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1 | INTRODUCTION

Given an n-dimensional closed subscheme X C PN polarized by a very ample divisor class D, an
Ulrich sheaf of X is a non-zero coherent sheaf V" such that H*(V'(—tD)) = 0 for 1 < t < n. Ulrich
sheaves attracted a lot of attention in view of their multiple links to other topics such as Boij-
Soderberg theory, Chow forms, matrix factorizations, and so on. As general reference on Ulrich
bundles, we use [8]. We define the set of Ulrich ranks of X as

Ur(X) = {r € N | there exists an Ulrich sheaf U on X with rk(V") = r}.
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In general, it is very difficult to determine Ur(X), except when n = 1 where one easily finds
Ur(X) = N*. A fundamental conjecture of [9] states that Ur(X) should be always non-empty, while
the main point of [2] is to compute the lower bound of Ur(X), called the Ulrich complexity of X.
For a few surfaces, we understand Ur(X) completely, for instance we know Ur(X) = 2N* for K3
surfaces of Picard number one, see [1, 12]; for the dth Veronese surface, we know Ur(X) = 2N*
if d is even and Ur(X) = N* \ {1} if d is odd, see [6]. For n > 3 and for an arbitrary polarization,
typically we have no clue of what Ur(X) should be, even though some results are available for
minimal polarizations, see for example [5].

In this note, we focus on Veronese varieties of dimension n > 3 and mostly on n = 3, where the
determination of Ur(X) is open. Our main result gives a complete answer for Veronese threefolds
of arbitrary degree, answering a conjecture of Costa and Mir6-Roig and giving the first example
of varieties of dimension n > 2 where Ur(X) is completely understood, relatively to an arbitrary
polarization. Actually Ur(X) is easy to determine also for dth Veronese n-folds when n! divides d,
as Lemma 4 shows, but when d mod n! is arbitrary this gets much harder. Here, we look at n = 3,
the most interesting cases being when d is congruent to 1,3 or 5 mod 6.

Let us formulate the precise result. Given integers d,n > 1 we set N 2‘ = ("::d) — 1 and consider

the dth Veronese n-fold X 2’ in PNd. We omit n from the notation when n = 3.

Theorem 1. Let d > 2 and let X, be the dth Veronese threefold in PNa. Set d € {0, ..., 5} for the
remainder of the division of d by 6. We have:

i) ifd =0, then Ur(X,;) = 6N*;

ii) ifd € {1,5}, then Ur(X,;) = N* \ {1};
iii) ifd € {2,4}, then Ur(X,) = 2N*;
iv) ifd = 3, then Ur(X,) = 3N*.

This proves [7, Conjecture 1.1], where of course r = 1 has to be excluded from the statement.
Indeed, the conjecture states that, for d > 2, there should exist an Ulrich bundle of rank r > 2
on X, if and only if r(d> — 1) = 0 mod 6, and, in cases (i), (ii), (iii), (iv), d> — 1 is congruous to,
respectively, —1, 0, 3,2 mod 6, so r should be, respectively, any integer r > 1 which is a multiple
of 6,1, 2, 3.

Let us say a word on the proof. First, non-existence outside the range mentioned in the theorem
is easily dealt with by looking at the Hilbert polynomial of an Ulrich bundle on X ;. So, the point
is about constructing Ulrich bundles in the prescribed ranks.

About existence, one first notes that Ulrich bundles of rank r are available when n! divides r,
due to a simple and smart construction appearing in [10, Theorem 6.1]. On the other hand, finding
Ulrich bundles of rank » < n! may be challenging and actually impossible for low r. However,
Costa and Mird-Roig observed that, if 3 divides d*> — 1 and € is a sufficiently general instanton
bundle of rank 2 and charge %(d2 — 1), then £(2(d — 1)) is an Ulrich bundle on X ;. This relies on
a difficult result of Hartshorne and Hirschowitz, actually the main result of [13], to the effect that
£ has natural cohomology, meaning that for all ¢ € Z there is at most one value of i € N giving
H(E(t)) # 0. This, combined with Riemann-Roch, implies the vanishing of cohomology required
for £(2(d — 1)) to be Ulrich.

So in order to complete the classification, the main obstacle is constructing Ulrich bundles of
rank 3 in the prescribed range, which is precisely the main goal of this note. The rather surprising
fact is that, instead of searching for general bundles relying on the usual techniques based on con-
structing bundles from curves (typically unions of lines and conics) combined with deformation
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theory, we achieve this using very special bundles, in some sense the most special we could think
of, namely symmetric squares of equivariant instanton bundles for the action of SL, on P3 by
binary cubics.

These instantons were examined in the framework of spaces of equivariant matrices of constant
rank in [4]. They had been previously constructed and classified in [11] and actually much earlier,
to the first author’s astonishment, see [3]. The outcome of the classification is that, for any integer
m > 1, there is one and only one instanton bundle &,, of rank 2 on P3 which is SL,-equivariant
for this action and having ¢,(€) = (m;l). These are precisely the numerical invariants needed to
get Ulrich bundles after taking symmetric squares.

To explain how these sheaves are useful in the present setting, let us state a second result.
We write MI(7, k) for the coarse moduli space of rank-r stable instanton bundles having second
Chern class kH?, where H is the hyperplane class of P3. According to [14], the space MI(2, k)
is a smooth variety which is moreover irreducible by [18, 19]. We recall that Le Potier defined
in [15] an effective divisor that we denote by LP(k) C MI(2, k) consisting of instanton bundles
& such that H*(S2&(—2)) # 0. We also consider MISp(r, k) and MIgq(r, k), the moduli spaces of
symplectic and orthogonal instantons, namely pairs ([F], [#]), where [F] lies in MI(r, k) and [5] is
the proportionality class of n : F — FV, a skew-symmetric or symmetric duality. Hence, actually
MI(2,k) ~ MISP(Z, k) for any k > 1. The following theorem can be thought of as an incarnation
of the classical isomorphism of Lie algebras 3[,(C) ~ 80,(C).

Theorem 2. Forany k > 1, the assignment [€] — [S?£] gives an étale map onto an open subset:
@ : MI(2,k) \ LP(k) - Ml (3, 4k).

Fore €{0,1,2}and h > 0, with (h,e) # (0,0), writed = 6h +2e + 1, m =3h + e, k = (m2+1)‘ Then,
for [€] sufficiently general in MI(2, k), S>£(2(d — 1)) is an Ulrich bundle on X ;.

The crux of the argument is that, when £ is the SL,-equivariant instanton bundle &£,, men-
tioned above, we may show that F,, = S?&,, satisfies H*(F,,(d — 2)) = 0. This uses a remarkable
sheafified minimal graded-free SL,-equivariant resolution of &,,, obtained in [11] and recovered
in [4], that looks like:

0—-Op(—2m—1) - V3, @ Ops(—m —1) = V3,1 @ Ops(—m) = &, = 0. 1)

Here, for p > 0, V, = SPV is the irreducible SL,-representation of weight p.

With this being done, one observes that H*(F,,,(—d — 2)) = 0 follows from Serre duality simply
because F,, is orthogonal. Then, choosing [€] ¢ LP(k) in a neighborhood of [£,,] will turn out
in S2£(2(d — 1)) being an Ulrich bundle. In the very last passage, we use the irreducibility of
MI(2, k). We could actually bypass it by showing H*(F,,,(—2)) = 0, which we checked for several
values of m but failed to prove in general. Note that &, itselfis far from having natural cohomology
for arbitrary m > 0, as the resolution (1) shows, but S 28m should have natural cohomology, at least
we know that it does for low values of m.

Remark 3. For n > 4 and arbitrary d, it seems difficult to determine Ur(Xg). Here are some
comments.

i) According to arithmetic conditions on d and n, we may determine Ur(X ;’), for instance if n!
divides d then Ur(X ;’) = n!N*, see Lemma 4.
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ii) For most values of d mod n!, we may not have a full picture of Ur(X"}). For instance, forn = 5
and d = 2, for any Ulrich bundle U" of rank r the discussion of Lemma 4 gives 8 | r. Letting
Sp act linearly on P°, we may consider the Spg-bundle F associated with the irreducible
representation of maximal weight w, + w;, where w,, w,, w; are the fundamental weights
for Spe. Then, Borel-Weil ensured that U = F(1)is an Ulrich bundle on X 5 We have rk(V") =
16. But for any odd number k < 15, we do not know if X; supports Ulrich bundles of rank 8k.

iii) Forn > 4 and d > 2, according to recent work of Lopez and Raychaudhury, see [16], Xs does
not carry Ulrich bundles of rank < 3. This indicates that the situation for XZ is quite special,
in the sense that all ranks (except 1) allowed by the arithmetics of Ulrich bundles do lie in
Ur(XS).

2 | PROOF OF THE MAIN RESULTS

Let us go through the proof of the results announced in the introduction. In the next subsec-
tion, we recall some down-to-earth arithmetics about Ulrich bundles and classify Ulrich ranks
on Veronese varieties in the simplest situation. Then, we show a rather unexpected lemma stat-
ing that the SL, equivariant instantons considered here, in spite of being far from having natural
cohomology, have a symmetric square that (almost) does. In the following subsection, we inter-
pret the symmetric square in terms of moduli spaces and show the fact bundles obtained this way
fill an open dense subset of a component of their moduli space. This is surprising at first sight,
but turns out to be very natural by looking at adjoint bundles. The last subsection summarizes the
proof on Theorem 1.

2.1 | Reminder on arithmetics of Ulrich bundles

Let U be an Ulrich bundle of rank r on Xg. Then, the Hilbert polynomial of U" looks as follows:

vy =2 ] @j+o.

T 1gjgn

In particular, evaluating at the above expression for t = 1, we get:

nixW@)=r [] @j+1. )

1<j<n

Lemma 4. We have n!N* C Ur(X L’i‘). Moreover, let m € N* be a divisor of n! with d = m mod n!.
Then, Ur(X[}) C mN*. In particular, if n! divides d, then Ur(X}) = nIN*.

Proof. The first statement follows from the construction of [10, Theorem 6.1]. Indeed, we consider
the product Y of n copies of P! as a subvariety of degree n! in P?"~1. Let 7 be a generic projection
of Y to P", so that 7 is a finite map of degree n!. Choose s € N*. Then, with obvious notation, V" =
7. (0y(d —1,...,nd — 1)®%) is an Ulrich bundle on X(’i‘ of rank n!s. Therefore, n!N* C Ur(Xg).

Moreover, consider an Ulrich bundle U on XZ of rank r and a divisor m of n!. Equation (2)
gives

r H(mj+1)50, mod n!,

1gjgn
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since d = m mod n!. Further reducing mod m gives r = 0 mod m, which is what we want. For
m = n!, we get the last statement. O

2.2 | Coholomogy vanishing in the positive quadrant

Let us consider the action of SL, on P* by binary cubics, namely we identify P*> with P(V5), in
other words SL, acts linearly on P* with the irreducible representation of weight 3. We use the
notion of instanton bundle on P3, which is an H-stable locally free sheaf £ of rank r > 0, such
that ¢;(€) = ¢3(€) = 0 and H*(E(—2)) = 0. Writing ¢,(€) = kH?, we say that k is the charge of £.
Note that stability is not always part of the definition of instanton bundle, however we do require
it here. Also, note that H’(S?£) = 0 for any instanton bundle £ of rank 2. Indeed, £ is of rank 2
with ¢;(€) = 050 A’E =~ Ops. Also, £ is stable, hence simple, so Hom(&, £¥) ~ Hom(&, €) is one-
dimensional, hence generated by the skew-symmetric duality responsible for the isomorphism
A%E =~ Ops. So, there is no non-zero symmetric map £ — £V.

Now, recall that according to [11], for all m > 1 there is one and only one instanton bundle &,, of
rank 2 on P3 which is SL,-equivariant for the action of binary cubics and has charge ( mgl). Also,
a rank-2 instanton bundle which is SL,-equivariant for the action of binary cubics is necessarily
of the form &,,,.

Lemma 5. Fore € {0,1,2}and h > 0, with (h,e) # (0,0), writed = 6h +2e+1,m =3h +e k =
(m;q). Set F,, = S*&,,. Then, we have H*(F,,,(d — 2)) = 0.

Proof. We have d = 2m + 1 and a decomposition &, ® &, as F,,, ® Ops, S0
HYF,©) = H(E, ® £,(1),  forallt € Zifk € {1,2}.
We saw in the previous paragraph that H(F,,) = 0, hence H(F,,,(—t)) = 0 forany ¢ > 0. By Serre
duality, since F,, is self-dual, we get H3(F,,(t —4)) = 0 for any ¢ > 0, in particular H3(F,,(d —
2)) =0.
We write ¢ for the map V3, ® Ops(—m — 1) = V3,1 ® Ops(—m) appearing in the resolution

(1) of &,, and consider such resolution as a two-step extension of £,, and Ops(—2m — 1) given by
an element

¢ e Extuzﬁ(é’m, Op:(=2m — 1)).
For all integers k and any locally free G, we look at the Yoneda map:
Yot H(GC®E,)® EXt?,(€» Ops(—2m — 1)) — H*2(¢(-2m - 1)).

This is functorial with respect to morphisms 4 : ¢ — ¢’, namely, these give rise to commutative
diagrams:

k 2 Yox k+2
HY(G® &,) ® Extps (&, Ops(—2m — 1)) ———— H***(G(—2m — 1))
H"(/l®€m)®id\L iH“”(/l@aops(—zm—l)) 3)
Hk(g, ® gm) ® EXtu%os(gm, (9ps(—2m - 1)) &- Hk+2(g/(—2m — 1))
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We again use the resolution (1) to observe that cupping with ¢ induces isomorphisms:
Yo,y n-p (= ® &) 1 H(E(m —2)) — H3(Opa(—m — 3),
Yo ym-11(=®&) : H'(Ey(m = 1)) > H*(Ops(—=m — 2)).

We denote both such isomorphisms by A¢.
Consider the resolution of £,, ® &,,(d — 2) obtained by tensoring (1) by &,,(d — 2), that is,

0-5E&,(=2)=7V3, @&, M=2)> V3,1 Q& (m—-1)— &, QE,(d—2)— 0.
We already know that H*(&,,(—2)) = 0 since &,, is an instanton bundle. Again from (1) we see
H*E,,(m = 1)) = H'E,(m=2) =0, ifk#1.
Therefore, H*(F,,(d — 2)) = H*(&,, ® &,,(d — 2)) = 0. Moreover, we get a map
f 1V @ HY(Ey(m = 2)) = Vg ® H'(E,,(m = 1),
obtained as f = H'(3 ® &,,(2m — 1)), with the property that
HY(E, ® £,(d —2)) =~ ker(f), HY\F,,(d-2))=HYE, ®E,(d—2)) ~coker(f). (4)

Then, applying (3) to  ® Opsz(2m — 2) yields a commutative diagram induced by cupping with
¢:

V3m®/\§
Vi @ H' (En(m — 2))

Vim ® H*(Ops(—m — 3))
f=Hl(1/)®5m(2M—1))i J/H3(¢®(9P3 (=2)

Vi @ HY(E,(m — 1)) Vi @ H(Ops(—m — 2))

V3m+l®/\§
The horizontal arrows are isomorphisms and the vertical arrow on the right is surjective since

H*(&,,(—2)) = 0. Hence, the vertical arrow on the left is also surjective. Also, the kernel of H*( ®

Op:(—2)) is identified with H3(Ops(—2m — 3)) = H3(Op3(—d — 2)). Therefore, (4) gives:

H'(F,(d-2)=H'(&,®&,(d—2)=0

HO(F,,(d = 2)) ® H(Op3(d — 2)) = H'(&,, ® &,,(d — 2)) = H*(Ops(—d — 2)).

Hence, H(F,,,(d — 2)) = 0. This finishes the proof that H*(F,,(d — 2)) = 0. O

2.3 | The symmetric square as map to the space of orthogonal
instantons

Consider Mg, (3,4k) the coarse moduli space of rank-3 stable orthogonal bundles with Chern
classes of the form (0, 4kH?,0) and an element ([F], [1]) of Mg, (3, 4k). Then F is a stable bundle,
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isomorphic to 7V vian. If »” : F — FV is not proportional to #, then in the pencil A5 + 1'%/, for
[A: V'] € P!, there mustbe a morphism 7 — FV having trivial determinant. However, F and 7
are stable of the same Hilbert polynomial, so this cannot happen unless 7 and n’ are proportional.
So, [n] is actually determined uniquely by [F] and we will suppress [5] from the notation of the
points in Mg (3, 4k).

Also, since any [€] € MI(2, k) is equipped with the skew-symmetric duality 7, which is canon-
ical up to a non-zero scalar, F = S2€ is equipped with the canonical class [7;] of the symmetric
duality n = S?7,. Furthermore, the space MIg(3, 4k) is an open subvariety of Mg (3, 4k).

Lemma 6. Let k > 1 be an integer. Then, the assignment [€] — [S*E] gives an étale map
@ : MI(2, k) = Mgo(3, 4k),
which restricts to the morphism
@ : MI(2,k) \ LP(k) — Mlgq (3, 4k).
So that, p(MI(2, k)) is a smooth irreducible Zariski-dense open subset of a component of Mg (3, 4k).

Proof. Let € be an instanton bundle in MI(2, k). We know from [14] that MI(2, k) is smooth
at £. More precisely, the tangent space and the obstruction space to MI(2, k) at the point [£]
corresponding to £ are described as:

T MI(2,k) = H'(S?€), with h!(S2€) = 8k — 3, Ob ¢ MI(2,k) = H*(S*€) = 0.

Moreover, F = S2€ is slope-semistable since £ is and actually F is slope-stable since h°(F) =
hO(FY) = 0. Therefore, computing Chern classes we see that F is a bundle corresponding to a
point [F] of Mg, (3, 4k).

Now recall that, for an orthogonal bundle F, the adjoint bundle ad(F) is defined over every fiber
of F by the adjoint representation SO(3) — ad(SO(3)), see, for instance, [17]. For a given three-
dimensional vector space F, the associated adjoint representation is isomorphic to the exterior
square A’F, so ad(F) ~ A*F.Moreover, since F has rank 3 and trivial determinant, we have A’F ~
FV.However, F being orthogonal, it is self-dual, namely 7 ~ FV. Therefore, the tangent space and
the obstruction space of Mg, (3, 4k) at [F] are described as

TirMso(3,4k) = H'(ad(F)) ~ H'(F),  ObjzMgo(3,4k) = H*(ad(F)) ~ H*(F)
Therefore, we get the following information:
TieMI(2,k) = H'(S*€) ~ H'(F) = Tj Mso(3,4k),
0 = Obj¢|MI(2,k) = H*(S*E) ~ H*(A*F) = Objr Mo (3, 4k),
where the isomorphism of tangent spaces is the differential of ¢ at [£]. This proves that Mg (3, 4k)
is smooth at [F] and that ¢ is a smooth morphism of relative dimension 0, hence étale. Recall

that MI(2, k) is irreducible by [18, 19]. Then, the image of ¢ is a smooth Zariski-dense subset of an
irreducible component of Mg (3, 4k).
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Now, assuming [£] to lie away from the Le Potier divisor LP(k), by definition F = S2€ verifies
H*(F(—2)) = 0 and we obtain the restriction of the image to MIgy(3, 4k). O

2.4 | Proof of the main theorems

All that remains to do, in order to finish the proof of Theorem 2 is to combine the previous lemmas,
the semicontinuity of the dimension of the cohomology groups, and the result in [7, Theorem
3.6] for the case of r = 3. So that we just have to construct a rank 3 instanton bundle of natural
cohomology with charge k = (m;d) for some integer m > 1 and d = 2m + 1.

Proof of Theorem 2. The first part of the statement is done in Lemma 6. To conclude we have to
prove the existence of an Ulrich bundle of the form S?>£(2(d — 1)) on X, for some [€] sufficiently
general in MI(2, k). For any t € Z, we consider the open subset W, of Mg (3, 4k) defined as

W, ={[F] € Mgo(3,4k)|H*(F(t — 2)) = 0}.

The intersection U = W, N W_,; N (MI(2, k)) is non-empty because the class of F,,, = S2&,,
belongs to U. Indeed, Lemma 5 applies to guarantee that [F,,] € W . Moreover, since F,, is
orthogonal, hence self-dual, using Serre duality we see that [F,,] belongs to W_, that is:

HI(F, (—d —2)) ~ H>J(F,(d - 2)) = 0, forall j € N.

Then, U is an open subset of an irreducible component of Mg, (3,4k) by Lemma 6. Further-
more, the intersection of U with ¢(MI(2, k) \ LP(k)) is also non-empty, being an intersection of
non-empty open subsets inside the irreducible variety o(MI(2, k)).

A representative of a class in the intersection U N ¢(MI(2, k) \ LP(k)) is a rank 3 instanton
bundle 7 with charge (d? —1)/2, satisfying H*(F (-2 — td)) = 0 for t € {-—1,0,1}. Therefore,
F(2d — 2) is an Ulrich bundle on X ;. O

Proof of Theorem 1. Let us separate the various four cases of d. Up to taking direct sums, it suffices
to find Ulrich bundles of rank 2 and/or 3 in each case.

(i) This case is proven in Lemma 4.

(ii) When d € {1, 5}, the value e appearing in the decomposition of d of Theorem 2 satisfies e €
{0, 2}. From Theorem 2 and [7, Proposition 3.7], we get, respectively, the existence of Ulrich
bundles of ranks 3 and 2 and consequently of any rank r > 2. The non-existence of Ulrich line
bundles is a consequence of Pic(X;) = Z and d > 2.

iii) If d € {2,4}, then 2|r by Lemma 4. Therefore, we only need to apply [7, Proposition 3.7] to
conclude this case.

iv) For d = 3, this corresponds to the case e = 1 in Theorem 2. We get 3|r by Lemma 4. Applying
Theorem 2 affords the existence of Ulrich bundles of rank 3 and thereby the equality Ur(X,) =
3N, O
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