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Resumo

Neste artigo sdo determinadas condigoes suficientes para a C*-G-trivialida-
de (G é um dos grupos de Mather R, C or K) de deformacoes de germes de
aplicagao f; : (R",0) — (R?,0) of type fi(z) = f(z) + th(z) que satisfazem
uma condi¢ao de Newton nao degeneracao. Estas condigoes sao determinadas
em termos da filtracao de Newton do germe h.

Abstract

We provide a suficient condition for the C*-G-triviality (G is one of
Mather’s groups R, C or K) of deformations of map germs f; : (R",0) —
(RP,0) of type fi(z) = f(x)+th(z) which satisly a non-degeneracy condition.
This condition is given in terms of the Newton filtration of the map germ h.
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1 Introduction

The determinacy of topological triviality map germs is a fundamental subject
in singularity theory, and many works are devoted to the characterization of
finite determinacy and to estimating the order of determinacy, with respect
to various equivalence relations. In particular, finding the accurate order of
determinacy of a map germ is important for applications or practical prob-
lems as well as for pure mathematical theory.

In this paper we provide new estimates on the degree of C*-G-determinacy
0 </ < o G is one of Mather’s groups R, C or K, of Newton non-
degenerated map germs. We generalize previous results on weighted ho-
mogeneous map germs satisfying a convenient Lojasiewicz condition given
by Ruas and Saia in [3]. The results give an explicit order such that the C*
geometrical structure of a Newton non-degenerated homogeneous polynomial
map germ is preserved alter higher order perturbations. Our method consists
of constructing controled vector fields based on control functions determined
by a convenient Newton polyhedron.

2 The Newton filtration

We denote the ring of real analytic germs by &,. To construct a Newton

polyhedron we fix an n x m matrix A = (al), withi =1,...,n, 7 = 1,...,m,

al = (al,...,a}) € Q" and m > n, such that the first n colluns of A are of
type ¢/ = (0,...,0,a%,0,...,0) and @ > 0, for all j =1,...,n..
1 0 g ... g™
When n = 2, for example we have: A = ( % 5 aé a}n ) )
0 a3 a5 --- af

The support of A is denoted by Supp(A) = {a?, j = 1,...,m}, its Newton
polyhedron, denoted by I"; (A), is the convex hull in R" of the set Supp(A) -+
R and the Newton diagram of A, denoted I'(A), is the union of the compact
faces of T'; (A).

For a fixed Newton polyhedron I'y(A) and for each w = (w1, ... ,w,) €
R% we define:

Definition 2.1 (a) £(w) = min{{w, k) : k € T4 (9)}, (w, k) = Z‘ll)ikj.
i=1

(b)) A(w)={keTl(g9) : (w,k)=~Lw)}.
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(¢) Two vectors a,a’ € R} are equivalent if A(a) = A(d).

A vector w is called a primitive integer if it is the vector with minimum
length in C(w) N (Z7} — {0}), where C(w) is the half ray emanating from 0
passing through w.

Since each (n — 1)-dimensional face A of ['(g) is associated to a primitive
integer w € R7* such that A = A(w), we fix v* = (vf,..,v8), k = 1,...,n,
the set of primitive integers associated to the (n — 1)-dimensional faces § of

I', (A) and denote by M the number M = m.m.c.{{(v*)}.

Definition 2.2 For any monomial z* = z{*,... ,z% in &,, we define

0(a) = min {%(aw‘“)} .

k=1

For an analytic real germ [ :R™ 0 — R,0 we call

fil(f) == inf{p(a) / a € Supp(f)}.

In order to construct the controlled vector fields we define a control func-
tion in terms of a fixed Newton polyhedron '} (A).

For any vector a/ of Q" and p € R, we denote by p’ the vector p/ =
pa’ = (pai,pab,. .. ,pal,). _

We choose the number p as large as needed to have 2p! integer and de-
fine the smooth function p(xz), called the control of the Newton polyhedron

' (A):

m ﬁ ™m od oy ) ﬁ
| i o L
plz) = (§ :1'2”7) = (E l‘lp'ivng-“zﬁ"") - (1)
9=l J=1

Definition 2.3 ([6], p. 524) An analytic function germ f : R",0 — R,0
with Taylor series f(z) = >, c,z¥, ondev = (11,...,vp) is an A-form of

degree d if f(z) = >, c,a”.

vel(pd)

Lemma 2.4 ([6], p. 524) Let f : R*,0 — R,0 be a polynomial function
germ with supp(f) € T'(p?). T hen there exists a constant ¢; > 0 and a
neighbourhood of the origin such that || f(z)|| < cyp(x)™.
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In the sequel we shall consider the decomposition of any analytic function

germ [:R" 0 — R,0 in A-forms
flx) = Hy(z) + -+ Hy(z)+--- ,£>d
where each function germ H; is an A-form of degree 1.

Definition 2.5 ([6], p. 525) We say that 0 is an A-isolated point of f if
for each compact face vy of T'(p%), the equation f.,(x) = 0 does not have
solution in (R — {0})™.

Lemma 2.6 ([6], p. 525) Let f : R*",0 — R,0 be an analytic function
germ written as f(z) = Hy(z) + - He(z) +---. If 0 is A isolated for f
then there exists a real co > 0 such that || f(x)|| > cop(x)? for all z in a
neighborhood of the origin.

The next lemmas form the key tool to gnarantee the class of differentia-
bility of the controlled vector fields.

Lemma 2.7 For any analytic function germ h : R",0 — R,0 with h €
int (T (p%)):

lim biz) =208

=50 pla)d

Proof: It is sufficient to prove that for all a = (aq, ..., a,) in the interior of
', (p%), we have lim,_o2%/p(z)* = 0.

Suppose that this does not occurs, hence there exists a constant ¢ > 0
such that ||z%/p(z)%|| > ¢ for all z in a neighborhood of the origin. Therefore
the origin 0 is in the closure of the set X := {z € R" / ||z|| > ep(z)t}.

As the set X semi-analytic we apply the Curve Selection Lemma to con-
clude that there exists an analytic curve A : (0,¢] — X, with A(0) = 0 such
that

ML) ~ 121, o, Aa(t) ~ 2.
Therefore, since p(A(£))¢ < L[|A(t)*]| we obtain
7;nfj{<da’jv (1)} > <aa Q’>.
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But A(a) := {b € T'+(p*) / (b,a) = £(a)} is a face of [';(p?) with
(o) == min{{c,a) / c € 'y (p)}.
Since da’, is one of the vertices of A(a),
(da?,a) = ¢(a).
However,
(a,a) < {(dd,a) = {(a)
hence a € I'(p?) and we obtain a contradiction to the hypothesis. [ |

Lemma 2.8 Let h: R™, 0 — R,0 in &, such that fil(h) > fil(p?) +£R+ 1.

Then ph(%fi is differentiable of class C*.

Proof: The proof is done by induction on £.
For £ = 1, we obtain fil(h(z)) > fil(p(z)*) + R+ 1.

Since f(z) = :((:))d we have

Vf(z)= ! (p.Vh — h.Vp*)

p(z)*

and also that

Jil(p®.Vh — h.Vp?) fil(R) + fil(p?) — R

>
> 2fil(p*) +1

= fil(p*)+1.
Applying the Lemma 2.7 we obtain lil% p%d (p*.Vh—h.Vp?) =0, and Vf
is continuous. Therefore [ is of class C*.
Suppose now that any function f(z) = Zéi;g satisfying

fil(ha) > fil(p?) + (¢ = )R+ 1,
is of class C*7t. Let f(z) = M@ with fil(hy) > fil(p%) + ¢R + 1. Hence

p(z)d
Yz = ZSL with fil(H(z)) > fil(p?) + (£ — 1)R + 1, is of class C*!
therefore [ is of class C*. [ |

Ruas and Saia in [3] determined conditions for the C*-G- triviality,¢ > 0,
G =R, C or K, of weighted homogeneous map germs with isolated singular-
ity, in terms of the weights and degrees. Here we generalize these results for
the class of map germs that are A-forms.
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Definition 2.9 An analytic map germ f : R* 0 — R?,0; [ = (f1,...,fp)
is anA-form of degree d = (dy, ... ,d,) if each f; is an A-form of degree d;.

The main idea is to choose, for each group G = R, C or K, a convenient
function such that we can compare with a control function p(z) associated
to a Newton polyhedron I" (A). First we shall do it for the group R,

3 The group R

For each polynomial map germ f : R", 0 — R”,0 we denote o := m.m.c.{s;}
and call Npf =), M?*" where My, I = {i1,...,i,}, is a minor of order p of
the Jacobian matrix df, and a; = a/s;, with sy := fil(M;).

We write N f = Hp+---+ Hp, with L > D, and suppose that Ng f has
0 as I'; (p?)-isolated poiut, we can apply the Lemmas (2.4) e (2.6) to obtain

Nef < || Hpll + -+ |Hpll < epp® + - +epp® < (ep +---cr)p”
and
Nef > cp®
Hence there exist constants ¢; and ¢y > 0 such that

c1pP < Nrf < epp®

If we counsider now a deformation f; = f + 0 of f with fil(6;) > fil(f:)
we define Ng f; == >, Mff”.

Lemma 3.1 Suppose that Ngf = Y., M? = Hp + ---+ Hy, has 0 as a
', (pP)-isolated point for some Newton polyhedron 'y (A). If [ = [+ 10 is
a deformation of f with fil(0;) > fil(f;), there exist constants ¢, and c; >0
and a neighborhood V' of 0 such that

c1p” < Nrfi < cap”

forallz eV



Proof: Since Ngfi = Ngrf + tO, with fil(©) > fil(Nrf), we can write
Nrf < Npfi+]©],V0<t<1.

There exist a constant ¢; > 0 such that ¢, p? < Ng f < Ng fi+||©]|, since
fil(©) > fil(Ngf) we have ii_r% 0/pP = 0. Therefore

cip® < Nrf.
On the other hand,
Nrfe < Nef + (101l < e2p” + 16| < (e2 + e5)p”.

In order to show the main result of this section we fix a Newton polyhe-
dron I'y (A) with associated primitive integers v/, and call

i M
v!}, and r = minmin{——v; }.
") G

l(vi) "

R = max max{ M
j i (vl
Let fi(z) = f(z) + t0(z), with § = (6,,...,0;,), be a deformation of a
polynomial map germ f : R*,0 — R?,0. Suppose that Ngf =), M?O” has
0 as a ', (p”)-isolated point.
We prove now the following:

Proposition 3.2 (a) If fil(6;) > fil(f;) + {R—7+1, then fort € [0,1], f;
is C*-R-trivial for all £ > 1;

(b) If fil(0;) > fil(f:), then fi is C°-R-trivial for allt € [0,1].

Proof: We follow the proof given by Ruas and Saia for the weighted homo-
geneous case, [3].

(a) For each p minor M,, of df;, we construct the vector field W; defined by
the cofactors of My, :

i - 15 . w; =0, ifi gl
Wi = ;wi'a;;7 with { i = Z?:l Af.ﬁm(%%)j? i el

Here Nj; denotes the (p — 1) x (p — 1) minor cofactor de of %—, in df.
Hence %MU = df (W;).



Now we consider the vector field Wi =), 71/[20" "W, hence Ng fi dfl =

dfy(Wg) and

Jil(Wr) =

Y

v

A\VARAYS

min{ fil(M?* =) + fil(W;)}

m1n{2a - fL](M]) r fL]( _7’1m) + fLZ( )}
min{2a — fil(M;) + fil(M;) — fil(a?vfj
min{2a — (fil(f;) —r) + fil(6;)}

200+ 4R+ 1.

) + fil(0;)}

Finally we consider the vector field V' : R® x R,0 — R" x R, 0:

Wgr

Viz) = Nef,'

which is of class C* from Lemmas (2.7) and (2.8).
The C*-triviality, for small values of ¢, follows from the equation % 8¢ t(z,t) =
(df1)z(V(z,t)), and a similar argument shows that the result follows for all

= tg,vto & [0, 1]

(b) We have that

fil(Wg) =

v

IV

Il

Fil() M7~ Wy)

1

min{2a — (fil(f;) —r) + fil(f;) + R—r}
20+ r = fil(p°) + .

And fil(Wg) > fil(pP) +r = fil(p”||z||). Hence D|R is limited, and

is integrable.

£l

W Wr
= llp—ll < j]

3.1 Examples

Example 3.3 Here we show that the estimates obtained can not be im-

proved.



Let f(z,y) = (2® + v*)?, Kuiper in [5] showed that the deformation
filz,y) = (2 +y*)% + t’t5+7’ is not, CP*2-trivial, ¥V p > 0.

However, in this case we have fil(z°?) > fil(f)+/R—r+1<5+p>
4 4-#, therefore £ € {1,2,...,p + 1} and f; is CP"'-trivial.

Example 3.4 Let f : R0 — R 0; f(z,y) = (zy,z®" — y* + 2¥y*),
withr+s=br+2s=0+1andr > s.
The 2 x 2 minor of df is M = —2((b+ 1)z?*2 + by® + (r — s)a*y*).

We remark that we can write M = Hayp41) with
IT[Zb(b—H) — —2((b + L) 2042 4 bT/Qb + ( )TQTUZS)

being a degree 2b(b+ 1) A-form.
0 e
If br+(b+1)s < (b+1)b, we consider the matrix A = ,

0o L. _s_
b+1  (b+1)d

with corresponding Newton polyhedron I'y (p®®*+Y)) having two faces with
vertices {(2b+ 2,0), (2r,2s), (0,20)}.
The associate control function is p(z,y) = (z®+2 + y* + 'Lzryzs)?b(blﬂt
Since m.m.c{€(vy),€(v2)} = 2b(b+ 1), we obtain

le(w) = min{(b+ 1)((1,1),(1,1)),5{((1,2), (1,1))} = 2b+2

Fil(y®) = min{(b+ 1){(1,1),(0,20b)),b((1,2),(0,2b))} = 2b(b+ 1)
fZZ(mQTy%) = min{(b+ 1){(1,1), (2r, 2s)}),b{(1,2),(2r,25))} = 2b(b+ 1)
fil(z**?) = min{(b+1){(1, 1), (20+2,0)),5((1,2), (26+2,0))} = 2b(b+1).

o=

a,
(@

Hence fil(zy) = 2b+2 e fil(z?"2 —y* +1%y*) = 2b(b+ 1), with R = 2b
and r = b.
In order to obtain the conditions of the Proposition 3.2, it is needed that

fil(0;) > fil(f:) +2b€ —b+1
therefore
fil(6y) > b+ 268 + 3
and

fil(0y) > 26> + b+ 2b0 + 1.
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For example, if we consider (6y,02) = (z®y°, y*¢+tV), fil(6,) = 14b + 14
and fil(0y) = 4b* +8b+4, then if b > 3, the number ¢ = 6 satisfies the above
inequalities and the family

film,y) = [(z,y) + (01, 00) = (zy + tz°y°, 5P — ¢y | 292 4 1?01
is C8-R-trivial.

Example 3.5 Let f : R%,0 — R,0, with f(z,y) = " + 2*y + 2°. Then,
df = (4z3y + 928, 7y5 + 2*).

Consider A = ( g g :13 ) , with associate control p(z,y) = (y'? +28y2%+

.’L‘S)% and minors M; = 4z%y + 92% = Hy + Hy and My = 7y + 2 = [?[1.
Here we remark that

{(z,y) eR?* | Ngfla,} = {(z,y) €R? / (42Py)** 4 (7y°)*2 = 0} C
c {(z,y) € R* / 2y = 0}.

and

{(5.9) €R? / Niflas} = {(o,y) € R? / (daPy)™ + ()P = 0} €
c {(z,y) € R?* / zy = 0}.

Then Nj; f has the origin as a [, (p*)-isolated point.
Since m.m.c.{18,4} = 36, we calculate

o) = min{2{(a,8), (5,3)), 9{(a.B), (1, 1)},
Hence fil(f)=min{p(y7), o(zy), o(z°)} = 42, with

R = max max{(36/¢(v"))v!} = 10 andr = min min{(36/£(v?))v!} = 6.
2 G ] i

If we consider § = x°y”, hence fil(f) = 92. Then, it is enough to have
¢ =5 to apply the Proposition (3.2), since fil(f) > fil(f) +fR—r +1 and

92>42+100-6+1=/¢< ?—g

Therefore, from the Proposition (3.2) we have that f,(z,y) = y" + 2%y +
z? + txdy” is C°-R-trivial.
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Example 3.6 The modified Briangon-Speder example

Let f: K30 —K,0, f(z,y,2) = 215 + 297 + 2°. For the case K = C, the
family F(z,y, z,t) = ' +zy"+2°1-1y°2 is topologically, since it has sconstant
Milnor number for all ¢. Briancon e Speder showed in [1] that the variety
F~1(0) in C* is not Whtney equisingular on the parametre space 0 x C at 0.
A full description of all equisingular deformations of f is given in [4]. The
variety F~1(0), defined by F(z,y,z,t) = f(z,y,2) + tz%°2° is Whitney eq-
uisingular if, and only if, z®y®z¢ € I ({(15,0,0), (0,8,0), (0,0,5), (1,7,0)}).

Her we consider the analogoues question for the real family £ : R* 0 —
R,0; F(z,y,z,t) = f(z,y,z) + tzy°z".

Ruas and Saia in [3] showed that if a+2b+ 3¢ > 18 the family is Whitney
equisingular. This result was improved by Fernandes and Ruas in [2], they
showed the Whitney equisingularity for the family if a + 2b + 3¢ > 17.

14 0 0 1
Here we see that df = (1562 +y7, 72y%,52%). Let A=| 0 7 0 6
0 040

We see that N f = M7™ + M3® + M2* has the origin as an ', (p®)-
isolated point.
Since m.m.c.{84,28} = 84, we have

¢(a,b,c) = min{{(a,b,c), (6,13,21)),3((a,b,c),(4,4,7))}
= min{6a + 13b + 21¢, 12a + 12b 4 21c}.

Then, @(z'°) = 90, p(zy”) = 96 and p(z°) = 105. Hence fil(f) = 90.
As R =21 and r = 6, for the C'-triviality of the family f, we need

fil(a*y’2) = fil(f) + R —r,

i.e., min{6a + 13b+ 21¢,12a + 12b + 21c} > 90 + 21 — 6 = 105.

Since the C'!-triviality implies the Whitney equisingularity, we obtain that
F~1(0) is Whitney-equisingular along the parameter space if

min{6a + 13b + 21c, 12a + 12b + 21c} > 105.

g



4 The group C

For each anlytic map germ f : R",0 — R?,0 we denote Ncf := > 0_ (f;)?"
where o
B = mme{ fil(f;),7 = 1,...,p}
” fil(f;)

If we suppose that Nef = Hp+---+ Hy has 0 as ', (p?)- isolated point,
we apply the Lemmas (2.4) and (2.6) to obtain

Nef <\Hpll + -+ |Hel| < cpp® + -+ +crp” < (ep+ - +cp)p?
and
Nef > ep”

Hence there exist constants ¢; and ¢z > 0 such that ¢;p? < Nef < eop”.

If we consider now a deformation f, = f +t0 of f with fil(6;) > fil(f;)
we define Nefy := > "7 (fu)*" where f3; is defined in N¢f

Lemma 4.1 Suppose that Nof has 0 as a I' (pP)-isolated point for some
Newton polyhedron I'(A). If fi = f+1t0 is a deformation of [ with fil(6;) >
fil(f:), there exist constants ¢, and ¢z > 0 and a neighbourhood V' of O

c1pPt < Nefy < copP.

forallz eV

Proof: Since Nefi = Nif + 10, with fil(©) > fil(Ncf).

We obtain Nef < Nef: + [|©]], for all t with 0 < ¢ < 1.

Since Neof = Hp, + -+ + Hp, has 0 as an I", (pP1)-isolated point, there
exist constants ¢; and ¢y > 0 with ¢;p?* < Nef < capPt.

Therefore

c1p?t < Nef < Nifo+ 0]
and as fil(©) > fil(Ncf), lin(l) ©/pPt = 0 and this implies that
ClPDl < Nef.
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On the other hand, N¢f; < Nef < cpp”*, and the result follows.
In order to show the main result of this section we fix a Newton polyhe-
dron I', (A) with associated primitive integers v7, and call

M

M Iy
U; é(w’)vi}'

0"

Let fi(z) = f(z) + t0(z), with § = (64, ...,0,), be a deformation of a
polynomial map germ f : R",0 — RP 0. Suppose that N¢f has 0 as an
', (pP)-isolated point.

We prove now the following:

R = max max{ }, and 7 = min min{
J 2 g 7

Proposition 4.2 Deformations fi = [+ t0 of f are C*-C-trivial for all
t € [0,1], of fil(6;) > d+LR+1, for alli and £ > 1, with d := max{fil(f;)}.

Proof: The C*-C-triviality of f; is shown by constructing map germs V; :
R® x R,0 = R? x R, 0; V; = (Vi, ..., Vip) of class C*, with Vj;(z,0) = 6;;(x)
in such a way that % =Y P Vilz, t)(fu)-

Since

Bft o ft. P_ 1 Llﬂz =1 fti
LS 2T SR we defi
ot ot ( Nefy g WE EELDS

, P
Wi(z,t) = % 5 'tziﬂihl. Hence aa'—f; — Z:l (Wi(z,t)/Nef) (fu) and

Fil(W) = min{fa(f2%7) + fil(6;)} =
j
> 2B—-d+d+{¢R+1=
— 2B+IR+1, Vi,
where B := mmc{fil(f;),7 = 1,...,p}

Let V : R" X RP x R,0 — R™ X RP x R, 0 the vector field defined as:
(07 ‘/pv 0): where V},(Q}, Y, t’) = f:l(wvi (:E? t)/‘/vcft)yi-

Therefore follows by Lemma (2.8) that V is of class C*. Hence the result
follows by integrating the vector field V. =

Example 4.3 Let f: R%,0 — R2,0; f(z,y) = (zy +z2%y?,c2+) L gy — 4%)
with ¢ > 2.
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Consider A = with associate control function

ploy) = (v + 2y + "),
Here m.m.c.{f(v'),£(v?*)} = 2¢c(c + 1), R = 2¢* + ¢ and
p(a,b) = min{(c + 1){(a,b), (2¢ — 1, 1)), c{(a,b), (1, 2¢ + 1)) }.
Since Njif = fﬁl - fgﬁg, we obtain

{(z,9) €R? / Nifla, =0} = {(z,9) €R® / [zy]??* + [zy — y*]%* = 0}
C {(z,y) eR® [z -y =0}

and

{(@9) € R/ Neflay =0} = {(o,y) € R / fay + [ 4y = 0)
C {(e,y) € R /5oy =0}

hence N7 f has the origin as an I'; (p?*1 )-isolated point.

Fix (01,0,) = (zy°, 2 'y*+1), to obtain fil(6;) > maz,;{fil(f;)} + /R +
1 it is necessary and sufficient that ¢/ € {1,2,...,c — 3,¢ — 2}. Therefore,
fe(@,y) = (zy +z?y? + taye, 2D 4 py — y2 Lot 1yctl) is CC-2C-trivial,
for ¢ > 3.

5 The group K

To define the control function for the group K we use the control functions
Nr [ and Ng and consider two numbers a and b such that fil([Ngf]*) =
fil([Nc f]°) with respect to some Newton polyhedron I', (A). Then we define
Nif = [Nrf]* + [Nef]".

If we suppose that Ni f has 0 as a I';. (p”)-isolated point, for all ¢ € [0, 1]
we have the following:

Proposition 5.1 Deformations f; = f + t0 of f, with com fil(0;) > d +
R+ 1,Yi, are C*-K-triviais.

14



Proof: Define N¢f, := [Ng fi]* + | N fi]°, then

. Ofi w Oft , df,
N fi - 3{— = [Nrfi]*- d—}zl‘ + [Nefi]” - d_fé
= INRAITH [@fda(We) + [Nef -3 Wite, £)(fu)
= [L(NR A W) + S (A Wi, ) ).
Hence,
5f
ER = |dfi]. FZ (n:)(fei)
with
e INrf]* W . N Wi, 1)
R A
Since

fil([INR ] "Wg) > (a—1) 20+ 204 IR + 1
= 200+ LR+ 1 onde a := m.m.c.{fil(M;)};

Sil([Nef,]'*W;)

v

(b—1)-2B+2B+¢R+1
2Bb+ LR+ 1 onde B := m.m.c.{fil(f;)};

and

fil(Nlcft) - f’il([NRf/,]u'):,/'U(“cht]b)

= 2aa = 2Bb,
we obtain that the vector fields ¢ e n = (T, .., mp) are of class O and I =
f + 10 is a C*-K-trivial deformation of f. |
Example 5.2 Let [ :R? 0 — R?,0, f(z,y,2) = (z, 7y +yz* £y*). We have
_ |1 0 0 : = e . 2 3 Y
gf = y z4+2+48 %z | hence My = x + 22 £ 4y® and M3 = 2yz.
1 000
Consider A = | 0 3 0 1 |. Here R = 6 and w(a,b,c) = {6a + 3b +
00 21

3¢,6a + 2b + 4c}, hence fil(fi) = 6 e fil(f,) = 8.
For © = (0,2%) we have fil(2%) = 15, hence filz,u,2) = fz,9,2) +
t(0, 2°) is C'-K-trivial.
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