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Introduction

In 1971, I read the beautiful paper of Kato and Fujita [32] on
the Navier-Stokes equation and was delighted to find that, properly
viewed, it looked like an ordinary differential equation, and the analy-
sis proceeded in ways familiar for ODEs. This is perhaps no surprise
to people in partial differential equations, but my training was in
ordinary and functional differential equations, and my attempts to read
PDEs usually became bogged down in technicalities.

Many PDE problems can be written as ODEs in Banach spaces, in-
volving unbounded operators. Rewritten as Volterra integral equations,
unbounded operators no longer appear (in parabolic problems) and the
analysis is entirely analogous to the ODE case. One works exclusively
with strong solutions, which often turn out to be classical solutions.
The major technical differences with the ODE case are that we work in
two spaces (or more) and Gronwall's inequality must be modifed to
cover

t
0 < u(t) < at™ % + b J (t-s)_su(s)ds
0

with a < 1, B8 < 1, when a,b,a,B are nonnegative constants.

In the geometric or qualitative theory of differential equations,
the goal is to describe the geometry of the flow, and questions of sta-
bility predominate. (See the example of Sec. 1.1.) Even for ODEs,
such questions rapidly become difficult, but many of the general re-
sults available for ODEs {(for example, stability by the linear approxi-
mation) may be proved as easily for parabolic PDEs, once the necessary
machinery has been constructed. Generally, we use information from
the linear approximation, and so theorems on differentiability of solu-
tions are important.

What is assumed of the reader? Linear functional analysis in
Banach spaces is the main tool, and we use basic calculus in Banach
spaces (continuity, Frechet differentiability, contraction maps and
the implicit function theorem); some of these ideas are reviewed in
Sec. 1.2. Xnowledge of the ODE results here generalized would undoubt-
edly be helpful, but is probably not essential: with a grounding in
modern analysis, R® 1looks much the same as any other Banach space.

The only hard results needed about elliptic boundary value problems are



quoted in Sec. 1.2, namely solvability in L? and ¢% of the Dirichlet
and mixed problems for the Laplacian. Maximum principle arguments are
used in several examples, and are reviewed in Exercises 5-11 of Sec-
tion 3.3.

Results are listed serially (except for exercises) so Theorem
3.4.2 (the second main result of the fourth section of Chapter 3) is
followed by Corollaries 3.4.3, 3.4.4 and Lemma 3.4.5. Many exercises
are scattered through these pages, of widely varying difficulty. Some
of these, marked with an asterisk, are used frequently or significantly
in later work. Some of the exercises describe other approaches - often
better approaches - to problems described in earlier theorems; it is
easier to insert an exercise than to rewrite the section. (For example
Ex. 3, Sec. 4.2 and Ex. 10-11, Sec. 5.1.) In any case, the exercises
are an important part of the work. Dismiss them at your peril!

The study of PDEs as evolution equations in infinite dimensional
spaces has become fairly common, and beside the works cited in the
bibliography, R. H. Martin's Nonlinear Operators and Differential Equa-

tions in Banach Spaces (Wiley, 1976) and F. Browder's Nonlinear Opera-

tors and Nonlinear Equations of Evolution in Banach Spaces (Am. Math.

Soc., 1976) should be mentioned, both for their own interest and for
the fact that their intersection with the present work is virtually
empty. Such is the size of our subject!

The work described here began in a seminar at the University of
Kentucky in 1971, and a version was typed in 1974. While visiting
Northwestern University (1974-5), I gave a course covering some of
this material and made fairly extensive corrections and revisions,
along with some new material especially gradient flows (Sec. 5.3 and
Thm. 6.1.9-10). Sections 7.5 and 7.6 and Chapters 9 and 10 were dev-
eloped while visiting Brown University and were exposed there in 1979.
I am grateful to colleagues at each of these institutions for encour-
agement and advice, and above all for providing a critical audience
which forced me to clarify my thoughts. Special thanks to Jack Hale
for encouragement - and an occasional boot in the pants - when en-
thusiasm flagged, and to Kate MacDougall who typed the final version
despite my delaying tactics.



Chapter 1

Preliminaries

1.1 What is geometric theory?

The geometric or qualitative theory of ordinary differential
equations was effectively initiated by Poincaré and Liapunov, and con-
cerhs itself with questions of the existence of special solutions
(equilibrium points, periodic solutions, almost-periodic solutions,
etc.) or collections of solutions (invariant manifolds), and the sta-
bility or instability of these - including their behavior under '"small"
changes in the equation. Global questions are also asked and some-
times answered: Starting from an "arbitrary" initial value, what can
be said of the solution as time goes to infinity? Is the system as a
whole structurally stable? (See, for example, [11, 18, 37, 61, 62, 68,
76, 79, 89]1).

Some of these questions have also been posed and answered for
functional differential equations [39,40,411, and this theory fre-
quently guides our study of semilinear parabolic PDEs. J. K. Hale and
K. Meyer suggest [42] that the most important features to generalize
from ODEs are the variation of constants formula, the decomposition
of the state space into subspaces invariant with respect to the lin-
earized equation, and exponential bounds for solutions of the lineari-
zed equation in these subspaces. With these tools, the Fundamental
Trick of Calculus (linearization) can be applied in ways familiar in
ODE theory. Aside from occasional work with Liapunov functions and
maximum principle arguments, the approach is almost always lineariza-
tion and contraction maps.

It may be thought that the results must then all be trivial. In
a way, perhaps they are: they are rarely surprising, piece-by-piece,
either in hypotheses, conclusions, or methods of proof. Yet these
tools have not, it seems, been systematically developed or systemati-
cally applied to this subject.

"But surely", someone objects, '"you have not solved the time
dependent Navier-Stokes equations in three dimensions. Else it would
be emblazoned across the night sky in words of fire - or at least in
the AMS Notices." True. The methods and results here apply to the
Navier-Stokes equations, but do not by any means establish the existence

of global solutions (existing for all positive time) for arbitrary



initial data (restricted only by smoothness and compatability condi-
tions). I would only claim that there are many other interesting ques-
tions to investigate. '"Is existence something to boast about?"
(L. C. Young).
Consider an example, the jewel of my collection. Chafee and
Infante [14] studied a class of problems including
2

su 9 3
i g;% + au - bu”, (0 <x <w, t >0)

u(0,t) = 0, u(m,t) =0,

where a,b are positive constants. In this case, the initial value
problem is well-posed in the Sobolev space Hé(o,w), and the solution
exists for all positive time. Further, as t -+ +=, u(+,t) converges
in Hé(O,ﬂ) to some equilibrium ¢,

2
Q_%(X) + ap(x) - b¢3(x) =0, 0<x<om
dx

$(0) = 0, ¢(m) = 0.

Chafee and Infante prove there are only a finite number of such equi-
libria - precisely 2n+l1 if n2 < a < (n+1)2 for some integer =n > 0.
If 0 <a <1, the zero solution is thus globally asymptotically stable.
If a > 1, the zero solution is unstable, as are all other equilibrium
points except for two, denoted ¢I, ¢i, characterized by the fact

¢I(x) >0 > ¢i(x] for all 0 < x < m. These solutions are asymptoti-
cally stable, and we prove (in Sec. 5.3) that the domain of attraction
of {¢I,¢i} is an open dense set in Hé(o,ﬂ).

We also show (Sec. 6.3) that there is a neighborhood of the ori-
gin in Hé(O,ﬂ) which is positively invariant when la-11 is suffici-
ently small, and which is split into two open sets (domains of attrac-
tion of ¢I,¢i) by the stable manifold for the zero solution, for small
a-1 > 0. Thus we justify the following pictures of the flow: for
a close to 1,




If B 1is any sufficiently large ball about 0 in Hé(o,ﬂ) and
u(t,B) 1is the set of points at time t reached by solutions u with
initial value in B, then

K= n u(t,B)
>0

is the maximal bounded invariant set. K is compact, connected and
finite dimensional, the union of the unstable manifolds of the equi-

librium points, and we have the following pictures of K:
qb+
1
* * 7\
) ﬁ ¢
%

0 <ac<l 1l <ac<i4 4 <a <9 9 <ax<16
(0-dim.) (1-dim.) (2-dim.) (3-dim.)

When n2 < a < (n+1)2, K is n-dimensional, the closure of the unstable

manifold of the origin.

Most examples cannot be treated in such detail, in part because
of the difficulty of understanding the equilibrium problem, a nonlinear
elliptic equation. But there are some other examples (in particular,
[107), Ch. 10 and Ex. 11 of Sec. 6.1) which admit fairly complete
discussion. We may hope our stock of examples will increase and put
more meat on the bones of the theory.



1.2 Basic facts and notation
1.2.1 Gronwall's inequality

Notation for linear operators and spaces
Sobolev imbedding theorem

Some elliptic boundary value problems
Polynomials, derivatives and analyticity

Contraction maps with parameters; implicit function theorem
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The grasshopper's guide.

In this section, we collect some results and notations which
will be used throughout these pages.

1.2.1 Gronwall's inequality

T.H. Gronwall showed that, if a,b are nonnegative constants
and +
0 <u(t) <a+b J u(s)ds
0
bt
for all 0 < t < T, then u(t) < ae for 0 <t < T.
We need a different form, to discuss the weakly singular Volterra
integral equations encountered below.
Assume a,b,a,B are nonnegative constants, with o < 1, B < 1,
and 0 < T < »; there exists a constant M = M(b,a,B,T) < « so that
for any integrable function wu: [0,T] » R satisfying

t
0 <u(t) <at™®+ b f (t-s) "Pu(s)ds
0
for a.e. t in [0,T], we have

a

0 <u(t) <aMt , a.e. on 0 <t <T.

This is a special case of Theorem 7.1.1. The proof is an ele-
mentary iteration argument, followed by Lebesgue's dominated conver-

gence theorem, and the reader is referred to Theorem 7.1.1.

1.2.2 Notation for linear operators and spaces

All Banach spaces are real, with the customary caveat that
spectral theory is done in the complexification. The (real) dual of a
Banach space X 1is denoted by X%, and the value of y € X* on
x € X is written <x,y>.

Z(X,Y) 1is the space of continuous linear operators with domain

X and range in Y, where X,Y are Banach spaces.



For a linear operator L,

D(L) = domain of L;

R(L) = range of L;

N(L) = null space of L;

p(L) = resolvent set of L,

o(L) = spectrum of L = Po(L) U Co(L) U Ro(L),

Po(L) = point spectrum (eigenvalues of L),

Co(L) = continuous spectrum

Ro(L) = residual spectrum;
ce(L) = essential spectrum of L (see references in section 5.4)
r{L) = spectral radius of L, when L 1is continuous.

We sometimes write '"Re o(L) > k' to mean the real part of X = Re A
is greater than k whenever X € o(L).

We also occasionally write ”AD” for a differential operator
which is the Laplace operator (& = Z?=1 82/3x§) on smooth functions
which vanish at the boundary of the (implied) region in R®.  The pre-
cise domain is usually clear in context.

A projection E 1is a bounded linear operator on a space X to
itself, satisfying E2 = E. Any projection determines a decomposition

® Xz where X, = R(E),

of the space into a sum of subspaces X = X 1

1
X2 = N(E); we say E projects X onto Xl’ along XZ‘
€(5,X) = bounded continuous functions from a metric space S to a

Banach space X with norm

”f”C(S,X) = Sup{”f(s)HXIS € S}
Cunif(S,X) = bounded uniformly continuous functions from S to X
with the "sup" norm.

Cv(S,X) = the space of ([v] times continuously differentiable func-
tions from S, an open subset of a Banach space, to another
Banach space X, (v > 0), where the [v]-order derivative satis-
fies a Holder condition with exponent v - [v], if v 1is not an
integer. The norm is

[v] [v] [v]
k £ - D f
g, = 1 sup||p¥s| + supllD £ =D £l
C’(8,X) k=0 S x#y [x-yll
where o = v - [v]. (The last term is omitted when v 1is an

integer.)



Ctip(S,X) = functions in Ck(S,X) whose k-derivative satisfies a

Lipschitz condition {exponent 1).

CE(S,X) = the linear space of function in Ck(S,X) having support com-
pact in S.

LP(Q,X) = pth power integrable functions from a measure space § into
a Banach space X,

i€l - e ant/e
LPe,x) Q
for 1 < p < .
Lm(Q,X) = strongly measurable essentially bounded functions from Q to
X,

HEl = ess.sup{Hf(t)HX | t e a}.
L (2,X)
Wk’p(Q,X) = Sobolev space of f € Lp(Q,X) which have distributional
derivatives of order < k all pth power integrable. (Here Q
is an open set in Rn).

k .
£ = £ ()P anyl/p.
1l xp g g ™, LT @

Hk(Q,X) = Wk’Z(Q,X), which is a Hilbert space when X 1is a Hilbert

space.

Wg’p(Q,X) = closure of CE(Q,X) in the norm of Wk’p(Q,X); we fre-
quently use the equivalent norm

£l

- (k) p 1/p
= { £ {(t) dt } .
P [ [

k _ k2
Ho(2,X) = Wy (2,%).

In general, if the range is not specified, it is taken to be the real
line R; exceptions are hopefully clear in context.

1.2.3 Sobolev Imbedding Theorem ({92, 97, 8, 231)

Suppose  1is an open set in R™ such that its boundary 3@
is minimally smooth ([97), p. 181), for example, Q = R® or o is a

bounded domain whose boundary is Cl. Then we have the continuous
imbeddings:



WoP) %) if 1/p > 1/q > 1/p - K/n > 0

WoPo) c(R)  if kp > n.

(In the second case, the intention is that every function f in
Wk’p(Q) has a continuous representative f, f=f almost everywhere
in ©.) If kp=n and © is bounded, then WS P(@) e LT(R) for any
T, pP<T <o,

Further if 0 < v < k-n/p, then WS'P(g) e c¥(2) with continu-
ous imbedding. (Here we use the continuous representative of a func-
tion in Wk’p(Q), and claim it is actually a member of ¢v(Q).) Proof
of slightly weaker (but adequate) results of this kind, along with a
version of the Nirenberg-Gagliardo inequality, is given in section 1.6.

1.2.4 Some elliptic boundary value problems

We list a few regular boundary value problems for the Laplacian
which are used in examples and exercises below. For the general formu-
lation, see [1, 2, 8, 28, 29, 30, 81] for the Lz-theory, (2, 8, 91]
for the Lp-theory, [2, 8, 29] for the Ca—theory, and [2,8] for every-
thing. Fichera [28) discusses elliptic systems in the Lz-setting,
including the equations of linear elasticity. Ladyzhenskaya [65] covers

the Stokes problem of viscous flow.

Dirichlet problem. Suppose © is a bounded smooth (CZ) domain in

Rn, and consider the problem: given £f: @ - R, find u so that

T2 2
J 9°u/exi =du=f in @, u = 0.
551 ] 30

(i) I1f f € LP(Q) (1 < p < «), there exists a unique solution

uew>Py n wé’p(g).

(ii) 1If £ € Cu(Q), 0 <o <1, and 230 € C2+a, there exists a

2+a(

unique solution u € C ).

Mixed problem. Q as above, with a € Cl(BQ,R) a(x) > 0 on 3Q,
a(x) > 0 somewhere; the problem is to find u such that

Ay f in @

g% + a(x)u =0 on 99Q.
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(i) If f € Lp(Q) (1 < p < ») there exists a unique solution
ue WP
(ii) 1If £ € Ca(Q) (0 < o < 1) there exists a unique solution
24a
u € C ).

1.2.5 Polynomials, derivatives and analyticity ([22, 491)

If X,Y are Banach spaces, an n-linear map from X to Y is
a map f from the n-fold product X" =X x ... xX into Y such
that X f(xl,...,xn) is linear for each fixed (xl,...,xk_l,
Xk+1”"’xn)’ for k = 1,2,...,n. A homogeneous polynomial (of degree
n) from X to Y is a map of the form x » f(x,x,...,x): X > Y, for
some n-linear map f. (Special cases: n = 0, constant; n = 1, linear.)
A homogeneous polynomial g (of degree n) is continuous if and only

if it is bounded: for some constant M,
leGall, < mlixIf, a1l x e x.

For such a polynomial we sometimes write g(xn), rather than

g(x), and its norm is

lell=supdigGe™ I, | lixly < 1

e ™I < Helllixly  for a1l x € x.

A map f: X > Y 1is differentiable at a point a € X if there
exists a continuous linear map f'(a): X =Y so that

[[£(x) - f(a) - f'(a)(x-a)HY = od|x~aHX) as x > a.

In this case, f'(a) € ¥X,Y) 1is called the (Frechet) derivative at a.
Derivatives are sometimes also written Df(a) or fx(a). The map is
continuously differentiable on an open set U < X if it is differen-
tiable at each point of U and if xv f!'(x): U »ZX,Y) is continu-
ous. We say f 1is twice differentiable at a if f is differentiable
at each point in a neighborhood of a and x» f'(x) € L(X,Y) is
differentiable at a; and so on.

When £ is n-times continuously differentiable in an open set
U c X, we may consider its kth derivative f(k)(x) (1 <k <n) to be
a continuous kth order homogeneous polynomial for each x € U, deter-
mined by the Taylor formula



f{x+h) =
k

fi~13

. &t mh - odinlp
as h =+ 0, for each x € U. Here we set f(o)(x) = f(x).

Amap f: Uce X > Y, U open, is analytic in U if f 1is
infinitely often differentiable at each point of U and if, for each
X € U, there exists & = 8(x) > 0 so that whenever ||h||X < 8,

£(x+h) = £ mhy,

T
X20 k!
the series converging in Y-norm uniformly in ]]hHX < 8.

An equivalent condition is that, for some & > 0, there exists

a constant M = M(x,8) so that
f%llf(k)(x)llskf M<®, all k> 0.

(This definition is equivalent to that used in Hille and Phillips
[49], according to [49, Th. 3.17.11.)

Example. If f 1is a continuous homogeneous nth order polynomial map
from X and Y, then f is analytic. Indeed, x > f(k)(x) is a con-
tinuous (n-k)-order polynomial from X to the space of kth order
polynomials from X to Y (k = 0,1,...,n) and f(k)(x) =0 if

k > n.

Another example. If X =Y = C[0,1], £(x)(t) = sin x(t) for 0 < t < 1;
then

£ oM (1) = g xe) e® k= 0,12,

where g (2) = (4/dz)¥sin z, so [If®M ) <1 for a11 k> 0 and
If(k) _f(k) < (t))- t < - . Th
EO D0l s e G g (] < lxeylgrg,yy - Thes

f: X+ Y 1is analytic.

Exercise 1. If X =Y = L%(0,1), £(x)(t) = sin x(t), 0 < t < 1, then
f 1is Lipschitz continuous:

f,f(x] - f(Y)”LZ fl'x -yl 2

However, f 1is nowhere differentiable. (Considered as a map from
u'(0,1) to HY(0,1), £ is analytic.)
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Converse Taylor Theorem (see [ 1 for proof).

Assume X,Y are Banach spaces, U 1is open in X and f: U » Y
satisfies, for each X € U,

m
fx+h) = ] a Ob* + odnl™ as h o
k=0
uniformly for |[|x-xgl| < |/h], where a, (x) is a bounded k™ order homo-

geneous polynomial map from X to Y. Then f is m-times continu-
ously differentiable and its kth derivative 1is

f(k)(x)(hl,...,hk) - ) a, ()b, ...h;
{il,...,ik}={1,...,k} 1 k
(sum over permutations),

= k! ak(x)hl...hk if ak(x) is symmetric.

A related result, with a similar proof, is: if 0 < 8 <1, U =X

and there is a constant B with
T k +9
[£(x+h) - T a, (x)h || < Bin|f"
k=0 K -

for all x,h in X, where ak(x) is a bounded homogeneous kth order
polynomial (for each k,x}. Then f is ™ and the mth derivative
satisfies ||f(m)(x+h) - f(m)(x)l|§ NmH|h||ﬁ where N~ depends only on
m. (A direct proof in the case m = 1 shows N1 = 6; see ex. 1,

sec, 9.1.) The inequality needs only to hold on a dense set if f is

continuous.

Exercise 2. If 1 <p < =, Q EiRn, prove f = J [£(x)|Pdx is CP
Q

uniformly on bounded sets of L_(Q, R) when p is not an integer. If
p 1is an odd integer the function is CE;;, and when p 1is an even
integer, it is analytic (a polynomial). Hint: first examine

t > |t]P: R > R.

1.2.6 Contraction maps with parameters; implicit function theorem

The Banach contraction mapping theorem is well-known.

Theorem (Banach). Let (S,d) be a complete metric space and let
T: S+ S be a contraction, i.e. there exists 6 < 1 such that



d(T(x), T(y)) < 6 d(x,y) for all x,y in S.

Then there exists a unique fixed point of T in S: a € S, T(a) = a.
Also, for any b € S, if T%(b) = T[Tn_l(b)) is the n-fold composition,
then Tn(b) +a as n > «, in fact,

a(r(b),a) < 6" d(b,a).

We need more detailed information about the dependence of the
fixed point on various parameters. If (S,d) 1is a complete metric
space and (A,2) 1is another metric space, we say T: S x A > S 1is a

uniform contraction if there exists 6 < 1 so that

d(T(x,2), T(y,r)) < ed(x,y)

for all x,y in S and all X € A.
For each A, there exists a unique fixed point g(}i) € S; we
study the smoothness of A > g(A).

Exercise 3. If T: § x A » S is a uniform contraction as above and
if A > T{(x,\) 4is continuous on A for each x € S, then X + g(A):
A+ S 1is continuous.

The following is essentially the formulation of Hale [32, Th.
3.2]).

Theorem. Let U,V be open sets in Banach spaces X,Y, and let U de-
note the closure of U (a complete metric space). Suppose
T: UxV+>71U is a uhiform contraction on U, and let g(y) denote the
unique fixed point of T(:,y) for each y € V.

If T € Ck(U x V,X) (0 < k < »), i.e. the partial Frechet deri-
vatives up to order k exist in U x V and extend continuously to
T xV, then y - g(y) is in CN(V,X).

If (x,y) = T(x,y) 1is analytic from U1 x V. into X, where Uy ’
is some neighborhood of U, then y -+ g(y) 1is analytic from V to X.

Proof. The case k = 0 is a simple exercise; consider k = 1. Since
||T(x1,y) - T(xz,y)H < d!xl—xzﬂ, it follows that the derivative with
respect to x, T (x,y) has IITX(x,y]H <8 <1 on UxV. Formally,
differentiating g(y) = T(g(y),y) we see g'(y) should be the solu-
tion M of
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M- T (e(),yIM = T (g(y),y).

But ][Tx(g(y),y)llg 8 < 1, so this equation has a unique continuous
solution M(y); we must show [[g(y+n) - g(y) - M(y)n[l = o(ll nll) as
n - 0.

Let v = g(y+n) - g(y); then T(g(y) *+ v, y + n) - T(gly),y) = v,
So

(I-T _(g(¥y)»y))y = Ty(g(y),y)n + A

where A = T(g(y) + v, y*n) - T(g(y),y) - T (g(¥),y)y - T _(g(y),y)n.
Since T is Cl, it follows [la(y,m)|l = odlvll +1Inll Y as ||yl +
[nil >0, i.e. as n + 0 (since vy(n) - 0 by continuity of g). Thus
for any e > 0, with [[n]] small enocugh, [Ja(m)]] < e(Iv¥m) !l + nll ), so

vl < 2= 11T, ey uydnll + ==dlvym ]l + [Inld
1-6 y 1-86

which implies +y(n) = 0(in|l) as n = 0. It follows that
(I-T (g(¥),y)) (y(n) - Mn) = a(n,y(m)) = of|nl])

so |ly(m) - Ml = o(linll), i.e. M(y) = g'(¥).
For k > 1, proceed by induction. If the result holds for

k-1

(k-1), then when T € Ck, we have g € C° ~, at least, and

(I-T (g(¥)>y)g' (¥) = T, (g(¥y))y)

k—l’ so g € Ck.

which shows g' € C

For the analytic case, observe that for any y € V, there exists
a complex neighborhood of (g(y),y) on which T is analytic and a
uniform contraction. The argument above proves differentiability of
the fixed point in this complex neighborhood, hence analyticity [49,
Th. 3.17.1]. Alternatively, one can obtain the result using power

series and the method of majorants.

Exercise 4. Suppose T 1is a uniform contraction and for some a,
0 <ac< l,lfT(x,yl) - T(x,yz)H < M(x)f[yl - yzlrl where M(x) is
bounded in a neighborhood of any x € U. Then ||g(y1) - g(y2)|l=
0d|y1-y2|P) as y; >y, If, in fact, T € ¢V (U x V,X) for some
v >0 and T 1is a uniform contraction, then the fixed point g
g € CY(V,X).



Implicit Function Theorem.

Let X,Y,Z be Banach spaces and U,V open sets in X,Y re-
spectively. Assume F: U x V » Z 1is continuously differentiable, that

(xo,yo) €U xV, F(xo,yo) = 0, and the partial derivative FX(x ) €

0°Yo
Y(X,2) has a continuous inverse.

Then there exists a neighborhood of (xo,yoj, U1 x V1 cU xV,
and a function f: V1 - Ul’ f(yo) = X, such that for (x,y) € U1 X Vl’
F(x,y) = 0 if and only if x = f(y). Thus F(£f(y),y) = 0 for all
y € Vl' .

If F: UxV~>Z is C° (1 < k < «) or analytic near (xo,yo),

then f 1is Ck or analytic, respectively, near Yo-

Proof. Let L = (FX(xo,yO))'l € %(2,X) and define
G(x,y) = x - LF(x,y).

Then G is C1 from a neighborhood of (xo,yo) to X (or Ck or
analytic) with G(xo,yo) = X5 Gx(xo,yo) = 0 and [lGx(x,y)||§ 8 <1

in a neighborhood of (xo,yo). Now the result follows from the contrac-
tion mapping theorem.

1.2.7 The grasshopper's guide

We may distinguish between the ants, who read page n before
reading page (n+1l), and the grasshoppers who skim and skip until some-
thing of interest appears and only then attempt to trace its logical
ancestry. For the sake of the grasshoppers, herewith is a listing of
certain basics from Chapter 1-4.

Chapter 1
1.3.1 definition of sectorial operators
1.3.2 definition of analytic semigroups
1.3.4 A sectorial » {e ' ¢ > 0} analytic
1.4.1 definition of fractional powers
1.4.2  A%f - a0
1.4.3 estimates of A °©
1.4.7, 1.4.8 definitions and properties of x* = D(Aa).
1.5.2, 1.5.3 invariant subspaces and exponential bounds
1.6.1 imbedding theorem X% < Wk’q(Q).

Chapter 2 Examples of parabolic problems.



Chapter 3
3.2.2 existence and uniqueness for dx/dt + Ax = f(t)
3.3.3, 3.3.4 existence and uniqueness for dx/dt + Ax = f(t,x)
3.3.6 compactness of bounded orbits
3.3; exercises 5-11: maximum principle arguments
3.4.1, 3.4.2 continuous and differentiable dependence
3.5.2 smoothing action of the equation
3.6, 3.7, 3.8 examples.

Chapter 4
4,1.1, 4.1.3 definition of dynamical systems and Liapunov
functions
4.1.4, 4.2.1 asymptotic stability and Liapunov functions
4.3.3, 4.3.4 stability and invariant sets.

1.3 Sectorial operators and analytic semigroups

We begin with an example, then generalize. Consider the heat
equation

— (t >0, 0 <x < 8)

with boundary conditions u(0,t) = 0, u(2,t) = 0 for t > 0; here K
is a positive constant, the specific conductivity, and u(x,t) is the
temperature at position x, at time t. Define the linear operator A
by

2
A 6(x) = —Kd—%(x), 0<x <&,
dx

whenever ¢ is a smooth function on [0,2] with ¢(0) = 0, ¢(&) = 0.
For such functions ¢ and v,

L £ 2
(Ad,8) = -K fo " (x) ¢ (x)dx = K jo (o' (x)) %ax > 0,

and

(Ad,¥)

2
X fo 8" () (x)dx = (6,Ap)

so we may (and shall) consider A to be extended to a self-adjoint
densely defined linear operator in Lz(O,l), using Friedrichs theorem
[82, 103]. 1In this case,



D(A) = {¢ € L2¢0,2) | Ad € L2(0,0)} = Hé(O,Q) n H2(0,0),

and the spectrum o(A) consists of the simple eigenvalues An =
(knz/zzjnz, (n =1,2,3,...) with corresponding eigenfunctions ¢n(x} =

(2/2)%sin(nnx/z)

Ad = A ¢ (¢n,¢m) =6 for mn-=1,2,3,...
where § =0 if n #m, & =1 if n = m.

nm nm

The heat equation, together with the boundary conditions, may

then be written (formally) as a differential equation in a Banach space,

and it is tempting to express. the solution in the form
a(t) = e 2tu(oy, > 0.

In fact, if the initial value u(x,0) for the solution of the heat
equation is a smooth function which vanishes at x = 0 and x = &, the
solution may be found by separation of variables:

-At

ulx,t) = e T B (u(+,0))(x)

n

Nne~18

1

where En is the projection on the nth eigenfunction,

E () (x) = ¢, (x) (¢ 9.
But this solution is precisely e'Atu(-,O), where the exponential is
defined in the uysual sense for functions of a self adjoint operator,
using the spectral decomposition of A.
Other useful functions of A may be similarly defined, for
example

OG-0y = T O-A)TTE () if A £ A, all n.

2 «©
Using the fact llez = f wz(x)dx = ] (¢n,w)2 it follows easily that
0 n-1

for any o > 0



oy 2 . S 2a 2 -
D(AD) =ty € L7(0, 0 ] A T(0,0)7 < )

n=1

and that
- t
o -At
A% " yll < max (a2e ™} - [lw]] < b (£) [lvll,
n>1 ¢
b (t) = (te/a) * for 0 <t < u/Al,
o -Alt
= Ale for t > a/xl.
Thus R(e_At) c p(A%) for every o > 0, whenever t > 0, and
A% At = 0(t™) as t - 0.
Exercises.
(1) A% is bounded on 1.2(0,2) if a > O.
(2) A% is compact on LZ(O,R) if o > 0.
N
- . e _ hged - -
Hint: let Ag'y = nzlkn E ¥ and show [fA 7-A ]l » 0 as
N +» «©,
b 1
(3) DA% = Hy(0,2) X
_ 5 2
Hint: (AY,y¥) =[|A2¢H2 = K f (v'(x))"ax.
0
5 . d ,-% -3 d
(4) A*u # du/dx, in general, but Ix A and A Ix are
bounded in the LZ(O,R)-norm on Hé(O,l).
-1 -1
(5) |l (xv-A) 7| < mix TX;T;T < csc ¢ |A] for X £ 0,
¢ < |arg A| < m (0 < ¢ < w/2).

The generalization i1s the class of sectorial operators.
Definition 1.3.1. We call a linear operator A in a Banach space X
a sectorial operator if it is a closed densely defined operator such
that, for some ¢ in (0, n/2) and some M > 1 and real a, the
sector

Sa,¢ = {x | ¢ < |arg(r-a)| < m, A # al
is in the resolvent set of A and
bo-a) b < M/|x-a]  for all A €S, o
Note: the angle opening of the section S is 2m-2¢ > mw.

a,¢
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Remark. Several equivalent formulations (due to Yosida) are presented

in the appendix to Hoppenstadt's paper [51].

Examples.

(1) If A 1is a bounded linear operator on a Banach space, then
A 1is sectorial,

(2) If A 1is a self adjoint densely defined operator in a
Hilbert space, and if A 1is bounded below, then A 1s sectorial.

(3) If A 1is sectorial in X, B 1is sectorial in Y, then
A x B, is sectorial in X x Y, where (A x B)(x,y) = (Ax,By) for
x € D(A), y € D(B).

(4) If Au(x) = -bu(x), x € @, when u € cg(g) (R c®R™), and A
is the closure in Lp(n) of -4 ] CS(Q) (I <p <) then A is sec-
torial (see sec. 1.6) if its resolvent set meets the left half-plane.

(5) Many other elliptic boundary-value problems define sec-
torial operators, as shown by Friedman [30].

(6 If A is sectorigl in X and B 1s a linear operator
with D(B) > D(A) and for all x € D(A) [IBx]|| <el|lAx]|| + K(&) ||x]| (for
sufficiently small e > 0) then A+B is sectorial (see Th. 1.3.2).

(7) An operator on a Hilbert space which is m-sectorial in
the sense of Kato [56] is also sectorial under ocur definition. (See
ex. 6).

Theorem 1.3.2. Suppose A is a sectorial operator and ||A(A-A)_1H < C
for |arg A| > g0 [A] > R, for some positive constants Ry, C, and

¢0 < w/2. Suppose also B is a linear operator with D(B) > D(A)

with [|Bx|| < e|]ax]|] + X |[x]| for all x € D(A) and e, K are positive
constants with €C < 1. Then A+B 1is sectorial.

Proof. -||BCA-A) 1|| < el|ACA-A) || + k|I(A-A) ] < eC + K(1+C)/|A] for
larg A| > L [A] > R, so

1

||{x-(A+B)}'1|

= -0 Hr-Ba-a) 1+C K(1+C);-1 . Constant

}_1” < W{I-EC- < ——rﬂ'—

for |arg A| > ¢, and |x] sufficiently large. It follows from this
that A+B 1is sectorial.

Remark. If A is also self adjoint, it suffices that e < 1.
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Exercise 6. Suppose T 1is a linear operator in a Hilbert space which
is m-sectorial in the sense of T. Kato ([56, p. 2801), i.e. T (or
T+al for some real a) satisfies

(i) The numerical range {(Tu,u) | u € D(T)} 1is contained in
a sector |arg A|l < &, for some 8 < 7/2;
(i1) T ! esqu,H) (0 € o(1)).

Prove T 1s sectorial in our sense,

Hint: First let u € D(T), arg » = ¢ with |[¢| > @, and
f = Au - Tu; show

[A] ||ull sin(}¢]-8) < (cos & + sin 8) |[f]|

so |A] [Ju]l <« M]|(A-T)u|| when J|arg A| > 6' > 6. Then show that when-
ever u € p(T), |arg ul > 8, we have X € o(T) for |r-ul] < % lul,
hence prove J|arg A| > 8' implies A € p(T).

Exercise 7. For u € CZ[O,1], and v,w € R, define A(u,v,w) =
(-d"u/dx~,0,0) provided ux(O) = v and ux(l) + u(l) = w. Extend A
to be a closed operator in L2(0,1) x R xR and prove A 1is sectorial.

Hint: if (A-A)(u,v,w) = (f,g,h) € L xR xR, A # 0 then

v =g\t w=nht, and u, * Au=f with the boundary conditions.

But if z(x) = u(x) - xv + 2v-w then 1z is in the domain of a cer-
tain self-adjoint positive definite operator B in L2(0,1): Bz =
2 2 _
d“z/dx", Zy 0 =0, (zx+f) ) =0,

Definition 1.3.3. An analytic semigroup on a Banach space X 1is a
family of continuous linear operators on X, {T(t)}

£0° satisfying

(1) T(0) = I, T(t)T(s) = T(t+s) for t > 0, s > 0
(ii) T(t)x » x as t » 0+, for each x € X
(iii) t -+ T(t)x is real analytic on 0 < t < » for each x € X.

The infinitesimal generator L of this semigroup is defined by

Ix = lim %(T(t)x-x), its domain D(L) <consisting of all x € X for
t+>0+

which this limit (in X) exists. We usually write T(t) = e,

Theorem 1.3.4. If A 1is a sectorial operator, them -A 1is the in-

finitesimal generator of an analytic semigroup {e_tA} where

t>0”
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At 1 -1 At
e = 3T JF(A+A) e di,

where T is a contour in p(-A) with arg A - 6 as |[A] » » for

some 6 in (m/2,m).

-At

Further e can be continued analytically into a sector

{t # 0: |arg t| < e} containing the positive real axis, and if
Re o(A) > a, 1.e. if Re X > a whenever X € o(A), then for t > 0

-at

e A < ce™®t e

, |lAe <

o

for some constant C.

Finally é% e At o ae™t gor s 0.

0 and || (+A) ] <
M/|x|+8 for |m-arg A| > ¢ for some constants & > 0, M > 0 and
¢ € (0,7/2); otherwise replace A by A-al.

Choose 6 in 1m/2 < 8 < m-¢. Define e At by the above inte-
gral, and note that the integral converges absolutely if t > 0. By

Proof. Without loss of generality, assume a

Cauchy's theorem, the integral is unchanged when the contour T is
shifted to the right a small distance: call the shifted contour T'.
Then for t > 0, s > 0

-At -As 1
e e =

(20i) "2 f f At ar+a) LS (u1+a) “lauan
T /1t

1

il

(2mi) 2 f J Aty ey o ureay " Lrduan,
rir

using the resolvent identity. But for X € T, uw € T',

1 1

J Mt tar = o, J e*S(u-n) Ly = 2mi &S
P T

-At_-As 1 -At
€ e

so e‘A(t+s)’

}

dx = and {e

= (Zﬁi)-l JP ex(t+s)(AI+A)- t>0

is a semigroup. In fact, for 0 < € < ©8-7n/2, the integral converges
uniformly in any compact set of {|arg t] < e}, so the semigroup is
analytic there.

Also, putting wuw = At in the integral (with t > 0)

2l
+
b
A

At g 1 p
e ™ =ik [ e ;

Ty e L
T T

and



22

-At 1M w,Jdul , 1 _ Constant
et e A3 jerplgel . 1o Constant

We now prove e tx + x as t > 0+ for each x € X. It suf-

fices to prove this for x € D(A), a dense set, since ][e'AtH < ¢ for

all t > 0. If x € D(A) and t > 0,

1

-At 1 1 -1 1_ ( xdA
]

e "rx-x = J eXt[(AI+A)_ Y
T

-1 At -
T A e PAAI+A)

so ||e-At

x-x]| < Constant ||Ax]| t.
-At

Thus {e }t30

tends to an analytic semigroup in J|arg t]| < e. If x € D(A), t > O,

then

is a strongly continuous semigroup which ex-

-At At

x + Ae Tx 1

1 At - =
T fr e T(A+A) (A+A) “x dx = 0.

<.
dt

Thus if x € D{A), as t » 0+

il
1
i

t -
%(e_ x-X) J e ASax ds » -Ax,

so -A is contained in the generator G of the semigroup.
To see that -A actually is the generator, define for 1 > O

R(A\)x = J e M A 4t
0

For any x, e‘Atx € D(A) for t > 0, and for & > 0

<

A J e_xte_Atx dt = e—)‘(S e—Adx-A J e_xte—Atx dt.
§ 8

By closedness of A, it follows that R(A)x € D(A) « D(G) for every

A >0, x € X. But, if x € D(G), then e “®x ¢D(G) for all t > 0
and G e Aty = éi e ALy o AL

Gx, and a similar argument shows

(ol

R(A)(x-G)x = x for x € D{G).
Thus D(G) <« range of R{(X) « D(A), hence -A = G as claimed.

Remark. The converse is also true: if -A generates an analytic semi-
group, then A is sectorial [30, 51}.



Exercises.

(7)*

(8)*

(9

(10)*

(11)

(12)

(13)
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If A 1is a sectorial operator and Re A > a whenever

A € o(A), then there exist M > 0, 0 < ¢ < n/2 such that
([(X~A)-1H < M/|x-a| whenever [arg(r-a}| > ¢.

If A 1is sectorial and m is any positive integer, then
for every t > 0, R(e-At) c D(A™; thus D(A™) is dense
in X for every m > 1.

1f {eBt) ¢t > 0} 1is a strongly continuous semigroup
(satisfies (i) and (ii) of def. 1.3.3) such that

e ) < c, lae™ < ct™l for 0 <t <1, then

{e™At ¢ > 0} is an analytic semigroup.

m

Hint: |19 e AY) < e AT < ™M™ for 0 <t < 1
d

and m = 0,1,2,....

If A 1is a bounded linear operator, then e_At as de-

fined above extends to a group of linear operators

At -As _ e—A(t+s)

e e for -« < s,t < =
and e At - E (-At)"/nt.
n=0
If A 1is a self adjoint positive definite operatgr in a
Hilbert space with spectral representation A = AdEA,
then e—At, as defined above, is 0

o At _ J e-xtdEA,
0

Prove that, if A is sectorial, t > 0 and x € X, then
(I + %A)_nx > oA

3.3, exercise 6.

as n » +wo, This result is used in

S t -n_ _ _1 -1 _Aty-n
Hint: Show (I + o A) x = 7T JF (A+A) "x(1 n)

dx,
and apply Lebesgue's dominated convergence theorem.

Let X = C[-«»,»], the bounded continuous functions from R
to IR with the sup-norm. Let Au(x) = -dzu/dx2 for
u € D(A) = {u € CZOR) | u,u',u" € X}, and let X, = closure
of D(A) in X. (Note: Xy #FX). If A= mz, Rem > 0,
calculate

N O S R LT

~ 00

for f € Xl' Prove A 1is sectorial in Xl, ag(A) = [0,+=),
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and for any complex A # 0 with Jarg A| < & < 7, and any
f € Xl’
1 -1

I Owa) £l < Ir] Tsec o/2 [I£]ly.

X

Show that, for any ¢ € XA

ous ¢ € X) ifz ulx,t) = (e ™My x) (t > o0, e <x < )

%%, é—% are continuous and ou _ 2y
3x

(i.e., any uniformly continu-

then u, (t > 0,

Bt 2

Ix
-o < x < @), Also u(x,t) » ¢(x) as t > 0+, uniformly in

x. Can you prove this is the only solution of

2
@_=3_U(t>o)
3 2
X
u(0+,x) = ¢(x), =-= < x < o,
Ju 82
(14) Prove existence of a solution o ——% (0 < x <1, t>0)

IX
w (0,8) = v(e), u (1,0) + u(l,6) = w(t), $L = av + 8w,

dw 1 2
Jr C YV * oW o+ [ u{(x,t)dx given wu(-,0) € L°(0,1) and
0

real v(0), w(0). (Cf. ex. 7 above.)

1.4 Fractional powers of operators

Definition 1.4.1. Suppose A 1is a sectorial operator and Re o(A) > 0;

then for any o > 0

1 (W (o1 At

AT <
F(U.) JO

dt.

Examples
(1) If A 1is a positive scalar (X = R;), then A % as de-

fined is the usual (-a) power of A.
(2) If A 1is a positive definite, self adjoint operator in a

Hilbert space with spectral representation A = f A dE(X), then
0

ATY = f A YdE() .
0

(3) If A = I+B where ||[B|l < 1, then A"® as defined above

o«
agrees with the usual power series representation: (I+B) & = J (-g)Bn,
n=0
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where (_z) = (- %%E%%%T = (-n* @(@+1)-ﬁi(a+n—l)_

(4) A"l (the case a = 1) is theinverse of A.

Theorem 1.4.2., If A 1is a sectorial operator in X with Re o(A) > O,
then for any o > 0, A" is a bounded linear operator on X which is
one-one and satisfies A %A"P = A (%*B)  penever o > 0, B > 0. Also,
for 0 <a <1,

-0 sin ma
A = =

f A (wA) Lan.
m 0

Proof. For some & > 0, Re o(A) > &, so by Th. 1.3.4,]]e—AtH < ce St

a-1

- 1 ® -8t -0 .
for t > 0. Thus [JA" %] < J t7 TCe -~ dt ||x||, and A is
= TIOL) 0 »

bounded when o > 0. Also for a > 0, B > O

~a,-B _ 1 C % 6-1 B-1 -A(t+s)
A TA T{O)TE) fo JO t s e dsdt
® t
. 1 a-1, . g-1_-Au
HONO) JO du JO t (u-t) e dt
1
= A_(u+8), using f za-l(l-z)s_ldz = L%ELLLQL .
0 (a+B)
Also if A% =0 for some a > 0, then for integer n > aq, A% =
ATt g by AT s one-one, so A" = nth power of At s

also one-one, so x = 0.

Finally ()\+A)-1 = J e AT
0

e Mar for 2 > 0, so

J A %0a) laa = J e'At(f A % M tanyat
0 0 0

_ At a-1 _ T -a
= fo e t I'(l-a)dt = ST AT,
using the fact T(a)T(l-0) = 7/sin na for 0 < o < 1.

Definition 1.4.1, continued. With A as above, define A% = inverse
of A (a > 0), D(A®) = R(A"®); A® = identity on X.

Example. Al = inverse of ATl = A.

Exercises.
(1)* If o > 0, A% is closed and densely defined.
(2)* If a > 8 then D(A%) < D(aP).
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(3)* AaA8 = ABAa = A0L+B on D(AY) where vy = max(a,B,a+8).
()% A% At o TAT on pa™y, s 0.

Theorem 1.4.3. Suppose A 1is sectorial and Re o(A) > 8§ > 0. For
a > 0 there exists Cu < @« such that

HAae'AtH < Cat-ae_at for t >0,
and if 0 < a < 1, x € D(AY),
~At 1
(e ™" -1x]] < = ¢, tAa%] .

Also, Ca is bounded for « in any compact interval of (0,»). (We
see below that Ca is also bounded as o > 0+).

Proof. ]Ie-AtH < Ce-dt,llAe—AtH < C t1e %t for ¢ > 0, by Th. 1.3.4,
so for m = 1,2,3,.

m -At

[1ATe AL = |] (e me ot

~At/m)mH < (Cm)mt- R

If 0<a<1,t>0,

4% A0 = faeTht a7ty

[~}

1 -a -A(t+s)
< Triay 1[0 s llAe Il ds
< C t % tr(ay.

Finally, [|A%"Be AT < ||a%e AT/ 2) |afe A8/ 2) < ¢ g 28 ¢ (@*B)e0L,
and putting these cases together gives the general result. The other
estimate follows from

6]

(e-At ATx

-I)x = A

0

t
—f - -As ds.

Theorem 1.4.4. If 0 < a < 1, x € D(A), then |/A%x]| < c|lax]|® [|le—a,
ice. ||A%]) < e ||Ax] + c'e ® (7% i) for all e > 0. (Here C, C'

are constants independent of «a.)

Proof. Let 0 < B8 <1, ¢ > 0, so (if He—AtH < C for t > 0)
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1}

E [oe]
Ireea™®l =l j yeB LAt Gy
0 £

B o
clxll %? T T (8‘1)f B2 Aty 1y
€

tA

B
¢ lIxll &+ 2c 1Al P70

PA

Minimize the right-hand side over € > 0 and conclude

. _ g-1 ‘
1a™8xl) « 28— cfixlt F A

The coefficient is bounded uniformly on 0 < 8 < 1, so we can replace
x by Ax and set o = 1-8 to get the result claimed.

Remark. If He-AtH < €, e_ét,IIAe_AtH < Cltyle_CSt for t > 0 then

(if C 1is the constant from Th. 1.4.4)

A% At < colToct %0t

E

1-o0.0
0 1

proving Ca in Th. 1.4.3 is bounded as o -+ 0+.

Exercise 5%. When o = 86 + (1-8)y, 0 <8 <1, 8 >0, v > 0, show

there is a constant C so
B 8 1-8
1A% < ¢ [[Ax|[ Pl
Combining Theorems 1.3.2 and 1.4.4 proves the following.

Corollary 1.4.5. If A 1is a sectorial operator with Re o(A) > 0 and

if B is a linear operator such that BA™® is bounded on X for some

a in 0 < a < 1, then A+B is sectorial.

Exercises.
(6) If A 1is positive definite and self adjoint, then so is
A% for all o > 0. Compare with exer. 4, sec. 1.3.
(7)* Suppose A is sectorial with Re o(A) > 0; then A-1 is
compact if and only if A% s compact for all a > 0, if

and only if e A is compact for t > 0.

(8) For each x € X, t ~» tAe—Atx is continuous from 0 < t < =

to X and
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Il tae At

x|~ 0 as t = 0+.
(This result is used in Th. 3.4.2.)
(9) Suppose A is self-adjoint and positive definite in a

Hilbert space; prove

A% < HAx] *Ix|}™® for x € D(A), 0 < a < 1.
Hint: For 0 < a < 1, let g(t) = t*/®

tion) and A = S A dE; du = d||EAxH2 (x € D(A)), and ap-

ply Jensen's inequality to g(f; Xzadu(A)/I; du())).

(a convex func-

(10) If x € X, A 1is sectorial in X with Re o(A) > 0, then

for any o in 0 < o <1,

t%,Aue'AtxH >0 as t > 0+.

Theorem 1.4.6. Suppose A, B are sectorial operators in X with

D(A) = D(B), with Re o(A) > 0, Re o(B) > 0, and for some o« in [0,1),
(A-B)A_a is bounded on X. Then for any B8 in [0,1], ABB-B
BBA_B are bounded in X.

and

Proof. By Th. 1.4.4, [[Afm) Tl < c1a)® 1 for 0 < <1,
|T-arg x| > ¢, for some positive constants C and ¢ < w/2. Also for
0 <B<1

-8B B

“ATR = 1

B da

EX

sin m8 { VRBoemy T laa-my 0say T
0

- easy estimates then show BfA"®  is bounded. Also IIAQ(A+B)_1H =
o(1A1% Yy as A > +e, since {I+A%(A+A) L(B-AJATUIA%(a+B) L = A%(a+n) 73,
so interchanging A and B in the integral identity above proves

ABB_B is also bounded. The cases 8 = 0, 8 = 1 follow immediately.

Exercise 11*. [30, p. 177]. Suppose A is sectorial in a Banach space
X, Re g(A) > 0, and B 1is linear from D(B) « X to a Banach space Y.
Assume D(B) o D(A) and, for some o in 0 < o < 1 and constant C
(or K) that, for all x € D(A)

IBxlly < € IlAx]|® Jix It

or equivalently
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lBxlly < eliax]] + ke ™ (172 yixj)

for all e > 0. Prove for any B in o < B < 1 that B has a unique
extension to a continuous linear operator from x® to v (see def.
1.4.7), i.e. that BA®  is continuous.

Hint: note BA'l  is bounded, and for x € D(A

estimate

48y (a < <)

1

- ® _B-1, -At,B
BX-WJOt Be Ath.

Definition 1.4.7. If A is a sectorial operator in a Banach space X,

define for each o > 0

x* = D(A?) with the graph norm

Ixll, = 1A7x]l . x € x%,

where A1 = A+al with a chosen so Re G(Al) > 0., Different choices of
a give equivalent norms on Xa, by Th. 1.4.6, so we supress the depen-
dence on the choice of a.

These spaces X will provide the basic topology in all the
pages below, so we collect certain of their properties here, merely

reformulating results on fractional powers proved above.

Theorem 1.4.8. If A is sectorial in a Banach space X, then X% is
a Banach space in the norm II-Ha for o > 0, X° = X, and for

a > B >0, X% is a dense subspace of x® with continuous inclusion.
If A has compact resolvent, the inclusion x* e XS
a > g > 0.

is compact when

If Al’AZ are sectorial operators in X with the same domain
and Re c(Aj) >0 for j = 1,2, and if (Al-Az)Aia is a bounded opera-
tor for some a < 1, then with X° = D(A?) G =1,2), x} = xB witn

] 2
equivalent norms for 0 < g < 1.

Example. For a bounded smooth domain @ in Rﬁ, take Au = (-A)mu
for u € Cgm(ﬂ), and extend A to be a self adjoint positive definite
operator in X = LZ(Q) with domain Hg(ﬂ) n Hzm(ﬂ). Then for

0 <a <1, if mae 1is an integer,

Xx* = D((-0)™ = HE“(Q) n BAMe gy,



30
with equivalent norms; this is also true for nonintegral ma, when the

fractional order Sobolev spaces are defined by interpolation [71].
Other examples are in sec. 1.6.

1.5. Invariant subspaces and exponential bounds

Definition 1.5.1. If A 1is a linear operator with domain and range

in a Banach space X, and o(A) denotes the spectrum, a set
o co(A) U {»} = 0(A) 1is a spectral set if both ¢ and S(A)\c are
closed in the extended plane C y {«}.

Example. An isolated point of o(A), or a finite collection of iso-
lated points of o(A), is a spectral set; the complement of a spectral
set is a spectral set.

Theorem 1.5.2. Suppose A is a closed linear operator in X and sup-
pose oy is a bounded spectral set, and 0, = 0(A)No; so O,y {=}

is another spectral set. Let El’ E,
with these spectral sets, and X. = Ej(X), j =1,2. Then X = Xl ® XZ’
the X. are invariant under A, and 1f Aj is the restriction of A

to Xj, then

be the projections associated

Al: X1 - Xl

|
Q

is bounded, O(Al)
D(AZ) = D(A) n X2 and O(AZ) =g

For the proof, see [23, v.1l, Ch. 7 or 99, Th. 5.7, A,Bl.

Remark. If A has compact resolvent, as frequently happens, then

o(A) consists of isolated eigenvalues of finite multiplicity; in this
case, X1 would be finite dimensional.

Theorem 1.5.3. Suppose A is a sectorial operator and oy is a
bounded spectral set; forming the operators Al’ A2 as above, A1 is
bounded and A2 is a sectorial operator.
ALt
If Re o = Re o(Al) < a, then |e 1 || < Ce at for t < 0;
At -t
If Re o, = Re o(A,) > 8, then for t > 0, |[|e [l < Ce ™7,
-ALt
A, e 2 [l < ctle BT,
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Proof. If x € X,, Ixll < 1, » £ a(A), then H(A-Az)_le =|I(X-A)-1XH <
C/ ] for Jarg A] > ¢, |A| > R, (some ¢ in (0,w/2)). Since

Re o(A,) > 8, it follows that || (A-A,) 1|l < C'/|r-8] for

l[arg(r-8)| > ¢', some ¢' in (0,n/2) (see ex. 7 following Th. 1.3.4),

and so the estimates for e 2 follow from Th. 1.3.4. SALt

Since Al is a bounded operator, the estimate for e 1 is
elementary.
. Al o3
Exercise 1*. TFor A1 as above, the spectral radius r(e *) < e and
A Ayn
r(e 1) = lim || e 1 ”l/n_ Show that this implies there is a constant C,
n-—+o
Als
|| e 1 || < ce*® for al1 s > 0.
A1S -as
In fact, ||le = |le + 0 as s » +w=. [98, 39].
dzu 2
Example. Au = - — on (0,m) with u{(9) = u(m) = 0; X = L"(0,n},
dx
o(a) = 11,2%,3%, .3, o, = 11,2, .. N%}, o, = {ON+1)P...0}. Then
Xl = span{sin kx}§=1, X2 is the orthogonal complement of Xl’ and
Azf = E n2¢ (¢n,f), o _(x) = L sin nx
N*1 n n V2
ALt o 2
27 -n°t
€ - Z € (bn((bn’f)

for f € C%(0,m) such that (6;,8) = 0, 1< J <N, and £(0) = £(m)=0.
Combining Th. 1.5.3 with Th. 1.4.8 proves the following.

Theorem 1.5.4. Suppose A 1is a sectorial operator, o; a bounded
2 = c(A)\ol, Re ¢, > v, and X = X, 8 X

1 8%, s
the corresponding decomposition.

spectral set for A, o 2

Assume also B is a sectorial operator with D(B) = D(A),
Re o(B) > 0, (B-A)B<OL is bounded for some o < 1. Then using the norm

Hx||85 ”BBX“, 0 <8<l for x€X,n pD(B®) and t > 0,

-ALt
2 -g -yt
e # xllg< oy llxll e Pe™

”e Zt t

xllg< ¢y lixllge™

for some constant Cl.
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Exercise 2. If A 1is sectorial in X and a = inf Re o(A) then the

spectral radius r(e-At) = e ? for any t > 0.

1.6. An example of fractional powers and an embedding theorem

Suppose @ is an open set in RrR" (possibly all of mﬁ) and let
u be a complex-valued C2 function on £ with support compact in Q.
If 1 <p <« and XA is a fixed complex number, then

fg alulP 2 Ow-suydx = JQ el j“ "

J = |u|p'2 Yu-vu + EVu-V[u[p-z.

Now
20— 2 .2
[ul “vu-vu = Ju|“v]|ul-v|u| + (Im(uvw))
(Im(uVu) = uquz - uZVu1 when u = ug + iuz)
and so
[tn a] < Jp-2fulP 2 |v]ul ] Iny |
- u
- 2 -2 u 2
Re J = (p-1)[uP 2 vup?® + jul P Int g v |?,
so

[Im J|/Re J < |p-2|/2vp-1.
If 0 < n < 2/p-1/|p-2| then by Holder's inequality,
(1+n)||xu-AuHLp(Q) > (Re X + n[Im A‘)||UHLP(Q)'

It follows that the Laplacian on Ci(Q) is closeable in LP(Q) and

we write the closure AD. If the spectrum o(A is not the entire

)
complex plane, then G(AD) is in the sector {2: Re A + n|Im x| < 0}
and -AD is sectorial. This is true when Q = RP (as we prove below)
and when € 1is bounded and 39 1is a C2 hypersurface separating Q
from RN (see, for example, [301).

Now we concentrate on the case @ = R". Suppose X € C~{(-»,0],
Re VA > 0, u € CiGRn) and (A-A)u = f; then the Fourier transform

aly) = J n e-ix-y u({x)dx
R
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satisfies
~ 2.-1 =~
u(y) = (A+y") £(y)
S0
. A ) 2,-1
u = T,xf where y(y) = (A+y™) 7.
The function G, with @a(y) = (1+Y2)_a/2 is

G, (x)

4W)'n/2 *® (a-n)/2 -(t+ x-x/4t) dt
T(a/2) [0 £ N t

(am) M2 (em)/2 Jm (a-n)/2_-£(s+1/45) ds
0

T (a/2) S

where £ = vx-x.

Examining the limits as & - 0 or Re & » +», we find

1
- _ - >Re &
6,001 < ¢ [£]* ™% (e )* ™2 e 2 " if 4 <n
1 - %Re £

|Gn(x)| < € max{in ,1}e

Re £

for Re & > 0 and constants Ca’cn' (See ex. 1.) Note Ga(x) is
bounded on R™ when o > n. Now fk(y) = A'lﬁz(y//i) so

r, (%) = /D26, (x/%)  (Re /X > 0)

and so there is a constant C with

....+1
Jmn T, () dx < (ie—/b

Thus (A-A)u = f implies (see ex. 2 with g =1, r = p)

hall, @y ¢ ——=7m7 77 @
pGR ) - (cos g/2)" pCIR

for 1 <p <o and Jjarg x| <8 <7m. If f 1is bounded and differen-

tiable with bounded derivative, it is easily shown that u = Tx*f is
C2 with (A-8)u = f, when Re /Y% > 0, and if f has compact support
u(x) - 0 exponentially as |x| - +=. It follows that -8y s sec-
torial in L @®" ), 1 < p <, and in the space of uniformly continuous
bounded functlons un1faR ), and in the space of continuous functions

which vanish at «, with o(aA = (-»,0] in each case.

)
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Exercise 1. Let Jp(m) = fz g P-lgmls+ 1/4S)d5, m > 0; then show

{ 4APr(p)m™® as m > 0+, if p >0

1

J (m) =
P Z n o as m ~+ 0+ if p =0

Jp(m) = 2PVTn/me™ as m > +w
so
B m_pe_m/2 for m >0 (if p > 0)
Tp(m) < { ’
1 -m/2
BO max (&n o 1) e

(if 0,

hol
n

for some constants B

Let 1 <p<e, X=1L @YY, A =1-4_; then A is sectorial in

D’

X and u = e_At¢ satisfies du/dt + Au =0, t > 0, if ¢ € CiﬂRn) and
50
R 2
(1) () = e T gy,
hence
A2 =+ y1H ™ G

AT 2y o G, *o.

Exercise 2. If 1 <p,q,r <o and 1/p + 1 =1/q + 1/r, show
| £xgll < |1 £}) llgll .

L @Y - L @®" L. @™

&) o ® LB

Hint: apply the HElder inequality for three terms to

[l 12 feen 1P (e 1 s en By ay,

o =4q/p, 8 = r/p.

Note the special cases gq =1 or 1/q + 1/r = 1.

Exercise 3. Show |[|G <o if a>n(l -1/q), 1 < q < = and

Il mn
o LqGR )
16, (x+h) - 6_(x) || < cinl”
[0 o Lq(]Rn)
if v =0a-n(1 - 1/q), 0 < v <1 and o < n, for a constant C.

Hint: |G, (x+h)-G,(x)| < c|n| |x|®* ™ for |x| > 2|n].
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Now for a > 0, 1 < p < =, define

Py - n
L R = {Ga*f | f € LpGR )1,

which is of course D(Aa/z); this space is provided with the usual norm
= _ o/2
legr£ll , o =Wl = 1A% %6ty
22 L, p

We also identify ﬁfgﬂRn) with LpGRn). These are the so called Bessel
potential spaces [97] and we will derive some of their properties. Our
approach uses fairly crude estimates and so, it not entirely self con-
tained; we refer to Calderon [109] or Stein [97] for some of the results.
We will, however, prove all the results for the case of strict in-
equality in the conditions below.

According to exercises 2 and 3, we have

p

loarelh <116 el < conse. ligesl]

when o > n(l1- 1/r) and 1/q = 1/p + 1/r - 1, so we have the continu-
ous inclusion

D ol n
LP®Y < L ®Y

when 1/p > 1/q > 1/p - a/n. If p >1 and q < o this holds also
for 1/q = 1/p - a/n (see [1091).

By the definition, it follows that
LPRY « IR

when p <q and a - n/p > B8 - n/q, (with strict inequality for p = 1).
Note that a-B > n(l/p - 1/q) > 0. Also, by exercise 3,

IGa*f(x+h) - G #f(x)| < Constant ]h|V]|Ga*f|2/p
o

when v = a - n/p, 0 < v <1l and 0 < o < n, so
LP®YH = c'mY.

Suppose v <o - n/p, 0 < v <1, but o > n; we can choose 0 < B8 <n
and q >p so v =28 -n/q<a-n/p and so
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LR = LAWY < R

when 0 <v <1, v < o - n/p (strict inequality if p =1). A simi-

lar argument (ex. 4) shows jfg c ¢Y when
v < a - n/p (strict inequality if p =1 or v = integer).

Alternatively, we may appeal to the following ([97]1: when
p>1, a>1, f €5f§GRn) if and only if f and 3f/3x, €£f§_lGRn)
(i =1,...,n) and

Il v Lllesroxg]

&(a-l . &(a—l

is an equivalent norm. The proof of this is rather difficult, and the
result is false when p = 1. With this, we easily extend the inclu-
sion 5fg c ¢¥ from the case 0 < v <1 to any positive nonintegral
v, when p > 1.

Since EfgaRn) = LpGRn), the result quoted above proves S/iGRn) =
Wk’pGRn) for k = 0,1,2,... and p > 1; these spaces are not the

same when p 1. However for all p > 1, ﬁngRn) contains (or is con-

tained in) Wk’pGRn) when o < k (or o > k, respectively); see ex. 5.

e~|xI/2 [X|u-n-k

Exercise 4. Show | (3/3x)%G_(x)| < C_ | when

0 < a < n+k. (Note 3/3]|x| G, (x) = Ca!xl Ga_z(x) for a constant C,.)
Conclude from this that EZEGRH) < Wk’pGRn) if a >k, p > 1. Also
conclude SZEGRH) c CvORn) if v < a - n/p, with strict inequality if
p=1 or v is an integer.

Exercise 5. Prove ﬁngRn) =) Wk’pGRn) when p > 1 and a <k
(k = 1,2,...).
Hint: choose integer m > k/2 and 8 > 0 so o*g = 2m; then

£ =l (1-a)" £ .
HEll_p = 11276t o< € Ilogl oin €1y
o
If we define &f;GRn) = ¢*@®™) for positive non-integral o (the
left side is undefined here when ¢ 1is an integer), our results can

be combined as follows:

LERY) cLEm™)
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whenever p < q and o - n/p > B - n/q (strict inequality if p = 1),
provided both sides are defined. The connection between the spaces
c* and &fg with p = « is, of course, no accident: see [97].

Now we prove a form of the Nirenberg-Gagliardo inequality [30],
which includes the above statement as a special case.

By the moment inequality for fractional powers ({exercise 5, sec.
1.4), for any non-negative a, Bl, Yy and 0 < 8 <1 with a = 681 +
(1-e)y1, and 1 < p < », there is a constant C such that for all u
in CC®M),

5} 1-6
lull_p < Cllafl 5 Half® -
In case p = =, this is an interpolation theorem for the spaces CvGRn):
see, for example, [8]. If p>q,p>r and B - n/q > By - n/p,
Yy - n/r > Yy - n/p (with strict inequality if q or r = 1), we have:

lall < cllull® Hulfs®
<* I
and & - n/p < 6(B-n/q) + (1-8)(y-n/r), with strict inequality if q
or r=1, and p > q, p > r. Conversely if p,q,r, a,8,y and 8,
0 <6 < 1, satisfy these conditions we can choose appropriate 81, Yy
to prove the result -- at least if B and y are large (so Bl > 0,
Y, 2 0). But we can replace a,8,y by a+N, B+N, y+N (integer N)
without changing anything else, and the original case follows from this.
In particular, we have a version of the Nirenberg-Gagliardo in-
equalities:

5} 1-8
(@ fiull e p < €Nl g i
if p>q, p>r, 0 <@ <1, and
k - n/p < 8(m - n/q) - n(l-8)/r

with strict inequality if q or r = 1;

8 1-8
b < C u
) fully < € llull G tull

a]

if 0 <8 <1 and v
equality if q or r

g{m - n/q) - n(1l-8)/r, (strict in-
1, or if v is an integer).

nmeA

Remark. The inequality in Friedman [30] has different conditions:
(a) holds when k - n/p = 6(m - n/q) - n(1-6)/r, 1 < p,q,r < =, and
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k/m < & <1, so 1/p < 6/q + (1-8)/r. Thus p 1is less restricted than
in our version. We did not mention the domain R"™ in these inequali-
ties because they hold on any fairly nice set Q < RrR". Specifically,
suppose there is an extension map E: C?(ﬁ) - C?GRH), so E(9¢) re-
stricted to @ is ¢, such that for the norms of any of the spaces cV
or Wk’q (0<v, k<m and 1 < q < «) there is a constant B > 0
with

< B o]l

-1
el < lE@)] ,

It follows easily that the inequalities (a), (b) also hold when re-
stricted to Q.

Such an extension map is easily constructed if @ 1is bounded
and 30 is a C" hypersurface separating @ from R™7 (see [301),
and a more complicated construction shows 302 mneeds only to be Lip-
schitzian [97] ('"minimally smooth"). When such an extension map

exists, we say 0 has the ("-ecxtension property.

1 n

Exercise 6. Consider R™~ as a subspace Rn‘IX{O} of R

and let
X be the restriction map

Hu(x') = u(x'0), x' e rR!

, u € C:GRn).

Prove # extends to a continuous map of 5?50Rn) to ﬁngRn-l) when

p <q and o-n/p> 8-{n-1)/q. In fact, restriction to a k-dimensional
subspace Rk cR" is continuous from jfgﬂRn) to SZZGRR) when p < q
and o-n/p > g-k/q.

Hint: if wv(-,t) = e_t(l_A)g for t > 0, then (by Fourier transforma-

tion in the xn-variable)
-t(1-A_,)

1
X g(x',y)dy

o 2
v(x',0,t) = (47r‘c)—l/2 J Y /4t

where Ax' is the Laplacian in the first (n-1) variables. Thus, if

u = (1-2)"%2g,
a-1
" » 211 “t(1-4_,)
A7 ra/ue,0) = [ ay f t 2 Y4t X' (xt,y)dt
-0 O

n-1

and we estimate the EKEGR ) norm when a-yv > 1/p.

Remark. We can allow o - n/p = B - k/q provided 1 < p =g <2 and
B >0, or 1 <p<gq<w, If p=gq =2, 8 >0, the restriction map
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is then surjective. (See [97] and [109].)
Exercise 7. If 1
K= {u | [lull
j{P
in :/18’(1}1“). @
Hint: first show |[u(-+h) - ul| n < Clh|® when u e kK, h ¢ R"™ and
L

p<® a>8>0 and B,R < = then show

B, u =0 a.c. in [x| > R} is in a compact set

(A LA

n

0 < a <1 thus show l}u(-+h)—uHL + 0 as h > 0 uniformly on K for
each o > 0 and apply the compactgess criterion of Fréchet and
Kolomogorov [103] to prove the result for B = 0; and complete the
proof with the Nirenberg-Gagliardo inequality

[lu < C||uHe Hu]@_e when B8/a < 8 < 1,
p

I

D P
Z 4
Remark. A similar result for p = » follows immediately from the

Arzela-Ascoli theorem.

Exercise 8. If 1 <p <o, p<q and a - n/p > B - n/q, and if
SR = functions on R" supported in the ball of radius R, then the
inclusion

P D q N
Sp N LE®RY) <« LERM
is compact.
Theorem 1.6.1. Suppose Q cR" is an open set having the c™  exten-

sion property, 1 < p < », and A 1is a sectorial operator in X = Lp(Q)
with D(A) = Xl I~ Wm’p(Q) for some m > 1. Then for 0 < a < 1,

x* Wk’q(Q) when k - n/q < ma - n/p, q > p,

¥ < ¢V when 0 < v < ma - n/p.
Proof. By the Nirenberg-Gagliardo inequality (a),

< u 8 u 1-8
el g g € € Mol p 1 ||me)

provided k - n/q < 86(m - n/p) - n(1-8)/p = mé - n/p and q > p. Thus
for u € D(A),

9 1-6
lull i < Cp llauliy fiudl
woedey Tt e Ty
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so by exercise 11, sec. 1.4, the inclusion map D(A) c Wm’p(Q) > Wk’q(Q)
extends to a continuous inclusion of X% » Wk’q(Q), provided o > 6.

The other case is proved similarly.

Exercise 9. Suppose Q cR" has the C™ extension property, X 1is a

closed subspace of C () and A 1is a sectorial operator in X

mn unif
with domain in C (f). For 0 < a < 1 prove

¥ < CU(Q) when 1y < ma.
Remark. The special case A = -A in LZ(Q), Q CiRs, has D(A) =
2,2 1,2 o v D
Woro () n WO’ (), so X < C’(2) when o > 3/4, v < (4a-3)/2;
X* c who9(Q) for 1/q > (5-4a)/6 and o > 1/2; Xx* = L9(2) for
1/q > (3-40)/6.

Ju

+
X .
]

3
Exercise 10. For A as in the above remark, let Bu(x) = ] bj(x)
1

c(x)u where bj € LGCQ), c € LZ(Q); shows B: X* > X is continuous
if o > 3/4.

Applying Th. 1.6.1 to the operator A = —AD in LP(Q), Q CIRn,
we have D(A) < Wz’p(Q) {2, 7, 911 so:

X% < Cv(Q) if 0 < v < 2a-n/p;

a

X% < wl,q(Q) if @« >1/2 and 1/q > 1/p - (2a-1)/n;

x* <199 if 1/q > 1/p - 20/n, q > p.

Exercise 11. Suppose A, B are sectorial operators in Banach space
X,Y and for some al,az,Bl,Bz,e in [0,1), T is a linear continuous

a. B.
map from X J to Y for j = 1,2; then T is also continuous from
a+e

X to YP (any > 0) if a = o) + (1-8)a,, B = 08; *+ (1-6)8,.



Chapter 2

Examples of Nonlinear Parabolic Equations in

Physical, Biological and Engineering Problems

In this section we display some of the variety of parabolic
problems encountered in applications, and hopefully justify the study
of the abstract formulation of parabolic equations given later. 1In
particular, this abstract formulation covers ordinary differential
equation, semilinear parabolic partial differential equations, and sys-
tems of coupled ordinary and partial differential equations.

2.1 Nonlinear heat equation

(For more specific applications, see [10].) Conduction of heat
in a stationary medium is described by

oT _ ;.
p Cp 3T div(K grad T) + pg
where T 1is the temperature, p = density, c¢_ = specific heat, K =

conductivity, and q = rate of production of heat per unit mass. If
the heat source is, say, radioactive decay, it will be essentially in-
dependent of T, but if heat is produced by chemical reaction, q will
be strongly (and ordinarily nonlinearly) dependent on T. For example,
q = Qe_H/RT, the Arrhenius factor, is frequently encountered.

If the medium is moving with given velocity v(x,t), we must add
a convection term:

o cp(%% + Vo grad T) = div(X grad T) + pq.

Similar equations describe the diffusion of a fluid (liquid or
gas) in a porous medium, but in these applications the diffusivity (X,
in the equations above) frequently depends strongly on the concentra-
tion of the fluid (T, in the equations above), leading to quasilinear
rather than semilinear equations. Pending extension of the theory to
quasilinear systems (existence and uniqueness questions have been
studied [93], but little beyond that), a simple trick may reduce the
problem to a semilinear one. Suppose K = K(T) is a smooth positive
scalar function, and change the time variable to s:
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oc. 2L = a1« KA yop2 4 2

it

p 9s K(T) K(T)
3t _ 1
35 -y O

a semilinear system of coupled ordinary and partial differential equa-
tions.

2.2 Flow of electrons and holes in a semiconductor [83]

If p,n are the concentrations of holes and electrons, res-
pectively, and V is the electrical potential,

AV = -q(p - n+D)

T div qun(an grad n - nvV) - Rn(n,p)

fl

%% div qup(ap grad p + pvV) + Rp(n,P)

where D, aq, up, Mo ap, a ~are positive constants and Rn’ R are the
recombination rates. The first equation (assuming appropriate boundary
conditions are given) gives V as a function of p and n:
V = qG(p - n+D), where G 1is the appropriate Green's function. In-
serting this in the other equations gives a pair of coupled semilinear
parabolic partial differential equations, where the lower order terms
involve theintegral operator G.

Similar equations appear in the theory of ions in solution [17,
p. 191].

2.3 Hodgekin-Huxley equations for the nerve axon [16, 17, 25]

A parabolic equation for the electrical potential V is coupled
‘with a system of ordinary differential equations for the quantities m,
h, n which vary between zero and one, and describe the changes in the
conductance of the axon membrane for potassium (K) and sodium (Na):

oV . _1 3%V = 4 _ s
Cxt = 7 —7 - B (V-Ep) - By, h(V-Ey)
e "1 93X
on

3t - oy (M (@-n) - B (V)n
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|

7t = (M (m-my - 8 (V)m

= op (V) (h-h) - 8, (v)h.
Here a s B etc. are functions of V alone, for example

L0L(V + 10)/(exp (A0 - 1y,

%p 10
B, = .125 exp(V/80)
(where V 1is measured in millivolts). (See Cole [17] for more details.)

An analogous simpler system, the Nagumo equation has also been studied
as a preliminary to this system; see [16, 74].

2.4 Chemical reactions in a catalyst pellet [33, 4].

Suppose Ml,...,MN are the N chemical species involved in R
independent reactions )
i=1

centration of Mi and T 1is the temperature, then

v..M, =0 (j =1,...,R). If c. 1is the con-
ij i i

ac. R
i _ 3 .
Ep Tl dlv(Di grad ci) + jzl vijfj (i =1,...,N)
5T RN
c. == = div(k grad T) - v..H.f.
pc, 3¢ = div(k grad T) jzl izl 15135
where f. = f.(c,,...,c.,T) 1is the rate of the jth reaction and H.
Jj 771 N i
th

is the partial molar enthalpy of the i species (assumed constant).
Similar systems were studied by D. B. Spalding [94] in the theory
of flames, and by Amundson and Varma [100] for tubular chemical re-

actors.

2.5 Population genetics [20, 73]

Suppose Al’AZ are the two alleles in a population at a single
gene locus for 0 < p,x <1 and t > 0, ¢(x,t;p)dx 1is the probability
that the frequency at A1 at time t 1ies in (x,x+dx), given that
0. Then ¢ satisfies

the Al-frequency is p at time t

kil

8x2

3 .

22 - 335 D) - 2 M8
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where M, V are the mean and variance of the change in gene frequency
per generation (i.e., per unit time). For example, assuming random
mating among a population of size N, V(x,t) = x(1-x)/2N, and M des-
cribes the action of selection, mutation, etc. on the gene frequencies.
The elliptic operator on the right-side of this equation is then sin-
gular at x = 0 and x = 1, and this makes the discussion of these
equations difficult [26]. The singularity is not surprising, however,
since x = 0 and x = 1 are absorbing states in the absence of muta-
tion.

The effect of "sampling error" in finite populations is import-
ant, in general, but it is difficult to include it together with the
effects of migration when geographic variations in gene frequency are
allowed. If the population density is large enough that the "law of
large numbers' may be invoked in local populations, we obtain equations
of the form

3N/3t = m%/20N + g(N,p)N

3M/3t = m%/26M + b(N,p)M/(1-s(1-p)) - d(N,p)M

where p = M/2N 1is the local A1 gene frequency, N and M are the
population and Al-gene densities, g = b-d is the growth rate (dif-
ference of birth and death rates), m is the migration rate, and s
the selective advantage of Al’ assuming A1 is dominant. Since s
is small, these equations have almost the same form and we may replace
the M-equation by an equation for p = M/2N:

ap/at = (m%/2N%)div(N%grad p) + b(N,p)sp(1-p)/[1-s(1-p)].

If the population density N 1is constant, this is the form of equation
investigated (in the one dimensional case) by Kolmogoroff, Petrovsky
and Piscounoff in 1937 [60]; see sec. 5.4.

Similar equations have been used to study dispersal of plants
and animals [90] and the geographic spread of epidemics [6].

2.6 Nuclear reactor dynamics (multigroup neutron diffusion equations)

If y¢. = neutron flux in the jth energy group and VY =
col(wl,...,wM), V = diag(vl,...,vM) where v. 1is the speed of energy
group j, Ci = precursor density for the ith delayed neutron group
(i=1,...,N) and the matrices A, F, x, D measure respectively
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absorption minus scattering, fission, emission spectra, and diffusion
for the various classes of particles, then

1 oy . T N

V © o = div(D grad ¥} + ((1-R)xF -A)¥Y + § A.x.C.
t 121 111

3¢, T

T = BiF Y - )\iCi (1 = 1,...,N).

(See [46, p. 449] for further explanation.) Control of the reactor is
exerted by changes in the matrix A. A vastly simplified one-group
equation with negative feedback control is discussed in exercise 4,
sec. 4.3, and non-negativity of the solutions for the general case is
in exercise 5, sec. 3.3,

2.7 Navier-Stokes and related equations

An important system of equations that does not obviously fall in
our class of semilinear parabolic equations is the Navier-Stokes sys-

tem, describing the flow of a viscous incompressible fluid:

@
<+

+ (?-grad)v = VAV - % grad p

Qo

t

~

. ->
ivv =20,

where Vv is the velocity, p the pressure, and p,v are given posi-
tive constants (density and kinematic viscosity). One of these equa-
tions (div v = 0) 1involves no time derivative, and one of the un-
known quantities (p) never appears with a time derivative. Both these
problems are resolved, by working in a Banach space of divergence --
free vector fields v: the second equation is automatically satisfied,
and the term grad p in the first equation disappears. See [32] or
sec. 3.8 for the details.

Related systems are studied in the same way. Coupling the
Navier-Stokes equations with the heat equation, by including a convec-
tion term in the heat equation and a bouyancy term in the Navier-Stokes
equations gives the Boussinesq equations:

v

Fra v - grad)3 = VAV - % grad p + Gr Bg

Q

div v = 0
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98 et 1 > >
3% + (v + grad)e = r AR+ v g,
(E = direction of gravity). Bifurcation of equilibrium solutions for

this system (Bénard convection) has been extensively studied [59],
along with some work on stability questions.

Gerd Lassner [67] investigates one formulation of the equations
of magneto-hydrodynamics in this spirit, using a slight modification of
Ohm's law.

R. Hide [47] gives the following system for the flow and the

magnetic field within the earth:

N
o+ (Fograd)V = b - % vp - 28 x ¥ + é% (v x B) x B
¥=)\A§+Vx(i7x§)

div v = 0, div B = 0.

These equations probably admit a similar treatment.



Chapter 3

Existence, Uniqueness and Continuous Dependence

3.1 Examples and counterexamples

In this chapter we study the initial-value problem for a class
of abstract differential equations which includes ordinary differential
equations and many semilinear parabolic partial differential equations.
Here we shall give a few examples to display some of the ways things
can go wrong, before studying ways to ensure they go right.

Ordinary differential equations are included, problems of the
form: find differentiable wu(-) from [0,T) to Rn, for some T > 0,
such that du/dt = f(t,u), 0 < t < 1, and u(0) = ug -

Example of nonexistence. If f(u) = -1 when u > 0, f(u) = 1 when

u < 0, there is no absolutely continuous function on [0O,7), T >0,
such that u(0) = 0 and du/dt = f(u) for a.e. t 1in (0,1).

Second example of nonexistence. If p > 1, there is no absolutely con-

tinuous solution of

WMo tP o<t <), uo) =1
In both of these examples, the difficulty arises from the fact that the
right side of the equation is not continuous near the initial point.

Here is an example which is certainly continuous:

Example of non-global existence

g—’;=x2, x(0) = a > 0;

in this case x(t) = a/(l-at) for 0 < t < a1l is the only solution,
and it does not exist for all t > 0, but only for t sufficiently
close to the initial time.

The difficulty here, rapid growth at infinity, cannot be exorcised by
smoothness assumptions, and will remain to plague us throughout the
following pages.
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Example of nonuniqueness. (0 < o < 1). The problem

dx o
It [x|
x(0) =0
has the solution x(t) = 0 and also infinitely many other solutions;
for any 71 > 0,
0 for 0 <t<rm,
x(t) =

p P(t-1)? for t > 1,

where p = 1/(1-a).
Here the problem is againone of insufficient smoothness: the
right side of the equation is not Lipschitz continuous in u.

It may be thought that ''real" parabolic equations would not suf-

fer from such infirmities -- but that hope is vain.
Consider the semilinear parabolic problem given f: m? + R,
Ju Bzu
7T T + f(t,u) (0<x <1, t>0)
t 2
9Xx

Ju _
3x = 0 at x = 0,1
u(x,0) = a for 0 < o < 1;

this has as a solution u(x,t) v(t) provided

F o= £(t,v),  v(0) = a.

Taking various choices for f and a, we can obtain the phenomena of
the examples above including nonexistence, nonuniqueness, and nonglobal
existence. Some less artifical examples were given by Fujita [31] and
Levine [70].

du 2

Exercise. 3T Lo f(x,u(-,t)) on 0 <x<mw, u=20 at x = 0,7

@ (@
»

where
f(x,9) = sin x g(¢,,¢,) + sin 2x h{(¢;,9;)

™
oy = 2/m) [ et sinsxax G = 1,2)
0
has solutions of the form u(x,t) = a(t) sin x + b(t)sin 2x, provided

da/dt = -a + g(a,b), db/dt = -4b + h(a,b). For appropriate choices
g,h we can duplicate all the phenomena of 0.D.E.s in the plane,
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including centers and limit cycles. Also, any solution of the partial
differential equation converges exponentially to a corresponding solu-
tion of the 0.D.E., as t + +w,

We close with a fairly natural example having nonglobal exis-

tence:
%% = Bzu + u3 (0 <x <m™m t >0)
X
u(0,t) = 0, wu(m,t) =0,
u(x,0) = ¢(x), a given smooth function.

If fg(¢2 + ¢i)dx is sufficiently small, the solution u(-,t)
exists for all t > 0 and tends to zero as t =+ +«» (Th. 5.1.1). How-
ever, suppose ¢ is not small: assume ¢(x) > 0 for 0 < x <7 and
fg ¢(x)sin x dx > 2. Then the solution with this initial value must
blow up in finite time. Indeed, by maximum principle arguments (or

sec. 3.3, ex. 8), u(x,0) = ¢(x) >0 on (0,m) implies u(x,t) >0

for t >0, 0 < x < m, as long as the solution exists. And if we define

i T
s{t) = f sin x u(t,x)dx,
0

then
™
%% = -5 + f sin x us(t,x)dx.
0
But, by H8lder's inequality, s(t) < ZZ/S(fg w¥sin x a3 so
%i > -5 + % S3 for t > 0,

™
s(0) = IO ¢(x)sin x dx > 2.

It is then easily proved that s(t) » +» in finite time -- certainly
not later than t = % log(s(0)+2)/(s(0)-2).

3.2 The linear Cauchy problem

First consider the homogeneous problem

dx

+Ax =0, t >0
dt *)
x(0) = Xq»
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where A 1is a sectorial operator in a Banach space X and Xq € X
is given. A solution of (*) on 0 < t < T 1is a continuous function
x: [0,T) » X which is continuously differentiable on the open inter-
val (0,T), has x(t) € D(A) for 0 < t < T, and satisfies (*) on
(0,T) with x(t) - Xq in X as t » 0+. From Ch. 1, Th. 1.3.4, it
is clear x(t) = e—AtxO is a solution of (*); we now prove this is
the only solution.

Let 0 < s <t < T and

e-A(t—s)

y(t,s) = x(s),

where x(°)} 1is any solution of (*) on (0,T). Then s > y(t,s) is
continuous on 0 < s < t, and continuously differentiable on 0 < s < t,
with

L) o etAlEe) dxle) b petALE i) = 0

for 0 < s < t, so y(t,0) = y(t,t), i.e.

e_Atx0 = x(t).

Now we consider the nonhomogeneous equation
dx | Ax = f
It x = f(t), 0< 1t <T
x(0) = Xg -

Lemma 3.2.1. Let f: (0,T) = X be locally HElder continuous with
fgllf(s)ﬂds <« for some p > 0. For 0 < t < T, define

t
F(t) = J e AT £ (5yas,
0
Then F(:) 1is continuous on [0,T), continuously differentiable on
(0,T), with F(t) € D(A) for 0 < t < T, and dF(t)/dt + AF(t) = f(t)
on 0 <t < T, F(t) » 0 in X as t = 0+.
Proof. For small p > 0, define

t-p _
F(t) = f e At S ersyas, o<t <,
0

with Fp(t) =0 for 0 <t < p.
Then (setting £(s) = 0 for s < 0)
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t

e - mylle [ e e | as

t-p
which tends to 0 as p = 0+, uniformly in 0 < t < tO for any
tg < T. Also, Fp is continuous, since

t+h-p

F(t+h)-F (1) - (e‘Ah-I)[ P A S) g yas s { e ALEh-S) g

t
0 t-p
(0 <t < t+th < to), which tends to zero as h » 0. Therefore F is
continuous on [0,T) into X, and [|F(t)]] < fglle_A(t_S)Hllf(s)H ds+ 0
as t o> 0+,

Also, if 0 < s < t, then e_A(t'S)f(s) is in D(A), so the
Riemann sums for F (t),

p
-A(t-s.) R B
e J f(s.)As., are in D(A), and 1lim A 1 e At S)f(s)As
J J As>0 s<t-p

t_
= [ pAe_A(t'S)f(s)ds.
0

Thus, by closedness of A, Fp(t) € D(A) and
t-p - - t-p _ _
AF (1) = J ae At S)gr5y45 = f Ae AEST(e(sy-£(t) Hds
0 0

+ {e_Ap-e_At}f(t).

Now [|ae 208 S)) = o(ct-s) ™Yy, || £(s)-£(t) || = 0(Jt-s]|®) for some
6 >0 as s » t-, hence as p » 0+,

t
AF (1) > { Ae M) ey f(t)3ds + {I-e AtyEce).
0

Thus, again by closedness of A, F(t) € D(A} for 0 < t < T.

Consider any strictly interior interval [to,tll, 0 < ty < t1 < Ty
then AF _(t) > AF(t) wuniformly on tg < t <t
) -£(s) |l < K[t-s|® for t, s in [ty,t

19 since

1] and some 8§ > 0, so
t

|4 (£)-AF (1) =l {-14e MPre() + f Ae A S) fe sy (0) bas )

-A t -1+
<|[te™P-13E(t) || *+ C f (t-s) ds > 0 as p > 0+,

t-p

uniformly in t, <t < t;.
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de(t) _

Finally, F_(t) 1is differentiable when t > p, with
-AFp(t)+e pf(t-ps), p <t < T. The right side converges uniformly to

-AF(t) + f(t) on t0 <t < ty (0 < ty < tl <T) as p > 0+, so F
is continuously differentiable on the open interval (0,T), with

dF _

Tt AF = £(1).

Theorem 3.2.2. Suppose A 1is a sectorial operator in X, x, € X,
£f: (0,T) » X 1is locally H8lder continuous and fg!]f(t)H dt < = for

some p > 0; then there exists a unique (strong) solution x(-) of

%% + Ax = f(t), 0 <t < T; x(0) = X4
namely t
x(t) = e_Atx0 + J e AMtS)ergygs.
0
Exercise 1 [20]. The problem of "genetic drift'" in population genetics

is described by the singular diffusion equation

2
Su 1 é-——(x(l-x)u) for 0 < x <1, t > 0, Examine the operator on
at 4N sz
the right side of this equation, considered as a self-adjoint operator
in X = {¢: (0,1) > R, Ié x(l-x]|¢(x)|2dx < »}, and show that it gen-
erates an analytic semigroup in X. Show that any u in the domain of

the generator has vx(l-x)u(x) continuous in 0 <x <1, and

Yx{(1-x)u(x) » 0 as x -0 or 1. If u 1is in the domain of the
square of the generator, it is continuous on 0 < x < 1. Show that
[fu(-,t)|]| + 0 as t - +», What is the meaning of this last result, in
view of the interpretation of u(-,t) as a probability density? (See
Sec. 2.5 and (20, 26]1.)

3.3 Local existence and uniqueness

Now consider the nonlinear equation

5 + Ax = f(t,x), t >t
*
x(to) = Xq
where we assume A is a sectorial operator so that the fractional
powers of Al = A+al are well defined, and the spaces x* = D(A?)
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with the graph norm lle(}= ”A?XI, are defined for o > 0. We assume

f maps some open set U in R x x* into X, for some a in

0 <a <1, and f 1is locally HGlder continuous in t and locally Lip-
schitz in x on U. More precisely, if (tl,xl) € U, there exists a
neighborhood V <« U of (tl,xl) such that for (t,x) €V, (s,y) €V,

&
HECt,x) - £0s,y) |l < L(lt-s]™ + f{x-yll ),
for some constants L > 0, 6 > 0. In sections 3.6-3.8 we give some
examples where these hypotheses hold, in addition to an example at the

end of this section.

Definition 3.3.1. A solution of the Cauchy problem (initial-value prob-

lem) on (to,tl) is a continuous function x: [to,tl) + X such that
- dx

x(to) = X and on (to,tl) we have (t,x(t)) € U, x(t) € D(A), 3€(t)

exists, t » f(t,x(t)) 1is locally H6lder continuous, and

tato

J 0 | £(t,x(t)]| dt < » for some p > 0, and the differential equation

t
0
(*) is satisfied on (to,tl).

Lemma 3.3.2. If x 1is a solution of (*) on (to,tl), then
e AES) e 1(s))ds. (*%)

0
Conversely, if x is a continuous function from (to,tl) into

~A(t-t,) t
x(t) = e 0 xp * J

t

t. +p
X% and J 0 [|£(s,x(s)}j ds < » for some p > 0, and if the integral

t
equation (**) holds for to <t < tl’ then x(*) 1is a solution of the
differential equation (*) on (tO,tl).
Proof. The first claim is immediate from the definition of the solu-
tion and Th. 3.2.2. Suppose x 1is a solution of the integral equation
{(**) and x € C((to,tl);xa). We first prove x is locally Holder con-
tinuous from (tO,tl) to X%. If ty < t < t+h < tl’ then

x(t+h) -x(t) = (e Apye ( 1ye M) ers x(s))ds

0

t+h
+ f e_A(t+h>S)f(s,x(s))ds.
t

. SA(t-t,) t
Ah 0’ +f o AR_
0 t
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Now if 0 < § < 1-a, then for any =z € X,

e S R Y SO MR U S
(Th. 1.4.3) hence for t € [ts,tf] < (to,tl),
[|x(t+h) - x(t)]la < Constant 1o,

It follows that t > f{t,x(t)) is locally H8lder continuous on
(to,tl), so by Th., 3.2.2 x solves the linear equation
dv

Tt Ay = £({t,x{t)}) on tg < t < tl’ y(to} =X

hence x 1is also a solution of (*) on (to,tl).

Theorem 3.3.3. Assume A 1is a sectorial operator, 0 < o < 1, and

f: U » X, U an open subset of R x Xa, f(t,x) 1is locally H&lder con-
tinuous in t, locally Lipschitzian in x; then for any (to,xo) evu
there exists T = T(tO,xo) > 0 such that (*) has a unique solution X
on (to,t0+T) with initial value x(to) = Xp-

Proof. By the lemma, it suffices to prove the corresponding result for
the integral equation (**), the '"variation-of-constants formula'.
Choose & > 0, t > 0, such that the set

Vo= {(t,x) | t, <tc< tO+T’IIX—X0Ha < 8}

0

is contained in U, and
llf(t,xl) - f(t,xz)H < L]|x1~x2Ha

for (t,x,), (t,x,) € V. Also let B = max || £(t,x,)|| and choose
1 2 0
[to,tO+T]

T so that 0 < T < 1t and

[|(e—Ah-I)x < 8/2 for 0 <h<T,

0“u

T
M(B + L§) J u %e®au < §/2
0

where ||A$e-AtH < Mt %% for t > 0.
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If S denotes the set of continuous functions y: [to,t0+T] > x%
such that Ily(t)-xol[af § on t
"sup''-norm

<t < t. *T, provided with the usual

0 0

T _
IyIlF = supllly ()l ,» t, < t < t+T},

then § 1is a complete metric space.
For y € S define G(y): [to,tO+T] + X by

e AES) e vis))ds.
0
We show that G maps S into itself, and G 1is a strict contraction.

~A(t-t,) t
N =e g e |

t

First note

~A(t-t ) t _ -
Gy (£) x4l < |l (e 0 -Dxgll,+ ft |aTe A(t-s) || (L8 ds
tO+T -a_a(t-s)
< 8/2 + M(B+L6)[ (t-s) “e ds ¢ 8, for ty <t < to+T.
t
0

Also G(y) 1is continuous from [tO,t0+T] to Xu, as is easily proved,
so G maps S into itself.
If y,z € S then for t

<t < t,+T,

0 0

oo -A(t-s)

6t (-6 (0, < | Nafe 11 £Cs,y(s))~£Cs,2()) 1} ds
t
0

t
< ML J

(t-5) %2t S)qs. f1y-o T
0
so 160 -6 < 2lly-zl" for a1 y,z € s.
By the contraction mapping theorem, G has a unique fixed point

t

x 1in S, which is a continuous solution of the integral equation (*%*)
and has f(t,x(t)) bounded as t - to*. By Lemma 3.3.2, this is the
unique solution of (*) on (to,t0+T) with initial value x(to) = Xg-

Remark. Following F. Browder's terminology, a continuous solution of
the integral equation (**) is a mild solution of the differential equa-
tion (*). One may study mild solutions when t - f£(t,x) is not con-
tinuous. This generalization will not be needed here, although the

smoothness results below involve mild solutions.

Theorem 3.3.4. Assume A, f are as in Th. 3.3.3 above, and also as-
sume that for every closed bounded set B < U, the image £(B) is
bounded in X. If x is a solution of (*) on (to,tl) and ty is
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maximal, so there is no solution of (*) on (to,tz) if t, > tl, then

either tl = +o or else there exists a sequence tn > tl— as n > +o
such that (tn,x(tn)) + 3U. (If U is unbounded, the point at in-

finity is included in 3U.)

Proof. Suppose tl < +=  but (t,x(t)) doesn't enter a neighborhood
N of 38U for t, <t< t;; we may take N of the form UNB where

B is a closed bounded subset of U, and (t,x(t)) € B for t, st<t
1 € B such that x(t) » Xy in X% as

t>ty-, which implies the solution may be extended beyond time t

1°
We prove there exists x
1
(with x(tl) = xl), by Thm. 3.3.3, contradicting maximality of tl.

Now let C = sup{]|f(t,x)]|, (t,x) € B}; we show first that
||x(t)||B remains bounded as t > t;-, for any B < 1.

Observe that if o < B < 1, t, <t <t

2 1’

o sA(t-ty) t ) R
(e llg < a8 % llxceglly + jt 1a8e A8 11 £(s,x(5)) || ds

- (8-a) ot -8
< Const.{(t-t;) Hx(to)Hai-f (t-s) "ds}
to
which is bounded as t - tl-.

Now suppose t2 <T <t <t so

1’
t

x(t)-x(1) = {e A 11x(r) + f e A S) e x(s))ds
T

o

t
L R e O P R

<0 (<8 < D).

Thus 1im x(t) exists in Xa, and the proof is complete.
t>t
1

Corollary 3.3.5. Suppose A 1is sectorial, U = (t,») x Xa, f is

locally HGlder continuous in t, locally Lipschitz in x for
(t,x) € U, and also

IECe, 0l < Koy = fixll)

for all (t,x) € U, where K(:) is continuous on (1,®). If ty > T

X, € Xa, the unique solution of (*) through (to,xo) exists for all
t >t

Proof. Theorem 3.3.4 applies, and the Corollary can fail only if there
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exist t > t; <« such that Hx(tn)”a+ +o,  However
-A(t-t,) t
0 a ~A(t-s
lx(e) Il < Ile xoll, [t lage A0 kesyadlxs) |l )
0
which implies l[x(t)Ha remains bounded as t > t;, by Gronwall's
inequality.

Theorem 3.3.6. Assume A, f as in Th. 3,3.3 above, and also assume A
has compact resolvent and f maps all sets R xBcUcR x Xx* with
B closed and bounded, into bounded sets in X. If x(t;to,xo) is a
solution of (*) on (t;,») with |\x(t;t0,x0)\|u bounded as t + +=,
then {x(t;to,xo)}t>t0 is in a compact set in X*.

B < X* has compact inclusion (Th. 1.4.8)
O)l}B is bounded for t > tg +1. But
we may suppose without loss of generality Re o(A) > § > 0, and
]If(t,x(t;to,xo)iif C for all t > tg, hence

Proof. If a <B<1l, then X
and it suffices to show \]x(t;to,x

(peay TS(ET) ¢ o
llx(tstgxg) ]l g € M(t-t) " (B7e Olixgh, + MCJ (ts) Be 8(t-8) g
t
0

which is bounded for t > t +I1.

0

Remark. The above argument demonstrates a degree of 'smoothing", even

without assuming compactness of the resolvent: if the solution is

bounded in Xu, then it is bounded in XB with o < B8 < 1.
Example. s 3 82u
FE *u 3_)E = 2 + f(t,x,u(x,t))

ax
u(0,t) = 0, u(m,t) =0

(0D <x <m, t>0)

where f: R' x [0,m] xR + R is measurable in x, locally Hélder con-
tinuous in t and locally Lipschitz continuous in wu, uniformly in x,
with |f(t,x,u)| < h(x) g(t,|ul), h € LZ(O,W), g continuous and in-
creasing in its second argument.

Take X = szo,n), A = -d%/dx% witnh donain IiIZ(O,Tr) n I;é(O,w),
and D(A?) = X? = HO(O,W). We prove that F: R x HD(O,N) +~ L°(0,m),

F(t,0)(x) = -¢(x)e'(x) + £(t,x,¢(x)), 0 < x < m,

satisfies the hypotheses of Th. 3.3.3 and 3.3.4.
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First observe that, for ¢ € Hé(o,ﬂ), $(x) = fé $'(E)dE, so b
is absolutely continuous with sup|é(x)| < /7 [|¢]l, so
X 2

<vallell2 «lnll, gl /Alell),
2 L ( ) 2

0,r

F(t,¢
LOUPY

0,m)

L, .
* dinto bounded sets in X. Also,

and F maps bounded sets in R" x X
1 . .

if (t0,¢0) € R+ x X*, ¢O continuous, then there exists a neighborhood

V of the compact set {(to,x,¢0(x)): 0 <x <m} in R" x [0,7] xR

and positive constants L,8 so that for (tl,x,ul) €V, (tz,x,uz) €V,

°]
If(tl,x,ul)-f(tz,x,uz)l < L([tl-t2| + |u1-u2|).

1
3

Hence there is a neighborhood U of (t0,¢0) in R x X so that

(t,9) € U implies (t,x,¢(x)) € V for a.e. 0 < x < m;

and if (tl,¢1) €U, (t2,¢2) € U we have
HECty s o0 ()£, , 0,0, < /T Lyt °
L™(0,m)

+ /ﬁ|¢1_¢2|ll/2) .

1
2

Also, for any ¢1,¢2 in X7,
[o,93-¢,05]] <loqCoi-03011 5 + 1l (6,-0,005]l
171 "272 LZ(O,ﬂ) 171 72 |L2 I 1 72°72 LZ
< ‘/TT”(bl”l/z H(bl-q)ZH’/z + H¢2H1/2 ) ‘/FH¢1‘¢2H

(Alternatively, ¢ = ¢¢' 1is a continuous polynomial from )(1/2 to X.)
Thus all the hypotheses of Th. 3.3.3 and 3.3.4 are verified for this
problem.

Exercise 1. Suppose A sectorial, f: R = x* » X is locally Lip-
schitzian, and a solution x(t) of %% + Ax = f(t,x) for t > t0 >0

has 1f(t;%£§)) bounded on its domain of existence; then the solution
o

exists for all t > tO'
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Exercise 2. Prove local existence and uniqueness for dx + o(t,x)Ax =

dt
£(t,x), t >t

x(to) = x

where p(t,x) > 0 and p: U->R, f: U > X are locally Lipschitzian
on an open set U <R x x%.

Hint: Examine the system with a different time variable 6,

1

dx _

I8 + Ax = __p(t,x) f(t,x)
dat . _ 1

de  o(t,x)

Exercise 3. Suppose A 1is sectorial in X, U is an open set in
R x X% x Y, and f: U -+ X, g: U~>Y are locally Lipschitzian. Prove
local existence and uniqueness results for the coupled '"parabolic”
equation and "ordinary" equation:

d
TE A o= £(t,x,y), %% = glt,x,y).

Apply this to the Hodgekin-Huxley equation (sec. 2.3) with X = LZGRJR),
Y = I°@®R,RY).

Exercise 4. (An equation with delay) Suppose A 1is sectorial in X,
U 1is an open set in R x X* x X* and f: U > X is locally Lipschit-
zian. Consider the problem:

%%(t) + Ax(t) = £(t,x(t),x(t-1)), t >0

x(t) = ¢(t) for -1 < t < 0.

Prove local existence and uniqueness when ¢ is H8lder continuous £from
[-1,0] to X".

Examine also the more general problem when £ 1is locally Lip-
schitz from an open set in R x C([—l,O],Xa) into X. (cf. [102]).

Maximum principle arguments are used in several of the examples
to establish, for example, that a solution which is nonnegative at the
initial time remains nonnegative for all later times, as long as the
solution exists. The following exercises isolate what seems to be the
essential feature of such arguments, starting with the relatively well-

known fact that the Green's function for many linear second order
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elliptic operators is nonnegative. Most PDE books mention the maximum
principle, but Protter and Weinberger [81] is especially recommended,
along with Friedman (29]. See also [87] for some nonlinear problems.

Exercise 5. Suppose & 1Is a bounded domain in R" with aQ smooth,
that aij(x), bi(x), c(x), h(x) are continuous functions (i,j = 1,2,
.,n) with « > 0 such that for x € @, aij(x) = aji(x) and

n
) aij(x)iiij > 0L|E|2 for all € € R™, and h(x) > 0 on 9. For
i,j=1
u € Cz(ﬁ) with %% + h(x)u = 0 on 32 (v = outward normal), define
n 2 n
3" u u
Au(x) = - 7 a..(xX)z=—2—+ ] b.(x) + c(x)u
i,3=1 1j axiaxj j=1 1 Bxi

for x € Q. If u(P) = min u for some P € £, show Au(P) < c(P)u(P),
194

but if P € 3@, show wu(P) > 0.
If X 1is so large that A+c(x) > 0 in @, show that, for
u € D(A) with Au + Au > 0 in @, we have u > 0 in Q. For such
A, suppose there is a Green's function G so that Au + Au = f when-

A
ever

ue) = 0o e = [ 6 e
Q

{(for smooth f), and show GA(X,E) >0 in @ x Q. Conversely, nonnega-
tivity of the Green's function implies: when f > 0, then (A+A)'1f > 0.

Exercise 6. Suppose X 1is a real Banach space with an order relation
> such that for any x,y,z € X, (a) x > x; (b) x >y and y >z im-
plies x > z; (¢) x >y implies x+z > y+z and Ax > Ay for any real
A > 0; (d) the set {x € X | x > 0} 1is closed.

A function £: X > X is inereasing if x > y implies £f(x) >
f(y).

If Y 1is a Banach subspace of X, the order induced on Y from
X also satisfies (a)-(d).

If X = Lp(Q) for some 1 < p < «, then say x >y when
x(t) > y(t) for almost every t € Q; show (a)-{(d) hold.

Suppose A is sectorial in a space X with an order (satisfying

- . . . -1
(a)-(d) above} and suppose (Ai+A) 1 is increasing (we write (X+A) ">0)
for every X > 0; prove e At > 0 for every t > 0.
Hint: e My = lim (1 + % A);n‘

n-—+o
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Remark. It is sometimes useful to study such operators with an affine
domain - the translate of a subspace. The arguments here are only
slightly changed.

Exercise 7. Suppose X 1is a Banach space with an order, as in ex. 6,
A is sectorial with ()\+A)-1 > 0 for every X > 0 and f: [to,tl) x
o

X" » X 1is locally Lipschitzian and satisfies

x €X7, x>0, t0 <t < tl implies f(t,x) > 0.
Then prove that, if X € Xa, Xy 2 0, the solution x(t) = x(t;to,xo)
of dx/dt + Ax = f(t,x) with x(to) = x, has x(t) > 0 for all t
in [tO’tl) on its interval of existence.

Hint: establish this first for small t-t; > 0, by a successive
approximations construction of the solution.

Exercise 8. Suppose X 1is a Banach space with an order, A 1is sec-
torial with (A+A)-1 >0 for all x> i, and f: [tg,t;) x X¢ > X
is locally Lipschitzian and on bounded sets B = {x € x* | x >0,
Hxllaf b} there exists a real constant B8 = B(B) such that

£(t,x) + 8x > 0 whenever x € B and t, <t <t Prove the results

0 1’
of ex. 7 under these more general assumptions. If also x -+ f(t,x)+Bx
is increasing on B, then Xg x(t;to,xo) is increasing for x, > 0

and t > t,.

0

Exercise 9. Suppose a, b, k are positive constants and consider

azu 2
= k > +au - bu®, 0 <x <1, t >0
9X

Q
c

Q@
(=2

with - u(0,t) = 0, u(l,t) = 0, and u(x,0) = uo(x) >0 on 0 <x <1,
ug € Hé(o,l). Prove wu(x,t) >0 on 0 <x <1, t >0, on its inter-
val of existence; then prove this solution exists for all t > 0.

If u(x,0) <0 on 0 <x <1, then u{x,t) <0 for t > 0,
0 <x <1, on its interval of existence, but the solution may blow up
in finite time. (Compare with the final example 3.1.)

Exercise 10. Suppose f£: R* x [0,1] xR - R is locally Lipschitz,
f(t,x,0) > 0, and a, 8, Y, 6, € are constants with g > 0, y > 0,
e >0. If ux,08) >0 on 0 <x <1, v(0) >0, w(0) > 0 and for
t >0,
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Uy = Uiy + f(t,x,u}, (0 < x <1, t>0)
u (0,t) = -v(t), u (1,t) +u(l,t) = w(t)
Vt = aV * Bw
1
W, = yv + 8w + ¢ f u(x,t)dx
t 0

Prove wu(x,t) > 0, v(t) > 0, w(t) > 0 on the domain of existence.
(See ex. 14, sec. 1.3.)

Exercise 11. Consider the equations of nuclear reactor dynamics (sec.
2.6 above) when V, D are constant positive diagonal matrices, F is
constant and nonnegative, A = A(Y,c,x,t) is a smooth function with
off-diagonal terms < 0, 0 < 8 < 1, the Bi and Ai are nonnegative
constants and the X; are constant column vectors with nonnegative

entries. Subject to the boundary condition = 0 (2 a bounded

¥lan
domain in R), if ¥(x,t) > 0, all c;(x,) >0 (x €Q) at t=0,
then these remain nonnegative for all t > 0 on the domain of exis-
tence. Also if the off-diagonal terms in A are non-increasing func-
tions of ¥ and c, then if {¥,c}, {¥,C} are two solutions with
wj(x,t) > @j(x,t) >0 (1 <j <M, c;(x,t) > Ei(x,t) >0 (1 <i<N)
for all x € @ at t = 0, then these hold also when t > 0.

3.4. Continuous and differentiable dependence of solutions

Theorem 3.4.1. Suppose A is a sectorial operator. Let {fn{t,x),
n=20,1,2,...} be a sequence of functions defined on an open set
UcR x X% (some o in [0,1)) into X, each fn(t,x) locally

Lipschitz in x, locally H6lder continuous in t, and such that

fo(t,x) = lim fn(t,x)
-+
uniformly for (t,x) in a neighborhood of any point of U. Also assume
the real numbers wu_ > ug > 0 and ||xn-x0|hl* 0 as n » « with
(to,xn) € U.
Let ¢n(t) be the maximally defined solution of
d¢

n =
It upAeL = F(0), t >t

o (tg) = x,



63

which exists on (to,t0+Tn). Then Ty 2 1ig*zup Tn and ||¢n(t)-
¢O(t)[h1+ 0 uniformly on compact subintervals of [tg,tp*To) -

Proof. Without loss of generality, suppose tO = 0, Xy = 0, uy = 1,
L < My < 2, fo(t,O) = 0 and ¢O(t) =0 on [O,TO). For otherwise

consider the functions wn(t) = ¢n(t)-¢0(unt) satisfying

ay
—t * HpAV, T £ (i (0 ¢ 60 t))u £oGupt, 60 (up (1))

Choose any t1 in (O,TO); then [O,tl] x {0} 1is a compact
set in U, hence there exist & > 0 and L > 0 such that

Hfo(t’xl)‘fo(t:xz)” <L Hxl'leld for lelllu’ ”lelaf §
and 0 <t < ty,
and ]]fn(t,x)-fo(t,x)H + 0 uniformly for 0 < t < tl’IIX”u < 8.
For sufficiently large n, the ¢ will be defined on [0,t1].
Indeed, as long as |]¢n(s)]]a§ § on 0 < s < t, we have

a

u_at a(t-
n
o ()1, < Me & |]x

~aft o M s)
. Mun"‘fo(t-s) @ 1 g (5,0, (5))

allq
- f0(5,¢n(s)) ” ds

a(t-s)
o, (s) 1T, ds

_ t LU
+ LMp % [ (t-5) Ce D
n
0
Bt
so llen(0)ll, < Cllx I, + 8496, o = suplll £, (s,x) -4 (s, | :
0 <s <ty Hx]hlf 8§}, where B, C are independent of n.
If n 1is sufficiently large that

Bt1
ce Mllxyll,+ 8,) < 5,

it follows that ¢ exists on [0,t;], and |l¢n(t)Ha-+ 0 uniformly in
0 <t t; as n > =,

Lemma 3.4.2. Suppose A 1is sectorial in X, 0 < T < « and
0 <8 < 1+8. Then the maps

A
<
A

(,8) » (e, 0 < t < TH: RY x x* > c(10,T1,X%),

and
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t
(u,g) ~ {f e MAES) o isyas, 0 < t < T RY x c(0,11,x5)-C(10,T1,X%)
0

are both analytic.

Proof. For fixed t > 0, (u,&) - e-uAtE is analytic with Taylor

series e_(u+5)At£ ) %T (—Até)ne_uAtE, convergent for small |§].
n=0 "

In fact, if [|e_AtH < M,||Ae-AtH < Mt on 0 <t < T, note

<
t - (At)ne_UAtE is continuous from X% to Xa, 0 <t <T (see ex.

n
8, sec. 1.4) and %Tll(—Atélne'uAtilhlf %T (M%?L)HIIEHQ, so the series

converges uniformly in 0 < t < T when |8§] < u/Me, proving conver-

gence in C([O,T],Xa). The other case is proved in the same way.

Lemma 3.4.3. Suppose X,Y are Banach spaces, U 1is open in X, and
J is a compact interval in R. If F: J x U > Y is continuous, the
composition map x = F(-,x(:)): C(J,U) - C(J,Y) 1is continuous. If

(t,x) -+ (g%)kF(t,x) is continuous on J x U for %k = 0,1,...,r, the

composition map is c'. If this holds for all r and the Taylor
series for x » F(t,x) converges uniformly in t € J near each
x € U, the composition map is analytic.

Proof. If Xy, X € C(J,U0) and xn(t) + x(t) uniformly in t € J as
n > » but [|F(-,xn(')) - F(-,x(—))HC(J’Y) >e > 0, there exist t €J

with |[F(tn,xn(tn)) - F(tn,x(tn))||§ e/2 for large n. There is a sub-
sequence tﬂ + t* € J, and we contradict continuity of F at

(t*,x(t*)). For each 1 < k < 1, akF/axk satisfies the hypotheses of

the case r = 0, and is uniformly continuous on {(t,x(t)),t€J} if x€C(J,U).
By the converse Taylor theorem (see sec. 1.2.5) it follows that the
composition map is C'. For the analytic case, direct estimate of

the Taylor remainder proves the result.

Theorem 3.4.4. Suppose A 1is a sectorial operator in a Banach space
X, 0 <a <1, U is open in R x X%, A is open in a Banach space L,
and f: U x A » X has f, Dxf, DAf continuous on U x A, while
t +~ f(t,x,A) 1is locally HGlder continuous.

For p >0, A € A, (1,8) € U, let x(t) = x(t; 1,5,2,u) be the
maximally defined solution of
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x(1t) = E.

Then (&,A,u) + x(t; 1,£,A,p) 1is continuously differentiable from

X* x A xR"  into Xa, on the domain of existence of the solution.

These derivatives u(t) = Dgx(t), v(t) = DAx(t), wit) = Dux(t) are
mild solutions of

du/dt + pAu = Dxf(t,x(t),k)u, u(t) = I;
dv/dt + pAv = Dxf(t,x(t),A)V + Dxf(t,x(t),x), v(t) = 0;
dw/dt + pAw = Dxf(t,x(t),A)w - Ax(t), w(t) = 0.

(They are ordinary solutions if also (t,x) - Dxf’ Dxf are locally
Hélder continuous on U.) For the w-equation, note ||Ax{t)]| =
O(t—T)a-l) as t - T+.

Proof. It is sufficient to consider a short time interval; say

0 <t<T, t =0, without loss. The solution x(t; t,&,A,u) 1is ob-
tained as the fixed point of a map G on the space of continuous func-
tions from [0,T] into Xa,

t
G(x; &,Aa,u)(t) = e'uAtE + f e_uA(t'S)f(s,x(s),A)ds, 0<tc<T.
0

For (£,A,u) in a small neighborhood of (go,xo,uo), (O,EO,XO,UO) €

U x A XIR+, G is a uniform contraction of a ball B < C([0,T],X%).
Now (x,A) - £(-,x(*),r) € C(I0,T],X) 1is continuously differentiable
on B x A, and G 1is the composition of this map with an analytic map

1 and thus the fixed point is also C1 as

(see lemma), so G is C
claimed.

By the same argument, we prove the ¢’ case.

Corollary 3.4.5. 1In addition to the hypotheses of Theorem 3.4.4, as-
sume (x,x) =+ £(t,x,x) is ct
on U x A, or analytic uniformly in t for (t,x,A) in a neighbor-
hood of each point in U x A. Then the map

(1 <1 <) with derivatives continuous

(E,2,u) » x(t; 1,8,x,u)

. T . . .
is C or analytic, on the interval of existence.
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Corollary 3.4.6. In addition to the hypotheses of Theorem 3.4.4, as-

sume (t,x,A) - f{t,x,x): U x A - X 1is ¢t or analytic. Then

is

(t,T,E,)\’U) *X(t; T,E,)\,]J)

ct or analytic respectively for t > 1t on the domain of existence.

(Smoothness in time may break down as t - T+.)

Proof. For any m > 0, define y(s) = y(s; O,E,i,u/m), A= (A,m,t),

as

By

the solution of

%% + (u/mAy = g(s,y,0)

2+ 2y,
y(0) = €.

uniqueness, on the domain of existence

x(t; T,E,0,u) = y(m(t-t); 0,&,%, u/m)

for every m > 0. In particular, if t >t and m = 1/(t-1)

X(t; T!&’A’u) = }'(1, 0,?:,(%,(t‘T)—1,T),U(t“[)).

But for each s > 0,

(&, (A,m,t),u/m) » y(s; 0,&,(A,m,t),u/m)

is c¥ or analytic, by Corollary 3.4.5, and the result is proved.
Now we study another notion of continuous dependence, which
leads to the "method of averaging'". (For ordinary differential equa-

tions, this approach originated with Gikhman.) Another approach for
linear equations is in sec. 7.5.

Lemma 3.4.7. Suppose A 1is sectorial in X, f: [0,T) x U x A + X,

U

is open in Xa, a <1, and A 1is a metric space, and assume
(1) [[£f(s,x,\) || < N for 0<s < T, x €U, x € A;

(i1) ] £(s,x,A)-f(s,y, M) |] < L||x-yHa for 0 <s < T, x,y €U,
A€ Ay

(iii) X = fgf(s,x,x)ds is continuous for each x € U, uniformly

in compact sets of 0 < t < T. Here we understand also that
the integral exists (f3||f(s,x,A)H ds < ») when 0 < t < T.
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Then for any continuous x: [0,T) - U,

t
A f e At S £0g x(s),M)ds € X°

0
is continuous, uniformly in 0 < t < ty for any ty < T.
Proof. First we examine the case x(s) = x, a constant. Let p > 0
and
t-p ~
Jp(A,t) = J e At SLf(s,x,k)ds, p <t <T,
0
Jp(x,t) =0 if 0 <t < p.

Then for p <t < T,

t t
J (A1) = & At f £(s,x,\)ds - e AP f £(s,x,A)ds
P 0 t-p
t-p . t
+ J Ae A(t-s) [ f(o,x,2)do ds,
0 s

and X -+ Jp(k,t) € X* is continuous by Lebesgue's dominated conver-
gence theorem and the fact

t
HAe-A(t-S) J f(o,x,k)dc][af NM(t-s)-aea(t_s)
s

for 0 <s <t < T, Further, Jp(k,t) converges uniformly in A,t
as p » 0; for

t t
llJp(x,t)'fO Mt nasll, < e [ sl

t-p
t t
. f ||ae ALE-5) J £(0,x,1)dol|_ds
t-p S
< (MN pl-a + MN pl_u/(l—oc))eap > 0 as p » 0+,

_ rt
Thus JO(A,t) = f0

x € U, hence also

e‘A(t_S)f(s,x,A) is continuous in A, for each

t

A > f e A(tvs)f(s,i(s),k)ds is continuous
0

when ﬁ(-) is any step function on [0,T) » U. Finally, for any con-

tinuous x: [0,T) » U there exist step functions Xt [0,T) - U so

that Hx(s)-xn(s)]hx+ 0 uniformly on 0 < s < ty (any t; < T,
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t
HJO e‘A(t‘S)[f(s’x(s)’)\)-f(s,xn(s),)\)]dSHu
t
- a(t‘ ) >
y [0 M(t-5) %7 Ylx(s)x ()] ds ~ 0

uniformly in X € A and 0 < t < tys and the lemma is proved.

Theorem 3.4.8. Assume A,f satisfy the hypotheses of lemma 3.4.7.
Suppose x(+,A) 1is a solution of dx/dt + Ax = £(t,x,x), t > 0, and
suppose x(t,A;) € U exists on 0 <t < T and [[x(0,)) - x(O,AO)Ha-+O
as A > Xy. Then Ix(t,x) - x(t,ko)|h1+ 0 as X > i, uniformly in

0 <t <T.

Proof. Let vy(t) = x(t,r) - x(t,AO); then
t
y(t) = e'Aty(O) + foe'A(t'S){fo(s,x)-fo(s,xo)}

t
+[ e‘A(t‘S){f(s’x(s,xo).{.y(s),}\) - f(S,X(S,AO);A)}
0

where we set fo(s,k) = f(s,x(s,xo),k). Since s ~+ x(s,AO) is coﬁ—
tinuous on 0 < s < T, by the lemma we have ||y(t)||OC < 8(A) +

LM fg(t-s)-%ly(s)lhxds, as long as x(s,2;) + y(s) = x(s,A) € U on
6 <s<t and 0 < t < T, where &(x} » 0 as X » ko. But it then
follows, for A sufficiently close to A that on 0

0’ S S S T’

ly(s) 1y < distix(-,2),00}

and so the solution x(+,A) exists and sup[lx(t,x)-x(t,lo)ﬂ =
0<t<T *

0(8(X)) » 0 as A~ A,

We now state the result in a form closer to the method of aver-
aging: we compare solutions of dx/dt + Ax = g(t/e, x), 0 < € < €g>
with solutions of the averaged equation

dy/dt + Ay = g,(y)

1 (T
gqy) = lim 5 fo g(s,y)ds.

T4

Theorem 3.4.9. Assume A is sectorial in X, g: R" x U » X 1is con-
tinuous with U an open set in X%, and
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(i) t - g(t,x) 1is locally H3lder continuous, ||g(t,x}]|| < N and
lg(t,x) - g(t, M|l < Ll!x—y“u for t >0 and x,y € U;

(ii) 1im|]% fg g(s,x)ds - go(x)H = 0 for each x € U.
T

Suppose there exists a solution E£(t) of
dg/dt + AE = go(8), t > 0,

with &(t) € U on 0 <t < T < o, Then given n > 0, there exists

§ > 0 and g > 0 so that if

Ix(0) - £(0)[l <6 and 0 <& < e,
and dx/dt + Ax = g(t/e, x), t > 0 then f]x(t)-g(t)”a < n on 0<t<T.

Proof. We apply Th. 3.4.8 with X = ¢,

f(t,x,})

g(t/x,x) for 0 < i < €g
£(t,x,0) = g(x)

for 0 <t <T and x € U,
If t >0, » >0, then for any x € U

t t Tt/
J f(s,x,A)ds = J g(s/x,x)ds = f g(o,x)do -~ tgy(x) as A > 0+.
0 0 .

0

Exercise 1. Suppose AA is sectorial in X for each A in an open

set A CIRm, X+ (z;onl\)\)-1 € AX) 1is analytic for some fixed gy and
either D(A,) 1is independent of X or |](C-AA)_1H < C/|z-a]l for all
z on arg(z-a) = +8, 0 < 6 < n/2, and A in a complex neighborhood

of A. Prove (i,t) - Mty xr? + YX) is analytic and (A,x) -
-AXt
{e x, 0 <t <1}: A x X > C([0,1],X) 1is analytic. (Compare Kato

[56, p. 498].)

Exercise 2. Suppose A, as above has x* = D(Ag) independent of A

for some o < 1 and f is a Ck map (k > 1) from an open set of

R x X* x A into X. Prove the solution x(t) = x(t; 1,E,x) of

dx

T Ax = f(tx,), t>T, x(1) =€ x%
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is a Ck function of all its arguments for t > T on its domain of
existence. An example of this type is in ex. 11, section 6.4, with
a = 1/2.

3.5 Smoothing action of the differential equation

In Sec. 3.3, we showed that a certain degree of '"'smoothing"
occurs: with initial value in X% = D(A%), 0 < a <1, the solution
is actually in D(A) at any later time. We will need some more pre-

cise expressions of this smoothing action.

Lemma 3.5.1. Suppose A is sectorial, g: (0,T) » X has [[g(t)-g(s)]|
< K(s)(t-s)Y for 0 < s <t < T < o, where K(') 1is continuous on
(0,T) and [y K(s)ds < w. Then G(t) = s ¢ At "S)g(syas, 0 < ¢ < T,

is continuously differentiable on the open interval (0,T) into XB,

provided 0 < B < vy, and
-8 t -8-1
llag(e)/dtll g < Mt Flg(t) ]| « M f (t-5)"F T K(s)ds
0

for 0 < t < T, where M 1is a constant independent of vy,8 and g(-).
Further t - é% G(t) 1is locally Holder continuous from (0,T) into

XS, if fg K(s)ds = O(hd) as h » 0+, for some & > 0.

Proof. From the proof of Lemma 3.2.1,

dG/dt = e Mlg(t) + H(t) = -AG(t) + g(t),

t
H(t) = [O ae AES) (g ey -g(s))ds,

and the required estimates follow. Note
b ACteh-s)
H(esh)-H(e) = [ Ae (g(t+h)-g(s))
0

t
+ fo Ae At S) o tan) g (s+h)-g(t)+g(s)1ds.

Remark. t > AG(t) € X is also locally Holder continuous, but will not
have values in XB unless g(t) € x8.
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Theorem 3.5.2. Assume A 1is sectorial, f: U -+ X is locally Lipschit-
zian on an open set U <R x Xa, for some 0 < a < 1. Suppose x(-)
is a solution on (to,tl] of

dx

It + Ax = f(t,x), x(t

o) = X
and (to,xo) € U.
Then if vy < 1, t » %%(t) e XV s locally HOlder continuous for

th <t <t with

0 1’

llax/all, < C('c-to)o"y'1
for some constant C.

Remark. This result (together with the embedding theorems) is used to
prove the solutions of the abstract equation yield classical solutiomns
of the original PDE: see the examples in sec. 3.6-3.8.

Proof. Let a <8 <1, ty < T < t;; then lx(T) |, < Cl(r-to)w8 and
g(t) = £(t,x(t)) satisfies |[Jg(t)-g(s)| < L(]t-s] +||x(t)-x(s)||a)
for tg <5 < t < ty for some constants L, Cl'
Also if t < t < t+h < t;,

-Ah

t
x(t+h) - x(t) = @ M1y e ATy 4 f e A S) (o (san)-g(s) }ds

T
. fT+he-A(t+h-s)

T

g(s)ds
then

llg(t+h) - g(t)|l < Lh + L [[x(t+h) - x(t) ]l
< Lh o+ Ch((e-0) Y ) [l ¢ (2e1) T
t -0
v [ e gtsem) - gl ) as.
T

Thus |{g(t+h)-g(t) ]| < Csh((t-T)—l+B-%lx(r)[lB+ (t-1)™%) and, by lemma
3.5.1, t » dx/dt € XY (y < 1) is H6lder continuous on (t,t;], with

151, < ¢utee-m B L ix(ny Iy + (20 )

¥

TG LA C IR LN ST RS
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Take t-17 = 1-t, = %(t-t

0 SO

o)
o-y-1
lldx/dt]] < M(t-ty) .

Theorem 3.5.3. Suppose A 1is sectorial, f: U » X 1is locally Lip-
schitzian on an open set U <R x X% for some o < 1, and suppose
X(+) 1is a solution on [ty,ty] of

dx/dt + Ax = £(t,x)

with (t,x(t)) € U and ||d§(t)/dt||a bounded on t, < t < t;.

If on-f(to)Ha is sufficiently small, the solution x(-) with
x(to) = X exists on tO <t < ty and for any 0 < g < vy <1,
t + dx(t)/dt is locally Holder continuous into XB on (to,tl] and

OL‘B’]. ”

120 - E@ll, < ket xFelly s

for some constant K independent of t, x,.

Proof. The curve {(t,x(t)), typ <t < tl} is a compact subset of U,
so there is a neighborhood of V of this curve with V < U and
WECe,x)-£(s,y) || < LClt-s] +|lx-y]|) for (t,x) €V, (s,y) €V.

Define g(t,z) = f£(t,x(t)+z) - £(t,X(t)), ty <t
for some § > 0 so small that (t,x(t)+z) € V for t
Hz||a§ §. Then g(t,0) = 0, and

tl,IIZHaS g,
t <t

A CTA

0 1’

|Ig(t,zl) - g(t,ZZ) ” <L ||21‘Zzl|a »

llgCt,2) - g(s,2) ]l < 2L min(|zll, [t-s](1+M))

M = sup H!dx/dt”d, ty <t <t
Using the fact min {a,b} < a’b!™Y  whenever a,b >0 and 0 <y <1,
it follows that

1-
lett,zy) - gls,z) 0l < Lyllzg-z,lly * llzg I T e-s1™).

If ||z(t0)Ha is sufficiently small, then the solution z(t)
exists on [t,,t;] with }]z(t)“a < &. We estimate the HGlder con-

tinuity of z(*): if tg <t < t+h < tys then
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-A(t-t ) t.+h
oAb 0 2y * f 07" _-A(t+h-s)

z(t+h)-z(t) = ( -Te g(s,z(s))ds
t
t 0
f e A S) g (suh, 2 (s+h))-g(s,2(5)) Hds.
t
0
If ||ZO”u is sufficiently small,l[z(t)”a < KIIIZOHa for t, <t < ty,

and so we find

lzeeny-2(e) Il < K, b7 (e-t) 1z 1LY

where 6 = max(a,y).
Now if g(t) = g(t,z(t)) then on (to,tl)

lglt)-g(s)]

A

Ky(s-tg) ™ Te-s[Vllzg LY

-A(t-to)
e z(to) + G(t) so

It

and the lemma applies: z{t)

ll%%(t)llgf Const. (t-t OL-B—ll[ZOHla.Y‘

o)

Exercise 1. Suppose A 1is sectorial and £f: R x xSTe 5 xS s Lip-

schitzian in a neighborhood (to,xo) for some s > 0 and 0 < a < 1.
1f Xy € X5+u, show there exists a unique solution x(t) = x(t;to,xo)
of dx/dt + Ax = f(t,x) (t > t,), x(to) = X(, On some interval

tg St <ty and t = x(t) € X *® is continuous.

Exercise 2. Suppose f: R x S U P locally Lipschitzian for
m=0,1,2,...,n. If X € Xa, show the soLution x(t;to,xo) through

. n+o
(to,xo) has x(t,to,xo) € X when t > ty-

Apply this result to the example 3.7 below and show, if
u(-,0) € Wl’pﬂRn) for some p > n/2, then u(-,t) € CkGRn) for any
k > 1 and for every t > 0. What can you say about differentiability
in t? Hint: Wk’pGRn) is an algebra under pointwise multiplication
if kp > n.

Exercise 3. Consider a bounded smooth domain @ cﬁR3, and let A = -A

PP D
in L°(%2). Show the problem

3u/at = Au + u3 in £, u=0 on 30

u(-,0) = uo
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has a unique solution for small t > 0, provided u, € XB with

0
B > 1/4, (Note: u, € x® does not imply that u3 € LZ(Q).)

0
Exercise 4. (Based on work of N. Alikakos [107].) Suppose Q <R is
such that the Nirenberg-Gagliardo inequalities (sec. 1.6) and the di-
vergence theorem hold. Suppose aj(x,t), b(x,t) are continuous real

functions with

la;, )] <A, b(x,t) <B on @ x R

and u 1is a solution of

n
du/at = Au + ) a.(x,t) du/dx, + b(x,t)u
j=1 ] ]
on © xR with u %% < 0 on 30 x R*. Assume, for some D
(1 <p<=)ul,q¢€ Lp(Q) n L. (%) and ||u(-,t)HL @) is uniformly
bounded for all t > 0. Then prove ]Iu(-,t)HL @) is bounded wuni-
q

formly in t > 0 and in q = p.2m (m = 0,1,2,...); thus, for example,
an apriori Ll(Q) bound gives an L_(%) bound.

Hint: If s > 2
é% f |ul]Sdx < z4(s-1) J ]Vluls/zlzdx + sB J |u]Sdx
Q s Q Q
1 L
e a9l ¥R Jultan*
Q Q

and for 0 < g€ <_ 1 (Nirenberg-Gagliardo)

PA

f lu|Sdx < e f 19]ul /2] 2ax + Ke'm(f lu| 5/ 2ax) 2
Q Q

Q
where m > n/2 and K = X(Q,m) < =, Use these to estimate

”u("t)“Ls(Q) in terms of sup IIU(',t)HLS/Z(m and ”u("o)”LS(Q)'

Exercise 5. Suppose & is a bounded smooth domain in iRn, f(x,u) 1is
a smooth function on @ xR with |[f(x,u}] < c(1+|u|™. Suppose
u(x,t) is a solution of 3u/dt = au + f(x,u), u=0 on 3n, and this

solution exists only for 0 < t < t; < =. Prove HuC-, )l (@) is
q

unbounded as t - tl— if g > 1 and either (i) q > m or (ii)
q > n/2 (m-2). (Hint: for (ii) use the Nirenberg-Gagliardo inequality

as above.)
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Example 3.6. £ is a bounded domain in R? with 932 smooth.

%% = Au + f(t,x,u,grad u) for t >0, x € Q
2u a(x)u =0 on 230 t >0
on ’

u(x,0) = uo(x) for x € Q.

We assume f(t,x,u,p) 1is locally Lipschitzian in all its ar-
guments, and for some real k in 1 < k < 3, and some continuous
B(t)r) b

e(t,x,u,p) | < BCt, lu @ + 1pl5

k- -
|£Ct,x,u,p)-£0t,5,u,a) | < B, [u) (1+[p| e q| ¥ D) [p-q]

tA

L£0t,x,u,p)-£(t,x,v,p)| < B(t, u]+[v])(1+]p|®) lu-v].

A

Also, a(x) 1is continuously differentiable on 3% and a(x) > 0.
Take X = LZ(Q), and Au = g when u € Hl(Q) and for all
v € Hl(Q),

J g(xX)v(x)dx = I Vu(x) - vv(x)dx + J a(x)u(x)v(x)ds.
Q Q 30
Then A is self adjoint and positive definite, and D(A) contains all
u € CZ(Q) such that 23u/dn + au = 0 on 3Q, in which case Au = -Au
in Q. In fact,

Dea) = wewhi@| uau=0 on 2,
since this is a regular boundary value problem for a strongly elliptic
operator ([2, 30, 71]). It follows that X* c Wi’9(Q) if a > 1/2
and 1/q > (5-40)/6, and X% < L¥(Q) if o > 3/4, (Th. 1.6.1). Thus
if 1 > a > max(3/4, (5k-3)/4k), we have

¢4

x* e wh 2Ky n 1)

with continuous inclusion.

We then have, for example, when u € Xa, and

F(t,u) (x) = f(t,x,u(x),grad u(x)), x € Q,

that
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IFCe,wll , < BCt, JJull . ) (Cmeas % « [lulfy L, ).
L7(Q) L (@) W ot (Q)

The other estimates are similar and we see that the hypotheses of Th.
3.3.3 and 3.3.4 hold, so when Uy € Xa, there is a unique solution
u(t;uo) on some maximal interval 0 < t < tl, and either t1 = +o
or [lu(t;udlf > = as t~ t -

Thus we have a solution of the abstract form of the original
equation. But in fact, when t > 0, u(t;uo) € D{A) and t - du/dt e x°®
is locally HOlder continuous when t > 0, by Th. 3.5.3, so

(t,x) > ult,x;ug),2%(t,x;5u

T o)

are also continuous on tg <t < t1 and x € Q. And u € D(A) implies
vu e W2 <« 1%0), so Au = F(t,u) - dusdt € 1L5/K(). This implies
ue w9 ), so vuew Kgy c 19) if 1/q > (k-2)/6. If

k < 2, Vu(t,-) is Hdlder continuous; if k > 2 we continue the
argument. If u(t,-) € Wz’pn(Q) then (as above) u(t,:) € Wz’pn+1(Q)

if l/pn+1 > k(l/pn - 1/3) and if 1 < k < 3 we eventually have

P, > 3 and Vu(t,-) H6lder continuous so F(t,u) € CG(Q) for some
§ >0 and wu(t,°) € C2+6(Q). Thus for t > 0, (t,x) -+ u(t,x;uo)
continuously differentiable in t, twice continuously differentiable
in x, and we have a classical solution.

is

Exercise 1. Consider the special case

u, = Au + Au3 in @ (constant 1)

a_u+au=()

on 3Q.

Prove that, if X < 0, then as long as the solution exists,

t +.Qﬂu(t,x)|6dx is nonincreasing. Prove that when X < 0, the solu-
tion exists for all t > 0 with Hu(t)[{a bounded (1 > a > 3/4), and
in fact the orbit {u(t), t > 0} lies in a compact set in x*. Show
the only limit point of this orbit as t + += is the origin, i.e.
that llu(t)”a-+ 0 as t + », (Note convergence in X* implies con-
vergence in L and in Wl’z.)

Remark. The polynomial bounds on p + f(x,u,p) were imposed to allow
us to work in LZCQ). If we work instead in Lq(ﬂ) with q > 3, no
such restrictions are needed.
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Example 3.7.

du
-—t-— Au Au

5 for t >0, x €R"

u(x,0) = u,), x €R",

where X 1is a fixed nonnegative constant and ug is a given smooth
function in LPGRn) for some 2 < p < » with p > n/2.
We take X = LP@®™) and A is the closure in X of the dif-

n

ferential operator -A = - § 82/3x§ in COGRn). Let A1 = A+I and
j=1

x% = D(A%), o > 0. Then x* =£fguGRn), the Bessel potential space

[97]1, which has the following properties:

when 2o = k 1is an integer > 0, x* = Wk’pGRn);

=%

when 2Zpa < n, 22 s = > g3 p, XX e Li@h);

T

when Zpo > n, 0 < v < Za-n/p, x% e CvGRn);

when 0 < k < 2a and zi;k , X* e W amh.

v

=

|

Now if 1 > a > n/2p, we have

llu®-v2)| < c(ulf w |vf? Y Ju-v
Py o gy 10 ) vl o
< eyl « v llu-vl
3 3
152l p ny < 1 Il

so the hypotheses of section 3.3 are verified, and local existence and
uniqueness follows. Note however the resolvent of A is not compact.
(See exercise 1.)

We will prove global existence whem A > 0. As long as the solu
tion exists, we have

d 3 Ip-2 3
I LRn|u(x,t)| Pit = 3p LRnluI P %u(au-ru”)dx

3p-2

- ‘LRn(SPA lu] 32" 243p(3p-1) Ju| P72 | vu] Bydx < 0.
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Thus f lu(x,t) | Pdt < [ lu(x,0)|3Pdx < ¢ |lu(-,0) |’ for all t > 0,
]Rn - IRn - e}

as long as the solution exists, so the solution exists for all t > 0
(ex. 1, sec. 3.3). 1In fact, the solution has ]]u(-,t)][8 bounded for
all t > 1 for any B8 < 1; for

1 A(t+l-s) 3
e u

u(t+1) - e Au(e) = -2 f (s)ds,

t

0. But |lu(t)|] =

so flu(t+1) - e-Au(t)||B is bounded for t >
> 0, as above, hence for

Hu(t) || ,. 1s also bounded for all t
LP @™
t >0,

el < e fuo)llg+ ¢ < .

Now the nonlinearity, -Xus, is a bounded polynomial map from

x* to X, so the solution depends analytically on t > 0, and

uq € Xa, with values in X®. We can also establish smoothness in the

l1+a

x-variable. For example, u € X implies

I -3u”su-6u]vu| 2]

3
A
1as®l —

A

2 2 3
SUall sl e o llall iy 5, o< cllulg,

for some constant C, since Au € X% < LwGRn) n LpﬂRn) implies
u € Wl’qGRn) for any p < q < ». It follows that u(t) € xi+e
any t > 0, and by similar arguments, for any B8 > o,

for

8 is continuous when t > 0.

t > u(t) € X
(See ex. 1 and 2, sec. 3.5.)
Thus we have a solution u existing for all t > 0, provided
u(0) € Xa, and such that (t,x) = u(t,x) is analytic in t > 0 and
infinitely often differentiable in x € Q; in particular, we have a

classical solution, which is bounded for all t > 0.

Exercise 1. The resolvent of A is not compact; that is, there-exists
a bounded sequence {¢n}i=1 in D(A) = Wz’pGRn) such that there is

no subsequences which converge in LpGRn). (Hint: if ¢ € WZ,pORn)’
compare its norm with that of the 'translated" function ¢y, ¢h(x) =
¢(x+h) for all x € R".)
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Since the orbit {u(t), t > 0} is not necessarily compact in
LpGRn), we cannot examine its limit points, as we did for the corres-
ponding problem in a bounded domain (ex. 1, sec. 3.6). However, let
¢q(t) = GRnlu(t,x)lzdx; then if q > 2, ¢q(-) is nonincreasing, non-

do w
negative and _3%(t) < -qX ¢q+2(t) for t > 0, hence f0¢q+2(t)dt < o,

Since ¢q+2(') is also nonincreasing, it follows that
¢q+2(t) + 0 as t > +o,

i.e. when gq > 4, f nlu(t,x)iqu +0 as t > +w, If 2 <p <4,
R

1-6

L4

some 8 = 8(p,py) in 0 <8 <1 so Hu(t, )| b ” 0 as t » +» for

any p; > p. L1

|[u(t,-)”Lp1 5||u(0,.)”9p]]u(t,-)n for any p; in p < p; <4 and
L

Exercise 2. Examine this problem in the space X = HmGRn) = Wm’ZGRn)
with m > n/2.

Example 3.8: The Navier-Stokes equation [32, 65]

Let © be a bounded domain in R3 with 3Q smooth, and con-
sider for t > tO’ X € Q

3
auj/st - 1/Re Auj = -Bp/axj - kzluk auj/axk + fj(x,t)
for j =1,2,3,
3
divu= 7§ du.,/8x. =0
j=1 J J

with boundary value u = 0 on 8aQ x [to,w) and initial value
u(x,to) = uo(x) for x € Q.

At first glance, the theory of section 3.3 does not apply: one
of the unknown quantities p (the pressure) does not appear with a
time derivative, and one of the equations (div u = 0) also has no
time derivative. However, we will choose the space X so that
div u = 0 automatically, and then the pressure term drops out of the
equations.

If u: @ »*RS is continuously differentiable, div u = 0, and
the normal component u, vanishes on 3R, then for any scalar
¢ € cloy,
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J u + grad ¢ dx = 0.
Q

Conversely, a smooth vector field u which is orthogonal to all
gradients must satisfy div u =0 in @, u, = 0 on 3Q.

Let H_ be the LZ(QJRS) closure of {grad ¢ | ¢ € Cl(Q)},
and let H_ be the LZ(QJRS) closure of {u € Cl(QJRS) | div u = 0
in 0, u

; n
in L°(Q,R”); in fact

wHQ

0 on 3Q}. Then He, Ho are closed orthogonal subspaces

L2 R’ = H_ eH

To prove this, it is sufficient to show every smooth u: ¢ »R", u =20
near 3R, has the form u = v+V¢ with v € Hc and V¢ € Hﬂ. But

we may choose ¢ to be a solution of

Ad = div u in @, 94/3n = u, 0 on 3Q;

then ¢ 1is smooth and v = u-v¢ 1is also smooth, div v = 0 in @,

v. =0 on 23Q.

Let P denote the orthogonal projection of LZ(Q,RS) onto H;

projecting the Navier-Stokes equation into Ho’ we obtain formally
dv/dt + pAv = N(v) + fc(t)’ v(t) € Ho’

where u = 1/Re (Re - Reynolds number), A = -PA with zero boundary
data, N(v) = -P(v : grad)v, and fc(t) = Pf(-,t).
Now if u,v € CS(Q) n Ho’ a dense subspace of Ho’ then Au € HO,

(Au,v) = (u,Av)

(Au,u)

(-au,u) = f |grad ulzdx > 0.
Q

Thus we may suppose A 1is a self adjoint densely defined operator in

Ho' Odqvist [77] investigated the boundary value problem Au = f, i.e.

-Au + grad p = f, divu =0 in @
u=0 on 3Q,
by the methods of potential theory, and obtained estimates for the

Green's function which prove Hé = D(A) < WZ’Z(Q) n Hy with continuous
inclusion. (See [65].) It follows from Th. 1.6.1 that, if
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1/2 < a < 1, Hg c Wl’q(QJRS) provided 1/q > (5-4a)/6, and
3/4 <o <1, HS < L™ (2,R%).
Now consider the nonlinear term: [IN(v)| <[] _ [[vvl , <
L L

C ”VHi if o > 3/4, so N 1is a bounded polynomial from Hg to H
if o > 3/4.

Now it follows from Th. 3.3.3 that, if V(to) € Hg and t -
fo(-,t) is H6lder continuous into H for t >t

o
solution v(t) on some maximal interval t

g?

0° there is a unique

<t < t,, and the solu-

>
tion depends analytically on v(t and thg Reynoldi number
Re = 1/u > 0.

Suppose in fact that, in the original equation, (x,t) -+ f(x,t)
is C1+6, some ¢ > 0, for x € Q, ty <t < tl; then (x,t) -~ fa(x,t)
(f0 = Pf) is Lipschitzian in (x,t). We show we then have a classi-
cal solution of the original system. Arguing as in the examples above,
if t > tys (x,t) » v(x,t) 1is CZHS in x, C1+6 in t, for some
§ > 0, so

0)

P{%% ©,t) - pAv(-,t) - (v-grad)v + £(-,t)} = 0.

But the quantity in braces is H8lder continuous on €, so it is the

gradient of a C1+<s function p(-,t) for each t, which is also con-

tinuous in t.

More general and precise results are in [32].

Exercise 1. If [[£f(-,t)] , is bounded on 0 < t < «, prove
L7()

Hu(-,t)||2 is bounded on the domain of existence. If it is also
L
assumed that llu(',t)llp is bounded on the domain of existence of
L¥ ()

some solution, for some p > 3, prove the solution exists for all
t > 0.

Hint: for the LZ(Q) bound, multiply the original equation by
u and integrate over Q.



Chapter 4

Dynamical Systems and Liapunov Stability

4.1 Dynamical systems

Definition 4.1.1. A dynamical system (nonlinear semigroup) on a com-

plete metric space C 1is a family of maps {S(t): C - C, t > 0} such
that
(i) for each t > 0, S(t) 1is continuous from C to C;
(ii) for each x € C, t » S(t)x 1is continuous;
(iii) S(0) = identity on C;
(iv) S(t)(S(t)x) = S(t+1)x for all x € C and t,T > 0.

Example 1. Suppose A 1is sectorial in a Banach space X, V 1is an

open set in x%

for some 0 < a <1, and f: V +» X 1is locally Lip-
schitzian. Assume C 1is a closed subset of V and that for any solu-
tion x(-) of dx/dt + Ax = f(x), x(0) € C implies the solution
exists and x(t) € C for all t > 0 (C 1is positively invariant).

If x(t;xO) is the solution of time t with initial value X(O;XO) =

X then

0)

S(t)xo = x(t;xo), (xo € C, t>0)
defines a dynamical system on C, in the induced topology of xX*.
Verification of conditions (i)-({iv) above is left as an easy exercise.
More specific examples are in sec. 3.7 with C = x% =£/guGRn),
and sec. 3.3, ex. 9, with C = {¢ € Hé(o,w) | ¢(x) >0 for 0 < x < w},
and the example below.

Example 2. (Varma and Amundson [100]). The equations describing a
tubular chemical reactor with a single first-order irreversible re-
action are

ay/at = 3%y/ax% - Pe 8y/ox + Bzr(y) * Ty ,-Y)
Le 38z/3t = 822/3x2 - Pe 3z/3x - zr(y)
for 0 < x <1, t > 0, with boundary conditions 3y/3x = Pe(y-1),

3z/3x = Pe(z-1) at x = 0 and dy/3x = 0, 8z/ox = 0 at x = 1. Here
B,Y,ya,Pe, Le (Peclet and Lewis numbers) are positive constants, and
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r(y) = o exp(-6/y) with positive a,S§.

It is physically clear that the (nondimensional) temperature vy
and concentration =z must always be nonnegative. In fact, this sys-
tem of equations defines a dynamical system on

C = {(y,z) € B (0,1; R®) | y(x) >0, z(x) >0 on 0 < x < 1},

To see this, note first that r(y) may be set equal to zero for

y < 0, and we would then have a dynamical system on Hl(o,l;imz), since
the right-side grows at most linearly (Cor. 3.3.5). Next consider the
operator u - Uy * Pe u, * xu for X > 0 and C2 functions u
satisfying the boundary conditions: u, = Pe(u-1) at x = 0; u, = 0 at
x =1. If Ut Pe u, * Au > 0 on 0 < x < 1, it follows easily
(max. principle [81]) that u > 0 on 0 < x < 1. (Otherwise examine
the point where a negative minimum occurs, and obtain a contradiction.)
We say (y,z) € LZ(O,l; RZ) has (y,z) > 0 if y(x) > 0 and z(x) > 0
a.e. in 0 < x < 1; then we may apply the results of exercises 7 and

8, sec. 3.3, since (y,z) > 0 implies (Bzr(y) + y(ya—y), -z {y)) +
K(y,z) > 0, if K > 0 1is sufficiently large. Thus C 1is a positively
invariant set, and we have a dynamical system in C.

Example 3. One can define dynamical systems generated by nonautonomous
differential equations, following Sell {89]. This approach will not

be developed here but may lead to interesting results.

Definition 4.1.2. Let {S8(t), t > 0} be a dynamical system on C
and for any x € C, let «vy(x) = {S(t)x, t > 0} = the orbit (or positive
semi-orbit) through x. We say x 1is an equilibrium point if
y(x) = {x}; v(x) 1s a periodic orbit if there exists p > 0 such
that vy(x) = {S(t)x, 0 < t < p} # {x}.

An orbit «y(x) (or sometimes, the point x) is stable if
S(t)y » S(t)x as y = x, y € C, uniformly in t > 0; i.e. if for any
e > 0 there exists §&(e) > 0 such that for all t > 0, dist(S(t)x,
S(t)y) < € whenever dist(x,y) < §(eg), vy € C. An orbit vy(x) 1is
unstable if it is not stable. An orbit «vy(x) 1is uniformly asymptoti-
cally stable if it is stable and also there is a neighborhood
V ={y € C: dist(x,y) < r} such that

dist(S(t)y,S(t)x) = 0 as t » +o,

uniformly for y € V.
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Exercises

(1) If +v(x) 1is unstable, then so is Y(y) for any vy € v(x).
Does the corresponding result hold when +vy(x) is stable?

(2) If y € y(x) and vy(y) 1is stable, then ~y(x) 1is stable.

(3) If +vy(x) 1is stable, then it is also orbitally stable, i.e.
whenever y - x, y € C, we have dist{S(t)y, v(x)} = 0
uniformly in t > 0. The converse implication fails.
Orbital stability is the notion required for studying
periodic orbits (Ch. 8).

Definition 4.1.3. Let {S(t), t > 0} be a dynamical system on C. A

Liapunov function 1s a continuous real-valued function V on C such
that

V(x) = TIm £ (V(S()X) - V(X)} < 0

t+0+
for all x € C. We do not exclude the possibility V(x) = -». Hence-
forth we use the notation ||x-yl|| = dist{x,y}, since in most examples

we use the induced topology of some Banach space.

Theorem 4.1.4. Let {S(t), t > 0} be a dynamical system on C, and
let 0 be an equilibrium point in C. Suppose V 1is a Liapunov func-
tion on C which satisfies V(0) = 0, V(x) > c (|x|) for x € C,
llx]] = dist{x,0}, where c(*) 4is a continuous strictly increasing func-
tion, c¢(0) = 0, and c(r) > 0 for r > 0. Then O 1is stable.

Suppose in addition that V{x) < -Cld|XH), where cl(') is also
continuous, increasing and positive, with cl(O) = 0. Then 0 1is
uniformly asymptotically stable.

Proof. For each k > 0 define Uk = {x € C: V(x) < k}; each Uy is
a neighborhood of 0. Also, each Uk is positively invariant: x € Uk
implies V(S(t)x) < V(x) < k for all t > 0.

If V(x) > c(|x|]), then for any e > 0, there exists k = c(e)>0
such that V(x) < k implies ||x]| < €. And by continuity of V, there
exists & > 0 such that |[[x[| < & implies x € Uy, so S(t)x € Uy
for all t > 0, so ||S(t)x]] < & for all t > 0.

Now V{(S(t)x) 1is a nonincreasing function of t, bounded below

by zero. Let £ = lim V(S(t)x); if 2 > 0 then inf||S(t)x|| is
t>+w t?o

k’

positive so sup V(S(t)x) < -m for some m > 0. But this contradicts
t>0
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the fact V(S(t)x) > 0 for all t > 0. Thus V(S(t)x) and ||S(t)x]
tend to zero as t =+ +». In fact, this is true uniformly in [[x]| < ¢
x € C (for some €g > 0) since V(S(t)x) < v(t) where v(*) 1is the
maximal solution (18, p. 28] of

O)

dv -1 _ =
It cl(b (v)) =0, t >0, v(0) = Vo
where b is continuous and increasing with V(x) < b{|x|}), b(0) = 0,

and v, = sup vx): |lxl] < eq}. If e, is sufficiently small,
cl(bbl(s)) is continuous on 0 < s < Vs and v(t) - 0 as t > +«,

2

Example 4. %% = 3—% - u3 (0 <x <7, t>0), u(o,t) = 0, u(n,t) = 0,
X L

defines a dynamical system in Hé(O,p). (Compare with example 3.6

above.) Define Vp(u) = fglu(x)lpdx for any p > 2; then Vp is con-
tinuous in Hé(O,ﬂ) and Vp(u) = -p fplulp 24x - p(p- 1)fp|u|p 2 2d

S0 Vp(u) < -p Iglulp+2dx ) -pn'z/p(V (u))P* 2/p (by HOlder's inequal-
ity). Taking p = 6 shows that we have a dynamical system on Hé(O,w),
and that any solution wu(-,t) satisfies Iu(x t)lpdx + 0 as

t » +o, for any p > 2. To show convergence in H (0 T), We use a
different Liapunov function:

il
W) = JO{-lz- uf( + Lufyax,

Then W(u) > %llu”zl, W(+) 1is continuous on H%(O,w) and u € Hé(o,n)
n Hz(o,n) HO

. _ (" 3.2
W(u) = -{O{uxx-u }*dx.

It follows that W(u) < 0 for all u € HJ(0,m). (Note: if u(-,t) fis
a solutiom for t > 0, then t - W(u(-,t)) 1is continuously differenti-
able for t > 0, and for some t* in (0,t)

W, 1) - Wu(-,0)) = W(u(-,t%) < 0).
In fact fg uixdx > fg uidx for u € Hé(o,n) o)
22

T o6 LI
dx + 6 J u“usdx + J u“dx > f u_dx
0 X 0 0 X

2
XX

“W(u) = fz u

W(u) < -Hqul, and uniform asymptotic stability in Hé(o,n) follows.
H
0
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Exercise 4. Let {S(t), t > 0} be a dynamical system on C, and let

B be open in C. Let ZI(t) be the restriction of S(t) to B; then
for each x in B, there exists maximal T(x), 0 < T(x) < «, such that
{Z(t)x, 0 <t < T(x)} 1is in B. This family of maps satisfies:

(i) if X, Xg in B and 0 < t < T(xo), then T(xn) >t
eventually and Z(t)xn > Z(t)xo in B;
(ii) if x € B, t » I(t)x 1is continuous for 0 < t < T(x)
into B;
(iii) ZI(0) = identity on B;
(iv) if x € B, t,t > 0 and t+t < T(x) then ZI(t)(Z(t)x) =
T(t+1)X.

Such a family {I;T} we call a local dynamical system on B. Examine

stability notions for local dynamical systems.

Exercise 5. If A 1is sectorial in X, f: x* > X is locally Lipschit-
zian for some o < 1, then dx/dt + Ax = f(x) defines a local dynami-
cal system {Z,T} on any open set B < X*.

If JJ£(x)]l < M < » for all x € B, define g{x) =
£(x)o(I£(x)[) for x € X%, where ¢(y) =1 if 0 <y <M, ¢(y) = My
if y > M. (Note ¢ is Lipschitz continuous on R%Y.) Then
%% + Ax = g(x) defines a dynamical system on x* whose restriction
to B is {&,T}.

4.2 Converse theorem on asymptotic stability

Theorem 4.2.1. Consider the equation

dx/dt + Ax = f(x)

where A is sectorial and f is Lipschitz continuous from a neighbor-
hood of 0 in X% (some 0 < a < 1) to X, with £(0) = 0.

Suppose x = 0 1is uniformly asymptotically stable (in X%y,
Then there exist positive constants g,K and r, a continuous strictly
increasing function a(s), 0 <s <1, a(0) = 0, and a real-valued
function V(x) defined for ]IxHa < r such that

(D alixlly) < Voo < Kixll,
(i1) |[V(x) - vl < K-yl
(iii) V(x) < -8V(x)
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for Il <7, vl <

Remark. The proof below follows T. Yoshizawa, Stability Theory by
Liapunov's Second Method, Univ. Tokyo Press (1966).

Proof of the theorem. Assume r, > 0 so small that onlhxf Ty
implies x(t;x;) exists for all t > 0 and Hx(t;xo)lfuf g(t) » 0 as
t +» +2, We assume that 6(t) has a continuous negative derivative,
and T(e) 1is the inverse function: T(6(t)) = t, so T(e) 1is continu-
ous on 0 < e < 6(0) and T(e) + +» as e » 0+,

If T, is small enough, f 1is uniformly Lipschitzian on the

ball of radius 8(0) and Xy x{t;x Mt

0) has Lipschitz constant < Le

(for some constants L,M) when lIXO”u < Now define

0
gle) = exp{-(8+M}T(e)}, ¢(0) = 0,
for any B > 0. Also |

- L
Gk(z) = max(0,z k)’ k >1

and for k = 1,2,3,..., and {[xyll < T,

Vk(xoj = g(F%T)igg{eBtqulx(t;XO)[‘a]}‘

Observe that this supremum may be taken only on the interval

0 <t < Tk = T(F%T)’ and so

1, STy
0 < Vk(Xo) < g(?TT)e 8(0) < 8(0)

{e(8+M)t

Ve (xg) - Vgl < g(kil)oiigT L {lxg-vglly)
Sk
(B+M)T
< glppLte Klixp - volly
= L”XO - YOHOL.

Finally, for small h > 0,

il

e

-Bh
R a( 1

vV, (x(h3x,)) k+l)igﬁ{e6t6kd|x(t;x0) 1Ip)

A

-8h
e Vk(xo).
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S0 Vk(xo) < -BVk(XO).

If we let V(X) = Z-ka(X), HxHa

A

T, then

-
e~ 8
—

Vo) - v | < Llix-yll, VX)) < -8V(x), V(0) = 0

and if © <fIxHu <r,

ORI 2 e () G, (Il = allxl ) > 0

and a(') 1is Lipschitz continuous and strictly increasing.

Remark. If we choose smooth functions behaving like the Gk’ we can
have a(-) also smooth.

Exercise 1*. Let T be a Lipschitz continuous map of a neighborhood
of 0 in a Banach space X into X, with T(0) = 0. We will say
that 0 1is asymptotically stable if there is a neighborhood V of
the origin such that Tn(x) is defined for all n > 0 and all x €V
and

diam T™(V) - 0 as n =+ =,

Prove (in analogy with Theorem 4.1.4 and 4.2.1 above) the nec-
essary and sufficient condition that 0 is asymptotically stable is
the existence of positive constants X,r and & < 1, a continuous
strictly increasing function a(s), 0 <s < r, a(0) = 0, and a real-
valued function V(x) for |[|x|| < r such that

a(ll=ll) < vx) < K|«

A

Vi) - vl < Kix-yll for Ixdl < r, 1Ml < ¢

"A

and V(T(x)) < 8V(x) near 0.

Find such a Liapunov function proving stability of x = 0 for
X > x-xs: R - R.

Now consider (EE): dx/dt + Ax = f(x,e}, where f(0,0) = 0. We
prove a weak version of stability with respect to constantly acting
disturbances [62, 41); a stronger result is outlined in exercise 3.

Corollary 4.2.3. Suppose x = 0 1is asymptotically stable for the
equation (E)) with ¢ = 0. Also assume Hf(x,e)~f(y,e)]|u < LHx-yHa
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for Hxlhf Hyll < r and lel < e,» and that

Hf(x,e)~f(x,0)Hu+ 0 as € > 0, uniformly in Hx]]af T.
Then there exists a neighborhood U of the origin in Xa, U c
{”X||a< r}, which is positively invariant for (E.) whenever [e]
is sufficiently small.
Proof. Let V(x) be the Liapunov function provided by Theorem 4.2.1
for (Eo). We will estimate the derivative VE of V along solutions

of (Ee)‘

Velxg) = T RVx(hxg,2)) - Vixp)

A

Uixg) + T £OV(x(hixg.e)) - V(x(hixg,0))

A

Vixg) + KT lIxhixg,e) - x(hsxg, 0], -

h~0+
Now assume (lXOHa <t and t > 0 is small;
b LA(t-s)
x () -x(t) = x(tixpg,e)-x(t;x,,0) = fo e [f(xE(S),E)-f(xo(S),E)]ds

t
. Jo e M) £ (xy (), ) - £(xy(5),0)1ds

t
so ]Ixe(t)-xo(t)Ha <M JO L”X€(5)~XO(S)”adS + Mt A(e),
A(E) = sup ”f(X,E)'f(X,O)”u-
x| <x

Thus [Ix(h;xo,e)-x(h;xo,O)Ha < M,h A(e) for sufficiently small h > 0,
so

Ve(xo) < V(XO) + K(r)M2 A(e).
Choose £ > 0 so that

U = {x; V(x) < 2} = {|df, < r}
When V(x;) = %, then V(xy) < -8V(xy) < -B%, and so V_(x;) < -%8 +
K(r)MZA(e) < 0 provided |e| is sufficiently small. But this implies

that, if V(xo) < £, then V(x(t;xo,e)) < & for all t > 0, i.e. U
is positively invariant.
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Exercise 2. It is proved below (4.3, example) that the zero solution
is globally asymptotically stable (in Hé(O,ﬂ)) for uo=u o+
au-Bu~, 0 < x < 7,

u(0,t) = 0, u(wm,t) = 0,

when o =1 and B8 > 0. Assuming this, prove there exists, inside
any given neighborhood of the origin a neighborhood U of the origin
in Hé(o,ﬂ) which is positively invariant whenever |a-1| is suf-
ficiently small (fixed B > 0). Can you generalize to Up = Uy *
fg(x,u(x,t)) where f€ is smooth and fo(x,u) = u-Bus? What about

_ . = a3
up T U + fe(x,u(x,t),ux(x,t)) with fO u-pu~?

Exercise 3*. Referring to the exercise 1 on asymptotic stability of a
fixed point under iteration of a map, prove the generalization of Cor.
3.9.6, when it is assumed merely that |[[f(x,e)-f(y,e)|l < Lx-yf, for
Iklhr ||ﬂla§ r and ||[f(x,e)-f(x,0)]]+ 0 as € + 0, uniformly in

lkHa <r. Take T_ as the map x, + x(1;xy,€), translation along

the trajectory for one time unit and use the Banach space Xu; x =0
is asymptotically stable under iteration of T0 in this space.
Exercise 4. Suppose A 1is sectorial in X, 0 < a < 1, U 1is a neigh-
borhood of 0 in X% and f: R x U » X is locally H8lder continuous
in t and uniformly Lipschitz in x:

Hf(t,xl) - f(t,xz)‘lf L ”Xl-XZHa

for Xq9%, in U. Suppose f(t,0) = 0 and x = 0 is uniformly
asymptotically stable. (See sec. 5.1 for definition.) Show there
exists V{(t,x) with

Ve, - V(e | € B Iyl

BlIxll, > Vit,x) > adlx]l)
and if dx/dt + Ax = f(t,x) on (t,t+h]

V(t,x(t)) = Tim %{V(t+h,x(t+h)) SV, x ()} < -V(t,x)
h> 0+

(for all t and for |[[x|| < r). Here r,B are positive constants
and a(-) 1is a continuous strictly increasing function.
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(Hint: 1in analogy with the proof of Th. 4.2.1 take

Bt

. = 1 .
Vi (tgsxg) = g(G) sup e G lx(tyrtsty,x ).

4.3 Invariance principle

Despite the converse theorem above, finding a Liapunov function
in any particular case is usually difficult, and finding one satisfying
all requirements of Th. 4.1.4 is even more difficult. J. P. LaSalle
developed an "invariance principle'" for ordinary differential equations,
extended to other dynamical systems by Hale [38], which enables us to
exploit Liapunov functions which do not satisfy all the conditions of
Th. 4.1.4.

Definition 4.3.1. Let {S(t), t > 0} be a dynamical system on a com-
plete metric space C. A set K e C is invariant if, for any Xq € K,

there exists a continuous curve x: R + X with x(0) = Xq and

S(t)x(t) = x(t+1) for -w= < 1 <w®, t >0,

Definition 4.3.2. If x, € C, Y(xo) = {5(t)xy; t 2 0} 1is the orbit
through Xqs then the w-Iimit set (omega limit set) for Xg or for
the orbit y(xO) is

w(xo) = m(y(xo)) = {x € C there exist t, T such that S(tn)x0 + x}.

Exercise 1. 1If Xy € y(xo), then m(xo) = w(xl). Also

w(xg) N Closure{S(t)xO: t > 1}

>0

ﬂo y(SiTixo).

>

Theorem 4.3.3. Suppose Xg € C and {S(t)xo, t > 0} 1lies in a compact
set in C; then w(xo) is nonempty, compact, invariant, and connected,
and dist(S(t)xO,w(xo)) = 0 as t > +w,

Proof. By the exercise above, w(xo) is the intersection of a decreas-
ing collection of nonempty compact sets, so w(xo) is compact and
nonempty.
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To prove invariance, note that if Yo € w(xo) then there exist
t,) >t such that S(tn)xO > Yoo hence for any t > 0, S(t+tn)x0 >
S(t)yp: S(t) (wlxy)) = wlxy), so w(xy) is positively invariant. Now

by compactness, there exists a subsequence tn + +o such that

1
lim S(tn -1)x0 = Y1 exists. Taking further subsequences, and then the
n-+w 1

diagonal subsequence in the usual way (cf. [38]) we find toy > e
such that for j = 0,1,2,3,...

S(tn,-j)xo > Y as n' > o,

Define vy(t) = S(t+j)yj if j > -t, j >0, -2 < t < »; this is consis-
tent because '

S(t+k)yk = S(t+j)yj when k > j > -t.

This curve satisfies the requirements of definition 4.3.1.

If w(xo) is not connected, there exist nonempty closed dis-
joint sets A,B such that w(xo) = A UB. But then A,B are compact
and dist(A,B) = 38 > 0. There exist tn,tﬁ > +®, tn < tﬁ < tn+1’ such
that dist(S(tn)xO,A) < §, dist(S(tﬁ)xO,B) < & so there exists tH
3 " 1 s s 1 ' : ;
in ot <ty < th with dlst(S(th)xo,AUB) > §. But {S(tﬁ)xo} lies in
a compact set, and any accumulation point y of this set lies in
w(xo) but also has dist(y, AUB) > &§ > 0, a con?radiction. Similarily,
by compactness, there cannot exist t, >t with S(tn)x0 bounded

away from w(xo), S0 S(t)x0 > w(xo) as t + +w,

Theorem 4.3.4. Let V by a Liapunov function on C (so V(x) < 0)
and define E = {x € C: V(x) = 0}, M = maximal invariant subset of E.
If {S(t)xo, t > 0} 1lies in a compact set in C, then S(t)xO + M as

t > +oo,

Proof. By hypothesis, V(S(t)xo) is nonincreasing for t > 0 and is
bounded below so 2 = 1lim V(S(t)xo) exists., If vy € w(xo), then

tr+x
V(y) = %, so also V(S(t)y) = &, t > 0, and so v(y) = 0. Thus
w(xo) c E, so w(xo) c M and the result is proved.

Remark. For dynamical systems defined by dx/dt + Ax = f(x) with A
sectorial and having compact resolvent, bounded orbits are generally
precompact (see Th. 3.3.6), and boundedness of orbits frequently follows
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from the existence of a Liapunov function such that {x € C: V(x) < k}
is a bounded set for appropriate k > 0.

Theorem 4.3.5. Assume X is an equilibrium point in C, N is a
neighborhood (in C) of X and U 1is an open set in C with
in the closure of U. Assume (i) V is a Liapunov function on G,
G = NnU; (ii) the only possible invariant set in G n {x: V(x) = 0} is
{xo}; (iii) V(xo) =7, V(x) <n for x € G\{xo}; (iv) V() = n on
N n 3G.

If Ng is any bounded neighborhood of Xq properly contained in N,
if Xy € Gn NO\{XO}, then either Yixli, the closure of the orbit, is

a noncompact subset of G N NO’ or S(t)x1 € 3N for some t > 0.

0
Proof. If Y(xl) = N0 then Y(xl) < GnNO; for V(S(t)xl) < V(xl) <n
for all t > 0 so V(S(t)xl) cannot reach 3G n N, by (iv). If
y(xl) is in a compact subset of G n NO’ then m(xl) is a nonempty
invariant set in GnN0 n {v = 0} so w(xl) = {xo}. But V(m(xl)) <
V(xl) < V(xo), a contradiction.

Example. %% =2u, u - au3 for 0 <x<mm, t>0

u(0,t) = 0, u(m,t) =0

where a 1is a nonzero constant. We prove that if a > 0, the origin
is globally asymptotically stable in Hé(O,n), and if a < 0, the
origin is unstable in HO(O,ﬂ). (Note that, for a = 0, the origin is
stable but not asymptotically stable: u(t,x) = ¢ sin x 1is a solution
for any constant c.)

Taking A = —dz/dx2 in LZ(O,n), it is easily seen that the
initial-value problem is well-posed in D(A%) = Hé(o,n). For
¢ € Hé(O,n), define

hil
V(4) = fo{(¢'(x))2 S o2 + a/2 ¢t (x) Hdx,

a continuous polynomial functional on Hé(O,ﬁ). Using the (local)
dynamical system defined by this differential equation on bounded sets
in HG(0,m),

m

V() = -2[0{¢"(x) fo(x) - a0®(x)ldx
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for ¢ € D(A), so V is a Liapunov function.
If a >0 then V(¢) > % fg¢4dx and for any solution u(x,t),

a m
2 0

bounded, so also |[u(-,t)|| ; is bounded, and we have a dynamical sys-
H

fgu4(x,t)dx < V(u(-,t)) < V({u(-,)), so [ u4dx and fg uzdx are

tem on Hé(O,n) with all ogbits bounded. But A has compact resolvent
(as an operator in LZ(O,W)) and it follows by Th. 3.3.6 that every
orbit is precompact. Thus u(-,t) > w(u(:,0)) < {¢ | V(¢) = 0} in
Hé(o,n) as t + +o. But V(¢) = 0 implies

o'+ 6 - a6’ =0 on (0,m), $(0) = 0, ¢(r) = 0,
so {multiplying by ¢ and integrating)

T4 K " 22
a J' ¢ dx = J (o"+d)¢ dx = J {-(¢')"+¢"}dx < 0
0 0
which implies ¢ = 0. Thus wu(-,t) - 0 in Hé(o,ﬂ) as t > to,
provided a > 0.

Now suppose a < 0, and consider again the functional V but

restrict attention to the set
G = {4 € H3(0,m): V(8) < 0

Observe that G 1is a nonempty open set in Hé(O,n), since V is con-
tinuous and ¢ € G whenever ¢(x) = ¢ sin x, ¢ # 0.

Exercise 2. If a < 0, ¢" + ¢ - as° = 0 on (0,7), 6(0) = 0, ¢(n) = O,
and ¢ % 0, then
c
_ = do for some ¢ > 0
S 7 2 .4
V- FCT - 0T 5 6
and some integer mn > 1. This follows from (¢')2 + ¢2 - % ¢4 =
constant for 0 < x < w.

Changing variables, the requirement is %% = J(c) J(c) =

2 . -1
fg/ (1 - % c2(1+51n29)] “‘de. But J(0+) = mn/2, w/2 > J(c)} > w/4 if
0 < c < V/3/Ta]. Thus the only solution ¢ having max |¢(x)| < v3/]a

ne tA

0.
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Example, continued. Choosing N as a small neighborhood of the origin,
it follows that V(¢) = 0, ¢ € N, only if ¢ = 0. Then Th., 4.3.5
applies (with n = 0) and if ¢ € N, V(¢) < 0, then the solution
u(+,t;¢) with initial-value ¢ eventually reaches ©BN. In particu-
lar, the origin is unstable. Observe that Th. 5.1.1 and Th. 5.1.3

below do not apply, since the linearization has a zero eigenvalue.

This example is also discussed using the critical manifold in section
6.3.

Exercise 3. If a < 0, examine V1(¢) = -fg $(x) sin x dx in the cone
C=1{¢ € Hé(O,ﬂ) | (x) >0 on 0 < x < 1}, Observe that V1(¢) =

a fg ¢3(x)sin x dx < 0 for ¢ € C, but Th. 4.3.5 does not apply
directly, since C has no interior in Hé(o,v).

Show C is positively invariant; then apply Th. 4.3.5 to the
dynamical system on C. (With the induced topology of Hé(o,n), C 1is
a complete metric space.) Prove that, if u, € C~{0}, then u(t;uo)
eventually leaves every bounded set in C, and in fact Vl(u(t;uo)) > o
in finite time. (Alternatively, use an argument like that of the final
example in sec. 3.1.)

Exercise 4. (Xastenberg, [55]). A simple model of feedback control

of a nuclear reactor leads to 3¢/3t = 82¢/3x2 + Ad - p¢2 (0 < x < m,
$(0,t) = 0, ¢(m,t) = 0, where X,p are positive constants. Here ¢

is the neutron flux, which must be nonnegative; but a maximum principle
argument shows C = {¢ € Hé(O,n): $(x) >0 on 0 < x <71} is a

positively invariant set (see 3.3, ex. 9). Using the Liapunov function

V(9) = TN % - ae? + 20/3 97dax for 6 € C, V() 2 (104 +
g%:]]¢H3 where | ¢l = (fg ¢2dx)%. It follows that we have a dynamical
3vm

system on C.
If ¢ € C, V(¢) = 0, then either (i) 0 < x <1 and ¢ =0, or
(ii) » > 1 and ¢ = 0 or ¢ is the unique solution ¢+ of
" + 20 - 067 =0 on (0,m), #(0) = 0, ¢(m) = 0, ¢(x) > 0 on
0 < x <m. It follows that when X < 1|]¢(‘,t)HH1 + 0 as t -+ +o,

0
and if A > 1, |[¢(-,t)-0"]| { > 0 as t > += unless ¢(x,0) = 0. (For
H

0
this last result, examine also é% fg¢(x,t)sin x dx.)
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We end this section with some simple results on asymptotically
autonomous equations, following Sell [89].

Theorem 4.3.6. Suppose A 1is sectorial in X and has compact resol-
vent, and suppose U 1is an open set in Xa, a <1, and f: R" x U -+ X
is locally Lipschitzian and f(]R+ x B) is bounded in X for any
closed bounded B < U. Finally assume |[[f(t,x)-g(x)|/~ 0 as t » =,
uniformly in a neighborhood of each x € U, and g(-) 1is locally Lip-
schitzian in U.

Then if dx/dt + Ax = f(t,x) for

t. > 0 has a solution
x(+)} which is in a closed bounded set B t

then
dist {x(t),M} - 0 as t » =,
X%
where M is the maximal invariant subset of B for dy/dt + Ay = g(y).

Proof. First note {x(t)}

t>t
-0
so sup ||f(t,x)-g(x)|]]~ 0 as t » «. Suppose Yo 1is any limit point
x€K
of the solution so Yo = lim x(tn) for some tn +> 40, If y(t) 1is a

n>w
solution of dy/dt + Ay = g(y), t > 0, and y(0) = Yo» then y(t)
exists for all t > 0. For otherwise there exists 0 < T < » so that
the solution exists on [0,T] and y(T) ¢ B. But, by continuous
dependence (Th. 3.4.1), sup |ly(t)-x(t+t )]|.> 0 as n + =, a contra-

. . 0<t<T noo

diction. - -
Now (cf. proof of Th. 4.3.3) there exists a subsequence {tn,}

of {t_} such that 1lim x(t_,-k) =y exists for k = 0,1,2,..., and
n n o n k

it follows that the solution y(:) can be extended on -« < t < =
with y(—k) = Yo k =0,1,... . This proves Yo € M, for every limit
point Yo of the trajectory, hence x(t) M as t » =,

1]
(=]

Theorem 4.3.7. Suppose A, f, g as above but assume also £(t,0)
and g(0) = 0, and assume that y = 0 is uniformly asymptotically
stable for the limiting equation dy/dt + Ay = g(y). Then x = 0 is
uniformly asymptotically stable for dx/dt + Ax = f(t,x), t > t

v

0

Proof. Let T(xo) = y(l;xo), the "time one'" map for dy/dt + Ay

y(0) = xq- Similarly let Tt (xo) = x(t0+1;t for dx/dt + Ax =
0

0-Xp)
f(t,x). Observe that ||Tt (x)-T(x)[h}* 0 uniformly in a neighborhood
0

is in a compact set K < B (Th. 3.3.6),

g(y),
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of 0 in Xa, as tO > too,

Choose any € > 0, sufficiently small that on BE =
{x € x* | Hx]la< e}, we have ||Tt (x)-T(x)[hl+ 0 uniformly; by exer-
0

cises 1 and 3 of sec. 4.3, there is a neighborhood U of the origin,
contained in Bs’ and such that U is positively invariant under any

T with t
to
dence, that x; € U implies |§x(t;t0,x0)\|a< e on 0 < t-ty <1, and

0> C = C(e). We may also assume, by continuous depen-

also (by asymptotic stability of the limiting equation) that IIXOHa < €
implies ]|Tn(x0)Ha-+ 0 as n » o,
Now if IIXO“a < 8 = 6§(e), some & > 0, then x(t;to,xo) €U on

<t < C(e), so ||x(t;t0,xo)Ha < e forall t>t Therefore

Ofto 0°

by the previous theorem
le(t§t0’x0)|la'* 0 as t » +=,
since M = {0} 1is the only invariant set in B_.
Remark. Exercise 5, sec. 5.2, involves an asymptotically autonomous

system, but the limiting equations do not have an asymptotically stable
equilibrium.



Chapter 5

Neighborhood of an Equilibrium Point

5.1 Stability and instability by the linear approximation [79, 59]

Let A be a sectorial linear operator in a Banach space X,
and let f: U > X where U 1is a cylindrical neighborhood in R X x*
(for some o < 1) of (1,=) x {xo}. We say X is an equilibrium

point if x(t) = X is a solution of
d
ﬁ +Ax = £(t,X), t > tg,

i.e. if X € D(A) and Axo = f(t,xo) for all t > to.

A solution X(:) on (ty,=) 1is stable(in X%y if, for any
e > 0, there exists & > 0 such that any solution x with [[x(to)-
;(tO)Ha < 8 exists on [ty,) and satisfies le(t)-f(t)”a < ¢ for
all t >t
= E(to), uniformly in t > t

0’ that is, if Xy P x(t;to,xo) is continuous (in Xa) at

x The solution X is uniformly stable

0 0"
if X P x(t;tl,xl) is continuous as X

t >t and t; > t,.

The solution x(:) is uniformly asymptotically stable if it is

17 i(tl), uniformly in

uniformly stable and x(t;tl,xl) - x(t) ~ 0 as t-tl + +o, uniformly

in t; > t;, and ]|x1-§(t1)|hl< 8§, for some constant & > 0.
Simple examples of these and other related stability notions

are in [11, 37, 62, 68, 89].

Theorem 5.1.1. Let A,f be as above and let x
point. Suppose

0 be an equilibrium

£(t,xy*z) = £(t,xy) + Bz + g(t,z)

where B is a bounded linear map from X% to X and ||g(t,z)| =
‘o(HzHa) as ||z||OL + 0, uniformly in t > 7, and f(t,x) 1is locally
Hélder continuous in t, locally Lipschitzian in x, on U.
If the spectrum of A-B 1lies in {Re A > B} for some B > O,
or equivalently if the linearization
dz

Ic + Az = Bz
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is uniformly asymptotically stable, then the original equation has the
solution X uniformly asymptotically stable in x*. More precisely,
there exist p > 0, M > 1 such that if t

then there exists a unique solution of

o > T and []xl-xoﬂa < p/2M

dx/dt + Ax = f(t,x), t > tys x(to) = Xq

existing on ty <t <w and satisfying for t > ty

-8(t-t,)

]|x(t;t0,x1)-xOHu < 2Me ]lxl—x

OHu'

Proof. Under the stated hypotheses, L = A-B is sectorial and if
0 < B < B'" < Re o(L), there exists M > 1 such that for t > 0, z € Xa,

-Lt
lle "zl

A

- 't
o< Me PR

-Lt - -B't

lle M 2]l < M™% P ||z ],
Choose o > 0 so small that

Mo f sT% (B'-B)s 4o 1/2,

0
and choose p > 0 so small that
lle(t,2) 1l < ollzll, for [lz|l < e, t> .
Let z(t) = x(t;ty,xq)-X4; if ||x1-x0Ha < p/2M, the solution

will exist and have ||z(t)||a§ p on some time interval. As long as

Hz(t)“a remains less than p, we have

-L(t-t,) t B
lzCo)ll, = Ile ey + ft e L) s 2 as
-B(t-ty) 0 o -8 (1
cde  ljzceg)ll,+ oM jt (t-5) % B (ES) sy

t
< p/2 + poM [ (t-s)_ae‘g'(t-s)ds < o.

1zl <0 on t
then either t; = += or |lz(t;)||, = o. But the second case contra-

<t < tl with ty chosen as large as possible,

dicts this calculation, so the solution exists and has Ilz(t]Ha <p

for all t > tO'
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B(s-ty)
If u(t) = sup{Hz(s)Hue » ty $s < t} then

B(t-t

)
lzoll e °

tA

t :

M||z(t0)Ha + Mo f (t-s)—me_(B —B)Ct_s)dS‘u(t)
o

Mzl + 3 ult),

YA

and so uf(t) < 2M||z(t0)Ha, as claimed.

Exercise 1. Suppose p: x* - R+,f: X* > X are continuously differen-
tiable near the origin, A 1is sectorial, f(0) = 0, p(0) = 1, and

Re o(A-Df(0)) > 0. Prove the zero solution of dx/dt + p(x)Ax = f(x)
is uniformly asymptotically stable in x%.

(Hint: first change the time variable as in Ex. 2, Sec. 3.3.)

Exercise 2*. Suppose {Tn}:=l is a family of nonlinear operators from
a Banach space X to itself with Tn(x) = Lx + Nn(x), L a continu-
ous linear operator and [N (x)|| = o([x]) as x > 0 wuniformly in
n > 1. Assume the spectral radius 7r(L) < 1. Prove there exists

>0, M> 0, 8 <1, such thit if [|xOH < p/M and x, = Tn(xn_l) for
n=1,2,..., then [|x || < Me" [|x,ll.

(Hint: if r(L) < v < 1, there exists an equivalent norm on X,

Ixl* = ¥ v ™} 1", in which L has norm < v, J|Ly|* < v|x|*.) If

n=0
we define Tn(xo) = x(t0+n;t0+n-1,x

proof of Th. 5.1.1.

O) on X%, this gives another

Theorem 5.1.2 (Asymptotic behavior). Let A,f be as in Th. 5.1.1,
but assume ||g(t,z)]| = O(HzHi+6) as HzHa + 0, uniformly in t > 1,
for some 0 < 6.

Assume also that with L = A-B, o(L) = {B} U {Re X > g'}, where
B is a simple positive eigenvalue of L and B8' > g8 > 0. Then for
any Yy in B < y < min(B',B(1+8)), there exists p > 0 and M so
that |[[x;-xgll < o/2M implies

-S(t-tO)
x(t;to,xl) =X, + K(xl,to)e

+

e(t,to)

'Y(t'to)
where ||s(t,t0)[|cx < Cllxl-x0|hf Here K(x;,t;) =0 znd
K(-,to) is a continuous map from a neighborhood of X in X into

the one-dimensional space N(L-8I), and if E, is the associated pro-
jection onto N(L-BI),
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1+§
K(xq,tg) = Bylxy-xg) + O(Hxl-xOHd ) as X > X
______PI‘OOf. Let X = Xl ® Xzy Xl = N(L‘BI), Xz = R(L‘BI), then LZ =L XZ
satisfies for t > 0
-L,t

e 2By, < Me ®'Yxl,, M™% B Yy

Also, by Th. 5.1.1, if 0 < B8 < B, there exists p > 0 such that

-Be(t-to)
“Z(t;tO’ZO)”a < 2M|[zd]ae

assume RO(L+8) > y. Writing z(t;to,zo) = z(t) = zl(t) + zz(t) €

, provided ||zl , < o/2M. We may

—Lz(t-to) t -Lz(t-s)
X1 6 XZ, it follows zz(t) = e E220 + J e Ezg(s,z(s))ds
t
0
y(t- 0 1+8
so llzz(tﬂlae < MllE220[|a+ C HZO“a < Cll(zoua for some con-

stants C, Cl.

© B(S-t0
Also [ e Elg(s,z(s))ds converges, SO
o
S(t-to)

Kl(zo,to) = lim zl(t)e = EIZO + lim

t+oo t>x

t B(S'to)
J e Elg(s,z(s))ds
t

0
is well defined. Finally, EzKl(zo,tO) = 0 and

|1+5 Im B(s-to) -86(1+6)(s-t0)
e e

HK]_(ZO’tO)_ElZOHaS Cz ”Zol )

o
= 0(lzdI 2% as lzgll, > 0.

Remark. Another approach to study of asymptotic behavior is outlined
in ex. 7 and 8 below. This approach allows us to use the detailed re-
sults available for finite dimensional ODE's.

Example. (In the theory of combustion: see [34]). If o 1is a
bounded smooth domain in 'RS, and n,T are the (nondimensional) con-
centration and temperature of a substance consumed in a first-order
exothermic reaction, we might expect

on

DAn - ¢nf(T) in @, — =0 on 3Q,

on/dt ™

aT/8t

AT + gqnf(T) in @, T =1 on 3q

where D,q,e are positive constants, ¢ small, and f£(T) = exp(-H/T),
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H is a positive constant. It is not difficult to show that, if

T>0, n>0 at the initial time, then these remain true for all later
time (cf. sec. 4.1, example 2). Further (n,T) -~ (0,1) in HI(QJRZ)
as t > = (for d4/4dt &2 % nzdx < 0 and it follows easily that

nf(T) 1is bounded in LZ2 so (n,T) remains bounded in HZ(Q).)

But the linearization about (0,1) has A 0 = ef(1) as a simple
eigenvalue with eigenfunction (n,,Ty), ny(x) = 1, Ty = -(Ap + AO)_qu(l),
and all other eigenvalues in Re X > ¢ > 0 for some ¢ independent
of (small) € > 0. Applying Th. 5.1.2, we see as t = +», (n,T)

_ Agt -2hgt
(0,1) + n(l,TO(x))e + 0(e

mation on the behavior of this system when et 1is not necessarily

} for some constant n > 0. Infor-
large can be found in sec. 6.1.

Theorem 5.1.3. (Instability). Assume A 1s sectorial and f£(t,x) 1is
locally Lipschitz in x, H8lder continuous in t on a cylindrical
neighborhood of R x {xo} in R x X¥. Assume also Axo = f(t,xo) for
t > tg,
f(t,x0+z) = f(t,xo) + Bz + g(t,z), g(t,0) = 0,

Hg(t,Zl)-g(t,Zz)H < k(o)HZl'ZzHa for ||21Huf Py szllaf o
and k{(e) » 0 as p > 0+.

If L = A-B, assume o(L) n {Re X < 0} 1is a nonempty spectral
set. Then the equilibrium solution Xq is unstable. Specifically,
there exist e5 > 0 and {x , n > 1} with !‘Xn-XO”a-} 0 as n + =,
but for all n,

sup ”X(t;toaxn)_xolla? e0 > 0.

t>t

-0
Here the supremum is taken over the maximal interval of existence of
x(-;to,xn).

Remark. The corollary to Th. 5.1.5 below proves instability with
weaker assumptions on ¢ (A-B).

Proof. Let oy = o(L) n {Re x» < 0}, o, = o(L)\cl, and let X = X1®X2
be the corresponding decomposition into L-invariant subspaces, and
(3 =1,2)
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U(Lj) = Oj where Lj = restriction to L to Xj,

For some B8 > 0, M > 1 we have the following estimates: for t > 0,

™
A

‘Bt -a Bt
< MeP x|, MeT%PT | 1x]]
and for t < 0,

3
le T Egxll < Me>PHul,  MePH|x|

A

Now for small a € X%, consider the integral equation

-L,(t-1) t -L.(t-s)
N e NSRS I
T

y(t) = e

t -Lz(t-s)
+ f e Ezg(s,y(s})ds, for t < 1.

Choose p > 0 so small that
-1 ® a - 11
Mk(0) (B, I1€L + 1B, jo W Blayy < & < 1,

Then if a € X?,[[a[hlf p/2M, we shall prove the integral equation has

a unique solution y(t) om -= < t <t with |jy(t)fj < peZB(t—r).

In fact, denoting this solution y(t) = y*(t;t,a), we show
28(t-
Iy*cesmaa)ll, < amflal] e84

and Hy*(r;r,aﬂ[a > %[|a”a. Also y*(-;T,a) 1is a solution of

[N

4
t

+ Lz = g(t,z) for t < 1.

[a ¥

The conclusion follows from this, for if z = y*(to;to+n,a), then
the solution z(t;to,zn) has z(t;to,zn) = y*(t;t0+n,a) for

1 R
ty <t < ty*m, il:;gIlz(t;to,zn)HOt > lz(tgrnsty,z )M, > 7 &l > 0, while
0

B0, 0 as n o+ .

lzlly < e
Now the integral equation above defines a strict contraction on

the space of all continuous y: (-»,t ] =+ x* with Ely(r) = a and

Iy (ol < oe®®(tT)

tion, set vy(s) = g(s,y(s)); we show y(:) solves the differential

for t < 1. If y(t) solves the integral equa-

equation. Choose any tg < T then for tO <t <t
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Ezy(t) Ezy(s)ds

t -L,(t-s)

[
t -Lz(t-s)

Ezy(s)ds) + J e Ezy(s)ds,
o

) -Lz(t-to) fto -L,(ty-s)
= e ( e
so by lemma 3.3.2, the solution y(t) = Ezy(t) + Ely(t) of the inte-
gral equation also solves the differential equation dx/dt + Ly = y(t)
on t; <t < T Finally,]ly*(t;T,a)Ha < 2M||d|ae28(t_T) for t < T,
S0

T -L,(t-s)

Iy*cese,ar-all = Il e 2

-0

E,g(s,y*(s))ds||,

A

T
[ B NSO N A R IR E

LA

1lall, by choice of p.

Example. u, T u. *+oau - bu3 (0 < x<m, t>0)with u=20 at
x = 0,m; the zero solution is asymptotically stable if a < 1, unstable
if a>1. If a =1, there is a zero eigenvalue and the zero solu-

tion may be stable or unstable: see sec. 4.3, example.

Exercise 3. Under the hypotheses of Th. 5.1.3, prove the following
stronger result: there exist {x , n > 1} with ||xn-x0Ha-+ 0 but for
each n > 1,

sup ||x(t;t,,x )-x,ll > e, > 0.
t?tO 0" n 0 0

(Notice that the X norm is used, not the x® norm.)

Lemma 5.1.4. Suppose X 1is a real Banach space, M 1is a continuous
linear operator on X with spectral radius r > 0. Given any &6 > 0
and Nj > 0, there exists an integer N > Ny and u € X, |Jull = 1,
such that

||Mnu” < (V7 + 6)rn for 0 <n <N
and “MNu|]3 (l-d)rN.

Proof. There exists X = rele in o(M); choose integer N > N0 50
cos N6 - |sin N§| > 1-8/2. Since A is an approximate eigenvalue, we

may choose wu,v in X, [lull =1 > |||, so
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l|Re {M"(u+iv) - AT(u+iv)}|| <

| o
o]

for 0 <n < N. It follows that

||M™ul| < % ™ + rMlcos nou - sin nev|l < (VZ + &)r"
for 0 < n <N
and
iiMNuH > N(cos No - Isin N6|) - % o > (1-6)r>.

Theorem 5.1.5. If X is a real Banach space and Tn is a continuous
map from a neighborhood of the origin of X into X with Tn(O) =0
(n=1,2,3,...) and M 1is a continuous linear operator on X with
spectral radius greater than one, and

T (x) = Mx + o(|x|®) as x = 0

uniformly in n > 1, for some constant p > 1, then the origin is un-
stable. Specifically, there exists a constant c¢ > 0 and there exist
Xq arbitrarily close to 0 such that, if X, = Tn(xn_l)
then for some N (depending on XO), the sequence XgrXse Xy is
well-defined and |[|xy]l > C.

Before proving this we note the

for n>1,

Corollary 5.1.6. Assume A,B,f,X as in Theorem 5.1.3 except that the

requirements on g(t,z), o(A-B) are replaced by: for a constant p > 1
[£Ct,xg*2) - £(t,xy) - Bzl = o(lz|F)

as z » 0 in X%, uniformly in t > ty, and o(A-B) n {Re A < 0} is
nonempty. Then the equilibrium Xq is unstable.
The corollary is proved by examining the maps
Tn: z > x(t0+n;x0+z,t0+njl) - X
for n =1,2,... . This corollary is a valuable extension for prob-
lems in unbounded domains when the linearization has continuous spec-

trum: see the example below.

Proof of Thm. 5.1.5. If Tt = spectral radius of M, then T > 1 and

we may choose n > 0 so P > r+n. Also there exists K < «» so that
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IIM"|| < K(r+n)™ for all n > 0; and there exist, a > 0, b > 0 so the
T,(x) are defined for lIx]] < a and satisfy

T (x) - Mx]l < b IxP for [ix] < a.

Choose & in 0 < 8§ <1/2 and o > 0 with

p -
g<a/R’ %R___o-p]“(l
S P -2
r¥-r-n
where R = 2(/Z + §). We show there exist X arbitrarily small so
xp = Tolx ) (n>1) arein [[x [l <a for 1 <n <N while [[x]]>

(% - 8§)o which proves instability of the origin.
Choose any N, > 0; choose [[u]l =1 and N> N, according to
the lemma; we take x, = eu, ¢ = o/tN. Since r > 1, we see IIxqll = €

can be arbitrarily small. An easy induction proves

n n-l n-k-1
x, = M Xg * kzo M (Tk+1(xk] - Mxk)

for n > 0 (as long as these are defined). Certainly ]]ka < eRrX
holds for k = 0, and if it holds for 0 < k < n < N then
n-1

(VZ + 8§)re + § K(r+n)
k=0

n-k-1

Il I b(eRr )P

A

and the sum is bounded by

bK(eR)PrP (2~ 1) nil(—r—"—”)n'k'1
0 rP

< &= €T <
Py -2 7z

< bK(eR]prnp 1 n Rer™

S0 |[an < eRr" < Ro < a for all n < N. Also

N 1
“XN” > (1‘6)TNE - % eTr = (7 - 8o

and the result is proved.

Example. Suppose f£: R >R" is cP in a neighborhood of 0
(1 <p<2) and £(0) = 0. Let u = col(ul,...,un) and consider

u, = Au + f(u), X € Rm, t > 0.
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This has the solution u = 0 and defines a CP 1ocal dynamical sys-
tem near 0 in Wl’qaijRn), if q > m. The linearization about 0
has spectrum consisting of all X such that

det{(A-s)I + £'(0)} = 0
for some s > 0, so the spectrum is
{-a+s | s > 0, a an eigenvalue of f£'(0)}.

Thus if all eigenvalues of the matrix f'(0) have negative real part,
the origin is asymptotically stable. And if some eigenvalue of £'(0)
has positive real part, the origin is unstable.

If n=1 (or £'(0) has special form) the instability result
may be proved by the maximum principle (ex. 8 below); but in general,

there seems to be no alternative to Thm. 5.1.5 and its corollary.

Exercise 4. Suppose L €jZTX),||Tn(x)-Lan = 0(Ix|P) as x + 0

uniformly in n > 0 for some p > 1, and with Ln,m = Ln-Ln_l-...~Lm+1
(Lm,m = I) we have
Tim || L ”l/n =r, and ||[L. |l < k™™ (n>m>0)
N n,0 0 n,m' - 1 - -
D : -
and 1 < 1, < ry < Ty. Prove the zero solution of x, Tn(xn_l),

n > 1, is unstable.

(Hint: choose r < T, so 1y < rp.)

Exercise 5*. Suppose X is a real Banach space and T 1is a Cl map

on a neighborhood of the origin in X inte X, with T(0) = 0 and
T'(0) = L, and there exists 8 > 1 such that o(L) N {|u] > 8} is a
nonempty spectral set. Then there exists a nontrivial sequence
{xn: n=20,-1,-2,-3,...} such that X 41 = T(xn) for all n < 0 and
x I+ 0 as n > -». Thus x = 0 is unstable under iteration of T.
(Note: if we suppose f 1is independent of t in Th. 5.1.3, and take
T(g) = x(1;0,£+x0) "Xy, for & near 0 in X%, we have a generaliza-
tion of this theorem where we assume merely that o(A-B) n {Re X < v}
is a nonempty spectral set for some vy < 0, but Cor. 5.1.6 is even more
general.)

Hint: Let T(x) = Lx + N(x), N(0) = 0, N'(0) =0, X=X
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is the L-invariant decomposition with Lj =L X (j = 1,2) and
j

1 (see ex. 2 above). Modify

< 6_1

N(x) for ||xl > r so as to have small Lipschitz constant on the

-1 -
suppose ”Lzll < 61 <8, “Ll I < 92

whole space. Look for solutions xn(a), n <90 of

-1 n-1
.1 n-1-k n-1-k _ 1
x, = Lja - kzn L ByN(x, ) + ngz E,N(x ) (no=0,-1,-2,...)
with |Ix (@)l < 08" for n = 0,-1,-2,..., a € X, |lall < o/2.
Exercise 6*. (Asymptotic stability of a family of equilibria). Assume

A is sectorial, f: x* > X is C1 and f(0) = 0, £'(0) = 0. Assume

also that there is a_ C2 curve X(A) € Xx* for A near 0, AR(}) =
£(x(2)), X(0) = o0, %%(O) # 0. Finally, assume o(A) contains 0 as

a simple eigenvalue, while the remainder of the spectrum has real part
greater than B > 0. Observe that N(A) span {%%(0)}, and let

X, = N(A), X, = R(A).

H

m

Introduce new coordinates: (y,A) X, xR

2
X = X(A) + v.

Let A*v = 0, <v,X'(0)> = 1; then dx/dt + Ax

f(x) becomes

It

dx/dt = ¢(xr,y), dy/dt + A,y = g(},y)

where ¢(X,y) = <v,£(X(V)+y) - £(R(A))>/<v,x'(A)>
gOny) = B, (8RO +y) - £(X(A))-XT(A)o(2,y) 1,

so ¢,g are C1 functions with

loLyd [+ ey Il < v(o) Hlyll, when [l « Iyl < »,

and vy(p) = 0 as p = 0+.
Suppose [A(0)] +||y(0)Ha is small; as long as |A(t)]| remains
less than some & > 0, we have ||y(t)”a < Ke-Bﬁ]y(Oﬂla, and so

|%%(t)| = O(e_BtHy(O)Ha). Thus |A(t)| < & for all t > 0, and there

exists A, so |A(t)-A_] +I!y(t)Ha = O(e_Bt).
This result may easily be generalized to prove asymptotic
stability of an n-dimensional family of equilibria {X(A), X near 0
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in R"} when £X(0) = 0, rank {g—’;S(O)} =n and o0(A) < {0} U {Re z >
B > 0}, with {0} of multiplicity n. If the multiplicity of the
eigenvalue 0 exceeds the dimension of A, the problem is more com-
plicated and is discussed briefly in section 6.2.

Exercise 7. Assume A is sectorial, f: X* xR » X (a0 < 1) and its
® xR +£{TXG,X) are continuous near the origin, and
£{0,0) = 0. Assume 6(A-fx(0,0)) N{Re » < 0} 4is nonempty and prove

there exists p > 0 such that if [{xgl[ + [e] < p and x

derivative fx: X

0 is an
equilibrium point of

dx/dt + Ax = f(x,¢),

then Xg is unstable.

This result seems to answer the question raised in [59, p. 297]
as to the instability of equilibrium solutions of the Taylor and
Bénard problems which bifurcate at the higher eigenvalues of the
linearized problen.

Exercise 8. Suppose f: R +R is Cl, f(0) = 0, £'(0) < 0; then the
zero solution of u, = Au + f(u) (x in Rn, t > 0) is asymptotically
stable in X = CunifGRn). In fact, suppose £f(u) > 0 on (a,0) and
f(u) <0 on (0,B) where -=» <o <0< <w, If dw/dt = £f(w),
a < w(0) < B, then w(t) > 0 as t > +o, If u 1is a solution of the
PDE with inf u(-,0) = w_(0) > o and sup u(-,0) = w,(0) < 8 and

wi(t) are solutions of " w = f(w), prove for t > 0 and all X,
w_(t) < u(x,t} < w, (t)

and w_(t) » 0 as t =+ +», Thus the region of attraction of u =20
includes all ¢ € X with

inf ¢ > o and sup ¢ < B.

Hint: w{x,t) = w(t) solves w, = Aw + f(w); use the maximum principle
(ex. 8, sec. 3.3). Suppose £f'(0) > 0 and prove instability of 0

in CunifaR)'

Exercise 9. Suppose f£: R" > R" is ¢
(for a,b in Rm) when ay
exist a < 0 <b in R™ such that

, £f(0) = 0, and define a < b
< bk for k = 1,...,m. Suppose there
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3f.
(i) m%-(u)go when 1 # j, a<u<hb

(ii) if dw/dt = f(w), w(0) = a or b, then for t > 0,

a <w(t) <b and w(t) >0 as t > +x,

If u, = Au + f(u) on R™ x R, and

a < u(x,0) <b for all x
prove u(x,t) > 0 as t -+ +» uniformly in x.

Exercise 10. Suppose X is a Banach space, L € £X) and the spectrum
of L 1is disjoint from the circle of radius a > 0. Decompose the
space X = XO & X1 and L = L0 ® L as usual, with (Ll) < a,

-1 -1 1 o2 . .
rU(L0 ) < a’*. We may choose norms so that the corresponding inequali-
ties hold: !|L1H < a,I|L61||<a_1. Assume Tt > 1 is such that
||L1H||LéH|S <1 for 1/r < s < r, and suppose a map T is defined

near 0 with
T(x) - x|l = of|x|[) as x - 0.

. s
(1) If zpo= {x o= xprxg | Ixgl < b“xOHS} for some b > 0 and

< s < r, show there exists & > 0 so that ||x|| < §,

==

S
b :
X4 Zb/r

\ l
By

e

€ Zi implies T(x) € &

(ii) If O = Tn(x) + 0 as n > w, x* # 0, and there exists

n 1/t

b>0 so x € Zb for arbitrarily large n, prove

180 = o xR
and
i%nx‘gu”“ > gttt
(ii1) If x =T'(x) >0 as n->e and Lim[k®M/™ < gt ?
=z
then [lxgll = oIx]IF) as n = and Tim | <L)l -

>
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(Hint for (ii): if x™ € Zé/r, [|x™|| small, then eventually x" € Zi/r,
so eventually x" € Z%, so eventually x" € ZE (for any 8 > 0))

Exercise 11. Suppose A 1is sectorial in X, £ 1s locally Lipschitz
near the origin from X* to X, |[f(x)]| = oﬂ[x[ﬁg as x > 0 for some
T > 1, and suppose o(A) is disjoint from {A | B < Re X <y}, B < v,
and y-8s > 0 for 1/r < s < r.
(i} Show the time-one map in X* for x + Ax = f(x) satisfies
the requirements of ex. 10 above;
(ii) Conclude that a solution x(t) = 0 as t = +o either
satisfies
(a) ||x(tﬂ|a = o(e-Bt) as t = +o (or this holds for
a seggence t > +=), in which case Hx(t)”a =
)

o(e and

g (0, = ol (OIIT) as t > +o;
or else
(b) llx(tﬂ[a > ™YY for some arbitrarily large t, in
which case ||x1(t)Hd = oﬂlxo(tﬂlg) and

Lin [|x ()| 2/® > ™8,

t>
Remark. If dim X0 < » in the above -- true if A has compact resol-
vent -- solutions of type (b) may be analyzed in more detail, for

y = xo(t) solves the finite dimensional ODE

dy/dt + Agy = Epf(x (t) + )
(BEy = projection from X = X, ® X, » Xj) and [le(tﬂla = olly(t)|T).
For example, from (Coppel [18]),||x0(t)||l ' tends to a finite limit
e ™ as t » +o where 0 < u< B, u="Rer for some A € og(A).
Further, if w > 0, r > 1 and f is C' near 0 with £'(x) =
O(HX“;-l), there exists a unique nontrivial solution y,(t) of
. 1/t - .
o+ Agvg = O Iy (ol ® + ™, with Ix(e) - yo (0l = odly (0l
as t » +»=, (See [181]1.)

Another remark. For many second-order parabolic equations, lower

bounds of the form lim Hx(t)]ll/t > 0 hold for each nontrival solu-
t++00

tion: see [29].
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5.2 The saddle-point property [37, 43]

Theorem 5.2.1. Suppose A, f, X, as in Th. 5.1.2, with

f(t,x0+z) = Ax0 + Bz + g(t,z),

B € £(X*,X), g(t,0) = 0 and [ig(t,zl)-g(t,zzﬂl < k(pﬂ]zl-zzﬂa for
Hzﬂ[a < p,||zﬂ|a < p, where k(p) - 0 as p + 0+; we may assume k(-)
is nondecreasing.

Suppose L = A-B and o(L) 1is disjoint from the imaginary
axis, and decompose the space X = X1 & X, corresponding to the spec-
tral sets gy = o(L) n {Re A < 0} and o(L) n {Re A > 0}, and let
El’ E2 be the projections onto Xl’ X,. Then there exists p > 0,

2
M > 1 such that the following hold:

(i) The stable manifold S = S(to,p)

S = {z0:||EzzOHa < p/2M,!|z(t;t0,ZOHa <p for t > ty}

is homeomorphic under EZ to the closed ball of radius
S
o/2M in X%. Further S 1is tangent to X% at the origin

and when z

0 €5,

”Z(t;tO’ZO)H(}, > 0 as t > 4,

(ii) The unstable manifold U = U(ty,e), U = {z0:||Elzd|a o/2M,
z(t;to,zo) is a solution on (-w,to),llz(t;to,zoﬂ|a <

A

for t < ty} is homeomorphic under B, to the closed
U

ball of radius p/2M in Xl' Further U 1is tangent to

X1 at the origin and when 2z, € U, z(t;to,zo) + 0 as

0

t > -,
(iii) 1If llEl,zZo”a < p/2M and |lz(tsty,zil, < o for all

t >t or all t < t then z, € S U U.

0 0’ 0
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X
X, yS
\ U
< ? X1 Pl X1
A
linearized equation nonlinear equation

Proof. Assume without loss of generality Re o{A) > 0. Suppose
M >0, B >0 such that

-L,t -L.t
HAae 1 /| < MeBt,Ile 1 | < Me®t  for ¢ < 0,

~L.,t _ _ -L,t o
2% 2 E,AT < Me P, A% Pl < me% Pt for ot > 0.

Assume Z € S; then z(t) = zl(t) + zz(t) € X, 8 X

1 2
-Ll(t-to) t -Ll(t—s)
z,(t) = e E,z, + e E,g(s,z(s))ds
1 170 t 1
S0 0
Ly (t-ty) Lit, t Ljs
e z.(t) = e E,z, + e E.g(s,z(s))ds - 0 as t >+,
1 170 t 1
. Ll(s-to) 0
Thus EIZO = -Itoe g(s,z(s))ds, so for t > ty
—Lz(t-to) t -Lz(t-s) © -Ll(t—s)
z(t) = e a+ J e Ezg(s,z(s))ds - J e Elg(s,z(s))ds,
t t
0
where a = Ezz(to).
Conversely suppose a € Xz,lldla < p/2M; we show (for p > 0
sufficiently small) there is a unique solution z(t) = z(t;to,a) of

the integral equation with E,z
Hz(t;to,a)Ha < p for all t
Specifically, if p >

0 = Ezz(to;to,a) = a and
t,.

0
is chosen so small that

2

>

0

Mk(p){nsz||fw % By 4 i ]|jw e B%u) < 1/2
0 1o

then the right side of this integral equation defines a contraction map
of the space of continuous z: [t;,«) - X with supllz(tﬂ[a < p and
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and E,z(ty) = a, provided l|ld| < p/2M, and therefore there exists a

unique fixed point z(t;to,a). This solution of the integral equation
is a Lipschitz continuous function of a € X;,[]dla < p/2M, in the
norm H-Ha. It may then be shown that t - z(t;ty,a) is locally

dz

Hélder continuous, and so z(';to,a) is the solution of ¢ + Lz =
g(t,z), t > tys with initial value

B r’ -Ll(to-s)
a - e
t

0
Then Ezh(a) = a, and h(+) 1is Lipschitz continuous, so

h(a) = z(t Elg(s,z(s;to,a))dsT

S = {h(a) | a €x3, |ld], < o/2M}

is the representation claimed above.

© B(
Also []h(a)-d|a < f Me
t

tO—s)
15l llgCs,z(sstg.a)  and

0
sup llz(s5eg,all = 0dlal ) as Ilall, > 0, 2 € X, so |nca) -], =
S

o(”a”a), which proves S is tangent to X; at the origin. The proof

that, when z(t;) € S, then Hz(t;tO,ZO)HOE + 0 exponentially as

t » += is fairly straightforward using the integral equation above.
The corresponding argument for the unstable manifold uses an

integral equation like that in the proof of Th. 5.1.3 above, but we

can work in the uniform norm rather than the exponentially-weighted

norm used there.

Exercise 1. A singular initial value problem. Suppose <c(0) = 0,
c(t) >0 for t > 0, and consider

c(t) g% +Ax = £(x), x(0%) = x,

where A 1is sectorial, f: X* > X is C1 near the origin and £(0) = 0.
t dt

Change time variable to s = [ ——, t_ > 0, and consider the cases
to c(t) 0
. 0+ dt e . 0+ dt RPN R .
(i) ftO 63) finite; (ii) ;to 0y infinite, but oA fX(O)) is

disjoint from the imaginary axis.

Compare with the problem in X = R;: c(t)%% + Ax =0, t > 0;
x(0+) = Xq
Theorem 5.2.2. Suppose A 1is sectorial in X, a < 1, U 1is an open

set in Xa, f: U+ X 1is continuously differentiable, and Xq is an
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unstable equilibrium point in U of

dx/dt + Ax = f(x).

Assume o(A-£'(0)) dces not intersect the imaginary axis, and let S
be the stable manifold given by Th. 5.2.1. Then S is a C1 manifold
in Xa, and if TS(xl) is the tangent space to S at Xq €S,
”x1~xo||a small, then TS(x;) is a closed proper subspace in x* and,

in fact, is not dense in X.

Remark. This last fact has little claim on the intuition, but turns
out to be useful in studying the global behavior of the stable mani-
folds for the Chafee-Infante problem (see 5.3 and 7.3).

Proof. Adopting notation from the proof of Th. 5.2.1, the stable mani-
fold is

S = {xprh(a) | a € X5, llal | < o/oM

where. h(a) = z(0;a),

-L,t t -L,(t-s) ® -1 (t-5)
z(t;a) = e 2 a + f 2 °

e Ezg(z(s;a))ds - J e 1 Elg(z(s;a))ds

0 t

for t > 0. We know a » z(t;a) is uniformly Lipschitz continuous
near the origin in X;, t > 0, and it is not difficult to show it is
actually differentiable with y(t) = (9z(t;a)/9a)b satisfying for

any b € X

2’
-th t —Lz(t-s)
y(t) = e b + [Oe EZDg(z(s;a))y(s)ds
o ~L1(t—s)
- J e Eng(z(s;a))y(s)ds, t > 0.
t

Trivially, from the estimates of Th. 5.2.1, ||y (t)]| < Constant [|b]}
for t >0, b € X%.

Let |[|ylll = sup{t®ePt/2
t>0

(0]l }5 then
Ty} < MBIl + Mk(e) LI[E lIC, + [l C;} (vl
where

t
C, = sup { ta(t-s)_ae_e(t-s)/zs—ads
t>0 /0
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Cz = sup Jw e—SB(s-t)/ZtaS-ud5.
t>0 ‘¢t
It follows that for a € Xg,[[aﬁa < p sufficiently small, Hy(tﬁ]a <
2Mt-ae-8t/ﬁ|bH for t >0 and any b € Xg. Substituting this in the
integral equation, we find |[y(t)|| =[|%§(t;a)b” < Const. [[b|] for all
t >0, be X%. This implies that Dh(a) extends to a bounded linear
operator from X2 to X, provided a is small enough, and proves

the theorem.

Exercise 2*. (The center-stable manifold). Suppose A 1is sectorial,
£: X% + X is continuously differentiable with £(0) = 0, o(A-£f'(0)) n
{Re A > 0} 1is a nonempty spectral set and X = X1 @ X2 is the corres-
ponding decomposition. With L = A-f'(0), Lj =L X. (j = 1,2), L1

-Lgt J _
for t < 0 while

is bounded and for some g > 0, ||e I < Me

[l e Zt||0Lf Me8ﬂ|ﬂ|a, Mt_ae8t||xH for t > 0, x € X%. There exists
r > 0 and a local invariant manifold S, tangent to X%
that any solution x(-) with |]x(tﬂ]a < r for all t1§ 0 must have
x(0) € S (hence, x(t) € S for t >0). If f 1is C and X has a
C1 norm, and if x(0) € S with ||x(0ﬂ|a small and x(t) - 0 as

t >

at 0, such

, then S 1is differentiable at x(0) and the tangent space at
x(0) 1is not dense in X. (It is sufficient that there exists
$: X »~ [0,1] which is ¢!
bounded set.)

Hint: modify g(x) = f(x)-f'(0)x outside [[xj[o£ < r so it will
have a small Lipschitz constant «y(r) (or small derivative bound) on

, 0(x) =1 near x = 0, ¢(x) = 0 outside a

the whole space (y(r) - 0 as 1 » 0), and examine the integral equa-
tion

Lot t -L,(t-s) ® L (t-s)
x(t) =e Za+ f e E,g(x(s))ds - [ e | E g (x(s))ds,
t

t >0

for a € X%,][dla < p/2M, in the class of continuous x: R" » x%,
()l < pe?Pt for t > 0.

Exercise 3. Under the assumptions of ex. 2 above, if o(A) n {Re X < 0}
is a nonempty spectral set, Th. 5.1.3 tells us the origin is unstable

in x%. In fact, there exists r > 0 and an open dense set U in
{HxHa < r} such that, if x(°) 1is a solution with ||x(0ﬂ|u < r and
x(0) € U, then x(t) 1leaves the r-ball at some finite t > O.
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Exercise 4. If S < X is homeomorphic under projection to a set in
Y, where Y is a proper closed subspace of X, then S has no inter-
ior in X.

Exercise 5. A model of D. C. Leigh [69] for swelling of channel flow
of a viscoelastic fluid reduces eventually to the form

(ODE) : da/dt = f(a,b,t), db/dt = g(a,b,t)

' 2 Ju 32u

al(t) 'ﬁ' = 5;—2' + h(a,b,u,v,y,t) (0 < Yy < 1)

. u _ _ -

(PDE): ﬁ 3y ° 0 at y =20, vy 1

v

W = k(a’b’usV’Y9t) (0 <y < l)

2 5 1 3

where af(t) € R™, b(t) € R”, u(y,t) e R, v(y,t) €R and f, g, h, k
are smooth functions of their arguments provided a; > 0. (Here aq
is proportional to the width of the fluid stream, and several of the

functions involved blow up if a; > 0+.)
The ODE system for a,b is uncoupled from the rest of the
system, and f(a,b,t) = f,(a,b) + £ (a,b,t) where f,(a,b,t) = o(e 8%

as t » +», some B > 0, and similarly for g. The limiting system
da/dt = fo(a,b), db/dt = go(a,b),

has fo(a,b) = 0 and gO(a,b) = 0 if and only if b = 0. Suppose

2 o8

a* € R® has a{ > 0, and assume for the 5x5 matrix ggg(a*,O) that

all eigenvalues have real part negative. Prove that if a,b 1is a
solution of (ODE) with Ja(T)-a*| + |b(T)| sufficiently small for some
sufficiently large T, then a(t) = a_ + O(eﬁst), b(t) = O(e-ét) as
t > += for some a3 € R", Iaw—a*l < A, and some 6 > 0 depending
on ak,

The system (PDE) is also asymptotically autonomous and the limit
system (with obvious notation) is

2 3du 32u

(al)“’ ﬁ' - 3 2 + ho(aw’o,u’vi)’)y 0 < y < 1
M

du/dy = 0 at 0,1

v
'a—t = ko(aw’oauyv,)’)’ 0 < y < 1.



118

This is a linear system in wu, v, it has zero as a double eigenvalue
(with two independent eigenvectors), and this two dimensional collec-
tion of equilibrium points is exponentially asymptotically stable (all
other e.v. have real part > & > 0). The time dependent part of this
system (PDE) is O(e—Bt) for some £ > 0.

Prove that, for the full system (ODE) + (PDE), if the solution
(a,b,u,v)lt=T is sufficiently close to such an equilibrium point of
the limiting equation for some sufficiently large T > 0, the solu-
tion converges (exponentially) to an equilibrium point of the limiting
system.

Exercise 6. Assume the hypotheses of Th. 5.2.1 and in addition that

|'f(tyx+h) -

e~z

1 k k
T DeECe,0nS]l < kdInl ) S

k=0

for all t, [[x-xgll < po and |lhl < oy, where k(p) ~ 0 as p > O+
Prove that U(to,p) and S(to,o) are C" manifolds -- i.e. for

S(ty,p), show the map h (which is the inverse of E2|S(t0,p)) is ¢™
Hint: Use the converse Taylor theorem to show the uniform contraction

map defining z(t;to,a) is a ™ function of its arguments.

5.3 The Chafee-Infante problem and gradient flows

N. Chafee and E. Infante [14] in 1971 studied global stability

questions for the nonlinear heat equation

au/st = azu/ax2 + af{u), (0 <x <7, t>0)
u(0,t)

0, u(m,t) =0

u(x,0) uo(x)

where ) 1is a nonnegative constant and f is a C2 function satisfy-
ing
(i) £(0) =0, £'(0) =1
(ii) Tim f(u)/u < 0
u |+ B

(iii) f"(u) < 0 when u > 0, £f'(u) > 0 when u < 0.

For example, we might consider f(u) = u—aus, a > 0, as in the example

following Th. 4.3.5.
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Let X = LZ(O,F), Ad(x) = -¢"(x) for smooth ¢ which vanish
at x = 0,7, and let A be extended to a positive deflnlte, self-
adjoint densely defined operator in X. Then D(A) = H (0 ) N H (o,m),
D(A%) = H (0,m), A has comgact resolvent, and o(A) con51sts of .
i

simple elgenvalues {1,2°,3 ,...,nz,...}. Also if ¢,y € H (0,m) = X7,

with [lell, < o, [lWly < o, then [[£(6)-£(¥)-£'(6)(s-¥) ]| < k(o)||¢ vl
and Hf(¢) f(w)”1 < L(pﬂ|¢ yll, where k,L are continuous, k(0) = 0.
The equation deflnes a local dynamical system in Xl/2 = Hé(O,w).

The linearization about the zero solution, which is an equilib-

rium point for any X, is
2 2
av/at = 3°v/3x" + Av, 0 < x < w; v=20 at x = 0,m.
But o(A-AI) = {nz-k; n=1,2,3,...}, so by Th., 5.1.1 and 5.1.3,

u =0 1is asymptotically stable in Hé(O,ﬂ) if X < 1;

=
]

0 is unstable in Hy(0,m) if A > 1.
Now consider the Liapunov function
T 2 1
V(¢) = J {7(¢'(X)) - AF(¢(x))}dx, ¢ € HO(O,N)

0
where F(s) = fzf(t)dt. If u 1is a solution of the problem for t > 0
then

] d T 2
Tut, ) = & v ,0) - -[O u?(x, t) dx

so it follows that V(¢) < 0 for any ¢ € Hé(O,n). Further, it follows
from (ii) that for any € > 0, there exist a constant CE such that

F(s) < ssz + C e’ -» < g < w, Choose 0 < e < 1/4)% , and note (A¢,¢) =
f (¢") 2ax > f ¢ 2ax  so

1 m 2 1 2 1
V(o) > (3 -ek)[0(¢'(x)) dx - mAC_ > Z|]¢>Hlj - mAC_, for any ¢€H;(0,m).

If u(x,t) is a solution with wu(:,t) € Hé(O,n) on 0 < t<t then

S 1?

Viu(-,t)) < V@u(,0)) < =

so Hu(-,t)”? < 4(maC + V(u(-,0))) for 0 <t < t;. It follows that
/2 - -

the solution exists for all t > 0 and we have a dynamical system on
1
HO(O,n).
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Also, every orbit is bounded in Hé(o,ﬂ), and (Th. 3.3.6) in
fact precompact in Hé(O,n). Thus for any solution wu, u(-,t) -
w(u(+,0)) as t » =, where w(u(-,0)) is a nonempty compact connected,
invariant set in E = {¢: V(¢) = 0}. That is, the w-limit set of an

orbit is a connected subset of the collection of equilibrium points:

"

V(¢) = 0 only if ¢"(x)+Af(xé(x)) = 0, 0 < x < 7, with ¢(0) = 0,
$(m)

[}

Below we study these equilibrium points in detail and prove that E
is a finite set of points, for each A > 0. This implies w(u(-,0))
is a single equilibrium point.

Exercise 1. Prove for X < 1 that the origin is globally asymptoti-
cally stable in Hé(O,ﬂ), i.e. that o¢" + Af(¢) = 0 on (0,m), ¢ =0
at x = 0,m, and X < 1 implies ¢ = 0. (Hint: compare with the
special case in the example following Th. 4.3.5.)

Exercise 2. (Euler's elastica). The problem of minimizing V(¢) =

fg{%(¢'(x))2-k(1-cos ¢(x)) over ¢ € Hé(o,n) may be formulated as
above., First note that a critical point of V{(¢} must solve the Euler
equation: ¢'" + Asin ¢ = 0 on (0,m7), ¢ = 0 at x = 0,7, and such a
function necessarily has |¢(x)| < m-¢ for all x, some € > 0
(depending on ).

Let f(u) = sin u for |u| < m-e, and extend £(u) smoothly
for all u in such a way that it satisfies the conditions (i), (ii),
(iii) above. Then critical points of V are equilibrium points of
up suwt rf(u), u=0 at x = 0,m. Also, a critical point is a
minimum or a saddle point, determined by the quadratic terms, when the
equilibrium point is stable or unstable in the linear approximation.
Anti ipating results below, it follows that for 0 < X < 1, the absolute
minimum of V is attained at the origin, while for X > 1, the absolute
minimum is attained at +*¢ where ¢'" + Asin ¢ = 0 on (0,m), ¢(0) = 0,
¢(m) = 0, ¢(x) >0 on (0,%). Thus for X > 1, this "buckled" state
minimizes the potential energy of the elastica. (The solution ¢{x,X)
is expressible in terms of the Jacobi elliptic functions.)

Exercise 3. For the general problem, suppose ¢, € Hé(O,w) minimizes
the Liapunov function V; prove ¢ is a stable equilibrium point for
the original equation. (See also Auchmuty [5] for some more general
results.)
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Now we make a fairly detailed study of the equilibrium points
and prove the following. If n2 < X< (n+1)2 (n=20,1,2,...) there
are precisely 2n+l1 equilibrium points, designated ¢q = 0 and

t _ d + _ d - _
¢k (k = 1,...,n), where Ix ¢k >0 at x =0, Ix ¢k <0 at x =0,

aEd ¢§ vanishes (k-1) times in 0 < x < m. Also, if A > 1 then
¢, are asymptotically stable by the linear approximation, but ¢ and
¢i (2 < k < n) are all unstable by the linear approximation.

If ¢ solves ¢" + Af(¢) = 0 on (0,m), ¢(0) = ¢(m) = 0, then

%(¢'(x))2 + AF(¢(x)) = Constant, 0 < x < m.
Now sF'(s) = sf(s) > 0 for small nonzero s, and we let (a_,a,) be

the maximal interval about 0 where sF'(s) > 0 for s # 0,
-®» <a_ <0 <a_ < +=. We have the follewing phase portrait

4
-

> ¢

/N

/’—).\——‘—’/\

in the case when a are finite and F(a_ ) > F(a+), with obvious modi-

+
fications for the other cases.

1f %(¢')2 + AF(¢) = AE with 0 < E < min{F(a_),F(a,)}, there
is a solution ¢ with ¢'(0) = +/2ZXE if and only if, for some integer

n >0,

T o= n(£+(E) + 2 (E)) + {0 or £+(E) or & (E)}

where ¢ _(E)[2_(E)] dis the x-distance required by the solution ¢ to

traverse one "loop" in ¢ > 0 {4 < 0}. More precisely
-1 m+(E) -1
2, (E)y = (22) 7 J {E-F(&)} “dg
0
where 0 < m,(E) < a,, F(m,(E)) = E, with a similar expression for

2 _(E). If F(a,) < E < F(a_), the only possibility is that & _(E) = =,
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and that there is a solution with one arch in ¢ < 0, ¢'(0) = -/2XAE.
If E > max(F(a,),F(a_)), there are no solutions.

Now observe that &, (E) » n/YX as E » 0+, and 2, (E) » +e
as E - F(a,); we can show_that L, (E), 2 (E) are strictly increasing
functions of E. From this, the claims about the number and disposi-
tion of equilibrium solutions follow; for more details, see [14].

2 5
Exercise 4. VZX %, (E) = zfﬂ/ ii_,(@r d8 where F(£) = E sin%e, so
sxerclse @ 0 E

de, (E) 5 w2y F (¢ 4 5
mT_ = 2E [0 HE{—_L(F.(E))ZMG‘ But E{(F (E))° - 2F(E)F"(E)} =

S2F(EYf"(E) > 0 for £ > 0 so é%{__fiél_j} =
(F' (&)
TF(e)? - 2R ()}/(F'(E))° > 0 for £ > 0, thus % _(E) is
strictly increasing.
We investigate now the stability of these equilibria. Observe
that if ¢ is a nontrivial solution of ¢ + Af(¢) = 0, ¢(0) = ¢(m)=0,
and

VU(x) o+ AT (x))Y(x) = 0, 0 <x <
V(o) =0, ¥'(0) =1

then ¢ 1is asymptotically stable if %(x) > 0 on 0 < x < 7, and
is unstable if ¢(x) < 0 somewhere in 0 < x < mw. This is proved by
a standard comparison theorem (see exercise 5) applied to ¢ and the

first eigen function 8(x) (which is positive):

8" + (p+Aaf'(¢(x)))6 =0 on 0 < x < m,
8(0) = 0, eo(m) =0, 6'(0) =1,

and u 1is chosen as small as possible. If u < 0, then ¥(x) < 98(x)
on (0,w], as long as Y 1is positive, and if wu > 0, ¥(x) > 6(x) on
(0,m].

Now consider, for example, ¢(x) = ¢I(X,A) when X > 1. We have
$'(0) > 0, ¢(x) >0 and f(¢(x)) >0 on 0 < x < m, so if

X = (' (0)) Yer ) = (67 (0)) TECe(x))

then x(x) >0 on 0 <x < m, x(0) =0, x(m) =0, x'(0) =1 and on
(0,m),
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X"+ AL (P x = £ (0 (x)) (8 (x))%/91(0) < 0.

By the comparison theorem, y(x) > x(x) > 0 on 0 < x < m, which proves
asymptotic stability. Similarly ¢i is asymptotically stable.

Now suppose ¢ is a nontrivial equilibrium with ¢'(0) > 0 and
¢ vanishes somewhere in (0,7). Then ¢ has a negative minimum at
some point Xy in (0,m), so ¢(x1) < 0, ¢'(x1) = 0. But Y(x) and
$'(x) Dboth solve the equation y'" + Af'(¢)y = 0, so their Wronskian
is constant:

Pr(x)e'(x) - P(x)¢"(x) = Constant = ¢'(0) > 0.

Thus at x = Xq, -w(x1)¢”(xl) = ¢'(0), so w(xl) < 0 and instability
of ¢ 1is proved.

Exercise 5. Suppose ¢,¢ are C2 functions with ¢(0) = ¢(0) = 0,
$'(0) = ¢'(0) =1 and ¢" + a(x)¢ > Y" + a(x)y on 0 < x < X1, and
Y(x)>0 on 0 < ﬁi< Xy then prove ¢(x) iiw(x) on 0 < x < Xq-
(Hint: examine Hf(w¢' - ¢oy'), and then a§(¢/¢))'

It is plausible from these results of Chafee and Infante that,
if X > 1, most solutions will tend to ¢§ as t » +w=; we shall prove
this is the case for an open dense set of initial conditions in
Hé(o,n), by proving the region of attraction of the unstable equilibria
is nowhere dense.

We first discuss a generalization, which we term gradient flows.

Suppose § 1is a bounded domain in R" with boundary of class C2 and

(1) aij(x) = aji(x) is HOlder continuous on & (1 < i,j < n)

n
and ) aij(x)gigj > a|€[Z for x € @, £ €R", for some
i,j=1
constant a > 0;
(i1) f: @ xR >R is continuous and locally Lipschitz continu-
ous in its second argument;

(iii) for any e > 0 there exists a constant CE such that

uf(x,u) < euz + Ce on { xR,
(iv) if =n > 1, there are positive constants b,c,q so

[£(x,u)] < b+ clul? on @ xR.



124
Consider the initial-value problem for

.
=1(aij(x)uxi)xj + f(x,u) on O xR

un=20 on 9 x Rf.
If p>2,n<p <=, it is easy to show this initial-value problem is

locally well-posed in the space X = Wé’p(Q). We first show the solu-
tion exists for all t > 0. Choose k > 2, k > pq; on the domain of

existence if v = ]u[k/2
d 2. 4(k-1) k-2
It JQ vidx = -—7F——-JQ Zaijvxivxjdx + kJ uf (x,u) |u] dx

211-2/k

<-M3J|Vv|2+kefvz+kCJ’Iv
k Q €

Y] 1Y)

Choosing € > 0 small enough and using H6lder's inequality,

v(t) = fg viax = fﬂlu|kdx satisfies (for some positive constants o,B)

d 1-2/k
R R
S0 IQIulpqu is uniformly bounded on the domain of existence, so

Hf(-,u(-,t))HL ) is uniformly bounded and the solution must exist

for all t > 0. (In the case n = 1, we obtain uniform bounds in Hé
from the Liapunov function V, as in the Chafee-Infante problem.)
Let F(x,u) = fg f(x,s)ds; and define

n

V(u) = IQ(% ) Z u - F(x,u))dx.
1,)

a..u
=1 13 xxy

For any solution u of the initial-value problem
: _ 2

V(u) = - u;dx < 0
0 t

so V is a Liapunov function on Wé’p(ﬂ) = X. Every solution has
”f(‘,u(-,t])HL @ uniformly bounded so the orbit {uf{:,t), t > 0} is
P

in a compact set in X and consequently must tend to a nonempty
connected compact invariant subset of E,

=]
]

{¢ € X | V() = 0}

1
{¢ew0

P q w2iPro) | Z(agso, )y, * £0-,0) = oL

1)
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If E 1is a discrete set -- as in the Chafee-Infante problem -- then
each solution tends to an equilibrium point as t » +w.

Exercise 6. Suppose, instead of requiring u = 0 on the boundary, we

require 3u/sv + h{x)u = 0 on 30 where v is the conormal direc-

n
tion (vi = z aiij, N = unit outward normal) and h(x) is H&lder
j=1
continuous and h(x) > 0 on 3Q. If h(x) = 0, require in (iii)
above that the inequality holds for some € < 0. Prove the initial

1’p(Q), and every solution exists for

value problem is well-posed in W
all t > 0 and tends to the set of equilibria as t =+ +». (Hint:

there is an extra term in the Liapunov function.)

Suppose E consists entirely of hyperbolic equilibrium points,
i.e. the linearization

af
w > Z(aiiji)xj + m(',d’)w

with the boundary conditions, has no eigenvalues on the imaginary axis
(0 is not an eigenvalue) for each ¢ in E. Here we assume f and
3f/3u are continuous. Now E 1is compact and, by the implicit func-
tion theorem, E 1is discrete hence finite and we have the disjoint
union

X = U W9

$€E

where Ws(¢) = {uo € X | solution u(t;uo) > ¢ as t » +o}., We will
prove (Th. 6.1.9, 6.1.10) that each stable manifold WS(¢) is a C1
imbedded submanifold of X and if ¢ 1is unstable, WS(¢) has codimen-
sion > 1. Thus X is expressed as a finite union of open connected
sets (Ws(¢) for stable ¢ € E), together with a closed nowhere-dense
remainder. In particular, for the Chafee-Infante problem, if X > 1
and X # n? for integer n, Ws(¢1) U WS(¢i) is an open dense set in
Hé(O,w). This actually holds even for X = n
stable manifold at 0.

Finally choose a bounded connected open set B < X which con-

, if we use the center-

tains E (for example, a large ball about the origin) and let
K = {¢ | there exist ¢, € B and t_ > += with u(tn;¢n) + P},

It is easily shown (cf. Th. 4.3.3) that K is a compact connected
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invariant set containing E; we show K = y Wu(¢), so K is finite
$€EE
dimensional and is the maximal bounded invariant set. For any ug € K,

the solution u(t;uo) exists and remains in K on (-®,*), by in-

variance, so ¢ = lim u(t;uo) exists as before with ¢ € E. Thus
t>-w
Ke U Wu(¢) and the reverse inclusion is clear so we have equality.

$€E
We now study the maximal bounded invariant set KA for the
Chafee-Infante problem with parameter value X. In general, Ky =

U Wu(¢) = closure of Wu(O), Kx is n-dimensional for
$EE,
n2 < X< (n+l)2. If 0 <X <1, Ky = {0}, 1If 1 < X < 4, K, is one-

dimensional and contains 0, ¢I and ¢i. In fact, the unstable mani-
fold at 0 points inte the cone of non-negative functions (and its
negative), since the eigenfunction of the linearization is positive.
Also ¢I (or ¢i) is the only nontrivial equilibrium in this cone, so
Wu(O) consists of 0, a unique orbit from 0 to ¢1 in the cone of
non-negative functions, and a unique orbit from 0 to ¢i in the cone
of non-positive functions.

If 4 < x <9, KA is two-dimensional. As above, there is an
orbit joining 0 to ¢I and one joining 0 to ¢i. In fact,
w”(O) n WS(¢I} and Wu(O) n WS(¢i) are nonempty sets open in Wu(O).
Since WU(O) is connected, these cannot exhaust WY(0) and there is
a nonconstant orbit wu(t) - 0 as t - -« which does not tend to ¢I
or ¢i as t + +»: suppose for definiteness u(t) - ¢; as t o> +o,
Then if d4(x,t) = u(m-x,t), G is also a solution and u goes from 0
to ¢2. Now Wu(¢§) are one-dimensional, and the eigenfunction of .
the linearization is positive. Thus there exists a solution v(t) = ¢2
as t > -= with v{x,t) > ¢;(x) for large negative t, 0 < x < 7.
By the maximum principle, v(x,t) > ¢;(x) for all t > 0 so

Y = 1lim u(-,t) is an equilibrium with ¢(x) > ¢;(x) for 0 < x < m,
t>+o

which means ¢ = ¢I. The reflection V(x,t) = v(w-x,t) then joins
¢2 to ¢I, and a+simi%ar argument on the other half of Wu(¢;) gives
orbits joining 63 > 07

Thus we can justify the following pictures of the maximal bounded

invariant set KA:
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%
0 < Xx <1 1 < X< 4 4 < X < 9

In this range of X, there exist orbits joining any equilibria ¢ » ¥
provided dim WY(¢) > dim W2(y), or equally V(¢) > V(¥). If

9 < X < 16 and f(u) 1is an odd function, this remains true and we
can draw a picture of the flow in K, as above. The arguments are

as above, but now a solution u yields four solutioms: u, 4, -u and
-1 (u = reflection in 7/2 of wu). Without this extra symmetry, I
haven't been able to show there are orbits from 0 to each of ¢§

and ¢§. But the picture is worth an extra hypothesis.

For 9 < A < 16, X

is

A

provided f 1is odd.

Exercise 7. Suppose &£ 1is a bounded set in mﬁ, 3N is Cz,
f: R +1R is Cl, £(0) = 0, f(u)/u 1is strictly monotonic for u > 0

and 1im f(u)/u < 0. Then any solution u >0 of u, = Au + f(u) in
u—++w

g xR with u=20 on 2% (or 3u/3N + hu = 0 on 3Q, given h > 0)
will tend to a nonnegative equilibrium. If the linearization about
u = 0 has no positive eigenvalue, u(-,t) ~ 0 as t » +». Otherwise
u tends to the unique positive equilibrium solution, or u = 0.

The key, of course, is to show there is exactly one positive
equilibrium, and for this we follow Stakgold and Payne [96]. There is
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a maximal and a minimal positive equilibrium u, (0 < u_<u_ in @
and any positive equilibrium u has u_<u <wu), and u_ = u_
since

0 = f (u,f(u) - u f(u,))dx.
g - -

5.4 Traveling waves of parabolic equations

Traveling waves are solutions which, viewed in an appropriately
moving coordinate system, appear constant. For example, the equations
for chemical reactions in a gas at rest have the form

u, = DAu + f(u)

where u = col(ul,...,un) and D is a constant positive diagonal
matrix. Suppose these have a plane-wave solution depending only on
the scalar variable s = k.x - Vt, V and k constant, |k| = 1; then
u(x,t) = ¢(s) where

D¢'"(s) + Vo'(s) + £(s(s)) = 0.

Suppose the reaction goes from one equilibrium state u = a far
ahead of the wave (s + +») to another equilibrium wu = b far behind

the wave:

$(s) > a as s » +», ¢(s) *b as s > -

f(a) = 0, £(b) = 0.

Such a solution might describe the propagation of a flame, for example,
though generally three-dimensional effects might enter and complicate
the situation. 1In some problems, the hypothesis of one-dimensional
behavior is more natural, for example propagation of a pulse along a
nerve [25]; in any case it simplifies the mathematics and we need all
the help we can get, so we deal only with a single space variable.
Our first example is a simplified form of the Fitzhugh-Nagumo
equation -- in turn, a simplified form of the Hodgekin-Huxley equa-
tions (see [17]):
Uy =u ot f(u) (- < x <=, t > 0)
f(u) = u(l-u)(u-a)
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where a 1is constant, 0 < a < 1/2. A traveling wave u(x,t) =
¢(x+Vt) satisfies

¢"(s) - Vo' (s) + £(¢(s)) = 0, =-= <5 <=,
We show that, for some V > 0, there is a solution to this equation
with ¢(s) > 0 as s » -o, ¢(s) 1 as s =+ +o,
First suppose V = 0; then any solution ¢ satisfies
%@'(5)2 + F(¢(s)) = constant

u
F(u) = fo f(v)dv

so the orbit is one of the level curves indicated in the first figure;

N

-

the curve C surrounding the point (a,0}), going from 0 to O, is
% p2 + F(¢) = 0 and does not reach as far as ¢ = 1 since F(¢) < O
on C but F(1) = % % - a) > 0. For any V > 0, the origin is a

saddle point with the unstable manifold pointing into the first (and

third) quadrant, with steep slope when V 1is large.

We take ¢ to be the solution starting from the unstable mani-
fold in the first quadrant, given V > 0, and choose V so that it
satisfies ¢(s) » 1 as s » +o, Now é%(% ¢'(s)2 + F(o(s))) =

V¢'(s)2 > 0 as long as the solution remains in the first quadrant, so
it moves through increasing values of the level curves indicated in the
first diagram. If V > 0 is small, the solution will nearly follow
the curve C and will hit the ¢-axis at a point with ¢ < 1 (case
(i) in the figure). On the other hand, if V 1is large, the solution
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(i) small V > 0
(i1) 1large V > 0

will reach the level curve % ¢’2 + F(¢) = F(1) at a point with
¢' > 0. Since the unstable manifold and the solution ¢ depend con-
tinuously on YV, there will be a value V > 0 for which ¢(s) » 1
as s > +o, Observe that this solution has ¢'(s) > 0 for all s
and ¢'(s) » 0 exponentially as s > *«, since (0,0) and (1,0) are
both saddle points.

The explicit solution V = /2 (% - a), ¢(s) = 1/(1 + exp(-s/v2))
was found by Huxley.

Exercise 1. Show, for any V > 0, there is a solution of the above
equation which goes from a at -«o to 0 at +w», When V2 < 4a(l-a)
it spirals away from a, but when V2 > 4a(l-a) it is monotonic.
McKean [74] presents a detailed picture of the solutions for
0 <a < 1/2 and various choices V > 0.
We now consider stability of this wave. We change to moving
coordinates with & = x + Vt; then

u, = ugg - Vug + f(u), -~ < E < o
In these variables, u = ¢ 1is an equilibrium point. The linearization
about ¢ 1is

u, = u

. ge - Vup + £1(8(E))u = -Au

and we need information about the spectrum of A. Using a result
proved below (see Appendix to this chapter) the essential spectrum of
A (i.e., the spectrum aside from isolated eigenvalues of finite
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multiplicity) lies in {A | Re A > min(a,l-a) = a}. Here the under-

unif(]R) or COOR), the
space of continuous functions which vanish at «. The set

lying space may be Lp@R), 1 <p<w or C

{¢(+ + c) | -» < ¢ < »} is a curve of equilibrium points and A¢' = 0;
if we show 0 1is a simple eigenvalue of A and the remainder of the
spectrum lies in Re X > 0, then according to exercise 6, sec. 5.1, a
solution which starts sufficiently close to ¢ will approach exponen-
tially a translate of ¢: here the norm may be Wl’pGR) or CunifGR).

With the essential spectrum out of the way we need only deter-
mine whether there are any eigenvalues in Re A < 0, A # 0. Suppose
then

V- Vvl o+ £U(6(E))V + Av = 0

with Re » < 0 and v bounded as & + *o, Examination of the char-
acteristic equation for the limits & -+ o shows v(&) must actually
tend to zero, at least O(e‘vlsl), when £ - to, Let w(g) =
V(E)e_vg/z so w(g) = O(e-VlEt/z) and

w'oe (0 + V4 s £1(p(8)))w = 0.

We can consider this as a self-adjoint problem in LZGR), regardless
of the original space, so any eigenvalue must be real: suppose

A <0 and W is real. The smallest eigenvalue 1is
A = min{[ w'Z - (EreecE)) + Vi/awlde | w e HI@), fwzdg = 1},

If w is the function which achieves the minimum then |w| gives
the same value, so we can suppose the eigenfunction w 1is nonnegative
and in fact strictly positive. (If w = 0 and w'= 0 at some point,
then w = 0.) Let y = ¢'(E)e_vg/2; then 7y + (V2/4 + f1(¢))y =0

and ¢ > 0, and integration by parts shows A = f?wwz(d/dg(w/w))zdi.

Thus A cannot be negative and if X = 0 then w/y = v/¢' = constant.
Therefore 0 is a simple eigenvalue of A (in L_(R) or
CunifﬂR)) a?d for any solution u with |Ju(+,0)-¢] sufficiently small

(norm of W P or Cunif) there exists real ¢ so

ful-,t) - ¢(-+c)] = o(e™ 8%, ¢ > o,

for a constant B > 0.



132

This problem was treated by Sattinger [131) using a special
weighted L_-norm, and by Aronson and Weinberger [108] in the uniform
norm. Fife and McLeod [116] treat more complicated initial values in
the norm.

Now consider the traveling wave corresponding to the solution
$(s) »a as s > -o 5(5) > 0 as s »> +» found in exercise 1. For
this case, if v? < 4a(l-a), #(s) spirals in toward a as s » -«
so ¢'(s) does not have constant sign; this suggests instability, in
light of the variational argument above. When V2 > 4a(l-a), $'(s) < 0O
for all s. However the essential spectrum of the linearization
reaches as far as -a(l-a), so 5 is unstable (cor. 5.1.6) in any
of the spaces mentioned above. This is true independent of V > 0, so
monotonicity of the solution is no guarantee of stability

Finally note the equilibrium solution u = $(x) > 0
(1/2 3'% + F(d) = 0, 3(x) » 0 as x + =) is unstable in W 'P[@) or
Cunif@®), since the linearization about $ (L: oy 9" - £1(3(x)))
has a negative eigenvalue. Indeed, 0 is an eigenvalue with eigenfunc-

1

tion $' which changes sign, and the least eigenvalue is

p=mint] @l e e@ha | [ WP a1 <o

- -
which is a simple eigenvalue with a positive eigenfunction, hence
w#o0.

We can give some interesting results for a general scalar equa-
tion Up = U o + f(u,ux) where f(u,p) is Cl. Suppose there exists
$(x),

" (x) + £(6(x),9'(x)) = 0 on - < x < @,

and ¢(x) > a as x > -, ¢(x) » B as x » +x, where £(0,a) = 0,
£(0,8) = 0. The linearization about ¢ is

-Lv = v" + a(x)v' + b(x)v

where a(x) = 35(4(x),0'(x)), b0) = o, 0101, Let a, b, de-
note the 1limits as x » *o. Then by results given in the appendix,
oe(L) is in the right half-plane if and only if b+ <0 and b < 0,
i.e. if and only if the solution ¢(x) goes from one saddle point to
another. If we consider the equation in a space with an appropriate

exponential weight w, i.e. in the norm
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© 1
(" veamearPan /e,
we can achieve Re oe(L) > 0, provided b, < a3/4 for each sign, i.e.
provided the linearization at the equilibria («,0), (8,0) has real

+X
ISP

distinct eigenvalues. We must choose w(x) so w(x) as

x » *» where U u_ are chosen so that (for each choice of sign)

+’
2
uo + au + b < 0.

But ¢'(x) Dbehaves asymptotically like exx where Xz + arx + b = 0,

so yu lies strictly between the two roots of this equation., Suppose
we are dealing with the limit x - += and both roots are negative

(a stable node); then ordinarily ¢'(x) will behave like the weaker
(less negative) exponential and so ¢'{x)/w(x) will blow up as X =+ +e.
Thus we have stabilized the essential spectrum only at the expense of
having ¢' excluded from the space, and the problem becomes essenti-
ally meaningless. In this weighted norm, translation (h » ¢(-+h)) is
not continuous.

Summarizing:

(i) if ¢ Jjoins two saddle points, the essential spectrum of
the linearization is stable in Lp (and in Lp with cer-
tain weights);

(ii) if ¢ joins two nodes or a saddle and a node, the solution
is unstable in LPOR), but with an appropriate weight func-
tion we can stabilize the essential spectrum, at the same
time (usually) pushing ¢' out of the space.

(iii) If ¢ approaches a spiral point at +» or -«, it is un-

stable.

In case (i), we can argue as in the example to show {¢(-+c) | -w<c<e}
is asymptotically stable with asymptotic phase when ¢ 1is monotonic,
and it is unstable when ¢ is not monotonic. Ordinarily, in a saddle-
saddle orbit, the velocity V of the traveling wave is uniquely deter-
mined but this is not true in cases (ii) or (iii). Sattinger [131]
treats this general case also but has more confidence in the signifi-
cance of waves joining nodes.

Perhaps I overstate the case in dismissing traveling waves
joining nodes. Arguments using the maximum principle ([108] and
especially [116]) have lead to some beautiful results -- including
stability results -- for such cases, but the dependence on the initial
value is rather delicate. For example, a particular case treated by
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Kolomogorov, Petrovsky and Piscounov (in the 1937 paper [60] which
really initiated the subject) is

ug su u(l-u) (-2 < x <o, t > 0).
For any V > 2, there is a traveling wave with velocity V going from
the saddle at u = 1 to the stable node at 0. If uo(x,t) is the
solution with initial value uo(x,O) =1 for x < 0, uO(x,O) =0 for
x > 0, then uy approaches the traveling wave ¢ with speed 2 in
the weak sense that

ug(XFE(E),8) = 6(x) as t > +w

where £(t) dis a function with derivative §&£'(t) » 2 as t > +w,
However Larson [124] proves uo(x+2t,t) > 0 as t > +w, Further, if
u{x,t) 1is a solution in 0 < u < 1 which approaches a traveling wave
as t » +» and eaxu(x,O) approaches a finite nonzero limit as

X » +o  for some 0 < a < 1, then the traveling wave must have velocity
@ *+ 1/a. (Larson [124, Th. 51]). Such delicate dependence is bound to
raise doubts about the usefulness of the enterprise. Are the topolo-
gies too stringent? Should we seek only stability of the entire family
of traveling waves (allowing the veleocity to vary as well as the phase)?
Clearly the subject is far from settled, even if we leave out related
problems where the traveling wave is periodic or asymptotically
periodic in the space variable.

Exercise 2. Burger's equation neoFun o= ovu
v > 0 constant) has an equilibrium solution ¢(x) = -a tanh(ax/2v)

(-0 < x < », t > 0

for any a > 0. If X =x+ ct, u=u+ c for a constant c then
U, + U u= = vu=- so
t X XX

u = -c - a tanh(a{x+ct)/2v)

is a traveling wave solution with wu(x,t) - -c + a as x > %o, and it
is sufficient to study the stationary solution ¢.

Exercise 3. With ¢ as above, a > 0, £ = ax/2v, T = azt/dv, and
b = 2/a, v(§,7) = u-¢ satisfies

v =V + 2 tanh § v, + 2 sechZEV - bvv

T £E € g’



The linearization about v = 0 is v_ = -Lv

-Lv = v + 2 tanh & v, + 2 sechZEv

1313 £

and 0 1is in the essential spectrum (considered in L_(R)). Use the
weighted norm ||v|| = [|[¢¥(&)cosh EHLZUR) and then Ly = -y" +

- 2 = 1 = o =
(1 2sech®E)y where Lw o Lw, so ce(Lw) = [1l,=). If v w sech §&
then

W= WEE - (1-2 sechZE)w - b sech E(wwg - wztanh £)

and

J_w w{-wEE + (1 - 2 sechZE)w}dE
= f (wg + tanh & w)zdg >0

so 0 is a simple isolated eigenvalue and the remainder of the spec-
trum is in [R,») for some B8 > 0. The nonlinear term in the w-
equation is a continuous polynomial from HIGR) to LZGR) and ex. 6,
sec. 5.1 applies. Note ¢'(g)cosh & = -a sech & 1is in LZGR) and

h > (¢6(&+h) - ¢(&))cosh & is continuously differentiable from R to

Lo@®). Also from the equation é% f?m vdg =0 for t >0 so if

lv(g,0)coshg]| 1 is small enough, there exists real ¢ with
H™[R)

[ Culg, 1) - ¢(&+c))cosh g 1 + 0 as T + =
and H™ (R)

©

f: u(g,0)de = f $(E+c)dE.

- -0

Exercise 4. Suppose b > 0. Prove the zero solution of Ue = Uy -

u - bu” (- < x < o, t > 0) is asymptotically stable in HlﬂR) and the
equilibrium solution ¢{x) = -3/2b sech®(x/2) 1is unstable. (Hint:
¢(x) < 0 and so ¢(-¢" + ¢ + 2b¢2) = b¢3 < 0.) Note that for any

bounded uniformly continuous initial value with inf u(x,0) > -1/b,
X
we have u(x,t) » 0 as t > +o uniformly in x, by ex. 8, sec. 5.1.

Exercise 5. ug su tu - bu3 (b >0) on -» < x < », t >0, has an
-1 -1
equilibrium u = ¢(x) with ¢(x) + b 2 (or -b °) as x » +» (or -«)

and ¢'(x) > 0 for all x. Prove, when [lu(-,0)-¢] 1 1is small, there

exists real c so [lu(-,t) - ¢(-+c)|| ; < Ke_8ﬂ|u(-,0)-¢H ; for all
H H
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t > 0, for some positive constants K,B. Also examine the stability
of u = 0.

Exercise 6. For every V # 0 prove the equation in ex. 5 above ad-
mits exactly two nontrivial bounded traveling wave solutions with
velocity V, one the negative of the other, going from the unstable
node 0 at x = -» to b ? at x = +=» provided V > 0 and

u(x,t) = ¢(x+vt). If |V] < 2, ¢ is oscillatory and unstable; if

|[V| > 2, ¢ 1is monotonic, but unstable in Wl’pGR) or CunifGR).

When |V| > 2, the linearization about ¢ is stable in an appropriate
weighted norm (which excludes ¢' from the space) but the nonlinear
terms are not well-behaved in that norm.

Appendix. Essential spectrum of some ordinary differential operators

Definition. If L 1is a linear operator in a Banach space, a normal
point for L is any complex number which is in the resolvent set, or
is an isolated eigenvalue of L of finite multiplicity. Any other
complex number is in the essential spectrum.

Remark. Several definitions of essential spectrum are in use. Ours
(following Gohberg and Krein [118]) is more restrictive and less stable
under perturbation than some others, but gives correspondingly more
information once it is computed.

Theorem A.1. Suppose X is a Banach space, T: D(T) ¢ X » X 1is a
closed linear operator, S: D(S) « X » X is linear with D(S) = D(T)

and S(>\0-T)-1 is compact for some A Let U be an open connected

0
set in € consisting entirely of normal points of T; then either U
consists entirely of normal points of T+S, or entirely of eigenvalues

of T+S.

The proof is a slight modification of the proof given in [118,
p. 22].

Exercise 1. If X = {(x.) | x

n'n=-« n

[ 2 1L
€ ¢, fIx]l = (I Ix [")* <=} and
(Tx)n =X for all n, and (Sx)n =0 for n#1, (Sx)l = -X

prove o(T) = unit circle, o(T+S) = closed unit disc. In fact

0’ then
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o(T+tS) = unit circle for 0 < t < 1, but the interior of the disc
consists of eigenvalues when t = 1.

Exercise 2. Let Tu(x) = u" + a(x)u' + b(x)u, -» < x < =, be con-
sidered in LpGR), 1 <p< =, or COGR) or CunifGR) (here a,b are
continuous and bounded). Let Su(x) = m(x)u' + n(x)u where m,n

are continuous and mn(x),n{x) + 0 as x » o, Prove S()\O-’I‘)_1 is
compact for large real KO' (Hint: first suppose m,n have compact
support.)

We will study first order systems with asymptotically constant
coefficients:

%+A(x)u=f(x), < x < o

A(x) = A, as x * t=,
In fact we will study the case when

A(x) = A, for x>0, A(x) = A_ for x <0
and then apply Theorem A.1l, since these differ by a relatively compact
operator.

Lemma 1. Suppose A(x} = A, for x > 0, A(x) = A_ for x <0 and
the complex n x n matrices A_ have no eigenvalues on the imaginary
axis. Let E_,E_ be the projections corresponding to the eigenvalues
of A,,A_ in the right half-plane.

Then u'(x) + A(x)u(x) = f(x), -» < x < =, has a unique bounded
solution for every bounded measurable f (or equivalently, for every
continuous f with compact support) if and only if ¢n =R(E,) &
R(I-E_), i.e. if and only if R(E,) and R(I-E_) together span ¢n
and intersect only at 0. In this case, [Ju]_ ®) < CAIfHLpGR)’

1 <p <= for a constant CA depending only on A.

Proof. First consider x > 0. There exist positive M,a so

-A x
le ' g
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and if wu,f are bounded on {0,~) then

© A+y
(I-E Ju(0) + fo(l-E+)e f(y)dy = 0.

Conversely when this is true,

-A X X ~A+(x-y)
u(x) = e E+u(0) + J e E+f(y)dy
0
@ -A, (x-y)
- J e (1-E,)£(y)dy
X

for x >0 and if 1 <p < =

Mo /PIE w0y | + aMa”

A

1 ull L)1) ;
L,®,) L,®R,)

in particular (p = «), u is bounded. Here we use the familiar conse-
quence of Holder's inequality

f= < s 1 < o,
levaly gy <81y gy 1, gy 157

Similarly on (-»,0], u 1is bounded if and only if
0 Ay
E_u(0) - f e E f(y)dy = 0,

and if this holds, ||uJ|L ®) S CoUI(T-EJu(0)] + l|ﬂ|L ® )).
P P

In order that there exist a bounded solution u for every con-
tinuous f supported in (-1,1) it is necessary (and sufficient,
for every bounded f) that

R(E)) + R(1-E,) = R(E,) + R(1-E)

or "equivalently, ¢n = R(E,) + R(1-E_). It is easily seen that unique-
ness holds if and only if R(E,) N R(1-E_) {0}, and if both hold then

| ull < C, .
Lp(IR) A Lp(lR)

Lemma 2. Suppose the matrices A (X)), A_(X) are analytic functions
of X € (. Let

S, = {x | A_(}) has an imaginary eigenvalue}.

Let A(x,2) = A (3) for x > 0, A_(x) for x < 0 and define the
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differential operator L(A)u = du/dx + A(-,X)u in any of the spaces
LPGR), 1 <p< e, or COGR) or CunifGR); we may consider L(X) as
closed and densely defined.

Then if G 1is any open connected set in ¢\(S+ U S ), either

(i) 0 € o(L{»)) for all *» in G, or
(ii) 0 € p(L(X)) for all X in G except at isolated points;

1

the exceptional points are poles of L(X) of finite

order.

Also, 0 € o(L(Ax)) whenever X € S_U S_.

Procf. The projections E_()), E_(X) defined as in lemma 1 are
analytic functions of A in G, and the condition

¢™ = R(E, (1)) ® R(1-E_(A\))

which is necessary and sufficient for 0 € p(L(A)) 1is equivalent to

requiring
detlpy(A),...,p (), a1 (A),.epa (M) 7 0

for some choice of columns p.(x) from E,_(X) and qk(XJ from
I-E_(X), when R(E,(A)) is m-dimensional and R(1-E_(2)) 1is (n-m)
dimensional. The dimension condition either holds everywhere in G

or nowhere in G, and if it holds we have 0 € p(L(X)) in G aside
from isolated points where the above determinants (analytic in 1) all
vanish, or they all vanish everywhere in G and 0 € o(L(12)) for all
A. In case (ii), zeros of the relevant determinants are of finite

1 of finite order.

order, yielding poles of L(X)~
If »es, (or S_, similarly) there is a solution u(x) of
the homogeneous equation which is bounded and bounded from zero as

X » +o. Let ¢(x) be smooth, ¢(x) =1 for |x| <1, ¢(x) =0 for

x| > 2 and let u (x) = u(x)o(X2), then if 1 < p < =,
”L()\)umHL (R) 1
= O(ﬁ) -0 as m > «
Yol ®)

so 0 € o(L(N)).

Remark. The result also holds for asymptotically periodic coefficients
-- and even more generally. In this case A € S if the limiting
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periodic equation has a nontrivial solution bounded on (-«,=), The
proof is virtually the same as that above, but computation of S_ 1is
much more difficult.

Now we apply the results to second order systems.

Theorem A.2. Suppose M(x), N(x) are bounded real matrix functions
and M(x), N(x) » M_ ,N, as x + #~  and suppose D is constant
symmetric and positivej In any of the spaces L _(R), 1 < p < =, or
COOR) or CunifﬂR), (for column-vector functions u(x)) define

Au(x) = —DuXX + M(x)uX + N(x)u, - < x < =,

We consider A as a closed, densely defined linear operator.
Let S, = {) | det(rzD + 1TtM_+N_-AI) =0 for some real T,
- < T < =} Then S, consists of a finite number of algebraic curves

which are symmetric about the real axis and are asymptotically para-
bolas: A = 126 + 0(t) as 1 » z» where & 1is an eigenvalue of D.
Let P denote the union of the regions inside or on the curves S_,S_;
thus ¢~P is the component of ¢\(S+ U S ) containing a left half-
plane. Then the essential spectrum of L is contained in P, and in

particular includes S, U S _.

Proof. Writing the corresponding first-order system, we obtain the
result when M, N are replaced by M,,N, on each half-line; note
that a pole of (A-A) 1 is
multiplicity < 2mn. Applying Thm. A.l gives the general case. Since

of order m is an eigenvalue of A of

large negative numbers are not cigenvalues, NP can't consist entirely
of eigenvalues, so it contains no essential spectrum.

Example. -Lu = I a(x)uX + b(x)u, -» < x < », (scalar equation)
with a(x),b(x) - a,,b, as x + tw; then the essential spectrum

S amn?

b,}

oe(L) c {)» | Re A

a,

where we use the corresponding ray [-b,») when a_ = 0. In particular
min Re oe(L) = min(-b,,-b )

and this is positive if and only if both b, and b_ are negative.
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Suppose w(x) > 0 1is a smooth weight-function and

w'(x) w' (x) 2 -

w(x) ML w(x) T M, as X > e
This can be achieved with appropriate choice of w(x) = ekx + V% or
1/(e>\X + evx) for arbitrary choice of real wu, and wu_. Applying

the similarity transformation

t " 1
-Lv o= - % L(wv) = v'" + (a + 2 %r)v' + (b + EL%EE—)V

(which is equivalent to using a weighted norm in LpﬂR), 1 <p < =)
we find

2
+

min Re oe(Lw) = min(-bt - U a+ut).

If b, < a3/4 for each sign, we can choose a weight function w so
Re Ge(Lw) > 0; this is an improvement over the previous condition
b, < 0.

Exercise 3. Consider a system of n equations
-Lu = Du" + Vu' + M(x)u
where D is symmetric and positive, V is a constant scalar and
M(x) - M_ as x »> t=. Show that, for Re ce(L) > 0, it is necessary
that all eigenvalues of M, have negative real part. When D 1is also

a scalar, this is necessary and sufficient.

Another example. This is an artificial example, meant only to display

the form of the curves in S_, S_
u 4 0 u 1 0 u 0 2 u
RIS R P
v 0 1 Vex 0 2 vy = 3 v
S, = S_ 1is given by the solutions A, for -« < 1 < =, of
2 2 4 2 3

0 = 2" + A{3-5t" + 3it} + 4t - 14t"-1 + i(-91° + 31).

When 1 =0, X = %(-3 + YI3) = -3.3 or 0.3. These are in fact the
left-most points of their corresponding curves; computation of the
roots A for a few values in 0 < 1 < 2 gives the picture
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V-
<

For the constant coefficient case, the essential spectrum of L is

5= S.

simply the union of these curves. For a system whose coefficients ap-
proach those of L as x > #»  the essential spectrum must be confined

within (and on) the outermost curve.

Exercise 4. If -Lu = u" + 2 tanh x-u' 1is cpnsidered in LPOR) or
C_..M), show S, =S = {r: 4 Re » = (Im M)}, o(L) = o_(L) =
unif o gT e

{Ax | 4 Re x> (Im 2)“}. (Hint: let v = u-cosh x.) This shows the
region inside the curves S, «can be filled with essential spectrum.



Chapter 6

Invariant Manifolds Near an Equilibrium Point

6.1 Existence and stability of an invariant manifold

The results of this section are stated in rather general form to
cover the applications in sections 6.2, 6.3 and 6.4, Examination of
these applications might make the assumptions below seem less arbit-
Tary.

Definition 6.1.1. A set S cR x X* is a local invariant manifold

for a differential equation dx/dt + Ax = f(t,x) provided for any
(to,xo) € S, there exists a solution x(-) of the differential equa-
tion on an open interval (t1’t2) containing t with x(to) = X

0 0
and (t,x(t)) € S for tl <t < t2' S is an <Znvariant manifold if
we can always choose (tl,tz) = (-»,o), When the differential equation

is autonomous and S =R x Sl’ we may also call S1 an invariant
manifold.
Under certain assumptions below, we shall prove the existence

of an invariant manifold for the coupled system

oe
=

+ Ax = f(t,x,y)

= g(t,x,y)

2z

in the form S = {(t,x,y) | x = o(t,y)}. Roughly speaking, the assump-
tions say that dx/dt + Ax = 0 1is asymptotically stable, f is small,
and the solutions of the y-equation do not converge too rapidly.
(Compare with [37, Ch. 7] [58], [41] and ([72].) Other cases are

treated in exercises 4-8 below and in Chapters 8 and 9.

Theorem 6.1.2. Let X, Y be Banach spaces and assume A is sectorial
in X. Let U be a neighborhood of the origin in x* for some

a < 1, and suppose f: R x U x Y » X and g: R x U x Y > Y are loc-
ally Lipschitzian with |[£f(t,x,y)-£f(t, x",y")]| < X(”X-X'Hu +Ily-y'ID,
F£Ct, %,y < N.

Assume that I|e_Aq| < Me Bt and ]|Aae_AtH < Mt %e Bt for
t > 0 and also that the solution vy(t) = y(t;t,n,x(*)) of dy/dt =
g(t,x(t),y} for t < 1, y(t) = n, exists on (-»,t] for any continuous

curve x: (-»,t] > U and n € Y. Also we suppose for any choices
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n, n', x, x',
Hy(tst,n,x(+)) - y(tst,n',x"(-)) ]
e A Rl IO P [

for t < 1. Here A, N, M, B8, Ml’ MZ’ U are non-hegative constants,
and we assume for some positive constants A,D that

a) {x | |[dl, <D} «U and MN J u % By < p;
0

® 4 -gu (u+AM2)u
b) 6 = MM f u e e du has M;8 < A/(1+A) and
0
(1+A)M2
® max {1, —m} < 1.

Then there exists an invariant manifold
S = {(t,x,y) | x = o(t,y), -~ <t <o, y€VY}

with [lo(t,y)l, < D, [[o(t,y ) -oCt,y )l < tlly;-y,ll. If f,g are
periodic in t with period p > 0 then o(t+p,y) = o(t,y); if f,g
are independent of t, o 1is independent of t.

If we assume also |[[f(t,x,y)-f£(t',x,y)|| < Blt-t'| and the
solution y'(t) = yM(t;t,n,x(-)) of dyl/dt = g(t+h,x(t),y™),
yh(r) = n, satisfies

1" - Y20l < BT ), e s,
then there exists a constant K so
llo(t+h,y) - o(t,y)ll, < K{h|.
Remark. If u < B8 and A is sufficiently small, we can easily
satisfy b) above. If Ilg(t,x,y)-g(t, X, < Mllx-X| + ully-¥ll, the

requirements for the y-equation are met.

Proof of Th. 6.1.2. Let o: R x Y > X* be any continuous function
satisfying

(* oty < D, llolt,y)-a(t,yDll, < aly-y'l
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on R x Y. Let y(t) = ¥(t;t,n,0) be the solution of

dy/dt = g(t,o(t,y),y) for t < 1, y(1) = n;

then Y(t;t,n,0) 1is well defined for all t < 1. Finally, define
G(o): R x Y » X% by

T -A(T-5s)
G(o)(t,n) = { ¢ f(s,0(s,y(s)),y(s))ds
where y(s) = y{(s;t,n,o).

We prove that G(o) also satisfies (*), and in fact that G
is a contraction on this class of functions in the uniform norm. First
observe that, by assumption a),

T
el < [ M(t-5) % B(T"S)

-

N ds < D.
Next, suppose o and o' are two functions satisfying (*) and
n,n' € Y, and set y(t) = y(t;t,n,0), y'(t) = ¢(t;t,n',0'). Then for

t <,

Ity (£) -y (0l

IA

T
T finentil + wy[ Dty )y ol
t
+ llo-oll} ds

where ||]o-o']|| supﬂlo(t,y)-c'(t,yﬂ|a | (t,y) €R x Y}. It follows

(Gronwall inequality) that

ly(e)-y (ol < M T8 py jgog o= i}

v
I

- M |l|o-a' |||/ (utM,A),
- Moot lll/ cusm,

T
160) (rm)-6(0") (1,n "l < [ MCx-s7% BT S ng)flo-o

+ (1+)ly(s)-y' ()]}

M2(1+A)

utM,A )

2

¢ M - [*wae Bau o=t
0

MZ
* (I+a)eMyffn-ntl + TS Ho-otillN
(1+A)M2
u+M2A

< Hln-ntl+ 8t fllo-a' ], o' = max(1, )6 < 1.
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Therefore there exists a unique fixed point o = G(o) in the
class (*). It remains to show o 1is a Lipschitz function of t, and
that S is invariant.

For o = G(o) as above, define oh, [h] < hy, by ch(t,y)
o{t+h,y}; then Oh satisfies (*) and vy (t), the solution of

h
dy/dt = g(t+h,o (t,y),y), t < 7, y(t) =n
is well-defined. It follows, as above, that

T
l6c) (re,my-6a) (eumll, = I e AT tecsen,otsem,y" () (s))
-£(s,0(s,y(5)),y(s))1as]

T
< f M(e-5) "% BT g n) + Ao ol w2 czeadiyPes)-y(sdlinds,

and
(U+M2A) (T't)

M M
h 2 h 2 h
Iy (&) -y (8] < e (B, |h| + ““wMZA‘”G -o[ll1 - u)szAmo -a|l]

so
lotesn,my=o (e, < BIB| [ Ma"% Bau + (eaymyafnl + o [flo™olll
0

which proves the result.

It remains only to prove invariance of S. Let (to,xo,yo) €5,
so xy = o(to,yo), and define y(t), -» < t < », by

dy/dt = g(t,o(t,y),y), y(ty) = yg;

then set x(t}) = o{t,y(t)) for all t. This defines a curve

(t,x(t),y(t)) € S, -» < t < », through the point (to,xo,yo); it suf-
fices to prove x(:) satisfies

57 * Ax = f(t,G(t,Y(t)),)’(t)), s <t < oo,

But this equation has a unique solution xb(t) which remains bounded
as t » -«, namely

t
xp(0) = [ e Mg 05,y 001,y (08,

s0 xb(t) = o(t,y(t)) 1is indeed a solution.
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If f, g are periodic in t with period p > 0, we may re-
strict attention in the above argument to p-periodic functions o
which satisfy (*). 1In that case, y(t+p;t+p) = y(t;t) and
G(o)(t+p,n) = G(o)(t,n), and the argument proceeds as before.

Exercise 1. Assume f, g depend also on a parameter e, |e| < €p>

and the estimates above are uniform in €. Also assume (with obvious
ult-t)

notation) ||y (t;t,n,x(+),e) - y(t;t,n,x(+),e")l| < K|e-e']e for
t <, |e| < gg, le'] < ey- Prove that the invariant manifold
SE = {(t,x,y) | x = o(t,y,e)} is a Lipschitz function of €.

Definition 6.1.3, Let S be a local invariant manifold of a differ-

ential equation. A subset I of S is stable if, for any to and
any € > 0, there exists & > 0 such that when (to,xo) is in a §-
neighborhood of the time-slice N {to}, then (t,x(t;to,xo)) is in
an e-neighborhood of £ n {t} for all t > ty where x(';to,xo) is
the solution of the differential equation through (tO,xo). We say L
is stable with respect to the flow in S provided the stability claim
holds for (to,xo) € S, in a 6-neighborhood of £ n {tO}. Similarly
define instability and uniform asymptotic stability of I.

Theorem 6.1.4. Under the hypotheses of Thm. 6.1.2 above, assume also
(x,y) » g(t,x,y): UxY » Y satisfies a uniform Lipschitz condition
and, with u' = y + MZA,

1-
r o= (1 + MM, (1+a)/(B-u")) < (8/(B-u'))" °

1/(1-a)

so Yy = B-(B-p")r > 0. Then the invariant manifold S 1is ex-
ponentially attracting. Specifically, if (x(t),y(t)) is any solution
on ty, <t <t, with x(t) €U on this interval, then on [t;,t;]

to)
Ix(t)-o(t,y ()], < KMe

||X(t0)'0(t0,)’(t0))||a
where K 1is a constant depending only on «a.

Further if I < S is uniformly asymptotically stable with res-
pect to the flow in S, then £ is uniformly asymptotically stable.

If ¥ S 1is unstable with respect to the flow in S, then S is
unstable.

Remark. In the applications we ordinarily have in mind either



148

L= {(t,xo,yo) | <= < t < »} where (xo,yo) is an equilibrium point,
or I = {(t,x(t),y(t)) [ all t} where (x(t),y(t)) is a periodic
solution, or a family of periodic solutions. It is easily shown that
(in case f, g are independent of t) asymptotic stability of I is
equivalent to asymptotic stability for the equilibrium point, or
orbital asymptotic stability of the periodic solution.

t <t

Proof of Thm. 6.1.4., Suppose x(t), y(t) 1is a solution on tO <
< t,

with x(t) € U and let E(t) = x{t) - oft,y(t)). Let vy(s;t),
be the solution of

<
s

%% = g(s,0(s,y),y), s <t

y = y(t) when s = t.
Then by Gronwall's inequality, with ut! = u + MZA,

t
lysso-yll < my [ e O Nreoflas,  tg s <t

and s
tour(e-s)
ly(sst)-y(sstll < MM, | e lleell de, s <ty <t
o
For t, <t <t we have
-A(t-to)

t
Eeg) = | e M (s, x(9) v (s)
t

0 £(s,00s,y(5;1)), y(s;t))]

t
+ f 0 e'A(t's)[f(s,O(s,y(sztO)),y(S;tO))

©

-f(s,0(s,y(s;t)),y(s;t))1ds
SO

(t—to) t
lecoll, < Me eCegll, « w0 [ el Ice,s)as
t
0
where

J(t,s) (t-s)_ae_s(t—s)

+

M1M2(1+A)e“'(5't) J u % (Bruug,
t-s

A

(t-5) "% BUES) 1 4 MMy (148)/(8-u") ).

If b = AM{1 + M1M2(1+A)/(B-u')}, we have
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B(t-to) t a B(s-to)
e lecoll, < Miecegll, + b [ ()% lEs)Il ds.
o
Such integral inequalities are discussed in sec. 7.1 and lemma 7.1.1
shows, for a constant K depending only on «a,

B(t~t0) q(t-to)
llecell e "< KMlleECepll, e

where q = (bF(l-u))l/(l-a) = (B-p')rl/(l'u) = B-y, so the estimate
is proved.

Now the flow in S is simply the restriction to S of the
flow in U x Y, so instability of I with respect to the flow in S
trivially implies instability of I. Suppose I 1is uniformly asympt-
otically stable for the flow in S. By an argument analogous to that
in Thm. 4.2.1 (or ex. 4 following it, or see Yoshizawa [135]) there
exists V: S >R such that with z(t) = (o(t,y),y) € S and dy/dt =
g(t,o(t,y),y), we have

a(dist((t,2),I.))

A

V(t,z) < dist(t,z),zt)

IV(t,Zl)‘V(t,Zz)]

A

HZl'ZZH f (1+A) ”yl'}’z” ’

and
V(t,z) = Iim %{V(t+h,z(t+h))-V(t,z(t))} < -V(t,2).
h~+0+
Here a(:) 1is continuous and strictly increasing with a(0) = 0,

and I, =L {t} 1is the time-slice at t.
If (to,xo,yo) is near Zto, xo-o(to,yo) = EO and
ZO = (O(to,yO))yO)’ define

where P is a positive constant chosen below. Choose T > 0 so large
that

-T

e T <1/2 and KMe T

< 1/4.

If (ty,Xq,yy) is sufficiently close to S, i.e. IIE(toﬂlu is small
enough, the solution through this point will exist with x(t) € U on
th, <t <t

0 0+T, and so
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W(tg*T,x(tg*T),y (ty+T)) = V(ty+T,z(ty*T)) + PlE(ty+ Dl

VA

e TV (ty.z(ty)) + (1+a)e My (tyitg+T) -y (o]

+ Pk e el

< T V(ty,z(t))) + ¢ Pleceyll,
7 o' -YIT_
+ (1+8)M,KM e T(g—ﬁTty———lNIE(toﬂ|a
< Wtg,x(tg),y(ty))

provided P is chosen large enough (depending only on the given con-
stants and T). We also choose P so large that [lg(toﬂla < 1/P
implies the solution exists with x(t) € U on t0 <t <t
formly in t,. Then V(t,,x(t ),y(ts)) < 1 implies the solution

0 0 A0 0 - “(t-tg)/T
o and V(t,x(t),y(t)) < Constant - 2 07
which proves uniform asymptotic stability of I.

0+T, uni -

exists for all t > t

Corollary 6.1.5. Suppose the hypotheses of Th. 6.1.4 are strengthened

so r <1 and dim Y < o, Then S 1is uniformly asymptotically stable
with asymptotic phase. Specifically, there exist & > 0, ¢ > 0 so
that any solution (x(t),y(t)) starting with Hx(to)-c(to,y(to)ffOL < §
exists for all t > tO and there is a solution y(t) of dy/dt =
g(t,o(t,y),y) such that for t > tys

Iy (£) -y (Ol + llx(t)-o(t,y (],

"Y(t'to)
< Ce [Ix(tg)-o(ty,y (el -
Proof. Observe |lo(t,y)]lq < MN f; u % By < D so IIX(tﬂla <
-y (t-t,)
Hc(t,y(t)ﬂiu + KMe 075 < D on the domain of existence (t > ty),
if & is sufficiently small, so the solution exists for all t > ty-

Also (with notation from Th. 6.1.4))
t ' _ _ _
lyes3-y(ssoll <y [ b O Duce Oy (o)) ae
S
< MOMK/ (y-u'dl[ (sl for t, < s < t.

(Note y > u' since 71 < 1.} Choose t_ ~» +» soO y(to;tn) converges
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in Y and let Yy(s) be the solution in S with ?(tO)
lim y(ty5t ). Then for every s > tys y(s) = lim y(s;tn) and
n n

_ M, (M) -¥(s-tg)
Hy(s)-y(s)ll < —_VTET_”E(tONla e

which implies the result.

Remark. If Y 1is infinite dimensional but n + g(t,o(t,y(t)+n),
y(t)+n) is uniformly C1 in a neighborhood of n = 0 for t > tO’
we again have asymptotic phase. This fact was pointed out by Prof.
Jack Carr.

Lemma 6.1.6. Let X,Y be Banach spaces, and U an open set in X;

then a closed ball in Cr(U,Y) (r # integer) or in Ciip(U,Y)
(k = 0,1,2,...) 1is alsoc closed in the uniform norm of CO(U,Y).

(Note: the conclusion fails for CkGRJR), k=1,2,...,)

Proof. The result is trivial for 0 < r < 1 or Cgip
result for the first derivative and the general case follows easily.

; we prove the

Suppose u : U > Y,\‘un(xﬂ\ < B,lluﬁ(x)H < B and
Huﬁ(x)—uﬁ(y)” < B|x-yi|> for x,y in U and n = 1,2,3,...; here
B>0 and s, 0 <s <1, are fixed. If un(x) > u(x) as n » @
uniformly for x € U, we show u 1is differentiable and satisfies the
same estimates. Let d(x) = min{l, dist(x,3U)}; then for x € U and
h€X,|lhll <dx), and any £ € ct*Squ,Y),

I £' (x)h]]

A

| £Cx+h) -£0) || + || £(x+h) - £(x) -£' ()]

A

2iell o +1sfncl+s\1hn1*s

so with f = u, -up

t 1 2 .
”un(x)‘um(x) ” < m ”Un—um”CO 7B ”h”S for ”h“ P d(x)
and if IIun-um” 0 <1,
C
A0l G g G | < 49m) - [l uy IS5

It follows that u is differentiable and uﬁ(x) + u'(x) for each
x € U (uniformly if x is bounded away from 3U) so |{|u'(x)|| < B
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and |[u'(x)-u' (y) ]| < Bllx-yl>.

Exercise 2. Show the Co—closure of the unit ball in ClﬂR) is the
R . 0

unit ball in CLipGR).

Exercise 3. If wu : U~> Y satisfy ||uﬂ(xﬂ| < B and [|uﬁ(x)-uﬁ(§ﬂ] <

w(lx-x|) for x,x in U and all n > 1, where w(*) is a continu-

ous increasing function and (0) = 0, and if un(x) + u(x) wuniformly

in x €U as n » », prove u is differentiable, ||u'(x)|| < B and

fu(x)-u (Ol < wllx-xIh.

Theorem 6.1.7. Assume in addition to the hypotheses of Th. 6.1.2 that
m>1 and (f(t,-,-), g(t,-,:)) 1is uniformly bounded in

Cm(U xY, X xY) (or C?;;(U x Y, X x Y) when m is an integer).

Let yu' = u+M2A, mp' < B,

hed - - 1
6 = M f £ Bt PU gy
p 0

and assume
epME(l + My (1+8)sup |[g |I/(p-1)u") < 1

for every integer p in 1 < p <m and for p = m. Then o(t,-):

m m-1

Y > UcX®*® is uniformly bounded in C or C respectively.

Lip’

Remark. Smoothness proofs in C", m = integer, are much more difficult.

Proof. By the lemma, it is sufficient to show the map G 1in the proof
of Thm. 6.1.2 takes some closed ball in S N Cm(Y,Xu) into itself;

we use notation from that proof, and S is the class of o: R x Y > x®
satisfying condition (*) (p.144). We prove the result for c™

1
1 <m< 2 or CLip

s

{m = 2), and sketch the required estimates for the
general case.

Let m = 1+§, 0 < 8§ <1, o € S with y-derivative o'(t,y)
bounded (in fact |[|o'(t,y)|] < 8), and |lo'(t,y)-o'(t, )| <
Hg (o' (1)) Hy—?”s with H8lder constant Hg(o'(t)) bounded. Let
y(t) y(t;t,n,0) be the solution of dy/dt = g(t,o(t,y),y), t < T,
y(t) = n, and let Yy(t) = y(t;t,n,0). First by Gronwall's inequality
if y'(t) = é%y(t;r,n,c), we have



183

tT-
Iy ol < me" T8 for ¢ < ox,
and then

_ T
Iy -7 @l < |

) Myt O qig |l (o) + (+0)Mell -

Ny s)-7N Ny (sl ds
SO

mu'(t-t) I
Hy(y'(2)) < MM Lilg |l Hg(or) + +0)Mg ) oy = ™ (o),

Also Hé%G(o)(r,nﬂl < A as proved before

t ]
Hé[g%eco)(r,-)] < f mM(r-s)‘ue‘B<T'S)A(1+A)Mmem“ (t-s)

- gy )4l ) oy (77T

VA

o - - 1
6, [(1+a)M +MH (0")] + MMT(1+A)meHém Jou agmBu MM,

(2N

OMI L + My (el g, IV (m-1)u" M (o)

+ {terms independent of Hé(o')}.

Since the coefficient of Hs(c') is less than one, there exists B > 0
S0 H6(c‘) < B implies Hﬁ(g%G(c)) < B and the result follows.
For the higher order derivatives, we use the estimates:

1 -
eku (t t), t < T,

k
Hy(k)(tﬂl =|]§—Iz y(tst,n,0)|| < My
n
and

k+8)u' (t-t)

Hy(r 5 (0)) <y, et (0 <8 <1)

where

k
Mk =|ng“ Ml

o™/ ae-ur + (terns in lell 5 and ol 3 1))
(n=krs) M= llg I M 0Dy m-1yur + (terns in llgll o and [0l 3.
Also

I 6o (r,mll < ey team + Mk 110Ky

+ {terms in || f]| X and ||o]| k-l}
C C



154
and if m = k+& (0 < 8 < 1)
Hy (G2 6(0) (1,m)) < 8 1(1eadM + M) (o)
+ {terms in Hf||Cm and HOHCk}.

The coefficient of the highest order derivative of o (or of
Hd(o(k))) is less than one so the result follows as before.

Remark. When (x,y) = (£f(t,x,y), g(t,x,y)) 1is uniformly continuously
differentiable, one can prove y » o(t,y) 1is uniformly continuously
differentiable along the lines of [115), but the argument is much more
difficult than that above. I don't know if the result holds without
such a uniformity condition. Hirsch, Pugh and Shub [120] develop a
method of "Lipschitz jets" which may be useful for these questions,
but we shall generally just avoid the c™ case, m = integer.

Definitjon 6.1.8. Suppose X 1is a Banach space, U is an open set in

X and T: U+ X 1is continuous. A set £ < U 1is positively Invariant
under T if T(X) nU c I; it is negatively invariant under T if

I N T(U) « T(Z); and ¢ 1is fnvariant if it satisfies both conditions.
Also, I 1is locally invariant (or locally positively or negatively
invariant) under T if each point of U has an open neighborhood V
such that I n V 1is invariant (or positively or negatively invari-

ant) under the restriction T|V.

Remark. We have not assumed that T is injective or that T(U) < U.
Similar definitions can be given for local invariance under a dynami-
cal system (cf. def. 4.3.1) and then we might take T as the time-one

map or the Poincaré map on a surface of section (see sec. 8.4).

We have found locally invariant manifolds -- the local stable
and unstable manifolds (Thm. 5.2.1) and the local strongly-unstable
and center-stable manifolds (ex. 4, sec. 5.1, and ex. 2, sec. 5.2) --
and others will be examined in sec. 6.2 and Chapter 8. We now give
conditions which allow such locally invariant manifolds to be extended

to invariant manifolds, preserving smoothness.

Theorem 6.1.9. Suppose X is a Banach space, U 1is an open set in X,
T: U+ X is a CF map (1 < r <o or r =gw, when T is analytic)
and I is a C' submanifold of U.
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(i) If £ is finite dimensional and locally negatively invari-
ant, and if T and the deriyative T'(x) are injective

at each point x of it =y Tn(Z), then ' is an
n=0

injectively immersed C' manifold in U with the same di-
mension as I, which is positively invariant and locally
negatively invariant. If I 1is negatively invariant then

+ L. .
z 18 invariant.

(ii) If % has finite codimension and is locally positively
invariant, and if T 1is injective and the derivatiye
n

(z)

T'(x) has dense range at each point x of I = UT
n=0

then I is an injectively immersed €' manifold in U
with the same codimension as I which is negatively in-
variant and locally positively invariant under T. If I

is positively invariant, then I  is invariant.

Remarks. Verification that T or T'(x) 1s injective requires a
backward uniqueness theorem, and we show the range of T'(x) 1is dense
by proving the adjoint map is injective, using backward uniqueness in
the adjoint equation. These points are discussed in sec. 7.3.

The extended manifolds £t are merely immersed rather than
imbedded: the topology they inherit from £ may not agree with the
relative topology of * in U. The standard example is the image of
R in R"™ pictured here:

where the two ends of 1R approach 0 without reaching it. Oscilla-
tory behavior (like sin 1/x as x » 0) 1is also possible and may be

more common. A class of gradient flows was studied in sec. 5.3 and in
this case the global stable and unstable manifolds are imbedded (see
Thm. 6.1.10).
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Proof of Thm. 6.1.8. The invariance properties of £ are immediate.

(i) I is represented locally as {h(g) | £ € Rk, gl < 1}

r map from Rk to X whose derivative

where h is a C
h'(£) has rank k at each &, so Tn(Z) is represented
locally as the image of the c’ map T" h. Since
(T™ ' (h(E)) 1is injective, the derivative of £ » T"(h (£))
has rank k and the result follows.

(ii) T 1is represented locally as {x € V | g(x) = 0} where V
is an open set in U, g: V> R is C' and g'(x) has
rank k at each point where g = 0. Thus T "(£) is
represented locally as (g-Tn)-l(O) and x -+ g(Tnx) is a
ct map whose derivative has rank k at each point where
g(T"x) = 0.

Theorem 6.1.10. Suppose U 1is an open set in a Banach space X,
T: U > X is cF 0 = T(xy) €U,
U(T'(xo)) is disjoint from the unit circle and there are finitely

(r > 1) and injective. Assume X

many eigenvalues (counted with their multiplicity) outside the unit
circle. Define the positively (or negatively) invariant ¢’ manifold
WS (x,) (or wH
loc loc S u
ant C injectively immersed manifolds W (xo), W (xo) as in Thm.

(x,)) and suppose these may be extended to invari-
0 PP

6.1.9. Finally assume there exists continuous V: U - TR such that
T(x) # x implies V(T(x)) < V(x). Then Ws(xo), w“(xo) are imbedded
submanifolds of U which intersect only at Xg» and there is an open
neighborhood Q of Ws(xo) such that if x € Q\WS(XO), there exists
an integer N such that Tn(x)- is defined for n < N and Tn(x) £ Q
for all n > N, as long as Tn(x) is defined.

We prove these manifolds are imbedded by showing, if x € Ws(xo)
(or Wu(xo)), there is a neighborhood U1 of x and an integer N > 0
S0

U 0 (xg) © T’N(wioc(xo))
or

U0 W) e TNORY (xg))

[y

First we need a result of Chafee [1101:

Lemma 6.1.11. Under the hypotheses of the theorem, there exists a

. s
0 such that, if x € UO\W1OC

integer N > 0 (depending on x) so Tn(x) is defined for n < N

neighborhood U0 of x (xo), there is an
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and T x) ¢ Uy for all n > N, as long as Tn(x) is defined. Thus

™ (x) eventually leaves UO’ never to return.

Proof. Choose §&. > 0 so Tn(x) € Bd (x

1 for all n > 0 (or, all

0)

n < 0)n1mp11es X € Wloc(xo) (or loc ,

dist (T (x), 1Oc(xo)) < Ka" for n > 0 as long as T (x) remains in-

side BG (xo), where K,a are constants with 0 < a < 1. Also choose
1

(x )) Suppose also

n>0 so sup V(W) < V(x where

o)
W= {x | 8y < {lxll < 85 dist(x, Wloc(xo)) <l

and 0 < 60 < 61 is chosen so

T(Bd (xo)) c B5 (xo).
0 1
%o
Choose n, > 0 so Ka < n, and then choose U as a neighbor-

0
hood of X such that Tn(UO) < BG (x for n < n, and sup V(W) <
0

o)

inf V(UO). If x € UO\W (XO) then Tn(x) eventually leaves B (xg)
1

and there exists N such that Tn(x) € Bs (x for n < N and
1

o)
l(x) £ BG (XO). Since N > n,, we have TN(x) €W and V(Tn(x)) <
1

vitN(x)) < inf V(U,) for n

v

N, so Tn(x) ¢ Ug for n > N.

Proof of Thm. 6.1.10. Suppose x € Ws(xo); there exists N > 0 so
T (x) € Wloc(xo) n UO’ where UO
lemma above. There is a neighborhood U

is the neighborhood provided by the

of x so TN(Ul) cU and

1 0

by the lemma,

U, 0 W (x)) = W (x,),
which proves Ws(xo) is embedded. For the last statement of the
theorem, take Q = U T—n(UO).

n>0
Now suppose x € Wu(xo)\wgoc(xoj; then (in notation of the

lemma) T ™(x) > 0 as n =+« but |[T"%(x)|| > &, for some n > 0
~-N

1

O) for some N0 > 0. Since W is com-

pact, there exists N1 > 0 so

and T O(x) EW=Wn W (x
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N1 _
sup V(T ~(W)) < V(x)
and there is a neighborhood U1 of x such that
N1 _
sup V(T “(W)) < inf V(Ul).

If y€eu n Wu(xo), there exists N > 0 with T_N(y) € W and so
N < N1 and

w4 Nl
Uy 0 W) = T SO (xp))

An example from the theory of combustion. In section 5.1 we discussed

the system

3n/at = DAn - enf(T), on/dv = 0 on 239
3T/at = AT + gnf(T), T=1 on 30
-H/T .
where f(T) = e , and q, D, H, € are positive constants (e small)

and Q 1is a bounded smooth domain. We showed that non-negative
initial data (n,T) £=0 gives a non-negative solution which tends to
n=20,T=1 as t » +=, For small e > 0, the convergence is
O(e -€ (1)t), i.e. rather slow. Also it is known that n, T may
undergo rather large motions -- commonly called explosions -- before
settling down, so it is of interest to follow the behavior for all
t >0 -- at least for t < 0(1l/e). This problem was treated by
Sattinger [132] with "two-time'" methods; using invariant manifold theory
and simple estimates, we can give a more straightforward treatment
without Sattinger's restrictions on the initial data.

First observe that, for small ¢ > 0, the concentration (n)
equation is nearly uncoupled from the temperature (T) equation.

0 1 where ng

and ny has average value zero. Given any bounded, locally Holder

Write n = n, + n = <n> = T—T f ot dx is the space average,

continuous curve {T(t), -= < t < =} of non-negative LZ(Q) functions,
T(t) = T(0) for t < 0, we can find an invariant manifold for the con-
centration equation in the form

n, (t) = o(T,,e)ny(t),

which is linear in n, and depends only on the segment Tt = {T(s),

s < t} of the curve. Theorem 6.1.2 does not directly apply to linear
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equations, but following the proof we find

0
o(T,,e) = -¢ f SE(F(T(trs)) -

t
~exp(ef <f(T(8))(1+0(Te,€))>)ds
t+s
where A is -DA on functions with mean value zero and normal deri-
vative zero on 930, <¢> = T%T fQ ¢ dx and E¢ = ¢-<¢>. This equation

can be solved by iteration when ¢ is small (note £(T) 1is uniformly
bounded) and

HO(TI’,’E)“LZ(Q) < ZE/D>‘1
for small € > 0, where Al is the second eigenvalue (the first posi-
tive eigenvalue) of the Neumann problem in Q.

We prove now that |{n,(t)]] -- after an initial transient -
1 LZ(Q)

becomes and remains small, hence it approaches the invariant manifold
n, = U(Tt)n0 exponentially as t - =,

Specifically note first that

= [ n? < -2p JIVn|2dx < -2DA f n?dx
ol PR ! < 1), ™M
and

é% n, = -e<nf (T)>

so (recalling n,T are > 0)

Hn(tMILZ s]in(ONlLZ, n,(t) < ny(0)

and
d 2 2
-— n>dx < -2Dx n-dx + 2en.<nf(T)>
dt 0 1 - 1 Q 1 0
< -2DA n2ax + 2¢|n(0)]| 2
- 1 Q 1 L2
SO
-2DApt

2 2 € 2
nydx < (f nydx) _.€ + = ||n(0)|]; .
JQ 1 Q 1 t=0 Dll L2

Once HnIHL Q) becomes small, it enters the region of attraction of
the invariafit manifold, and so
-%DA.t

1

Iny () - o(Tedmg (ol = OCe )
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as t > o,

To study the equations on a time-interval 0(1/e) it 1is con-

venient to change the time variable to Tt = et; then
-AIDT/ZE
!lnl(T)-G(TT’E)nO(T)HLZ = O(e )
dn0
7 = ~<E(T(1)) (1+a(T_,€))>ny (1)
(k = A,D/2) + o(e KT/
and
€ %{ = AT + any(t) £(T(1)) (1+a (T _,e)) + o(e Kt/ey .
Also

(T ,e) = -eA 'E(£(T(1))) + 0(e)

if T +T(tr) 1is Lipschitz continuous at this point (or t = T(t) has
Lipschitz constant O(e), in the original time variable).

To study the temperature equation more closely, we first esti-
mate IQIVn1|2:

£ IQIVn1|2dx -- 2 fQ(Anl)z . ZJQ(Anl)nf(T)

1A

D J 2 e 2
- = (&n, )" + = [ n“dx
e Jg 1 D Q
DA
2 € 2
S LN RXOTE

where AO is the first eigenvalue of the Dirichlet problem in , so

ony (ol 2 < lomycon2 e 00" —537|| (0)]] 2
n T < n € + n .
1770, - 1L, AP L,
Now define F(T) = f{ f(s)ds and

Q, (M = IQ(%IVTIZ - qnF(T))dx;
then
é% Q (T(t)) + %|[AT+qnf(Tﬂ|iz - -q fﬂ E(T) %% i

= q f nf(T)F(T)dx + %? ( £(T)¥n VT dx.
Q J
Following the initial transient period (i.e. for

T > e an(L||n (0)])) the right-side of this equation is bounded
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compared to |}AT + qnf(T)HL or even Q (T), as e > 0+. Further
2

[E(T)] < |T-1] so Q,(T) 1is bounded below. Therefore, after the
initial transients have died down, the temperature T will generally
be close to a quasi-steady state (given n -- or rather, no), with
possible complications arising when T 'slips" from one near-equilib-
rium to another. (Here is a nice problem for a catastrophist!)

If n(0) -- or, more to the point, nO(O) = <n(0)> -- is not too
large, there will be only one possible equilibrium and we would have
(after initial transients)

AT + qnof(T) *0 in @, T =1 on 23Q,

dn0
T -n0<f(T)>
and
ny(0) = -eA TEE(T(0)).

Higher approximations are readily computed, using the invariant mani-
fold. This is the case treated by Sattinger [132], with a different
method, and more details may be found in this paper.

We return to this problem in Chapter 10.
Exercise 4. Suppose X, Y, Z are Banach spaces, A is sectorial in
X, 0 <a <1, B€ZLZ) and consider the system

x + Ax = f(t,x,y,z)

g(f’x)}’sz)

<.
1

z + Bz = h(t,x,y,z)

where (f,g,h): R x X* xY xZ>XxY x2Z are locally HOlder continu-
ous in t, locally Lipschitz in (x,y,z) and for |[|(x,z)|| =
max (], llzI) < D, satisfy
(1) |[£(t,0,y,0l| < N, |[h(t,0,y,0)l[<_ N and y » £(t,x,y,2),
h(t,x,y,z) have Lipschitz constant vy and they have

Lipschitz constant §&§ with respect to (x,z)

(11) fle ™l < Me Y|, Mt BYx|| for t >0

le Bty 1l < MePYly|l for t <o (8> 0)
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(1ii) If p(t) = (x(t),z(t)) 1is any continuous curve in
el < D, the solution y(t) = y(t;t,n,p) of
y = g(t,x(t),y,z(t)), y(1) = n € Y exists on - < t <
and satisfies

||Y('C;T,T11,P1) - )’(t;T,nz,Pz)H
u(t-1) ©oplt-s|
iy ngll e Dy [ gy (63-p, collas|

(iv) For some positive constants A,D with D < DO’
a) M(N+6D)max(1/8, [(1-a)/87"%) <D

b) MMl(Y+6A)max(l/§, F(l-aj/?l_d) < & where

£ =8-u>0, u-= u+M2A
¢ MU(-Y/D) /Y% 4 T/ BN MIT(1-e) < 1 with
Y = Mz(y+6A), and

+

M{6/8 + Y/8B} < 1.
Prove there exists an invariant manifold
S = {(t,x,y,2) | (x,2) = o(t,y), (t,y) €R x Y}

with [[o(t, M < D, [[o(t,y)-o(t,y,)ll < Aly;-y,ll» and any invariant
set in {(t,x,y,z) |||ﬂ|a < D, |lz|]] < D} is contained in S.

Hint: If y(t) = y(t;t,n,o-y) is the solution of y = g(t,o (t,y),
y,0,(t,¥)), y(1) = n for some o = (cx,cz) with ||o]l < D and
Lipschitz bound 4, and if y(t) = y(t;t,n,o'y) is defined similarly,
then

17 -yl < mli-nll 70w 5ol et 71y /i

Given such o, define ¢ by

T
s tm = [ e AT ks 0 (5,5()),7(5) 40, (527 ()
5, (c,n) = -fT e BT h(s,0 (5,7()),¥(s),0,(5,7(s)))
where y(s) = y(s;t,n,0°y), and show ¢ »> & is a contraction in the

uniform norm.
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Exercise 5. Use the notation and assumptions of ex. 4. Suppose
(x,y,z) is a solution for t > t satisfying l|x(tﬂ|a < D,
llz(t)|l < D for all t > t, and assume for some ¢ > 0

ko= M6 + My(y+s8)/B)T(1-)  (B-e)" " < 1.
Then ¢g(t) = x(t) - o (t,y(t)), g(t) = z(t) - o, (t,y(t)) satisfy

max (| £ (ol , (0l < T el e D, v s 1,

If, in addition, dim Y < » and we can take € > u then there is a
solution § of

dy/dt = g(t,0, (t,9),5,0,(t,5)
such that
Wl ey

ly(e)-y (ol < -
(1-%) (e-w)

(Hint: z(t) must satisfy
z(t) = -f eB(S—t)h(s,x,y,z)ds.)
t

Exercise 6. With the hypotheses of ex. 4 and k < 1 (ex. 5), there

exist 0 <Dy <D and a manifold

Wo(D) = {(t,x,y,2) | 2z = s(t,x,y), [Idl, <Dy}
such that for any solution (x,y,z) with

lIx(0ll, < Dy and |lz(oll < D
satisfies either

a) ||z(t)]] > D for some t > 1
or
b) the solution exists for all t > T with ||x(t),z(t)]| < D,
which is true if and only if (7,x(t),y(1),z(7)) € wi(s).

In case b), the solution is in WS(Z) for all large t and approaches
L at an exponential rate as t > 4w,
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Exercise 7. A 1s sectorial in X, 0 < a < 1, A(t,y) = A + B(t,y)

lIB(t,y,)-B(t,y )l < Bolly, -y, |l
1 2 y(Xa,X) 271 72
and (f,g): R xUxY +X xY (U open in Xa) satisfy the conditions
of Thm. 6.1.2 and also ||g(t,x,y)]| < L. Assume that, for each curve
y: R+ Y with lly(tl)-y(tzﬂ| < L|t1-t2[, the evolution operator
Ty(t,s) (see Ch. 7) for x + A(t,y(t))x = 0 satisfies

VA

Iy Ceusdadl, < Me B

T, Ce,9)x], < M(e-s) e B3 x|

PA

for t > s, x € x*. Finally assume, in place of (b) in Thm. 6.1.2,
that

(b") My ENBMPT (1-a) 2 BE 2% 4 p(14)) < 8

and

—1-20 ,—

NB,MMPT (1-0) 2 BL72%5;

2

+ AMT(1-a){(1- Mz/a)/el'“ s My /T Fl-%y ¢ 1

where u = p + M,a  and B =8-p>0. If w<pg and A and NB
are sufficiently small, these can be satisfied.

2
Then there is an invariant manifold
S = {(t,x,y) | x = a(t,y)}

for x + A(t,y)x = £(t,x,y), y = g(t,x,y) with [lo(t,y)l < D,
lo(t,y)-oCt,y ), < Alyy-y,l.
(Hint: if y(t) solves y = g(t,a(t,y),y), y(t) =nand Yy(t) solves

y = g(t,0(t,y),y), y(1) = n then for T > s > t

g%{(T;(T,S)'TY(T,S))TY(S,t)} = T;(T,S)(A(S,V(S))-A(S,YCS)))TY(S,t)

and
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|T= T ( I < g-B MZF(I'G)Z -
Y(T,S)' y 1,5) q- 2 T(Z2-2a) (t-s)

l-Zae-E(r-s)
Lx,x%) T

_ My
where q = Mﬂln-n” + Ty o-all] .

Exercise 8. Suppose A is sectorial in X, A(t,y)-A € (Xa,X) for
each (t,y) €R x Y, |[[A(t,y)-A(t,y )l < Bylly;-y,Il and the
L(X7,x)

evolution operator T _(t,s) for x = A(t,y(t))x = 0 satisfies

T (t,s)| < Me"B{t-s) 't > s, whenever y(t) is any solution of
Y LX) i

y = go(t,O,y,O) in Y. Assume B(t,y) € (Z) has ||B(t,y1)-
B(t,yzﬂ] < BA|Y1'Y2“ and the evolution operator U_(t,s) for
z + B(t,y(t))z = 0 satisfies |[Uy(t,s)H (2) < Me8Us-t) for s >t

when y(t) 1is as above. Assume
(ny’z) > (f(t’X’Y’Z)’go(t’x’Y’Z)!gl(t’x’y!z)’h(t’x)}”z))

satisfy uniform Lipschitz conditions and are bounded on {(t,x,y,z) |
I, < Dy lldl < DY eR x X*xY x 2 to X xY xY x Z. Also
llgg(t,0,%,0)-g,(t,0,y,,0) || < Wly;-y,ll with u < 8. Prove, for
sufficiently small e,

x + A(t,y)x = ef(t,x,y,z)

.
il

golt,x,y,2) + eg,(t,x,y,2)
z + B(t,y)z = eh(t,x,y,2)

has an invariant manifold S, = {(t,x,y,2z) | (x,2) = og(t,y)} with
ce(t,y) + 0 and Lipy ce(t,-) - 0 as € » 0,

(Hint: for sufficiently small &, 0 < § < §,, and any curve {y(t)}
in Y with ll&(t)-go(t,o,y(t),oﬂ| < 8§ for all t, we have

e-B'(t-s)

T, (t,s) <M (t > s)
Y LX

a) - 60
for some constants Mg B'(8) depending only on the given constants
0

B'(8) - B as & » 0, and a similar estimate holds for Uy(t,s).
See sec, 7.4, in particular ex. 1.)
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Exercise 9. Suppose f: [0,7] xR » R 1is twice continuously differ-
entiable, k > 0, and consider

u, = ku o+ f(u(x,t)), (0 <x<m, t>0)

u(0,t) = 0, wu(m,t) = 0.

Then [[£(-,¢)-£(»D, < Lile-wll 4 s HECG, el | ¢ K provided
O(O)TT) HO(O,TT) HO
ol ;] ¢B and Hwl 1 < B, where L, K depend only on B and
H H

0 0
N
0<i3£ {|fx|,|fu[,[fxu|,|fuu|}. If Puo(x) = nzl ¢, sin nx where
|u|<Bvn/2Z
™
¢, = %f ¢(&) sin ng d¢ for 1 < n < N, and if QN = I—PN, then
0
lawell o,y € ===z ll¢lly  , hence
200, (N+1) Hy(0,m)
K
IQyfC- ol < ——
N Ly 7 ey ?
L
Q58I -QuE -, Wl < —=—7 ll¢o-vll
N N L2 7 v Hy
for || 4|l 1 ¢ B, [lvlil 1 ¢ B. Assume f(x,u) is modified outside
fy o
|u| < B /7/2 so these estimates hold everywhere.
Consider u = Uyt vy, uy T PNu, vy = QNu, so
3 2?
{gf -k g—f)vN = QNf{"uN + VN), t > 0.
x
while uy satisfies an ordinary differential equation,
N
uy = Z c,(t) sin nx,
n_
dep 2 2 (T N .
7t kn'c, = ¢ JO sin nx f(x, %cm(t)51n mx + vy(x,t))dx

(n=1,...,N).

Then Th. 6.1.2 applies with o = 1/2, 8 = K(N+1)2-K, M = N+1,
A= L/(N+1)2, u = KN2+L, for sufficiently large N, and there exists

an N-dimensional attracting local invariant manifold
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N
S. = {u(x) = 7§ c_sin nx + v (x;¢.,...,c,)}. If u is a solution with
N 1 N 1 N
fa(, ) ;1 $B for all t >0, then its w-limit set is contained
H
0

in SN, and the limiting behavior of all such solutions is determined

by the ordinary differential equation describing the flow in SN.
Compare with the example of Hopf [50] (exercise, sec. 6.4).

Exercise 10. Let D, V, L, 80, Bl be real n x n matrices with D
diagonal and positive and define (for real «¢)

AEu = -Du" + eVu' + eLlu, 0 < x <1
for u € HZ(O,l; Rn) with

Du'(0) = EBOU(O), Du'(1l) = -eBlu(l).
Show AE is sectorial for each € and the conditions of ef. 2 (sec-
tion 3.4) hold for AE + 1 when e 1is small, and D(A8+I)6 =

Hl(O,l; Rp) is independent of .

Exercise 11. (cf. A, Poore [130].) With D, V, 80, 81
sider the equations for a tubular chemical reactor with large

as above, con-

diffusivity:
2
du _ 1 o 37u _ du
TE QD;Z- V——BX+F(X,U), 0 <x <1

for 0 < ¢ << 1. Here the components of u are the concentrations
of various chemical species involved and the temperature, % D is

the diffusivity, V is the convective velocity and F(x,u) gives the
rate of reaction. We assume F(x,u) 1is modified for |u] large so
as to be smooth and bounded as a function of u.

1

Take A_ as in exercise 10 and let P_ = Re s (A—AE)_ be

[x]<8
the projection of LZ(O,I;]Rn) onto an n-dimensional subspace YE
of (almost constant) functions:

1
P u(x) = u(x)dx + o(el|ull, ).
e = [ I,
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Prove there is an n-dimensional attracting invariant manifold repre-

sented as a graph over Yo, for sufficiently small ¢ > 0,

[ol
]

y + o (y), y =P,

with oe(y) + 0 as € » 0+. The flow in this manifold is given by
gx
t

uniformly on bounded sets of y € YE, where TF(y) = fé F(x,y)dx.

F(y) - (By*By)y + O(e),

Further, if u is a solution with |ju(-,t)| ] $B on t,<t<ty,
H
e sufficiently small, then 2z = u - (Peu + Os(Peu)) satisfies

e'bt/El

lz()|| ; < K [zt 1, tyg<t<t
H1 0 H1 0 1

where K and b > 0 are independent of € > 0.

(Hint: change the time variable to 1 = t/e.)

6.2 Critical cases of stability [40, 41, 45]

Theorem 6.2.1. Suppose A 1s sectorial in X, 0 < a <1, U is a
neighborhood of the origin in X* and h: U » X 1is continuously dif-
ferentiable with h(0) = 0. Assume L = A-h'(0) has Re o(L) > 0
and o(L) n {Re A = 0} 1is a spectral set. (If A has compact resol-
vent, this is a finite collection of eigenvalues.) We study the sta-
bility of the origin for dx/dt + Ax = h(x).

Let X = X1 ® X, be the corresponding decomposition into L-
invariant subspaces with Re o(Llj = 0, Re o(Lz) > 0, Lj =L X.
(j = 1,2). There exists a Lipschitzian local invariant manifo%d
§ = {x = x *+ o(x)) | x, € XI,IIXﬂ] < r}, tangent to X; at the origin.
The flow in S may be represented by the ordinary differential equa-
tion in X1

dxl/dt + lel = Elg(x1 + o(xl))

where g(x)
(along Xz).

h(x)-h'(0)x and E is the projection of X onto Xy

1

If the origin (in Xl) is asymptotically stable for the flow in
S, the origin is asymptotically stable in Xa; if the origin is unstable
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for the flow in S, then it is unstable in X%,
Remark. If h is smooth near 0, the first few terms in the Taylor
series for ¢ may be calculated (see Th. 6.2.3) and Xl is ordinarily
finite dimensional -- usually dimension one or two -- so stability of

instability in S can usually be determined by sufficient calculation.

Proof of the theorem. We reduce this to the case dealt with in sec.

6.1: X = Xl ] Xz, O X = X4 + X, with

dxl/dt + lel = Elg(x1+xz), dxz/dt + LZXZ = Ezg(xl+x2)

-L.t

Ej = projection of X onto Ej (j = 1,2), with ||e l|| < M eeltl
"Lt -pt
for all t < 0 (for any e > 0) and ||le [| < Me "7,
-L,t
HL% e 2 < Mt % Bt for t > 0 (for some B > 0). We may choose

e > 0 arbitrarily small, but generally ME > +o as ¢ > 0+. We
modify the equations outside a neighborhood of the origin in X1 so
the hypotheses of Th. 6.1.2 hold with Y = X1 and U a small neigh-
borhood of the origin in X%; the resulting invariant manifold, re-
stricted to a neighborhood of the origin in Xl X X%, gives a local
invariant manifold for the original system, and the theorem follows.
Choose a Lipschitzian function : X1 > [0,11 with w(xl) =1

if lxqll < 1, w(xy) = 0 if ||x1H > 2, and for p > 0 define

£ (%) = Boglxyb(xy/0) + x5,
g8, (x,x5) = Byglxq¥(xy/0) + x5).

There exists continuous increasing k(-) with k(0) = 0 such that
leGx3-g () < K(lbxxll, when I, < oy 1x'l], < o, hence £, g
have Lipschitz constant on X1 x Up = {(xl,xz) | Xq € Xl’ X, € X%,

Ik,ll, < 2p} of order k(Zp), and also |pr(xl,x2)||+[[gp(x1,x2)H <

Cpk(2p) on Xl x U .

Now if {g(t), t < 0} 1is any continuous curve with values in
Uy, define y(t) = o(t;n,E(*)) = d(t+t;T,n,8(*)) by

p

dy/dt + Ly = g (v,8(t)), t <0,

y(0) =n € X;.
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For any other curve £&': (-»,0] >~ U and any n' € X

1’
y' (&) -yl =leCt;n', £ (-))-¢(tsn,E(-)) |
-Ljt 0 -Ly(t-s)
<lle Mlinntll+ [ e I llg, (' ()67 (3) -, ((s),E (5Dl s
t
0
<M_ e S in-ntl + M f e* 5 k(20 My () -y (s) |
t
+1lgr(s)-£(s) [l 1ds
when Ck(2p) 1is the Lipschitz constant for gp on X1 x U . It

follows that for t < 0
0
lly' (e3-yce)ll < M [lan]] Il oy f S e (s) - ()l ds
t

where u = CMEk(Zp) + e. If € and p are chosen sufficiently small,
it follows that u < 8 and estimates (a), (b}, (c¢) of Th. 6.1.2 and
6.1.4 hold for small p, so these theorems apply.
L,s
Finally, o(8) = [0, e © £ (0(x (s536)),x;(5;6))ds for £ in

Xy, with |lx;(s;8) ]| < M][glle™(1*8)s

for any B > 0,

for s < 0. It follows that,

0
lfo el Alell < M[ B|5|'aesﬂlﬁz” k((1+a)M I el eU(1+A)|S|)M€e-u(1+A)st

-B
+ MCk(20)M_(1+A) J |s] GBS u(I*A) sy
Take B large and [[£]| small to show [[a(&)], = ofdleld) as £€+0 in
Xl.

Corollary 6.2.2. Assume A, h satisfy the hypotheses of Th. 6.2.1 and

also the derivative h' 1is Lipschitz continuous on a neighborhood of

the origin in X*. Assume also that in the subspace X1 there exists
a function y: X1 +[0,1] which is continuously differentiable with a

Lipschitz continuous derivative, which is equal to one on some neigh-

borhood of the origin and vanishes everywhere outside some bounded

set in Xl' (Note: this is trivial if X1
if X 1is a Hilbert space or has a C2 norm. )

is finite dimensional, or

Then the local invariant manifold (the "critical" or '"center"
manifold) constructed above is continuously differentiable with a
Lipschitz continuous derivative, and o satisfies ||o(xlﬂ|a = Od[xlﬂz)
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' - = -
g (xl)[le1 Elg(x1+o(xl))] ch(xl) Ezg(xl+o(x1))

in a neighborhood of the origin in Xl'

Now we show that the critical manifold may be computed (follow-
ing Hausrath [45]), in the sense that an asymptotic power series for o
may be constructed, directly from the differential equation for o
given in this corollary. Another approach is used in examples below,
and its justification is the agreement with the method given here.

Theorem 6.2.3. Assume the hypotheses of Th, 6.2.1 and Cor. 6.2.2, and
assume ¢ 1is a continuously differentiable function with Lipschitzian
derivative from a neighborhood of the origin in X to X%, with range

1
in D(LZ), such that (when ¢' = derivative of ¢)

¢ (xq) [Lyxq-E g(x*+(x;))] “Loo(xq)+E,g(xq*¢(x)) = A(xq),

with [|A(X1N| < KHxﬂ|p near the origin of X
if o(+) defines the critical manifold,

1 for some p > 1. Then

I|U(X1)‘¢(X1ﬂ|a = O(Hxﬂ|p) as x; > 0 in Xy.

If g: X* > X is p-times continuously differentiable near the
origin, there exists a unique polynomial function ¢ of order p
satisfying the conditions above. Actually, it suffices that there
exists a polynomial g so that |lg(x)-g(x)|| = O(“X”E) as llﬁla > 0.

Proof. Suppose ¢ 1is as above, and is extended to all of X1 subject
to all these conditions but with El’zg(x1+¢(xl)) replaced by fp,
gp(xl,¢(x1)) respectively. Suppose xl(t), xz(t) = d(xl(t)) is a
solution of the equation, and define z(t) = c(xl(t))-¢(x1(t)) SO

dz/dt + Lzz = kp(xl,z) where

n

kp(xl’z) A(Xl)*'gp(xl,‘b(xl)*Z)‘gp(Xl,q?(Xl)) '¢' (xl) *
* [fp(x1’¢(xl)+z)-fp(xl’d)(xl))]

Hkp(xl,O)H =||A(x1)H < X ”XIHP. Then we have
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L,s
z(0;¢8) = f? e 2 kp(xl(S;E)Z(O;xl(s;g)))ds with dxl/ds *Lyxg =

gp(X1,¢(X1) *2(05x4)), s <0, x,(0;€) = . Arguing as above,

g€ +» z(0;&8) 1is the fixed point of a certain contraction map, and it
suffices to prove this maps a class of functions with l[z(O;EH]a )
K2|la|p, into itself. But if z(0;&) satisfies such an estimate, then
Iy G50l <M, e P for s <0 so

0 L,s
1 e k0 (55802003, (s38))asl]

0

< [T s B e (0P il K Tl G50l Pas
0 - - +

N S R JO P I PR L

< K, 114lIP,

provided pu(1l+a) < B, K2 is chosen sufficiently large and o suffici-
ently small (so ||k‘J[Lip is small). For sufficiently small p,

the condition pu(l+4) < B8 will be satisfied, as before. This proves
the first claim, and the second follows from the lemma below.

Lemma 6.2.4. Suppose v: X1 > X2 is a continuous homogeneous poly-

nomial of order N; then there exists a continuous homogeneous poly-
nomial ¢: Xl > X% of order N such that

o' (xILyxy - Loo(xy) + v(xq) = 0.

S -L.s
In fact, ¢(x1) = fo e 2 Y(e 1

-0

x,)ds, and ||y(xlﬂ] < C||xﬂ|N implies

0 - -Lqs
lotxlly < e 72 1s]7%eBS 1o 1 Nasy J1x I V.
—th
Proof., Set y(t) = o¢(e xl) for t < 0, where ¢ is defined by the
—th

integral above. Then dy/dt + sz = y(e
result follows.

xl) for t < 0, and the

Example. u =u . tu - au3 for t >0, 0 < x <m, u(0,t) = 0 and

u(w,t) = 0, and a 1is a nonzero constant. We take X = LZ(O,N),
A = -d27dx* as in Sec. 4.3.
Linearize about the equilibrium u = 0: v_ = v + v, with

t XX
v =0 at x =0,7. In the notation of Th. 6.2.1, o(L) = {n®-1 |

n=1,2,...}, a collection of simple eigenvalues, and X, = span{sin x},



173

X, = {¢ lfg ¢(x) sin x dx = 0}.
The critical manifold may be represented in the form

0

S = {u(x) = s sin x + } c,(s) sin nx, |s] < 50}
2

where cn(s) = 0(52) as s > 0. 1In fact, the cn(s) must be odd

functions of s, since u(x,t) 1s a solution only if -u(x,t)

solution, so cn(s) = 0(53). The flow in S satisfies

%%(sin x + g cﬁ(s)sin nx) + g(nz-l)cn(s)sin nx

= -a } c,c c_ sin & sin mx sin px
L
g,m,p ~ ™ P
(with cl(s) = s). It follows (integrating against sin x) that

ds 3 3

Ic - "as - % fg sin4x dx + O(ss), i.e. ds/dt + % as” + O(ss) =

Thus from Th. 6.2.1 u = 0 1is asymptotically stable if
and unstable if a < 0.

Further calculation (integrating against sin kx, k > 2)
reveals

3
S = {u(x) = s sin x + 3%7 sin 3x + O(ss)}.

We verify this calculation using Th. 6.2.3. When ul(x)
s sin x, |s} < spr let

3
¢(u1)(x) = 3§7 sin 3x.

Then g(u) = -aus, g(u1+¢(u1))(x) = -asssinsx + O(ss) S0

Elg(u1+¢(ul))(x) = —asssin X . % fg sin4£ dg + O(ss) and

$Cuy) [Lyu -E g (uy+9(u))] = Lyeuy) + Epgug+e(u))

2 m
= 32; sin 3x - % f sing (0 + %? 53 sin & + 0(55))dg
0
3
8 - 3%7 sin 3x - ass(- % sin 3x) + 0(55) = 0(55)

which proves our calculation is correct to the order specified.

Exercise 1. If S has the representation

is

>

a
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3
_ as . S 7
uz(x) = S35 sin 3x + s ¢5(x) + 0(s")
where s = % fg ul(x) sin x dx (i.e. ul(x) = s sin x), substitute in

2
the equation for o to show ¢g(x) + ¢5(x) + %%g sin 3x + %%g sin 5x=0,
2

fg 95(x) sin x dx = 0, i.e. dc(x) = Tg77(3 sin 3x + sin 5x). Thus the

flow in S is given by

ds . 3 _ 3 3 2.5 3 37 9. _
T T T3 TS tfqggg 2 s r06sT) =0,
while S has the representation
as3 - azs5 - . 7
{u{x) = s sin x + 77 sin 3x + T371(351n 3x + sin 5x) + O(s'),

for small s}.

Using the critical manifold simplifies problems such as that in
Exercise 5, Sec. 5.1. In that case we have a C2
points X(A), X(0) = 0, X'(0) # 0
about 0 has O
and the remaining eigenvalues are stable.
X (A)

In a neighborhood

curve of equilibrium
and it is assumed the linearization
X' (0))

In this case the critical
the "flow"

of the curve,

as a simple eigenvalue (with eigenvector

manifold is precisely the curve and in this manifold
is given by dA/dt = 0.

(A,¥), x = X(\) + y, where vy

introduce

coordinates lies in a subspace comple-

mentary to span{xX'(0)}; for ||ﬂ[u + [Al < r, the flow has

ldr/dt] < clly(oll, and Myl + [x(e)] <r for t, <t <ty im-

)
plies |[ly(t)ll, < Ke O|]y(t0ﬂ|a on ty <t < t;; for some posi-

tive constants C, X, B, r. 1If }A(to)] + K(1+ l/s)Hy(toﬂ]a <r

then [A(t)] +|ly(t)ll, < r for
[x(t)-r_ ] = 0 exponentially as
cisely the same argument proves
family of equilibria when 0
zation.
X(2)

0 is a double eigenvalue with

Suppose now that

is an

Alternatively, Cor. 6.1.5 shows

all t > t, and ||y(tN|a +

t > », for some constant A_. Pre-
the analogous result for an n-parameter
n-fold eigenvalue of the lineari-

{X(2\)} has asymptotic phase.

is a curve of equilibria as above, but

Q'(O) the only eigenvector (other

eigenvalues stable). This case is more subtle but the final result

is geometrically reasonable. It is sufficient (as above) to examine

stability of the curve in the two-dimensional critical manifold.

Suppose the flow in the critical manifold is given by dz/dt = F(z)

where 2z = (x,y) EIRZ near 0, and the curve is represented as
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z = ¢(x), ¢(0) = 0, $'(0) # 0. Then the curve of equilibria is asymp-
totically stable with asymptotic phase, independent of terms of order
o(1z1Ny, if and only if

(div F) =axt+ ox% as a0

z=¢(A)
for some a < 0 and even integer q, 2 < q < N. Since F vanishes
along the curve, F'(¢(X)) has zero as an eigenvalue and so
(div F)z=¢(k) is the nonzero eigenvalue of the derivative which is
required to be negative for stability.

To prove this, first observe that we may change variables so

the curve is represented as y = ¢(x), ¢(0) = 0, ¢'(0) = 0 and
0 1
F'(0) = . This involves re-parametrization of the curve and a

linear change of coordinates in the x-y plane, without changing the
assumption on div F. If we put y = ¢(x) + n, the system becomes

X =7 + q; (x,n), n = q,(x,n) with q,q, quadratic and q(x,0) =
qz(x,O) = 0, and qu/an(x,O) = (div F)(x,¢(x))‘ If ql(x,n) =

nal(X,n), qz(x,n) = naz(x,n) then on any solution curve with n # 0,
dn/dx = §,(x,n)/ (1 *+ q;(x,n))
so (recalling az(x,O) ~ ax% near 0)
- q+l q+l
n=c+ax' /(q+*1) + o(lex|) +o(x|™T)

for a small constant c¢, depending on the solution. Substituting in
the x-equation we find x(t) converges to a stable equilibrium and

n+0 as t > +o» in case ¢q is even and a < 0; otherwise the solu-
tion n = 0 1is unstable.

6.3. Bifurcation and transfer of stability for equilibrium points
[85, 86, 41]

Suppose A is sectorial in X and f(x,e) 1is smooth from a
neighborhood of the origin in X% xR to X. Assume the origin is
always an equilibrium point, £(0,e) = 0, but it changes from stability
to instability as € increases through zero. Specifically, suppose

Le = A - fX(O,e) has spectrum
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O(LE) c {X(e)} U {Re X > B}

for some B > 0, where X(e) 1is a simple real eigenvalue with
10y = 0, Py < 0.

Both A(e) and the corresponding projection E_ are smooth
functions of € [56]. We may suppose E . =v 8w, i.e. Ex =

€
< > = A is i W

vV <w,X for any x € X, where Lev€ eVer Ve is in X, and e
is a continuous linear functional on X satisfying the adjoint equa-
tion L*w_ = A w_, with <w_,v > = 1. We may also suppose V_, W

€€ £ € e’e € €
are smooth functions of «e.

An argument similar to that in sec. 6.2 shows there is a one-

dimensional local invariant manifold

S, = {x = sv_ + ¢(s,e), s = <w_,x>, [s] < Pyl

and ¢ is a continuously differentiable function of its arguments,
with ¢(0,e) = 0, %%(0,0) = 0. The differential equation in Se then
takes the form (with g(x,e) = f(x,e) - fx(O,e)x)

gs  ME)s - <w ,glsv_ + ¢(s,e)e)>

dt 1+ <wE,3¢(s,e)/as>

as long as |s| < p, for some positive p < Pgr 1-e0, ds/dt + h(s,e)=0
where h(0,e) = 0, %%(0,5) = X(e). The stability properties of any
solutions near the origin are determined by the stability properties

of this one-dimensional equation, and these are easily determined.

Lemma 6.3.1., Suppose h(s,eg) 1is a continuously differentiable real
function of (s,e) near (0,0), and for some o > 0, B # 0, and inte-
ger m > 2, h(s,e) = -ase + 8s" + of|s|™ + |se|) and

[s[m_l), as (e,s}) > (0,0). Then in a

small neighborhood of the origin we have one of the following cases:

%%(s,e) + ae - mps™ 1 - o{lel +

(a) m 1is even (so h(s,0) doesn't change sign for 0 < |s| < p),
when there is a single non-zero s, near 0 (for small
e # 0) with h(se,e) = 0, and Bh(se,e)/as is negative
for € < 0, positive for € > 0.

(b) m is odd and B8 > 0 (so sh(s,0) > 0 for 0 < |s|] < p),
when there are no small zeros of h(-,e) for small e < 0
other than h(0,e) = 0 -- but for small € > 0 there is a
piir sz, h(sz,e) = 0 with Bh(sz,e)/as > 0, and
s; >0 as € - 0+,
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(¢) m is odd and B < 0 (so sh(s,0) < 0 for 0 < |s] < p)

when there is a pair sz for small € < 0, h(si,e) =0,

8h(si,e)/as < 0, with sz + 0 as € - 0-, and there are
no small zeros of h(:,e) for small € > 0, except s = 0.
Note that if h(se,e) = 0, then Se is an equilibrium point of

ds/dt + h(s,e) = 0, and it is asymptotically stable (or unstable) if
ah(se,e)/as >0 (or < 0), so the possibilities above may be refor-
mulated in terms of stability and instability of equilibrium points.

Proof of lemma. The proof is a modification of Newton's polygon (see,
in particular, [21]). Let s = oel/(m_l), so if h(s,e) = -ase + Bsm +
A(s,e), h(oel/(m'l),e) = em/(m'l)(-ao+60m) + A(oel/(m-l),e). Now

o - e-m/(m-l)A(Gel/(m-l)’E)

is continuously differentiable for any

small e # 0, and a/ac{a'm/(m-l)A(cel/(m"l),s)} = e_laA/Bs(oal/(m_l),
e} 0 as e > 0. Thus, by the implicit function theorem, if

og_l = o/B, there exists a‘unique o(e) ~+ o, as €~ 0 such that
h(o(e)el/(m-l),e) = 0, The cases (a), (b), (c) above appear when sign
restrictions on € are made to ensure all the functions here are real.
The statements about the sign of 9dh/3s follow from

ah/3s(o()ed/ M 1) oy - e{m-1)a + o(1))}

It remains to show that every small solution is obtained in this way.
Suppose s(e) # 0 for small e # 0, h(s(e),e) = 0 and s(e) + 0 as

g - 0; we show o(eg) = s(e)a—l/(m_lj must tend to some 9 with
a0, = Bog, as e > 0, and then the implicit function theorem proves
uniqueness. But h(s,e) = -ose + gs™ + A(s,e) has |a(s(e),e)]| <
5€(|s(s)|m + |les(e)]), with §,~ 0 as e >0, hence

0 = e_m/(m_l)h(o(s)el/(m_lj,e) = -a0 + Bo" + e_m/(m_l)A(oel/(m_l),e)
so |ao(e) - Bo(e)™| < GE(IU(E)Im + Jo(e)]) for small e. This
implies o{e) remains bounded as e -~ 0, and so ac(e) - Bo(e)m > 0

as e > 0,

Remark. The results of this lemma are summarized in the following
diagrams.
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N2V L/
(b) L l f J

(a)

(c) XVQY T

e <0 e =0 e >0
@L,e) > 0 (22(0,0) = 0) 22c0,¢) < 0)

The stability interpretation may be expressed in a "bifurcation

diagram”:
stable

(a) stable J///;nstable

mﬁﬁ,/r

stable

(b) stable (unstable
stable

unst
(<) Stable\\\ unstable

wst

In Sattinger's summary [86, 88]: nontrivial solutions which bifurcate
subcritically (e < 0) are unstable but supercritical bifurcating solu-
tions are stable. (Note: this will not generally hold except in the
case treated here, of a simple eigenvalue A(e) with A(0) = 0 and
AT (0) < 0.)

We collect our results in a theorem.

Theorem 6.3.2. Suppose A 1is sectorial in X, U 1is a neighborhood of
the origin in Xx* for some a < 1, and for some €y > 0, f: U x
(-eo,eo) + X is twice continuously differentiable and f(0,e) = 0

for |e| < €y
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We consider the equation
(Ee) dx/dt + Ax = f(x,¢€)
for small €, comparing with the limiting equation
(EO) dx/dt + Ax = f(x,0).

Assume Le = A - fX(O,s) has a simple real eigenvalue A(g)
for el < €0 with A(0) = 0 and %%(0) < 0, and suppose the remain-
der of the spectrum of Le lies in {Re A > B8} for some B > 0,
provided € is sufficiently small.

If the flow in the critical manifold for (EO) is represented
by ds/dt + ho(s) = 0, then ho(s) = O(sz) as s > 0, but we assume
ho(s) does not vanish to infinite order at s = 0, and in fact
ho(s) = Bsm + o(sm) as s > 0 for some B8 # 0 and some m > 2,
Suppose f is C™ near the origin.

Then we have one of the following cases: either

(a) there exists a nontrivial equilibrium point x(eg) for
small € # 0 which is unstable for e < 0 but asymptoti-
cally stable for e > 0;
or (b} there exists a pair of nontrivial equilibria x+(e),x_(e),
for small e > 0, and these are asymptotically stable, but
there are no small nontrivial equilibria for small e < 0;
or (c) there exists a pair of nontrivial equilibria xi(e) for
small € < 0 and these are unstable, but there are no

small nontrivial equilibria for small e > 0.

Example. ug S u + uf(u), (0 <x <m, t>0)

u(0,t) = 0, u(m,t) =0

where f 1is twice continuously differentiable, f(0) = 0, £'(0) = 1,
and u 1is a non-negative constant. If y < 1, the zero solution is
asymptotically stable in Hé(O,n) (see Th. 5.1.1) but if p > 1, the
zero solution is unstable (Th. 5.1.2). Let u =1 + ¢; then for
smooth u which vanish at x = 0,w,

Leu(x) = -u"(x) - (1+e)u(x), O < x < mw,

so (in X = L?(0,m)
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LR R |n=1,2,3,--+}

(L) = {n
and A(e) = -e is the critical eigenvalue.

If f(u) = u - au3 (a # 0), the critical manifold was computed
in the example in sec. 6.2, and the same computation (through third
order terms) is valid whenever f is C3 with £'(0) = 1, £"{0) = 0,
£ (0) # 0: if f"'(0) < 0, case (b) of Th. 6.3.2 applies; if
£''"(0) > 0, case (c) of Th. 6.3.2, applies.

Exercise 1. If f(u) = u + au2 + O(us) as u > 0, with a # 0, com-
pute the flow in the critical manifold and show case (a) of Th. 6.3.2
applies to up = u (1+e)f(u), (0 < x < m, t > Qu=0 at x = 0,w.

Example, continued. Let us examine further the case when the origin is

asymptotically stable for the critical case € = 0. For simplicity,

suppose f(u) = u - aus, a > 0: according to Cor. 4.2.3 there exists a
3

Liapunov function V(u) for Ug =u, o *u-au’, us= 0 at x = 0,mw,
satisfying,
1Ry <V < K| [V(u)-v(u) | < X llug-ull
HE(0,m) - Hy(0,m) 1 200 - R CRD

L
£ > 0, is positively invariant with respect to

and such that U, = {¢ € Hé(o,n) I V(¢) < 2} for sufficiently small

U T u (1+€)(u—au3), u=20 at x = 0,n,
for all sufficiently small €, |e| < ep(2).

If u(+,0) € U2 and u is a solution (for some sufficiently
small «€), then {u(-,t) t > 0} 1lies in a compact set in Uz. But
according to Th. 6.1.4, any invariant subset of U2 (when ¢ is
small) must be contained in the local invariant manifold Ss’ and
therefore the w-limit set for the solution u must be {0}, if
€ < 0, or one of the equilibria {0}, {u'(e)}, or {u (e)} if e > O.
Now for € > 0, the domain of attraction of u+(e) (or u (g)) is an
open connected set in Hé(o,w), as is its intersection with Uz; and
the region of attraction of {0}, intersected with Ul’ is the stable
manifold for the origin which is a C1 manifold of codimension one.

Thus we have justified the following pictures:
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£ &0 £>0

That is, for small € > 0, a small neighborhood of the origin is split
into three sets: the domains of attraction of the two stable equilibria,
and their common boundary, the stable manifold for the origin.

Exercise 2. Suppose A is sectorial f: X » X is C1 near 0, 0

is a simple e.v., of A, f(0) = 0, £f'(0) = 0, and the origin is asymp-
totically stable for dx/dt + Ax = f(x). If x = 0 1is an isolated
equilibrium for Ax = f(x) + Oﬂlﬂ]g), independent of NP order terms,
then x = 0 1is asymptotically stable for dx/dt + Ax = f(x) + Oﬂlﬁlg),
independent of Nth order terms, and the same is true for the flow in
the center (or critical) manifold.

6.4 Bifurcation of a periodic orbit from an equilibrium point
{12, 41, 52, 15, 88]

Consider A, f(x,e) as in the previous section, except that we
now assume the zero solution loses stability when a pair of complex
conjugate eigenvalues pass through the imaginary axis. More precisely,
assume f(0,e) = 0 and LE = A - fx(O,e) has

o(L) € {r{e) £ iw(e)} n {Re X > g > 0}

for small e, where r(e) * iw(e) are simple eigenvalues of LE with
imaginary part w(0) > 0, and 1r(0) = 0, %%(0) < 0.

Observe that there can be no bifurcation of equilibrium points
from the origin, for small e, by the implicit function theorem.

Let SE be the two-dimensional local invariant manifold through
0 corresponding to these eigenvalues, constructed as in Th. 6.1.2 and
6.1.4, The flow in Se is described by
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yi| _ 91023

4 (7 r(e)  w(e)
Le ' at *
Yol ~w(e)  r(e)

V2 02(r15¥23€)

with ¢1’2(y1,y2;e) = O(yi + yg) as (yl,yz) + (0,0). According to
{11,9.1.ivl, it follows that when € = 0, the origin is either a center
or a spiral point for the flow in SO. We assume the origin is not a
center for I,, and in fact that this is true independent of terms of

order |y1|N + |y2|N, for some N > 2.

If we introduce polar coordinates in the equation Ze’
¥y < R cos 9, Y, = R sin 8, we find that © may be taken as a new

"time" variable and Ze implies

_ (e,
LU—(E-)l ¢3(R,9’€)’

5]
ale
@|x
I
'

¢3(R,6,e) = O(R) as R + 0. A periodic solution of ZE near the
origin would have R(2w) = R{0). 1If R{(0;p,e) 1is the solution with

initial value R({0;p,e) = p, then J(p) = fgn ¢3(R(6;p,0),6,0)de # 0

for small p > 0, since the origin is not a center for ZO. In fact,
since this is true independent of Nth order we must have J(p) =
Bpm(l + 0(1)) for some B # 0 and some integer m, 1 < m < N-2.
Arguing along the lines of lemma 6.3.1 for R(27T;p,e)-p = 0,
and restricting attention to p > 0, we see there are only two pos-
sibilities:
(a) The origin is asymptotically stable for %% + Ax = £(x,0),
there is no periodic orbit in {0 < ”ﬂla < r} for
“eg < e < 0, but a unique asymptotically orbitally stable
periodic orbit grows out of the origin for 0 < e < €93
or (b) The origin is unstable for %% + Ax = f(x,0) and there is

a unique orbitally unstable periodic orbit for < e <0,

-€

0
which shrinks to the origin as e =+ 0-, but there is no
periodic orbit in {0 <||ﬂ|a <r} for 0 < e < gp.
In either case, the nontrivial periodic orbits have period approaching
2n/w(0) as e + 0.

Remark. Chafee [12], and more generally Hale {41), study this problem
for ordinary and functional differential equations without assuming
%E(O) < 0, and in that case several periodic orbits might bifurcate
from the origin for small ¢ > 0. These authors deal only with the
case when the origin is asymptotically stable at € = 0. The argument
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in this case is an application of the Poincaré-Bendixson theorem in

the center manifold.

Example. Bifurcation of a periodic orbit from an equilibrium point.
The equations considered are simplified versions of equations of
chemical reactor theory {4, 15, 100].

For 0 <x<m, t >0

du azu
3t = > *+ au + bv + f(u,v)
9X
v 9y
N e axz + cu + dv + g(u,v),

and u=v=0 at x =0, x = m. Here a,b,c,d,N are constants,

N >0, and f,g are smooth and O(!u[3 + 1v13} as (u,v) - (0,0).

We examine the neighborhood of the zero solution as N varies.
Assume a <1 <d and n*-nc+ 48>0 for integers n > 1

(t = a+d, A =ad - bc).
Exercise 1. The eigenvalues X of

Uy + (A + a)u + bv = 0,

vxx+cu+(>\N+d)v=0 (0 < x <m)

u=v =90 at x = 0,w

are the numbers A satisfying one of the following equations.

NAZ + A(d - n% + N(a-n%)) + (a-n®)(d-n?) - be = 0

(n = 1y2’3,"')
u = fu
Hint: put =7 Mlsin nx.
1

v v
n

Under the above assumptions, for N = d-1/1-a > 0, there is a pair of
pure imaginary eigenvalues Af =+#iw (w > 0), while all other eigen-
values have Re ) > 0. Further, at this point

2
Re {dA}/dN) = %%é%%y > 0

Thus the zero solution is asymptotically stable for N slightly
greater than N* = (d-1)/(1-a), but becomes unstable as N decreases
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through N*.
We examine the critical (center) manifold for N = N*, which
must have the form

o

() = ¢sinx + ] o (¢)sin nx, ¢ = %) er?
5 °n n

2
, o, (8) = o(lzl®
as ¢z >~ 0.

v

Putting 01(;) = ¢ and substituting in the original equation,

o«

1 0 = dr 2
. %cﬁ(c)af sin nx + %(n 1—M)on(c)sin nx

F(] o_(z)sin px)
i P

f(.. )
a b g("')
where M = and N = N*,
c d
If F(g) = F3(C) + O(|C|4) where F3 is a homogeneous cubic,
then
s . .3 4
F(% o,(8) sin px) = Fy(g)sinx + o(lzl™
and so
1 0
d 3 4
) et (Mo = 3 F(m) + o(lel)
0 N|

which describes the flow on the critical manifold.

1 0 1-a -b
Let L =
0

} with N = N*; L has
N-l 1 1

-¢N~ (1-d)N" 7
eigenvalues +iw, and p,q €IR2, L(p+iq) = iw(p+iq), p + iq # 0, then
with P = (p,q),

(1-M) =(

- 0 w)
ple=[ |

£ r cos 9
Let T = =P ; then

r sin ©
T 0 [ cos 8 sin 1 0 cosh

| - . P33 e ) + or)
rd wr -sin 8 cos N sind

Gl(e)‘ cos & sin 8] _; (1 0 cos 6
Let G(9) = = P -1 FS(P )} then
Gz(e) -sin 8 cos © 0 N sin 8
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%g = f% rs{Gl(G) + 0(r)}

21
and if vy = [ Gl(e)de # 0, we see:
0

if vy < 0, the origin is asymptotically stable, independent of
fourth order terms;

if vy > 0, the origin is unstable independent of fourth order
terms.

Thus if vy # 0, a small periodic solution exists for small Y(N-N*) > 0,
and no small periodic solutions for small y(N-N*) < 0.

We sketch the corresponding result when [F(z) = Fz(c) +

Eo(z) O(lc|4) as ¢ > 0. 1In this case u = | o (g)sin nx,
GI(C) =z, On(C) = O(ICIZ) for n > 1, el
[1 O]% £ M)z = = Fy(0) + 2 F (D) -2 ] ——5—Fi(o (2),0)
0 N dt 3m "2 4 "3 T p 0dd>3 p(p2-4) 2%p ¢
+o(lz]H
where

8 on 1 0 AIS 3 _
GP(C) = ﬂ OeXP(‘Aps) 0 N_l Fz(e C)ds + O(l;l )’ (P - ,3, )

1 0 2
A= .| {p“1-M}.
P lp nt

cos 6

Substituting ¢ = rP

, we argue as before with
sin ©

cos 6 sin © -1 1 0 cos 6
G(8) = p o1 Fo (P )

-sin 9 cos © 0 sin 8

8 ) 1 B1 (2)( {cos e\) > cos B )
- = !{o P s
T 0dd'n>3 n(n’-4) 2 " lsin eJ [sin e]

cos 8 sin 8] ;{1 0} cos 6
(Note: P 1 FZ(P ) is a homogeneous third
sin 8 cos § 0 N sin 8

order polynomial in «cos 8, sin 6, and it has average value zero.)
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Exercise. (E. Hopf [50])

= * %y - 1t
= -v*V - whw u*l + uu

ut H XX
= vk * *
= v¥*u + a + w¥b + uv

Vt v u XX

w, = whu - v*b + w*a + puw

t v HWyx

where it is required that wu,v,w be even 27-periodic functions of x,

and f*g(x) = f% féw f(x+y)g(y)dy. Here a(x), b(x) are given smooth
even 2m-periodic functions and wu is a positive constant. Prove this
defines a (local) dynamical system in Xl/2 = {¢ € HiOCGR) | ¢(-x) =

$(x) = ¢(x+2m) for all x}. This system is easily analyzed by intro-

ducing (u,v,w) = Z (un(t),vn(t),wn(t))cos nx; the various components
then uncouple n=
u Vh T Yn T YoSno
d 2 _
(Fg * vn) vy = ValUn * Vpdn F wnbn
w
n W ann +w a,
for n = O’IRZLié-’ where a(x) = Z a, €os nx, etc. Substutiting
: _ n n . 0
Vi + iw, = e , obtain
2R
s 2: 2 2
Rn + un Rn + e M aopp (un” - an) =0
_ 2

Un Rn Touns - oAy

8= -b

n n

- . -2 ' 2Rn 2 2
The standard Liapunov function (% Rrl + ke + Un”(un” - an)Rn)
enables us to conclude:

ib_t i

e —_—
if un® < a,, then (v +iw Je s e n‘/unz(an-unz),

and

if unz > as then [vn+iwn) > 0 as t + 4o,

Thus, for each u > 0, this system has an attracting finite dimensional
invariant manifold of dimension = #{n 0 < unz < an} namely

u = z 2 (unz—an)cos nx,
0 < un” < a,
—_— i(c_-ib_t)
v+iw = ) 2 /unz(an-unz) e T ™ 7cos nx
0 < un” < a,
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where the c, are arbitrary real numbers. Observe that, in general,
dim Zu + +o as yu > 0+, (See sec. 8.5 for the bifurcation of a two-

dimensional invariant torus from a periodic orbit.)



Chapter 7

Linear Nonautonomous Equations

7.1 Evolution operators and estimates

Throughout this chapter, we will use the following estimates.

Lemma 7.1.1. Suppose b > 0,8 > 0 and a(t) is a nonnegative func-
tion locally integrable on 0 < t < T (some T < +w), and suppose
u(t) is nonnegative and locally integrable on 0 < t < T with

t
ult) < a(t) + b f (t-518 Lu(syds
0

on this interval;

then
t
u(t) < a(t) + ef Ey(0(t-s))a(s)ds, 0<t<T,
where 0
= 1/8 = ¥ ng t = JL
O = (TN, Bg(z) = 1 277/T(ner1), Bp(2) = g7 Bg(2),
Eg(z) = zs_l/r(B) as z > 0O+, Eé(z) = % e’ as z > += (and
Eg(z)= % e’ as z > +®). If a(t) = a, constant, them u(t) <
aEB(et)

Proof. Let B#(t) = bs(t-5)¥ lo(s)as, ¢

> O,nfgr locally integrable
functions ¢. Then u < a + Bu implies u <

) B, + B"u, and
k=0

BMu(t) = IB(bF(B))n(t-s)nenlu(s)ds/r(ne) >0 as n + += for each t
n8-1/r (ng) a(s)ds.

The estimates of EB(z) and Eé(z) as z » +o follow from

the fact that the Laplace transform fg e_szB(z)dz = A-l/(l-k_e) has

a simple pole at X = 1. See [24] for details.

in 0 <t < T. Thus wu(t) < a(t) + IE{ Zl(br(s))n(t—s)
n=

For example, we can choose 0 < y < 1 so 1-A-S # 0 for
Re A > vy, A # 1, and then for z > 0

-1z 1
EB(Z) = z° * e

Y+iN ~ _
1imf il - Byan,
Now? y-1iN
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where the shift in the line of integration is justified by the fact
ekzk_l/(l-k_e) >0 as Im X » o with Re A bounded. Integration
by parts in the last integral shows

|EB(Z) - % e’ = 0(% e’®) = o(e”) as z + +o.

The next lemma is used only in Thm. 7.4.2.

Lemma 7.1.2. Suppose B8 > 0, v > 0, B+y > 1 and a

0, b>0, u is
¢! <

>
nonnegative and u(t) is locally integrable on O t < T, and

t
u(t) < a + bJ (t-5)F 1T hy(syas
0

a.e. in (0,T); then

1/v

u(t) < aEB,Y((bT(B)) t)

_— - = T m\) 1 = =
where v = B+y-1 > 0, EB’Y(S) mzo c s with cy =1, Cm+1/cm

T(mv+y)/F(mv+y+B) for m > 0. As s » +

E (s) = O(SI/Z(V/B'Y) /B

))-

exp(% s¥

Proof. If Bé(t) = be(t-s)B'le-l¢(s)ds, an easy induction shows

n
u(t) <a} c (br(p))"t™
m=0

+ Bn+1u(t).
Also BMu(t) = fg Kn(t,s)sY_lu(s)ds where
K_(t,s) < Q ¢@ -1 gyne-l
n - ~n
Qq = b, Q,1/Q, = PT(BIT(nB)/T(np+g)
when v > 1, while for 0 <y <1
_oynv-y
K, (t,s) < Q (t-s)
Q1 = b, Qn+1/Qn = br(B)r(nv)/Ir(nv+g).
In either case, Qn+1/Qn = O(n_B) as n > « SO Bnu(t) + 0 as n > =

and

u(t) 1/v

A

akg (BT (B)) ™" "t).
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Now T(z+p)/T(z+q) = 2P U1 + (p-q) (p*ra-1)/2z + 0(z %)} as z » +=
so if § = (By+v)/2v

I((n+1)B+8) C
n+l 8 -2
= (B/v)TI1 + O(n 7)1
F(nS+G)Cn
so CnF(n8+5)(B/v)_n6 converges as n =+ +o and has an upper bound K

for all n > 0. Then

@

B
B/vy 6-1 (8/v)™" np+s-1
EB,Y(S )s < ano T(ng+s) °

for s > 0. The Laplace transform of the right side is

Kx_d/(l - (B/VA)B), so the series is O(exp(Bs/v)) as s » o which
proves the result.

[ty

Exercise 1. Show é%El(t] = B, (t) + (nt)~
_— * 3
for t > 0.

and so et < E () < 2et
2

Exercise 2. Show for 8 =%, y = 2 in E, 2(t) that
_ s

k+1 Ky,
37 (k1) IC , ,/35KiC, < 1

+2
when n = 2k+1 or 2k+2, k > 0, and so

E, ,(t) < 1.886 max(1,t>)exp(t>/3).

b

Exercise 3. If a,R,y are positive with g+y-1 = v > 0,
§ = a+y-1 > 0, and

- t - -
u(t) < at® Liw f (t-S)B Loy 1u(s)ds for t > 0,
then 0
u(t) < at® 1y crebree))™e™
- Lo m
m=0
where Cy = 1, C$+1/C$ = T'(mv+8) /T (mv+8+B).

Exercise 4*. If 0 < o, B <1, 0 < T < », show there is a constant
C(8,b,T) <= so u(t) <at™ + bl (t-5)7Pu(s)ds on (0,T) implies

a

-0
u(t) < &—c(s,b,1).

Theorem 7.1.3. Suppose A is sectorial in X, 0 < o < 1 and
t » B(t): [tO’tI] +.3TXa,X) is Hélder continuous.
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For any x, € X and t

tion x(t) = x(t;r,xo) of

< 1 < t, there exists a unique solu-

0 1

dx/dt + Ax = B(t)x on T <t < ty, x(1) = Xqs

and Xy > x(t;r,xo) is linear and bounded on X, so we write
X(t;T,XO) = T(t,T)XO, t > t. This family of evolution operators
{T(t,1), tp STt < tl} has the following properties.

a) T(t,t) = I, T(t,s)T(s,t) = T(t,T) if t > s > 7.

b) {T(t,t), t > t} is strongly continuous in (t,t) with
values in ﬁf(XB) for any 0 < B < 1.

c¢) There is a constant C, depending only on A,a,tl-t0 and
sup ||B(t)]|, such that for x in D(Az) and 0 < B,vy,8 < 1,

(1) e, 0xl g < 15 0 78 i)

when 8 < 1, (vy-8)_ = min{y-8,0}, and t > 1t in
ftg,tyls
(19 lTce,ox-xly < 775 (-0 Nl g g
when 6 > 0, B+9 < 1;
(1i1) I T(t+h, O)x-T(t, 1Al <

SE
when t+h > t > 1, 6 > 0, B+86 < 1;

c .1
3-9(5

o L8 ey (YB-0)
1- b (0T

(iv) HT(t,T)x-T(t,T-h)xH8

(2o (V78700

1 1 8
< ClErrpy * Tveae Al
when t > 1 > t-h, 8 > 0, 8 <1 and 1l+y > a+6.

(d) If ||B(t)-B(s)l <Qt-s|? on [ty,t;1, 0 <aq <1,
£(x%,%)

then for 0 < B < qgq < 1l-a, t > 1 and C as in (c) above,

Tt Dl = 1) (A-B(eT(e, )N

< e + e
q(l-o-q)
Proof. There is a constant M, depending only on A and tl—to,

such that

-At -B) -
le Al < Me OB g
and
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-At M 8
||e X'XHB < 3 t HX”8+6
for 0 <6 <1 and 0 < B,y < 2. Constants depending only on a, M,
t;-t, and sup [|B(t)l] will be written C1hChunnn
Suppose t > 1, [1,t] < [to,tl], Xq € Xa; then the solution
x(t;t,xo) is certainly well-defined in x® and, by uniqueness, a

linear function of Xg- Writing x(t;r,xo)

= T(t,r)xo, the proper-

ties (a) also follow by uniqueness, at least on X, 1f
the initial value problem is also well-posed in XB,

tion T(t,r)[XB is in SZTXB), and is strongly continuous in

When 0 < B < a, the corresponding results follow from estimates {(c).

If x + Ax = B(t|x on (T,tll, x(1) € D(A), then for t > T
and 0 <8 <1, 0 <y <1,

(vy-8)- t -B
IIx (Ol < M(t-1) IIx(ll, + MC (t-s) x(sdll | ds.
B Y 1 . a

Taking first B = o and then the general case, we find |[x(t)|| <_
C
T%E(t—T)(Y B)'HX(T)HY. If v = B, T(t,r)|XB is uniformly bounded in
jZTXB) and it is strongly continuous when a < B < 1, hence also for
0 < B <o,

Next observe, for 6 > 0, g+8 < 1,

t
Ity -x (ol , < Bt [x(oll ., + e, [T(t—s)'snx(s)nads

1

C1 (5

A

+ ) (-0 |1x(0ll g, using (€) (1)

If 6 >0, B+6 < 1, t+h > t > 1,

Ix(erh)-x (O]l = Il (T(e+h, €)-Dx ()l

C
1 1 8 2 Y-8-8)._
LA L R A FICO [
which proves c(iii).
Let B <1, 1+y > a+6, 6 > 0, t > t > t-h, and
z{t) = T{t,1)x - T(t,t-h)x,

S0

a < B <1,

so the restric-

(t,1).
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t
z(t) = (1—e_Ah)e_A(t'T)x + [ e_A(t-s)B(s)z(s)ds
T

T

- f e A S)p(s)T(s, -h)x ds.
T-h

Since t-s > min{t-t,7-s} when <t-h < s < T,

T
|[f e A S)g sy (s, t-h)x ad|
T-h 8

c i ) g (y-

< pog min{(e-r) "BtV BT (v oy gy
c -

< 2 %0 Ry

A

considering the various cases and using min{a,b} < axbl_ for

0 <x<l,a>0,b>0. Using this to estimate first [lz(t)|| ~ and
then Hz(t)HB proves c(iv).
If x(t) = T(t,1)x, t > 1, then (see Lemma 3.5.1)

-A(t-T)X .

-dx/dt = Ae e-A(t_T)B(t)x(t)

t
+ fAe'A(t‘s)(B(t)x(t) - B(s)x(s))ds.
Thus k

llax(ey/adl, < cole-n " B Nl
t
+ M f (t-5) ¥ - Yx ol + cyflx(e)-x (sl 1ds
T

_a- MQC . _
< C6(t'T)Y B 1”X“Y . —afé(t-T)q B+ (v d)-llﬂlY
MClc2 ( 1

+ 1 1 _3a-B+(y-0-q)-
esrEA R e cere IR MY

and estimate (d) follows.

Theorem 7.1.4. Assume A, B(t) satisfy the hypotheses of Thm. 7.1.3

on tO <t < tl’ and suppose t0 <1 < tl’ Xq € X, f: (T,tl) - X is

locally H8lder continuous with I$+pl|f(sﬂ|ds < » for some p > 0.

Then there exists a unique solution of

dx/dt + A(t)x = f(t), T < t < ty, x(t) = Xgs

(where A(t) = A-B(t)), namely
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t
x(t) = T(t,T)xO + J T(t,s)f(s)ds.
T

Remark. If 0 < B < 1, X, € XB, and we want a solution with x(t) = X

in x® as ot - T+, Trequire

t -
f (t-s) Bl £(s)lds ~ 0 as t - T+,

T

Proof. It is sufficient to prove this with X, = 0. For p >0,

let Fp(t) = fi_pT[t,s)f(s)ds when t > T+p, Fp(t) =0 for t < t+p.
Choose any fixed t* in (r,tl); for small p > 0 and for t with

T < t-p < t*¥ < t we have
t-p
Fp(t) = T(t,t*)J T(t*,s)f(s)ds
T
SO Fp(t) € D(A), t - Fp(t) is differentiable and

$5 P () + AGOF (6) = T(t,t-p)E(t-p).
Also

b e’
ERCTNERY M I TR

as t » t+p. It follows from Thm. 3.2.2 that

t_
F (t) = f pe-Mt-s-Q)T(S‘fo,o)f(S)ds
e T

t
+ f e_A(t_S)B(s)F (s)ds, t > T+p.
T+p P

Now Fp(t) - Fo(t) in X as p =+ 0+, and if t > T+p

. t - - t - -
le,0) - [ AED @Ry + enadi<ll| e A EDs(s)asl)
T t-p
t-p _ _
+ Mf (t-p-s) %[(e Ap-T(s+p,s))f(s)l|ds
T

t
e osup (181 &= | IlEcsllas
T

which tends to 0 as p > 0+. It is easily seen that t » F,(t) € x>
is locally HOlder continuous on (r,tl) and Fo(t) >0 in X as
t > 1+, Sso Fo(t) is a mild solution -- hence, a strong solution --
of

dx/dt + Ax = B(t)FO(t) + f(t), t>r1

x(t) =0
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and the theorem is proved.

Exercise 5. The frequent hypothesis of local HGolder continuity in
time 1s made to ensure that we have differentiable solutions, but is
unnecessary for mild solutions (continuous solutions of the corres-
ponding integral equation). Suppose A 1is sectorial in X, 0 < a < 1,
Re o(A) > 0, HAYe—AH| <Mt™’ for t >0, 0<y<1, and B: [ty.tq] >

t
Lx*,X)  is measurable and (J 1||B(s)||p a ds)l/p < o for some
t (X ,X

0 L
p > 1/1-a. Prove there is a unique mild solution of x + Ax = B(t)x,

. . . . o
x(t) = £, i.e., a unique continuous solution x: [T,tl] + X of

t - -
x(t) = e-A(t‘T)i + J e AL s)B(s)x(s)ds, TSt <,
T
for any & € X* and 1t € [to,tl). Writing this x(t) = T(t,t)f as
before, prove there is a constant CB ¥ so that

ITCe, el < ¢ e T8l v cr <r et £ex,

provided 1 - % > o, 1 - >B and 0 < B <1, 0<y<l.

Q=

Hint: wuse the HOlder inequality on short time intervals.

Exercise 6. If A 1is sectorial in X with ||e-Atﬁ|a < Me8t||xHa,
"e_AtxHa < MePt max(t *,1) ||x] for t > 0, x € X%, and if
B: [to,w) > x%,X) is bounded and locally Hdlder continuous, with
fi l|B ()| dt < =, then there exists M; > 0 such that the

0 x°

>

evolution operator T(t,s) “for dx/dt + (A-B(t))x = 0 satisfies

e, o) < MBS jx)

A

||T(t,5)x”a Mles(t_s)max(l,(t-s)_a) [1x]

A

for all t > s > tg, X € X%,

Exercise 7. Assume A,B satisfy the hypotheses of ex. 6 with g = 0

and o(A) n {Re A = 0} 1is a spectral set. Let X = X1 (5] X2 be the
. -Aqt
corresponding decomposition, with e 1 bounded on -« < t < 0,
ALt
-8t

while |le 2|| <Me "", t > 0, for some 8 > 0. Prove that, for all

s > to, there exists a linear continuous map L(s): X » Xl so for
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-Al(t—s)
e L(s) + Tz(t,s)

T(t,s)
and
Isz(t,s)H >0 as t-s > 4o (t>5s > ty).

Also, HL(s)—Elﬂ = 0 as s > +o, where E; 1is the projection of X

onto Xl, along XZ'

'At” Bt

Exercise 8. Suppose A is sectorial, ||e < Me and

brefedse 5. > <

lle txHu < Mt ae8t||ﬂ|a for t > 0, x € X*. Suppose also that

B: [to,w) > (x%,X) is locally H&lder continuous with [|B(t)| o X)SY
’

Prove |[|[T(t,s)|| < Mleé(t-s), t>s >t if

for all t > ty- 0

§ =8 + (YMP(1-0))2/(1-9)

Exercise 9. If A, B(*} satisfy the hypotheses of Th. 7.1.3 and if
the evolution operator T(t,s) for dx/dt + (A-B(t))x = 0 has
[[T(t,s)| < Me BLE-S) gor t > s>ty

g(t,x) 1is locally HG6lder continuous in t, locally Lipschitz in x,

and some B8 > 0, M > 0, and if

from a neighborhood of (to,w) x {0} in R x X* into X, with
lg(t,x)]| = odlﬂla) as x > 0 in X%, uniformly in t > t
uniform asymptotic stability of the origin for

o> prove

dx/dt + (A-B(t))x = g(t,x).

Exercise 10*. Suppose A, B(:) satisfy assumptions of Th. 7.1.3 and
assume A has compact resolvent; prove T(t,s) €£ZTXS,XB) is compact
for each t > s and B8 < 1.

Remark. Tanabe [134], Sobolevskii [93] and Kato [57] have studied
evolution operators for linear nonautonomous equations of much more
general form, where the highest-order terms vary with time and even
their domains are nonconstant. S. G. Krein [63, Ch. II, 5] also
treats this problem.
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7.2 Linear periodic systems (cf. [98], [39]).

Suppose A is sectorial, t > B(t) €£ZTXa,X) is H8lder continu-
ous and p-periodic for some p > 0:

B(t + p) = B(t) for all t.
We consider first the homogeneous equation

dx
dt

+ (A-B(t))x =0
whose solutions satisfy

x(t) = T(t,s)x(s), t > s.

Exercise 1. T(t+p, s+p) = T(t,s) for all t > s.
Since ||B(O)|| is bounded, there exist M > 0 and m such
Z(X

2

that for t > s and x € XB

ITCe, )l < Togle-9) Bl <y <p <D

. M o yBoy m(t-s)
T, )x-dl | < go(e-)f Ve 1l -
To study stability problems we need more precise estimates of

the growth of the evolution operator T(t,s) as t-s + », Observe
that, if t > s, n = 1,2,3,...

T(t+np,s) = {T(t+p,t)} T(t,s) = T(t,s){T(s+p,s)}"
so the problem is to estimate powers of T(t+p,t).

Definition 7.2.1. The period map (Poincaré map) is

U(t) = T(t+p,t).

The nonzero eigenvalues of U(t) are called characteristic

multipliers.

Lemma 7.2.2. U(t+p) = U(t) for all t; the characteristic multipliers
are independent of time, i.e. the nonzero eigenvalues of U(t) coin-
cide with those of U(s). In fact,o(U(t))}~{0} is independent of t.
If A has compact resolvent, then U(t) is compact, so
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o(U(t))~{0} consists entirely of characteristic multipliers.

Proof. Suppose u # 0, U(s)x = pux # 0, and s < t < s+p; let
y = T(t,s)x, so T(s+p,t)y = ux # 0, vy # 0 and U(t)y = uy. Since
U(-) 1is p-periodic, this proves the multipliers are independent of
time.

If uy# 0, ue p(U(s)), s <t < s+p, and (w-U(t))x =y, then
X =y + w, w = T(t,s)(u«U(s))_lT(s+p,t)y. Conversely defining x by
this equation, it follows that (u-U{(t))x =y so p(U(t)) =
p(U(s))~{0}, and the result follows by periodicity.

If A has compact resolvent, then e-At is compact for t > 0,
and it follows that T(t,s) is compact for t > s.

Theorem 7.2.3. Suppose 9 is a spectral set for o(U(t)) for all

t; the usual case is when o is a finite collection of isolated

1
eigenvalues, or the complement of such a set. Then for each t, the
space X may be decomposed as X = Xl(t) ® Xz(t), the direct sum of

closed subspaces invariant under U(t), o(U(t)|X (t)) =095
1

o(U(t)|X2(t) = g(U(t)) ~ o;. If t >, T(t,s) maps X;(s) into
Xl(t), and is a one-one map onto Xl(t) if 0 ¢ gy-
Let PP = sup{|u], u € 01}; then for any e > 0, there exists

Me > 0 such that

ITCe, )] < MBS LES) iy

for t > s and x € X;(s).

Now suppose 0 ¢ S and let e'P = inf{|ul, v € 01} > 0. Then
T(t,s)x, x € Xl(s), may be defined also for t < s, still satisfying
(a) of Th. 7.1.3, and for x € Xl(s), small € > 0,

e, )] < M eS¢ o5,

In fact, provided there is a path vy in the complex plane disjoint
from 01 joining 0 to =, we have a kind of Floquet representation.
There exists a family of bounded invertible operators P(t): Xl(so) >
Xl(t) for all t with P(t+p) = P(t), P(s
operator C on Xl(so) with spectrum o(C) =
X € Xl(s) and all t,s

0) = 1, and a bounded

Ln oy and for

el bl

T(t,s)x = P(t)eC(t 8)pTrgyx.



199

Proof. If t > s, T(t,s)U(s) = U(t)T(t,s) so

1

T(t,s)(A-U(s)) 1 = (a-U(t)) "11(t,s)

for X € vy, a contour disjoint from o(U(t)) enclosing 9 and ex-

cluding o, Then integrating around v,

T(t,s)El(s) = El(t)T(t,s)

where El(t) is the projection onto Xl(t), along Xz(t) [23, I,
Ch. 7]. This says T(t,s) maps Xl(s) into Xl(t). If T(t,s)x= 20
and x € Xl(s), x # 0, then for integer n so that s <t < s + np,

(U(s))nx = (0 and so 0 € o,.

1
o8P _

Suppose = spectral radius of U(s)]X (S); then for any
1

e > 0,

-(B+e)(t-s) ©
e s ]]T(t,s)lxl(sﬂ| + 0 as t -+ +w,

Indeed, if this failed, there exist C0 > 0 and t, > te, t -s =

np * o6, (0 < 6, < p,n, = integer) so

e-(8+€)(tv‘5)HT(tv,s)IXI(S)” >Cy >0

- (B+¢g) n (B+E)e\)
€ pnvllT(5+ev:S)|X1(s)”IIU(S)lxl(S)) Vll? Coe

Taking mn-roots and letting n, o>,

1
e €P . e-(B+€)P 1im [[ (U(s) | WI Y

V>

n
Xl(s)) > 1,

a contradiction. If 0 ¢ o,, U(s)]| is invertible as is
1 Xl(s)

T(t,s)]xl(s) and the "lower'" estimate is made similarly.

Now assume there is a path y from 0 to «, disjoint from

o1 and choose any s then U(s = epC’ where

0° 0) 'xl(so)

1 -1
C = =—— J (A- U(s.) ]| ) log A dX,
ZWIP L 0 Xl(so}
L 1is a contour surrounding 0, but disjoint from vy, and we take the
branch cut for 1log A along Y. Then o(C) = % log gys using the
same branch of the logarithm, so o(epc) =0 Now if t > s,
T(t,s)]X (s) maps Xl(s) onto Xl(t) and has a continuous inverse,
1
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namely (U(s)lxl(s))‘nT(s+np,t)le(t), with n chosen so that

s+np > t. Define, for t > s

O’
-C(t-s,)
P(t) = T(t,so)}xl(so)e 0. X (sg) » Xy (2D,
Then
'C(t+p,50)
P(t+p) = T(t+p’50)lxl(so)e

-C(t-s,)
-C 0
T(t+p,so+p)|X1(SO)U(so) Xl(SO)e P

P(t).
If t > s, it follows that

1

b

- C(t-s) -
T(t’s)lxl(s) = P(t)e P(s)

and we may use this equation to define T(t,s)]X for all t, and
then for t > s,

1 (s)

T(S’t)lxl(t)T(t’S)|X1(S) = identity on X (s).

Remark. From an estimate like

8(t-s) for t > s,

IlT(t’s)le(S)H < Me
it follows that for 0 <y < g8 <1, t>s, X € Xl(s) n X8

M - -
ITCt, )Ml < g max((e-5)7 78,1707 |1y

=

1
- By

A

T, s)x-] min((e-5)®7Y, 1768 073) x|

Corollary 7.2.4. If A has compact resolvent, B(+) as above, then
the zero solution of

(A - B(t))x = 0
is asymptotically stable if and only if all characteristic multipliers
have modulus less than one.

Exercise 2. Suppose in the decomposition above we have the Floquet

representation: T(t,s)]| = P(t)ec(t-s)P(S)_l- if
x; (s)
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dx/dt + A(t)x = g(t) and x(t) = xl(t) + xz(t) € Xl(t) @ Xz(t)
where xl(t) = P(t)y(t), y(t) € Xl(so) = Y, then

dy/dt = Ccy + PH(OE (D)g(t),

dx,/dt + A, (t)x, = E,(t)g(t)

where Az(t)xz = (Ez(t)A(t) - Ez(t))x2 for X, € Xz(t). The equa-
tion in Y has constant coefficients, and for t > s

t
ICERICBIPINTAOR fSTct,c)IXZ(O)EZ(c)gco)do

Exercise 3. Suppose A,B(') satisfy the hypotheses of Th. 7.1.3 and
also B(t+p) = B(t) for all t and some p > 0. Assume e-px
is an isolated simple eigenvalue of e'pA. (For example, this would
be true if X is a simple e.v. of A,X + 2win/p is not an eigen-
value of A for integer n # 0, and A has compact resolvent.)
Prove that for small |e| there exists a unique multiplier
u(e) near e_pk of dx/dt + Ax = eB(t)x, u(e) is a simple isolated
eigenvalue of the period map, depends analytically on €, and

ue) =+ e P as e >0, In fact, if (e'pA-e—pA)x0 =0,

-pA*“ -pA - .
(e e )yO 0, <XsYq 1, then
_ P . - -
u(e) = e PA e<L.X,,Y4> + 0(82), L, = e Alp S)B(s)e Asds.
170’70 1 0

Exercise 4. A model for the interaction of predator (density u)
and prey (density v) populations has the form

du/at = DlAu + f(u,v)

av/at = DZAV + g(u,v) in @ xiR+,
with

du/3N = 0, 23v/oN = 0 on 23f.

Here f,g are C2 functions, Dl’ D2
is a bounded smooth domain in R (n=1,2 or 3).

Suppose the ODE p = f(p,q), §4 = g(p,q) has a nonconstant
periodic solution Dp(t), q(t) with period T; the multipliers of the
linearization are 1 and e" where yu = fg(fu(ﬁ,a) + gV(E,E))dt.

The PDE has u(x,t) = p(t), v(x,t) = q(t) as a periodic solution and
the multipliers of the linearization are the multipliers of

are positive constants and Q
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p=-ADp + £,(5,@p + £.(P,a)q
q = -AD,q + g (P,q)p + g,(P,Da

where A 1is any eigenvalue of the Neumann problem:

Ad + X = 0 din @, 3¢/8N =0 on 239, ¢ Z 0.

If (p,q) is unstable by the linear approximation (u > 0) for
the ODE, the same is true for the PDE. (See Thm. 8.2.4.)

If (p,q) is orbitally asymptotically stable by the linear
approximation (u < 0) and if D1 = DZ’ then it is also stable for the
PDE. (See Thm. 8.2.3.) The same conclusion holds if IDl—D
small.

2[ is

If fg gV(E,a)dt >0 but u < 0, D1 = E-l, D2 = ¢ for small

e > 0, then (p,q) is stable for the ODE but unstable for the PDE.

7.3. The adjoint system and backward uniqueness

For a Banach space X, let X* denote the dual space, the
space of (real) continuous linear functionals on X with <x,y> =
value of y € X* on x € X. If L: X+ Y 1is a continuous linear
operator, then L¥*: Y* - X* is a continuous linear operator with
<x,L*¥y> = <Lx,y> for all x € X, y € X*, If L is linear with do-
main D(L) dense in X, L: D(L) « X -~ Y, then L* is not generally
continuous and D(L*) consists of all y € Y* such that
x » <Lx,y>: D(L) R is bounded in the X-norm, and L*y 1is the
element of X* such that

<x,L*y> = <Lx,y> for all x € D(L).

If Y is a reflexive space and L is closeable, then L* is densely
defined in Y* (see e.g. Kato [56]).

Example 1. Suppose V and H are real Hilbert spaces, V 1is a dense
subspace of H and the inclusion of V in H 1is continuous (so
HxHH < C Hﬁ|v for a constant C). Assume a: V x V>R is a continu-

ous bilinear map and

2 2
Al + atx,x) > oldly,  x €V,



for some constants o > 0 and A
Define D(A) as the colle
y > a(x,y): V+R 1is continuous
Ax € H is defined by
AKX,y = alx,y)
Then A: D(A) «H > H 1is closed,
operator (identifying H* with
form a*, a*(x,y) = a(y,x). The

by Kato [56], and the statement
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0 > 0.
ction of x € V such that
in the H-norm, and for such x,
, all y e V.
sectorial in H, and A* is the

H) defined similarly using the bilinear
first remarks are proved, for example,
about the adjoint follows easily.

Example 2. Let Q be a bounded open set in R" with C2 boundary,
Ho=1,(2), V= Hj() [or H'(2)] and for u,v in V
)
a(u,v) = J { a..(xJu, v. + Ib.(xX)u, v + c(x)uvidx
5 Q i,j=1 1) Xi Xj J Xj
+ [j g{x)uv ds, in case V = Hl(ﬂ}]
of
where aij(x) = aji(x) and bj(x) are Lipschitzian and c(x) [and
8(x)1 are continuocus, and for some a > 0,
n n o, n
) ai.(x)gig. > 2a() £ for x€Q, £ eRrR.
i,j=1 %] J 1
In either case, a satisfies the hypotheses of example 1.
Then
- 2 _ du _
D(A) = {fu € H®)| u =0 on 3R lor v © Bu = 0 on 23R1}
where 3u/%v = ) aijNiux and N is the unit outward normal, and
i,j=1 j
in Q ’
) )
Au = - (a.. ) + b.u + cu.
i,j=1 X% T )%
Also

D(A*) = {v € HE(@)] v = 0 on 32 [or oY

with

n
~ 7BV = (% ijj)V on 501}
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Example 3. If X = LP(Q), 1 < p < o, and X* = Lp,(Q) (1/p +

1/p' = 1) and A is the operator formally given in ex. 2 above, on
- Z,p - du -
D(A) = {u €W ()] u=0 on 8a Ilor 55 * Bu =10 on 301}

then A* has domain

2 Ju

’p'(Q)I u=20on 92 [or == + Bu = b-Nu on 3Q]}

D(A*) = {u € W =

and A* has the same form as in ex. 2 above. This follows from stan-
dard results on elliptic boundary value problems in Lp,(Q) {2,
8,30], and ex. 3 below.

Exercise 1. If A is sectorial in X, D(A*) 1is dense in X*, then

A* is sectorial in X*.

Exercise 2. If A is sectorial in X, a > 0, Re o(A) > 0, and
L €AX) nAXY), then L(X*) is dense in X% if and only if for
y € X¥%, <AaLx,y> = 0 for all x € X% implies y = 0.

Exercise 3. Suppose T: D(T) « X > Y, S: D(S) « Y* » X* are linear,
D(T) 1is dense, and for some AO’ R(T-AO) is dense in Y and
R(S-AO) = X*, and <Tx,y> = <x,Sy> for x € D(T), y € D(S). Prove

S = T*,

Theorem 7.3.1. Suppose A0 is sectorial in X, 0 < a <1, t > A(t)-
AO: [to,tll +£/IXQ,X) is Holder continuous with exponent 6 > 0,
and let T(t,s) be the evolution operator for x + A(t)x = 0.

If y € X*, and y(s) = T(tl,s)*y for ty < s < tl, then
s + y(s): [to,tl) + X* is locally Hdlder continuous, y(s) » y weakly#
as s > ty- (i.e. <x,y(s)> » <x,y> as s =+ ty- for any x € X)
and for each x € D(AO), s + <x,y(s)> 1is differentiable on [to,tl)
with é%<x,y(s)> = <A(s)x,y(s)>. Also for t
T{t,s)*y(t).

If 8 > a then vy: [to,tl) + X*¥ is continuously differentiable,
y(s) € D(A(s)*) and

P(s)

with |]A(s)*y(s)”x* <

g Sttty yis) =

A(s)*y(s) for ty s <ty

C(tl-s)-1 I+ for a constant C.
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Proof. The results of the first paragraph follow directly from Thm,
7.1.3. For example (tO < s-h < s < tl)

[<x,y(s)-y(s-h)>| = [<T(t;,s)x-T(t ,s-h)x;,y>|

<Al aCgh®ce-9) " 8xll 0 < 6 < 1-0)

for any x € X, so
1y () -y (s-hll o < Cgh® (e -9) 7% JInil s

Now suppose 6 > a and without loss of generality, a < 6 < 1.
We prove there is a constant C such that

1T (t,$)A()H] < Cle-s) 7Y x]]

for tg < s <t<t, and x € D(Ay). This implies

1

|<A(s)%,7(5)>] = |<T(t),8)A(s)x,y>] < CCt;-s) HIx| 19l

for x € D(AO), ty <5< t so y(s) € D(A*(s)) with

1’

1A% )y ()l o € CCEL-5) ¥l Lae

Similarly for any € in 0 < g < 0-a we have
T(t,s)A(s)x-T(t,s-h)A(s-h)x]| < thE(t-g‘l'ﬁ|xH

for ty < s-h < s <t < tl, X € D(AO) and a constant C€ (see ex. 4)
so

1A% (s)y (s)-A% (s-h)y (s-B)[| s < C_(t;-5) 1 *hEly] s

-Ao(t-r] )
Now x(t} = e x(1) solves x + A(t)x = (A(t)-AO)x for
t > 1, so

A (t- t -A -
T(t,1) = o o(t-1) ) f o5

T(t,s)(A(s)-AO)e ds
T

for t, <t <t<t,. If x¢ D(Ao), this implies
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-Ao(t-r) -AO(t—T)
T(t,T)A(T)x = Aoe X + T(t,r)(A(r)-AO)e X
t —Ao(s—T)
f (T(t,s)B(s)—T(t,T)B(T))AOe X
T
where B(s) = A(s)—AO. If a < 1/2 (so 1-a > 8 > a may be assumed)
the estimate follows from Thm. 7.1.3(c). In general

—th -Ao(t-T)
T(t,t)-T(t,t-h) = (I-e Je

t+h —AO(S—T)
+ J T(t,s-h)B(s-h)e
t
t —AO(S-T)
- J [T(t,s)B(s)-T(t,s-h)B(s-h)le ds
T

implies
8 -6
ITCe, 0 -T(e, t-Mllgyyy < Ch7(E-T) 7,

and substitution above completes the proof.

Exercise 4. Prove HOlder continuity of t - T(t,t)A(t)x € X for

ty < T <t <t uniformly in x € D(AO),|’X” < 1.

0 1

A simple application of the adjoint equation is the following:

Theorem 7.3.2. Suppose AO is sectorial in X, 0 < a < 1,
t - A(t)—AO:]R +£fTXa,X) is HO6lder continuous with exponent greater
than a, and

A(t+p) = A(t) for all t,

for some constant p > 0. Assume also, for some tys that
I-T(t0+p,t0) has closed range (as an operator in %(X)); this is cer-
tainly true when AO has compact resolvent.

If f: R > X is H8lder continuous and periodic with period p,

the equation

dx/dt + A(t)x = f(t)
has a p-periodic solution if and only if
p
f <y(s),f(s)>ds = 0
0

for every p-periodic solution y(s) of the adjoint equation y(s) =
A(s)*y(s).
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Proof. A solution x(t) of X + A(t)x = f(t) 1is p-periodic if and
only if x(t0+p)-x(t0) =0, i.e. if and only if

t, *p
_ 0 -
z = Jto T(t0+p,s)f(s)ds = (T(t0+p,t0)-1)x(t0)
€ R(T(t0+p,t0)-I).

Since L = T(t0+p,t0)-I has closed range, R(L) = N(L*)l and

z € R(L) if and only if <y,z> = 0 whenever L*y = 0. Let y(s} =
T(ty*p,s)*y; then y(s) = A(s)*y(s), y(s+p) = y(s), and the condition
is

t0+p
<y,z> = J <y(s),f(s)>ds = 0.
t
0
Our main use of the adjoint equation is in application of Thm,
6.1.9, giving conditions which imply T(t1’t0) has dense range. But
T(tl,tO)X is dense in X if and only if T(tl,to)*y =0, y € X*,
implies y = 0. Generally we need instead to prove T(tl,tO)Xa is

dense in Xa; but the conditions are essentially the same.

Theorem 7.3.3. Suppose A is sectorial in X, 0 < a < 1,

t - A(t)-AO: [to,tl] + AX",X) 1is Hélder continuous with exponent
greater than «. Assume any continucusly differentiable

z: (to,tl) + X* with z(s) € D(A(s)*) and dz/ds = A(s)*z on
(to,tl) with z(s) - 0 in X* as s » t0+ must vanish on (to,tl).
Then for any 0 < 8 < 1, T(tl,tO)XB is dense in XB.

Proof. Suppose T(tl,tO)XB is not dense in XB, so (assuming
Re O(AO) > 0) AST(tl,tO)XB is not dense in X; then there exists n # 0
in X* with <n,A%T(t1,tO)X> = 0 for all x € xB. Define

y(s) = (ABT(t),8))%n € X* when tj <s <t
T(t,s)*y(t) for tg < s < t«< t
able solution of &(s)

1’ observe y(s) =
1 So Y is a continuously differenti-

A(s)*y(s) on (ty,t;) and y(s) » y(ty) in

X* as s » ty*- Since
- B - B
<y(t0Lx > <n,AOT(t1,tO)x> 0 for all x € XV,

y(t.) =0, so y(s) =0, and 0 = <y(s),x> = <n,APT(t.,s)x> for
0 0’ (g

s < tl’ so <n,A%x> =0 for all x € XB, hence n = 0 contrary to

hypothesis.
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Thus we prove denseness of the range by proving backward uni-
queness for the adjoint equation. One simple case is when t - A(t)-AO
is analytic from (tO,tl) to i{(Xa,X); it follows s = T(t,s) 1is
analytic from ty < s <t< tys into &(X) and z(s) = T(t,s)*z(t)
is analytic on (tO,t). By Thm. 7.3.3, T(t,s) 1is injective and
T(t,s)XB is dense in XB whenever to 1 and 0 < B8 < 1,

This may be applied, for example, to the Navier -Stokes equation in a

< 8§ < t <t

bounded domain in R (as discussed in sec. 3.8 above). If the forc-
ing function f is independent of time, solutions x(t;to,xo) will
depend analytically on t,to and X € Hg for t > ty on the domain
of existence. If Uy is an equilibrium point which is a saddle point
(unstable and the linearization has no eigenvalues on the imaginary
axis), the local stable and unstable manifolds for u, can be extended
globally to give the injectively immersed manifolds Ws(uo), Wu(uo).

In particular Ws(uo) is of Baire category I 1in Hg SO an open
dense set (in Hg) of initial conditions yield solutions which do not
tend to U, as t o fe. To see this, note first any solutions
x(t;to,xj) (j = 1,2) with x(tl;to,xl) = x(tl;to,xz) for some

t; >ty must satisfy the same condition for larger values of t

(since the initial value problem is well posed), and so they must

agree for all ty < t < tl, by analyticity, so Xy = X, The lineariza-
tion about such a solution has coefficients analytic in t (for

t > to) and the result follows from remarks above.

Similarly, if uo(t] is a periodic orbit of the (autonomous)
Navier-Stokes equation and the period map of the linearization has no
multipliers on the unit circle except the simple multiplier 1, we may
construct the (analytic) Poincaré map on a surface of section through
the orbit (see sec. 8.4) and construct the global stable and unstable
manifolds for the orbit. If uO(-) is unstable, its stable manifold
is again of category I. In fact, the region of attraction of any
countable collection of such unstable equilibria or periodic orbits
is of category I, which is not to deny that solutions may be attracted
to an invariant set containing them, without approaching any indivi-
dual orbits. This may indeed be the phenomenon of turbulence.

The nonanalytic case is also important, but the required back-

ward uniqueness results are available only when A is a second order

0
elliptic operator with A(t)-AO first order, or when AO is self
adjoint in some Hilbert space with a = 1/2. In the applications,

these conditions are not generally oppressive. We quote a result of

Lions [126] and use it to discuss a fairly general example (a reaction-
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diffusion system). Other backward uniqueness results may be found
in [29, 64] and especially Agmon [105] and Lees and Protter [125].
Theorem 7.3.4. [126] Suppose V, H are real Hilbert spaces,

in 0 <t T a(t,-,*) :V xV >R is a continuous bilinear form.

3
V cH is a dense subspace with continuous inclusion, and for each t
<
Define A(t) by

u € D(A(t)) and A(t)u € H if

a(t;u,v) = <A(t)u,v>H for all v €V,

where <oy is the inner product in H. Assume

(i) a = ag*a; where aj(t;-,-) is a continuous bilinear form
for each t and j = 0,1, and t - aj(t;u,v) is con-
tinuously differentiable on [0,T] for each u,v in V
and j = 0,1.

(ii) ao(t;u,v) = ao(t;v,u)
(iii) There are positive constants X,u,C such that

ag(tsu,u) > wluly - Al
lay (esu,v) | < [lully, (14l

for all 0 <t < T and u,v in V.

If u € L,(0,T;V) has time derivative U € L,(0,T;H) with u(t) €
D(A(t)) and u(t) + A(t)u(t) = 0 for a.e. t in (0,T), and
[[u(t)HH +0 as t + T-, them u(t) =0 in 0 < t < T.

(Note: D(A(t)) = D(Ao(t)) where Ao(t) is the operator defined by
the form ao(t;-,-).

Example. Suppose @ 1is a bounded open set in R® with C2 boundary,
D(x) = diag(Dl(x),...,Dm(x)) >0 in §© and the m x m matrix func-
tions D(x), BD(X)/ij, Bk(x,t), aBk(x,t)/aij, C(x,t), aBk(x,t)/at,
aC(x,t)/3t are continuous and bounded on § x [to,tll, and the sym-

metric r x r-matrix B(x) and its derivatives ag(x)/axj are also

continuous. If u = col(ul,...,um), consider the initial boundary-
value problem
n
du/dt = D(x)Au + kzl Bk(x,t)Bu/Bxk + C(x,t)u on Q ¥(t0,t1)
with T

Djauj/BN + 7 Bjk(x)uk =0 on 3Q (L < j <)
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and u. = 0 on 92 for r+l < j < m. Here N 1is the unit outward
normal to 32 and one of the boundary conditions is dropped if 1 = 0
or r = m.

Let H = Ly@R"™, V- H'(a,r") x H (@ R" "),

Choose Cl symmetric r X r-matrix functions Al(x) (I <i<mn)
such that '§ XiNi = B on 23R. Define A%k(x) =0 when j >r or

i=1
k>r (1 <3j,k <m), and let

m n
ao(u,v) = f %) Dk(x)Vuk-Vvk + 7 53—(u-kkv)}dx
Q1 1 "%

m
. - ~  3u
al(t,u,v) = J v{% By =, + Culdx

Q
for u,v € V, with ﬁk(x,t) = By (x,t) - 9D(x)/3x,. It is not diffi-
cult to verify the hypotheses of Thm. 7.3.4 for this example, and if

A(t) 1is the operator defined by the form a = ag*a we have

1

T
D(A(t)) = {u € V n HE(QR™|D, du./3N + J 8., (x)u, = 0 on 38}
i ko1 Jk k

for 1 <j <
and for u € D(A(t)),

n
-A(t)u = DAu + § B, (-,t) 3u/dx, + C(-,t)u,
1

so the abstract form of our equation is
du/dt + A(t)u = 0, 0 <t <T.

The hypotheses of Thm. 7.1.3 are also satisfied with X = H, AO the

operator defined by the form a a =1/2, and V = Hl/z = D((A0+A)%).

0’
If T(t,s) 1is the evolution operator, ug € LZ(QJRm), and T(t,s)u0= 0
for some t >s (0 < s <t < T) then ug = 0.

The adjoint equation may be treated similarly provided D(x)
iﬁ twice continuously differentiable and the m x m matrix
I B.(x,t)N.,(x) = M is symmetric in its first r indices (M,, =
j=1 J J k2
Mlk when 1 < k,% < r) whenever x € 3Q. The domain of the adjoint
A(t)* consists of all v in HZ(QJRm) NV such that, for 1< j <r

and x in 2@,

Mkj(x,t)vk.

o
Il e~
=

r
3 -
sﬁ(Djvj) + kzlskj(x)vk =
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Observe that D(A(t)*) depends on t. With these hypotheses, T(t,s)HB
is dense in HB (0 < 8 < 1) whenever 0 < s < t < T, but it would
certainly be helpful if we could eliminate the above symmetry condi-
tiomns.

Now consider this equation in X = Lp(QJRm) for some

1 <p <o, If we define

_ 2,p m L _ .
D(Ag) = {u €W (2,R )|Dj auj/aN + % Bjkuk =0 on 3 (1l <j<r)

uj =0 on 30 (r+1 < j <m) ,

D(A(t)) = D(AO) and for u € D(AO),

-A(t)u = Dhu + ? Bj(-,t)—g-gT s C(,t)u,
J

then the hypotheses of Thm. 7.1.3 hold in X for any a > 1/2. If
T(t,s) 1is the esolution operator in <%(X), observe that when u € X,
T(t,s)u € LZ(QJRm) for t > s and by the arguments in the case
p =2 we see T{t,s) is injective. Similarly, if v € X* = Lp,(QJRm)
then T(t,s)*v € LZ(QJRm) when s < t so we conclude
T(t,s)X8 is dense in XB for any 0 < B8 < 1.

uery. Can the symmetry requirements of the backward uniqueness
theorem be relaxed or removed?

2 mn

Suppose (t,x,u,v) - £(t,x,u,v) 1is C° from R x @ x R™ xR

to R™ and consider the problem

u, = D(x)Au + f(t,x,u,Vvu) in xR,

t
du . T '
Dj —3% + kzlﬁjk(x)uk = 0 on 930 (L <j <1
uj =0 on 23Q (r+1 < j < m).

If p>n, X = Lp(QJRm) and o > 1/2, the initial value problem is

locally well-posed in X%

and if wu(x,t) 1is a solution on (to,tl),
the coefficients of the linearization are C1 in x and t on
§o X [tz,tS) if [t2’t3] c (to,tl). if Bjk(x) = Bkj(x) as before,
the equation and its linearization define injective maps. In order
that the evolution operator for the linearization also has dense range,
we impose a symmetry condition:
2 oaf
E V (t,X,u(X,t),VU(X,t))Nk(X)
k=1 k
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is symmetric in its first r indices when x € 3R, Here we have
written f in the form f(t,x,u,yl,...,yn) where each Yj € R™

af

u ), so T is an m x m matrix at each point.

3
and VU=(%,...,W
n

The only practical way to impose this requirement is to assume it holds
whenever x € 32 and (u,Vu) are replaced by arbitrary elements
(UsYqs¥gs-e0sy,) OF R™ «x R™  with uy = 0 for T+l < j < m.

7.4. Slowly varying coefficients

Theorem 7.4.1. Suppose A0 is sectorial in X, 0 <a <1, A is a
set and A(A)-A0 Ef{(Xa,X) for A € A,

o <M for all 1,
X7, X)

140 -Ag
Z(
{A(A)A&1| A € A} is in a compact set in ZAX)
Reo (A(A)) > B+e > B for all A € A,

and whenever {Av}t=1 is a sequence in A such that A(Xv) - A in
ﬁf(Xl,X), the essential spectrum of A is in Re z > B+e. (The last

condition is trivially true if Ay has compact resolvent, since there
is no essential spectrum.) Then there exists M, > 0 such that, for

1
all X € A and x € D(AO)

SA(M)t . -t
le ATl < e B Ix)

SA(M)t - -Bt
le At < MY B | x|
Y
when t > 0 and 0 <y < 1.
Remark. The compactness criterion is satisfied, if A <R, X =+ A(A)—AO
is continuous, and A is compact or A = A()) 1is periodic, or

asymptotically periodic, or almost periodic.

Proof. Without loss of generality, suppose B = 0. By the proof of

Thm. 1.3.4, it suffices to establish uniform estimates

lz-a00) Y < c/)z]
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for X € A and J|arg z| > ¢ for some 0 < ¢ < /2.
We may suppose I](Z-AO)-ln < CO/IA] for |arg z| > 9
(0 <¢y < m/2), and HA%(Z—AO)‘1|I§ COIZIOL-1 in this sector. If R,

is so large that rL7¢ > 2MC, then for Jarg z] > bg lz] > R

0 0 we

0’
have
1¢2-200) 7MY < 1 Cz-A) T IHEE- (A0 -Ap) (z-a) 137 L|

< 2C0/|z|.

There exists ¢, ¢, < ¢ < /2, so K = {z: larg z| > ¢,
lz] < RO} is disjoint from {Re z > e}, hence bounded away from

o(A(A)) for all A. Suppose A = lim A(Av), Av € A and G(R) meets
Y>o

K; then any 1z, € O(A) N K 1is an isclated eigenvalue of finite multi-

plicity, so A?Av) has spectrum near Z for large v, contrary to
hypothesis. Thus (Z-A)-l is defined for all 2z € K and A € F =
closure in ff(xl,X) of {A(Ax), X € A}. But then the continuous func-
tion (z,A) *||(Z—A)-1H is bounded on the compact set K x F, so there

is a constant C1 with

I (z-a00) M) < c, for z €K, xe€ A
This completes the proof.

Remark. The essential spectrum is defined in the appendix to Ch. 5.
A more stringent definition -- apparently the most stringent version --
is that of Kato [56]: the set of complex =z where =z-A 1is not semi-

Fredholm. The theorem also holds under this definition.

Theorem 7.4.2. Assume A 1is sectorial in X, 0 < a < 1, and
B: [ty,=) > LAX%,X) satisfies

IB(£)x-B(s)x| < ult-s] x|

for all t,s > to and x € X% for some positive constants u,8.
Assume also, for some constants M,8, with A(t) = A-B(t),

1A

e AU Syg) < Me™®S x|,

A o -
lle AH Sy < Ms™%7BS x|

A

[

o

for s >0, t >t and x in X . We assume M > 1 for simplicity.

0
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If T(t,s) is the evolution operator for dx/dt + A(t)x = 0,
then for t > s > to and x € Xa,

e, )l < Mye 280 ),

tA

[Tt )], < Mzmax((t-s)‘a,l)e’g(t's)IIxH

where

r-1
6 =8 - m(Q + max(0, q &g;QT——))

-1 -1 1
- mq(1 + g S ety - gar-an MY,
(r ¢n MC)l/r and q, C > 1 are constants

or (more crudely) §
v = 1+6-a, T = v/6, Q
such that

n
™

S\)/(l—u)

E C max(l’sq)EXP(—;7TTTET)

1-a,1+6(S)
(see Lemma 7.1.2). Such an estimate holds with q = a68/2v.

Note that 8-8 = 0(u*’Y) as u > 0.

Remark. If o =0 we can let C =1, q = 0; and if o =1/2, 8 =1
we have E 2(5) < 1.886 max(l,ss)exp(SS/S) (see ex. 2, sec. 7.).
2
Thus we can take
_ l1-p,1 8 _
§ =B - (uM) p(a n M)p, P = 135 > when o = 0,
and
- 2/3 -1 -
§ =8 - (4.254 uM 2n 1.886 M) when o =%, 6 = 1.

Proof. Let t > 1 > to, x(t) = T(t,1)x{1); then

t
x(t) = e_A(T)(t-T)x(T) + f e-A(T)(t-s)(B(s)-B(T))x(s)ds
1
so

- t - -
eB(t T)le(t)HOL < MHx(r)Hu + uM f (t-s) 0L(s-r)eHx(s)HOLeB(S T)ds
T

and, according to Lemma 7.1.2,

S Dx (el < MU, By g qugm(t-1))

where m = (uMr(1-0))/Y, v = 1+p-a. If

E (s) < ¢C max(l,sq)exp(sl/x), A= v/ (1-a),

l-a,l+8
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we have for any o > 0 and 1 > t

0’
1
S lIT(r+o, )l < lanme -8
x%)
A
+ %T ARE max (0, q &EEEE).

I%T an MC = Q¥ (note MC > 1) so

Choose o so (mo)A

% n || T(t+0, )| w. S 78, with 6 as described above. If
L
M, = %9 sup |[T(t, )| N (which is finite, by estimates above)
0<t-t1<0 AXT)
then for t = t+noto' (0 < o' < 0, n = integer > 0)

-8
ITce,oll o < Mye " T(reno, 0l
(X LX)
< Mze-éc—ncé < Mze_é(t-T).

Example. Consider, for small e > 0,

e &+ A)x = 0, A(t) = A-B(1),

where Re o(A(t)) > 8 > 0 and t - B(t) €£ZTXG,X) is Holder continu-

ous for t, <t < ty. Change the time variable to T = t/e; then

0

%% + A(et)x = 0

and
l1B(et)x-Beadx| < ue®[r-0]? ||xf_ .

Thus for e > 0 sufficiently small

'B(t_to)/a

Ix(tself, < M, e IxCtqsell,

for t, <t <t

0 1
This sort of rapid decay is a familiar phenomenon in singular per-

turbation problems. (See in particular the paper of Hoppenstadt [51].)

Exercise 1. Suppose A(t) is sectorial in X with A(t)-A(tO) €
ﬁf(Xa,X) and assume for each B in a certain set U Cj{TXa,X), the
evolution operator TB(t,S) for x + (A{t)+B)x = 0 satisfies
g9, < Me"BLt"S) and

Z(X7)
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HTB(t,S)H < Me-B(t-S)(t-s)-a for t > s.
L, XN

If t »B(t): R » U c X%, X) satisfies

0
IIBCt)-BCsHIl < Llt-s|7,
Z(X7,
0 <8 <1, and if 8
solution x of

1< g, then for sufficiently small ¢ > 0, any

x + (A(t)+B(et))x = 0
-Bl(t-s)
satisfies Hx(t)Ha < Mje

M1 < oo,

||X(sﬂ|a for t > s, and a constant

Exercise 2. Suppose A 1is sectorial in X with compact resolvent
0 <o <1, U is open in Xa, (f,2): R x U x Y > X x Y are uniformly

Cii . Suppose there exists £: R x Y » U, uniformly C1 so

Lip’
x = g(t,y) solves Ax = f(t,x,y), and A(t,y) = A-f (t,E(t,y),y)
has Re o(A(t,y)) > 28 > 0, for all (t,y), and {A(t,y) (3p*A) "1}

is in a compact set in &(X). For small € > 0, prove the system

e &+ ax = £t,x,y), = gltx,y)

has an attracting invariant manifold near x = £(t,y),

S, = {(t,x,y)] x = &(t,y) +o_(t,y), (t,y) €R =Y}

-B(t-to)/e)

which attracts nearby solutions like Ofe :

(Hint: 1let t = et, X = £ + z, and apply Thm. 7.4.1-2 and exercise
7, sec. 6.1.)

Exercise 3. Consider the special case when all A(t) are self ad-
joint and obtain the estimates of Thm. 7.4.1 without the compactness
assumption.

Exercise 4. Suppose {A(t), ty < t < tl} is a collection of n x n
matrices with [|A(t)[| < M, Re o(A(t)) > B+e, 1 > ¢ > 0; prove for

s > 0, t0 <t <t

1’
e A()s) ¢ ¢ QLT ogs
€
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where Cn depends only on n.
(Hint: wuse the contour integral, and the representation

M—l _ matrix of cofactor )
det M :

7.5. Rapidly varying coefficients

We discuss, more precisely, integrally small perturbations,
but these generally arise from rapidly varying coefficients with small
mean value.

Lemma 7.5.1. Suppose X,Y,Z are Banach spaces and A(t,s), B(s),
C(s) map {t0 < s <t < t0+£} or {to < s < t0+£} into &(Y,X),
L(2,Y) and Z respectively, with

HA(e, )l < a(t-s)™®

lIACt,s)-ACt,s-n)]| < an®(t-s) 7O

IB(s)| < b

t
I 2es)asli < a
51
llces)ll < cls-t) 7Y
llc(s+h) -c ()|

P A

chs(s—tO)—Y_G

on (tO,t0+2) when 0 < h
for 0 < t-ty < 2

1A

q/b < 2 and 0 < a,y < 1-6 < 1, Then

t t
||J A(t,s)B(s)C(s)ds]| < 3acb1'5q5J {(t-5) %% (s-¢.)7Y
t t 0

0 0 -
+ (t-s)‘o‘(s-to)'Y S1as.

If a+y+é < 1, the integral on the right side is uniformly bounded on
[to,t0+1].

Proof. Let h = q/b. If t-t, < h then

0
t t
I Ate,sB(s)Cs)asll € abe [ (625 (s-ty) Tas
t t
0 0
t
< abc h® f (t-s)’u‘é(s-to)_YdS-
< .
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Note bh6 = qh(s.1 = q5 1-6.

If t-t, > h let tj = t0+jh (j = 0,1,...,n) with
0 < t-t < h. Writing A; = A(t,t), Cy = C(t)),

n
t t n t.
J ABC = J ABC + ) J J (aBC - A;_1BCy)
ty t j=1 tj—l
n tn tn
) Aj_l([ B - J B)Cj
j=1 t. t-
] j-1 j

and the last sum may be rearranged as
t n-1 t tn
A f BC, + % (Aj [t Bcj+1 - Aj_1 f BCj).

Therefore

t 5 (¢ “a-§ -
|[J ABC]| < abch [ (t-s) (s-tg) "
t

0 tn
s B (Y ~0-§ -
+ abch” § b {(t-s) (s—to) Yo (t-t.
1=1 t. J
J
j-1
acq(t-tg) 'O‘(tl—to) Y60

1)-a(s_t0)_Y-5}

+

n-1 e
+ acqn®t 7 {h(t-tj)'“‘S(t.+1-t0)'Y+h(t-tj_1)““(t.-t0) Y-8y
j=1 J J
t t
< K f (t—s)-a-é(s-to)_Y * K f 1(t-s)‘°‘(s-t0)'Y'6
t t
n 0
t
+ K f “{(t-s)‘“‘é(s-to)'Y + (t—s)_u(s-to)_y_d}
ty
t
+ X f n(t-s)'“‘d(s-to)'Y + K f “‘1(t-s)'°‘(s-t0)'Y'5
ty o

t
< 3K f {(t-s)‘“‘5(s-t0)'Y+(t-s)'“(s-t0)'Y‘s}ds,
t
0

where K = achbl_6 = abch6 = acqhd_

1

Theorem 7.5.2. Suppose A0 is sectorial in X, 0 < o < 1,

0 <6 < (1-a)/2, & > 0, J is an interval in R and t - A(t)-AO:

J +£ZTXQ,X) is bounded and locally H8lder continuous. There exist
positive constants ¢ and K such that, if B: J +§ZTXa,X) is

1 1
locally H8lder continuous with
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iBeoll <
(X7, X)
'
[l f B(t)dt|| N < q for |t1-t2| < %
ty (X7, X)
on J and qéb1_(S < €y, then
[lTB(t’S)-TO(t’S”EZ(Xa) < k0% 70

for 0 < t-s < & on J, where TB(t,s) is the evolution operator

for x + A(t)x B(t)x, and TO is the case B = 0. Also if
8§, 1-8

i}

[lTO(t,s)H a S M (t-5) for t >s on J, then for g b <e <ey
ZX
as above
B (t-s)
||TB(t,sN| 0 S Mee
LX)
for t > s in J, where 88 -~ B and Me + M as € > 0.
Remark. e, and K, depend only on Ay, s?pHA(t)-AOH - X),a,&,%.

Proof. There is a constant MB (or MO’ when B = 0) so

<

H TB(t’S)|l_</(X(1) 2 MB

and

8 -8
T,(t+h,s) - T, (t,s) < M h (t-s)
[N B9l o S My

for t >s, h>0 with t,s,t+h in [to,t0+£]. These estimates are
uniform in t for [to,t0+£] < J. The required estimates of To(t,s)

0
(from Thm. 7.1.3(¢c)) will be used with constant XK. Now for
ty < TS tyre,

t
TB(t,tO)-TO(t,tO) = ft To(t,s)B(s)TB(s,tO)ds
0
so by the Lemma 7.5.1 (with Y = X%, z = Ax%), v = 0)

(1T, (t,t0) -T, (T, t )] < skl 8 {(t-5) % 04 (t-s) " %(s-1,) %2
BE R0l 0T 0Ny B4 ¢ 0
< % M for 0 < t-t; < & and a%p17% sma11.

Also if h0 >0 and A(t,s) = To(t+h0,s)—T0(t,s), we have
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§ -a-6
”A(t,S)H a < Kho(t's)
»X7)

IACt,s)-ACt,s-mI
L%,

-0-2 —a-Zd}

ZKmin{hzé(t-s)

A

6 .28
yhg (t-s)

-0-28

A

2kn 1O (t-s)
and so (with a = Zth in the lemma)

HTB (t+h0 7t0) —TB(t’tO)H_y(XOL)

f

t
||To(t+h0,t0)-T0(t,tO) + [t A(t,s)B(s)TB(s,tO)ds
0

0’

[“ho (t+h,,s)B(s)T,( ) ds|
+ T,(t+ S S ,t s
. 0 gls: by X%

S

A

8 -
Moho(t—to)

+ 3(2kh3)Mq b {(t-s) f(t-s) (s-ty) "

t

8 1-5Jt ~a-26 ~a-8 )

8

8 1-6ft+ho )

+ 3KMyq b {(t+hy-s) % % (trh-s) % (s-1)”

t

It q6b1_6 < g with €1 sufficiently small, it follows that we can

take M, = 2M, and so when 0 < t-t, < &,

B 0 0

r2 a -8

& 1"6J {(z-s)_a-5+(2-s)_ s "}ds
0

”TB(t’tO)-T(t’tO)H-%(XOL) < 6KM0q b

<« MeB(t-s)

Now suppose || T(t,s)|| 0. S for t>s in J. If
Z(x™

q b <e < e

then according to exercise 3 below,
Blt-s)

[T,(t,s) <M , t>s in J,
1Ty ”_g(xa) < Mee >

where M_ = M(1+Kjec), 8, = B + 1 tn(1+MK ec) with ¢ = max (e &%

: 1)

Corollary 7.5.3. With the assumptions of Thm. 7.5.2 above, % =1

and J = [to,w), if the zero solution of x + A{t)x = 0 is uniformly

asymptotically stable, the same is true for x + A(t)x = B(t)x pro-
vided qébl—(S is sufficiently small.
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Example. Suppose b{x,t), c(x,t) are uniformly bounded and locally
Hélder continuous in t for 0 < x < 1, and suppose t - b{x,t),
c(x,t) are periodic with period p > 0. Let bo(x), co(x) be the
averaged functions, e.g.

1 P
bo(x) = 5 JO b(x,t)dt.

Then as w + +», the evolution operatcr in Hé(O,l) for

= + + < <
u, L b(x,wt)uX c(x,wt)u, O X 1

u=0 at x = 0,1
converges to that of

ug o= ou + bo(x)uX + co(x)u, 0 <x <1

u=0 at x = 0,1

uniformly on compact time intervals.
To see this, suppose |b(x,t)| < N, jc(x,t)] <N and
B(tu(x) = (b(x,wt)-by(x))u'(x) + (c(x,wt)-cy(x))u(x) so

IBCly 0,1y < N1l

HO(O,l)
t t
1 2B(t)u at| =] B(t)u dt]]
ftl L,(0,1) Jt1+np/m L)
<

4N
S AL

where the 1nteger n 1s chosen so ]tz-tl- %F| < TET . We may take

2 =1, b = 4N, q = 4Np/|{w|] and o = 1/2, and Thm. 7.5.2 gives the
result.

Exercise 1. In the example above, in place of periodicity assume the
limit . £+T

1im F f b(x,s)ds = bo(x)

T+ t

exists uniformly in t > 1, 0 < x < 1, and is independent of t, and

similarly for «c(x,t). Obtain the same conclusion for this case.

Exercise 2. Assume A 1is sectorial in X, 0 < a < 1, U is a neigh-

borhood of 0 in Xu, f: R x U > X 1is HOlder continuous in t and
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uniformly Cl in x € U, and f£(t+p,x) = f(t,x) for some constant

p > 0. Let

1 (P
fO(X) = > fo f(t,x)dt

and assume' fO(O) = 0 and Re o(A—fé(O)) > 0., Thus the averaged
equation x + Ax = fo(x) has x = 0 as a stable equilibrium point,
although f£(t,0) # 0 in general.

Prove there exist positive constants 1, Wy M, B8, such that

(1) If w > w

> Wy there is a unique solution xw(t) of

X + Ax = flwt,x)

on - <t <= with supfx(t) < T; x, 1is periodic with

period p/w and
sup [[x ()], » 0 as w > =.

(ii) If w > Wy and x(t) 1is any solution of the equation for

t > t, with ||x(toﬂla < r/4M then

0

- -t )
Ix(t)-x, (0l < 2Me O ke -x (el s

IIx()ll, ¢ v for all t > t,.
(1ii) If o(A-fb(O)) does not intersect the imaginary axis but
meets the left half-plane, prove there is a p/w-periodic
solution near x = 0 for large w, but the solution X,
is unstable.
{Hint: apply Thm. 7.5.2 to X + Ax = fx(wt,O)x.)

Exercise 3%, Suppose T(t,s), TB(t,s) are evolution operators for
t>s >1, & >0, and

1Tt ) < meP(ES)

||TB(t,s)—T(t,sH| < g when 0 < t-s <%
Prove

Be(t~s)
HTg e, sl < M_e for t > s >

-

where

1
ME = M(1l+eb), Be =8+ 7 2n (1l+eMb),

b = max(e<82,1), so M€ > M, Be - R as € - 0+,
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Hint: wuse the identity

n-1
T(ty»tg) - Tt ,ty) = kzo T(tyty, ) (TCt 1t ) -Tp(ty 1))
Ty (T ty)
where 0 < tk+l_tk < R,
Exercise 4. Suppose ||T(t,s)| o S Me~8(t-s) for t > s, and
Z(X7)
I TCt, )l v S K(E=S)TH, IT(,8)-T(t, s Rl 0 S kB8 (r-5) 77
Z(X,XT) (X, X7)
for 0 < h,t-s <1 (B>0, 0 <8 <1l-a<1) and f:R » X has
t
O b,(if £(s)asll < q for lt,-t)| < 1. Prove
e
§.1-8 -B
||f T(t,s)£(s)ds| < 3MKq’b' %/ (1-a-6) (1-e7P).
t % t-n
Hint: write the integral as [ = 7 J .
~»  n=0 Jt-n-1
t2
Exercise 5. Suppose for each x, HJ f(t,x)dtl] < q for tist, in
t

1
[0,11, 1 £¢t,x)-£(t, | < Yx-y[® 0 <t < 1, and ||x(ty)-x(t))]| <
M[tl-tzlB (0 < a,8 <1) on [0,1] and q < LM*; then show

1
v ayl-v _ af
I ecexeoanll s st anyt, - g2
t+lt o 1+ag
(Hint:llf Fls,x(s|l < q + M¥a) "%, if 0 < t < t+at < 1.)
t

Exercise 6. Suppose 0 < 6§ <1, and for 0 < s <t <T

IAGS)I-ACO < ay(s), [[A(R)-ACS)| < a; (8) (t-5)°

A

Tl < eqs), ey -ces)l < ¢y () (e-5)°

A

where a are increasing and Cgs € decreasing on (0,T), and

B(o)do,

0’.%1

: = _ 1T
with B—Tfo

t
Ilf O(B(o)-ﬁ)doH <q for 0<s<t<T.
S

Prove
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T T _
n[o A(s)B(s)C(s)ds]| < MO A(s)BC(s)ds |

+ qT(S-1 J a(s)ds
0
T T _
+ 2(q { a(s)ds)d(f a(s)||B(s)-Bl[ )18
0 0

where
a(s) = (ag(s) + [[AIeg(s) + aj(shey(s).

Hint. first consider the case B = 0 and A(0) = 0; then the case
B =0, A(s) = A(0) so

T T
[ A(0)B(s)C(s)ds = J A(0)B(s)(C(s)-C(T))ds;
0 0

and then the general case.

Note: the factor '"2'" in this result may be replaced by (5/1-6)_<S +

(6/1-6)1_6, which takes values between 1 and 2 as & varies between
0 and 1.

The order of the terms (ABC) 1is unimportant, and we may re-
place the product by any trilinear map with norm < 1,

7.6. Exponential dichotomies

Suppose the evolution operators T(t,s) € ¥X) (t > s) for
X + A(t)x = 0 are defined on an interval J < R; ordinarily J =R
or [1,®) or (-=,1].

Definition 7.6.1. The equation dx/dt + A(t)x = 0 has an exponential
dichtomy on J with exponent 8 > 0 and bound M (with respect to
X) if there exist projectiomns P(t), t € J, such that

(i) T(t,s)P(s) = P(t)T(t,s), t > s in J;

(ii) the restriction T(t,s)|R(P(s)), t > s, is an isomorphism
of R(P(s)) onto R(P(t)), and we define T(s,t) as the
inverse map from R(P(t)) to R(P(s));

(ii1) ||TCt,s) (1-P(s))l| < Me PLE"S) gor ¢ > s in J;
(iv) ||T(t,s)P(s)| < Me PS8 £or s >t in J, where this

operator is defined in (ii).

The norms here are those of AX).
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Examples.

(1) If A(t) = A 1is a constant sectorial operator in Y and
for some £ > 0, o(A) is disjoint from the strip {A: -B < Re A < B},
then % + Ax = 0 has an exponential dichotomy on R (or R or R)
with exponent g with respect to X = Yu, a > 0. The projections are
constant.

(2) If A(t) 1is periodic with period p > 0 and satisfies
the conditions of Thm. 7.2.3, and if for some g > 0 the spectrum of
the period map is disjoint from the annulus {X: kP < A < egp}, then
X + A(t)x = 0 has an exponential dichotomy on R (or R' or R)
with exponent B. The projections are periodic with period p.

(3) If |[|T(t,s)] < Me B(E7S) g0 ¢ >s >1, B >0, we have
a trivial '"dichotomy" on (1,*) with exponent B8 and P(t) = 0.

We will study primarily dichotomies on IR, since in this case
the projections are uniquely determined (ex. 4 below), but many of the
results also apply to dichotomies on R" or R . Some of our results
seem to be new, even in finite dimensions, and the method of proof --
using a kind of difference equation -- is simpler than the usual argu-
ments [112 ,114 }.

Exercise 1*. When T(t,s)P(s) 1is defined for t < s by (ii) in the
above definition, prove T(t,s)T(s,t)P(t) = T(t,1)P(1) and
T(t,s)P(s) = P(t)T(t,s) on Xl(s) for all t,s,t in J.

Exercise 2. In example (1) [or (2)] above, if the equation has an ex-
ponential dichotomy on R or R* or R with exponent 8 then the
spectrum of A [or, of the period map] must be disjoint from the
strip {|Re A| < B} [or, the annulus {e‘pB < |X|<ep8}].

Exercise 3. Suppose t > A(t) € X(X) 1is continuous and the ODE

X + A(t)x = 0 has an exponential dichotomy on J. If M(t) is an
S(X)-valued solution of M + A(t)M = 0 and M(t,)
verse for some ty € J, show M(t)_l exists in ZA(X) for all t and
the evolution operator is T(t,s) = M(t)M(s)_l.

has a bounded in-

Prove there is a con-
stant projection E and constant C such that

M) EM(s) Ml < ce PUS°8) o st in g,

IM(t) (1-E)M(s) 1] < ce BLES) ¢ 5 s in g,

Conversely if such a projection E exists, define projections P(t)



226
to verify definition 7.6.1 for this equation.

Exercise 4%, If X + A(t)x = 0 has an exponential dichotomy on R
with exponent B8 > 0, prove the only solution x(t) bounded on

- < t < » is zero. In fact, if ||x(t)|| = o(eg\t‘) as |t| » +e=,
then x(t) = 0. Also show the projections P(t) are uniquely deter-
mined.

Exercise 4%. If {T(t,s), t > s} 1is a family of evolution operators
with an exponential dichotomy on an interval J c IR, and if T(tz’tl)
is a compact operator for some t, > ty in J, then prove R(P(t))
is finite dimensional with the same dimension for all t.

Lemma 7.6.2. Suppose A0 is sectorial in a Banach space X, 0 < a <1,
t - A(t)—AO: R *yiTXa,X) is uniformly bounded and locally Hdlder con-
tinuous and suppose X + A(t)x = 0 has an exponential dichotomy on

R with exponent 8 (with respect to X or Xa) and P{t) 1is the

corresponding projection. Then there are constants M ,MS (de-

10
pending on «o,8,v) such that
(i) [|T(t,s)P(s)xﬂY < Mle—s(s-t)Hx[](5 for s >t when
0 <y <1l and § > 0;
(i1) ||T(t,s)(l-P(s))x1|Y < Mze-s(t_s)max{l,(t-s)d-Y}||XH6 for
t>s and 0 < 6§ <y <1
s §
(iii) ||P(t1)x-P(t2)x||Y < MSHX”Y |t1-t2| if 0 <& < 1-y < 1;
(iv) If G(t,s) = T(t,s)(1-P(s)) for t > s,

G(t,s) = -T(t,s)P(s) for t < s,
and WY(U) =6 Y on 0c<o <1, wY(o) = 1 otherwise, then

“8le-s)

]]G(t,s)>d|Y < ley[t-s)e x|

(0 < v < 1)
8 -Bit-s
(V) ll6Cevh, $)x-6e, 9], < MyIn| % g (e-s3e” BT E 7 )
if 0 <6 <1l-a <1, |h| <1, |t-s| < |t+h-s| and s is
not between t and t+h;
. § -B(t-s
(vi) 116, s-h)x-6(e, ), < Mglhl® w  (e-s)e B CET )]
if 0<8§<1l-a<1l, 0<y<1, |h] <1, |t-s| < [t+h-s]|
and t 1is not between s and s-h.

There is a constant C, depending only on Ao,u, the constants M,8

of the dichotomy and sup |[A(t)-Al , such that
L(x*,%)



227

C/ (1Y), My = C/(1-¥) (1-8), My = 8710w, + C1-y-8) "),

=
]

C/{6(1-8) (1-y-8)}, and M = C/{8(1-6) (1-y)*(1-0-8)"}.

=
u

Proof. These follow directly from Thm. 7.1.3 and definition 7.6.1.

We use notation from these results and prove (i)-(iii); the other

cases are similar. We assume the dichotomy is in X (see Ex. 5).
If t < s then

ITCe, )P ()N, = HT(t,-l)T(t-l,s)P(s)xllY

S e RS TS S P

If s <t <s+l, 0 <6 <y <1 then

1TCe, ) (1PN, < 750 (e-5)° M a-Prs))xll

< 10 T (290 I 4

If t-s > 1,
IT(2,5) (1-P(s)xll, € oL+ MOyme BLETE7S)

Since |[|H] f]]ﬂls, these together prove (ii).
Now suppose 0 < h <1, 0 < & < 1-y < 1; then

[P (e+h)x-P ()] (T (t+h, ) -1)P(OA]
+{IP(e+R) (T(t+h, D) x|

§
Ch MC
< S(1-v-%) ||P(t))d|Y+6 + T-v

I T(t+h, t)x-x||
which implies (iii)}.

Exercise 5%. With the assumptions of the lemma, we have a dichotomy
on R in X 1if and only if we have a dichotomy with respect to XY,
for any 0 < y < 1.

Theorem 7.6.3. Suppose A0 is sectorial in X, 0 < o < 1,

t - A(t)—AO: R +.3%Xu,X) is bounded and locally H8lder continuous, and
% + A(t)x = 0 has an exponential dichotomy on IR with exponent 8 > 0.
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For any bounded locally H&8lder continuous f: IR »+ X there is a unique

bounded solution x of

X + A(t)x = f(t), -o < t< o |
namely o
x(t) = J G(t,s)f(s)ds.

More generally if -8 <y < 8 and ||/ f(t)] = O(eY|t|) as |t] » =,
there is a unique solution x with ||x(tﬂ|a = o(eBltI) and it

satisfies
supllix (0l e Y1 *1y ¢ gy supdiecaa) eI

for a constant C independent of x, f and Y.

Proof. Uniqueness is clear (see ex. 4) and the estimates of
x(t) = f?wG(t,s)f(s)ds follow from Lemma 7.6.2; in particular, the

integral converges. Choose any real ty- By definition of G and an
easy calculation, for t > ty
® t
x(t) = f G(t,s)f(s)ds = T(t,to)x(to) + { T(t,s)f(s)ds
- t
0

so X + A(t)x = £(t) for t > t (Thm. 7.1.4).

0

Remark. A converse for the corresponding discrete problem is proved
below (Thm. 7.6.5).

Y.t
Exercise 6.l Tf -8B <y,, Y. < B and ey(t) =e © for t > 0,
t

eY(t) = e for t < 0, prove x(t) = f?mG(t,s)f(s)ds has

Sup{HX(t)Ha/eY(t)} < C(B‘IlY;[ + B_IIY‘|)5uP{||f(t)”/eY(t)}-

Exercise 7*%. If A(t) satisfies the conditions of Thm. 7.6.3 on
[to,m), prove for any bounded f: [to,w) + X, x 1s a bounded solution

of X + A(t)x = £(t) for t > t, if and only if

-}

x(t) = T(t,to)(l-P(tO))x(tO) + r G{t,s)f(s)ds, t > ty-

o
Hint: if x 1is a bound%d solution and tl >t > tO’ then
T(t,, )P(E){P(t)x () + ftl T(t,s)P(s)f(s)ds} is bounded as t; » *

so {.-+} > 0 as t1 - tow,
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Exercise 8*. If A(t) satisfies the conditions of Thm. 7.6.3 on
(-W,tol, f: (-W,to] + X is bounded, then x is a bounded solution

of X% + A(t)x = f(t), t < t if and only if

0’

t
x(t) = T(t,ty)P(ty)x(ty) + f O G(e,s)f(s)ds, t < t,.

-0

Exercise 9. Suppose {Tn}oo is a sequence in L(X); if X 41 =

n=-o

+ < <
Tnxn Y for m <n p, show

n-1
n n,mm " kzm Thke1Yye mSR P

where T =T .. T T for n>m, T = 1. If {T_ } has a
n,m n-1 m+1 m m,m n

discrete &ichotomy (def. 7.6.4 below), prove results analogous to ex.

7 and 8 for this difference equation. Note T T =T for
n,m m,k n,k
n>m>k and if TP =P _.T , then T_ P =P T for n > m.
- - nn n+l'n n,m m nn,m -
Definition 7.6.4. If X 1is a Banach space and {Tn}:=-w is a

sequence in LX), we say {Tn} has a discrete dichotomy {(with comn-
stants M,6) if there exist positive constants M, 6 <1 and a sequence
of projections {Pn}of00 in &£(X) such that

(i) TP =P T

n+l'n
(ii) Tn(R(Pn)) is an isomorphism of R(Pn) onto R(Pn+1)
(iii) If Tn,m = Tn_l'...-Tm+1~Tm for n > m, Tm,m = I, then

1T, (L]l < Mo x| for n > m

(iv) |IT meH < Me™ M x|] for n <m

n,m

where Tn,umx =y € R(Pn) if and only if me =T Y,
which is well-defined by (ii).

Remark. If {T(t,s) t > s} 1is a family of evolution operators with an

exponential dichotomy (exponent g8, bound M) and & > 0, then for any

real tg, {T(t0+(n+1)£, t0+n2)}w has a discrete dichotomy with con-
-RY -

stants M, 6 = e

Exercise 10. Suppose {T(t,s), t > s} is a family of evolution opera-

tors with sup }J|T(t,s)]] < < and #,M,® are positive constants with
O0<t-s<g
6 =eP* <1 (so 8>0). For each real t,, assume

0’
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{T(t0+(n+l)2,t0+n2)}°_°OO has a discrete dichotomy with constants M,0.
Prove {T(t,s), t > s} has an exponential dichotomy on R with
exponent f and bound KM, where

K = sup {HT(t,s)HeB(t—s),

0 < t-s < &}.

Hint: If {Pn(to)}o_o°° is the sequence of projections let X+(t0) =
N(Po(to)), X_(tO) = R(PO(tO)), so X = X+(t0) (C] X_(to) for each t
Show T(t,to)X+(tO) =X, (t) and T(t,to) X_(to) is an isomorphism
of X_(to) onto X (t) for each t > t

0
0
Theorem 7.6.5. Assume {Tn}o_ooo is a sequence in Z(X). The follow-

ing are equivalent:

(i) {Tn}o_ooo has a discrete dichotomy.

(ii) For each bounded sequence {fn}fm c X, there is a unique

e«
i . = + -w < < o,
bounded solution ‘xn}—w of X 41 Tnxn fn, © n o

Proof. If (i) holds, using the notagion of the definition, it is

- .. . - . a
easily proved (ii) holds with X, Ew Gn,k+1fk the unique bounde
solution of X1 = Tnxn+fn, where Gn,m = Tn,m(l-Pm) for n > m,
Gn,m = —Tn,um for n < m. We call the sequence {Gn m} or the

corresponding operator the Green's function for {Tn}.’

Assume (ii)} holds. Let B = £_(Z,X), the Banach space of
bounded sequences x = {Xn}iooo in X, with norm sgp”xnﬂ. Let L be
the 1linear operator {xn}°_°oo - {xn+1-Tnxn}°_°oo with domain consisting
of all x € B such that Lx € B. Then L 1is a closed linear opera-
tor which (by (ii)) maps its domain one-one onto B. By the closed
graph theorem, L has a bounded inverse G in %(B) which may be
represented in the form

Gy =1 6 jurfyr @ <n <o,

at least for sequences {fk} with £, =0 for all large |k|. Here

each Gn,m € A(X) with ||Gn,m” S|IqE{TB)’ and Gn+l,k+1_TnGn,k+1 =0
if n#%, I if n = k. By induction, if we define P_ = I-G s
m m,m
Gn,m = Tn’m(l-Pm) for n > m, Tm,nGn,m = —Pm for n < m.



231

We will prove Pm is a projection and satisfies the other conditions
of the definition with M = (1 +[|6|)% and & =]ld|/(1+ [|G]). It
follows that the above representation of G holds for all f € B, but
in the course of the proof we use it only for finite sequences.

Suppose x = Tnxn, n > m, defines a bounded sequence; then

n+l
mem = 0. For we can set X, = 0 when n < m, and then
-T.x_ =0 for n # m-1, x = X

n+l "n°n m_Tm-lxm—l m

X 3
all n; in particular, x_ = (1-P )J)x , P x = 0.
m m’m m°m

so x_ =G X for

. For any x € X, let x, = Gn,mx; then Xie1 Tnxn for n > m,
X is bounded, so P x =0 =P (1-P )x, so P_= P”, Note also

n m m m m m m

that, if me = 0, then X, =X and P = 0 so

m+1xm+1

P T x =T P x when P x = 0.
m+l'm m m m
Now suppose {xn, n < m} 1is bounded and X 41 < T X, for
n <m; set x_ =0 for n > m, and then x_ = -G T x for all
n n n,m+1l m"m
n, so mem € R(Pm+l). .
If x € R(Pm), let Yo T Gn,mX; then y, is bounded, Yo+l ©
Tnyn for n < m-1, hence for n < m-2, so Tm~2ym~2 = Vo1 € R(PmAl)
and Ym = (l-Pm)x = 0, so ;r = Tm-lym-l € Tm-lREPm—l)' Ihus
Tm_lR(Pm_l) > R(Pm). Let Yo = Vg for n < m, Yp+1 = Tnyn for

n+l > m; then 7m =
so T x €R(P_.).

Pmym =0, i.e. X = me = 0. Thus TmlR(Pm) is an isomorphism of

Tm-lym-l = -x and Yn is bounded as n » -«,

Also if T x = 0, then ?h =0 for n>m so

R(Pm) onto R(Pm+1), and we may write
Gn,m = —Tn,um for n <m, Gn,m = Tn,m(IAPm) for n > m.
Note T P x =P T x if P x = x, and this is also true when
nn n+l'n ] n
an = (0, hence by linearity, TnPn = Pn+1Tn'

Now choose x € X. If Tn = 0 for some n > m then

Tp,mx = 0 for all p > n, and so if Tn,m(l-Pm)x # 0

¢£1 =Ty p(-Pxli> 0, m<k<n

and " .
kzm Tn’k(l-Pk)Tk,m(l-Pm)x¢k = Tn’m(l_Pm)kam oy
S0
1Y o <Gl
9 ¢, < || Gl
n n k=m k -
T vy =1 o them wp < (1 - ||G]|_1)¢n and so
m
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l)m—n¢

_1 -
o, > Gl @ - Gl n

l]Tn,m(l'Pm)X“ SIIGHZ(l "]]Gn_l)n_mHXH, n > m.

This was proved assuming the left-side is positive, but it is trivially

true when the left side vanishes. Similarly if pﬁl = ”Tn umxH > 0,
n < m, then ’

) |

o Py < IIGH]

nod k -
so

-1 -l,m-n-1
e, > lIGINT @ + Ji6l ) o

2 m-n
1Ty nPpxll < @+ e =dicl/a « [IGID™ Tk, n < m.
This completes the proof.

Corollary 7.6.6. For b > 0, let Bb = all sequences {Xn}o_o00 in X

with sup{Han b"} < =, Suppose 0 < 6, <1 and for 8, <b < 176
and any {fn}fm in B, , there is a unique solution {Xn} in By of

X =T x +f , -~o < n <=», If {G } is the corresponding Green's
n“n n n,m

>

n+l
function,

o ol < M 0lm ™

for some constant M.

_ - n - n
Proof. If x,f € Bb’ X 41 < Tnxn+fn, and Yn ng 8 fnb , then
y,g € B, =B and Vo1 = anyn + bgn, i?i {an}_°° has a dlscr;?z
dichotomy whose Green's function is {b G AN []Gn m” < Cb

with b = 6, or eil ’ ’

Theorem 7.6.7. Suppose {Tn}o_o°° < ¥(X) has a discrete dichotomy with

constants M, 6 < 1. If M1 >M and 6 < 61 < 1, there exists ¢ > 0
(depending only on M, Ml’ 9, el) SO any sequence {Sn}°_°Do c LX) with

sup][Tn—Sn]lf e has a discrete dichotomy with constants M;, 6.
n

Remark. The requirement on € 1is

] eM(1+861)

eM < (61-9)/(1+991) and Ml(l 5,79 ) > M.

(See ex. 11.)

Proof. x = Snxn+fn has a unique bounded solution x for each

n+l
bounded f if and only if
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X 7L G e LTI X+ By

is also solvable for each bounded £, and this is true provided

0
1+6
Sﬁp §w||cn,k+l(sk T < eM 1= < 1.
In this case, Thm. 7.6.5 shows {Sn} has a discrete dichotomy; let
{én m} be the corresponding Green's function, and then for all n,m
’
G G

n,m Gn,m * gw n,k+1(sk-Tk)Gk,m

SO
> In-m| T aln-k-1] s
”Gn,mH < Mo + €M gwe ||Gk’mH

and H@n ol is bounded. By ex. 11 below, if 6 < 6, <1 and
eM < (61-6)/(1+881) (which is < (1-8)/(1+8))

In-m|
61

2 el ) _
I!Gn,m“ < Mgy /{1 EM(1+691)/(61 )} < Ml

for small ¢ > 0.

Exercise 11*., If a > 0, b >0, 0 <r <71

> > 19T, <1

b < (rj—r)/(1+rrj) for j = 1,2

and {gn}°_°oo is a nonnegative sequence in IR with g, = O(rilnl)

as |n| » «, and

n IS -k-1
g, < ar{ - b gw rln (gk for all n,
then
g, < arln\/[l- b(1+rr1)/r1-r)] for all n.

Hint: Show the map of sequences
v n-k-1
() » B 1 r! !

is a contraction in the norm sup{|f |q|nl} whenever T <q< 1/ry ,.
n 1,2 - - 1,2

Remark. The result of ex. 11 can be improved slightly by solving
gxplicitly in the case of equality (using the generating function
1 gntn for |t| mnear 1) and we find g = O(rln }y if

-
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b < b* = (rl-r)(l-rrl)/(l-rz), r <r
for b* < b < 1-rv/1l+r.

1 < 1, but this bound does not hold
Exercise 12. If a > 0, b > 0, B > 2b, |a] < B-2b,

alt]

0 < u(t) < ae + b f e-B(t_S)u(s)ds for all t,

and u(t) = O(eylt|) as |t| - « where 0 < y < 8-2b, then
u(t)<_ aea|t|/{l - 2b/(B-lal)}. Similarly if 0 < 8§ <1 and

Zb(T%g + ET%ET) <1 for o =a or vy, u(t) = O(eY|t|) and
u(t) < P [w max{lt—sI_6,1}e_81t_5|u(s)ds
for all t, then
uce) < ae®ltl g - (s + s——%ET)}'

Theorem 7.6.8. Suppose {Pn}, {ﬁn} are bounded sequences of projec-
tions in £(X), {Tn}°_°°° is a bounded sequence in £(X) with

TnPn = Pn+1Tn, R(Tnpn) = R(Pn+1)
T x|| < 6llx|| when P _x =0
nt - n
._1 _
HTnx||§ ® Jlx|[ when P x =x

for a constant 6 in 0 <@ <1, and [[P ][ <M, Hﬁnﬂ <M, Hl-?nﬂ < M,

for all n. If 8 < 61 <1 and M1 > M, there exists e > 0 depend-

ing only on 8, 81, M, M and sup {|T such that for any {Sn}°_°00
k

1 k”)

in LX), if ||P -P |l < e and [|T -S | < e for all n then {s 1"

-

has a discrete dichotomy with constants M 8

1’ °1°
Proof. Let W_ = P P_ + (1-P )(1-P_); then
I—— n nn n n
PWw =P P =wWPp_,
nn nn n
HI—WnH = HPn(Pn-pn) + (Pn—Pn)PnH < 2eM.

If 2eM < 1 then W has a bounded inverse with ||W;1H < (1-2eM) L.

: F o= -1, 7 = Lo 5 TPy =
Deflne T, = TBWn ; then TnP =T Pan = Pn+1Tn and R(TnPn)
R(Pn+1). If an = 0 then .

aoR=]
=
i
Y
1

and
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~ -1 8
1E x| < sl txll < =2 1]
. ~ _ B -1
and 1if an = x, then (1 Pn)Wn x = 0 and
~ -1
1T x|l > (6(1+2eM)) ™" [|A].

1f 82 = 8/(1-2eM) < 1, we have for n > m

T ) n-m 5 n-m
T, n(-Poxll < oy ™ fha-Fpxdl < Mol ™™ x|l ,

and for n < m,

= 3 m-n = -
1Ty, Pl < 8572 113 x| < Me? x|l

Thus {Tn} has a discrete dichotomy with constants M, 62, and
= -1 2M
1Famsyll < e v Il Tl < et + =By sup liTyio

If € 1is sufficiently small, 8, = 8 + O(e) < 6, < 1 and {Sn} also

2 1
has a discrete dichotomy with constants M, and 6 by Thm. 7.6.7.

1 1’

Theorem 7.6.9. Suppose {Tn}fm is a sequence in Z(X) which has a

discrete dichotomy and suppose {Cn}o_ooo is a sequence of compact opera-

tors in Y(X) with ||Cn” 0 as n >, and let S =T +C . One

of the following is true.

Either (i) {Sn}o_o°° has a discrete dichotomy

or (ii) X 41 T Snxn’ -» < n < », has a nontrivial bounded solu-
tion.

If the dichotomy for {Tn} has constants M,8 and if 8 < 61 <1,

then in case (i) the constants for the dichotomy are Ml’ 61 <1 for

some M, < <. In case (ii), any solution of x__ . = Snxn with
Hxn||= O(ei nl) actually satisfies |]an = 0(6 n})’ and the space of

such bounded solution sequences is finite dimensional.

Proof. Let B = &_(Z,X) as before and note G € Z(B). Define
C € #(B) bz (Cx)n = Cnxn L
[n] < N, (C x), = 0 for |n| > N. Clearly C is compact in <(B)
N .
for each N and ||C -g} < supllc |l >0 as N+, soc C is
#(B) Im[>N ™

for all =n, and let (CNx) = C x when
n nn

also compact, as is GC. If x = GCx, x € B, then Xp41 = Snxn for

all n. Thus if (ii) fails, I-GC 1is injective on B, and so it has a
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bounded inverse. Thus for each f € B there is a unique x € B
with (1-GC)x = Gf, i.e. x = S x_+ f has a unique bounded solu-
n+1 n'n n
tion for each bounded {fn}, and {Sn} has a discrete dichotomy.
Suppose 6 < 61 <1, X 4 Tnxn for all_n and Hxn|[=
)

- [n| . - -In
0(81 ). Then x Tnxn = 0(s

n+l 1 Choose

so x, = zw Gn,k+lckxk'
N so large that
- |n-k]|

sup ] {IG Il ® - sup |G|l < 1/2.
n - n,k+1 1 lkl>N k

For sequences ({y } =y such that y_ = x for |nf < N and

VI = swp 1y, 671 < o (for some oy £ b5 1/6y) define

(Fy(r)), = x, for [n| <N,

(FN(y))n = zw Gn,k+lckyk for |n| > N.

Then if y,§ are any such sequences
~ N 1 ~ N
E ) -Eg Y < Sily-sn1Y

S0 FN has a unique fixed point in this class. When b = 91,
X = FN(X) is the fixed point. But there is also a fixed point in the

case b = 6.1 so, by uniqueness,H|x[||N < ®, i.e.
1 91'1

Ix Il = oo™y as fn] » =

If 61 < b < 1/61, the argument given in the space B also

works in Bb = sequences {xn} with
sup {||x || B} < =.
n

_ .. _ - ny L -|n|
If x = GCx is in Bb then X141 = Snxn, X, 0(b ™) 0(61 )

so ||an = O(elnl) = 0(1), and if (ii) fails, x = 0. As before, we

obtain a dichotomy but now we see the Green's function {én m} = G for
3

{Sn} satisfies .

g |n-m]
16, pll < My8y

where M, = max{IIGll_(./(Be )"|thTB1/6 )}, by Cor. 7.6.6.
1 1
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Exercise 13. In case (ii) above, if X 41 Snxn has a nontrivial

bounded solution {xn} prove

w© as n > +oo
I1(1-P)x I[P x || ~
as n » -,
Thus we will not have a "trichotomy", the space of bounded sclutions
becomes tangent to the decreasing subspace N(Pn) as n > +~ and

tangent to R(Pn) as n > -,

Exercise 14. Suppose {TIER)}:Lco has a discrete dichotomy for
k = 1,2, and the Green's functions satisfy

el < melmml g < 1y,

If ]|T§1)—T£2)H_< e for |n| < N and ||T§1)—T£2)H < B for all n,
prove
2z
1 2 2M 2N+1
1e$H -2 < Ty (o v e )y >0

as €+ 0 and N> 1If b < g °

n, then

and !!Til)-ng)H < eb!nl for all

1P R B < ebines (1-be.

e - (1) o f4 _7(2) - (1) _-(2) -
Hint: X Gn,OZ satisfies X1 Tn X, (Tn Tn )xn for n # -1,
. 1 2 1 2
so estimate |]Gé,%z—Gé’%zH =|[Pé )z—Pg )Z“.
Exercise 15. Suppose {Tn}nzo, {Pn}nio satisfy the conditions for a
discrete dichotomy for n > 0 -- in particular ”Gn m” < Me'n_m] when
)

n,m > 0, where Gn n is the corresponding Green's function. Define
s
P =P and
n 0

_ _ -1
Tn = 8(1 PO) + 8 P0 for n < 0.

Show the extended sequence has a discrete dichotomy, and prove a re-
sult corresponding to Thm. 7.6.7 for this case.

There is a corresponding result when the conditions for a dis-
crete dichotomy hold for n < 0, T0|R(PO) is an isomorphism onto a
space V < X and TOR(I—PO) < W where V & W = X,

Theorem 7.6.10. Suppose X + A(t)x = 0 has an exponential dichotomy

on IR with exponent B8 and bound M, and the corresponding evolution
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operator T(t,s) has

sup{|T(t,s)]: 0 < t-s < 1} < =,

If 0 < 81 < B8, M
g

1> M, there exists e > 0 (depending only on B8,

1 M, M} and . sup J[T(t,sﬂ}) such that any equation whose evolu-
<t-s<
tion operator S(t,s) satisfies

[[T(t,s)-S(t,s)|]| < ¢ whenever 0 < t-s < 1,

has an exponential dichotomy on R with exponent B8 and bound Ml'

1
B2 -8,%
Proof. Choose & > 0 so Me < e . For any real to, let
tn = t0+n2 for integers n and apply Thm. 7.6.7 to show -84
{S(tn+1,tn)}°foo has a discrete dichotomy with constants Ml’ e 1
for small ¢ > 0, uniformly in to. According to exercise 10,

{S(t,s), t > s} then has an exponential dichotomy on R with expon-
ent Bl, and the corresponding Green's function G(t,s) has

. -8, lt-s]

H6(t,s)ll < Mje

when t-s/% is an integer. To complete the proof, suppose G(t,s)

is the original Green's function and observe (cf. proof of Thm. 7.6.7)
[[G(t,s)-G(t,s)|| < Ke when E%E is an integer
(for some constant K) and for |t-s| < & ,

[|G(t,s)-G(t,s) < K,eMy + €K sup HT(t,s)| .

1 O<t-s<2
where sup ||T(t,s)-S(t,s)]] < K,e. For e sufficiently small we
0<t-s<% -
have - -
Bylt-s| . -(B-8,)[t-s|
e 16Ct,9) ] < Me L 0(e) < M

1

B2 . -

for [T-s||5 2, and e 1]]G(sil,sﬂ| < 1, which imply |[|G(t,s)]|| <
-B;|t-s

Mle 1 for all t,s.

Theorem 7.6.11. Suppose AO is sectorial in X, 0 < o < 1,

t - A(t)-AO: R.+.BTXQ,X) is bounded and locally HGlder continuous and

%X + A(t)x = 0 has an exponential dichotomy on R with exponent
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B > 0 and bound M.
If 0 < Bl < B, M1 >M, 0 <8 < (1-a)/2, there exists e > 0
such that, for any locally H6lder continuous B: R +£ZTXG,X) with

BCexf < b Il

t
I Bseoxatll < allxl, for lty-t] < 1,
1
and q°p! "0 < g, the equation

1 2I

X + A(t)x = B(t)x

has an exponential dichotomy on IR with exponent Bl and bound Ml'
Proof. Let T(t,s), TB(t,s) be the evolution operators for
X + A(t)x = 0, X + A(t)x = B(t)x respectively. Theorem 7.5.2 shows

§

sup [Ty (t,s)-T(t,s)] LGRS
X

0<t-s<1 ¢

as ofplt

Xa, and thus a dichotomy in X' when 0 <y <1 (see ex. 5).

+ 0. Then Thm. 7.6.10 gives a dichotomy with respect to

Exercise 16. Suppose X + A(t)x = 0 has an exponential dichotomy on
R, t » A(t)-AO: R » AX%,X) is bounded and locally HSlder continuous,

t + f(t,x) € X 1is locally HSlder continuous and bounded for I|X”a
small, x - f(t,x) 1is continuously differentiable,||fx(t,x)-fx(t,0ﬂ| - 0
as Hﬂ]a + 0 uniformly in t, and

T (f,fx)(t,O)dt +0 as T » =

l ft0+T
o

uniformly in ty Prove for large w there is a unique solution

xw(t) of

X + A(t)x = f(wt,x), - < t < o,

with sup Hx(tﬂla < ry (for some small r, > 0 independent of w)
and me(tﬂ|a > 0 as w -~ o uniformly in t. If the zero solution
of X% + A(t)x = 0 1is stable, prove Xy is also uniformly asymptoti-
cally stable. (A corresponding instability result holds when

X + A(t)x = 0 is unstable: see ex. 21 below.)
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Exercise 17. Suppose Aj(t)-AO € EZ(Xa,X) is bounded and locally
HBlder continuous for j = 1,2 and each of the equations
%X + A.(t)x = 0 has an exponential dichotomy on R. If G.(t,s),

Pj(t) are the corresponding Green's functions and projections, show
Gl(t,r)-Gz(t,r) = [_w Gz(t,s)(Az(s)-Al(s))Gl(s,T)ds.

(Hint: x(t) = Gl(t,r)g satisfies X + Az(t)x = (Az(t)-Al(t))x on
each interval (-«,t) and (t,«»), so use ex. 7, 8 above.) If the
dichotomies have exponent B8 and p < 28, there is a constant C < o
with
1P, 0-p (0l < osupllays-a o)l e Pl
Z(X7) S AXT,X)
Exercise 18. The criterion of Besicovitch and Bochner [3, 89] for
almost-periodicity of continuous f: R - X, X a Banach space, is
that every sequence in IR contains a subsequence {tn} such that
||f(t+tn)-f(t+tm)H + 0 as n,m +» » uniformly in t. Suppose
f: R + X 1is almost periodic and g: R + Y is continuous and such
that, for any sequence {tn} with {f(t+tn)} a Cauchy sequence uni-
formly in t, we also have ||g(t+tn)-g(t+tmﬂ| + 0 uniformly in t;
then g 1s almost periodic and its frequency module is contained in
the module of £ [3].
Assume A(t) satisfies the assumptions of Thm. 7.6.3 and
t > A(t)-Ay: R > £(X%,X) is almost periodic. If G(t,t), P(1) are
the corresponding Green's function and projection, {tn} c R,
[ACt+t )-A(t+t )] - <b  for n>m with 4 >0 as m~»,
prove

-8 t-T
||G(t+tn,r+tn)—G(t+tm,r+tm)||_(/(x) < Cb e | |

for some positive constants C,B, and conclude the projection P(t)

is almost periodic with frequency module contained in the module of A.
If f£f: R > X 1is almost periodic, prove the bounded solution x of

X + A(t)x = £(t), -» < t < =, is almost periodic with frequency module
contained in the joint module of f and A.

Theorem 7.6.12. Suppose A0 is sectorial in X, 0 < a < 1, A 1is a
set, A(t,A)-AO € Ax%,X) is uniformly bounded for (t,2) €R x A,

t - A(t,A)—AO: R *f{TXa,X) is locally HBlder continuous for each

A € A. For each X € A, X + A(t,A)x = 0 has an exponential dichotomy
on R with exponent B8 and bound M independent of XA: in obvious
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notation,

T, (t,8) (1-P, ()0l , < Me 875D jp for

-+
[
wn

1T, (e,9)By (), < Me BT ] for s 2

R Suppose 0 < B, < B, M. > M and choose £ > 0 so Me_BQ
611 1 1

e . Assume
t > A(t)-Ay: R - X%, %)

is bounded and locally Holder continuous, and there is a function
A(): R > A with

t
Ilf Lao -ace,aeadl <

ty L(X7,X)
for tgy <ty < ty*l, and

II? (ty)-P (el <e

)\(t0+£) 0 )\(to) 0 .%(Xo‘)
for all to.
If ¢ 1is sufficiently small (depending on AO’ A(t,\), o, B,

M, 8., Mj, & and supl[A(t)-Ayl)

X+ A(t)x = 0

has an exponential dichotomy on IR with exponent Bl and bound Ml'

If P(t) 1is the corresponding projection, then as € =+ 0

”P(t) —P)\(t) (t)H = 0(e)

uniformly in t.

Proof. Let tn = t0+n2 (n = 0,£1,...), Xn = k(tn) with Pn = Pln(tn)’

po= = = Me B% = P

Pn PAn—l(tn), Tn Txn(tn+l’tn) and 6 Me . Then TnPn Pn+lTn’
Tan(Pn) is an isomorphism of R(Pn) onto R(Pn+1),{tTnﬁ(a < ﬂ{x”a
when P x = 0 and |/x]|[ =|ITAn(tn’tn+1)TnXllaf ol T x|l , when P x = x.
If T(t,s) 1is the evolution cperator for X + A{t)x = 0 then (if

0 <8 < (1-0)/2)

1Tyt Tl o = 0(e®)
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uniformly in n and t,, and ||§n—PnH < e¢. Applying Thm. 7.6.8 and
exercise 10 we have a dichotomy on R with exponent 81. To see
the bound is Ml’ argue as in the proof of Thm. 7.6.10.

As a simple application of this result, we treat the case of

slowly varying coefficients (cf. Coppel [112] for the ODE case.)

Theorem 7.6.13. A0 is sectorial in X, 0 < a < 1, (A,d) 1is a metric

space, A > A(A)-A ¢ A > X%, X)  is locally H81lder continuous, bounded,
0

uniformly continuous and its image is in a compact set of ﬁfol,X).

Assume also there exists B > 0 so
o(A(M)) <« {Z: |Re z] > B}

and if A = lim A(AV) in £ZTX1,X) for a sequence {Xv} < A, the es-
sential spectrum of A is in {|Re z| > B}. (The second condition
is trivial if AO has compact resolvent.)

Let 0 < Bl < B; there exists € > 0 and M, > 0 such that,

1
for any locally Hdlder continuous A: R = A with

d(A(t),r(s)) < e for |t-s| <1,

the equation
dx/dt + A(A(t))x = 0

has an exponential dichotomy on R with exponent Bl and bound Ml'
Remark. Essential spectrum has several definitions, from Kato's
definition [56] as the set of complex =z for which z-A is not semi-
Fredholm (apparently the smallest) to that of Gohberg and Krein [118]
which we used in Ch. 5, all points of the spectrum except isolated
eigenvalues of finite multiplicity. The theorem holds under either

definition, since the strip {|Re z| < B} meets the resolvent set
for large |Im z].

Proof. We apply Thm. 7.6.12 with A(t,2)=A(X). There exist constants
C, C; and ¢ (0 < ¢ <m/2) so H(z-AO)_IH < C/|z| when larg z} > ¢
and H(A(A]-AO)(Z—AO}_lﬂ < Cllzl(x_1 when |arg z| > ¢, X € A, since
AQ)-A, is bounded in Lx*,x). 1f R > 20, then || (z-A0)) M| <
2¢/|z| for |arg z| > ¢, |z] > R and all . Let B, = %(B+81)

and let y_ be contour in the left half-plane, consisting of a segment
of Re z = -82 closed by the circle |z| = R, and Y, in the right
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half-plane formed by Re z = 8, and the rays arg z = 6, |z| > R,

2
(with ¢ < 6 < n/2, R cos 8§ = BZ, increasing R if necessary). Then

AL, 1
e Py = 71

A
[enl
-

f (Z‘A(A))—le—thz, t
Y.

1 1 -2t

AT py o L [Y (z-A(0)) Ye?tdz, ¢

v
(el

1” is

and the required estimates will hold if we show || (z-A(A))~
bounded uniformly in A and =z € K = {|Re z| < B,, |z] < R}. This
will follow in turn if z-A 1is invertible for every z € X and A
in F (F = the closure in ifTXl,X) of {A(XN), X € AD) since the
continuous function (z,A) *f{(z-ﬁ)_1|| is bounded on the compact set
K x F. Certainly z-A is invertible if A = A(X) for some A, but

suppose it is not invertible for some z € K and A = lim A(Av).
RVE e

Then =z 1is an isolated eigenvalue of A, which implies A(Av) also
has spectrum arbitrarily near <z for large v, contrary to hypothesis.
Thus H(z—ﬁ)_lll is bounded on K x F. Since XA = P. is uniformly continu

A
ous from A to Z(X), Thm. 7.6.12 applies and completes the proof.

Exercise 19. Suppose x + A(t)x = 0 has an exponential dichotomy

on R with exponent B8 and t - A(t)—AO €£/(XG,X) is bounded and
uniformly continuous. If 0 < Sl < B, prove there exists € > 0 such
that, for any differentiable 6: R +R with sup|de/dt - 1| < €,

the equation X + A(8(t))x = 0 has an exponential dichotomy on IR
with exponent Sl. If t > A(t)—AO is uniformly Lipschitzian and

61, 62 both satisfy the above hypotheses and Pe (t), Pe (t) are

the corresponding projections, 1 2

B A -b|t-s|
ll_Pelct) PGZCt)IIy(XQ) <Cy sup {le (s)-8,(s) e }

for a constant Cb <= if b < 2B;.
Exercise 20. Suppose AO is sectorial in X and has compact Tesol-
vent, 0 < a <1, t ~ A(t)~AO:]R +7(x%,X) is almost periodic and
locally HOlder continuous (hence, uniformly continuous and with image
in a compact set of £/(Xa,X).) Also there exists B > 0 such that if
- <t <® and XA € o(A(t)), then [Re A} > 8.

Assume f: R x {||x] < pg} x {0 < e < ey} » X is uniformly
almost periodic in t, £(t,0,0) = 0, and
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I£(t,x ,e) - £(t,x,,e)ll < ule,0) [[x-x, 0,
for ||x1HQ,||x2Ha <P <Py 0<e ey, and u(e,p) » 0 as (e,p) ~»
(0,0).

Prove there exist oy 0 and € 7 0 such that, if
0 < e < €15 there is a unique solution xe(t) of

dx
eqt * A(t)x = f(t,x,<), o <t < @

with sup Hx(tﬂ|a < py. Also x_ is almost periodic, its frequency
module is contained in the joint module of A and £, and

sup ”xa(t)”a + 0 as e » 0+. (For the almost-periodicity results,
cf. ex. 18 above). If Re o(A(t)) > 0 for all ¢, X, is asymptoti-
cally stable; otherwise Xg is unstable by ex. 21.

(Hint: change the time variable to 1 = t/e.)

Exercise 21. Suppose x + A(t)x = 0 has an exponential dichotomy on
R, t » A(t)-AO:IR +>L(x%,X) is bounded and locally HSlder continuous,
£(£,0) = 0, |£(t,x)-£Ce, 0l < n(p) llx-yll, i€ Il . lIfl, < o and
n(p) + 0 as p =+ 0. There exist p > 0, M > 1, such that (if P(1)
is the projection of the dichotomy) the equation

(*) x + A(t)x = f(t,x)

has local stable and unstable manifolds

S(t) = {xg) [J(1-P(x))xgll, < o/2M, x(t) satisfies (*) on (1,%)
with x(1) = x4, Ix(Oll, < e
u(t) = {XOIIIP(T)XOHa < p/2M, there is a solution x(t) of (¥*)

on (-00”[) with X(T) = XO, ”X(t)”a f p

which are homeomorphic under projection (by I-P(t), P(1) respectively)
to the closed ball of radius o in X° = R(1-P(1)), X% = R(P(1))
respectively. Also S(t), U(t) are Lipschitzian manifolds tangent
at the origin to Xf, X?.

If x > £(t,x) is differentiable and (t,x) » £ (t,x) €Z(X%,X)
is continuous uniformly in t € R and ||x|, < r,, then S(1), U(1)
are C1 graphs over the p-balls in Xf, X% respectively, if p < T
In fact, it is sufficient that fx is continuous and fx(t,x) - 0
as Hxl!a-* 0 uniformly in t.

0"
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Theorem 7.6.14. Suppose A0 is sectorial in X, 0 < a < 1,
t - A(t)-AO:]R +£ZTXa,X) is bounded and locally HOlder continuous,
and X + A(t)x = 0 has an exponential dichotomy on R with exponent

B. Assume 0 < 61 < 8, B: R.».&TX“,X) is locally HOlder continuous,

t.+h

Hf 0 Bty + 0 as ltol + =, for 0 < h <1, and for some Ay,
tg Z(x%,%)

B(t)(x0+A0)-1 is a compact operator in (X) for each t. Then one

of the following holds.

Either (i) X + A(t)x = B(t)x has a nontrivial bounded solution on
~o <t < o

or (ii) Xx + A(t)x = B(t)x has an exponential dichotomy on R
with exponent 81.

In case (i), the space of such bounded solutions is finite di-
mensional. Any solution of x + A(t)x = B(t)x on -» < t < » with
]|x(t)Ha = O(e81 ¢ ) actually has ]]X(t)]]Oc = O(e_slltl).

Proof. Let T(t,s), TB(t,s) be the evolution operators for
X + A(t)x = 0, X + A(t)x = B(t)x respectively. Let & > 0 and note
t0+l
TB(t0+2,t0)-T(t0+£,t0) = Jt TB(tO+£,s)B(s)T(s,t0)ds.
0
It is easily shown (see Thm. 7.5.2) that

||TB(t0+2,t0)-T(t0+2,t0)| + 0 as |t0| > o,

lx)

t0+2

For e >0, let I = J
t0+e

TB(tO+£,s)B(s)T(s,t0)ds; then I€

is a compact operator in Z(X) for each 0 < ¢ < &, and

[[IE—I&E{(X) = 0(el™™) as e » 0+, so

I, = TB(t0+2,tO) - T(t0+z,t

0 O)

is also compact. Applying Thm. 7.6.13 and ex. 10 completes the proof.
Exercise 22. Suppose A

.0 A are sectorial in X and have spectrum

disjoint from the imaginary axis, and let P_ = 7%{ fY(X'Ai)-ldA’

where vy encloses the spectrum in Re X < 0. If A(t) = A, for
t >0, A(t) = A for t < 0, the equation X + A(t)x = 0 has an

exponential dichotomy on R if and only if X = R(P_) & N(P,). If
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R(Pt) are finite dimensional, the requirement is dim R(P ) =
dim R(P_} and X + A(t)x = 0 has no bounded nontrivial solution on
(m=,°).

Consider also the case when X + A _(t)x = 0, x + A_(t)x =0
both have exponential dichotomies on R and A(t) = A+(t) for
t >0, A(t) = A (t) for t < 0.

Note: Because of the discontinuity at t = 0, the solutions will be
strict solutions for t # 0 and continuous at t = 0 -- they may be
interpreted as mild solutions of the equation if Ai-A0 E.QTXa,X)
where A0 is a fixed sectorial operator.

The evolution operators are unambiguously defined and the dis-

continuity may be eliminated by an integrally-small perturbation.



Chapter 8

Neighborhood of a Periodic Solution

8.1 Stability and instability for nonautonomous systems

Let A be sectorial in a Banach space X and let £(t,x) be,
say continuously differentiable from R x x* into X. Assume
f(t+p,x) = £(t,x) for all (t,x), some p > 0, and also assume xo(t)
is a p-periodic solution:

dx

0 -
Tt Axo = f(t,xo), all t

xo(t+p) = xo(t).

Let x = xo(t) + z, z measuring the distance to the periodic solution;
if x(t) 1is a solution of %% + Ax = f(t,x), then z(t) = x(t)-xo(t)
satisfies

o+ Az = £(t,xg(1)+2) - £(t,x0(1)),

and we study a neighborhood of the periodic solution by examining the

linear variational equation

éz = a—f—
ar tAY = 5x(tx(t))y.

Observe that this equation has p-periodic coefficients.

Theorem 8.1.1. Let A be a sectorial operator in X, 0 < o < 1, and
f(t,x) maps a neighborhood U cR x X* of {(t,xo(t)), t € R} into
X, where f£(t,x) and %%(t,x) are continuous in this neighborhood,
f(t,x) 1is locally Hélder continuous in t, and %%(t,xo(t)) is Hélder
continuous. We assume f(t+p,x) = f(t,x) for (t,x) € U, some p > O,
and xo(') is a p-periodic solution of

dx

{NL) It + Ax = f(t,x)

If the period map for the linear variational equation

(L) & vy = Lie,xy())y
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has its spectrum strictly inside the unit circle, i.e. the zero solu-
tion of (L) is exponentially asymptotically stable, then the solution
X = xO(t) of the nonlinear equation (NL) is exponentially asymptoti-
cally stable. Specifically, there exist positive constants p,8,M
such that, if x;(t) 1is any solution of (NL) with ||x1(t0)-x0(toﬂlu <

p/2M, then xl(t) exists on ty < t < » and has

'B(t_to)
iy (6 - xg ol < 2Mlxg (eg) - xqCeol e .

Proof. Let =z = x-xo(t), and
g(t,2) = £(t,xy(t) + 2) - £(t,x(1)) - Bo(t,xy(t))z.

Since {t,xo(t)), 0 <t < pl 1is compact, there exist >0 and a

]
nondecreasing function k(p), 0 < p < o> k(p) ~ 0 as g + 0+, such
that [lg(e,2) < k(o) llzll, for Ilzll, < o.

Let T(t,s) be the evolution operator for the linear variational
equation. By hypothesis the spectral radius r(T(t0+p,t0)) <1, so
there exists M > 0, B' > 0 such that, for t > s, x € X®

ITct,s)xll, < me™® (784

A

ITCe, s)x |l < M(e-s) % B (B,

VA

Choose 0 < B < B' and choose p > 0 so small that
{(t,xo(t)+z), Hz||a§ p} €U and
k(p)M f u e (B-Blug, o %.
0
Let zl(t) = xl(t) - xO(t), to>t; if |[zl(toﬂ|a < p/2M then, as long
as Hzl(tﬂla < p we have

t
23(t) = T(t,ty)z,(ty) + ft T(t,s)g(s,2,(5))ds

0
so

Blt-t,)
TR <Mz el

t Y _farl _ B(s-t,)
. Mk(p)ft (t-5) "%  (BTBIES) 0 2005 (il

0
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B(s-to)
< Mllz; (eIl + smax (e zy ()l 2
[ty,t]
so
"B(t'to)
{lzl(tﬂ‘a < ZM}lzl(toﬂ‘ae < p.
It follows that the solution exists for all t > t and the result is

0
proved.

Theorem 8.1.2. Suppose the assumptions on A, f, Xq of Th. 8.1 hold,
but the period map U(t} = T(t+p,t) of the linear variational equa-
tion has

o(U(t)) n {n | Jul > 1}

a nonempty spectral set. (If A Thas compact resolvent this says that
there is a characteristic multiplier with modulus greater than one.)

Then the periodic solution xo(t) is unstable.

Remark. Ex. 2 below assumes only r(U(t)) > 1, with a bit more smooth-
ness.

Proof. We prove there exists a function x*(t,to,a) which satisfies
the equation for all t < tys with x*(to,to,a) # xo(to) and
Hx*(t,to,a) - xO(t)HCt + 0 as t » -», If we then choose (n = 1,2,
3,°0°) x = x*(to-np,to,a), then the solution x({tjtg,x.)
x*(t-np,to,a) for t0 <t < to+np x(tO;tO,xn) =X
Hxn-xo(toﬂ|u + 0 but, for all n,

n’ has

sup “X(t;toxxn)'xo(t)”u ?“X(to'}'np;toyxn) - XO(tO)“OL
t>t
-0

L

* . -
lIx*(tystg,a) - xgledll, > 0

The proof of existence of x* 1is essentially the same as the
corresponding proof in Th. 5.1.3, solving an integral equation by the
contraction mapping principle. We will merely set up the integral
equation, leaving the rest as an exercise.

Let o, = o(U(t)) n {lul > 1}, and let X = X;(t) ® X,(t) be
the corresponding decomposition into U(t)-invariant subspace (see
Th. 7.2.3). Let Ej(t) be the projection of X onto X.(t) (j =
1,2). There exist M > 0, B > 0 such that, for t > s, X, € X%(s),
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ITCe, g0l < e (7S] mce-s) %P (E7 S

Al < N
and for Xq € Xl(s), T(t,s)xl may be defined consistently for t < s
with

IT(t,s)x Me ® il L e | for b o<os.

My <

ZB(t-to)
Suppose g:(-=,t,) ~ X has |[lg(t)]] = O(e ).

The unique solution of the linear equation

%% (A - %g(t,xo(t)))z = g(t) for t < tg
: 28 (t-t,) ‘
with B, (ty)z(tg) = a and [[z(t)l[ = O(e ) as t + -w is

z{t) = T(t,to)a + (z T(t,s)El(s]g(s)ds + ftm T(t,s)Ez(s)g(s)ds.
0
Substituting g(s,z(s})) = g(s} give the integral equation which deter-
mines the function x* = z* + Xq.

Exercise 1. Apply ex. 1 and 4, sec. 5.1, with T(g) = x(t0+p;t0,
xo(t0)+c) - xo(to), T € X, to give alternate proofs of Th. 8.1.1 and
8.1.2.

Exercise 2. Suppose A, f, xo(t) as in Th. 8.1.1 and also, for some
a > 0, [1£Ct,xg(t)+z) - £0t,x,()) - e, xge)zll = 0dl41E™d  as

z » 0 uniformly in t. If the spectral radius of the period map of

the linearization is greater than one, prove the solution xo(t) is

unstable. (See Cor. 5.1.6.)

8§.2. Orbital stability and instability for autonomous systems

An important class of problems not covered by Theorem 8.1.1 is
the autonomous case, when the equation is not explicitly time-depen-
dent. In this case, there is always a multiplier on the unit circle
(lemma 8.2.2) and even though the instability theorem Th. 8.1.2 applies
in the autonomous case, the conclusion is too weak. For the ordinary

differential equation dxl/dt = X, dxz/dt = -sin x (the pendulum

1
equation) every nontrivial periodic solution is unstable, since the
period depends on the amplitude and initially close solutions even-
tually get out of phase. The proper notion for autonomous equations

is orbital stability and instability.
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Definition 8.2.1. A periodic solution xo(t) = XO(t+p) is orbitally
stable if the set T = {xo(t), 0 <t < p}l is stable, i.e. if for any
neighborhood U of T there exists a neighborhood V of T such
that if Xy € V then the solution x(t;xl) €U for all t > 0., Simi-
larly orbital asymptotic stability, orbital instability, etc. all

refer to the corresponding stability property of the set T.

Lemma 8.2.2. Let A be sectorial and f(x) be continuously differ-
entiable from X% to X in a neighborhood of a nonconstant periodic
solution xo(t) of

v ax = £(x).
Also assume t » fx(xo(t)) € £(x*,X) is HSlder continuous.
Then the linear variational equation

d -
TE Ay = £ (xg ()Y
has 1 as a characteristic multiplier.

Proof. We prove the derivative ko(t) is a nontrivial periodic solu-
tion of the linear equation, sc io(to) = U(to)io(to) # 0, and 1 is a
multiplier.

Both xo(t) and xo(t+h) are solutions, and ko(t) € X% is
Holder continuous (Th. 3.5.2), so differentiating xg(t+h) = e_Atxo(h)+
fge-A(t-s)f(xo(s+h)) with respect to h, it follows that y(t) = X,(t)
solves dy/dt + Ay = f'(x4(t))y. Also, by uniqueness, io(t) # 0.

Theorem 8.2.3. Suppose x = xo(t) is a nonconstant periodic solution
of the autonomous equation with period p, where A is sectorial and
f(x) 1is continuously differentiable from a neighborhood of the orbit
r = {xo(t), 0 <t<p}e X* into X, and that t ~» fx[xo(t)) is
Hdlder continuous into £{TXG,X).

Assume the multiplier 1 is an isolated simple eigenvalue of the
period map, and the remainder of the spectrum lies in {|u] < e 8Py
for some B8 > O.

Then T is orbitally asymptotically stable with asymptotic
phase. I.e. there exist p > 0, M > 0 such that if

dist  {x(0),T} = min |[x(0) - xo(t)“a < p/2M
X t

then the solution x(t) of dx/dt + Ax = f(x) through x(0) exists
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on 0 <t <« and there exists real 6 = 8(x(0)) such that

8t

lix(t) - xo(t-eﬂ{a < 2pe for t > 0.

Proof. Let x = xo(t) + z,

E o+ A - £ g ()12 = g(t,2)

g(t,0) = 0, lg(t,z)-g(t,z)ll < k(olllzy-2, 014 if Izl
lz,ll, < e
with k(p) = 0 as p = 0+,
Decomposing the space according to the spectral set {1}, X(t) =
X;(t) 8 X,(t) where Xy(t) = span{io(t)} for all t (recall
Xo(t) # 0), and [[T(t,s)x < Mk for all t, x; € X,(s). For

i
€ X;(s), t > s,

ﬂla 1

)

ITCe,s)xll, < Me™® (TS mce-s) ™% B (573 |

ﬂla

for some R' > B > 0. Choose p > 0 so small

Mk (0)M (5 + fo e (B18) gy ¢ 1

with My = sup {J|E; (s)lf, lIE, (s}, E (s) projection onto X.(s).

0
In the norm |z = sup {Hz(tﬂ|a68(t-t0)}, the map z -+ F(z):
t>t
-0

t
F(z)(t) = T(t,to)a + f T(t,s)El(s)g(s,z(s)ds
t
0
- f T(t,s)Ey(s)g(s,z(s))ds, t > to,
t

o,B

is a contraction map of the continuous z: [to,w) > X% with
fzfa g < 0 provided a € Xg(to),{faﬂa < p/2M.
" Let z = z*{-,a) be the unique fixed point of F. For
a .
a,b € X,(t;) with |]d|a,||ﬂ|a < p/2M, |z*(-,a) - z*(',b)|0"B <
ZMHa-bHa. Define H(a) = z*(ty,a) - a; then

IH(a)-H)f, < 2MPmpp™

k(2™ max (lall jlibl ))lla-bll -

It may be shown t -+ z*(t,a) 1s locally Hdlder continuous (for t>t0)
into Xa, and it follows x*(t,a) = xo(t) + z®(t,a) 1is a solution of
the differential equation for t > tg, whenever a € X%(to),
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lall , < o/2M.

Consider x(t,£), the solution of x+Ax = f(x), t > ty P, with
x(ty-p,&) = &. If Hg-xo(to)llOC is sufficiently small, x(t,§) exists
On  ty-p <t < tp+p and we prove there exist 6 real and a € X;(to)
such that |6] +I]d|a is small and

x(ty+0,8) = x*(t,,a).

This implies, by uniqueness, x(t,£) = x*(t-6,a) for t > t,+6, so

0

-B(t-to- ) -B(t-to)
Ix(t,8) - xy(t-0)l}, < pe < 2pe :

By periodicity, it suffices that |lx(t0+np) - xo(to)llOL is sufficiently
small for some integer n, and by continuous dependence, that
Hx(t1)~x0(tl)Ha is small for some t;. Thus the result is proved

once we show solvability of -x(t0+6,£) + x*(to,a) = 0, or equivalently

a - eio(to) = G(6,a;&), where
G(8,a;E) = x(t0+e,g) - xo(t0+e) - H(a) + xo(t0+6) - xo(to)-ekocto).
Now G(0,0;xo(to)) = 0 and
El(to)(a - exo(to)) = -eio(to)
Ez(to)(a - eko(to)) = a

so the "linear part" is invertible. We need to show (8,a) »~ G(8,a;&)
has an arbitrarily small Lipschitz constant near (0,0), provided ¢
is near xO(tO): this implies we have a contraction and the equation
is solvable when ||€-x0(toﬂ|a is small enough.

Given € > 0, there exists 0 < 8§ < p so that l[H(a)—H(Eﬂlu <
ella-3l o llikg (£ +0) -Xo (el < €/2 for o] <6, and [ld], < 6.
Also for ty-p < t < tg+p, @ <y < 1,||k(t,£)—k0(tﬂla <
Cle-tyrp) " Yle-xy (eI 1Y by Th. 3.5.3, so for |e|, I8}, |4l

lall, < ¢
16(0,a;8) - G(T,T;0, < C;le-T] [[g-x, eyl 7Y
+ella-a), + e/2]6-8] < e(la-a||,+ |6-8]),

if Hg-xo(toﬂ]u is sufficiently small.
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Exercise 1. Use ex. 1, sec. 5.1, to give an alternate proof of Th.
8.2.3 with

T(E) = X(t0+p(g);toyxo(t0)+g) N Xo{to)

for £ € X§(t0)’ and with p(Z) chosen (p(&) =p + O(H£||J so that
T(g) € Xg(to) also. First show this map is well-defined and C1
near £ = 0, by the implicit function theorem. (Cf. the proof of Th.
8.3.2. below).

Theorem 8.2.4. Assume the same regularity conditions as in Th. 8.2.3,
but suppose the period map U(t) for the linear variational equation
has o(U(t)) n {|u] > 1} a nonempty spectral set. Then the solution
X = xo(t) is orbitally unstable: there exists a neighborhood W of

T
distX (xn,F) -+ 0 as n + «, but for each n, x(t;to,xn) eventually
leaved W.

{xy(t), 0 <t < pl and a sequence {x } such that

Proof. Theorem 8.1.2 applies and proves xo(t) is unstable, a weaker
conclusion. We use the function x*(t;to,a) = xo(t) + z*(t;to,a)

from the proof of Th. 8.1.2, with a € Xl(to) (the "unstable" sub-
space), ”aHa < p/2M, ||Z*(t0;t0,a)-a||a = O(Ha”a) as ”a||OL+ 0,

xo(t) + Z*(t;to,a) is a solution of the differential equation for

t <ty and lz*(t;tg,a), < M [fal| o2t %0),

Now 1t is possible to choose a X%(to), and € > 0, such that
¢ <|laf, < o/2M and ||x0(to) * oz (tyitg,a) - xo(tﬂ|a > e >0 for all
t. For if p > 0 1is the least period of Xg» then
lIxq(t) - x (e, > 0 for t, <t < ty+*p; and for t near tg (or
to*p) with l]d[a small but nonzero,

on{to)*’z*(t();to’a) - Xo(t]”a flla'ko(toj (t‘to)”a
- llz*(tgstgsa)-al - lxg(e)-xp(tg) -Xo (ty) (-t Il
and this is bounded from zero since a € Xl(to) and io(to) € Xz(to),
and Xo(t) is Hélder ocontinuous into X%.
Choosing such a and e > 0, let

W= {x: dist _(x,T) < e}
Xd

and  x_ = x,(t)=z*(ty-np;ty,a). Then ][xn-xo(toﬂla + 0 as n » +w,

and
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x(t;to,xn) = xO(t)+z*(t-np;t0,a) for tg <t < ty+np,
so x(t0+np;t0,xn) = xo(to) + z*(to;to,a) £ W, by choice of a and e.

Exercise 2. Use ex. 4, sec. 5.1, to give an alternate proof of Th.
8.2.3., (cf. ex. 1 above.)

Exercise 3. Assume ||f(x0(t)+z) - fxy (1)) - fx(xo(t))zH =

O(HzHi+q) as z = 0, uniformly in t, for some q > 0. If the period
map of the linearization has spectral radius greater than 1, prove
xo(t) is orbitally unstable. (cf. ex. 2 in sec. 8.1.)

8.3 Perturbation of periodic solutions

Suppose xo(t) is a p-periodic solution (p > 0) of
%% + Ax = £(t,x,0), with A sectorial and £f: R x X* xR + X is con-
tinuously differentiable near {(t,x,e): x = xo(t), ¢ = 0} and p-
periodic in t. Let x = xo(t) + z 1in

It + Ax = f(t,x,e):
then

dz B

It A(t)z = g(t9z)€)
where

A(t) = A - fx(t,xo(t),O).

g(t,z,e) = f(t,xo(t)+z,€) - f(t,xo(t),O) - fx(t,xo(t),O)z,
lgCt,z,ell < BUel « nQidlJllally) for Nally, el small, where
n(p) > 0 as p > 0+. Assume also t » £ (t,x(t),0) € AX*,X)  is
HSlder continuous.

Theorem 8.3.1. Assume A, f, X, are as above, and assume that 1 1is
not in the spectrum of the period map for the linear variational equa-
tion for xo(-), e = 0. Then for each sufficiently small ¢, there
exists a unique p-periodic solution x€(~) in a small neighborhood
of x4(-) and er(t)-xo(t)Ha + 0 as e + 0.

Proof. Let T(t,s) be the evolution operator for dz/dt + A(t)z = 0.
If |lzgl,, lel are sufficiently small, the solution z(t;t;,z4,¢) of

the differential equation exists on t, < t < t +p and
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Z(t0+p;toazo,€) - ZO = (T(t0+p,t0)'1)20

t0+p
+f T(t,+p,s)g(s,z(s3ty,2,,€),€)ds.
t
0
Now (1-T(t0+p,t0))_1 = L exists, by hypothesis, and the condition
that this be a p-periodic solution is
t0+p
zy = L ft T(t0+p,s)g(s,z(s;to,zo,s),e)ds.
0

The implicit function theorem applies, and proves, for small [eg]
there exists a unique zo(e) in a neighborhood of the origin

{Hzl{a< r} solving this equation.

Exercise 1. If xo(-) is asymptotically stable (or unstable) by the
linear approximation, in the sense of Th. 8.1.1 (or 8.1.2) show the
same is true for xe(-).

Now we know the hypothesis that 1 € o(T(t+p,t)) is never veri-
fied for autonomous equations, so we treat this case separately.

Theorem 8.3.2. Assume A, f, x as above, but suppose f does not

depend on the time variable t.O Then 1 is an eigenvalue of the
period map, but we shall assume it is an isolated simple eigenvalue.
Then there is a neighborhood U of {x,(t), 0 <t < p} in X% and
€p > 0, 60
unique periodic solution Xe(t) which remains in U and has period
p(e) |p(e)-p} < 6, and p(e) - p, Xa(t) ~ xy(t) as e > 0.

> 0, such that, for each e in |eg]| < €y» there exists a

Proof. We use Poincare's "method of sections'" to eliminate the trouble-
some eigenvalue. Let U(0) = T(p,0) be the period map (for e = 0)
and U(O)XO(O) = XO(O), U*(O]y0 =Yg € X*, <yO,XO(0)> = 1. Such Yo
exists, by our assumption,

Define W = {x € X%: <Ygrx-x,(0)> = 0}. If Xy
[e] is sufficiently small, then x(t;x;,e) 1is defined on 0 < t < 2p.

€Ew, IIXI_XOHO. +

Define
G(xl,e) € W by

G(Xlis) = X(T(Xl,E) + P;Xl,e),

where T = T(xl,e) is the unique time near 0 such that
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g(T3xq,8) = <y, x(p+13x,8) - x,(0)> = 0.
By the implicit function theorem, T(xl,e) is a well-defined C1
function:

g(05xy(0),03 =0

3 .
F2(05%,(0),0) = <yg,%,(0)> = 1
Now we prove the existence of a fixed point Xy = G(xl,e) €W,
for each small ¢, hence the existence of a periocdic solution of period
P+ T(xy(e),e).
We know G(XO(OJ,O) = XO(O), and

Gy (x4(0),0)z = XO(O)TX(XO(O),O)Z + T(p,0)z; if <y,z> = 0,
then
<Y Gy (xg(0),0)z> = 0 = T, (x(0),0)2 + <y,,T(p,0) 2>

so
TX(XO(O),O)Z = 0.

Thus in the space Z; = {z: <Ygr2> = 0} = R(T(p,0)),
G, (x4(0),0) = T(P,0)|Z . But o(T(p,0) ) = o(T(p,0))~{1} so
1 21

GX(XO(O),O)—I has a bounded inverse on Zl. By the implicit function
theorem, there exists a unique xl(e) with xl(e) - xO(O) in Z

|IX1(€) - XO(Oﬂla < r, such that

1’

G(x1(e),e) = x;(€)

Corollary 8.3.3. Under the hypotheses of Th. 8.3.2, if we assume p

is the least period of X, and also that o(U(t))~{1} contains no
nth root of unity for 1 < n < N, then the periodic solution xl(t,e)
constructed above is the only periodic solution near {xo(t), 0 <t <p}

with period less than (N+%)p, for sufficiently small |e].

Exercise 2. Show that x(-,e) shares the orbital stability or insta-
bility of Xq» when X satisfies the hypotheses of Th. 8.2.3 or
8.2.4,

Exercise 3. Use ex. 3, sec. 4.2, to give a criterion for the existence
of a small neighborhood U of {xo(t), 0 < t < p} which is positively
f{t,x,e) for all

sufficiently small €, when X, 1s a p-periodic asymptotically stable

invariant under the period map of dx/dt + Ax
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solution of the equation with & = 0.
Examine also the autonomous case, assuming Xy is orbitally
asymptotically stable.

8.4. The Poincaré map

The Poincaré (or period) map is a powerful tool for studying the
neighborhood of a periodic solution. We used it in Th. 8.3.1 and
8.3.2, and it may also be used (exercise in sec. 8.1 and 8.2) to prove
stability and instability results. It will be used extensively in the
next section, so it deserves careful study. For the ODE case, see
Lefschetz [68, p. 1607.

First consider a periodic equation (period p > 0)
dx/dt + Ax = f(t,x), f(t+p,x) = f(t,x)

where A 1is sectorial and f is C1 from R x X* to X, and suppose

xo(-) is a p-periodic solution. For & € X* near xo(to), define
o(8) = x(ty+p;ity,8);
. 1
then ¢ is C (XG,XQ) near £ = xo(to), @(xo(to)) = xo(to), and

A (xo(to)) = To(t0+p»t0)

where To(t,s) is the evolution operator for

dy/dt + Ay = £ (t,x4(t))y.

The map ¢ 1is the Poincaré map for this (nonautonomous) case; a dif-
ferent form is used in the autonomous case (see below). Observe that
any fixed point of ¢ yields a p-periodic solution, while a fixed
point of ®N (the N-fold composition) yields an Np-periodic solution
(N=2,3,--+); a solution having Zeast period Np 1is called an Nth
order subharmonic, if N > 1. In view of the following exercise, we
expect in general that a periodic solution of a nonautonomous periodic
equation will have the same period, or be a subharmonic.

Exercise 1. [79] Suppose A, f as above with f{t+p,x) = f(t,x).
Suppose x1(~) is a periodic solution of dx/dt + Ax = f(t,x) with
least period q > 0. If q/p 1is irrational, prove
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f(t,xl(s)) = f(s,xl(s)) for all t,s. If q/p 1is rational, let
q/p = m/n where m,n are relatively prime positive integers, and

show f(t,xl(s)) = f(s,xl(s)) whenever t-s = % p for some integer k.

Exercise 2. With A, f, &, X 0
stable, or asymptotically stable) as a solution of dx/dt + Ax = f(t,x),

as above, prove x is stable (or un-
if and only if xo(to) is stable (or ...) as a fixed point of &.

We say xo(to) is stable, for example, if for any e > 0, there exists
8§ > 0 so that whenever ||&-xg(t )|, < &, ¢"(£) is defined for all
n>1 and Jlo"(g) - xy(tyll, < e.

Exercise 3. = Exercise 1 of sec. 8.1,
Now suppose the equation is autonomous: f(t,x) = f(x), indepen-

dent of t. Assume xo(-) is a nonconstant p-periodic solution of

dx/dt + Ax = £(x), f£: X* > X is cCl.

Let S be a Cl manifold (in Xa) of codimension one such that
xo(to) € S and Xo(to) is not tangent to S at xO(tO). For & € S

near xO(tO), define ¢(&) € S by

¢(g) = XCt0+p(£);t0,€),

where p(&) P+ 0d|g—x0(toﬂld is chosen to ensure ©®(&) € S. We
first show @ is a well-defined C1 function on S near xo(to),
the Poincaré map on the "surface of section'" S.

Suppose without loss xo(to) = 0 and S 1is represented near
0 in the form x = o(y) for y € Y, Y = tangent space to S at O,
Ys) Ho(y)—y]hx= od]ﬂla) and as y + 0 in Y. Then define F(z,6,y) =
x(t0+e;t0,o(y)) - o(z) for small y,z € Y and real 6 near p; we
use the implicit function theorem to prove there exist (z(y),6(y))
near (0,p) in Y xR so that F(z(y),e(y),y) = 0 for y mnear 0
in Y. First observe that F 1is continuously differentiable, so it
suffices to prove the linearization has a continuous inverse at
(0,p,0). But

Fz6z + Feée = -8z + 66x0(t0) = §x

can be solved uniquely for (68z,68) € Y xR as continuous functions
of &x € Xa, since X% = span{ko(to),Y} so the result is proved.
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Exercise 4. If @(xl) = X € S (near xo(to)), then the solution
xl(t) of dx/dt + Ax = f(x) through Xq is periodic. It is orbit-
ally stable (or orbitally unstable, or orbitally asymptotically stable)
if Xq is stable (or unstable or asymptotically stable) as a fixed
point of ¢.

Exercise 5. If A has compact resolvent, then & 1is a compact map
of S. (That is, for any bounded sequence {xn}:=1 in S < Xa, in a
neighborhood of xo(to), {@(xn)}:zl has an X%-convergent subsequence).

Now we examine the spectrum of the derivative @'(xo(to)), com-
paring this with the spectrum of TO(t0+p,t0). First suppose, as
above, xo(to) = 0

S =lo(y): y €Y, llyll,< v}

with o(y) =y + o(HﬂIG); then

@' (0)y = x5(t )0 (0)y + Tolty+p,ty)y
SO

$'(0) = PyTo(tO+P:t0) lY’

where P is the projection onto Y, along Xo(to). If Y =
{yl<y,2> = 0} for some nonzero & € (Xa)*, then <X0(t0),2> # 0; we
may assume <X0(t0),2> = 1, and then
Pyx = X - Xo(t0)<x,£>, x € X%,

Exercise 6. Let X be a Banach space, Y a closed subspace of codi-
mension one of X, and L a continuous linear map of X to itself.
Assume a € X, a # 0, a £ Y, and La = 0. Finally, let
M = PyL|Y: Y + Y, where Py is the projection onto Y, along a
(Pya = 0; Pyy =y for y €Y).

If Xl is an L-invariant subspace, L(Xl) c Xl’ and if
Yl = Pyxl, then Y1 is M-invariant. If X1 is finite dimensional,
then dim Y1 = dim X (if a ¢ Xl), or dim Y1 = dim X, -1 (if
a € Xl).

If X1 is an L-invariant subspace, Y1 =P X
o(L xl)\{O} c o(M yl) < o(L

1 1

1» then
X1). (Hint: if X ¢ o(L Xl), y, € Yl’
then (A-M)yl =Y, is uniquely solvable for Yy € Yl, namely
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= - ‘1 = =
Yy = Py(A Ll) X5 L1 L Xl, where X, € X1 has Pyx2 yz.)
If Lx = Ax, x # 0, and y = Pyx, then My = Xxy: if X # 0;
then y # 0; if X = 0, then y # 0 unless x is a multiple of a.

More generally, if A # 0, and k = 1,2,3,...,
Nk - P NG,

Applying the results of ex. 6 with L = To(t0+p,t0)-1,
a = Xo(to), and M = ¢'(0) we see in particular that, if {1} 1is an

isolated eigenvalue of U(t = To(t0+p,t0) and X% = x% @ x% is

0) 1 2

the corresponding decomposition with

o(UO(t = {1},

0’ lea)
O(Uo(to)lxzu) = G(Uo(to))\{l},

then Y = Yl ® Y2 where the Yj = Pyx? are 9'(0)-invariant sub-
spaces and

{1}

n

ag(e'(0) 'Yl)
o(e'(0) 'YZ) = O(Uo(to))\{l}.

In particular, if {1} 1is an isolated simple eigenvalue of
To(t0+p,t0) = Uo(to), then Yl = {0} and 1 ¢ o(8'(0)). If {1} s
an eigenvalue of multiplicity m, dim Yl = m-1.

Exercise 7. = Exercises 1 and 2 of section 8.2.

Exercise 8. Give an alternate proof of Th. 8.3.2, applying the impli-
cit function theorem directly to the Poincaré map on any surface of

section.

8.5. Bifurcation and transfer of stability for periodic soclutions

If x = xo(t) is a p-periodic solution of dx/dt + Ax = f(t,x)
where f(t+p,x) = £(t,x) (or perhaps, £ 1is independent of t) we can
study periodic solutions near xo(-) by looking for fixed points of
the Poincaré map (or period map). Thus the problem becomes that of
existence, bifurcation, and stability of fixed points of a (nonlinear)
smooth map of a Banach space or manifold into itself. This approach
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has been developed by several authors, from Poincaré and G. D. Birkhoff
to Smale and his school, especially in the finite dimensional case.

We refer to Lanford's excellent review [66] (of some results of Ruelle
and Takens [85]) for several of the proofs below. Our exposition

would not likely be an improvement, and some of the results are simi-
lar to those in sections 5.2 and 6.1.

Theorem 8.5.1. (Center-unstable manifold theorem [66]) Let Z be a

real Banach space and suppose ¢ € Ci ) (i.e. ¢ is a Ck map of

th derivatives) for some

- (
Z to itself with Lipschitz continuou;pk
1 < k < =, on a neighborhood of the origin. Assume ¢(0) = 0 and the
derivative ¢'(0) has o(®'(0)) n {|X] > 1} a spectral set. Let
Z =X®Y be the corresponding decomposition so the spectral radius
r(¢'(0)|x) < 1 while o(®'(0)lY) is in  {|x] > 1}.
Assume also (what is trivial if Y 1is finite dimensional or has
a smooth norm) that there exists r, 0 < r < 1, and ¢ € Cii (Y ,R)
with 0 < ¢(y) <1, ¢(y) =1 if [lyll<r and o(y) = 0 if |[y|[> 1.
Then there exist € > 0 and a Cri map u from {y € Y |

[yl] < €} into X, [Jumil = Oﬂ[ﬂ]z) as y =+ 0, such that the manifold

=y +umlllyll<eleXxeoy

satisfies:
(a) (local invariance) If z = u(y) + y € £ and &(z) =
2 = Xty € X ®Y has ||y1H < ¢, then z) €1 (i.e.
xy = ulyy)).
(b) (locally attracting) If Zov1 T @(zn) for n=1,2,-++,m,
2, = Xty € X 8 Y with 1x_ || < e,[|ynH < e for

n
n=1,2,",m, then |[xn-u(yn)H < Caonl—u(yl)H for

n=1,---,m. Here C, o are constants with 0 < a < 1.
k k+6
Remark. In place of CLip’ we may use C smoothness throughout,
0 <8 < 1; compare with Thm. 6.1.7.
Exercise 1. Suppose ¢ 1is continuous and £ = {u(y)+y: ||y]| < egl <

X® Y 1is locally invariant and locally attracting under ¢@. Assume
zZ = ¢(z) € L 1is asymptotically stable with respect to ¢)E’ i.e. if
z-Z]| < 8, and z €1, H@n(z)-fﬂ < en¢dlz-ZH) for all n > 0, where
en + 0 as n > o, ¢(-) 1is continuous with ¢(0) = 0.

Then <z is asymptotically stable under ¢. If Z 1is unstable
under @‘Z, then 2z is unstable. (Hint: Construct a Liapunov func-

tion, starting with theone given on I by ex. 1, sec. 4.2.)
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To apply Th. 8.5.1 to perturbation and bifurcation problems,
consider a one-parameter family of maps ¢u:kZ + Z for each u in
“Hg S WS Hys assuming (z,u) - @u(z) is CLip near (0,0) € Z xR
and  ¢,(0) = 0. Suppose o(8¢0(0)/82) n {|x] > 1} is a spectral set,
and apply the theorem to the map (z,u) - (@u(z),u) on the Banach
space Z x R. The center manifold, rather the up-section of the
center manifold is

2, = luly,w) + oy, lyll < el

which is locally invariant and locally attracting under @u, for each

w in {(-e,e). The stability properties of fixed points of @u (or

of @u—invariant sets) in Zu may be determined by studying ¢u|2u,

a smooth map of a manifold whose dimension is the same as the dimension
of Y. The cases dim Y = dim Zu =1 or 2 are most important, and
are discussed below.

Exercise 2. Suppose ®u as above, @0(0) = 0 and ¢6(0) has its
spectrum strictly inside the unit circle (i.e., dim Y = 0). Then for
small |u|, @u has a unique fixed point z(u) near the origin
z(W) » 0 as u > 0, and z(u) 1is asymptotically stable under o,

The case dim Y = 1.

Suppose that, for u = 0, ®6(0) has 1 as a simple eigenvalue,
with the remainder of the spectrum strictly inside the unit circle.
2

(If -1 1is simple in o(@é(O), consider instead @u = @uoéu). In this

case ©u|2 has the representation y =+ f(y,u), a real valued func-

tion of the real variables, 1y, u, with %i(o,u) = A(u), A(u) =

the (simple, real) eigenvalue of ¢'(0) with A(p) =1 as u ~+ 0.
This case has been discussed in sec. 6.3 (and, more generally, by
Crandall and Rabinowitz [19])). If dA/du(0) > 0 and

£(y,w) = £00,1) + A0y + by™ + o(|uy] * |¥yI™

D£/3y(y,u) = A(w) + mby™ L+ o(lul + [y|™h
as (y,u) -~ (0,0), for some b # 0 and integer m > 2 we have the

following possibilities:

(1) £00,u) = auw + o(jul), a #0
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(ii) £(0,u) = au’ + o(u?), a # 0, with m = 2

(a) B = (A'(O))z - 4ab > 0, (B) A <0, (y) A =20
(iii) £(0,u) = o(u?) or m > 2 with

(¢) m even

(B) m odd, b >0

(y) m odd, b < 0

The case (ii) (y) with A
and will not be discussed.

0 requires further information about f

1/m

In case (1), there is a curve for fixed points y(u) = cu +
o(ul/m), a + bc® = 0, of one of the forms
y s )
" u
m odd m even, ab < 0 m even, ab > 0
Here we suppose a > 0; if a < 0, interchange "s" and "u'". In case

m is odd, both branches are "s" if ab < 0, both "u" if ab > 0.

In case (ii) (a) there are two curves of fixed points, and (ii)
(B) there are no fixed points

(8) P

In (ii) (o), interchange '"s'" and "u" if b < 0.
In cases (iii) there is a curve of fixed points yo(u) =

£(0,u)/A(u) = 0(lu|) which plays the role of the trivial solution in
lemma 6.3.1 so we have
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(o) (8) ()

Here the branches have been marked "stable' or '"unstable" (''s'" or "u")
according to whether 3f/3y <1 or > 1 at that point, i.e. accord-
ing to their stability or instability under iteration of f£(-,u) (of

@ulzu).

Remark. If é%%gl = 0, bifurcation and stability questions may still
generally be settled by use of Newton's polygon, but the branching
may be more complicated than these diagrams indicate.

Remark. P. Brunovsky [9] studied some generic cases of bifurcation of
diffeomorphisms; it may be reassuring to know we will cover all the
generic possibilities listed there.

Exercise.3. Suppose f(t+2m,x) = £(t,x), a > 0, and |e| << 1; con-
sider

3
u, = u . +u-au” + ef(t,x)u, (0 <x <mw, t >0)

u(0,t) = 0, u(m,t) = 0.
Assume B = fgﬂ dt fg dxf(t,x)sinzx # 0; compute the Poincaré map in
the critical manifold and conclude that when Rg > 0, the zero solution
loses stability for small positive ¢ and a pair of asymptotically
stable 2w-periodic solutions branch off from the zero solution.
(Actually, one solution is the negative of the other.) If B8 < 0,
simply reverse the sign of «.
(Hint: In view of ex. 3, sec. 7.2, the critical manifold has the form
u = s sin x + O(|s|3+les!) and the restriction of the Poincaré map is
s + h(s,e) where

h(0,€) + 0(e?)
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Exercise 4. (Entrainment of frequency) Suppose xo(-) is a noncon-
stant p-periodic solution of dx/dt + Ax = f(x), which has a simple
multiplier {1} and the remaining eigenvalues strictly inside the
unit circle.

Consider the equation
dx/dt + Ax = f£{t} + eg(t,x,€)

where f,g are smooth on R x x* x (-so,eo) + X, g(t+p(e) ,x,e)
g(t,x,e), with p(e) smooth, p(e) = p + O(e). Also define y*(t)
by (Ty(t,s))*y*(t) = y*(s), y*(s+p) = y*(s), <y*(s),X,(s)> =1 for
all s. Assume f8<y*(s),g(s,xo(s),0)>ds # 0 and
rBey®(s) £ (x4 (5)) (%, (s)) *>ds # 0.

Then for small ¢, there exists a unique p(e)-periodic solution
near xo(-) depending continuously on €, which is asymptotically
stable for small e # 0. (Note that fg<y*(s),f”(xo(s))(XO(S))2>ds=O.)

The case n = 2.

+ig Now suppose that, for u = 0, @6(0) has two simple eigenvalues
{e } on the unit circle, with the remainder of the spectrum
strictly inside the unit circle. If eleom = 1 for some integer

m > 3, then the operator o™ has, for w = 0, a double eigenvalue at
1; this case is discussed briefly below, as it is important in the
study of subharmonic resonance. However, for the present we shall
suppose e190 is not a (small) rcot of unity, and state a result of
Ruelle and Takens [85] which give a useful canonical form for 2-

dimensional maps such as ¢ Lanford [66) gives an elementary

P
proof which easily extends to Prove our slight generalization.

Theorem 8.5.2. Suppose Fu: R » Rz has F (0) = 0 and the spectrum

i
of FL(O) is {A(W),A(u)} where A(D) = e 0, 6, real, and
im6
e U #1 for m=1,2,...,N+1 (N > 4). Assume (u,x,y) > F(x,y)
is N times continuously differentiable in a neighborhood of the

origin. There is a CN u-dependent change of variables in R? which

bring Fu into the form (in polar coordinates)

N-l))

Fooo(re) » (AG) T + 3 £ (2™ o), g+0(+Te (w)r Mo r
" s H Lty u o(r), H 1gm u o
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where A(u) = IA(u)leie(U)v = [E%l], and fm('), gm(-) are real CN

functions of u for wuw near 0.

Using this canonical form, it is not difficult to prove the
existence of invariant circle: we refer again to Lanford [66] who
proves the case N = 4, but the proof again generalizes.

Theorem 8.5.3. Assume F as in Th. 8.5.2 above, N > 4, and assume
also that aalk(u)l >0 at u =0 (so the origin loses stabili;z%
and that, in the canonical form, some fk(O) # 0 with 1 <k < 7
but fm(O) =0 for 1 <m< k.

If fk(O) < 0, then for small u > 0 there exists a unique

closed invariant curve Fu encircling the origin, FU(TU) = Tu,
Pu + 0 as u » 0+, and there is no invariant set near the origin for
small 1y < 0, except the origin itself. Also, Fu is attracting: in
a neighborhood of the origin independent of u, if z # 0 then

FE(Z) > FU as n » », provided u > 0, but FE(Z) +~ 0 if wu < 0.

If fk(O) > 0, there exists a small invariant repelling curve
-1

for small wu < 0 - in fact, the first case applies to Fu

Remark. The condition that fk(O) # 0 for some k < (N+1)/4 may be
equivalently stated: the stability properties of the origin under FO
are independent of the terms of order ([x| + [y])9 for some
q < (N+3)/2,

The "flow" on Fu is a rotation ¢+ ¢ + 6(0) + o(l) as
u + 0, and may be considered as a smooth diffeomorphism of the circle
S1 to itself, without fixed points (when 1y 1is small). Generic dif-
feomorphisms of the circle have been studied in the theory of struc-
tural stability and the basic result (Peixoto, 1962; see [76, p. 51])
is that a dense, open subset of Diff(Sl) consists of those diffeo-
morphisms such that all (finitely many) non wandering points are
periodic, and all periodic points are hyperbolic. Thus one might ex-
pect that, for most maps Fu (or @u) encountered in practical situa-
tions, the invariant curve Fu would be replaced, in effect, by a
finite number of periodic points {pl(u),...,pk(u)} on Fu; this was
conjectured by Ruelle and Takens [85). However, since Fu is so to
speak adapted to the particular Fu’ it is not clear that a generic

choice of Fu gives a generic restriction FUIT , and the question
u

remains open. That it is not without interest is shown by the formal
computations of D. Joseph [54] which suggest that quasi-periodic solu-

tions with two basic frequencies may bifurcate from a periodic solution
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of the (periodically forced) Navier-Stokes equation, when the solution
loses stability by a pair of multipliers moving through the unit
circle at points which are not roots of unity.

Since the rotation number o(u) depends continuously on u for
p near zero (as follows from the uniform convergence proved in, for
example, [37, p. 67]) if p(0) = 9%%1 is irrational, then po(u) must
be irrational for nonzero u arbitrarily close to zero - thus almost
periodic solutions must exist. It remains to be shown whether the
series obtained by Joseph do have any validity; the difficulty is the
classical one of "small divisors", and may perhaps be resclved in the
same way. imeo
In any case, if (notation of Th. 8.5.2) e # 1 for

m

m=1,2,""*,M, then FU r can have no fixed points for m=1,...,M

u
if u is sufficiently small. Thus if p(u) 1is a nonzero periodic

point on Fu, its period must be greater than M and {Fﬁ(p(u)),

0 <m < M} are all distinct periodic points, distributed fairly uni-
formly about Fu. Thus if M 1is large, the invariant curve retains
its identity in any practical sense, and the periodic motions with

long period would be practically indistinguishable from almost periodic
motions. As u gets larger, however, these arguments lose their

force and one might expect the curve I‘u to degenerate; A. Stokes and
others [7] studied such a problem for two coupled van der Pol equa-
tions.

Exercise 5. Examine the problem of bifurcation of a periodic orbit
from an equilibrium point (see sec. 6.4) using the results of this
section. (See [84].)

Now we examine the case when FO(O)

fl

0 and F'(0) has simple
_ is,, H img
complex eigenvalues A(u),A(u) with A(0) e » 9y real, e =1
for some integer m > 3, and é%IX(u)| >0 at u =0,

First observe, that, by the implicit function theorem, there
exists a unique fixed point z(u) = Fu(z(u)) for small yu, z(w) =
o(ju[) as u - O.

Exercise 6. Prove the eigenvalues Al(u), Tl(u) of FL(z(u)) have
Al(u) = A(u) + O(uz) as W + 0. Thus we may, without loss of gen-
erality, assume FU(Q) = 0 for all small . -ip

Now A(u) = €90 & gy + o(u?) and Re(e 92) > 0, so the
eigenvalues A™(u),T"(u) of (F&(O))m have
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-i6
() = 1 + me Olu + 0(u2)-

It follows that G (x) = Ff}(z) has the form
G, (2) =z + uMz + C (z) + o(lul [z} + [z]™)

where M is a 2 x 2 matrix whose eigenvalues have real part posi-

tive, and Cn(-) is an nth

order homogeneous polynomial, the first
nontrivial term in the Taylor series for GO(z)—z.
Let z = up;, p = 1/(n-1), and consider the equation

-n/n-1

0 = [Gu(z)-z]u = Mz + Cn(c) + 0(1) as u =+ 0.

Suppose there exists a nonzero real o such that Mco + Cn(go) = 0,
and suppose further that this is a simple root: det{M+Cﬁ(§0,-)} # 0.
Then by the implicit function theorem, there exists a unique fixed
point z(1) = G (z(1)) = t(ut/™ ! such that t(w) > gy as w0
Exercise 7. Assume vV € RZ, Cn(v) = 0 only when v = 0. Prove that
any fixed point z(p) = G (z(u)) 1in RZ with z(u) - 0 as u -0
must safisfy z(u)u-l/(n_y) + {z € Rr? | Mz + C_(g) = 0}. If
z(u)u-l/(n—l) +0 as u =+ 0, show z{u) =0 ?or small u # 0. What
is the conclusion when ¢ €IR2, Mg + Cn(c) = 0 only for ¢ = 0?

Exercise 8. Suppose Mco + Cn(go) = 0, Zy # 0, but L1 =M+ Cﬁ(co,-)
has rank 1 (det L. = 0, Ll # 0). Substitute

_ 1
z = ul/(n 1)(;0+n) and obtain

0 = Lyn + Hl(n,ul/(n—l))

where H;(n,0) = o(]ulz) and H, is a smooth function of its argu-
ments near 0. Applying elementary row operations, we may assume one
row of Ll is zero; the other row may be solved for one of the com-
ponents, say n;, as a smooth function of n, and ul/(n-l)_ Substi-
tuting this function in the remaining equation, we have one equation
in two variables, n, and ul/(n—l). Then the usual Newton polygon
may be applied [21, 48].

Observe that, after scaling variables in the manner of Newton's
polygon, such bifurcation problems reduce generally to the determina-

tion of all real solution of polynomial systems such as
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Mco + Cn(co) = 0 (two nth order polynomials in the two components of
CO). This is a purely algebraic problem whose general solution
(Kronecker elimination) is described by van der Waerden [101). For
the simple cases ordinarily encountered, it is generally easier to
determine the highest common facter, considering these equations as
polynomials in (say) the first component cé, whose coefficients are
polynomials in Lg- The requirement that this highest common factor

depends on cé (i.e., that a solution exists} gives a polynomial

equation in the single variable ES.

An introduction to bifurcation problems is presented in
Stakgold's article [95], and references given there; illustrations of
some of the difficulties of bifurcation at multiple eigenvalues are
given in [75) and [84].

We summarize our results in two theorems, formulating the prob-
lem in terms of the differential equation.

Theorem 8.5.4. (The nonautonomous case). Let A be sectorial in X,
o <1, and let f: IR x X% x (-eo,eo) > X be C2
tinuously differentiable in x, with f(t+p,x,e) = f(t,x,e) for all

and N times con-

t,x,e and some fixed p > 0. Assume XO(-) is a p-periodic solution
of dx/dt + Ax = f(t,x,0) and assume its linear variational equation
dy/dt + Ay = fx(t,xo(t),O)y has all multipliers strictly inside the
unit circle, with the exception of a simple multiplier at 1 or -1,
or a pair of simple multipliers {eileo}. Assume the stability or
instability of x4(-) 1is independent of terms of order Oﬂ|x-x0(tﬂ|g)
for some q < N.

(A) Suppose 1 is a simple multiplier. Let ¢(t), ¥(t) be p-
periodic solutions of & + A(t)e = 0, -¢ + A(t)*y = 0, (A(t)
A-fx(t,xo(t),O)) with <y(t),¢(t)> = 1.
- of
(1) If a = f8<gu(s),fg(s,xo(s),0)>ds # 0, where f_ = &,
then we have either one-sided bifurcation of a stable-unstable pair of

1

p-periodic solutions for small ¢ > 0 (or < 0) with no p-periodic

solutons near Xq for small € < 0 (or > 0, respectively); or else
there is a unique p-periodic solution Xe(t) near xo(t) for small
(When

|e|, having the same stability properties as is

asymptotically stable, the last case occurs.)

XO. XO
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(i1) If a; =0,

P 0 0
a, = %J0<w(s),f28(5) 20 ()xy(s) + £u (s)x;(s)P>ds
where

g(s) = g(5,x(s3,0) and & + A(t)x; = F0(1), x (0) = O

b

p
[0, 80000 ¢ £ ()000x, ()2

[g]
]

P
L ISICRROHORSE

then if b2 < 4a2c, there are no p-periodic solutions near Xq for
small e # 0, but if b2 > 4a2c with a,c # 0, there is a stable-
unstable pair of p-periodic solutions for each small e # 0.

(1f X is asymptotically stable, ¢ = 0 and this case does not occur.)

(iii) If b # 0, a; = 0 and a,c =0, there is a p-periodic
solution xE{t) which is a differentiable function of & mnear ©0
and which changes stability as € passes through 0, and there is
also a bifurcating branch of p-periodic solutions according to one of
the schemes (with & the horizontal coordinate):

If X is asymptotically stable, the last case occurs. If Ai(e) 1is
the mulitiplier of X, near 1, then b # 0 1is equivalent to

dA 0

32(0) # 0.

(B) Suppose {-1} 4is a simple multiplier. Then there is a smooth

curve X of p-periodic solutions, X, > Xy as e > 0, and we sup-
pose this changes stability as € crosses 0. In fact, assume the

critical multiplier A(e), A(0) = -1, has di(e)/de # 0 at e = 0.

Then in addition to X, there is one-sided bifurcation of a 2p-

periodic solution according to one of the schemes



272

lp—PdC.

(If x({(t) 1is a 2p-periodic solution, so is x{t+p)}, but we don't
distinguish between these.) The second case occurs when Xq is
asymptotically stable.
rieo _ o ' ime0

(C) If e } are simple multipliers with e # 1 for
1 <m < N+1, N >4, and q < (N+3)/2, there is a unique p-periodic
solution xe(t), depending smoothly on e. We suppose this solution
changes stability as e passes through 0 and the critical multi-
pliers A(e), A(e) (with A(0) = eleo) satisfy é%|k(e)| > 0 when
e = 0.

If Xq
an attracting invariant tube T, eR x Xa, a p-periodic manifold

is asymptotically stable, there exists for small € >0

whose cross-section is a closed curve, Te > {(t,xo(t))} as € + 0+,
If eo/Zn is irrational, there exist almost periodic solutions for
arbitrary small ¢ > 0. 1In any case, there may be subharmonics of
order greater than N+1 for small ¢ > 0. For small & < 0, the only
solution which remains near {xo(t), -o < t < »} for all t is
xs(t).

If Xq is unstable then T€ exists for small ¢ < 0 and is

repelling, but otherwise the case is similar to that above.

Theorem 8.5.5. (The autonomous case). Suppose A 1is sectorial,

o < 1, f: X% x (-eo,eo) + X 1is N times continuously differentiable
(N 2) and Xq
Ax f(x,0) whose stability or instability is independent of terms

which vanish to order q on the orbit {xo(t), 0 <t < p}l for some

is a nonconstant p-periodic solution of dx/dt +

NV

q < N. Assume that, in addition to the obvious multiplier {1}, cor-
responding to Xo(t), there are one real or two complex other multi-
pliers on the unit circle with the remainder of the spectrum strictly
inside the unit circle. We study a neighborhood of {xo(t), 0 <t < p}
for dx/dt + Ax = f(x,e) with |e| small.

(A) If {1} 1is a double eigenvalue of the period map with two inde-
pendent eigenvectors, there is a p-periodic solution y(t) # 0 of
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Sy o+ ARy = 0, A(t) = A-£ (xy(1),0), with <p(t),% (t)> = 0. If
. P 3 f
(*) 0<W(S), 5e(xq(s),0)>ds # 0

then as € varies we have either one-sided bifurcation of a stable-
unstable pair of periodic solutions with period close to p, or a

unique periodic solution X, near x with period near p for each

small |e], depending continuously onO £, with the same stability
properties as Xq- If Xq is orbitally asymptotically stable, the
second case occurs.

When the integral (*) vanishes, there are many possibilities
and we consider only the case when there is a curve of periodic solu-
tions xs(t) which is differentiable in € and has period close to
p for each small |e|. Suppose the multipliers {1,i(e)} near the
unit circle, A(0) = 1, satisfy di/de # 0 when e = 0. Then we have
bifurcation of periodic solutions according to one of the schemes

$

where e is the horizontal coordinate, and all the solutions have
period close to p. When Xq is asymptotically stable, the last case
occurs.

(B) If {1,-1} are both simple eigenvalues, there is a differentiable
curve e > X of periodic solution (period near p) with a multiplier
x{e), A{0) = -1; assume dx/de # 0 when € = 0. Then there is bifur-
cation of periodic solutions with period approximately 2p according
to one of the following

(Y
s u:xe $ U
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When Xg is asymptotically stable, the first case occurs.

iGO ieO imeO
(C) Suppose {1l,e ,€ } are simple multipliers with e #1
for m=1,2,...,N+#1 and N > 4, q < (N+3)/2. There is a unique
periodic solution X with period near p depending smoothly on €ip
whose multipliers near the unit circle are {1,x(e),A(e)}, A(0) = e
assume é%|k(€)| >0 when € = 0.

(i) 1If X is orbitally asymptotically stable, then for
small e > 0 an attracting invariant two-dimensional torus bifur-
cates from the orbit {xo(t), 0 <t < pl; in a neighborhood of this
orbit, the maximal invariant set is the orbit of X if e <0, or
this together with the torus and the orbits joining these when € > 0.

(i1) 1I1f X, is unstable, a repelling invariant torus bifur-
cates from the orbit for small e < 0.



Chapter 9

The Neighborhood of an Invariant Manifold

9.1 Existence, stability and smoothness of invariant manifolds

We will prove a rather general (and lengthy) invariant manifold
theorem. The invariant manifold might be considered a perturbation
of the manifold x = 0 for X + A(t,y(t))x = 0, y = g4(t,y),
-® < t < o, We assume, for each solution 1y, that the x-equation has
an exponential dichotomy on R with exponent g > 0 and bound inde-
pendent of y, and B8 is also greater than the exponential rate at
which solutions of the y-equation separate as t - te. With certain

smoothness and boundedness assumptions, we show
X + A(t,Y)x = f(tsx,}’); }’ = g(t:X:Y)’ o <t <

has an invariant manifold x = o(t,y) near x = 0 provided f,

3f/3x and g-g, are integrally-small at x = 0, uniformly in vy.
This invariant manifold has the same stability properties as x = 0

in the unperturbed equation. In light of the many applications of the
simpler results of Ch. 6, and also the examples below, I may hope to
be forgiven a long theorem and longer proof.

Several parts of the argument follow Coppel and Palmer [ 1:
the connection would be much closer if A were independent of 1y, but
this is not true in some of our examples. The smoothness argument
also differs from [ ] and is simpler even for finite dimensions.

In section 9.2 we introduce a coordinate system near a given
invariant manifold and in 9.3 apply the results of sec. 9.1 to the
resulting system and its perturbations.

Theorem 9.1.1. Let X, Y be Banach spaces, 0 < o < 1, and suppose

AO is sectorial in X, (t,y) = A(t,y)-AO: R x Y +.2(Xa,X) is bounded,
locally Holder continuous in t and differentiable in y. U is a
neighborhood of 0 in x*  and (f,g,go): RxUxY»XxYxY are
bounded, locally H&lder continuous in t, and differentiable in

{(x,y) € U x Y, with go(t,y) independent of x. Assume the following:
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(i) There exist u > 0, N > 1 such that, if vy,(t), y,(t)
are both solutions of vy = go(t,y) on -= < t < = then
t-
ly, (-, 0l < 8eH Ty (o y, (0l for a11 1.
(ii) There exists B > p such that, whenever y = go(t,y),

- < t < e« the equation
X+ A(t,y(t))x = 0

has an exponential dichotomy on R with exponent 8 and
bound N.

(iii) With fx = 3f/9x, etc., £, g, gy gy, gOy’ fx’ fy’ A-AO
and Ay {in j{(Y,%(Xa,X)] are uniformly bounded by N
on R x U x Y, and for some 6 with 0 < 6 < 1, u(1+8)<8,

and A

(y) > £, £, 800 8ys 8gy y

y,
satisfy a uniform H8lder condition with exponent 6 and
bound N.

(iv) If h is f or fX or  g-g4» then

£
Ilf h(t,0,y)dt]l < q
1
whenever |t -t,| <1 and y is in Y.

Then there exist positive constants dps Ty depending only on AO, a,
8, B, € = B-u(l+6) > 0 and N, such that when q < a there is an
invariant manifold

S = {(t,x,y) [x = o(t,y), (t,y) €R x Y}

for X% + A(t,y)x = f(t,x,y), ¥ = g(t,x,y) which is the maximal invari-
ant subset of

e,y [ lxll < rg, (t,y) €R x Y}
Uniformly in t,y and 0 < q < Qgs ¥ > o(t,y) is differentiable from

Y to X* and its derivative satisfies a uniform Hdlder continuous
with exponent 6, and as q - 0

9
a(t,y) > 0, '3'}07('6,)’) >0

uniformly on R x Y.

If t > A(t,y) - AO, f(t,x,y), g(t,x,y) are periodic with
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period p > 0 (or constant, or uniformly almost periodic) then
t > o(t,y) 1is also p-periodic (or constant, or uniformly almost
periodic with frequency module contained in the joint module of A,
f, g). If A, f, g are unchanged whenever y 1is replaced by y + w
(for some fixed w € Y) then o(t,y+w) = o(t,y).

If the zero solution of X + A(t,y(t))x = 0 1is stable for some
(hence, every) solution y of y = go(t,y), the invariant manifold
is asymptotically stable with asymptotic phase. Specifically if
By = B- %, any solution x(t), y(t) for t > 1t with Hx(T)Ha < 1y/8N
exists with Hx(t)”a <1, for all t > 7, and there is a unique
solution (X(t),y(t)) in S (X(t) = o(t,y(t)) with

_ _ 'Bo(t'r)
x () -x (Ol , + Iy () -y (DIl < Ke |

Ix(0)-o(t,y (DI,
for all t > 1. The constant K depends only on AO, a, B, 6, ¢
and N,

If % + A(t,y(t))x = 0 is unstable for some solution y(t) of
y = go(t,y), then S 1is unstable. In fact any solution x(t),y(t)
{(t > 1) with x{1) 1in an open dense set of ﬂ]ﬂ]u < r0/16N2}, depend-
ing on (1,y(t)), must eventually have [[x(tﬂ[a > 14,

Remark. We shall assume without loss of generality that the dichotomy
in (ii) is with respect to the space X* (see ex. 5, sec. 7.6) and the
bounds in (iv) also apply when h = f or éi(g-go). Indeed (iii)

and (iv) already imply this with q replaced by (N+2)qe/(1+e); for
example, |tl-t2| <1, n €Yy, imply

t +
1] 2oy o0 mmall < NInIE® 20 = on23g® g

. 1+8
if || nll = q.
If YO <Y is convex and invariant under Yy = go(t,y) and
y = g(t,x,y) for each x € U, and the assumptions (i)-(iv) hold only
o(t,y)
sub-

for vy € YO, the same arguments give an invariant manifold x =
as a graph over R x YO. If YO is not convex, but is a C1+e
manifold of Y such that any points Yis Yy of Y0 can be joined
by a curve in Y, of length < N |ly;-y,|l, only slight changes in the
arguments (and estimates) are required. In either case, there is a
slight weakening of the smoothness condition (unless 6 = 1) near the

boundary of YO, if any (see remark following proof of Lemma 9.1.8).
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A simple example of the unpleasant consequences when B < u 1is
in Hale [37]. For B < u, it can be even worse: see Jarnik and
Kurzweil [122].

Theorem 9.1.2. With the hypotheses and notation of Thm. 9.1.1, if
a < dg, then for every (T,n) € R x Y there is a unique solution of

X+ A(t,}’)x = f(t’X3Y), )" = g(t:x}Y), s <t < o,

with y(t) = n and l|x(tﬂ|a < r, for all t. Denoting this solution
x(t;t,n), y(t;t,n), we have n - x(t;t,n), y(t;t,n) differentiable,

y]t-TI
3

lx(eso,mll, < k2, [EXIeIE: < Ke

’n)”_({—(y)

2
122 ces,ml < kg vl

Y,x%)

X 3X
” (t;T,T] ) - (t;T,'ﬂ )H
on 2 an oy x

3y, .. - Woee. o8y (1+e) [t-T]
+ ll55(tsT,n)) an(t’r’”l)”y’(\’) < Kin,-nyll"e
where vy = u + %, § = (1-a)/2. The constant K depends only on AO’
o, B, 8, ¢ and N.

This result implies the existence and smoothness of the invari-
ant manifold of Thm. 9.1.1; the other properties are relegated to
exercises (ex. 2, 3, 4, below). Define o(t,n) = x(t;1t,n) for
(t,n) €R x Y, the claims regarding smoothness follow immediately.

If x + A(t,y) = f(t,x,y), ¥y = g(t,x,y) for all t and |]x(tﬂ|a < Ty
for all t, the uniqueness assertion of Thm. 9.1.2 implies

x(t) = x(t;7,y(7)), y(t) = y(t;7,y(r)) for all ¢t,t

and in particular x(t) = o(T,y(t)) for all . Conversely if
x(t) = o(t,y(r)) for some 1, the solution with this initial value
exists for all time and has x(t) = o(t,y(t)) for all t. Thus
S = {(t,x,y) | x = o(t,y)} 1is invariant and the maximal invariant sub-
set of R x {l|x]| < r,hox Y.

The proof of Thm. 9.1.2 is broken into a series of lemmas
(9.1.3 - 9.1.8) designated (a) - (f) for brevity. We first state the
lemmas, show they prove Thm. 9.1.2, then prove the lemmas. In the

following, Cl’CZ"" are positive constants (independent of q,T)
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depending only on AO, a, B, 6, € and N, and "sufficiently small"

means being less than such a constant.

(a) Lemma 9.1.3. Suppose ﬁ >y, y: R >Y is differentiable with
ly(t)]] < N and ||y(t)-g(t,0,y(t))|| < & for all t, and z: R ».Z(Y)
is differentiable with ||2(t) - %%(t,O,y(t))z(t)H < Njz(t)]] for all
t. If gq and 4 are sufficiently small (depending on {i-u) then
lz( < 2Neu|t_T!Hz(TH] for all t,t.

(b) Lemma 9.1.4. Let § = u + % and suppose X1,Xpt R +~ X% are con-

r for all t (j = 1,2). If r, q are

PA

tinuous with ”Xj(t)”a
sufficiently small and y(t;t,n.,x.) is the solution of
y = g(t,xj(t),y), y (1)
then for all t,

nj (j = 1,2) for any 1 € R and Nysny €Y

1 Ct5T,m,x0) - F(t5T,m,,x,) |l

B e A DA e L TR TS I

(c¢) 1is a technical lemma we needn't describe here.

(d) Lemma 9.1.6. Suppose B = B - % and q 1is sufficiently small.
There is a constant C, > 0 such that whenever y: IR -+ Y has
Iy oll < N, lly(e)-g(t,0,y(eNI < €, for all t, and B: R »X",X)

is locally H8lder continuous with |[|B(t)]] < N and
t

Hf 2B(t)dtllf c, for ltl—t < 1, the equation
t

1

5|
x + A(t,y(t))x = B(t)x

has an exponential dichotomy on IR with exponent B and bound 2N.
.. §/2

(e) Lemma 9.1.7. If r, q are sufficiently small and chq <r,

§ = (1-a)/2, then for any y: R + Y with ||y(t)]] < N and

Hy(t)-g(t,0,y ()] < C,, there is a unique solution x(t) = %(t;y) of

X+ A(ty(t))x = £(t,x,y(t)), -= <t <=,
) . ... §/2
with sup”x(t)l[af r; it has Hx(t,y)“a < 2C5q "7,
If Y1:Y2 both satisfy the conditions for y above, T €RR,

0 <y < 8- %, and for all t
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ly () -y, (I, v 8-y, < e¥ltotl

then 5
5 ~ §76/2 t-T
1% (tsy;) - %ty 0l < cga® V21T T
These results suffice to prove the existence of the functions
x(t;T,n), y(t;t,n) of Thm. 9.1.2, and smoothness follows from the
next result.

> 0 and B-y(1+8)>>
t, for small q and all

(f) Lemma 9.1.8. Let vy = u + % SO Y-U =
% > 0. There are constants C C7 such th

t, T € R,

f© oo|m

6 b

n -+ x(t;t,n): Y ~ X% is differentiable
ax §%6/2 y|t-t|
I35t 0mll < 2CC¢ q e

and

9X X
”T(t;T’nl) - ﬁ(t;T,nz)H < C7”n1‘n2

”6 eY(1+9)[t"T]
n

for all n, Ny Ny in Y.

Using the lemmas, we now prove Thm. 9.1.2. Suppose q,r small
enough that (b) and (e) hold Nr < C, and ({x: [[x]| <1} < U, and
choose (t,n) €ER x Y. If x:R > X% 1is continuous with le(tﬂla
for all t, define y(t) = ¥(t;t,n,x) as in (b). Observe |[[y(t)]
llgll < N and ||y(t)-g(t,0,y(t))|| < Nr < C

oA
a1

2 Using (e) define

¢(x;1,n)(t) = X(t;¥(-,1,n,%x))

and note H@(x;r,n)(tﬂla <r for all t. For vy = u + %, fixed 1
in R, any nysn, in Y and Xq,X,¢ R -~ X* bounded by r, let

2(t) = y(tit,ny,xq) - F(t51,0,5,%,),

and |l{xq-x,(ll, = Supﬂlxl(t)-xz(tﬂi eY’t_T]}. According to (b),
t

y|t-t|

lz(o)ll and [[2(e)]] < Cge Umy=npll * Nlxg-x5 1) -

Thus by (e)
|[¢(XI;T)H1)(t) - Q(Xz;Tgnz)(tﬂla

Gze/Zeylt—T[

< C5C6q dlnl-nZH + Hlxl"X2|HT)-
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5%9/2
If C5C6q < 1/2, then for fixed 1t,n
x > o(x;T,n)
is a contraction in the norm |[[{-[][, on the r-ball. Let x(t;t,n)

be the fixed point, and let
y(tit,n) = ¥{t;t,n,x(-,T,n)).
Then x(t;t,n), y(t;Tt,n) is the unique solution of
X+ At Y)x = £(t,x,y), ¥ = glt,x,y), = <t <,
with y(t) = n and ]]x(tﬂ]a < r for all t.

Preliminary calculation. Suppose [[h(t,y;)-h(t,y )| ¢ NHyl-ysz

t
I 2 aceyacl < a for eyl < 1,
t
1
. 1+
and |[y(t1)-y(t2)H < Nltl-tzl. Then if q < N*' P and [tl-tzl <1,
t +
1 77 neesy(onatl < sxg®/ ),
Y
t+ht 1+ 1+
For |at| < 1 implies [l[ h(s,y(s))ds]| < q + N-"P|at]~"P; if we
t
divide the interval [t,,t,] into m equal subintervals where
-1/ (1+p) bt
m-1 < Ng p < m, then
t2 1+p_-p p/ (1+p)
|l[ h(t,y (el < qa+ (m-1)g + N""Fm' © < 3Nq .
t
1 ~
{(a) Proof of Lemma 9.1.3. Choose integer n > 1 so 2NeM! < eHmt,

We will prove Jjlz(t)]} < 2Ne“lt'T”|z(rﬂ] when |t-t| < n, provided g,

A are small, which implies |z(t)|] < 2Ne% t-TI]z(TNI for all t,T.
To do this we first estimate |ly(t)-Y(t)]] for |t-t| < n, where ¥y
satisfies y = g,(t,¥), ¥(1) = y(1). Leg, Z(t,s) be the (V)
valued function defined by é% Z(t,s) = —ﬁg(t,y(t))z(t,s), Z(s,s) =
by (i) |lzZ(t,s)l| < NeH|ts| and so

”gag Z(t,s)]] = H‘Z(t,s)goy(s,’)?(s))” < Nzeult-sl.

If g8, = 8gg» the preliminary calculation above shows

I;
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t
2 1/2
1 2ey0s,0.vGnasl < 3wa/? ror Jeyetyl <1,
t
1
L
provided q < NZ, so the integral is bounded by 3nNg° for
fty-t,l < n. For [t-t] < n we have

d - -
RCY_Y) =Y - g(t’OsY) + gl(t5or)’) + go(t,)’) - go(t:Y)

- e
so |ly(t)-y (1)l n(A + 3Nq2)eNn by Gronwall's inequality.

Also

" A

i(t) - goy(t!;(t))z(t) =1z - gy(tJO’Y)Z
+ g1, (5:0,y)2

+ (goy(t,}') - goy(t’?))z

so the variation of constants formula gives
ult-t| ¢
lz(t)l] < Ne lzColl + [I]  Z(t,s)gy,,(s,0,y(s))z(s)ds]
T

tult-s| -\ ®
e[z My o) TN tzesias]
T
t2
As above,l[J 81y
t
integration b} parts shows

6/(1+6)

(s,0,y(s))ds]|| < 3nNq for [tl-tzl <1, so

t t
a
l![TZ(t,s)gg(-fs gly)z(s)dsﬂ

< 3nnZq®/ (1) gult-tly, o)

t
+ lf eI Sl 2 es)ljas | 3nn?(anen)q®/ (1+9)
T

for |t-1/< n. Substituting this and the estimate for ||y-¥||,
Gronwall's inequality (for some q,A) proves

Iz ()l

A

2Ne“lt-Tsz(rﬂ| for |t-t| < n.

(b) Proof of Lemma 9.1.4. With U = p + %, let q,A be small enough
that (a) holds. Choose r > 0 so small that Nr < A, Nre < A and
{x: Hx||a§ r} ¢ U, For 0 <o
Ng = (l—c)nl *+ on, and yo(t)
tion of constants formula

1, let x = (1-0)x1 + 0x,,

?(t;r,nc,xo). By (a) and the varia-

oA
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3 il t-
gy (0l < ane? ey o
Fltes]
+ 2N|| e l!gX(S:XU(S),YO(S)N'|lX2(5)'X1(5))HadS(-
T
Since ngllf N, integration over 0 < ¢ < 1 completes the proof.

(c) Lemma 9.1.5. With X, AO’ a as in Thm. 9.1.1, suppose
t > A(t)—AO: R,+.27XG,X) is locally Holder continuous and bounded by
K for all t, and x + A(t)x = 0 has an exponential dichotomy on IR
(with respect to Xa) with exponent Bl > 0 and bound K. If
0 < BZ < Bl there is a constant Q depending only on AO’ o, Bl’ 82
and K such that the following holds.

If G(t,s) 1is the Green's function for the dichotomy,

]]G(t,s)il_(/ < Qwa(t-s)e-ﬁllt-si, where y (s) = s°% on (0,1),
(X

a
’

¢a(s) = 1 elsewhere. If Z 1is a Banach space, B: R ~<(Z,X) and
z: R » 2 satisfy

1B el

YA

t
N,flf ZB(t)dt||§ n < N when Itl-tzl <1
t

lzeoll < ze" 8T, e < geteoTl

'A

for some fixed real 1 and |y] < 32 < 31, then
HJ G(t,s)B(s)z(s)ds|| < QnonL-S v It

for all t, where & = (1-a)/2.

Remark. If we identify &@R,X) with X, we may take Z =R and
B: R » X.

Proof. By Lemma 7.5.1, if t, = t0+1,
ty §.1-6 ylte-1|(} ~a-8 ~a_-6
HJ T(tl,s)B(s)z(s)ds]hxf 3Cn re J {(1-s) +(1-s) s "}
t 0
0
where y|t*-1| = max(yltl-rl, yltO—TI), so there is a constant C-

depending on AO’ o, K and 82) with

t _ Y]t -T]
Hf Mt 9)Bs)z(s)asf < chnfNt0e L
t

0

Then
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t © t-n
H[ G(t,s)B(s)z(s)dsHa < ] ||G(t,t-n)f T(t-n,s)B(s)z(sﬂ|a
f - n=0 t-n-1
B § Ke‘slnc.néNl-aCeyft-r-n}
" n=0
-(B,-B
< {XC'/(1 - e ? 1))}n6N1'6§eYIt_T|.

A similar estimate for ||ftG(t,s)B(s)z(s)Ha completes the proof.

(d) Proof of Lemma 9.1.6. Choose integer >1 so Ne BT o B

n
Suppose ||y ()]} < N, |]y(t) - g(t,0,y(t))]] < A for all t and

HJEiB(t)dt]lf A for |t1-t2| < 1. If (t,n) €R xY 1let Yy(t;t,n)
be the sclution of Yy = go(t,?), y(t) = n. We apply Thm. 7.6.12 with
A =R xY, A1) = (t,y(t)) and A(t;x(1)) = A(t,y(t;rl,y(r)) to
prove the result

We showed in the proof of (a) that

Hy(t;T,y(r))-y(t))] < neNn(A+3Nq%) for |t-t| < m,
SO

t
HJ (A(s,y(s))-B(s)-A(s;A(1)))ds||
T y(x ’X)

1
nd + n®NeV®(4+3Ng )

A

for 0 < t-1 < n.

If ?j = go(t,yj) for all t (j = 1,2) and Gj’ Pj are the

corresponding Green's function and projection, then (see ex. 17, sec.
7.6)

Pz(T)'Pl(T) = J_w GZ(T,S)(A(S,yz(s))‘A(S,Yl(s))Gl(S,T)dS
and {1y, )y, ) < ne* 15Ty -y, ol so
3 ” -(28-w) |1-s
IROEHO SRS 1y (7, (Ol vy te-se he-slqs
< €y llyy (0 -y, (0l

If y (t) = ¥(t;1,y(1)), y,(t) = ¥(t;t#n,y(r+n)), then

¢, IF (e tem,y (r+m)) -y (0]

IIPA(T+n)(T)‘PA(T)(THE/(Xa)

< cone(a + 3NgH.

1
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If 4, q are sufficiently small, we have an exponential dichotomy on
R with exponent B = B - % and bound 2N (Thm. 7.6.12). The con-

dition on A is expressed as A < C,-

(e) Proof of Lemma 9.1.7. Suppose q 1is small enough that (d) holds.
If Iyl < N, Iy (e)-g(e,0,y ()]l < €, for all t, then

¢ ,
Hf 25 (t,0,y(e))ae]l < 8% () gor e pe,] <1
t
1
and for small q (so 3qu/(1+e) < CZ),

X + A(t,y(t))x = £, (t,0,y(t))x

has an exponential dichotomy on R with exponent § and bound 2N.
Let G(t,s) be the corresponding Green's function and Q the con-
3 3 €

stant from (c) with By = g, 32 = B - > = B - 7

If x(t) 1is a bounded solution of

(*) X + A(t,}’(t))x = f(t,x’}’(t))r - <t <,

then x = X where

(**) X(t) = f G(t,s){f(s,0,y(s)) + F(s,x(s),y(s))}ds,
F(t,X,Y) = f(t,X,)’) - f(t,O,)’) - fx(t’oyy)x'

For small q, r with chqé/2

< r, we show the map x »~ X defined by
(**) is a contraction in the uniform norm on the space of continuous
x: R » X* with supllx(tﬂ]a < r. The fixed point of this map is the
unique solution of (*) with sup Hx(t)l[OE < r.

First suppose ||x]hlf r implies x € U and

Nr® f l1G(t,s)| ds < qnr® I max(|s|'°‘,1)e'3|5]d5 < %
-® .c/(Xa X) -

t
Now Hf Zf(s,O,y(s))dsH < Squ/2 for |t -t < 1, so by (c) (with
t

17t
1
Z =R, y=0, 2(s) = 1)

I ee,recs,0,y(0asll, < ot P ana®® = cga®7

§/2

If Cqq < r/2 then sup ”X(tﬂla < r implies
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~ §5/2 1
Iz, < c5a®2 + 3 sup lIxulll, < r.

If Xq,Xy! R + X* are both bounded by r,
~ ~ 1
lel(t)-xz(t)Ha f 7 N S]‘Slp ||X1(S)'X2(5)|la

and x » X 1is a contraction. If X(t;y) 1is the fixed point,
Ili(t;y)Ha < 2C3q6/2 for all t.

Suppose Y1sYyt R > Y both satisfy the conditions on y men-
tioned above, and xj(t) = i(t;yj} (J =1,2), u=x,-x;. Then u
is a bounded soclution of

a + A(t,}’z(t))u = Bz(t)u + Mz(t) ()’2‘)’1)

* (Alt,y (8))-A(t,y, (t)))x  (t)
where
Bz(t)

1
fo £ (6% (£)+0(x,(t)-x;(£)), y,(t))do

1
M, (t) [O £,(t,x(8), y1(t) + oy, (t)-y; (£)))do.

. §/2
Since Hxl(t)+ou(tﬂla < 2Cq /

t

||f 2B, (tydt]l < N(2cga® B0 + ang® (1) < ¢ 0072
t

1

2| < 1, so for small q

for |t,-t

1

a + A(t,yz(t))u = Bz(t)u

has an expone%tial dichotomy on R with exponent £ and bound 2N.
.. 2 §6/2
Similarly Hftl M, (t)dt]| < Cyq /

fury

for Itl-t2| <

If z = YooYy satisfies

Nzl Nzl < ce” 0Tl for a11 ¢

A

for some fixed t and 0 <y < § - %, then by (c),

A

luttdll, < QNI_S(C4q69/2) oYl tT]

+ Q(ZCSqG/Z)N f e_BIt'SImax(]t-sl_a,l)ceYls_Tlds

and so
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2
y y 5§ -
[1%(t5y)-%(t57 )M, < Cga /2gevlerl,

(f) Proof of Lemma 9.1.8. Fix 1t € R and let vy = u + % (so
I <y, y(1+8) < B) and let =l - Supﬂlx(t)uf_ylt‘rl}

-y t- . -y t-
ylils = supdiycolie™ Ty e vlel
and similarly with <y replaced by +y{(1+8).

Suppose Y1:Y7 both satisfy the conditions of (e), ij(t) =
i(t;yj) and define g(t;yz-yl) as the solution of

£+ (A(t,y) (£))-£,(£,%, (£),y, (£)))E
= (5, (t,%,y)) - AL (E,y IR (7, (8) -y, (1))
with [lg(t)]], = O(eYlt-TI) as |t| » «»; § is well defined (Thm.

7.6.3).
Let u(t) = X(t;y,)-X(t;y)-E(t;y,-y;); then

e + (ACt,y) - £,(t,%,y))ull
= [ ACE YD) -ALy)) (Ry-%)) - (ALL,y,) -At,y1) AL (6,y1) 7,7y )
+E(t,%,,y) (8, %,y)) £ (6,%0,y1) (Ry-%p) £, (6,%1,97) O vy
< CllR(t;y,) %y I + 1y, (0 -y, 0l 9
y C'(luyz‘Y1|”§,T)l+e S(1+8) [ t-t|
and so

IR (t5y,)-X(tsy) - E(tsy,-y )l
< C"eY(1+e) !t'T| (lIIYZ_y1||l"Y’T)1+e'

2

= 3 i(t;yl)(yz—yl] and recall from the proof

We write E(t;Yz‘Yl)
of (e)

N 2
X §78/(1+6 t-T
155¢E57) Oyl < Ca /¢ )H|Y2'Y1”|§,T6YI g

which holds also with <y replaced by vy(1+8).
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Now for NisNy € Y and continuous XXyt R+~ x* with
sup ij(t)Ha <r, let yj(t) = i(t;r,nj,xj) (i = 1,2) and let 2z be
the solution of

2~ g, (t,x)(8),y)(8))2 = g, (t,x,y)) (x,(8)-x (),

z(t) = Ny=nq-
Then

”(j% - gy(tyxleI))(yZ'yl'z)llf Ndlxz‘xﬂli+8+HX1'Xﬁ|JiyZ‘ylHe

1+86
N )
1+6 1+8 1+8) | t-
< Clllxyxy NS+ fny-nyl| 278y (O [eor]
SO
[y, (t)-y (£ -z (e
1+9 ] 1+6) 1 t-
< G Uiy ETS o finymn i 10y Y Y feoT]

for all t, and

3~
Z(t) = 5; Y(t;T,nl,Xl)(XZ‘X

9 o~ _
1) + gﬁ y(taT)n19X1)(n2 nl)-
Replacing C' by NC'+C if necessary, the same estimate holds for

d .
Ige(rz-yy-2l, and then if x;(t) = x(t5t,n5)  (so |llxp-xq Il ,

< Const. an-an) we have

”iYZ_yl - %% (Xz‘xl) - %%(nz-nl)“{;(l+e),T f C"an-nﬂll+e.

Also

X y 1+6
lx,-x, - 5;(yz-y1)|||Y(1+e),.[ <oy, vy il

1+6
< ¢V {Iny-myll

93X 3
lllxp-xq - ay ex(x x1) - 5 55D I 16y 1

v 1+8
<C ||n2‘nﬂ|

Since
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3 3 6 0
1132 < cq” Oy,

3y ax ‘X1)|“Y(1+e),r : ‘X1|”y(1+e),r

it follows {for small q) that there is a constant C7 o)
Ili(t;T,nz)'i(t;T’nl) - L(t’T’nl)(nZ-nl)”a

1 1+8 1+8) | t-
< % clin,-nyl QY (1+8) [ t-1]

for some line§r L. It follows from the exercise (1) below that
L(t,r,nl) = %%(t;r,nl) and

X 6 1+8) | t-1
188 0t50,m,0 - Ee,rnpll < clngongllPeY GO [EoTl,

. 1+6
Exercise 1*. If [[¢(y,)-¢(y{)-¢"(y) (yy-yIl < Kly,-y4l for all
Y521 Prove

0
o' &ry)-0" (Il < 6K fly,-vll

Hint: choose any wu, [lu|l =1, let d =|ly,-y;l| and evaluate the in-

equality at the pairs of points

(y;s¥1)s  (yyrud,ygd,  (yy*ud,y,).

Remark. If we work on Y0 c Y, a convex set or submanifold of Y, and
9 < 1, the above argument may run into trouble near the boundary of
Y0 (if any), and we obtain smoothness only over a slightly smaller
set. For example, if the condition of ex. 1 holds for Yis Yy in Y

0
(say YO is convex)

o' (-0t Il < 6Kly;-y,II° when ly;-v,lIl < max{dist(y;,8Y); j=1,2}.

Exercise 2%, If t ~» A(t,y)-AO, f(t,x,y), g(t,x,y) are uniformly al-
most periodic prove t + o(t,y) is uniformly a.p. and its frequency
module is contained in the joint module of A, f, g.
Hint: Suppose {t;} is a sequence in R and [[A -Al, [[f -£]l,
llg,-gpll <4, +0 as m >, n>m, uniformly on R x U x Y
(A (t,y) = A(t+t_,y), etc.) It suffices to prove llc(t+tn,y) -
c(t+tm,y)“a + 0 uniformly on R x Y.

For some constant B, let x: R xR =+ X% be any continuous func-
tion with Hx(t,s)”u <r, and for n 2 m,
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Ylt-t1]
’

x, (t,s)-x_(t,s)ll, < BA e x (6,7T) = x(t+t ,Tot ).

If X(t,t) = ®(x(-,1);71,n)(t) for fixed n € Y, show
. . §%0/2,, vlt-t|
1%, (t,T)-% (£, D, < Cg(1 + Bq )a e ,

and choose B = 2C8.
Exercise 3%. Suppose X + A{t,y)x = 0 1is stable when ¥ = go(t,y}.
g > 0 (for small q and B, =8 - < B) so
any solution of X + A(t,y)x = f(t,x,y), ¥y = g(t,x,y) fo
with [|x(0l, < r,/8N has x(tll, ¢ 7, and

R €
Prove there exists r 7
r

-Bo(t-r

)
[x(t) -0 (t,y ()|l < 4Ne Ix(x)-o(t,y (o)l for all t > t.

Also there is a unique solution y of ? = g(t,o(t,y),y) such that
Iy () -7l < Cge PO jix(x)-o(e,y ()l for t > t. We may let
Cg = 16N°/(8,-i0).

Hint: Let_ Z(t,s) Dbe the evolution operator for % = gy(t,x,y)z
and find y as the solution of

Yt = y(t) + ftZ(t,sJ[g(s,x,y)-g<s,o(s,?),7)—gyfs,x,y)(y-7)1
with
-8 (t-T) 3
O = Bk -e(rLy ()l
BO—U

Iy (e)-y(e)ll < ne

Exercise 4*%. Suppose X + A(t,y(t))x =0 %S unstable for some solu-
tion of ¥ = g (t,y). If (1,n) €R let y = g(t,0,y), y(1) = n,
and let _Pr,n(t) be the projection corresponding to the dichotomy for
X + A(t,y(t))x = fx(t,0,7(t))x. Prove (for small Ty q) there is a
function w(t,-,'): U x Y ~» Xa, Lipschitzian near x = 0, so the
"stable manifold"

T
WE(S) = ((t,x,y) | x = w(e, (1P, (0)x,3), (1P (0)H], < gy)

contains the initial value (t,x(1),y(t)) of any solution of

X + A(t,y)x = f(t,x,y), v = g(t,x,y) for t >t with
"(1_Pr,n(T))X(T)“a < rO/BN and Hx(tﬂla <1y for t > 1. Any such
solution has x(t)-o(t,y(t)) = 0 exponentially as t - =. For

£ € N(Pt,n(T))’ ||d|a < rO/SN, the map £ =+ (1—Pg’n(r))w(T,E,n)—£
satisfies a Lipschitz condition with bound < 1/2. If
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HX(TMla < r0/16N2 and  (7,x(1),y(t)) € W(S), then eventually
”x(tﬂ[a > ry. (We suppose q 1is so small thatlla(t,yﬂla < r0/16N2.)

Exercise 5. Prove there is a constant C;, such that, for 0 < h <1,
§ = (1-0)/2,

lloCerh,y)-o (e, yll, < Cpoh®

122 (t+h,y)

$
b4 b Cth

30
- _(t’ ]
ay -y “y(y x%)

»

Hint: in (e) show ||i(t+h;t,y}-i(t;t,y}”u < Const.h6 and in (f),
39X 3X § y|t-1
”gﬁ(t+h,n) - gﬁ(t,n)” < Const.h'e .

Exercise 6. Suppose, in addition to the assumptions of Thm. 9.1.1,
that t » A(t,y)-AO, f(t,x,y), g(t,x,y) are uniformly H8lder continu-
ous. Prove t > o(t,y):R » X is differentiable, and ||3%(t,y) |
and HAoc(t,y)H are uniformly bounded. (Hint: first estimate the
derivative of t » x(t;t,n), using ex. 5.)

Conclude from this that

220ty + ACEYIO(E,Y) = £(5,0(8,5),y) - $2(6,Y)e(t,0(t,y),7),

for all t,y and obtain further smoothness in t,y - in particular,
30/3t and Aoo are uniformly H8lder continuous from R x Y to X.

Remark. Without assuming uniform Holder continuity in time, we
still have 3d¢/3t and Ago defined and the equation for ¢ holds;

this follows by invariance and the differentiability of y - o(t,y).

Corollary 9.1.9. Suppose A 1is a convex set in some Banach space and

A,f,g,go of Thm. 9.1.1 depend also on A € A. Suppose the hypotheses
of Thm. 9.1.1 hold uniformly for A € A, that A - A—AO, f, g, g, are
differentiable with derivative bounded by N, and AA’ fA’ 8y Zoa
(as well as Ay, £ fy, 8¢ By» Egy
(x,y,A\) € U xY x A with exponent 6 and bound N.

If q 1is sufficiently small, for each X € A there is an in-

) are H8lder continuous in

variant manifold
S, = {(t,x,y) | x = o(t,y,)), (t,y) €R x Y}

and (A,y) - o(t,y,x) is differentiable with derivatives bounded and
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uniformly HSlder continuous with exponent &, and
S(t,y,0), gty 0], §F(t,y,0) 0
as q »+ 0 uniformly on R x Y x A,
Proof: If we replace Y by Y x A and add the equation % = 0,

this follows immediately from Thm. 9.1.1 and the remarks following that
theorem.

Example 1. Suppose A, f, g satisfy the smoothness and boundedness
conditions (iii) of Thm. 9.1.1. Consider, for small & > 0, the sys-
tem

x + eA(t,y)x = ef(t,x,y), 7 = w + eg(t,x,y)
where w € Y 1is constant (possibly zero). Change variables to

T = et and z = y-wt = y-wt/€;

with x' = dx/dt, we have

x!' + A(t/e, z+wt/e)x = f(1/e,x,z2+wT/€)

z! g(t/e,x,z+wt/€).

Suppose the limit

f(x,2) lim

Too

tatT
L J 0 f(s,x,z+suw)ds

o

exists (at least when x = 0) uniformly in tO’ z, and is independent

of tys and the same is true when f 1is replaced by fx’ A or g.
Assume f(0,z) = 0, ?X(o,z) =0, g(0,z) = 0 and

|[Re o(A(z))] > 8 > 0, and {A(z): z € Y} is in a compact set of

LX,X). If A(z) is not independent of z, assume the essential

spectrum of any A = 1lim K(zv) is disjoint from the strip
AVE )

-B < Re A < B. Then the family of evolution operators {e_A(Z)(t-s),
t >s}, z €Y, has a uniform exponential dichotomy (as in Thm. 7.6.13)
and so, by Thm. 7.6.11, the equation x' + A{1/e,z+wt/e)x = 0 has an
exponential dichotomy on R with exponent B8/2 and bound M (for

0 < e < € and each z € Y). Hypotheses (i) and (iv) of Thm. 9.1.1
are easily verified (with g = 0), so for small e > 0 the (x,z)-
system has an invariant manifold of the form x = GE(T/E,Z), or in
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original variables
{(t,x,y) | x =o_(t,y-wt), (t,y) €R x Y}.

This is asymptotically stable with asymptotic phase if Re o(A(z)) > 0,
and is unstable otherwise. If t -+ (A,f,g)(t,x,z+wt) is uniformly
almost periodic, t » oe(t,z) is uniformly almost periodic as well.
If A, f, g are multiply periodic in certain components of 1y, so
they are unchanged when y 1is replaced by yruy, (k = 1,...,m), the
same is true for o.

In particular, if Y = 0, x = Oe(t) is the unique solution of
X + eA(t)x = ef(t,x) on -w <t <w with sup[[x(t)| < Ty, it is
almost periodic when A, f are uniformly almost periodic, and it has
the same stability properties as the solution x = 0 of the averaged
equation x' + Ax = f(x). For ordinary differential equations, this
result is due to Bogoliubov.

Example 2. Suppose A is sectorial in X, Re o(A) > 0, and 0(A)
meets the imaginary axis in a finite set of eigenvalues of finite mul-
tiplicity. Then X = X; 8 X;, A = Aj 8 A;, Re 0(A)) = 0, Re 0(A;) >0,
dim XO < », We assume also e"0 is uniformly bounded on - < t < @
(hence, almost periodic).
Assume 0 < a <1, f: R x X* + X is locally HSlder continuous

in t, and in a neighborhood of each x € Xa, t > f(t,x) is uniformly
almost periodic, and x -+ £(t,x) 1is uniformly C1+9

1 .
(or CLip’ if
6 = 1). Corresponding to X = XO 6 X

write f = £  + f1 and let

1 0

t +T Ag;sS -A.s
T _ o4 1 (70 0 0
£,(8) = %iﬁ T f e f,(s,e £)

o

for & in XO. The 1imit exists by almost-periodicity, and is uniform
in tg.

If fO(EO) = 0 and the derivative fé(Eo) has no eigenvalue
on the imaginary axis, we show there is an almost-periodic solution
xe(t) of

X + Ax = ef(t,x), - <t < o,
- Ot
with Hxs(t) - e EO”a uniformly small for small e > 0. If
Re o(f'(§)) < 0, x
stable. ‘Aot
To see this let x = e E+n (£ €X

e is asymptotically stable; otherwise it is un-

g* N € X;) so the
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equation becomes

. t -Agt
£ = ce fo(t,e g +n)

. -t
n+A;n = ef (t,e £+ ).

Aot
Choose R so ||e

E&'a < R for all t; modify f outside

{g+n | £ e Xg» n € X1,||£Hu < R+1, {[nll, < 1} for some r > 0 so
x » £(t,x) is uniformly Cl1*® on Xg * {Hn”a <r,nce€ Xl}; this is
certainly possible since XO is finite dimensional. For small e,
Thm. 9.1.1 applies and there is an asymptotically stable invariant
manifold n = oe(t,E) with Ocs 806/86 ~ 0 as € =+ 0 uniformly in
(t,&), and t - oe(t,E) is uniformly almost periodic.

The flow in the invariant manifold is

. Ayt Ayt
£ = ee  f(t,e £+ o0.(t,8))

which is the standard form for the method of averaging [37]. 1In a
neighborhood of 50, this involves only the original (unmodified)
function £f. By Bogoliubov's theorem (or example 1 with X replaced
by XO) there is an almost periodic solution Es(t) uniformly close
to EO (for small €), sharing the stability properties of the solu-
tion 50 of &' = fo(g). Since the invariant manifold is ?iymptoti-
cally stable with asymptotic phase, the solution Xa(t) = e Otge(t) +
oE(t,EE(t)) also shares the stability properties of the equilibrium
€+

Exercise 7. Suppose t > a(t,x) is uniformly a.p. for 0 < x < m,

with mean value ao(x) and

— 2 (¥
ag = = JO ao(x)51n x dx # 0.

Prove the zero solution of

Up = Upy + u + ea(t,xju (0 < x < m

u(0,t) = 0, u(m,t) =0

is asymptotically stable for small e > 0 if 50 < 0, and is unstable

if EO > 0.

Exercise 8. Suppose D D

1» Dps w are positive constants
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t »~ (a,b,c,d)(x,t) are uniformly almost periodic for 0 < x < 1 with
mean value (ao,bo,co,do)(x), and the mean value of

12iwt

(a,b,c,d)(x,t)e is (a ...,d_z)(x). Assume
+

1 2
fo(aiz,biz,ciz,diz)(x)dx = 0 and
1 f— — — —
fo(ao,bo,co,do)(x)dx = (ao,bo,co,do)

with 50 + HO # 0. For small ¢°> 0, the zero solution of

Up = DluXX - wv + g{au+bv)
Ve = DZVxx + wu + e(cu+dv) (0 < x < 1)
ux’vx = 0 when x = 0,1

is asymptotically stable if §0+30 < 0 and unstable if 50+50 > 0.

What happens if f%(a ..,d+2)dx # 07 (In obvious notation, if

227
50+30 # 0, we have stability for small e > 0 if

- - =2

- =2y — — =2
agtd; < 0 and (3,+d + (by-c)” > |b2+c2+1a2-1d2| ,

and instability if one or both inequalities are reversed.)

Example 3. Assume A, f, g satisfy (iii) of Thm. 9.1.1 uniformly for
0 < e < €gs and are uniformly continuous as € » 0+, Consider

d
e qr * At,Y)x = £(t,x,y,¢)

%% = g(t,x,y,e)
with

f(t,0,y,0) = 0, fx(t,O,y,O) =0
and

|Re o(A(t,y))]| > 8 > 0 for all t,y

t > A(t,y)-A, uniformly continuous and (A(t,y)-A, | (t,y) €R x Y}

in a compact set in £{TXQ,X}. Also AO has compact resolvent.

Let T = t/e be the new time-variable so
dx/dt + A(et,y)x = f(et1,x,y,€)

dy/dt = eg(et,x,y,c).
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For sufficiently small e > 0 and any fixed y € Y,

dx/dt + A(et,y)x = 0

has an exponential dichotomy on IR with exponent B8/2 and bound M
independent of y and e (Thm. 7.6.13). The Other hypotheses of
Thm. 9.1.1 are easily verified so there is an invariant manifold of
the form

x = o _(et,y) = o_(t,y)
with 5o

9. (t,y) > 0, —=(t,y) > 0

uniformly as € + 0+.
In case Re o(A(t,y)) > 0, any solution (x,y) with ||X(t0N|a
sufficiently small has

-B(t-to)/Ze

Ix(t)-o (t,y ()], < Ce lx(tg)-o (tg,y (el

for t > to.

Exercise 9. Suppose A 1is sectorial in X with compact resolvent,
0 <a <1, U is an open set in X%, f: R x U x Y x [0,80] +~ X is
smooth and Ax = f(t,x,y,0) has a smooth solution x = ¢(t,y) with
values in U, such that o(A—fx(t,¢(t,y),y,0)) is uniformly bounded
away from the imaginary axis.

Show, for small e > 0, the system
ex + Ax = f(t,x,y,e), ¥ = g(t,x,y,¢)

has an invariant manifold (a graph over R x Y) near x = ¢(t,y).
(Use example 3 above; this case is similar to one treated by Zadiraka
{ 1 for ODEs.)

Thm. 9.1.1 and the lemmas may be combined to treat more compli-
cated systems. As an example, we consider (briefly) the system

X + A(t,y,z)x = £(t,x,y,2)
(*) y = g(t,x,y,z)
ez + B(t,x,y)z = h(t,x,y,z),

for small e > 0.
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Theorem 9.1.10. Suppose Z 1is a Banach space, BO is sectorial in
Z, W 1is a neighborhood of 0 in 2% = D(Bg). Assume X, AO’ a, £, g
satisfy the requirements (i), (ii), (iv) of Thm. 9.1.1 when =z = 0,
and the smoothness and boundedness hypotheses of (iii) hold uniformly

for z € W, with Holder continuity in =z, and they apply as well to
2 Tz Bz
Assume (t,x,y) - B(t,x,y)-BO: R xUxY +£{TZQ,Z) is bounded,
locally H8lder continuous in t, differentiable in (x,y), and for
each (A,n) €R x Y

¢ + B(x,0,n)z =0

has an exponential dichotomy on R with exponent Bg' and bound N.
(See Thm. 7.6.13 for some sufficient conditions.) Finally,

h: R x U xY x W~ Z is locally Holder continuous in t, differenti-
able in (x,y,z),

are bounded by N,
(x)y’z) > Bx) By’ hx’ hy, hz

are Holder continuous with exponent © and bound N and for all t,y

Il (h,h ) (t,0,y,0)[ <q

Ilhx(t’O,YsO)H < Mls ||fz(t,0,y,0)|| < MZ‘

There exist positive constants Tos €ps dgr My such that if

€ < €ps q < q and the product MM, < m

1M, there is an invariant

O,
manifold

Se = llt,x,y,2) | x = o (t,y), z = o (t,y), (t,y) €R x Y}

for (*) which is the maximal invariant subset of R x {[[x|| < ry} x
Y x ﬂlz“a < 1ty}. The functions y » (oe(t,y),pe(t,y)): Y » x* x z%
are differentiable, the derivatives are Holder continuous with expon-
ent € wuniformly in t,y,e,q and as q —» O

90 Bps

R A

Ge’pa’ 3y’ 9dy

uniformly in t,y,e.
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If t~ A, f, g, B, h are uniformly almost periodic, then
t - (oe(t,y),pe(t,y)) is also uniformly almost periodic with fre-
quency module in the joint module of A, f, g, B, h. If x =0 is
stable for X% + A(t,y(t),0)x = 0 when ¥ = go(t,y), and
Re o(B(t,0,y)) > 0, then SE is asymptotically stable with asymptotic
phase. Otherwise SE is unstable.

Sketch of proof of Thm. 9.1.10. If z: R + 2% is continuous with
Hz(tﬂ[a <r, (r, small) then, for example,

t’?
HJ “f_(t,0,y,z(t))dt|| < q + Nr®  when Jt -t ] <1
e X - 2 1 2 -
1
and by Thm. 9.1.2 with gq replaced by q+Nr§ there is a unique solu-

tion of

X+ A(t,y,z(t))x = £(t,x,y,z(t)), ¥ = glt,x,y,z(t))

2

with y(1) = n and sup Hx(t)Hu STy s C(qé/ + M,r,), for small g,

T, and a constant C. Denoting this solution X(t;t,n,z), it follows
that
(n, z) » X(*;71,n,2)
is c'*® in the norms Inll, 1zl and |||x||| (see
’ y(1+8),7 y(1+8),T
Lemma 9.1.8) and following the proof of that lemma we find

”X(t;T,T],Zl) - X(t;‘r’nxzz)”a
88, &86/2 t-
< C'[MZ + O((rl+r2) *+q / )]eY[ TI“IZl"ZZI”Y,T’

with a constant C' depending only on AO, o, B, 68, u and N.
Also if [|y(t)]] < N, € > 0 1is sufficiently small,

dz/ds + B(es,0,y(es))z = 0

has an exponential dichotomy on R with exponent 8'/2 and bound 2N
(Thn. 7.6.12) and we may suppose the same holds for dz/ds +
B(es,x(es),y(es))z = 0 whenever supf[x(tﬂla < 1y, with r; small
enough. Applying Thm. 9.1.2 to

dz/ds + B(es,x(es),y(es))z = h(es,x(es),y,z)

dy/ds = eg(es,x(es),y,z)
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given y = n for s = e1, there is a unique solution with
supflea <1, provided e, g, r;, T, are small enough and 1, >
C"(q + erl). Writing Z(t;t,n,x,e) for this solution, in the ori-

ginal time variables, let x: R -+ X* be continuous and O(eYlt_TI)

and  z(t) = g—xz-(t;r,n,x,s)f%. Then e dz/dt + (B-h)t = (h -B )%

N 0, 40
(hy Byz)ax X and note ”hx“ <M+ N(x] + 13),

+9 _1+86
T

1 8/ (1+6
Ihy [l < (N+#2) q + Myr) + qr, + N(rp “+1p /(120

)

(cf. remark following statement of Thm. 9.1.1). Also

I”%% i”';,r < C'"”[§H|Y’T for a constant C"', so

2% 4

ax *llly, < )® o Oz

Tt
< C'MIMy + O(rg+r, oo

If the product MlMZ is sufficiently small, we may choose T ,T, =

O(qé/z) so all the estimates above hold (for small q,€) and so that
X > i('sT,n9z("T:nyx’€))
is a contraction in the norm |[|'|l|Y . on the ball sup |[x(tlll, < s
H)
uniformly for (t,n) in R x Y. The fixed point x, with the corres-
ponding y and 1z, is the unique solution of (*) on - < t < =

with sup ||x(e)ll, < 7y, sup flz(e)ll, < ¥, and y(r) = .

9.2. A coordinate system near an invariant manifold

We introduce a coordinate system generalizing that used by
Urabe and Hale to study the neighborhood of a periodic orbit of an
autonomous ODE. If u: R »R™ is a Cr+1 function (r > 0) with
derivative u'(s) # 0 and wu(s+p) = u(s) for all s and some
(least) p > 0, then T = {u(s) | 0 <s < p} is a cr+l
curve in R". It may be shown that there is a ¢’ function
Q: R -+®RYL, ®RY) with Q(s+p) = Q(s), Q(s) is injective and

span {u'(s), Q(s) mﬁ'l} =R® for each s. We may approximate Q by
r+l

simple closed

+ . . . .
a ¢t 1 function with the same properties, so assume Q 1is C
n-1

For small 6 > 0, let B (R" ') = §-ball about 0 in R"'; then
(exp(2nis/p),v) » (s,v) ¥ u(s) + Q(s)v

defines a Cr+l

hood of T.

diffeomorphism from S1 x BSGRn_l) onto a neighbor-
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u RIQ)
o

r+l m-dimensional submanifold

Now suppose M 1s a compact C
of R™ (m < n). See Abraham and Robbins [104], Spivak [133] or
Golubitsky and Guillemin [129] for definitions and basic theorems
about manifolds and vector bundles. Roughly, a vector bundle over M

is a disjoint union E = U {p} x E of vector spaces E_, one as-
PEM p p
sociated with each point p of M, tied together with continuity con-

ditions to make a manifold; and a map between two such bundles E and
F consists of a map h of the '"base space” M and a linear map of

h(p)
continuously on p. If E,F are vector bundles over M, their sum

the vector spaces h#(p): Ep + F for each p € M, both depending
E®F 1is a vector bundle over M such that the vector space (E @ F)p
associated with p € M is E_ ® F_. Important examples of vector
bundles are the tangent bundle TM and the normal bundle N of

M, T M = tangent space to M at p € M, Np = orthogonal complement

of TpM in Rn; then TM & N = M x R®. A vector bundle E over M

is called trivial if it is a product M x V, for some vector space V,
or equivalent to a product, i.e., there is a linear isomorphism

Q(p): V -~ Ep for each p € M, depending continuously on ©p, thus

(p,v) » (p,Q(p)v): M xV + E 1is a vector bundle map, as is its inverse.
™1 nap QM Z®TRY) with Q(p)
injective for each p and TpM ® R(Q(p)) = R" for each p € M. By
the implicit function theorem, (p,v) » p + Q(p)v is a diffeomorphism
of M x BsﬁRn-m) onto a neighborhood of M (some & > 0), generaliz-

Suppose there is a C

ing the coordinate system described above for the case m = 1. If
R(Q(p)) = Np for each p, Q defines an equivalence from M x RY™ to
the normal bundle N; in any case, we may follow Q(p) by the ortho-
gonal projection onto N _. Thus the existence of such a map Q is
equivalent to triviality of the normal bundle, a property studied
with more care below.

Suppose M is invariant under the flow 2 = h(z), h defined
and Cc¥ on a neighborhood of M < R®., In the new coordinates (x,y)
with y € M, x € R™™™ (|x| < 8) and z = y + Q(y)x, the flow becomes
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g(x,y) = (I+P(y)Q' (")) P (y)h(y+Q(y)x)
Aly)x + f(x,y)

y

x

where P(y) is the projection of R"™ onto TyM, along R(Q(y)), so
glx,y) € T M, g(0,y) = h(y), and

AY)x = Q(y) T(1-P(y)) (b () (QOX) - (Q' (Y)h(¥))x)
£(x,y) = o(lx]) as x =+ 0.

Since P(y) and Q'(y) are C°, (x,y) - g(x,y), A(y)x + £(x,y) are

¢’ functions, although vy = A(y) 1is merely C'°
To apply our invariant manifold theorem to the (x,y)-system,
we need information about

£ = A(y(t))E where ¥ = h(y), y(t) € M. (*)

Such information may often be derived from information about solutions
z of

z = h'(y(t))e. (*%)

Indeed if ¢ 1is any solution of (**) and £(t) is defined by
(1-P(y(t)))c(t) = Q(y(t))E(t), then & solves (*); and conversely,
for any solution & of (*) there is a solution ¢ of (**) with

c(t) -~ Qly(t))e(t) € Ty(t M for all t. To see this, let ze(t) be
the solution of z = h(z) with 2. (0) = y(0) + ez (0), where ¢ solves
(**). Then z_(t) = y(t) *+ ez(t) + o(e) = y () + Qly (t))x_(1)
(uniformly on compact t-invervals) so ye(t) - y(t) = 0(e), xe(t) =
0{e), and (1-P{y(£))){y_(t)-y(t)) = o(e) since (1-P(y))T M = 0.
Define &£(t) € R™™™, n(t) € T yM by (8 = n(e) + Qy (t))E(L); it
follows that ys(t) = y(t) + en(t) + ofe), Xe(t) = ¢g(t) + o(e), and
ie(t) = Aly (£))x _(t) + o(e) = eA(y(t))&(t) + o(e) so E(t) =
A(y(t))&(t). Conversely, if &(t) solves (*) and n{(t) € Ty(t)M is
defined by

n

[}

n =g (0,y())E + g (0,y(t))n, n(0) = 0,

we find 7 = n + Q(y)E solves (*%).
Thus, for example, if every solution ¢ of (**) satisfies

£(t) - n(t) = o(e &Y

for some solution n(t) € Ty(t)M of n = h'(y(t))n and some B > 0,

then every solution & of (*) is O(e_Bt). For more detailed results,
see Ex. 2 below.
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The essential property needed to construct this coordinate sys-
tem is triviality of the normal bundle, so we will study this property
in some detail. If the normal bundle is not trivial, we can cover a
neighborhood of M with open sets, in each of which we have a co-
ordinate system as above. But fortunately the most important applica-
tions involve a trivial normal bundle and a single coordinate system
is sufficient.

First observe that a trivial vector bundle is orientable. 1If
the normal bundle N over M is trivial, then TM @ N = M x R™ and
N are both orientable and it follows that TM and M are orientable.
A basis of T M may be oriented by requiring that, combined with a
positively oriented basis for Np’ it gives a positive basis for Rr".
Thus orientability of M 1is a necessary condition for triviality of

N. Another necessary condition is that TM 1is stably trivial, i.e.,

that there exists a trivial bundle (in this case, N) whose sum with

TM 1is trivial. Observe that stable triviality of TM 1is an
intrinsic property of M, unchanged by diffeomorphism. Now suppose

TM 1is stably trivial; then there exists a trivial bundle E such that
™ & E is trivial, so N ® (TM @ E) = (M X.Rn) ® E, a sum of trivial
bundles, is trivial and N 1is stably trivial. Then for some integer
p, N8& M x RP  is trivial, and if we consider M as a submanifold of
RMP M eR" x 0 c:mﬁ*p), the normal bundle expands to N & M x RP,
Rn+p’ stable

triviality of TM 1is a necessary and sufficient condition for trivial-

Thus, if we are able to expand the containing space to

ity of N. If n > 2m (m = dimension M, M c Rﬁ], we need not expand
the space: according to exercise 1 below, if N is stably trivial

and n > 2m, then N is trivial.

Examples.

(i) If U 1is an open set in Rn, U has trivial normal bundle
(namely U = {0}).

(ii) If U 4is an open set in R"™ and M = 93U, and U 1lies on
one side of M, M has trivial normal bundle. The unit outward normal
vector defines a basis for the normal space at each point of M.

(iii) The normal bundle of the sphere S2 cIIR3 is trivial. The
tangent bundle T(SZJ is stably trivial, but not trivial. For a
trivial bundle has nonzero continuous sections, so if T(Sz) were
trivial there would exist a continuous tangent vector field on S
which never vanishes, contrary to the "hairy ball" theorem. (A mar-
velously simple proof of this theorem is given by Milnor, Am. Math. Mo.
Aug.-Sept. 1978, p. 521-524.)
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{(iv) The normal bundle of S1 c]R2 is trivial - as is the tan-
gent bundle. Thus any C2 simple closed curve in R" (n > 2) has

a trivial normal bundle.
ny n
(v) If Ml <R and M2 c R
n n
bundles, then M1 x M2 R 1 x R 2 has a trivial normal bundle.
(vi) The M8bius strip in R3 is not orientable so both normal

and tangent bundles are nontrivial.

2 both have trivial normal

Exercise 1. Suppose M 1is a compact C2 m-dimensional submanifold
of Rn, n > 2m, with stably trivial normal bundle N. Specifically
N®MxRP is trivial. Prove N 1is trivial. (It is sufficient to
prove this for p = 1.)

To do this consider M cR" x 0 cr™? (p = 1) and let
W= (0,...,0,1) €R™! 5o w | N, T (M) for each x € M. If
k = n-m, the assumed triviality says there is a C1 Q: M +£ZﬂRk+1JRn+l)
with Q(x) an isomorphism of mk+1 onto Nx ® spanf{w} for each x,
and we may suppose Q(x) 1is orthogonal for each x. Define v(x) by
Q(x)v(x) = w, v(x) € sk C?Rk+1, and choose an orthonormal basis for
Rk+1{e1,...,ek+l} with el # tv(x) for all x € M, so
Q(x)ek+1 # zw for all x. There is a rotation S(x) of Rn+1 which
takes Q(x)ek+l to w and leaves fixed the orthogonal complement cof
span{Q(x)ek+l,w}. It follows that {S(x)Q(x)el,...,S(x)Q(x)ek} is a
basis for Nx’ a C1 function of x € M, and so N is trivial.

Remark. I am indebted to Prof. Paul Baum of Brown University for sug-
gesting the use of stable triviality.

The result of exercise 1 can be generalized: any stably trivial
vector bundle whose fiber dimension exceeds its base dimension is
trivial. The proof outlined above can be modified to prove this re-
sult, using the fact that a stably trivial bundle is orientable. This
generalization was shown to me by Paul Baum with a different proof.

The next result is a version of Whitney's embedding theorem,
proved using the transversality theorem [104].

Lemma 9.2.1. Suppose X 1is a Banach space of dimension > 2m+l, and
M isa ¢' (r > 2) m-dimensional compact submanifold of X. There
exists a projection P in Z(X) whose image is (2m+l)-dimensional
such that the restriction P|M is a C¥ diffeomorphism of M to its
image in R(P), and TX(M) n N(P) = {0} for each x € M. If P is
any projection in %(X) with ||B-P|| sufficiently small, then P
satisfies the same conditions.
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proof. Let M(?) - {(x,y) €EMx M| x #y} and let (X*) be the
n-fold Cartesian product (n = 2m+1), and (TM)O = {(x,v) € T™M |
X €M, v # 0}. Define

Feou® o0 2 R (yggseean) v (2 (y) e (YD)

)n n

G: (M, x (XN > RY v,z 5,00 w (5 (V)T (1),

Suppose for some z = (cl,...,cn) th?f 0 e R" is a r?fular value of
F(:,z) and of G(*,z). Then F(:,z) “(0) and G(-,z) “(0) are
either empty or submanifolds of M(Z) ot (TM)O or codimension n.
Since n > 2Zm, they are empty. Since F(x,y,z) # 0 on M(z),

Xt z(x): M~ R™ is injective; and z(v) # 0 if v # 0, (x,v) € TM.

Chooie Wi Wy 1nn X so gk(wj) = Sjk’ z = (cl,...,cn). Then
P=73%w 8¢z, Px = § wi, (x), satisfies the conditions of the lemma.
1k k i k~k
It remains to prove such =z exists. If X* 1s separable,

we apply the transversality theorem directly and show an open dense

set in (X*)® will serve, by proving zero is a regular value of F

and G [104]. Suppose F(x,y,z) = 0 and u € R"%; (x,y) € M(Z) means
x-y # 0 so there exists ¢ € X* with z(x-y) = 1 and

ug = (ugz,...,u8) € (x*)™  has D F(x,y,2z) (uD)
is surjective and 0 is a regular value of F; the argument for G

u. Thus DZF(x,y,z)

is similar.
Suppose X* is not separable. Choose a dense sequence
{(xk,vk)}k=1 in TM and let

X = span{xi,x.—xk,v

n ; 1 <1i,j,k,2 < n}.

2{ |
Define Xg c X* of dimension = dim X~ for each n with X; o X;~1’
Xé = 0; and define Z* as the closure of U X*. Then % is
separable, and the restrictions of F (or né} to M(Z) (or

(TM)O) X (Z*)n may be studied as above, with the same conclusion.

Remark. The argument we present is essentially that in Guillemin and
Pollack, Differential Topology (Prentice-Hall, 1974, p. 51), modified

for infinite dimensions.

Theorem 9.2.2. Suppose X 1is a Banach space, A 1is sectorial in X,

D(A*) 1is dense in X* (which is true if X is reflexive, but see

ex. 3), 0 <a <1, U 1is an open set in Xa, £: U > X is a CF map,

r >1, and M 1is a compact Cr+l

submanifold of X of dimension m,
invariant under dx/dt + Ax = f(x). Also assume that the tangent

bundle TM 1is stably trivial and dim X > 2m, or that M has trivial
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normal bundle.

There is a closed subspace Z < X of codimension m and a
C map Q: M »%(X) such that Q(y)|zZ is an isomorphism of Z
to its image with Q(y)Z @ TyM = X for each y € M, AQ(y) - Q(y)A
extends uniquely to a bounded linear operator on X, and a neighbor-
hood of M 1is represented as

r+l

{y + Qy)z: y €M, z € 2, {{z|| < &}

with (y,z) »y + Q(y)z a Cr+l diffeomorphism onto this neighborhood.

The flow X + Ax = f(x) 1in a neighborhood of M becomes

y = g(y,z), z + Bz = h(y,z)

where B is sectorial in Z, D(B) = pD(A) n z, z% =z n X%, h(y,0) = 0,

g(y,0) = -Ay + £(y) € T.M. The functions g,h are ¢’ functions of
y €M, z € 2% Jlzf[ < 8. If y+ Ay = f(y) in M and X + Ax =
£t(y(t))x, there is a corresponding solution 2z of 2 + Bz =

%%(y(t),O)z with x(t) - Qy(t))z(t) € Ty(t)M for each t, and con-
versely.

Proof. The case dim X < » was discussed above so assume X 1is in-
finite dimensional. Choose a projection P as in Lemma 9.2.1; we
may assume that R(P) = D(A} and R(P*) < D(A*), since D(A), D(A*)
are dense, and that P(M) has trivial normal bundle in R(P). Note
AP and A*P* are bounded, so PA extends uniquely to a bounded
linear operator on X. There is a subspace W < R(P) and a Cr+1
map Q : P(M) > Z(W,R(P)) such that Qo(y) is injective and
R(Qo(y)) ® Ty(PM) = R{(P) for each y € PM. Since N(P) n TyM =0
for y € M, P maps TyM isomorphically onto pr(PM) and we may
take 7 = N{P) & W and define Q(y){(v+w) = v + Qu{Py)w for v € N(P),
wEW, y €M, Also X =127 @& 7Z, dim Z = m, Z = R(P), and we let
Qy)Z =0. If y €M, z €1,z €T,

(AQ(y)-Q(Y)A) (2+Z) = APQ_(Py)Pz + PA(1-P)z - (Q(y)PA+(1-P)AP)(z+2)

so AQ(y) - Q(y)A may be extended to a bounded linear map on X. It
is easy to see Q{y)|Z 1is an isomorphism of Z onto R(Q(y)).

If B = (1-P)A|Z, it is easily seen that B is sectorial in Z
with domain D(A) N Z dense in Z. If P(y) is the projection of

X onto TyM along R(Q(y)), the flow x + Ax = f(x) becomes

(I+P(y)Q'(y)z)y + Ay - £(y) = P(y) [£f(y+Q(y)z-£(y)+(Q(y)A-AQ(y))z]
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or ¥y = g(y,z), and

Q(y)(z+Bz) = -Q(y)[PA + (1-P)APlz + (1-P(y)) [£(y+Q(y)z)-£(y)
+ (Q(y)A-AQ(y))zl - Q" (y)g(ly,z)z

with x =y + Q(y)z. Since the right-side of the z-equation has
values in R(Q(y)) = N(P(y)), we may apply (Q(y)lZ)-l and solve for

z + Bz = h(y,z).

The other claims of the theorem are easily verified.

Remarks. If we apply the same change of variables to X + Ax = F(t,x),
the resulting y and 2z equations are obtained by replacing the term
£(y+Q(y)z) by F(t,y+Q(y)z).

Observe that, if A has compact resolvent, then B also has
compact resolvent.

In place of ¢’ smoothness we may equally consider erl when

Lip
r 1is an integer > 2,

Exercise 2. Assume the hypotheses of Thm. $.2.2 hold, and in addition,
for every solution y(t) € M of y + Ay = f(y), every solution x of
X+ Ax = f'(y(t))x is a sum x(t) = x,(t) + x_(t) + x_(t) of solu-

. . -B(t-t
tions with x_(t) € Ty(t)M’ llx, (£) [ < Me ( lx, ()| for t > 1,

lx ()] < Me_B(T—t)Hx_(T)H for t < 1, (for some positive constants
8,M) and there are projections P+’_’O(t), xc(t) = Po(t)x(t) for

g = +,-,0, HPG(t)Ilf M. Finally suppose (l-Po(t))|R(Q(y(t))) is
an isomorphism of R{Q(y(t))) onto N(Po(t)) with

hzll < haa-p ezl < Kzl , z € z.

Prove 2z + Bz = hz(y(t),O)z has an exponential dichotomy on IR with
exponent B and bound KZM. The projections may be taken to be

qee) 1

P,(t)Q(t) where Q(t) = (1-P_(t))Q(y(t)).

It may be useful to consider first the case when M 1is a
periodic orbit with 1 as a simple multiplier and the remainder of
the spectrum of the period map off the unit circle. See also example
1 of the next section.

Exercise 3. In Thm. 9.2.2, D(A*) was assumed to be dense merely to
ensure we could take R(P*) « D(A*). In fact D(A*) 1is always dense
in the weak® topology. Using compactness of M prove we may choose
the projection P with R(P) « D(A) and R(P*) < D(A*) even if
D(A*) 1is not dense.
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9.3 Examples.

Example 1. Suppose A 1is sectorial in X with compact resolvent,
0 <a<1l, U is open in X%, and f: U~>X is C' (r > 1), or cril

Lip*
Assume there is a nonconstant periodic solution u(t) in U of

X+ Ax = £(x),
u{t+p) = u(t), and the period map of the linearization,
X + Ax = f'(u(t))x

has 1 as a simple multiplier, with the remainder of the spectrum off

the unit circle. Assume t - u(t) € X is Cr+1 (or ¢t

! Lip’ respec-

tively); it is certainly Cr+ for any up < 1.
Introduce coordinates (s,z) in a neighborhood of the

periodic orbit T
x = u(s) + Q(s)z (s real, z € Z, [[z]] < &)

where Z < X has codimension one and s - Q(s) is periodic with

period p and is of class Cr+1. The flow near the periodic orbit
has the form

s =1+ S(s,z)
7+ Az = h(s,z)

where S,h are Cr, p-periodic in s and vanish when 2z = 0, and
A is sectorial in Z with compact resolvent.
Linearizing about =z = 0 we obtain

. . ~ 3h
s =1, z + Az = SE(S,O)Z.

Since s(t) = t + s{0), the =z-equation has p-periodic coefficients,
and its multipliers are the numbers e such that there is a non-
trivial solution z(t) with e—xtz(t) p-periodic. Suppose there is
such a solution z(t) bounded on -» < t < =, i.e. lexPl = 1, and
s(0) = 0 (for simplicity); then there is a solution x(t) of

x + Ax = £'(u(t))x with x(t) - Q(t)z(t) € Tu(t)
scalar n(t), x(t) = Q(t)z(t) + n(t)u'(t). Now there is a constant ¢
such that x(t) - cu'(t) 1is identically zero or is unbounded as

t > +2 or as t » -=, It follows that n(t) = ¢ and z(t) = 0 for

ry i.e., for some

all t. Thus the linearized z-equation has no multipliers on the
unit circle and so, has an exponential dichotomy on R. (In fact, a
similar argument shows the multipliers of z + Az = hz(t,O)z are the
multipliers # 1 of x + Ax = £'(u(t))x.) If A does not have com-
pact resolvent, we still have an exponential dichotomy (see ex. 2,
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sec. 9.2).
If the multipliers # 1 of the linearized x-equation are all
inside the unit circle, it follows from Thm. 9.1.1 that the solution
x = u(t) is orbitally asymptotically stable with asymptotic phase,
but it is orbitally unstable if some multiplier has modulus greater
than 1. Of course, this was proved before with weaker assumptions,
but introduction of the coordinate system enables us to treat pertur-
bations of the system in a unified way.
iip’ u is Ciip’ F: R x U~ X is
bounded, locally H8lder continuocus in t and C

Now suppose £ 1is C
: Lip in x. The
equation X + Ax = f{x) + F(t,x) becomes

$ =1+ g(s,z,t), 2z + A(s)z = hl(s,z,t)

where A(s) = A - %%(S,O) and s - A(s), g, h1 are p-periodic

g=0 if z =0 and F =0, and h(s,z,t) = 0(|z|}) if F = 0.
When t - F(t,x) is uniformly almost periodic then t - g,h1 are

also uniformly a.p. with the same frequency module. If t » F(t,u(s)),
Fx(t,u(s)) are integrally small uniformly in s, there is an invari-
ant manifold z = o(s,t), or in the original variables

x = u(s) + Q(s)o(s,t).

This is ©p-periodic in s, and when t » F(t,x) 1is uniformly almost
periodic, it is wu.a.p. in t with frequency module contained in the
30

module of F, and o, Er e 0 as gq » 0 wuniformly in s,t

t
(”JtZ(F(t,u(SJ),Fx(t,u(s)))dtll5 q for [t;-t,| <1). If F is

independent of t (frequency module = {0}) o is also independent of

t and x = u(s) + Q(s)o(s) 1is the unique periodic orbit near T of

the perturbed equation, and it shares the stability properties of T.

The period is the solution TF of s(TF) =p, § =1+ g(s,0(s)),

s(0) = 0. If F is T-periodic in t (T > 0), the frequency module

is {nT: n = 0,#1,#2,...} and o is also T-periodic in t. We may

identify the time-slices of the invariant manifold at t = 0 and

t = T, thus obtaining a two-dimensional torus. The flow on this torus
is given by

$§ =1+ g(s,0(s,t),t)

and the function on the right is p-periodic in s, T-periodic in t,
and Ciip as a function of s. This degree of smoothness is suffici-
ent to apply Denjoy's theorem and other results on the flow on a

torus (see [37 , 89]1).
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Example 2. Suppose X, A, f satisfy the conditions of Example 1,
but there is a (k+1)-parameter family of periodic solutions

x{t) = u{w(b)t+s,b)

(<= < ¢ <o, b €R with [b| <1) of % + Ax = £(x), where

u(s+1,b) = u(s,b), w(b) > 0, (s,b) - u(s,b),w(b) are C'*' func-
tions and

u

du  du du_
) 3b1 SARLIN I

are linearly independent for each (s,b) in R x B, B = {b €]Rk:
|b] < 1}. Then

M= {u(s,b) | 0 <s <1, b€ B}

. +
is a compact ct i

(k+1)-dimensiona% inzariant manifold with boundary,
essentially Sl x B. Since S® x B (B = interior of B) has trivial
normal bundle, we may construct a coordinate system x = u(s,b) +
Q(s,b)z where z € Z, a subspace of X of codimension (k+1), and

the flow near ﬁ (= M, less its boundary), becomes

w(b) *+ S(s,b,z)

e
"

(@ 2K
n

B(s,b,z)
7 + Az = h(s,b,z)

where S,B,h have period 1 in s and vanish when z = 0 (since
the flow in ﬁ is § = w(d), b =0, z = 0). To avoid complications
near the boundary of M, we may choose a smooth function ¢(b) such
that y(b) = 1 for |b|] < 1-6§ <1 and wy(b) =0 for |[b| > 1-8/2,
and replace B in the equations above by ¢(b)B(s,b,z). This has no
effect on solutions which remain in |b| < 1-§.

In the linearization
X + Ax = f'(u(w(b)t+¢,b))x

with ¢ and b constant, 1 is a multiplier of multiplicity at least
(k+1), since 23du/3s and eu/Bbj + t Ju/ss aw/abj (1 < j < k) satisfy
the equation. We assume the multiplicity of 1 1is exactly (k+1)

and there are no other multipliers on the unit circle. As before, it
follows that

2 + Az = %%(s,b,O)z (b =0, 5§ = wd)
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has an exponential dichotomy on R. By Thm. 7.6.11, we may assume
the exponent and bound of the dichotomy are independent of s(0) and
b, at least for [b] < 1-§/2.

If the multipliers # 1 are all inside the unit circle, ﬁ is
asymptotically stable with asymptotic phase. Specifically if x(t)
is a solution with |[[x(0) - u(¢,b)”a sufficiently small for some
$ €R, |[b] < 1-28, there exists ¢* near ¢ and b* near b
(|b*| < 1-8) so that

[[x(t) - u(w(b*)t+¢*,b*¥)[| =~ 0

exponentially as t =+ +w. The solution remains in |b| < 1-8 for all
t >0 so y(b) = 1 and our modified equation is equivalent to the
original equation. This result (generalizing one of Hale and Stokes
[441) was originally proved by N. Alikakos [107] in a more direct way,
and was applied to the Volterra-Lotka system with diffusion for
predator-prey population dynamics. (See ex. 1 below.)

Example 3. Suppose Xl’XZ are Banach spaces, Aj is sectorial in Xj

with compact resolvent (j = 1,2), 0 < a < 1, and f}: X? > Xj are
+1

C

with period p., xj = uj[t), which has 1 as a simple multiplier and

C' functions. Assume X, + A.x. = fj(xj) has a periodic orbit

no other multipliers on the unit circle.

Assume F: R x X% x X% x X1 x X2 is locally H&lder continuous

in t and Cc¥ in (xl,xz) in a neighborhood in X? x X% of
M = {(ul(sl),uz(sz) | -» < $125, < o},

We suppose F = col(Fl,Fz) has

t2
I 2, BRI AN CRANESLIEE

when |t1-t2| <1 and $1,8, are arbitrary. For small q, consider
the perturbed equation

x; ¢+ Alxl = fl(xl) + Fl(t,xl,xz)
X, + Azx2 = fz(xz) + Fz(t,xl,xz)

near M. Since M 1is a two dimensional torus, we may introduce new
variables in the form

~
)

ui(s) + Q(szy (= 1,2)
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so the perturbed equations take the form

éj 1 + Sj(sl,sz,zl,zz,t)
éj + Ajzj = hj(sl,sz,zl,zz,t), ji=1,2.
Here Qj’ Sj and hj have period Py in

and Sj = 0, hj =0 when 1z, = 0, z

S5 period P, in s
=0 and F =0. If F =20

b
the equations are uncoupled ;nd indegendent of t (for each j, Sj
and hj depend only on Sj and zj) and the linearization

- 3h.
ij + Ajzj = 3??(51’52’0’0’t0)2j
with the coefficient dependent only on Sj = t + constant) has an ex-
ponential dichotomy on R.
Suppose, for example, F is independent of t and is Ciip

near M. If q 1is sufficiently small, by Thm. 9.1.1 there is a unique
invariant manifold Mg near M for the perturbed system. If each of

the solutions uy .U, is orbitally stable, then M is asymptotically

F
stable with asymptotic phase; otherwise MF is unstable. In any case,
1

MF is a C1 manifold and the flow in M is given by a CLip

Lip F
vector field without equilibrium points on this 2-torus.

Example 4. Suppose A 1is sectorial in X with compact resolvent,
0 <a<1, U is open in X%, f: R x U - X is locally Hdlder continu-
ous and uniformly almost periodic in t and uniformly C¥ in x
(or CE;;), r > 2. We consider the equation
* + eAx = ef(t,x)

for small € > 0. Define

T T
F(x) = lim & f £(t,x)dt, T'(x) = lin % f £ (t,x)dt
0 0

T

. + Lo .
and suppose u(t) 1is a C 1 nonconstant p-periodic solution of the
averaged equation

dx/dt + Ax = f(x),

1 is a simple multiplier of the linearization and there are no other

multipliers on the unit circle. We introduce new variables

x = u(s) + Q(s)z

with s » Q(s) p-periodic, and the flow becomes
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s = g(1 + S(t,s,z))
i+ gAz = eh(t,s,z)

where S,h vanish when 1z = 0, are p-periodic in s and uniformly
almost periodic in t. Also, if
1 T
hé(s) = lim T J hz(t,s,O)dt

Tre 0
then dz/dt + Az = hé(s)z (s = T + constant) has an exponential dicho-
tomy on R.

Let 1 = et, A(s) = A - hé(s); the equations take the form

ds/dt = 1 + S(t/¢e,s,z)
dz/dt + A(s)z = h(t/e,s,z) - he(s)z.

When =z = 0, we have S =0 and h = 0, and hZ(T/E,S,O) - hé(s) is
integrally small for small ¢, uniformly in s. Thus by Thm. 9.1.1,
for small e > 0, there is an invariant manifold of the form

z = oe(r/a,s) or, in the original variables

x = u(s) + Qs)o (t,8) = v_(t,s)

where s ~+ VE(t,S) is p-periodic. As e > 0+, oe(t,s) + 0 and
(Boe/as)(t,s) + 0 uniformly in t,s. The flow in the invariant mani-
fold is

§ = (1 + S(t,s,0,(t,s)))

so the resulting solutions x(t) are small perturbations of the

slowly-moving function wu(s(t)), 8 = € + o(e). The invariant manifold
shares the stability properties of the solution wu(t) of the averaged
equation. If t - f(t,x) 1is periodic, the same is true for S,h and
o and we are again faced with a floY on a torus; we have the ne;essary

smoothness if (t,x) - f(t,x) is CL.1p and u(t): R - X 1is CLip'

Exercise 1. Suppose Q is a bounded smooth connected open set in Rp,
a, b, Vi Yy are positive constants and consider the Volterra-Lotka
system with diffusion:

ﬁl = vybuy ¢ ul(a-uz) in @, ﬁz = VZAUZ + uz(ul—b) in @,

aul/aN =0, BUZ/BN = 0 on 2.

The space of nonnegative functions in Wl’p(Q, Rz) is positively

invariant. This system has as an invariant manifold -the 2-dimensional
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space of constant functions (independent of x € Q), with the flow

in this manifold given by (%) ﬁl = ul(a—uz), ﬁz = uz(ul-b). N.
Alikakos [107] proved that any solution with smooth positive initial
values must have a positive solution of the ODE (*) as its w-limit
set. He proved that the solution approaches with asymptotic phase
provided the limiting solution is not the equilibrium up = b, u, = a.
Introduce coordinates near this two dimensional invariant manifold in
a neighborhood of this equilibrium point (example 2 does not apply)
and prove asymptotic stability with asymptotic phase uniformly in such
a neighborhood.



CHAPTER 10

TWO EXAMPLES

10.1 A selection-migration model in population genetics

A model for the change of the gene frequency u in a population
under the combined influence of selection and migration is

du/dt = Au + As(x)f(u) for x € 92, t > 0 (*)A

3u/3v = 0 on 9Q

with initial value given in 0 < u(x,0) < 1, x € . Here @ 1is a
bounded open connected set in R™ with C2 boundary (assume n < 3
for simplicity); A 1is a positive constant, essentially the ratio of
the intensity of selection to the migration rate; s(x) 1is the local
relative selective advantage (or disadvantage, if s(x) < 0) of the
gene at position x € Q, with s € Lw(Q); and f: [0,1] +R is a C
function with £(0) = 0 = £(1), f(u) >0 in 0 <u < 1, £'(0) > 0,
£f'(1) < 0. 1In the genetics problem, f(u) = u{l-u)lhu+{1-h)(1-u)l for
a constant h in 0 < h < 1. Below we shall assume f"(u) < 0 on

06 <u<1, i.e., 1/3 < h < 2/3. This model was introduced by Fisher,

2

and studied more recently by Fleming [118], whose paper inspired this
investigation.

It is easily shown by maximum principle arguments that
0 <u(x,t) <1 for t >0, x € Q, if this holds at the initial time,

and the equation defines a dynamical system in X
X={ueHn @ | 0<ux <1 a.e. in 0l

and in fact we have a gradient flow (see sec. 5.3). Thus the stability
properties of the solutions will be determined by the equilibrium
solutions in X. In case f'"(u) < 0, 0 < u < 1, we obtain an essenti-
ally complete description of the stability properties for every X > 0.
An essential role in the argument is played by s = IQs(x)dx,
the average selective advantage. If s < 0 then for small A (rapid
migration) every solution u in X (except u = 1) tends to 0 as
t » +»; but if s(x) > 0 on a set of positive measure, then for large

A (slow migration) every solution u in X (except u = 0 or
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(H

u 1) tends to the unique equilibrium ¢y in 0 < ¢A(X) <1 as

t » +o, With mild assumptions, ¢A converges to the characteristic
function of {x € Q: s(x) > 0} as A » +o (ex. 3). If S > 0, we
obtain analogous results by replacing u by 1-u. The case s = 0
is considered in ex. 2.

We say u =0, u=1 are trivial equilibria and set

E, = {6 € X n wP(a) | se+asf(¢) = 0 in @, %% = 0 on 3R}.

Lemma 10.1.1. If s # 0, E

i.e., there are no nontrivial equilibria.

3y = {0,1} for sufficiently small X > O,

Proof: Suppose ¢ 1is a nontrivial equilibrium and ¢ is the
space-average value of ¢; then 0 < ¢ < 1, and ¢ = ¢ + ¢ where
Jo vdx = 0, Ay = -Asf(9+y) and 3y/dv = 0 on aR. Provided

stf($+w)dx = 0, this Neumann problem is uniquely solvable for ¢ with

fQ ydx = 0, and for a constant C = C(R) < =
ol < Callss@nly

For small A this implies ||w||L < Cle($) for a constant
2

C S0

1,
[ seowit® - 1] s E@-tEwia] < cpe@
Q Q

which gives a positive lower bound for . The following eigenvalue
computation is due to Fleming [118].

Lemma 10.1.2. If 5 < 0, s(x) > 0 on a set of positive measure, let
Ay = inf{fQ|V¢]2dx: f'(O)st(x)¢2 = 1}; then 0 < A, <= and

(i) For 0 < i < XO, the zero solutiorn is asymptotically stable
(ii) For A > AO, the zero solution is unstable by the linear
approximation, and there exists e(A) > 0 so any solution u in X
of (*), with u|t=0 Z 0 has sgp u(x,t) > €(A) for all large t.

(iii) For any X > 0, the solution u = 1 1is unstable by the
linear approximation, and any solution u in X of (*)X with

u|t=0 £Z 1 has igf u{x,t) < 1-e(A) for all large t.

Proof: There exists ¢ € Hl(Q) with f'(O)J’Q s(x)¢2 =1,

IQ [V¢|2dx = Ao (an exercise in weak convergence, using the fact

s # 0 to control the average value of the approximants) so
Ap + Xosf‘(0)¢ =0 in Q, %¢/3v = 0 on 39. Thus when A > Ay
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J (86+2sE'(0)9)odx = (A=A )E'(0) > 0
Q

But max{fQ(-]V6|2 + Af‘(O)sez) | 8 € Hl(Q), erz = 1} is the largest

eigenvalue of AN + Af'(0)s, so for X > Ao this eigenvalue is posi-
tive and the zero solution is unstable by the linear approximation.

Suppose g = z(2) 1is the largest eigenvalue; then (see ex. 1)
there exists ¢ > 0 in Hl(Q) with Ay + Asf'(0)y = gy 1in 3%,
3/3v = 0 on 30, Syt = 1. If Sosy? <0 then ¢ < [ pay -

-fo Ivwl? < 0. 1f sose? > 0 then, by definition of A,
Iq |\7u;|2 > Aof'(O)Istz so g < (A-Ao)f‘(O)Istz. Thus when
0 < x < Ao, we have ¢ < 0 and the zero solution is asymptotically
stable, while for i > Ao it 1s unstable. The solution u = 1 is
unstable for all X > 0 since fQ(A+ksf'(O))1 dx = ASf'(1) > 0.

Now suppose X > Ao’ so ¢ > 0, and ¥ 1is the positive eigen-
function mentioned above. Define

v(t) = ng(x)u(x,t)dx

where u solves (*)A’ 0 <u<l1l,uZ?0, so v(0) > 0. If

e = e(x) > 0 1is small enough and for some t > 0 sup u(x,t} < Ze,

then dv/dt > % zv > 0 so any nonzero equilibrium 2 has sup ¢ > Ze.
And since the w-1imit set of the solution u consists of a connected
set of nonzero equilibria, sup u(x,t) > € for all sufficiently large
t. The argument near u = 1* is similar.

Remark. If s < 0 a.e. in © the above argument shows u = 0 is

asymptotically stable for every X > 0. In effect, we set Ay = F.

Lemma 10.1.3. If 5 < 0, s(x) > 0 on a set of positive measure and
£f"(0) # 0, the only nontrivial equilibria (y,A) near (O,AO) lie
ona C curve of the form

Vo= oed + 0(ed), A=A+ er

o 1 + o(e)

for small ¢ > 0, where ¢ > 0, A¢p + Aosf'(0)¢ = 0, 3¢/3v = 0 on 3R,
and Alf”(Oj < 0. If £"(0) < 0 then Al > 0 and we have branching
to the right. If £"(u) = bu™ + o(u™ as u-0+ (b <0, m>0)

we again have branching to the right but the curve has

A= em+lxl v o(e™y, A > 0.

Proof: This is a standard bifurcation argument, once it is realized

that 0 is a simple eigenvalue of A, + Aosf‘(O), with eigenfunction

N
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¢ (see ex. 1), for lemma 10.1.2 says 0 is the largest eigenvalue.

Lemma 10.1.4. Suppose q € Lm(n), Au + qu = 0 in @, 3u/sv = 0 on
32, u >0 a.e. in Q. If u # 0 then u(x) >e >0 on & for
some € > 0.

Proof: Choose A >0 so A + q(x) >1 a.e., so (x-2)u = (A+glu >
u>0 in Q. If N, is the Neumann function for A-A in 2 then
NA(x,y) >0 for x #y in @, by the maximum principle, and if

u(x) ¢ 0

u(x) = jg Ny (x,) Ot (1)) uly)dy > 0.
2

s

Lemma 10.1.5. Suppose s € L°(p), s # 0, » > 0, £: [0,1] >R is C
has £(0) = £(1) = 0 and uw f'(u) 1is strictly decreasing on

0 < u< 1. Then any nontrivial equilibrium of (*)A is simple, i.e.,
the linearization about the equilibrium does not have zero as an
eigenvalue.

Proof: Suppose ¢ is a nontrivial equilibrium of (*)A’ By lemma

10.1.4 with q = Asf£(¢)/¢, ¢(x) > 0 on ¥, and similarly with

q = -Aasf(¢)/(1-¢), 1-¢(s) >0 on Q. Thus £(¢) > 0 on Q.
Suppose Ay + Asf'(4)y = 0 in @, 3y/dv = 0 on 23Q; we must

prove ¢ = 0. Let 6 = ¢/f(¢); then

NG + 296-VOE' (6)/£($) + O£ ($)]Vo|2/E(8) = O
36/3v = 0 on Q.

The coefficient of 8 is < 0 so the maximum principle says the
maximum of 6 occurs at the boundary, and if & % constant, it occurs
at a point where 36/3v > 0. Thus 6 is constant. If 6 # O

(i.e. v £ 0) then £"(¢)V¢ =0 in @ so f'(4) = constant in Q,

so ¢ = constant and Asf(¢)

0, a contradiction.

Theorem 10.1.6. Suppose Q, s, £ satisfy the conditions stated with
the problen (*)X; fos(x)dx < 0; for some m > 0, u™f'"(u) has a
finite nonzero limit as wu + 0+; and uw f'(u) 1is strictly decreasing

(for example, f"(u) < 0 on 0 < u < 1). Define Ao as in Lemma
10.1.2, but Ay = +e Af s(x) <

For any X > AO, there is a unique nontrivial equilbrium ¢A

0 a.e.

for (*)A’ 0 < ¢A(x) <1 on Q, and it is asymptotically stable. There
are no nontrivial equilibria for 0 < A < Aot

If u is any solution of (*)A’ 0 <uc<l, with uwgo, ug¢l,
then
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0 if 0 < X <A
u(x,t) ~
¢A(X) if A > 2
as t » +», uniformly in x.

u=1
J ¥ v ¢ ¥
o<u<d 9?
U=0 l ¥ t * A
Ao
Proof: Let NA be the number of nontrivial equilibria of (*)A; we
prove NA =0 for 0 < i < AO, NA =1 for x> xo. Since this is a

gradient flow, and by lemma 10.1.2, the results about asymptotic be-
havior follow.

By Lemma 10.1.5 and the implicit function theorem, NA is
finite and locally constant for X # Ao’ A > 0, so it is constant on

0 < X < Ao and on AO < A < =, By Lemma 10.1.1, NA = 0 for small
A > 0, hence for all A in (O,XO). By Lemma 10.1.5 and compactness
(in Hl(Q)) of the set of possible equilibria, NA = 0 as well, and
by Lemma 10.1.3, NA =1 for small A-AO > 0, hencg for all A > AO.

Remark. If f(u) = u(l-u)f{hu + (1-h)(1-u)] with h slightly greater
than 2/3, then f£"(0) > 0 and the curve of equilibria branches to
the left initially, before turning to the right,
Exercise 1. Suppose q € L7 ()

u = inf{ J([V¢|Z+q¢2)dx: J ¢2dx = 1}.

Q Q

Then wp 1is the first eigenvalue of -AN + q and it is a simple eigen-
value with an eigenfunction ¢(x) > 0 in @ (8¢ + (u-q(x))¢ = 0
in @, 3¢/8v = 0 on 23R).
Hint: If ¢ minimizes the quadratic form, so does |¢], so we may
assume ¢ > 0 and so ¢ > 0 in &€ by 10.1.4 above. Then if also
v o+ (u-q)y = 0 show

0 = f 1v9]% + (q-wvl - f o lveuse) ]l
Q Q

Exercise 2. Suppose s % 0, s = st(x)dx = 0, and f"(u) < 0 on

0 <u<1l. When A > 0, the trivial solutions are unstable by the
linear approximation [118] so the number of nontrivial equilibria is
constant for all X > 0. Prove there is exactly one nontrivial equi-
librium for all A > 0, by proving there is exactly one equilibrium
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¢A’ 0 < ¢k < 1, for small X > 0, and it has ¢A(X) > c as i > 0+,
where f'(c) = 0, 0 < c < 1.

Hint: Write the equilibrium as the sum of its average value and the
deviation from the average, and solve for this deviation in terms of
A and the average value.

Exercise 3. Suppose s € Lm(Q), s(x) # 0 a.e. and the set

P = {x: s(x) » 0} has finite capacity, i.e., there exists ¢ € HlﬂRn)
with $ =1 on P and 0 <y <1 a.e. on RUSP. Suppose £{0) =
f(1) =0, f(u) >0 on 0 < u <1 and ¢A minimizes

Q,(0) = fQ(%IV¢12 - As(N)F(8))dx

fg f(s)ds, 0 < ¢ < 1. Let xp =1 on P, Xp = 0 on QO~NP.

Prove by~ Xp in measure as X =+ +», hence by > Xp in

F(¢)

Lq(Q) for any q < =,
Hint: Let m = vX and show

% QA(Wm) »> "F(l)[P s(x)dx as X > o

Lo, ™ > 2,06, > —Fcl)[p s (x)dx

¥

so IQ|s(x)(F(XP)-F(¢X))]dx 0 as X + o, Note Vy =0 a.e. in P.

10.2 A problem in the theory of combustion

In sec. 5.1 and 6.1 above, we studied the system

an/at DAn - enf(T) in €, 98n/3v =0 on 239

3T/t

AT + gnf(T) in @, T =1 on 30

where @ is a bounded smooth domain in ]RS, £(T) = exp(-H/T) and

D,q,H,e are positive constants with ¢ small. If n >0, T > 0 at
the initial time, these remain true for all later time and the system
defines a dynamical system in the space of nonnegative functions n,T
in Hl(Q) with T =1 on 3f. Every solution of this kind has
(n,T) » (0,1) as t » «» but the convergence is slow, O(exp(-ef(1)t)).
In sec. 6.1, invariant manifolds were used to discuss the solutions on
0 <t < 0(l/e), but here we take a different approach and justify the
"pseudo-steady-state hypothesis' under fairly mild assumptions.

Let <¢> = |S2|_1fQ ¢(x)dx be the spatial average and set

no=n,*n with no(t) = <n{-,t)> so IQ nl{x,t)dx = 0. If X X%
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are the first positive eigenvalues of the Dirichlet and Neumann prob-
lems respectively in , then (see sec. 6.1)

-2 Dt
o]

2
xlunl(tmiz < anl(t)lliz <e Hwo)niz : ;%z”n(())nz-
0

After a time interval of order log(e_lHVn(O)HL ) we have
2

Hnl(t)H 1 = 0(e) for all later time. For simplicity, assume
H

Hnl(t)HL = 0(e) uniformly for t > 0. Then
2
ﬁo(t) = -e<nf(T)> < 0
and
fg(t) = -eny(1)<E(T)> + 0(e’).

Let A(x,t) = gn(x,t); then for some constant Kk,

[[AC-,t) - <x( < ke(l + Jt-1])

,T) >”L2(Q)

for all t,t > 0. In fact we will study the T-equation with qn re-
placed by any such slowly-varying, nearly constant function X, also
supposing (on occasion) that t » <X(-,t)> 1is strictly decreasing.
Solutions T of

3T/3t = AT + A(x,t)f(T), T =1 on 30
will be compared with solutions S of
3S/3t = AS + uf(S), S =1 on aQ (*)u

for appropriate constants u. Observe (*)u is a gradient flow, so its

equilibria will play a crucial role.

Theorem 10.2.1. Assume for Mg = <Ax(+,0)>, there is a compact interval

J «R containing Hg such that for each p € J, (*)u has an equilibrium
¢u with AD + uf'(¢u) <0 and u»r ¢u € Hl(Q) is continuous. Assume

the solution S° of (*)u with s° =T at t =20 has S°(t) » ¢u
) o
as t -+ +o., Then for sufficiently small e > 0

1s°ct) - T(O)l| ; = 0(eP) omn 0 <t <t
H
and ||T(t) ~¢<A(-,t)J‘H1 = O(ean 1/e) for t > t_ uniformly in t
as long as <A(-,t)> remains in J. Here p 1is a positive constant
and t, = 0(fn 1/¢), and we may expect <i(-+,t)> to remain in J

on a time interval O0(1/e), long compared to te-
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Remark. This is the so-called pseudo-steady-state hypothesis, that
T remains close to the stable, slowly moving equilibrum ¢<A(' t)>°
b

following an initial transient. See exercise 1 for a more general

version.

Another remark. If the equilibria of (*)U are all hyperbolic (see

sec. 5.3), then an open dense set of initi81 values S{0) give solu-
tions S(t) «converging to a stable equilibrium as t = +=. Given

B > 0, it can be shown that, for most regions Q (in a Baire category
sense), all equilibria of (*)u are hyperbolic. Thus the hypotheses,
while difficult to verify in a particular case, are generally very
plausible.

Since the time-one map is compact, for a closed bounded set of
initial values S{0) in the region of attraction of ¢u , we may find
€ > 0 "sufficiently small" uniformly on this set so the Bonclusions of
the theorem hold.

Proof of Thm. 10.2.1. Since AD + uof‘(d:u ) < 0 there are positive
o

constants C,B so

_Bt
1s®(t) - ¢ Il ; < ce Pr.
uo H1

, s0 6 =0 on 230 and

90/t = Age + (A(+,t)-u )E(T) + uo(f(SO+e)-f(So)), 6 = 0 when t = 0.

There are cons&ants Cl’M (depending only ﬁn Q,H and uo) so
t t .
He(t)HHl < Cye [3u€]|fk(',s)-uOHL < ekCje” " (1+t). Define t! by

» 2
e exp((B+M)t]) = 1; then for 0 < t < t!

ITet) - %))l ; = o(ePan 1/6)
and H
Tt - ¢“0HH1 = 0(ePan 1/¢€)
where p = B/(M+B) > 0.

Now by the implicit function theorem and compactness of J,
T ¢u is differentiable on J and for some constant vy > 0

- = ' -
Ay E o ufl(e) < -y

on J. There is a constant C

-At
lle vl

2 SO

A

Coe YLy

[aY

[ PR
C,t % Yﬁ|an2
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for t >0 and y in J, v € Hé(Q). Also
2
u[ £(S+8) - £(S) - f'(S)ﬂ|L2 < C2H91h1

for all S,8 in Hl(Q) and u in J; here we have used the Sobolev
inclusion Hl(n) c L4(Q).

If u = <A(-,T)> is in J and 8 = T-¢. has |/8(7)] 1 <r
H

u o}

(ro chosen below), then

80/9t + A8 = (A, ) -u ) E(T) + wlE(D - f(¢u)-f'(¢u)9)

for t > 1t so

oct)l] o < Coe Yt g
I IIHl ) fle(r HHl

b vt % 2
+ sz e (t-s) {ke(1+s-r)+C2He(s)HHl}dS.
T

3 P .-Ys -k -
Suppose 8r0C2~max{f0 e {(p-s) “ds} =1, and let C

= 4C,k f:s_%e_sts
p>0

3
and & = k/zczcg. Then for t > 1, as long as e(l+t-1) < £, we have

locelll ; < 2c,e Y Doco)] | + eC (1rt-1).
H H

The inequality certainly holds for small t-T1 > 0 and if [7,t]l is
the largest interval where it holds, the choice of the constants en-
sures the inequality is strict at time t, so we must have t-1+1 = &/e.
(The estimates are rather crude, and use (a+b)2 < 2(az+b2).)

Choose te so Y(ts-té) = gn 1/e, so again t€ = 0(#n 1/e) and
(supposing ¢ small)

[|¢<X(t€)> B ¢<A(té)>(L1 = O(efn 1/¢)

and e DIl ; = OCe #n 1/e).

H
Suppose ||T(t) - ¢<A(T)>[L1 < B e tn 1/e and choose L so
2C2 exp(-yL) = 1/2; then

IIT(t+L) - 1 Be tn 1/e + eC (141)

¢<A(T+L)>IL1 <7

A

Be &n 1/¢

for small € > 0. Therefore



323

HT(t) - ¢<A(t)>lL1 = 0(e &n 1/¢)
uniformly for t > t, as long as <x(-',t)> remains in J.
Remark. With a bit more care one can improve the estimate to O(e).

Exercise 1. Suppose A is sectorial in X, 0 <a <1, UcRR x X% s
open, (A,d) 1is a metric space, f: U x A » X is bounded with f(t,x,A)
locally H6lder continuous in t, uniformly continuously differentiable
in x and uniformly HGlder continuous (exponent 6, 0 < 8 < 1) in .
Assume for each X € A there is a solution gx(t) of

£y + ALy = £(t,5,,1), t >0

with (t,gk(t)) in U, A #» Ex(t) is locally Holder continuous (some
uniformity implied below) and the evolution operators TA(t,s) for

Lo+ Ap = £ (g, (8),0)t

< Me_B(t's) ,

t >s > 0. Define & > 0 by
X%y - o7

satisfy |]Tx(t,s)H
A

2 M exp(-82/2) =1 and prove, for each C > 0, there are positive
constants Ty KO, £, such that whenever A: R" > A satisfies

ng(t)(t) - Ex(r)(t)”a < Cd(A(t),a{1))6 for O < t-1 < &,
and

d(A(t),A(1)) < e(1l+ft-1|) for all t,r >0

with some 0 < g < €, and x 1is a solution of

X + Ax = f(t,x,a(t)), t >0

with |[[x(0) - EA(O)(O)”Q < r_, we have

-Bt/ﬂ ]

Ix(t) - & () (B, < 2Me [x(0) - &, 0y (O, + K&
for all t > 0, as long as (t,x(t)) remains in U. A similar conclu-
sion holds if x satisfies

6

x + Ax - £0t,x, ANl < K e

1

as long as (t,x(t)) remains in U.
Next we aexamine the behavior of the solutions when the equilib-
rium ¢u loses stability.
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Theorem 10.2.2. Suppose t » <ix{-,t})> 1is strictly decreasing. Assume

¢u is an equilibrium of (*) , depending continuously on wu for
u, < u (u near ul) with A + uf'(¢u) < 0 when yu > My- Suppose

1 D
¢u is an isolated equilibrium of (*)u and, for small w - wu; <0,
1 1
there are no equilibria of (*)u near ¢u . Then there is a nonconstant

1
solution SY(t) of (*), on -= <t <= with stie) » 5, as
1 1

t » -, st is unique to within a phase-shift. We suppose Sl(t) - wu
1

as t »+ +o where Y is an equilibrium of (%)
o] !
For u near My there are stable equilibria wu of (*)u near wu s

with AD + ulf'(wu1)<0

by the implicit function theorem. If &6 > 0 is small and U 1is a
small Hl—neighborhood of the closure of (Sl(t): -2 < t < »}, then,
for sufficiently small e > 0, if (<A(-,t)>,T(t)) enters
(ul-d,u1+6) x U within 0O(e &n 1/¢) of (u1+6,¢u1+6), it remains in

(W,-8, u,+8) x U until it exists within O(e 2n 1/¢) of (p,-8,¥ ),
1 1 1 ul-d

then |[|T(t) = 0(e &n 1/¢) for later time as long as

- w<>\(. ’t)>]|H1
¢<x(t)> remains an asymptotically stable equilibrium. (The previous
theorem applies.)

Remark. The assumed behavior of ¢u would ordinarily arise by a
saddle point coalescing with ¢u as  urugt, and this apparently does
happen when Q is a ball (see below). Equilibria of (*)u are critical
points of

1 2
QU(S) Jg{g [vS]© - WF(S)}dx

F(S) =/} £(0)do, for § > 0 in Hl(Q) with S =1 on 30. The

assumed behavior near ¢u might occur as follows:
1
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graph Q,

M f7
H Vl/‘ 4/
B> pape Fep

(There may be other critical points not indicated here.} Of course,

these pictures preceded and inspired the theorem.

Proof of Thm. 10.2.2. Let —AU = AD + uf'(¢u), u o> My - For yu > My
A > 0, and by the implicit function theorem, 0 must be an eigenvalue

of A , hence the first eigenvalue of A , hence simple with an
elgenf&nctlon v: 1
A v=0, v#0 in @ (v =0 on 3Q), f v2 =1,
My 0
Applying Thm. 6.2.1 to the system 3S/3t = AS + uf(S), S[aQ =1,

du/dt = 0, at the equilibrium S = ¢U s W= g, gives the local center
manifold in the form 1

S =h(o,u) = ¢ + ov+ 0(c’+|u-u|)
¥y 1

for |o| < L [u—ull < 8, with

o= [ vinto,m - o, yax,
Q M1
The flow in the center manifold is © = g(o,u) where g(c,ul) = 0(02),

g(c,ul) # 0 for small o # 0 (since ¢u is isolated) and
1
glo,1) # 0 for |o] < ro, and -8 < u-u; < 0. We may assume

g(lo,u) >0 for wu < My otherwise replace v,o0 by -v,-0 to change
sign of g. Then g(o,u ) > 0 for small o # 0.

If the equation 1s modified outside a small neighborhood of ¢ ,
as in the proof of Thm. 6.2.1, we obtain an invariant manifold for the
modified equation to which Cor. 6.1.5 applies. Restricting attention
to a neighborhood of ¢u , so we deal with the original equation (*)u s
we conclude: 1 1

If S 1is a solution of (*)u with |[{S(0)-¢ < r, then
1

|
_ M1l
there is a solution o(t) of o = g(o,ul) such that, as long as



326
“S(t)*¢u1HH1 remains < T
[[S(t)-h(o(t) ,ul)HH1 < Cse_Yt]] S(0)-h(o*(0) ’“l)HHl

5 > 1, v, r, are positive con-

stants. We may assume L chosen small enough that

where o*(0) = IQV(S(O)-zbU ) dx and C
1

%—Hqullo—c'! <llnto,up) netsupll g < vl oo

for Ty < g,0' < T,
Let o,(t) be the solution g = glo,ug) on (-=,01 with

o,(0) = /4| vl , and let sl(t) be the solution of (*) on
° H M1
~w <t < w with

ster) = h(o (t),u) for t < 0.

tA

for t < 0, S1(t) » 3, as

1 1
Note [|S™(t)-¢ [l { < 2v| {5, o,(t) < 5r
¥y Hl - H1 1 - 20 1

t > -,

It is assumed that Sl(t) > wu as t » +o where wu is
1 1
asymptotically stable by the linear approximation. The technical

heart of the argument is in the following lemma, whose proof is de-
ferred.

Lemma 10.2.3. If T = Hl(Q) - closure {Sl(tj [ -» < t < »} then T
is an asymptotically stable compact set for (*)u

The converse theorem of Liapunov stability (Thm. 4.2.1) applies
to asymptotically stable compact sets as well as to points, with
virtually the same proof. Thus there is a real-valued function V
defined in an H'-neighborhood of T with

V(S) - V(5)| < ¢, |Is-§
V(s) s e lis Sl
V=0 on T

V(S) > a(dist(s,r))

for S$,5 in this neighborhood with value 1 on 30, and a(+) 1is a

continuous strictly increasing function with a(0) = 0, and finally
V(S) < -V(S)

when the derivative is computed along a solution of (*)u .
1
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Suppose & > 0 is so small that the above properties of V
hold on

(senl@ | s=1 on an, V(S) < 22}

and the only equilibria of (*)u in this neighborhood are ¢u ,wu . If
1 1 1
S solves (*)u for t>1, S=T when t =1 and

1A

1
[AC,t)-uylk <6 for 0 < t-t < &n 2 then |[S(t) - T(t) < C,8
1L, - - pl - 8

on this interval. Suppose ¢ < 52 = 2/(2C7C8) and V(T(t)) < %; then

V(T{t)} < V(S(t)) + ClIs(t) - T(t)HHl

e (v (r(n)) + c 08 < 3

A

for 0 < t-t < #n 2 and V(T(1+ 2n 2)) < &. Thus V(T(t)) < 3/2 for
t > 1, and V(T(t)) < & somewhere in each interval of length 4&n 2,

as long as ]IA(',t)-uﬂ]Lz remains less than &, . If

|<A(',T)>—ul| < 62/2|Q|%, this will be true on a time interval of length
0(84/€) )

Let w, = u; - 62/2|Q[4. If S is any solution of (*)u with
initial value V(S) < & then by the above argument for T (wi%h A
replaced by uz), V(S(t)) < 3%/2 for all t > 0. There exists b >0
which plays the role of T, in the estimate of the previous theorem
(p. 322), roughly the radius of a region of attraction for the equi-
librium wu. We may assume & chosen less than b/4 so 38/2 < b/2

and S(t) eventually enters and remains in the b/2-ball about wu
2
(For small & > 0, wu is the only equilibrium of (*)u in
2 2
{v < %Q}). Further, by compactness of the tine-one map for (*)u ,

S(t) enters the b/2-ball at a time no greater than some 1
T = 1(b,2) independent of S.

CIf <A(+,t,)> = u, and V(T(t,)) <% and S is the solution
of (*)Uz for t > t2 with S =T when t = t,, then

IT(t,*+t(b,2)) - v |
2 Ho H1

LA

3b/4 (if € 1is small) and also

HT(ts) - w<A(-,t3)>E%1 <b for tg=t, + 1(b,2). This is the situa-

tion considered in Thm. 10.2.1, and since we remain in <i(-,t)> > u1-6
for a further time interval of length 0(%/¢), the solution exists

within 0(e n 1/e) of (ul-d, ] It remains only to prove

ul-é)'
asymptotic stability of T.



328

Proof of Lemma 10.2.3. We must show that any solution S of (*)u
with initial value in some neighborhood of T tends to T as
t » +o, and the convergence is uniform on this neighborhood. If

lsco)-¢ || ; < r. there is associated a solution o(t) of & = g(o,u,).
My Hl o) 1

We consider first the case when o(0) < 0, then the case when
Iscoy - ¢ I 1 > T,» and then the case o(0) > 0 (which leads the solu-
1 H

tion into the second case).
Let p = r0/9C5(1 + ZHVILI) and suppose |[|S(0) - ¢U1IL1 < p

while the associated o(t) has o(0) < 0. Since ¢ = g(o,ulj > 0 for
o # 0, o(t) increases to zero as t = +o and we have

!

o*(0)] = || v(sto) - ¢, )] <o
Q 1

€0 -h(e* (0 ull 3 <o+ 2 lIvlle

Pyl lo ] < Into(),m) - o, 1Ly < o+ pQevIDEs
SO

[[h(o(t),uq) - ¢ IIHJL < 2vll To(e)] < 8oCg(1 + 2lvID

¥y

for all t > 0 and so

15() - 9y, I3 < 8oL = 2vD = g

for all t > 0.
Let & be the solution of & = g(o,ul) with §&(0) = -ro/Z so
(t) < o(t) < 0. Then

dist(S(t),T) < |[S(t) ¢

oy Mg Co(1+2lviDee™ + dlvil &(e) |

which tends to zero as t - +», uniformly for these initial values
sy - ¢, 1l ; < e, o(0) < 0.
1 H

EA

Now if T, > 0 is sufficiently small (and T, < ro/2) and S

is any solution of (*)u with
1
S(0) - Sl(E) <T for some t > 0,
R -

then
lisce) - slct+%)HH1 < Cge YYIs(0) - sl(t)llHl

for all t > 0. To see this, note such an estimate is easily proved
when t 1is large enough to bring Sl(E) near wu , so both S and
1

Sl approach wu exponentially. By Lipschitz-continuous dependence
1
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on the initial values, we may choose T, > 0 so it holds for all

t > 0. Thus dist (S(0),I) = 8 < r, with ||S(0) ¢ullhl > T, implies
dist(S(t),T) < GCge—Yt for all t > 0. We take the same exponent vy

as in the estimate for the center manifold, or rather replace both by
the smaller exponent.

Finally suppose |{S(0) - SI(EHI 1 =8 < Tz Ty = r,/Cc(1 +
H
ZHVILI)’ for some t < 0, with the corresponding o(0) > 0. Then

lo*(0) - Gl(E)\ = |[ v{S{0) - Sl(E))I < $
Q

1500y -~ nCo 0wl 3 < 6C1+2vlp

as long as |[s(t} - ¢HVH ; remains less than r_. There is some first

t., > 0 when HS(tl) - ¢

) ally = o

‘Ytl
ISt - Rlolt),u < 6ce H + dlvid < 7y,

so for t >t (by the previous case)

1
“y(t-t,) -yt
Cqe Yescee  ta e dlvi

dist(S(t),T) o

A

" A

§CCy(1 + Zvihe ™"

and § = |[S(0) - sl(E)HHl <ty

Putting the three cases together proves asymptotic stability
of T.

The equilibrium problem for (*)u has been studied extensively
in case @ is a ball. If u > 0 then every equilibrium solution S
has S > 1 in @ (maximum principle), and a recent result of Nirenberg
shows every such solution is radial when @ 1is a ball. §S. Parter
(SIAM J. Appl. Math. 26(1974), p. 687-716) and Parter, Stein and Stein
(Stud. Appl. Math. 54(1975), 293-314) have studied the equilibrium
problem for radial solutions, and proved that in certain parameter

ranges there are at least three equilibria, and in other ranges there
is exactly one. The extensive computations suggest there are no more
than three equilibria - if that is so, the pictures of Qu given
above would describe the behavior for a ball.

Exercise 2. For each wu > 0, there is an equilibrium solution of (%)
which minimizes Qu. If p is sufficiently small show there is exactly

one equilibrium. (u < %AOHeZ, AO = first e.v. of —AD in Q.)
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Exercise 3. Suppose F(x,u) > 0 for u > 0, u# F(x,u) 1is analytic

for u > 0, and consider the equilibrium problem
Au + uF(x,u) = 0 in @, u=20 on 238.

Suppose there exist Hp ™ M, > 0 (um # uo) and corresponding solutions
. . 3F . .
uo> 0 in §© with AD *oug 53( ,um( )) < 0 and u. > U uniformly

in Q. Show all equilibria (u,u) near (uo,uo) lie on an analytic
curve

Wosoug ot ulap + O(ep+l), u=u  *oev+ O(ez), le| small,

for some p > 1, My #0 and if p > 1, v >0 in Q. What does this
say about (*)u? Examine stability in the cases p odd, p even.



NOTES

The term ''sectorial operator' generalizes the usage of Kato [56].
H. B. Stewart (Trans. Am. Math. Soc. 199(1974), 141-162) studies
analytic semigroups in the uniform norm.

Fractional powers of operators are studied extensively in [63] and
[103]); the operators need not be sectorial. The connection with
interpolation of Hilbert spaces is developed in [71] - see in
particular the results of Grisvard described in [71, p. 107].

More general results are available [57, 63, 93].
More general results are available [93].

Analyticity has been proved for some more general linear equations;
see in particular [57].

Many of these notions apply to more general dynamical systems; see,
for example, [38]. Sell [89] provides an introduction to recent
work for nonautonomous ODE's.

The argument follows Yoshizawa [135].

Stability of equilibrium for the Navier-Stokes equation was proved
by Prodi [80]. Sattinger later proved stability and instability
results for weak (Hopf) solutions of the Navier-Stokes equations,
and some stability and instability results (of strong solutions)
are proved by Kirchgdssner and Kielhdfer [59]. The instability
theorems 5.1.5, 5.1.6 were inspired by Th. 2.3 (Ch. 7) of Daleckii
and Krein [114]); I am grateful to E. Poulson for bringing this
result to my attention.

The stable manifold was also studied by Crandall and Rabinowitz,
and these manifolds have been studied in more general context by
Hirsch, Pugh and Shub.

The work of Chafee and Infante [14] was done in 1971; our argu-
ments differ in detail. Some of the results on gradiant flows
were reported in Nonlinear Diffusion, Pitman (1976).

The proof of existence is modeled on [37, Ch. 7]. Another ap-
proach to stability of the manifold is presented by Lykova [72],
but her differential equations involve only bounded operators.
Smoothness of the invariant manifold may be proved along the lines
of [58], (661, [104]1, under plausible assumptions. Note the
example in [66], proving the manifold cannot be analytic, in
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general, without some global bounds.

An example of van Strein (Math. Z. 166(1979), 143-145) shows the
critical or center manifold need not be C

k= ox vy, = vz -y, 1= 0.
A center manifold which is CZN has the form
N _ m T
x = o(y,2) = 1 2" lmenyy®™n (a-zizy o+ oo(lyl ™)
m=1 j=1

as y » 0, for z < 1/2N. If =z < 0, y » o(y,z is analytic
near y = 0. When =z = 0, this function is ¢® but not analytic,
and when z > 1/2ZN, it is not 2N-times differentiable. My thanks

to Jack Carr for pointing out this example.

Results of this kind date back to Poincare, in the case of ordin-
ary differential equations. The fundamental reason for the rela-
tion between stability and the geometry of the bifurcation seems
to be the homotopy invariance of topological degree: this was
discovered by Gavalas [33] and Sattinger [86], although the paper
of Sattinger involves a (correctable) error, confusing two notions
of the simplicity of an eigenvalue. Some results of section 8.5
may be proved in this manner (assuming the Poincaré map is com-
pact, i.e. A has compact resolvent.) Our work is modeled, in
part, on [41].

E. Hopf proved this result for analytic ODE's, and his work was
generalized by many people in particular Chafee [12] who also
studied this problem for retarded functional differential equa-
tion. Hale [41] extended the treatment to neutral FDE's, and our
work is roughly modeled on [41]. Marsden and McCracken present
many approaches in The Hopf Bifurcation and its Applications
(Springer, Appl. Math. Sciences 19, 1976).

The argument is modeled on the work of Stokes [98] for retarded
functional differential equations. These must also be some con-
nections with the work of Krein [63] on evolution of subspaces.

More general backward uniqueness results are available; see [29,
30, 64].

Thm. 3.4.8 can be used to prove "averaging' results, but the
direct proof of Thm. 7.5.2 gives sharper results.
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7.6 Coppel's recent book [113] is a good source for dichotomies in
ODE theory. Many of the results were extended to infinite dimen-
sions {(especially Hilbert space) for bounded operators by Daleckii
and Krein [115]. C. V. Coffman and J. J. Schaffer (Math. Ann.
172(1967), 139-166) discuss dichotomies for difference equations
(in a Banach space) on a half-line, emphasizing the connections
between dichotomies and admissibility, a connection studied by
Massera and Schdffer [128) for ODE's. A proof of the continuous-
time version of Thm. 7.6.5 might allow simplification of this
section. Theorems 7.6.12 and 7.6.14 seem to be new even for
ODE's.

8.2 Orbital stability was proved by Iooss [52). Orbital instability
is apparently rarely proved even for ordinary differential equa-
tions.

oo Co

.4, Use of the Poincaré map for ODE's is described in [68].
> Krasnoselski [61) studies some PDE problems by applying topologi-
cal degree theory to the Poincaré map.

8.5 Extensive recent work on "generic' properties of maps should
have applications in this field: see [9, 66, 76, 85]. Appli-
cability of this work to parabolic equations, in particular the
Navier-Stokes equations, has been widely suspected, but was ap-
parently not proved before [66, 85].

9.1 Thm. 9.1.1 was inspried by Coppel and Palmer [114], but is more
general even for ODE's, the generality arising from the use of
Thm. 7.6.12.

9.2 The coordinate system generalizes the construction of Urabe and
Hale [37]. Changing variables in an equation with unbounded opera-
tors is complicated, but the complications here seem excessive.
There must be an easier way. We could avoid the assumption of
"stable triviality" by developing the theory of parabolic equa-
tions on infinite dimensional manifolds rather than Banach spaces.
The cost seems high for this application, but it would also

allow a natural treatment of nonlinear boundary conditions.

10.1 The problem is formulated following Fleming [118].
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Our "small parameter" € 1s not quite that of Sattinger [132],
so comparison of the results needs more care than is displayed
in the text. Parter, Stein and Stein (Studies in Appl. Math.
54(1975), 293-314) examined the equilibrium problem in more de-
tail. Their results do not prove there are no more than three
equilibria, but the bounds are such that this seems very likely.
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