outside 
BA, and recalling that (.i, , .i,) = -&, if we multiply (8.2.3) by .i,, we get: 

which proves the first part of the Lemma. To obtain the boundedness of E., we 
integrate (8.3.1) on [~, 1), and we get: 

(8.3.2) 211 A, 1 ( ) 
E, = -& o (VT(z.),.i,) d.s+ tJ z,. 

By (8.1.6), the integral in (8.3.2) is bounded, while Q(z.) is bounded by (8.0.3), 
and the proof is concluded. □ 

Lemma 8,4. .i, i, uni/ orm/11 6ounded a.1a11 from 0. 

Proof. By contradiction, assume that there exists a sequence &• tending to 0 
such that .i,. (.s,.) ......_.. 0. Since u & tends to O the quantity 

converges to O uniformly by (8.1.6), then E,. must tend to O, too. From Lemma 
8.3 and the definition of t.t,.,,., it follows that (.i,. , .i,. )i.1 is bounded. By the 
Tychonofl''s theorem, up to pusing to a subsequence, .i,. is pointwiae convergent. 
Then, from the Lebesgue theorem, z •• ia strongly convergent to a curve z E t.t,., 
in H 1,"l. From (8.3.1), it would then be: 

O = limE,. = (VT(z),.i), 
• 

which is aa absurd, because a E t.t,., c~not be constant. □ . 
Lemma 8.6. Let z. E t.t,.,,. 6e 1uch that Q(z.) ~ C and .&'c ,ati,jie, (8.1.3). 
Then, there ezi,t, .&' E t.t,., and infinite,imal ,equence &• ,uch that z,. converge, 
lo .&' in H 1•2 ( and Q( z,. ) ➔ Q( z) J. The curve z i, a lightlike, future pointinf 
pregeode,ic, parametrized 6J1 (VT(.&'), .i) condant. 

Proof. Thanks to Lemma 8.4, arguing as in Lemma 8.2, one shows tha& .i. ia 
bounded in H 1•00 (uniformly in&). Then, there exists z and&• as in the thesis, 
such that '•• converges to z in H 1•2• Also, i ia in H 1•00

• Taking the limit in 
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(4.0.3) {see also (8.2.2) and (8.2.4)), we get the existence of l E L2([0, lj, n+) 
11uch that 

V ,.i +VI (vr~:) ,i)) + V,((VT(z) ,.i) VT{z))+ 

+ l • Vv,(z) - (VT(z), .i) HT(z) .i = 0 a.e. 

An easy contradiction argument shows that the light-convexity or cJA implies: 

(H"(w)( ,() :SO, 

for any w E cJA and ( E T.cJA, ( lightlike. 
Then, 11ince z is a lightlike curve, 

(H"(z(.,)) i(.,), i(.,)) $ 0, 

for every., RUch that z(.,) E cJA. Hence, arguing as in the proof of Lemma 8.1 
(11ee also (8.1.1) and (8.1.4)), we 11ee that l(s) :S O for almost every ., such that 
z(s) E cJA. But l ~ 0 almost everywhere, and it is null if z(s) ~ cJA. Then, l = 0 
almost everywhere, and z is a critical point of class C2 for Q on .ct,,.(X)I in 
the Gateaux sense. By Lemma 8.4, .i I- 0 everywhere, and from (AP, Theorem 
1.2) z is a pregeodesic parametrized in such a way that (VT(z),i) constant. 
Finally, the light-convexity of 8A shows that .r{[O, 11) C A, so z is a pregeodesic 
on .c;,-y(A), having (VT(z), i) constant. □ 

Remark 8.6. To get the existence or minimizers for Q, on c.:,.,,c we needed to 
deal with minimizing Palais-Smale sequences. This is due to the fact that c.;,.,,, 
is closed with respect to the strong convergence, but not with respect to &he 
weak H 1•2-convergence. In any case, a cl&111Jical argument or critical point theory 
shows that every C 1-functional defined on a complete C 1-manifold, satisfying the 
Palais-Smale condition and bounded from below, attains its minimum value. 

9. A SHORTENING METHOD FOR TH£ FUNCTIONAL Q. 
DEFORMATION LEMMAS ON c.:,., 

The main goal of this section is to prove a series of deformation Lemmas for 
the sublevel of the functional Q on c.:,.,, needed for the Ljustemik-Schnirelman 
Theory. These results are well known in the case or functionals satisfying the 
Palaia-Smale condition on a regular manifold, but, in our setup, the lack or 
regularity of the manifold c:,., doea not allow the use of the general theory. 

For this reason, we will now discuss a different approach to the deformation 
Lemmas, based on a shortening method for the functional Q on c.;..,, that resem­
bles the well known method of shortening geodesics in Riemanman manifolds. 

For c € ll+, we introduce the following set: 

.N'(p, -y,c) = { q EA; 13 z E O~:~ such that (.i,z) $ 0 a.c. 

(9.0.1) (.i, VT(z)) ~ 0 a.e., with Q(z) $ c, q E supp(z) }· 

f i.e., z may touch the boundary 8/i. 
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From the c-precompactnessof c:,'Y, the set .N'(p,"f,C) is precompact in A for 

every C € If+. 
We fix a time function T on M satisfying the conditions of the Proposi­

tions 5.1, 5.2 and 5.7 (see Remark 5.8). For q E M, we denote by 'Y, the 

maximal integral line of VT through 9. We have the following 

Lemma 9.1. // q e A, then ,upp(-r.,) C A. 

Proof. IC 'I' is the function as in (4.0.1}, it is: 

(9.1.1) 

By (4.0.1), the last term in (9.1.1) is null in a neighborhood of 8A.. Hence, 1, 
cannot crou 8A. and supp(-y,) CA. □ 

Proposition 9.2. For tlltrJI c e n+ there uut, a po,itille num6er p = p(c) > 0 

,uch that for e11er, z e qcnct,., and/or e11err 91,92 E ,upp(z) flJith da(91,92) :S 
p, there emb a unique lightlike pre-geode,ic, future pointing, joining 91 and 1,1 , 

and that minimize, Q in c:,,1 ,
1 
(A). 

Proo/. Let c E n+ be fixed such that Qcnct,1 is non empty. By Lemma9.1 and 

standard rauhs in the theory of ordinary differential equatiou, it is easily seen 

that there exists a positive number e = e(c) such that, for every e e (O,e(c)], 
for every :, e t.t,1 and every 91,92 e supp(z}, the manifold t.t.,1 ,

1
,. is not 

empty (see also Proposition 6.1 ita proof). Hence, by the c-precompactness and 

Lemma 5.9, there exists at least one minimizer :i., for Q, on c.,+ 1 •· Thank.a 
I I• ,,. 

to the results of Section 8, we can pass to the limit as e, 6 ➔ 0 to obtain that , •. , 

is convergent in H 1•2 to a curve z e Ct.,
10 

which minimizes Q on C.t..1 ., (A). 

Moreover:, iB of clasa C2 and .i is does not vanish anywhere. Finally, if p is 
the minimum injectivity radius on .N'(p, -y, c), the exponential map ensures the 
uniqueness of such a minimizer. Indeed, assume that :i1 and .s2 are minimizers 
for Q. Since the quantity (.i, VT(.r)} is constant on critical points, we have: 

Then, since Q{z1) = Q(.r2), it would be T(zi(l)) = T(.r2 (1)). But T("Y.,,(•) ii 
monotone, hence this is in contradiction with the definition of p. □ 

Lemma D.3. Let c = min Q and p : fc, +oo) t--t n+ 6e the Junction of 
c:,.,(A) 

Propo,ition 9.!. There ezi,b a continuou, Junction v : [c, +oo) t--t n+ ,uch 
lhat, for e11erJ1 pair a,b E (0, t] wit/a lb - a I < v(c), and e11err z e Q" n t.t,1(A) 
it i, da(.i(a), .a:(b)) < 6(c). 
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Proof. By Holder'• inequality: 

da(z(a), z(6)) Sr. (.i(a), i(•)~a, da S ~ (11 

(.i(a), i(a)~a,) f = 

= ~ (fo1 

((.i(a), i(a)) + 2(.i(a), VT(z(a)))2 ) da) j = 
= \1'216-alQ(z) S \1'2cl6-al, 

This shows that it is possible to get the continuous function 11. 0 

We fix once and for all a continuous function II as in Lemma 9.3, and for every 
c E [c, +oo), we define N(c) EN to be the maximum natural number such that: 

N(c) S (11(c))-1
• 

We define a first shortening operator S1 : t.t,'Y i---+ t.t,'Y inductively, as follows. 

For z E t.t,-y, we set a; = i • N(Q(z))-1 , i = 0, 1, .•• , N(Q(z)). Moreover, if 
•N(Q(a)) < 1, which happens precisely when v(cr• is not an integer, we also set 
•N(Q(a))+l = 1. 

The map S1 is uniquely determined by the conditions: 

(a) the restriction of S1(z) on the interval (0,a1] coincides with the unique 
lightlike, future pointing pre-geodesic joining p and 'Ya(•i) that minimizes 
Q. If •N(Q(a)) < 1, then S(z) is defined analogously on the inte"al 
(•N(Q(a)), l]; 

(b) for i E {l, ... , N(Q(z)) - l} the restriction of S1(z) on the interval 
(a;, •;+1] gives the unique lightlike, future pointing pre-geodesic joining 
S1(z)(a;) and 'Ya<••••> that minimizes Q; 

(c) S1(z} is parametrized in such a way that (VT(S1(z)), S1 (z)) is constant 
almost everywhere on [0, 1). 

The map S1 is well defined thanb to Proposition 9.2. 

In a similar rashlon, we define the second shortening operator S:i : i;-:_'Y i--+ 

i;-:_'Y, by setting to= 0, I; = •i/2 + (i - 1) · N(Q(z))-1 , i = 1, •.. , N(Q(z)), and 
defining recursively the restriction of S:i(z) on (t;-t, t;] to be the unique lightlike, 
future pointing pre-geodesic joining S,(z)(t;-1) and 'Ya(••>• that minimizes Q. 
The above modifications in the definition of S:i need to be done in case v(cr1 

is not an integer. 

Finally, we define the operator Sas the composition: 

s : c.:,'Y t--+ c:,., 
S= S:ioS1• 

(9.3.1) 

Thanks to Lemma 9.1 and Proposition 9.2, a tedious but straightforward compu­
tation shows that Sis a continuous map; moreover, by construction, Q(S(z)) ~ 
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Q(z) for every z, where the equality holds only if .z is a lightlike, future pointing 

pre-geodesic joining p and ")', with (VT(z), .i) constant. The reader should ob­

serve that the continuity of S1 and S'J on c.:,., depend on the modifications made 

to the their definitions in the case 11(c)-1 is not an integer. U is also important to 

observe that the shortening operator S can be defined on all the lightlike curves 

with support in N(p, 1), with endpoint lying on a timelike vertical curve. 

Definition 9.4. A curve z E c.:,., is called a critical point for Q if z is a 
pre-geodesic in A, with (.i(.,), VT{z{.,))) constant. A real number c is called a 

critical value for Q on t.t,.., if there exists a critical point .z for Q on t.t,., 1Uch 

that Q(z) = c. 

In the rest of this section we will denote by K, the set of all critical points for 

Q on ct,.,: 

(9.4.1) K, = { z E c.:," I z is a critical point for Q on r.:,.,}. 

A real number c is called a critical value for Q on c:,., if there exists z E K. auch 

that Q(z) = c. A real number c E Ir which is not a critical value is called 

regular value for Q on c:,.,. 
Before proving the deformation Lemmas, we need to show that the set of 

critical points of Q at any (fixed) sublevel is compact in c:,.,: 
Lemma 9.$. For e11erv c E fl+, the ,et K. n qc n t.:,.., i, compact. 

Proof. The geodesics are regular points of ct,.,, since they have non zero deriv­

ative, and Q is differentiable at those points. If z,. is a sequence of geodesics 
in c:,.,, with Q(z,.) ~ c, then, since Q'(z,.) = O, one can repeat verbatim the 

same proof as in Proposition 7.4, setting 8,. = 0 in (7.4.3), to conclude that z,. 
has a converging subsequence. Indeed, from the light-convexity asumption, it 
follows also that a sequence cf critical points of Q on c:,., can not approach the 
boundary. 0 

Lemma 9.6. Let c E ll 6e a regular 11alue for Q on c.:,.,. Then, there ui,t, 

" > 0 and a homotopr '1 E c<'([O, 1) x qc+t n c:,.,, qc+t n c.:,y) ,uch that: 

(1) r,(O, z) = z Jar e11erg z E qc+i n t.t,..,, 
(2) r,(t,qc+• n.ct,.,) c qc-• nc;:". 

Proof. For n > 0, set S" = So So••• o S (n times). Since c.:,Y i, o-precompact, 

the classical method of shortening geodesics (see (Mi)) shows that there exi11ts 
n = n(c) E N and " = u(c) > 0 such &hat: 

{9.6.1) 

The homotopy searched is then obtained by setting: 
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where zl ia the restriction of z on the inten-al [l - t, 1). The continuity or 
(1-1,tJ 

,, is easily established uing local coordinates. Pan (2) or the them follows from 
(9.6.1). a 

la an absolutely similar fashion, we can prove the following: 

Lemma 9.7. Let c 6e a critical value for Q on r.:,.,, aad U 6e an open neigh-
6orhood of K, n q-1(c) n r.:,.,. Then there ui,u u > 0 and a honaotopJ/ ,, E 
Co((O 1) x nc+t n t,+ nc+I n t,+ ) ,uch that· t .. ,,.,,..._. ...... • 

(1) q(O, z) = z for ever, z E qe♦i n r.:,.,, 
(2) 11(1 qe♦• n t.+ \ U) C qc-, n c.+ . □ ' .,,., .,,., 

In the last defonnation Lemma we show that, if K. ia bounded, then the whole 
apace C.t,., can be continuoualy retracted to a aublevel or Q: 

Lemma 9.8. Let c 6e ,uch that K, n { z E c.:,., I Q(z) ~ c} = f. Then, there 
ui,b a homotopr 'l E C°([O, 1] x r.:,.,,r.:,.,) ,uch that: 

(1) q(O, z) = JI for ever, JI e r.:,.,, 
(2) '1(1, r.t,.,) C qc+t n r.t,.,. 

Proof. Let ij(t, z) : (0, +oo) x c:,., t-+ r.:,., be any continuoua flow that interpo­
lates the discrete flow (n,.r).....,. S'"(z), in the aenae that;; is a continuou map 
that satisfies: 

(1) for every 11 E t.t,.,, the function It-+ Q(ij(t,z)) is non increasing, 
(2) ij(n,z) = S'"(J1), for enry n EN and ever)' z E t.t,.,. 

Such an interpolating map can be easily constructed using the aame techniques 
of the geodesic shortening method of (Mi1, By Lemmas 9.3 and 9.6, for every 
z E c:,., there exists a positive number T(z) such that Q(ij(t!.z)) ~ c+ 1 for ever)' 
t ~ i(z). Using a partition of unity on c:,.,, the (unction t: c:,., t-+ (O,+oo) 
can be choeen continuous. The homotopy wanted is then given by q(t,z) = 
ij(t • i(z), z). □ 

10. LJUSTERNDC-SCHNIRELMAN THEORY 
AND MULTIPLICITY o, LraHT RAYs 

In this section we will make aae or the Deformation Lemmas prove11 i11 Sec&ioD 
5 to build a Ljuatemilr.-Schairelmaa theof)' for light rays joining p and -,. Let K. 
be as in (9.4.1). 

The first result in an easy consequence of Lemma 9.8: 

Lemma 10.1. Let c E ,i+ k ,uch lhal C n { .r E c:,., I Q(.r) ~ c} = e. Then, 
it ii: 

cat (r..,•.,) = cat (qe♦1 n t..,•.,). 
r,+ • r,+ • ,,... . ... 
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Proof. The Ljusternik-Schnirelman category is invariant by homotopies and 
monotone by inclusion. Hence, from Lemma 9.8, it follows: 

We prove now that all the sublevels of Q have finite category: 

Proposition 10.2. For eve'l/ c E n.+, it i1 

Proof. By contradiction, suppose that there exists a number c E ll. such that 

and let c ~ 0 be defined by: 

c = inf{,: EB I c:t (Qc n c:,..,) = +oo}. 
c., ... 

It is shown in Lemma 9.5 that ~nQc n c:,.., is compact, so that it can be covered 
I, 

by a finite number of open contractible balls B;, i = 1, •.. , k. Let U = U B;; 
i•l 

Lemma 9.7 implies that there exists er> 0 such that 

(10.2.1) 

But by definition of c, it is 

But, by the definition of i!, 

cat (Q~' n t,+ ) < +oo c.+ ,.,.., ' .... 
which contradicts (10.2.1) and proves the Proposition. □ 

In the next Proposition we prove a non smooth version of a classical minimax 
argument of the Ljusternik-Schnirelman theory: 
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Proposition 10.3. There ui,t al le,ul 1!t (c:,.,) critical point, of Q on c:,.,. 
P,'T 

Proof. If Q has infinitely many critical points on r.:,.,, then the proof is done. 
Assume that 1': is finite and define 

c= maxQ(z). 
•E.C 

By Lemma 10.1, there exists d > c such that 

For every k E {1, 2, ... ,m}, let 

and define: 
c1,: = inf 1upQ(z). 

Ber. •EB 

Clearly, the c1,: 's are well defined, since c,. E lO, dJ and The c1,: '• are critical value■ 
for Q on c.:,.,. To prove this, assume by contradiction that, for aome k, c1,: is not 
a critical value for Q on ct,.,. Then by Lemma 9.6, there would exist a > 0 and 
a homotopy r, : (0, 1) x c.:,., i--+ ct,.,, such that 

(10.3.1) 

and 

{10.3.2) ,,(1 qca+• n c+ ) C qc•-• n c+ . 
I P,'T p,-, 

Moreover, by definition of c1,:, there would exist a Ber,. such that 

10 that B ~ qc,+• n ct,.,. Denoting by B' the set r,(1,B), from (10.3.1) and 
(10.3.2) it follows that cat,c+ (B') = cat,c+ (B) ~ k, so that B' Er,.. Moreover, .. , .. , 
since B' i;; qc•-• n c:,.,, one has 

which contradicts the minimality of c1,:. 

If the c1,: '• are distinct, then we have at least m critical points of Q on c.:,.,, 
and we are done. If for 10me k E {1, ... ,m -1} it is c1,: = c,.+1, then Lemma 
9.6 and a classical argument in critical point theory (see e.g. [MW]) show that 



46 F. GJANNONI, A. MASIELLO AND P. PICCIONE 

there are infinitely many critical points at the level c•, and the Proposition is 

proven. a 
We are ready to prove the multiplicity results of Theorem 1.4 and Theorem 

1.5: 

Proof of Theorem 1..1. Frum (AP, Theorem 1.2), critical points of Q on c.:," 
correspond to light-like geodesics, up to a reparametrization. The proof is 

finished with the observation that this correspondence is one-to-one, since the 

reparametrizations needed for passing from a critical point or Q to a geodesic 

and vice versa are uniquely determined. □ 

Proof of Theorem 1.5. Ir catr,+ (.t:,+ ,) = +oo, then Q bas arbitrarily large ,,., ,, 
critical values on c.:,'Y. Indeed, if Q didn't have critical values in the haH line 

(d, +oo), then, by Lemma 10.1 and Proposition 10.2, it would be ~!t (c.t,") = ... , . ., 
c:t (c.:," n q-'+1) < +oo, which is a contradiction. 
r., ... 

It follows that there exists a sequence ,\" ~ 0 of critical values of Q on c:," 
such that lim .\11 = +oo, and a sequence .i,. E c,+" of critical points of Q, 

.. ➔oo ' 
with Q(z,.) = ,\11 • From (AP, Theorem 1.2), for every n E N there exists a 
reparametrization Zn of .i,. which is a light-like geodesic in M. 

Since T(z(l)) - T(p) is invariant by reparametrization and (z,., VT(z,.)) is 

constant, it follows that T(.z,.(l)) -T(p) = .,\". Therefore T(.r,.(l)) ➔ +oo and 
since T('y(.,)) is strictly increasing, the same happens for r,,'Y(.r,.). D 
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