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Introduction

In 1971, I read the beautiful paper of Kato and Fujita [32) on

the Navier-Stokes equation and was delighted to find that, properly

viewed, it looked like an ordinary differential equation, and the analy-

sis proceeded in ways familiar for ODEs. This is perhaps no surprise

to people in partial differential equations, but my training was in

ordinary and functional differential equations, and my attempts to read

PDEs usually became bogged down in technicalities.

Many PDE problems can be written as ODEs in Banach spaces, in-

volving unbounded operators. Rewritten as Volterra integral equations,

unbounded operators no longer appear (in parabolic problems) and the

analysis is entirely analogous to the ODE case. One works exclusively

with strong solutions, which often turn out to be classical solutions.

The major technical differences with the ODE case are that we work in

two spaces (or more) and Gronwall's inequality must be modifed to
cover

o u(t) at-
a

+ b J: (t-s)-Su(s)ds

with a < 1, S < 1, when a,b,a,S are nonnegative constants.

In the geometric or qualitative theory of differential equations,

the goal is to describe the geometry of the flow, and questions of sta-

bili ty predominate. (See the example of Sec. 1.1.) Even for ODEs,

such questions rapidly become difficult, but many of the general re-

sults available for ODEs (for example, stability by the linear approxi-

mation) may be proved as easily for parabolic PDEs, once the necessary

machinery has been constructed. Generally, we use information from

the linear approximation, and so theorems on differentiability of solu-

tions are important.

What is assumed of the reader? Linear functional analysis in

Banach spaces is the main tool, and we use basic calculus in Banach

spaces (continuity, Frechet differentiability, contraction maps and

the implicit function theorem); some of these ideas are reviewed in

Sec. 1.2. Knowledge of the ODE results here generalized would undoubt-

edly be helpful, but is probably not essential: with a grounding in
modern analysis, ffin looks much the same as any other Banach space.

The only hard results needed about elliptic boundary value problems are



2

quoted in Sec. 1.2, namely solvability in LP and Ca of the Dirichlet

and mixed problems for the Laplacian. Maximum principle arguments are

used in several examples, and are reviewed in Exercises 5-11 of Sec-

tion 3.3.

Results are listed serially (except for exercises) so Theorem

3.4.2 (the second main result of the fourth section of Chapter 3) is

followed by Corollaries 3.4.3, 3.4.4 and Lemma 3.4.5. Many exercises

are scattered through these pages, of widely varying difficulty. Some

of these, marked with an asterisk, are used frequently or significantly

in later work. Some of the exercises describe other approaches - often

better approaches - to problems described in earlier theorems; it is

easier to insert an exercise than to rewrite the section. (For example

Ex. 3, Sec. 4.2 and Ex. 10-11, Sec. 5.1.) In any case, the exercises

are an important part of the work. Dismiss them at your peril!

The study of PDEs as evolution equations in infinite dimensional

spaces has become fairly common, and beside the works cited in the

bibliography, R. H. Martin's Nonlinear Operators and Differential Equa-

tions in Banach Spaces (Wiley, 1976) and F. Browder's Nonlinear Opera-

tors and Nonlinear Equations of Evolution in Banach Spaces (Am. Math.

Soc., 1976) should be mentioned, both for their own interest and for

the fact that their intersection with the present work is virtually

empty. Such is the size of our subject!

The work described here began in a seminar at the University of

Kentucky in 1971, and a version was typed in 1974. While visiting

Northwestern University (1974-5), I gave a course covering some of

this material and made fairly extensive corrections and revisions,

along with some new material especially gradient flows (Sec. 5.3 and

Thm. 6.1.9-10). Sections 7.5 and 7.6 and Chapters 9 and 10 were dev-

eloped while visiting Brown University and were exposed there in 1979.

I am grateful to colleagues at each of these institutions for encour-

agement and advice, and above all for providing a critical audience

which forced me to clarify my thoughts. Special thanks to Jack Hale

for encouragement - and an occasional boot in the pants - when en-

thusiasm flagged, and to Kate MacDougall who typed the final version

despite my delaying tactics.



Chapter 1

Preliminaries

1.1 What is geometric theory?

The geometric or qualitative theory of ordinary differential

equations was effectively initiated by Poincare and Liapunov, and con­

cerns itself with questions of the existence of special solutions

(equilibrium points, periodic solutions, almost­periodic solutions,

etc.) or collections of solutions (invariant manifolds), and the sta­

bility or instability of these ­ including their behavior under "small"

changes in the equation. Global questions are also asked and some­

times answered: Starting from an "arbitrary" initial value, what can

be said of the solution as time goes to infinity? Is the system as a

whole structurally stable? (See, for example, [11, 18, 37, 61, 62, 68,

76,79,89]).

Some of these questions have also been posed and answered for

functional differential equations [39,40,41], and this theory fre­

quently guides our study of semilinear parabolic PDEs. J. K. Hale and

K. Meyer suggest [42] that the most important features to generalize

from ODEs are the variation of constants formula, the decomposition

of the state space into subspaces invariant with respect to the lin­

earized equation, and exponential bounds for solutions of the lineari­

zed equation in these subspaces. With these tools, the Fundamental

Trick of Calculus (linearization) can be applied in ways familiar in

ODE theory. Aside from occasional work with Liapunov functions and

maximum principle arguments, the approach is almost always lineariza­

tion and contraction maps.

It may be thought that the results must then all be trivial. In

a way, perhaps they are: they are rarely surprising, piece­by­piece,

either in hypotheses, conclusions, or methods of proof. Yet these

tools have not, it seems, been systematically developed or systemati­

cally applied to this subject.

"But surely", someone objects, "you have not solved the time

dependent Navier­Stokes equations in three dimensions. Else it would

be emblazoned across the night sky in words of fire ­ or at least in

the AMS Notices." True. The methods and results here apply to the

Navier­Stokes equations, but do not by any means establish the existence

of global solutions (existing for all positive time) for arbitrary
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initial data (restricted only by smoothness and compatability condi­

tions). I would only claim that there are many other interesting ques­

tions to investigate. "Is existence something to boast about?"

(L. C. Young).

Consider an example, the jewel of my collection. Chafee and

Infante [14] studied a class of problems including

(0 < x < t > 0)

u(O,t) = 0, u I n j t ) = 0,

where a,b are positive constants. In this case, the initial value

problem is well­posed in the Sobolev space and the solution

exists for all positive time. Further, as t +00, u(· ,t) converges

in to some equilibrium ¢,

Z
d <I>(x) + a c t x) ­ b¢3(x) = 0, 0 < x < n
dx 2

¢(O) = 0, = O.

Chafee and Infante prove there are only a finite number of such equi­

libria ­ precisely Zn+l if n Z < a (n+l)Z for some integer n > O.

If 0 < a 1, the zero solution is thus globally asymptotically stable.

If a > 1, the zero solution is unstable, as are all other equilibrium
+ ­

points except for two, denoted <1>1' <1>1' characterized by the fact
+ ­

<1>1 (x) > 0 > <l>l(x) for all 0 < x These solutions are asymptoti­

cally stable, and we prove (in Sec. 5.3) that the domain of attraction
+ - 1

of {<I>l,<I>l} is an open dense set in

We also show (Sec. 6.3) that there is a neighborhood of the ori­

gin in which is positively invariant when la­II is suffici­

ently small, and which is split into two open sets (domains of attrac­
+ ­

tion of <1>1,<1>1) by the stable manifold for the zero solution, for small

a­I> O. Thus we justify the following pictures of the flow: for

a close to 1,

a < 1 a > 1
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If B is any sufficiently large

u(t,B) is the set of points at time t

initial value in B, then

Iball about 0 in HO(O,rr) and
reached by solutions u with

K n u(t,B)
t>O

is the maximal bounded invariant set. K is compact, connected and

finite dimensional, the union of the unstable manifolds of the equi­

librium points, and we have the following pictures of K:

• 0

o < a < 1

(O­dim.)

I
tk· «.I

1

1 < a < 4 4 < a < 9

(I­dim.) (2­dim.)

9 < a < 16

(3­dim. )

When n 2 < a < (n+I)2, K is n­dimensional, the closure of the unstable

manifold of the origin.

Most examples cannot be treated in such detail, in part because

of the difficulty of understanding the equilibrium problem, a nonlinear

elliptic equation. But there are some other examples (in particular,

[107], Ch. 10 and Ex. 11 of Sec. 6.1) which admit fairly complete

discussion. We may hope our stock of examples will increase and put

more meat on the bones of the theory.



1. 2 Basic
1. 2.1

1. 2.2

1. 2.3

1. 2.4

1. 2.5

1. 2.6

1. 2.7

6

facts and notation
Gronwall's inequality

Notation for linear operators and spaces

Sobolev imbedding theorem

Some elliptic boundary value problems

Polynomials, derivatives and analyticity

Contraction maps with parameters; implicit function theorem

The grasshopper's guide.

In this section, we collect some results and notations which

will be used throughout these pages.

1.2.1 Gronwall's inequality

T.H. Gronwall showed that, if a,b are nonnegative constants

and

b Itoo u(t) < a + u(s)ds

o < t < T.

the weakly singular Volterra

a < 1, S < 1,

btfor all 0 < t < T, then u(t) < ae for

We need a form, to discuss

integral equations encountered below.

Assume a,b,a,S are nonnegative constants, with

and 0 < T < 00; there exists a constant M = M(b,a,S,T)

for any integrable function u: [O,T] R satisfying

o u(t) at-
a

+ b I:(t-S)-SU(S)dS

< co so that

(real) dual of a

y E X* on

for a.e. t in [O,T], we have

o < u(t) < a Mt- a, a.e. on ° < t < T.

This is a special case of Theorem 7.1.1. The proof is an ele-

mentary iteration argument, followed by Lebesgue's dominated conver-

gence theorem, and the reader is referred to Theorem 7.1.1.

1.2.2 Notation for linear operators and spaces

All Banach spaces are real, with the customary caveat that

spectral theory is done in the complexification. The

Banach space X is denoted by X*, and the value of
x E X is written <x,Y>.

is the space of continuous linear operators with domain

X and range in Y, where X,Y are Banach spaces.
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For a linear operator L,

of L,

domain of L;

range of L;

null space of L;

resolvent set

n(L)

R(L)

N(L)

P(L)

a(L) spectrum of L = Pa(L) U Ca(L) U Ra(L),

Pa(L) point spectrum (eigenvalues of L),

Ca(L) continuous spectrum

Ra(L) residual spectrum;

ae(L) = essential spectrum of L (see references in section 5.4)

r(L) = spectral radius of L, when L is continuous.

We sometimes write "Re a(L) > k" to mean the real part of A Re A

is greater than k whenever A E a(L).

We also occasionally write "lin" for a differential operator

l:n Z Zwhich is the Laplace operator (ll = . I a lax.) on smooth functions
J = J

which vanish at the boundary of the (implied) region in Rn. The pre­

cise domain is usually clear in context.

A projection E is a bounded linear operator on a space X to

itself, satisfying EZ = E. Any projection determines a decomposition

of the space into a sum of subspaces X = Xl Xz where Xl = R(E),

Xz = N(E); we say E projects X onto Xl' along XZ.

C(S,X) = bounded continuous functions from a metric space S to a

Banach space X with norm

IlfIICCS,X) = sup Ijj f Ls) Ilxls E S}

Cunif(S,X) = bounded uniformly continuous functions from S to X
with the "sup" norm.

CV(S,X) = the space of [v) times continuously differentiable func­

tions from S, an open subset of a Banach space, to another

Banach space X, (v 0), where the [v)­order derivative satis­
fies a Holder condition with exponent v ­ [v), if v is not an

integer. The norm is

where a = v ­ l v l . (The last term is omitted when v is an

integer.)
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CLk. (S,X) = functions in Ck(S,X) whose k-derivative satisfies alp
Lipschitz condition (exponent 1).

= the linear space of function in ek(s,x) having support com-

pact in S.

LP(u,X) = pth power integrable functions from a measure space u into

a Banach space X,

{J II f ( t) liP d t }1 / p
u X

for 1::: p < co.

Lco(u,X) = strongly measurable essentially bounded functions from u to

X,

II f II co = es s . sup {II f (t) Ilx I t E u}.
L (u, X)

Wk,p(u,X) = Sobolev space of

derivatives of order <

is an open set in Rn).

f E LP(u,X) which have distributional

k all pth power integrable. (Here u

Wk,p(u,X); we fre-kCO(u,X) in the norm of
equivalent norm

Il f ll {J ¥llf(j)(t)IIP dt}l/p.
Wk,p(u,X) = u

Hk(u,X) = Wk,2(u,X), which is a Hilbert space when X is a Hilbert

space.

= closure of

quently use the

In general, if the range is not specified, it is taken to be the real

line R; exceptions are hopefully clear in context.

1.2.3 Sobolev Imbedding Theorem ([92, 97, 8, 23])

Suppose u is an open set in Rn such that its boundary au

is minimally smooth ([97], p. 181), for example, u = Rn or u is a

bounded domain whose boundary is Cl. Then we have the continuous

imbeddings:
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c if l/p l/q > l/p - k/n > 0;

c if kp > n.

(In the

in

second case, the intention is that every function f in

has a continuous representative f, f = f almost everywhere

If kp = n and is bounded, then c for any

r, p < r < 00.

Further if 0 v < k-n/p, then c with continu-

ous imbedding. (Here we use the continuous representative of a func-

tion in and claim it is actually a member of Proof

of slightly weaker (but adequate) results of this kind, along with a

version of the Nirenberg-Gagliardo inequality, is given in section 1.6.

1.2.4 Some elliptic boundary value problems

We list a few regular boundary value problems for the Laplacian

which are used in examples and exercises below. For the general formu-
2lation, see [1, 2, 8, 28, 29, 30, 81] for the L -theory, [2,8,91]

for the LP-theory, [2, 8, 29] for the Ca-theory, and [2,8] for every-

thing. Fichera [28] discusses elliptic systems in the L2-setting,

including the equations of linear elasticity. Ladyzhenskaya [65] covers

the Stokes problem of viscous flow.

Dirichlet problem. Suppose is a bounded smooth (C2) domain in

Rn, and consider the problem: given f: + R, find u so that
n
L = 6u = f in o.

j =1 J an
(i) If f E (1 < P < (0), there exists a unique solution

u E n

(ii) If f E ca(n) , 0 < a < 1, and E C
2
+
a , there exists a

unique solution u E

Mixed problem. as above, with a E a(x) > 0 on

a(x) > 0 somewhere; the problem is to find u such that

6u f in

au + a(x)u
dll o on
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(i) If f E LP(rt) (1 < P < (0) there exists a unique solution

u E W2,p(rt)

(ii) If f E CCl.(rt) (0 < CI. < 1) there exists a unique solution

u E C2+ CI. (rt) .

1.2.5 Polynomials, derivatives and analyticity ([22, 49])

If X,Y are Banach spaces, an n-linear map from X to Y is

a map f from the n-fold product Xn = X x ••• x X into Y such

that xk + f(x l, ... ,xn) is linear for each fixed (xl'" .,xk_ l'
xk+ l" .. ,xn), for k = 1,2, ... ,no A homogeneous polynomial (of degree
n) from X to Y is a map of the form x + f(x,x, ... ,x): X + Y, for

some n-linear map f. (Special cases: n = 0, constant; n = 1, linear.)

A homogeneous polynomial g (of degree n) is continuous if and only

if it is bounded: for some constant M,

Ilg(x) Il y M all x E X.

For such a polynomial we sometimes write g(xn), rather than

g(x), and its norm is

so
Ilgll =sup{llg(x

n)
Illxllx l}

Ilg(x
n)

for all x E X.

A map f: X + Y is differentiable at a point a E X if there

exists a continuous linear map fl(a): X + Y so that

Ilf(x) - f(a) - f' (a)(x-a) Il y = o(llx-allx) as x + a.

In this case, flea) EY'(X,Y) is called the (Frechet) derivative at a.

Derivatives are sometimes also written Df(a) or f (a). The map is
x

continuously differentiable on an open set U c X if it is differen-

tiable at each point of U and if x f'ex): U +Y'(X,Y) is continu-

ous. We say f is twice differentiable at a if f is differentiable

at each point in a neighborhood of a and x)+ f ' (x) EY'(X,Y) is

differentiable at a; and so on.

When f is n-times continuously differentiable in an open set
U c X, we may consider its kt h derivative f(k)(x) (1 < k < n) to be

a continuous kt h order homogeneous polynomial for each- x E U, deter-

mined by the Taylor formula
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as h -+ °, for each x E U. Here we set f(O) (x) = f (x) .

A map f: U c X -+ Y, U open, is analytic in U if f is

infinitely often differentiable at each point of U and if, for each

x E U, there exists <S = <S(x) > ° so that whenever II h Ilx <S ,

f(x+h) = L k\ f(k) (x) (h k) ,
k=O

the series converging in Y -norm uniformly in II h II
X

< <S.

An equivalent condition is that, for some <S > 0, there exists

a constant M = M(x,<S) so that

(This definition is equivalent to that used in Hille and Phillips

[49], according to [49, Th. 3.17.1].)

E 1 I f f . . h t h d 1 . 1xamp e. IS a contInuous omogeneous n or er po ynomla map
from X and Y, then f is analytic. Indeed, x -+ f(k)(x) is a con-

thtinuous (n-k)-order polynomial from X to the space of k order

polynomials from X to Y (k = 0,1, ... ,n) and f(k) (x) = ° if

k > n.

Another example. If X

then

Y = C[O,l], f(x) (t) sin x(t) for ° < t < 1;

where gk(z) = (d/dz)ks i n

Ilf(k) (x) .,:» (y) II sup
O<t<l

f: X -+ Y is -

kgk(x(t))(h(t)) k = 0,1,2, ...

z , so Ilf(k) (x) II 1 for all k > ° and

Igk(x(t))-gk(y(t)) I Ilx-YIIC[o,l]· Thus

Exercise 1. If X = Y = L2(0,1), f(x) (t)
f is Lipschitz continuous:

sin x(t), ° < t < 1, then

However, f
Hl(O,l) to

is nowhere differentiable.
1H (0,1), f is analytic.)

(Considered as a map from



Converse Taylor Theorem (see [

12

for proof)"

Assume X,Y are Banach spaces, U is open in X and f: U -+ Y
satisfies, for each Xo E U,

m kf (x+h) = L ak(x)h + o(llhIF) as h -+ 0
k=O

uniformly for Ilx-xoll"5 Ilhll,
geneous polynomial map from

ously differentiable and its

where ak(x) is a bounded kt h order homo-

X to Y. Then f is m-times continu-
k t h derivative is

L ak(x)h .... h.
{i l, ... ,ik}={l, ... ,k} 1 1 1 k

(sum over permutations),

k! ak(x)h l" .. hk if ak(x) is symmetric.

A related result, with a similar proof, is: if 0 < e < 1, U X

and there is a constant B with

m
Ilf(x+h) - L ak(x)hkll"5 BllhlF+ e

k=O

for all x,h in X, where ak(x) is a bounded homogeneous kt h order

polynomial (for each k,x). Then f is Cm and the mt h derivative
satisfies Ilf(m)(x+h) - f(m)(x)11 < N where N depends only on

m m
m. (A direct proof in the case m = 1 shows Nl = 6; see ex. 1,

sec. 9.1.) The inequality needs only to hold on a dense set if f is
continuous.

Exercise 2. If 1 < P < 00, 0 prove f -+ folf(x) IPdx is cP

uniformly on bounded sets of L (0, ffi) when p is not an integer. If
p p-l

P is an odd integer the function is CLip' and when p is an even

integer, it is analytic (a polynomial). Hint: first examine

t -+ ItI P: ffi -+ffi.

1.2.6 Contraction maps with parameters; implicit function theorem

The Banach contraction mapping theorem is well-known.

Theorem (Banach). Let (S,d) be a complete metric space and let

T: S -+ S be a contraction, i.e. there exists e < 1 such that
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d(T(x), T(y)) < e d(x,y) for all x,y in S.

Then there exists a unique fixed point of T in S: a E S, T(a) = a.

Also, for any b E S, if Tn(b) = T(In-l(b)) is the n-fold composition,

then Tn(b) + a as n + 00, in fact,

We need more detailed information about the dependence of the

fixed point on various parameters. If (S,d) is a complete metric
space and (A,£) is another metric space, we say T: S x A + S is a

uniform contraction if there exists e < 1 so that

d(T(x,A), T(y,A)) < ed(x,y)

for all x,y in S and all A E A.
For each A, there exists a unique fixed point g(A) E S; we

study the smoothness of A + g(A).

Exercise 3. If T: S x A + S is a uniform contraction as above and
if A + I(X,A) is continuous on A for each xES, then A + g(A):

A + S is continuous.

The following is essentially the formulation of Hale [32, Th.

3.2] .

i.e. the partial Frechet deri-

and extend continuously to

spaces X,Y, and let IT de-

space). Suppose
IT, and let g(y) denote the
E V.

Theorem. Let U,V be open sets in Banach

note the closure of U (a complete metric
T: IT x V + IT is a uniform contraction on

unique fixed point of T(',y) for each y
If T E Ck(U x V,X) (0 k < 00),

vatives up to order k exist in U x V
IT x V, then y + g(y) is in Ck(V,X).

If (x,y) + T(x,y) is analytic from

is some neighborhood of IT, then y + g(y)

Ul x V into X, where

is analytic from V to

Proof. The case k 0 is a simple exercise; consider k = 1. Since

IIT(xl,y) - T(x2,y)11 < ellxl-x211, it follows that the derivative with
respect to x, T (x,y) has liT (x,y) II < e < 1 on U x V. Formally,

x x-
differentiating g(y) = T(g(y),y) we see g' (y) should be the solu-

tion M of
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But IITx(g(y) ,y) II 8 < 1, so this equation has a unique continuous

solution M(y); we must show Ilg(y+n) - g(y) - M(y)nll = 0(11 nil) as
n .... 0.

so
Let y g(y+n) - g(y); then T(g(y) + y, Y + n) - T(g(y) ,y) y,

where
Since

II n II ....
for any

1'1 T(g(y) + y, y+n) - T(g(y) ,y) - Tx(g(y) ,y)y - Ty(g(y) ,y)n.

T is e l, it follows 116(y,n)11 = o(lhll + Ilnll) as Ihll +
0, i.e. as n .... ° (since y(n) .... ° by continuity of g). Thus

e > 0, with IIn/l small enough, III'1(n)/I < dll'((n)/I + IIn/i), so

which implies yen) = O(llnll) as n .... 0. It follows that

(I-Tx(g(y),y))(y(n) - Mn) = 6(n,y(n)) = odlnll)

so Ih(n) - M(y)nll = o(llnll), i.e. M(y) = g'(y).
For k > 1, proceed by induction. If the result holds for

k k-l(k-l), then when TEe, we have gEe ,at least, and

(I-Tx(g(y) ,y))g' (y)

which shows g' E ek- l, so g E ek

For the analytic case, observe that for any y E V, there exists

a eompZex neighborhood of (g(y),y) on which T is analytic and a
uniform contraction. The argument above proves differentiability of

the fixed point in this complex neighborhood, hence analyticity [49,

Th. 3.17.1). Alternatively, one can obtain the result using power

series and the method of majorants.

Exercise 4. Suppose T is a uniform contraction and for some a,

o < a 1, IIT(x'Yl) - T(x,yz)11 M(x) IIYl - yzlla where M(x) is
bounded in a neighborhood of any x E U. Then Ilg(Yl) - g(Yz)11 =

OdIYl-yzlf) as yl .... YZ' If, in fact, T E eV(U x V,X) for some
v > 0 and T is a uniform contraction, then the fixed point g
g E eV(V,X).



F: U x V Z is Ck (1 k 00) or analytic near

Ck or analytic, respectively, near YO'
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Implicit Function Theorem.

Let X,Y,Z be Banach spaces and U,V open sets in X,Y re­

spectively. Assume F: U x V Z is continuously differentiable, that

(xo'YO) E U x V, F(xO'YO) 0, and the partial derivative Fx(xO'YO) E
has a continuous inverse.

Then there exists a neighborhood of (xo'YO), Ul x VI C U x V,

and a function f: VI Ul ' f(yO) = x o' such that for (x,y) E Ul x VI'
F(x,y) = 0 if and only if x = f(y). Thus F(f(y),y) = 0 for all

y E VI'
If

then f is

Proof. Let L

G(x,y) = x - LF(x,y).

Then G is C
l

from a neighborhood of (xo'YO) to X (or C
k

or

analytic) with G(xo'YO) = xo' Gx(xo'YO) = 0 and IIGx(x,y)11 8 < 1

in a neighborhood of (xo'YO)' Now the result follows from the contrac­

tion mapping theorem.

1.2.7 The grasshopper's guide

We may distinguish between the ants, who read page n before

reading page (n+l), and the grasshoppers who skim and skip until some­

thing of interest appears and only then attempt to trace its logical

ancestry. For the sake of the grasshoppers, herewith is a listing of

certain basics from Chapter 1­4.

1.4.8 definitions and properties of xQ, = D(AQ,).

1.5.3 invariant subspaces and exponential bounds
imbedding theorem xQ, c .

Chapter 1

1. 3.1

1. 3.2

1. 3.4

1. 4.1

1. 4.2

1. 4.3

1. 4.7,

1. 5.2,

1. 6.1

defini tion of

definition of

A sectorial

definition of
AQ,A B = AQ,+B

estimates of

sectorial operators

analytic semigroups
­AtI.e , t O} analytic

fractional powers

Q, ­At
A e

Chapter 2 Examples of parabolic problems.
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Chapter 3

3.2.2 existence and uniqueness for dx/dt + Ax = f(t)

3.3.3, 3.3.4 existence and uniqueness for dx/dt + Ax

3.3.6 compactness of bounded orbits

3.3; exercises 5-11: maximum principle arguments
3.4.1, 3.4.2 continuous and differentiable dependence

3.5.2 smoothing action of the equation
3.6, 3.7, 3.8 examples.

f(t,x)

Chapter 4
4.1.1, 4.1.3

4.1.4, 4.2.1

4.3.3, 4.3.4

definition of dynamical systems and Liapunov

functions
asymptotic stability and Liapunov functions

stability and invariant sets.

1.3 Sectorial operators and analytic semigroups

We begin with an example, then generalize. Consider the heat

equation
au
at (t > 0, 0 < x < t)

with boundary conditions u(O,t) = 0, u(t,t) = 0 for t > 0; here K

is a positive constant, the specific conductivity, and u(x,t) is the

temperature at position x, at time t. Define the linear operator A

by

d
2"

A ¢(x) = -K 0 < x < t,
dx

whenever ¢ is a smooth function on [O,t) with ¢(O)
For such functions ¢ and W,

0, ¢(t) O.

fto(A¢,¢) = -K ¢"(x)¢(x)dx

and

(AiP,w) = -K f: ¢"(x)W(x)dx = (¢,AljI)

so we may (and shall) consider A

densely defined linear operator in

[82, 103). In this case,

to be extended to a self-adjoint

L2(0,t), using Friedrichs theorem
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and the spectrum
222(kn / '1- ) n , (n =

k
(2/'1-) 2 s i n ( ll1Tx/ '1- )

o(A) consists of the simple eigenvalues An

1,2,3, ... ) with corresponding eigenfunctions

1,2,3, ...

where 0 = Dnm
The heat

then be written

if n m, 0 = 1 if n = m.nm
equation, together with the boundary conditions, may

(formally) as a differential equation in a Banach space,

du
dt + Au = D,

and it is tempting to express the solution in the form

-Atu(t) = e u(D), t > D.

In fact, if the initial value u(x,D) for the solution of the heat

equation is a smooth function which vanishes at x = D and x = '1-, the

solution may be found by separation of variables:

u(x,t) =
n=l

-;\ t
e n En(U(',D))(x)

where En is the projection on the nth eigenfunction,

-AtBut this solution is precisely e u(· ,D), where the exponential is

defined in the u,sua1 sense for functions of a self adjoint operator,

using the spectral decomposition of A.
Other useful functions of A may be similarly defined, for

example

Using the fact 111jJ 11
2

for any Cl. > D

;\ ;\ , all n ,
n

it follows easily that
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and that

111jJ11 < b (t) 111jJ11,- ((

(te/a)-a

-A t,a 1
Ale

for

for

Thus R(e -At ) c D(Aa) f 0 hOdor every (( > , W enever t > , an
IIA((e-Atll = OCt-a) as t -+ O.

Exercises.

(1)

(2)

Hint:

is bounded on

is compact on

let

if (( > O.

if (( > O.

and show as

are

A r 0,\A-A 1 :: csc
n

(0 < ¢ < 11/2).

2
L (O,£)-norm

1

< 11

max
n

bounded in the

¢ Iarg AI

1
HO(O,£)

Hint: (A1jJ,1jJ) = IIAJ,1jJ11 2 = K J>1jJl (x))2 dx.

k _dA2u r du/dx, in general, but anddx
1on HO(O,£).

¢'IA\-l for

(4)

(5 )

(3)

The generalization is the class of sectorial operators.

Definition 1.3.1. We call a linear operator A

a sectorial operator if it is a closed densely

that, for some ¢ in (0, 11/2) and some M >

sector

in a Banach space

defined operator such

1 and real a, the

x

s = {;\
a,¢ cjJ -: largCA-a) I < 11, A r a}

is in the resolvent set of A and

for all A E S ,h'
a,,!,

Note: the angle opening of the section Sa,cjJ is 211-2cjJ > 11.
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Remark. Several equivalent formulations (due to Yosida) are presented

in the appendix to Hoppenstadt's paper [51].

Examples.

(1) If A is a bounded linear operator on a Banach space, then

A is sectorial.

(2) If A is

Hilbert space, and if

(3) If A is
A x B, is sectorial in

a self adjoint densely defined operator in a

A is bounded below, then A is sectorial.

sectorial in X, B is sectorial in Y, then

X x Y, where (A x B)(x,y) = (Ax,By) for

Ac lR
n) , and

A is sec-

x E D(A), Y E D(B).
2

(4) If Au(x) = x E st, when u E CoUI) (st
is the closure in L Ul) of -t: I C2oU/) (1 < P < 00) then

p -
torial (see sec. 1.6) if its resolvent set meets the left half-plane.

(5) Many other elliptic boundary-value problems define sec-

torial operators, as shown by Friedman [3D].

(6) If A is sectorial in X and B is a linear operator

with D(B)::::> D(A) and for all x E D(A) IIBxl1 E:IIAxll + K(E:) Ilxll (for
sufficiently small E: > D) then A+B is sectorial (see Th. 1.3.2).

(7) An operator on a Hilbert space which is m-sectorial in

the sense of Kato [56] is also sectorial under our definition. (See

ex. 6).

Theorem 1.3.2. Suppose A is a sectorial operator and IIACA-A)-lll C

for larg AI !PO' IAI RO for some positive constants Ro' C, and
!PO < rr/2. Suppose also B is a linear operator with D(B)::::> D(A)

with IIBxl1 E:liAxll + K Ilxll for all x E D(A) and E:, K are positive
constants with E:C < 1. Then A+B is sectorial.

Proof. -IIB(A-A)-lll < E:IIA(A-A)-lll + KII(A-A)-lll < E:C + K(l+C)/IAI for

[arg AI !PO' IAI Ro so

II {A- (A+B)} -111 II ( A-A) - l {I -B(A-A) - l }- l ll < K(l+C)}-l < Constant
- IAI IAI - IAI

for Iarg AI and IAI sufficiently large. It follows from this

that A+B is sectorial.

Remark. If A is also self adjoint, it suffices that E: < 1.
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Exercise 6. Suppose T is a linear operator in a Hilbert space which

is m-sectorial in the sense of T. Kato ([56, p. 280]), i.e. T (or

T+aI for some real a) satisfies

(i) The numerical range {(Tu,u) I u EO D(T)} is contained in

a sector [a r g AI e, for some e < 71/2;
(ii) T- l EO Y(H,H) (0 EO p(T)).

Prove T is sectorial in our sense.

f

Hint: First let u EO D(T), arg A
AU - Tu; show

¢ with I¢I > e, and

IAlllul1 sin(I¢I-e) (cos e + sin e) Ilf11

so IAIliull MII(A-T)ull
ever \.I EO P (T), Iarg \.II >

hence prove larg AI e'

when larg AI > e' > e.
e, we have A EO peT) for

implies A EO P (T) .

Then show that when-
1IA-\.II < M 1\.11,

2Exercise 7. For u EO C [0,1], and v,W EO m, define A(u,v,w) =
2 2(-d u/dx ,0,0) provided u (0) = v and ux(l) + u(l) = w. Extend A

x 2
to be a closed operator in L (0,1) x m x m and prove A is sectorial.

Hint: if (A-A) (u,v,w) = (f,g,h) EO L2 x m x m, A ° then
v = = hA- l, and u + AU = f with the boundary conditions.xx
But if z(x) = u(x) - xv + 2v-w then z is in the domain of a cer-
tain self-adjoint positive definite operator B in L2(0,1): Bz =

2 2
- d z / dx , zx I = 0, (z +z) j = 0.° X-I

Definition 1.3.3. An anaZytia semigroup on a Banach space X is a

family of continuous linear operators on X, {T(t)}t>O' satisfying

( i)

( ii)

(i ii)

T(O) = I, T(t)T(s) = T(t+s) for
T(t)x + x as t + 0+, for each

t + T(t)x is real analytic on

t 0, s > °
x EO X
o < t < 00 for each x EO X.

The infinitesimal generator L of this semigroup is defined by

Lx = lim t(T(t)X-X), its domain D(L) consisting of all x EO X
t+O+

which this limit (in X) exists. We usually write T(t) eLt

for

Theorem 1.3.4. If A is a sectorial operator, then -A is the in-
-tAfinitesimal generator of an analytic semigroup {e }t>O' where
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-Ate

can be continued analytically into a sector

containing the positive real axis, and if

Re A > a whenever A E cr(A) , then for t > 0

where r is a contour in

some a in (rr/2,rr).

Further e- At

{t -f 0: [a r g t ] < c l
Re c (A) > a, i. e. if

p (-A) with arg A .... ±a as IA) .... co for

-at
e

for some constant C.

F · 11 d -At = _Ae-Atlna y dt e for t > O.

o and II (A+A)-lll

o > 0, M > 0 and

Proof. Without loss of generality, assume a =
M/IAI+o for Irr-arg AI ¢ for some constants

¢ E (0,rr/2); otherwise replace A by A-aI.
-AtChoose a in rr/2 < a < rr-¢. Define e by the above inte-

gral, and note that the integral converges absolutely if t > O. By

Cauchy's theorem, the integral is unchanged when the contour f is

shifted to the right a small distance: call the shifted contour f'.

Then for t > 0, S > 0

-At -As
e e (2rri)-2 f f

f f'

(2rri)-2 f f
f r'

using the resolvent identity. But for A E r, E f',

so

f = 0, f = 2rri
r r :

e-Ate-As = (2rri)-1 If eA(t+s)(AI+A)-ldA = e-A(t+s),

AS
e

and -At
{e }t>O

In fact, for

compact set of

o < E < a-rr/2, the integral converges

{Iarg tl < E}, so the semigroup is

is a semigroup.

uniformly in any

analytic there.

Also, putting = At in the integral (with t > 0)

and
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1
t

Constant
t

We now prove e-Atx + x as t + 0+ for each

fices to prove this for x E D(A), a dense set, since

all t > 0. If xED (A) and t > 0,

x E X. It suf-
Ile-Atil < C for

-Ate x-x

so II e -Atx_x II < Constant II Axlit.
--At

Thus {e }t>O is a strongly continuous semigroup which ex-
tends to an anaLyt i.c i s em i gr oup in larg t ] < E. If x E D(A), t> 0,

then

d -At + Ae-At 1 ( eAt (:\+A) (:\+A) -Ix d:\ 0.dt e x x 2ni J r

Thus if x E D(A), as t + 0+

1 -At 1 f: -As -Ax,-(e x-x) - e Ax ds +t t

so -A is contained in the generator G of the semigroup.

To see that -A actually is the generator, define for :\ > °

R(A)x = f
OO

o
-At -At

e e x dt.

For any -Atx, e xED (A) for t > 0, and for o > °
-:\0 -Ao foo -:\t -At

e e x-:\ 6 e e x dt.

R(:\)x E D(A) c D(G) for every
-Ate xED (G) for all t > °

similar argument shows

By closedness of A, it follows that
:\ > 0, x E X. But, if x E D(G), then

- -At d -At -At
and G e x = dt e x = e Gx, and a

R(:\) (:\-G)x = x for x E D(G).

Thus D(G) c range of R(A) c D(A), hence -A G as claimed.

Remark. The converse is also true: if -A generates an analytic semi-

group, then A is sectorial [30, 51].
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Exercises.

(7) *

(8)*

(9)

If A is a sectorial operator and Re A > a whenever

A E cr(A) , then there exist M > 0, a < ¢ < rr/Z such that

II(A-A)-lll M/IA-al whenever !arg(A-a)! > ¢.

If A is sectorial and m is any positive integer, then

for every t > 0, R(e- At) c D(Am); thus D(Am) is dense

in X for every m > 1.
-AtIf {e ,t a} is a strongly continuous semigroup

(satisfies (i) and (ii) of def. 1.3.3) such that

Ile-Atl/ C, IIAe-At ll Ct- l for a < t < 1, then

{e-At, t a} is an analytic semigroup.

Hint: j1d
m

e-Atll = II (_A)me-Atl/ < Cmmmt-m for a < t < 1
dtm

and m = O,l,Z, ....

(10)*
-AtIf A is a bounded linear operator, then e as de-

fined above extends to a group of linear operators

e-At e-As = e-A(t+s) for -00 < s,t < 00

-Ateand
00
I (-At)n/n!.

n=O

If A is a self adjoint positive definite operat£r in a

Hilbert space with spectral representation A = J
o

AdEA,-Atthen e ,as defined above, is

(11)

-At Joo -Ate = e dEA,a
t > O.

is sectorial, t > a and x E X, then

as n +00 This result is used in
(1Z) Prove that, if A

t -n -At;
(I + nA) x e x

3.3, exercise 6.

Hint: Show (I + .!. A) -nx = -Zl. J (A+A) -lx(l - l!) -ndA
n n i r n'

and apply Lebesgue's dominated convergence theorem.

(13) Let X = C[-oo,oo], the bounded continuous functions from m
to m with the sup-norm. Let Au(x) = _d2u/dx 2 for

u E D(A) = {u E C2 (IR) I u,u',u" E X}, and let Xl = closure
2of D(A) in X. (Note: Xl t- X). If A = m , Re m > 0,

calculate

for f E Xl' Prove A is sectorial in Xl' cr(A) [0,+00),
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and for any complex A f 0 with larg AI < e < TI, and any

f E Xl'

Show that, for any cP EXl.(i.e., any uniformly continu-
<p X) if u(x,t) - t (t 0, 00)ous E = (e <P)(x) > _00 < x <

then au a2u continuous and au a2u (t > 0,u, at' -2 are at -2
ax ax

< x < 00). Also u(x,t) -> cPCx) as t -> 0+, uniformly in

x. Can you prove this is the only solution of

au a 2u (t 0)-2 >at ax

u(O+,x) cPCx) , -00 < x < 00

(14 ) Prove existence of a solution au a 2u (0 < x < 1, t 0)at -2 >
ax

ux(O,t) v (t) , ux(1,t) + u(1,t) = wet) , dv = aV + SW,crt
dw oW + u(x,t)dx given u r ,0) E L2(0,1) anddt yv +

real v (0) , w(0) . (C£. ex. 7 above. )

1.4 Fractional powers of operators

Definition 1.4.1. Suppose A is a sectorial operator and Re a(A) > O',
then for any a > 0

A-a 1 (00 ta-le-Atdt.
J 0

Examples

(1) If A is a positive scalar (X = ffil), then A-a as de-

fined is the usual (-a) power of A.

(2) If A is a positive definite, self adjoint operator in a

Hilbert space with spectral representation A = I: A dE(A), then

A-a = I: A-adE(A).

(3) If A = I+B where II B II < 1, then A-a as defined above

agrees with the usual power series representation:



where (a) = (_l)n f(a+n)
n n ! f(a)

(4) A-I (the case
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(_l)n a(a+l) .. ; (a+n-l).
n.

a = 1) is theinverse of A.

0, B > o.

withTheorem 1.4.2. If A is a sectorial operator in X
then for any a > 0, A-a is a bounded linear operator on
one-one and satisfies A-aA- B = A-(a+B) whenever a >

for 0 < a < 1,

Re cr(A) > 0,

X which is

Also,

Proof. <5 > cr(A) > <5, so by Th. 1. 3.4, II e -At II -IltFor some 0, Re < Ce

for t > O. Thus \lA-axll'S f{a) f: t
a- lCe- Otdt

Ilxll, and A-a is

bounded when a > o. Also for a > 0, 13 > 0

A-aA- B 1 f: f: a-I B-1 -A(t+s)
f(a)f(l3) t s e dsdt

1 f: du
I: ta-l(u_t)l3-le-AUdt

f(a)r(B)

A- (a+B) using II a-l(l_ )13-l d = f(a)f(B),
OZ Z Z f(a+B)

Also if A-ax = 0 for some
A-(n-a)A-ax = 0; but A-I

also one-one, so x = O.
Finally P+A)-l

a > 0, then for integer n > a,
-n t his one-one, so A = n power of

-nA x
A-I is

using the fact f(a)f(l-a) = for 0 < a < 1.

Definition 1.4.1, continued. With A
of A-a (a > 0), D(Aa ) = R(A- a); AO

as above, define

identity on X.

inverse

Example. Al

Exercises.

inverse of A-I = A.

(1) *
(2)*

If

If

a >

a >

0, Aa

B then

is closed and densely defined.

D(ACt
) c DCAB).



(3)*

(4) *
AaAS = ASAa = Aa+S

Aae-At = e-AtAa on
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on D(AY) where
D(Aa), t > O.

Y max(a,S,a+S) .

Theorem 1.4.3. Suppose A is sectorial and Re o(A) > 0 > O. For
a > 0 there exists C < 00 such that

a

and if 0 < a 2 1, x D(Aa),

for t > 0,

Also, Ca is bounded for a in any compact interval of (0,00). (We

see below that Ca is also bounded as a + 0+).

Proof. Ile-At 112 Ce-°t, /IAe- At ll 2 C t-Ie- ot for t > 0, by Th. 1.3.4,

so for m = 1, Z,3, ...

If 0 < a < 1, t > 0,

< 1 roo s -a IjAe -A(t+s) II ds
r(l-a) JO

< C t-ae-otqa).

Finally, IIAa+Se-Atll 2 IIAae-At/ZIIIIASe-At/ZII 2 CaCSza+s t-(a+S)e- 6t ,

and putting these cases together gives the general result. The other
estimate follows from

(e-At_I)x = -J: AI-ae-AsAax ds.

Theorem 1.4.4. If 0 < a < 1, x D(A), then IIAaxl1 <

i.e. IIAaxl1 : 10 IIAxll + C'E:-a/(l-a) Ilxll for all 10 > O.

are constants independent of a.)

C IIAxll
a

Ilxll
l- a,

(Here C, C'

Proof. Let 0 < S < 1, 10 > 0, so (if Ile-Atrr < C for t > 0)
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Ilr(B)A-Sxll II(f: + ()tS-le-Atx dt l]

S
< C Ilxll-T + IIE:S-le-AE:A-lx +

E: S 1
::: C Ilxll 6 + 2C IIA- x l] (S-l.

(S-l)(' tS-2e-AtA-lxll
(

Minimize the right-hand side over E: > 0 and conclude

The coefficient is bounded uniformly on 0 < S < 1, so we can replace

x by Ax and set a = l-S to get the result claimed.

Remark. If II e -At II Co
-ot -At -1 -ot< e ,IIAe II::: CIt e for t > ° then-

(if C is the constant from Th. 1.4.4)

IIAae-Atll ::: CCl-aCa -a -Ot

° 1
t e ,

proving C in Th. 1. 4.3 is bounded as a .... 0+.a

Exercise 5*. When a = se + (l-e)y, ° < e < 1, B > 0, Y > 0, show

there is a constant C so

Combining Theorems 1.3.2 and 1.4.4 proves the following.

Corollary 1.4.5. If A is a sectorial operator with Re a(A) > ° and

if B is a linear operator such that BA- a is bounded on X for some

a in 0::: a < 1, then A+B is sectorial.

Exercises.

(6) If A is positive definite and self adjoint, then so is

Aa for all a > O. Compare with exer. 4, sec. 1.3.

(7)* Suppose A is sectorial with Re a(A) > 0; then A-I is

compact if and only if A-a is compact for all a > 0, if
-Atand only if e is compact for t > O.

(8) For each x E X, t .... tAe-Atx is continuous from 0 < t < 00

to X and
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II tAe -Atx II -+ ° as t -+ 0+.

(This result is used in Th. 3.4.2.)

(9) Suppose A is self-adjoint and positive definite in a

Hilbert space; prove

Hint: For ° < a < 1, let g (t) = t l/ a (a convex func-

tion) and A = A dEA; du = d IIEAxl12 (x E D(A)), and ap-
co 2a 00

ply Jensen's inequality to g(JO A dU(A)/JO du(A)).

(10) If x E X, A is sectorial in X with Re a(A) > 0, then

for any a in ° < a < 1,

as t -+ 0+.

Theorem 1.4.6. Suppose A, B

D(A) = D(B), with Re a(A) >

(A-B)A- a is bounded on X.
BBA-B are bounded in X.

are sectorial

0, Re a(B) > 0,

Then for any B

operators in X with

and for some a in [0,1),
in [O,lJ, ABB- B and

Proof.

/7T-arg

° < B <

By Th. 1.4.4, IIAB(A+A)-lll clAI B- l

AI > for some positive constants

1

for ° < B 1,
C and ¢ < 7[/2. Also for

-B -BB -A

- easy estimates then show

O(I , ! a - l ) , .
A as A -+ +CO, sInce

sin 7[B J: A-Bp+B) -l(A_B) P+A) -IdA

BBA-B is bounded. Also IIAa(A+B)-lll =
{I+Aa(A+A)-l(B-A)A- a}Aa(A+B)-l = Aa(A+A)-l,

so interchanging A and B in the integral identity above proves

ABB- B is also bounded. The cases B = 0, B = 1 follow immediately.

Exercise 11* . [30, p. l77J . Suppose A is sectorial in a Banach space
X, Re o(A) > °, and B is linear from D(B) c X to a Banach space Y.
Assume D(B) => D(A) and, for some a in °< a < 1 and constant C

(or K) that, for all x E D(A)

or equivalently



O. Prove for any 13 in a < 13 < 1 that B has a unique

a continuous linear operator from X13 to Y (see def.
that BA-13 is continuous.
note BA-l is bounded, and for x E: D(Al+ 13 ) (a < 13 < 1)

29

'5 £IIAxll + K£-a/(l-a) Ilxll

for all c >

extension to

1.4.7), i.e.

Hint:

estimate

Bx

Definition 1.4.7. If A is a sectorial operator in a Banach space X,

define for each a > 0

Xa = with the graph norm

where Al = A+aI with a chosen so Re cr(Al) > O. Different choices of
a give equivalent norms on Xa , by Th. 1.4.6, so we supress the depen-
dence on the choice of a.

These spaces Xa will provide the basic topology in all the

pages below, so we collect certain of their properties here, merely

reformulating results on fractional powers proved above.

Theorem 1.4.8. If A is sectorial in a Banach space X, then Xa is

a Banach space in the norm II· II a for a > 0, x? = X, and for
a > 13 0, Xa is a dense subspace of x13 - with continuous inclusion.

If A has compact resolvent, the inclusion Xa c X13 is compact when
a > 13 > O.

If Al,AZ are sectorial operators in X with the same domain
and Re CJ(Aj) 0 for j 1, Z, and if -a is bounded> = (Al-AZ)Al a opera-
tor for some a < 1, then with = D(Aj) (j = 1,Z), X13 X13 with

J 1 Z
equivalent norms for 0 < 13 < 1.-

n mExample. For a bounded smooth domain Q in ffi , take Au = u

for u E: and extend A to be a self adjoint positive definite
operator in X LZ(Q) with domain n HZm(Q). Then for

o < a < 1, if rna is an integer,
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with equivalent norms; this is also true for nonintegral rna, when the

fractional order Sobolev spaces are defined by interpolation [71].

Other examples are in sec. 1.6.

1.5. Invariant subspaces and exponential bounds

Definition 1.5.1. If A is a linear operator with domain and range

in a Banach space X, and aCA) denotes the spectrum, a set

a coCA) U {oo} = is a spectraZ set if both ° and oCA),o are

closed in the extended plane C U {oo}.

Example. An isolated point of oCA), or a finite collection of iso­

lated points of oCA), is a spectral set; the complement of a spectral

set is a spectral set.

Theorem 1.5.Z. Suppose A is a closed linear operator in X and sup­

pose °1 is a bounded spectral set, and 0z = oCA),ol so 0z u {oo}

is another spectral set. Let E
l,

EZ be the projections associated

with these spectral sets, and Xj = Ej CX), j = 1,Z. Then X = Xl XZ'
the X. are invariant under A, and if A. is the restriction of A

J J
to Xj ' then

For the proof, see [Z3, v.l, Ch. 7 or 99, Th. 5.7, A,B].

Remark. If A has compact resolvent, as frequently happens, then

oCA) consists of isolated eigenvalues of finite multiplicity; in this

case, Xl would be finite dimensional.

Theorem 1. 5.3. Suppose A is a sectorial operator and °1 is a

bounded spectral set; forming the operators AI' AZ as above, Al is

bounded and AZ is a sectorial operator.
­A t

If Re = Re oCA1) then II e 1 II < Ce­at for t O·
°1 < a, <-

,

If Re "z
-A t

IIAze Z II <

Re oCAZ) >

­1 ­BtCt e .

6, then for t >
-A t

0, II e Z II -:: ­BtCe ,



31

is
-A t

e 1is a bounded operator, the estimate forSince

elementary.

Proof. If x E XZ' Ilxll 1, A o(A), then II(A-AZ)-l x ll = II(A-A)-l x ll <

C/IAI for [a r g AI> ¢, IAI > R, (some ¢ in (O,n/Z)). Since
Re o(AZ) > B, it follows that II(A-A z) - 1 11 C'/IA-BI for

largCA-B)1 > ¢', some ¢' in (O,TT/Z) (see ex. 7 following Th. 1.3.4),
-AZtand so the estimates for e follow from Th. 1.3.4.

Exercise 1*. For Al as above, the spectral radius
Al A n I

r(e ) lim II e 1 III ". Show that this implies there
n->-oo

A s
II e 1 II < Cea s for all s > O.

A s
In fact, II e 1 lie- as ->- ° as s ->- +00. [98, 39] .

is a constant C,

(O,n) with u(o) = u(n) = 0; X = LZ(O,n),on

Z Z Z°1 = {l,Z , ... ,N }, 0z = {(N+1) .... }. Then

Xz is the orthogonal complement of Xl' and

Au
dZu

dxZ
Z Zo (A) = {I, Z ,3 , ... },

Xl = span{sin

Example.

f(TT)=O.

sin nx1

12

Z
L n ¢n(¢n,f), ¢n(x)

N+l
Z

L e- n t ¢n(¢n,f)
N+1

for f E CZ(O,TT) such that (¢.,f) = 0,1 < j < N, and f(O)
J --

Combining Th. 1.5.3 with Th. 1.4.8 proves the following.

Theorem 1.5.4. Suppose A is a sectorial operator, °1 a bounded

spectral set for A, 0z o(A)'ol' Re 0z > y, and X = Xl Xz is
the corresponding decomposition.

Assume also B is a sectorial operator with D(B) = D(A),

Re o(B) > 0, (B-A)B- a is bounded for some a < 1. Then using the norm

Ilxll B =' IIBBxll, ° B < 1: for x E Xz n D(BB) and t > 0,

Ile-AZ\II
B

C
1
Ilxll t-Be- yt

-A t
lie

for some constant C1.
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A is sectorial in X and a = inf Re a(A)
-At -atr(e ) = e for any t > o.

then the

1.6. An example of fractional powers and an embedding theorem

u

If

Now

Suppose n is an open set in ffin (possibly all of ffin) and let

be a complex-valued CZ function on n with support compact in n.
1 < P < 00 and A is a fixed complex number, then

In = A In lulPdx + In J,

J = lul P- Z 7u'7u + U7U.7IuI P- Z.

and so

11m JI Ip-ZlluI P-
Z!7Iull

p-Z Z P-ZI U IZRe J = (p-l) lui (7Iul) + lui Im(rur Vu ) ,

so

11m Jl/Re J Ip-ZI/2,!p=T.

If 0 < 11 < z;p:1"/lp-zl then by Holder's inequality,

(1+11) (n) (Re A + 11IIm AI) IluliL (rI)'
p P

It follows that the Laplacian on CZ(rI) is closeable in L (rI) and
c p

we write the closure If the spectrum is not the entire

complex plane, then is in the sector 0: Re A + 11IIm AI -: O}

and is sectorial. This is true when n = ffin (as we prove below)

and when rI is bounded and 3r1 is a CZ hyper surface separating rI

from IRn,ri (see, for example, [30]).

Now we concentrate on the case rI = IRn. Suppose A E C,(-oo,O] •

Re II > 0, u E CZORn) and = f; then the Fourier transformc
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satisfies
2 -1

u(y) = (A+y) fey)
so

where
2 -1

fA(y) = (A+y) .

The function G with G (y) = (1+y2)-a/2 is
a a

(4 IT)-n/2 foo (a-n)/2 -(t+ x·x/4t) dt
f(a/2) ° t e T

foo
o

(a-n)/2 ds
rla/2) s e s

where JX:X.

Examining the limits as + ° or Re + +00, we find
1

/2 /2 - IRe
IGa(x) I < (Re e if a < n

1
1 - IRe

IGn(x) I < en max{tn Re ,1}e

(Re II > 0)

for Re > °
bounded on IRn

and constants

when a > n.
e ,e. (See ex. 1.) Note
a n , 1

Now fA (y) = A- G2(y/ II)

(II) n - 2G2 (x II)

Ga(x)
so

is

and so there is a constant e with

Thus (A-lI)u f implies (see ex. 2 with q = 1, r = p)

e
< (cos 8/2)n/2+1

for 1: p : 00 and \arg AI : 8 < IT. If f is bounded and differen-

tiable with bounded derivative, it is easily shown that u = fA*f is

e 2 with (A-lI)u = f, when Re II > 0, and if f has compact support

u(x) + 0 exponentially as Ixl + +00. It follows that -LID is sec-
torial in LORn), 1 < P < 00, and in the space of uniformly continuous

p -
bounded functions e 'fORn) , and in the space of continuous functionsunl
which vanish at 00, with G(lID) = (-00,0] in each case.
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J (m)
co s-p-le-m(s+ l/4s)d showExercise l. Let = f O s , m > O· thenp ,

4PfCp)m -p as m 0+, if p > 0
Jp(m) '" { 2 tn .!. as m 0+ if p 0

m

J (m) sx 2P /2TI7iile -m as m +co
p

so
-p -m/2 for m > 0 (if p > 0){E m e

Jp(m) < p
- 1 e-m/ 2EO max(tn m' 1) (if p 0) ,

for some constants E •
P

Let 1 < P < co, X LpORn) , A = l-6D; then A is sectorial in
-At 2 n

X and u = e cj> satisfies du z d t + Au = 0, t > 0, if ¢ E CcOR) and
so

A

(u(·,t)) (y)

hence

for a > 0, i.e.

A- a / 2¢ = G *cj>.
a

Exercise 2. If 1 < p,q,r < co and lip + 1 = l/q + llr, show

Ilf*gll < Ilfll n Ilgll n'
Lp ORn) - Lq OR ) 1 r OR )

Hint: apply the Holder inequality for three terms to

flf(y) Il-a'lg(x_y) Il-S. (If(y) lalg(x-y) IS)dy,

a = q/p, S = rip.

Note the special cases q 1 or l/q + llr = 1.

Exercise 3. Show II Ga 111 ORn) < co if a > n(l - l/q) , 1 < q < co and
- -

q

II G (x+h) - G (x) II < Clhl\)a a 1 ORn)
-

q

if \) = a-n(l - l/q) , o < \) < 1 and a < n, for a constant C.

Hint: IG (x+h) -G (x) I < clhl I la-n-l [x ] 21 n}.x for >a a -
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Now for a > 0, 1 P < 00, define

.Y'P(lRn) = {G *f I f E L (lRn)},
a a p

which is of course D(A
a / 2); this space is provided with the usual norm

IIG *fll = Ilfll
a .Y'P (lRn) L (lRn)

a p

We also identify .Y'b(lRn) with Lp(lRn). These are the so called Bessel

potential spaces [97] and we will derive some of their properties. Our

approach uses fairly crude estimates and so, it not entirely self con­

tained; we refer to Calderon [109] or Stein [97] for some of the results.

We will, however, prove all the results for the case of strict in­

equality in the conditions below.

According to exercises 2 and 3, we have

when a > n(l­ l/r) and l/q = lip + llr ­ 1, so we have the continu­

ous inclusion

when lip l/q > lip ­ a/n. If p > 1 and q < 00 this holds also

for l/q = lip ­ a/n (see [l09]).

By the definition, it follows that

when p q

Note that

and a ­ nip S ­ n/q, (with strict inequality for

a­S n(l/p ­ l/q) > O. Also, by exercise 3,

p 1) .

when v = a - nip, a < v < 1 and a < a < n, so

Suppose v < a

and q p so

- nip, a < v < 1, but a > n; we can choose

v = S ­ n/q < a - nip and so

a < S < n
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when 0 <v < 1, v a - n/p (strict inequality if p

lar argument (ex. 4) shows c CV when
a

1). A simi-

v a - n/p (strict inequality if p = 1 or v = integer).

Alternatively, we
p > 1, a > 1, f (JRn)

- a
(i = 1, ... , n) and

may appeal to the following [97]: when

if and only i f f and 3£/ 'dx. CS("P 1 (JRn)
I a-

II £11 p

a-I

n
+ L Ildf/'dx·11
i=l I

a-I

result quoted above proves

p > 1; these spaces are not the

p 1, (JRn) contains (or is con-
a

(or a > k, respectively); see ex. 5.

is an equivalent norm. The proof of this is rather difficult, and the

result is false when p = 1. With this, we easily extend the inclu-

sion c CV from the case 0 < v < 1 to any positive nonintegral

v, when p > 1.

Since Yb (JRn) = L (JRn), the
k,p n _ p

W (JR) for k - 0,1, Z, . .. and

same when p = 1. However for all
tained in) wk,p(JRn) when a < k

Exercise 4. Show I ('d/'dx)kGa(x) I Ca ke-lxl/2 Ixl a- n- k when,
o < a < n+k. (Note 'd/'dlxl Ga(x) = calxl Ga_Z(x) for a constant Ca')
Conclude from this that c Wk,p(JRn) if a > k, p > 1. Also

conclude c CV(JRn) if v < a - n/p, with strict inequality if

p = 1 or v is an integer.

Exercise 5. Prove yP (JRn) ::J wk,p(JRn) when p > 1 and a < ka
(k = 1,2, ... ) .
Hint: choose integer m > k/2 and 13 > 0 so a+13 2m; then

-

II f II = II (1- 6) "c 13 *f II < C II G1311 Zm _kIll f II k p '
LP W' W 'a

If we define Sfoo(JRn) = CaORn) for pOSItIve non-integral a (theex
left side is undefined here when ex is an integer), our results can

be combined as follows:
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whenever p q and a - nip S - n/q (strict inequality if p = 1),

provided both sides are defined. The connection between the spaces

Ca and with p = 00 is, of course, no accident: see [97].a
Now we prove a form of the Nirenberg-Gagliardo inequality [30],

which includes the above statement as a special case.

By the moment inequality for fractional powers

1.4), for any non-negative a, Sl' Y1 and 0 < e < 1
(1-e)Y1' and 1 S p < 00, there is a constant C such
in COO (lRn) ,

c

In case p = 00, this is an interpolation theorem for the spaces CV(lRn):

see, for example, [8]. If p q, p rand S - n/q > Sl - nip,

y - n/r Y1 - nip (with strict inequality if q or r = 1), we have:

IIull C Ilull e Ilulll - eV
a S Y

and a - nip e(S-n/q) + (l-e)(y-n/r), with strict inequality if q

or r = 1, and p q, p r. Conversely if p,q,r, a,S,y and e,

o < e < 1, satisfy these conditions we can choose appropriate Sl' Yl
to prove the result -- at least if Sand yare large (so Sl 0,

Y1 0). But we can replace a,S,y by a+N, S+N, y+N (integer N)

without changing anything else, and the original case follows from this.

In particular, we have a version of the Nirenberg-Gagtiardo in-

e qua l i t i ee :

(a)

if p > q, P r, 0 S e S 1, and

k - nip S e(m - n/q) - n(l-e)/r

with strict inequality if q or r = 1;

(b) Ilull v
C

if 0 < e < 1 and \) < e(m - n/q) - n(l-e)/r, (strict in-

equality if q or r = 1, or if v is an integer).

Remark. The inequality in Friedman [30] has different conditions:

(a) holds when k - nip = e(m - n/q) - n(l-e)/r, 1 S p,q,r < 00, and
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kim 8 1, so lip 8/q + (1-8)/r. Thus p is less restricted than

in our version. We did not mention the domain ffin in these inequali­

ties because they hold on any fairly nice set cffin. Specifically,

suppose there is an extension map E: -+ so E(¢) re­

stricted to TI is ¢, such that for the norms of any of the spaces C
V

or wk,q ° < v, k < m and 1 < q < 00) there is a constant B > °
with

It follows easily that the inequalities (a), (b) also hold when re­

stricted to

Such an extension map is easily constructed if is bounded

and is a Cm hypersurface separating from ffin'IT (see [30]),

and a more complicated construction shows needs only to be Lip­

schitzian [97] ("minimally smooth"). When such an extension map

exists, we say has the em-extension property.

Exercise 6. Consider ffin­ l as a subspace ffin­lx{O} of

be the restriction map

ffin and let

= u(x'O), x' E ffin­ l , 00 n
u E Cc (lR ).

Prove extends to a continuous map of to when

p q and a-nip> S­(n­l)/q. In fact, restriction to a k­dimensional

subspace ffik c ffin is continuous from (lRn) to (lRk) when p q

and a-nip> S-k/q.

Hint: if

tion in the

­tel­f,)v(·,t) = e g

xn­variable)

for t > 0, then (by Fourier transforma­

f
OO Z ­t(l­f,)

v(x',O,t) = (41Tt)­lz _00 e­ y 14t e x' g(x',y)dy

where f, I is the Laplacian in the first (n­l) variables. Thus, if
x a/Z

u = (1-f,)- g,

a­I ­1 Z ­t(l­f,)
t­­Z­ e­ y 14t e x' g(x',y)dtI4TI f(a/Z)u(x',O) = foo dy foo

­ 00 °
and we estimate the yPQRn­l) norm when a­y > lip.

y

Remark. We can allow a ­ n/p = S ­ k!q provided 1 < P = q Z and

S > 0, or 1 < P < q < 00 If P = q = Z, S > 0, the restriction map
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is then surjective. (See [97] and [l09].)

and

for

and B,R < 00 then show

Ixl > R} is in a compact seta.c. in

a. > 13 > 0< p < 00,

< B, u = 0

Ilu('+h) - ull < elhla. when u E K, h E IRn
L -
p

o < a. < 1 thus show Ilu('+h)-uII
L

-+ 0 as h -+ 0 uniformly on K

each a. > 0 and apply the compactRess criterion of Frechet and

Kolomogorov [103] to prove the result for 13 = 0; and complete the

proof with the Nirenberg-Gagliardo inequality

Exercise 7. If 1

K = {u I II ull

. yP non) a.In 13 ,..." .
Hint: first show

II II e Ilull e Ilulll-e when 13/a. < e < 1.
u P yP LpYI3 a.

Remark. A similar result for p

Arzela-Ascoli theorem.

follows immediately from the

Exercise 8. If 1 P < 00, P q and a. - nip> 13 - n/q, and if

SR = functions on IRn supported in the ball of radius R, then the

inclusion

is compact.

Theorem 1.6.1. Suppose

sion property, 1 P < 00,

with D(A) = Xl c Wm,p(O)

o c IRn is an open set having the em exten-

and A is a sectorial operator in X L (n)
p

for some m > 1. Then for 0 < a. < 1,
- - -

when k - n/q < rna. - nip, q p,

when 0 < v < rna. - nip.

Proof. By the Nirenberg-Gagliardo inequality (a),

Ilull k q e Ilull
e

lIull
l- e

W ' (n) w'" , p ( rl ) L ( rl )
P

provided k - n/q < e(m - nip) - n(l-e)/p = me - nip and q > p. Thus

for u E D(A),

Ilull k q
W ' (n)
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so by exercise 11, sec. 1.4, the inclusion map D(A) c

extends to a continuous inclusion of Xa provided a > 8.

The other case is proved similarly.

Exercise 9. Suppose cffi
n

closed subspace of e
m unl

with domain in e For

has the

and A

a < a < 1

em extension property, X

is a sectorial operator in

prove

is a

X

Remar k., The special case A = -t';D in 3 has D(A)c ffi ,

W2'Z(rl) n so Xa c when a > 3/4, v < (4a-3)/Z;
Xa c for l/q > (S-4a)/6 and a > l/Z; Xa c for

l/q > (3-4a)/6.

Exercise 10. For A as in the above remark, let
3

Bu(x) = L +
1 J aX j

c(x)u where b. E c E shows B: Xa X is continuous
J

if a > 3/4.

Applying Th. 1.6.1 to the operator A in rl cffin ,
we have D(A) c [Z, 7, 91] so:

Xa c if a < v < Za-n/p;-

Xa c if a > 1/2 and l/q > l/p - (2a-l)/n;

Xa c if l/q > l/p - Za/n, q > p.

Exercise 11. Suppose A, B are sectorial operators in Banach space

X,Y and for some a l,aZ,6 l,I3 Z,8 in [0,1] , T is a linear continuous
a. 13 .

map from X J to Y J for j 1, Z; then T is also continuous from
Xa+ £ to yl3 (any e > 0) if a = 8a l

+ (1-8)a z, 6 = 813 1
+ (1-8)l3 z.



Chapter 2

Examples of Nonlinear Parabolic Equations in

Physical, Biological and Engineering Problems

In this section we display some of the variety of parabolic

problems encountered in applications, and hopefully justify the study

of the abstract formulation of parabolic equations given later. In

particular, this abstract formulation covers ordinary differential

equation, semilinear parabolic partial differential equations, and sys­

tems of coupled ordinary and partial differential equations.

2.1 Nonlinear heat equation

(For more specific applications, see [10).) Conduction of heat

in a stationary medium is described by

div(K grad T) + pq

where T is the temperature, p = density, c = specific heat, K =
P

conductivity, and q = rate of production of heat per unit mass. If

the heat source is, say, radioactive decay, it will be essentially in­

dependent of T, but if heat is produced by chemical reaction, q will

be strongly (and ordinarily nonlinearly) dependent on T. For example,

q = Qe­ H/ RT, the Arrhenius factor, is frequently encountered.

If the medium is moving with given velocity v(x,t), we must add

a convection term:

p c (aT + v . grad T) = div(K grad T) + pq.
P at

Similar equations describe the diffusion of a fluid (liquid or

gas) in a porous medium, but in these applications the diffusivity (K,
in the equations above) frequently depends strongly on the concentra­

tion of the fluid (T, in the equations above), leading to quasilinear

rather than semilinear equations. Pending extension of the theory to

quasilinear systems (existence and uniqueness questions have been

studied [93), but little beyond that), a simple trick may reduce the

problem to a semilinear one. Suppose K = K(T) is a smooth positive

scalar function, and change the time variable to s:
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nT + IVT!2K(T) + K(T)

1
K(T) > 0,

a semilinear system of coupled ordinary and partial differential equa­

tions.

2.2 Flow of electrons and holes in a semiconductor [83]

If p,n are the concentrations of holes and electrons, res­

pectively, and V is the electrical potential,

nv ­q(p ­ n+D)

an
TI Rn(n,p)

where D, q, , , a ,a are positive constants and R, R are thep n p n n p
recombination rates. The first equation (assuming appropriate boundary

conditions are given) gives V as a function of p and n:

V = qG(p ­ n+D), where G is the appropriate Green's function. In­

serting this in the other equations gives a pair of coupled semilinear

parabolic partial differential equations, where the lower order terms

involve the integral operator G.

Similar equations appear in the theory of ions in solution [17,

p , 191].

2.3 Hodgekin­Huxley equations for the nerve axon [16, 17, 25]

A parabolic equation for the electrical potential V is coupled

with a system of ordinary differential equations for the quantities m,

h, n which vary between zero and one, and describe the changes in the

conductance of the axon membrane for potassium (K) and sodium (Na):

c av 1 a2v ­ 4 ­ 3 )
TI r +r. ­2 gkn (V­Ek) ­ g m h(V­ENa Nae l- ax
an a (v)(n­n) I3n(v)nat ­n
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a (v) (m-iii)m

ah
at ah(v) (h-h)

Here an' Sn' etc. are functions of Valone, for example

an .01(V + - 1),

Sn .125 exp(V/80)

(where V is measured in millivolts). (See Cole [17] for more details.)

An analogous simpler system, the Nagumo equation has also been studied

as a preliminary to this system; see [16, 74].

2.4 Chemical reactions in a catalyst pellet [33, 4].

N chemical species involved in R

temperature, then

Suppose Ml, ... are the

independent reactions I \I ..M. = a (j = 1, ... ,R).
i=l 1J 1

centration of M. and T is the
1

If c. is the con-
1

1, ... ,N)

div(k grad T)

de.
at 1 = div(D i grad c i) +

R
I \I .. f. (i

j =1 1J J
R N
I I \I .. n.r .

j =1 i=l 1J 1 J

where f j = fj(c l, ... ,cN,T) is the rate of the jth reaction and Hi

is the partial molar enthalpy of the i t h species (assumed constant).

Similar systems were studied by D. B. Spalding [94] in the theory

of flames, and by Amundson and Varma [100] for tubular chemical re-

actors.

2.5 Population genetics [20, 73]

Suppose Al,A2 are the two alleles in a population at a single

gene locus for a < p,x < 1 and t > 0, cPCx , t ; p) dx is the probability- -
that the frequency at Al at time t lies in (x ,x+dx) , given that

the AI-frequency is p at time t O. Then rt> satisfies

art> 1 a 2 aat 2 ax 2 (V(x,t)rt» - ax (M(x,t)¢)
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where M, V are the mean and variance of the change in gene frequency

per generation (i.e., per unit time). For example, assuming random

mating among a population of size N, V(x,t) = x(1-x)/2N, and M des-

cribes the action of selection, mutation, etc. on the gene frequencies.

The elliptic operator on the right-side of this equation is then sin-

gular at x = 0 and x = 1, and this makes the discussion of these

equations difficult [26]. The singularity is not surprising, however,

since x = 0 and x = 1 are absorbing states in the absence of muta-

tion.

The effect of "sampling error" in finite populations is import-

ant, in general, but it is difficult to include it together with the

effects of migration when geographic variations in gene frequency are

allowed. If the population density is large enough that the "law of

large numbers" may be invoked in local populations, we obtain equations

of the form

aN/at

aM/at

m2/26N + g(N,p)N

m2/26M + b(N,p)M/(l-s(l-p)) - d(N,p)M

where p = M/2N is the local Al gene frequency, Nand M are the
population and AI-gene densities, g = b-d is the growth rate (dif-

ference of birth and death rates), m is the migration rate, and s

the selective advantage of AI' assuming Al is dominant. Since s
is small, these equations have almost the same form and we may replace

the M-equation by an equation for p M/2N:

ap/at = (m2/2N 2)div(N2grad p) + b(N,p)sp(l-p)/[l-s(l-p)].

If the population density N is constant, this is the form of equation

investigated (in the one dimensional case) by Kolmogoroff, Petrovsky

and Piscounoff in 1937 [60]; see sec. 5.4.

Similar equations have been used to study dispersal of plants

and animals [90] and the geographic spread of epidemics [6].

2.6 Nuclear reactor dynamics (multigroup neutron diffusion equations)

If = neutron flux in the jth energy group and =
V = diag(vl, ... ,vM) where v j is the speed of energy

group j, Ci = precursor density for the i t h delayed neutron group

(i = 1, ... ,N) and the matrices A, F, X, D measure respectively
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absorption minus scattering, fission, emission spectra, and diffusion

for the various classes of particles, then

diveD grad + +

ac.
1

at A.C.
1 1

(i I, ... ,N) .

(See [46, p. 449) for further explanation.) Control of the reactor is

exerted by changes in the matrix A. A vastly simplified one-group

equation with negative feedback control is discussed in exercise 4,

sec. 4.3, and non-negativity of the solutions for the general case is

in exercise 5, sec. 3.3.

2.7 Navier-Stokes and related equations

An important system of equations that does not obviously fall in

our class of semilinear parabolic equations is the Navier-Stokes sys-

tem, describing the flow of a viscous incompressible fluid:

....av.... ....at + (v'grad)v

div v= 0,

.... I
V/', V P grad p

where v is the velocity, p the pressure, and p,v are given posi-

tive constants (density and kinematic viscosity). One of these equa-

tions (div v = 0) involves no time derivative, and one of the un-

known quantities (p) never appears with a time derivative. Both these

problems are resolved, by working in a Banach space of divergence --

free vector fields v: the second equation is automatically satisfied,

and the term grad p in the first equation disappears. See [32) or

sec. 3.8 for the details.

Related systems are studied in the same way. Coupling the

Navier-Stokes equations with the heat equation, by including a convec-

tion term in the heat equation and a bouyancy term in the Navier-Stokes

equations gives the Boussinesq equations:

....
dV + (vat

div v °

.... .... I ....
grad)v = v/',v - - grad p + Gr 8g

p
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+ (->-v . 1 ->- ->-at grad)8 = Pr 66 + V'g,

(g = direction of gravity). Bifurcation of equilibrium solutions for

this system (Benard convection) has been extensively studied [59],

along with some work on stability questions.

Gerd Lassner [67] investigates one formulation of the equations

of magneto-hydrodynamics in this spirit, using a slight modification of

Ohm's law.

R. Hide [47] gives the following system for the flow and the

magnetic field within the earth:

->-
av grad) \i ->- 1
at + V6V - P Vp

a13 ->- (V B)at HB + V x x

div if = 0, div 13 0.

+ (? x B) x B
Pll

These equations probably admit a similar treatment.



Chapter 3

Existence, Uniqueness and Continuous Dependence

3.1 Examples and counterexamples

In this chapter we study the initial-value problem for a class

of abstract differential equations which includes ordinary differential

equations and many semilinear parabolic partial differential equations.

Here we shall give a few examples to display some of the ways things

can go wrong, before studying ways to ensure they go right.

Ordinary differential equations are included, problems of the

form: find differentiable u(·) from [O,T) to ffin, for some T > 0,

such that du/dt = f(t,u), ° < t < T, and u(O) = uO.

Example of nonexistence. If feu) = -1 when u 0,

u < 0, there is no absolutely continuous function on

such that ueO) = ° and du/dt = feu) for a.e. t

feu) = 1 when

[O,T], T >0,

in (O,T).

Second example of nonexistence. If p > 1, there is no absolutely con-

tinuous solution of

du
dt t- P (0 < t < T), u(O) 1.

In both of these examples, the difficulty arises from the fact that the

right side of the equation is not continuous near the initial point.

Here is an example which is certainly continuous:

Example of non-global existence

dx
dt

2x, x(O) a > 0;

for ° < t < a-I is the only solution,

t > 0, but only for t sufficiently

x(t) = a/(l-at)in this case

and it does not exist for all

close to the initial time.

The difficulty here, rapid growth at infinity, cannot be exorcised by

smoothness assumptions, and will remain to plague us throughout the

following pages.
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Example of nonuniqueness. (0 < a < 1). The problem

dx
dt
x (0)

has the solution x(t) _ 0 and also infinitely many other solutions;

for any T > 0,

x(t)
o for 0 < t < T,

p-P(t-T)P for t > T,

where p = 1/(1-0.).

Here the problem is againone of insufficient smoothness: the

right side of the equation is not Lipschitz continuous in u.

It may be thought that "real" parabolic equations would not suf-

fer from such infirmities -- but that hope is vain.

Consider the semilinear parabolic problem given f: m2 m,

au a2u + f(t,u) (0 < < 1, t > 0)at ax Z
x

au
0 at = 0,1ax x

u(x,O) = a for 0 < a < 1;

this has as a solution u(x,t) vet) provided

dvCIT = f(t,v), v(O) a.

Taking various choices for f and a, we can obtain the phenomena of

the examples above including nonexistence, nonuniqueness, and nonglobal

existence. Some less artifical examples were given by Fujita [31) and
Levine [70).

Exercise.
where

au
at

aZ
+ f(x,u(' ,t))

ax
on 0 < x < n, u = 0 at x = O,n

(j = 1,Z)

f(x,¢) = sin x g(¢l'¢Z) + sin 2x h(¢l'¢Z)

¢j = (Z/n) I: ¢(x) sin jx dx

has solutions of the form u(x,t) = aCt) sin x + b(t)sin Zx, provided
da/dt = -a + g(a,b), db/dt = -4b + h(a,b). For appropriate choices
g,h we can duplicate all the phenomena of G.D.E.s in the plane,
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including centers and limit cycles. Also, any solution of the partial

differential equation converges exponentially to a corresponding solu­

tion of the a.D.E., as t + +00.

We close with a fairly natural example having nonglobal exis­
tence:

dU
"IT (0 < x < n, t > 0)

u(O,t)

u(x,O)

0, u(n,t) = 0,

a given smooth function.

If + is sufficiently small, the solution u(',t)

exists for all t > 0 and tends to zero as t + +00 (Th. 5.1.1). How­

ever, suppose is not small: assume 0 for 0 < x < nand

x dx > 2. Then the solution with this initial value must

blow up in finite time. Indeed, by maximum principle arguments (or

sec. 3.3, ex. 8), u(x,O) = ¢ex) 0 on (O,n) implies u(x,t) > 0
for t > 0, 0 < x < n, as long as the solution exists. And if we define

set) J: sin x u(t,x)dx,

then

ds ­s + J: sin x u3(t,x)dx.at

But, by HOlder's inequali ty , set)
3 x dx)1/3< u sin so

ds > ­s + 1 s3 for t > 0,Of "4

s (0) J: ¢ex) sin x dx > 2.

It is then easily proved that set) + +00 in finite time ­­ certainly

not later than t = i 10g(s(0)+2)/(s(0)­2).

3.2 The linear Cauchy problem

First consider the homogeneous problem

dx + Ax = 0, t > 0Of
x(O) = xO'

(*)
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where A is a sectorial operator in a Banach space X and Xo E X

is given. A solution of (*) on 0 < t < T is a continuous function

x: [O,T) + X which is continuously differentiable on the open inter­

val (O,T), has x(t) E D(A) for 0 < t < T, and satisfies (*) on

(O,T) with x(t) + Xo in X as t + 0+. From Ch. 1, Th. 1.3.4, it
­Atis clear x(t) = e Xo is a solution of (*); we now prove this is

the only solution.

Let 0 < s < t < T and

yet,s) ­A(t­s)e x (s) ,

where x f ") is any solution of (*) on (O,T). Then s + y I t j s ) is

continuous on ° s t, and continuously differentiable on °< s < t,
with

ay(t,s)
as

e­A(t­s) + Ae­A(t­s)x(s) o

for 0 < s < t, so y(t,O) = y(t,t), i.e.

­At = x(t).e X o

Now we consider the nonhomogeneous equation

dxOf + Ax = f(t), 0 < t < T

x(O) xo.

Lemma 3.2.1. Let

f g II f ( s) lids < 00

f: (O,T) + X be locally Holder continuous with

for some p > O. For 0 < t < T, define

= JtoF(t) e­A(t­s)f(s)ds.

Then F(') is continuous on [O,T), continuously differentiable on

(O,T), with F(t) E D(A) for 0 < t < T, and dF(t)/dt + AF(t) = f(t)
on 0 < t < T, F(t) + 0 in X as t + 0+.

Proof. For small p > 0, define

F (t)
p f

t - p
o e­A(t­s)f(s)ds, p < t < T,

with Fp(t) = 0 for

Then (setting
o t p.

f(s) = 0 for s < 0)
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P P

51

II F(t) - F (t) II < Jt II e -A(t-s) III1 f(s) II ds
p - t-p

which tends to 0 as p + 0+, uniformly in 0 t to for any
to < T. Also, Fp is continuous, since

J

t - p Jt+h-P(e-Ah_l) 0 e-A(t-s)f(s)ds + e-A(t+h-s)f(s)ds
t-p

(0 t t+h to)' which tends to zero as h + O. Therefore F is
continuous on [O,T) into X, and IIF(t)11 Ile-A(t-s)lI11f(s)11 ds+O
as t + 0+.

\' -A(t-s)lim ALe

Also, if 0 < s < t, then e-A(t-s)f(s)

Riemann sums for Fp(t),

-A(t-s.)
L e J are in D(A), and

t-s.>p J J
J -

is in D(A), so the

f
t - p
o Ae-A(t-s)f(s)ds.

Thus, by closedness of A, Fp(t) E D(A) and

f

t - p -A(t-s)
AF (t) = Ae f(s)ds =

p 0 f
t

o

- p
Ae-A(t-s){f(s)-f(t)}ds

+ {e -Ap _e -At}f (t) .

Now IIAe-A(t-s)II = OCCt-s)-I), Ilf(s)-f(t)11 = O(lt-sI8) for some

8 > 0 as s + t-, hence as p + 0+,

AF (t) + ft Ae-A(t-s){f(s)-f(t)}ds + {l-e-At}f(t).
p 0

Thus, again by closedness of A, F(t) E D(A) for 0 < t < T.
Consider any strictly interior interval [to,tl], 0 < to < t l < T;

then AFp(t) + AF(t) uniformly on to S t S t l, since

Ilf(t)-f(s)11 Klt-sl 8 for t, s in [to,t l] and some 8> 0, so

IIAF (t)-AF(t)11 = 11{-I+e-AP}f(t) + ft Ae-A(t-s){f(s)-f(t)}dsll
p t-p

A ft -1+8II {e- P-I}f(t) II + C (t-s) ds + 0 as p + 0+,
t-p

uniformly in to S t < t l·
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. h dFp(t)
Finally, F (t) is differentiable when t > p, Wit dt

-AFp(t)+e-APf(t- P), p < t < T. The right side converges uniformly to

-AF(t) + f(t) on to < t < t l (0 < to < t l < T) as p .... 0+, so F

is continuously differentiable on the open interval (O,T), with
dF
dt + AF = f(t).

Theorem 3.2.2.

f: (O,T) .... X

some p > 0;

Suppose A is a sectorial operator in X, Xo E X,

is locally Holder continuous and fg 1/ f(t) II dt < 00 for

then there exists a unique (strong) solution x(·) of

+ Ax = f ( t), 0 t T ( 0)UL < < ; x = xO'
namely

x(t) + Jto ( )e-A t-s f(s)ds.

Exercise 1 [20]. The problem of "genetic drift" in population genetics

is described by the singular diffusion equation
au 1 d 2at 4N dx 2(X(1-X)U) for 0 < x < 1, t > O. Examine the operator on

the right side of this equation, considered as a self-adjoint operator

1 2in X = {<j>: (0,1) .... lR, f
O

x(l-x)l<PCx)I dx < oo}, and show that it gen-

erates an analytic semigroup in X. Show that any u in the domain of

the generator has IX(l-x)u(x) continuous in 0 < x < 1, and

IX(l-x)u(x) .... 0 as x .... 0 or 1. If u is in the domain of the

square of the generator, it is continuous on 0 x < 1. Show that

Ilu(' ,t) II .... 0 as t .... +00. What is the meaning of this last result, in

view of the interpretation of u(· ,t) as a probability density? (See

Sec. 2.5 and [20, 26].)

3.3 Local existence and uniqueness

Now consider the nonlinear equation

dx
dt + Ax = f(t,x),

(*)

where we assume A is a sectorial operator so that the fractional

powers of Al = A+aI are well defined, and the spaces Xa =
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with the graph norm II x II a = II II are defined for a > O. We assume

f maps some open set U in ffi x Xa into X, for some a in

a a < 1, and f is locally Holder continuous in t and locally Lip­

schitz in x on U. More precisely, if (tl,x l) E U, there exists a

neighborhood V c U of (tl,x l) such that for (t,x) E V, (s,y) E V,

Ilf(t,x) ­ f(s,Y)11 < L(lt­sI 8 + Ilx­yll ),a

for some constants L > 0, 8 > O. In sections 3.6­3.8 we give some

examples where these hypotheses hold, in addition to an example at the

end of this section.

Definition 3.3.1. A solution of the Cauchy problem (initial­value prob­

lem) on (to' t l) is a continuous function x: [to' t l) -+- X such that
dxx(tO) = x o and on (to,t l) we have (t,x(t)) E U, x(t) E D(A), dt(t)

exists, t -+- f(t,x(t)) is locally Holder continuous, and

ro+PII f(t,x(t) II dt < 00 for some P > 0, and the differential equation
to
(*) is satisfied on (to' t l) .

Lemma 3.3.2. If x is a solution of (*) on (to,t l), then

­A(t­tO) Jt ­A(t­s)
x(t) = e Xo + e f(s,x(s))ds.

to

Conversely, if x is a continuous function from (to,t l) into

t < t l, then

(to,t l)·

J

t o+P
and Ilf(s,x(s)11 ds < 00

to
equation (**) holds for to <

differential equation (*) on

for some p > 0, and if the integral

x (.) is a solution of the

Proof. The first claim is immediate from the definition of the solu­

tion and Th. 3.2.2. Suppose

(**) and x E C((to,t l) ;Xa
) .

atinuous from (to' t l) to X.

x is a solution of the integral equation

We first prove x is locally Holder con­

If to < t < t+h < t l, then

­Ah ­A(t­t O) Jt Ah A(t)
x(t+h)­x(t) = (e ­I)e Xo + (e­ ­s f(s,x(s))ds

to

J
t +h

+ t e­A(t+h­s)f(s,x(s))ds.
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Now if 0 < a < I-a, then for any z E X,

Ilx(t+h) - x(t) Ii a Constant hO•

It follows that t f(t,x(t)) is locally Holder continuous on

(to,t l), so by Th. 3.2.2 x solves the linear equation

dvdt + Ay = f(t,x(t)) on to < t < t l, y(tO) X o

hence x is also a solution of (*) on (to,t l).

Theorem 3.3.3. Assume A is a sectorial operator, 0 a < 1, and

f: U X, U an open subset of ffi x Xa , f(t,x) is locally Holder con-

tinuous in t, locally Lipschitzian in x; then for any (to'xO) E U

there exists T = T(tO'xO) > 0 such that (*) has a unique solution x

on (to,tO+T) with initial value x(t O) = x o.

Proof. By the lemma, it suffices to prove the corresponding result for

the integral equation (**), the "variation-of-constants formula".

Choose a > 0, T > 0, such that the set

is contained in U, and

for (t,x l), (t,x
2
) E V. Also let B

T so that 0 < T < T and

max II f(t,x O) II and choose
[to' to+T]

IT -a au
M(B + La) u e du 6/2

o
where < Mt-aea t for t > O.
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If 5 denotes the set of continuous functions y: [to,tO+TJ ->- Xa

such that Ily(t)-xolla s on to t to+T, provided with the usual
"sup"-norm

T
Ilyll = supi ll y f t ) Il a , to < t < to+T},

then 5 is a complete metric space.

For y E 5 define GCy): [to,tO+TJ ->- X by

-ACt-tO) Jt ACt )
G(y)(t) = e X o + e- -s fCs,y(s))ds.

to

We show that G maps 5 into itself, and G is a strict contraction.
First note

Also GCy) is continuous from [to,tO+TJ to Xa as is easily proved,,
so G maps 5 into itself.

If y,z E 5 then for to < t < to+T,- -

IIG(y) (t)-G(z) (t) Ila :: r 1IIIf(s,y(s))-f(s,z(s)) II ds
to

'S ML r Ct - s) - a ea (t - s) ds· II y - z II T
to

T 1 T
so IIG(y)-G(z)11 'S zlly-zll for all y,z E 5.

By the contraction mapping theorem, G has a unique fixed point

x in 5, which is a continuous solution of the integral equation (**)

and has f(t,x(t)) bounded as t ->- t o+. By Lemma 3.3.2, this is the

unique solution of (*) on CtO,tO+T) with initial value x(t O) = xO.

Remark. Following F. Browder's terminology, a continuous solution of

the integral equation C**) is a miZd soZution of the differential equa-

tion (*). One may study mild solutions when t ->- f(t,x) is not con-
tinuous. This generalization will not be needed here, although the

smoothness results below involve mild solutions.

Theorem 3.3.4. Assume A, f are as in Th. 3.3.3 above, and also as-

sume that for every closed bounded set B c U, the image feB) is

bounded in X. If x is a solution of (*) on (to,t l) and t l is
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maximal, so there is no solution of (*) on (to,t Z) if t z > t l, then
either t l = +00 or else there exists a sequence t n + t l- as n + +00

such that (tn,x(tn)) + 3U. (If U is unbounded, the point at in-

finity is included in 3U.)

Proof. Suppose t l < +00 but (t,x(t)) doesn't enter a neighborhood

N of 3U for t z t < t l; we may take N of the form U'B where

B is a closed bounded subset of U, and (t,x(t)) E B for t z < t < t l.
We prove there exists xl E B such that x(t) + Xl in Xa as
t + t l-, which implies the solution may be extended beyond time t l
(with x(t l) = Xl)' by Thm. 3.3.3, contradicting maximality of t l.

Now let C = sup{llf(t,x) II, (t,x) E B}; we show first that

II x(t) II S remains bounded as t + t l -, for any S < 1.

Observe that if a S < 1, t z t < t l,

which is bounded as t + t l-.
Now suppose t z < T < t < t l, so

-A(t-T) It A(t )x(t)-X(T) = {e -I}x(T) + e- -5 f(s,x(s))ds
T

II x I t ) -X(T) II a Cl (t-T) s-all X(T) II s + Cz r(t-s) -ads
T

< C3 (t-T) S-a, (a < S < 1).

Thus lim x(t) exists in Xa, and the proof is complete.
t+t

l

Corollary 3.3.5. Suppose A

locally Holder continuous in

(t,x) E U, and also

is sectorial, U = (T,OO) x Xa, f

t, locally Lipschitz in x for

is

IIf(t,x) II K(t)(l + IlxllJ

for all
Ct

Xo EX,

t to'

(t,x) E U, where K(') is continuous on (T,OO). If to > T,

the unique solution of (*) through (to'xO) exists for all

Proof. Theorem 3.3.4 applies, and the Corollary can fail only if there
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exist t n t l < 00 such that

-A(t-t )
°Xoll ex+

Ilx(tn) II ex +00

r -A(t-s) II
to

However

K(s)(l+lIx(s)II )ex

which implies

inequality.

Ilx(t) II remains bounded asex t t l, by Gronwall's

Theorem 3.3.6. Assume A, f as in Th. 3.3.3 above, and also assume A

has compact resolvent and f maps all sets x B c U x xex with

B closed and bounded, into bounded sets in X. If x(t;to'x O) is a

solution of (*) on (to'oo) with Ilx(t;to'xO) Ii a bounded as t + +00,

then {x(t;to,xO)}t>t is in a compact set in Xex .

°
Proof. If ex < 6<1, then X6 c Xa has compact inclusion (Th. 1.4.8)

and it suffices to show II x ( t ; to ,xO) 11 6 is bounded for t > t o+1. But
we may suppose without loss of generality Re o(A) > a > 0, and

Ilf(t,x(t;to,xo)11 C for all t::: to' hence

-(6-ex) -oCt-tO) It B oCt s)
Ilx(t;to,xo)II B M(t-t O) e Ilxolia + MC (t-s)- e- - ds,

to

which is bounded for t > to+l.

Remark. The above argument demonstrates a degree of "smoothing", even

without assuming compactness of the resolvent: if the solution is

bounded in Xa , then it is bounded in XB with a < 6 < 1.

f(t,x,u(x,t))
(0 < x < 11, t > 0)

2

ax2

u(1I,t) = °u(O,t) = 0,

au + au
at U ax

Example.

locally Holder con-

u, uniformly in x,
continuous and in-

where f: x [0,11) xIR is measurable in x,

tinuous in t and locally Lipschitz continuous in

with If(t,x,u)1 hex) g(t,lul), hE L2(0,1I), g
creasing in its second argument.

Take X = L2(0,1I), A = _d2/dx 2 with domain H2(0,1I) n
1 1 1 + 1 2and = = HO(0,1I). We prove that F: IR x HO(0,1I) + L (0,11),

F(t,</J)(x) -¢(xH' (x) + f(t,x,¢(x)), ° < x < 11,

satisfies the hypotheses of Th. 3.3.3 and 3.3.4.
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is absolutely continuous with

58

1¢ E HO(O,lT), ¢(x) =

sUPI¢(x) I < lIT 11¢111,
X

so

II F(t , ¢) II z -:: lIT II ¢ + II h II z g (t , Iii1I ¢ II,) ,
L (O,lT) L (O,lT) 2

and bounded JR+ '" into bounded in X. Also,F maps sets in x X 2 sets

if
+ '" a neighborhood(to'¢O) EJR x X 2

¢O continuous, then there exists,
V of the compact set {(to'x,¢o(x)) : 0 < x < IT} in JR+ x [0 , IT] xJR

- -
and positive constants L,8 so that for (tl,x,u l) E V, (tz'x, uZ) E V,

Hence there is a neighborhood u of
i,

x X 2 so that

(t,¢) E U implies (t,x,¢(x)) E V for a.e. 0 < x < IT;

Also, for any in

lI¢l¢i-¢z¢z llz -:: II¢l(¢i-¢z)11 z + 11(¢l-¢ZHZll zL (O,lT) L L

< II + II . 1IT11¢l-¢zll

(Alternatively, ¢ ¢¢' is a continuous polynomial from to X.)

Thus all the hypotheses of Th. 3.3.3 and 3.3.4 are verified for this
problem.

Exercise 1. Suppose A sectorial, f: JR+ x Xa X is
dxschitzian, and a solution x(t) of dt + Ax = f(t,x)

locally Lip-

for t > to 0

bounded on its domain of existence; then the solution



f(t,x), t > to

Exercise 2.
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Prove local existence and uniqueness for dx
dt + p(t,x)Ax

where p(t,x) > 0 and p: U ffi, f: U X are locally Lipschitzian

on an open set U effi x Xa .

Hint: Examine the system with a different time variable 8,

dx 1
dB + Ax = p ( t , x) f (t , x )

dt 1
d8 p(t,x)

Exercise 3. Suppose A is sectorial in X, U is an open set in

ffi x Xa x Y, and f: U X, g: U Yare locally Lipschitzian. Prove

local existence and uniqueness results for the coupled "parabolic"

equation and "ordinary" equation:

%f + Ax = f(t,x,y), *- = g(t,x,y).

Apply this to the Hodgekin-Huxley equation (sec. 2.3) with X
Y = L00 em ,lR.3) •

Exercise 4. (An equation with delay)
U is an open set in lR x Xa

x Xa and

zian. Consider the problem:

Suppose A
f: U X

is sectorial in X,
is locally Lipschit-

(t) + Ax(t) = f ( t , x (t) ,x (t - 1) ), t > 0

x(t) = <p(t) for -1 < t < O.

Prove local existence and uniqueness when <p is Holder continuous from

[-1,0] to Xa.

Examine also the more general problem when f is locally Lip-

schitz from an open set in ffi x C([-l,O],Xa) into X. (d. [102]).

Maximum principle arguments are used in several of the examples

to establish, for example, that a solution which is nonnegative at the

initial time remains nonnegative for all later times, as long as the

solution exists. The following exercises isolate what seems to be the

essential feature of such arguments, starting with the relatively well-

known fact that the Green's function for many linear second order
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elliptic operators is nonnegative. Most PDE books mention the maximum

principle, but Protter and Weinberger [81] is especially recommended,

along with Friedman [29]. See also [87] for some nonlinear problems.

For

smooth,

(i,j = 1,2,

andx E aij(x) = a j i (x)

E ffin, and hex) > 0 on

Exercise S. Suppose is a bounded domain in ffin with

that a .. (x), b.(x), c(x), hex) are continuous functions1J 1
... ,n) with a > 0 such that for

n
L a .. > for all

i,j=l 1J 1 J

u E with + h(x)u = 0 on (v = outward normal), define

Au(x)
n a2
L a .. (x)d.. 1 1J X. X.1,J= 1 J

+
n au
L b.(x) --a-- + c(x)u
i=l 1 Xi

> 0 in show that, for

have u > 0 in For such-
GA so that Au + AU = f when-

A+C (x)

for some P E show Au(P) < c(P)u(P),for x E If u(P) = min u

but if P E show u(P) > O.
-

If A is so large that
u E D(A) with Au + AU > 0 in we
A, suppose there is a Green's function

ever

-1 Ju(x) = (A+A) f(x) =

(for smooth f), and show GA(x,s) 0 in

tivity of the Green's function implies: when

Conversely, nonnega-

f 0, then (A+A)-lf O.

Exercise 6. Suppose X is a real Banach space with an order relation
> such that for any x,y, z E X, (a) x > x· (b) x > y and y > z im-- , - -
plies x > z : (c) x > y implies x+z > y+z and AX > Ay for any real- , - -

A > o· (d) the set {x E X I x > O} is closed.- ,
-

A function f: X + X is increasing if x > y implies f(x) >
-

f (y) .

n+oo

If Y is a Banach subspace of X, the order induced on Y from
X also satisfies (a) - (d).

If X = for some 1: p 00, then say x y when

x(t) yet) for almost every t E show (a)-(d) hold.
Suppose A is sectorial in a space X with an order (satisfjing

(a)-(d) above) and suppose (A+A)-l is increasing (we write
-Atfor every A > 0; prove e 0 for every t > O.

Hint: e-Atx lim (1 + l A)-n,
n x
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its inter-

t > O.-
t > 0,
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Remark. It is sometimes useful to study such operators with an affine

domain - the translate of a subspace. The arguments here are only

slightly changed.

Exercise 7. Suppose X is a Banach space with an order, as in ex. 6,
-1A is sectorial with U+A) 0 for every A > 0 and f: [to,t l) x

Xa + X is locally Lipschitzian and satisfies

x E Xa, x 0, to < t < t l implies f(t,x) > O.

Then prove that, if Xo E Xa, Xo > 0, the solution x(t) x(t;to'x O)
of dx/dt + Ax = f(t,x) with x(t O) = Xo has x(t) > 0 for all t

in [to,t l) on its interval of existence.

Hint: establish this first for small t-t o > 0, by a successive

approximations construction of the solution.

Exercise 8. Suppose X is a Banach space with an order, A is sec-
torial with (A+A)-l > 0 for all A > AO and f: [to,t l) x Xa + X

is locally Lipschitzian and on bounded sets B = {x E Xa I x > 0,

IIxll < b l there exists a real constant B = B(B) such thata -
f(t,x) + Bx 0 whenever x E B and to t < t l. Prove the results

of ex. 7 under these more general assumptions. If also x + f(t,x)+Bx

is increasing on B, then Xo + x(t;to'xO) is increasing for Xo 0

and t > to'

Exercise 9. Suppose a, b, k are positive constants and consider

a2u 2k ---2 + au - bu, 0 < x < 1, t > 0
ax

with· u(O,t) = 0, u(l,t) = 0, and u(x,O) = uO(x) 0 on
1uo E HO(O,l). Prove u(x,t) 0 on 0 x 1, t > 0, on

val of existence; then prove this solution exists for all

If u(x,O) < 0 on 0 x 1, then u(x,t) 0 fOT
o < X 1, on its interval of existence, but the solution may blow up

in finite time. (Compare with the final example 3.1.)

Exercise 10. Suppose

f(t,x,O) > 0, and a,

E > O. If u(x,O) > 0

t > 0,

f: R+ x [0,1] x R + R is locally Lipschitz,

B, y, 0, E are constants with B > 0, Y 0,
on 0 < x < 1, v(O) > 0, w(O) > 0 and for
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u t = uxx + f(t,x,u), (0 < x < 1, t > 0)

- v (t), U x ( 1 , t) + u ( 1 , t) = w(t)

aV + Bw

yv + ow + E II u(x,t)dx
o

Prove u(x,t) 0, vet) > 0, wet) > 0 on the domain of existence.

(See ex. 14, sec. 1.3.)

Exercise 11. Consider the equations of nuclear reactor dynamics (sec.

2.6 above) when V, D are constant positive diagonal matrices, F is

constant and nonnegative, A = is a smooth function with

off-diagonal terms < 0, 0 B 1, the 6i and Ai are nonnegative

constants and the Xi are constant column vectors with nonnegative

entries. Subject to the boundary condition = ° (Q a bounded

domain in m3) , if > 0, all c. (x,t) > ° (x E Q) at t = 0,
- 1

then these remain nonnegative for all t > 0 on the domain of exis-

tence. Also if the off-diagonal terms in A are non-increasing func-

tions of and c, then if are two solutions with

> > ° (l j < M), c.(x,t) > c.(x,t) > 0 (1 < i < N)
J 1 - 1

for all x E Q at t = 0, then these hold also when t > O.

3.4. Continuous and differentiable dependence of solutions

Theorem 3.4.1. Suppose A is a sectorial operator. Let {fn(t,x),

n = 0,1,2, ... } be a sequence of functions defined on an open set

U em x X
a

(some a in [0,1)) into X, each fn(t,x) locally

Lipschitz in x, locally Holder continuous in t, and such that

uniformly for (t,x) in a neighborhood of any point of U. Also assume

the real numbers lJn'" lJO > 0 and II xn -x OII a'" 0 as n'" co with
(to ,xn) E U.

Let ¢n(t) be the maximally defined solution of

d¢n
-at + lJnA¢n = fn(t'¢n)' t > to

¢n(t O) = xn'
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which exists on (to' to+Tn)· Then T0 lim sup Tn and II ¢n (t)-
n7CO

¢O(t) II 0.->- 0 uniformly on compact subintervals of [to' to+T 0) .

Proof. Without loss of generality, suppose to = 0, Xo = 0, ).10 = 1,

lz < ).1n < 2, fO(t,O) = 0 and ¢O(t) = 0 on [0, TO) . For otherwise

consider the functions 1JJn (t ) = ¢n(t)-¢O().1nt) satisfying

Choose any t
l

in (O,TO); then

set in D, hence there exist 8 > 0 and

[O,tll x {a} is a compact

L > 0 such that

and Ilfn(t,x)-fo(t,x) 11->- 0 uniformly for 0 t t l, ll- ll , 8.

For sufficiently large n, the ¢n will be defined on [O,tll.

Indeed, as long as on

).1na t -aI t -a ).1na(t-s)
Me Ilxnll a+ M).1n o(t-S) e Ilfn(s'¢n(s))

- fO(s'¢n(s))11 ds

I
t ).1 a(t-s)

+ LM).1 -a (t-s) -ae n II ¢ (s) II ds
nOn a

so II¢ (t)11 < C(lIx II + 6, )e
Bt,

6, = sup{llfn(s,x)-fO(s,x)IIn 0.- nan n
o < s t l, IIxlla 8}, where B, C are independent of n ,

If n is sufficiently large that

it follows that ¢n exists on [O,tll, and II¢n(t) 110. ->- 0 uniformly in

o < t t l as n ->- co

Lemma 3.4.2. Suppose A is sectorial in X, 0 < T < co and

o < B < a < l+B. Then the maps

().1 , E;) ->- {e -).1At E;, 0 < t < T}: lR+ x x? ->- C( [ 0 , T1 ,Xa) ,

and
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are both analytic.

Proof. For fixed t > 0, + is analytic with Taylor

series e L br convergent for small
n=O n.

In fact, if Ile-Atil S M, IIAe-Atll S Mt- l

t + is continuous from Xa
on 0 < t < T, note

to Xa, 0 < t < T (see ex.

8, sec. 1.4) and so the series

converges uniformly in 0 < t T when 101 < proving conver-

gence in C([O,T] ,Xa). The other case is proved in the same way.

Lemma 3.4.3. Suppose X,Y are Banach spaces, U

J is a compact interval in R. If F: J x U + Y

composition map x + F(·,x(·)): C(J,U) + C(J,Y)
a k(t,x) + (ax) F(t,x) is continuous on J x U for

is open in X, and

is continuous, the

is continuous. If

k = 0,1, ... ,r, the

composition map is Cr.

series for x + F(t,x)

x E U, the composition

If this holds for all

converges uniformly in

map is analytic.

r and the Taylor

t E J near each

Proof. If xn' x E C(J,U) and xn(t) + x(t) uniformly in t E J as

n + 00 but IIF(',xn(')) - F(.,x(·))IIC(J,Y) £ > 0, there exist t n E J

with IIF(tn,xn(tn)) - F(tn,x(tn))11 £/2 for large n. There is a sub-
sequence + t* E J, and we contradict continuity of F at

(t*,x(t*)). For each 1 k r, akF/axk satisfies the hypotheses of

the case r = 0, and is uniformly continuous on {(t,x(t)) ,tEJ} if xEC(J,U).
By the converse Taylor theorem (see sec. 1.2.5) it follows that the

composition map is Cr. For the analytic case, direct estimate of

the Taylor remainder proves the result.

Theorem 3.4.4. Suppose A is a sectorial operator in a Banach space

X, 0 S a < 1, U is open in R x Xa, A is open in a Banach space L,

and f: U x A + X has f, Dxf, DAf continuous on U x A, while

t + f(t,x,A) is locally Holder continuous.

For > 0, A E A, E U, let x(t) x(t; be the

maximally defined solution of
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dx
dt + = f(t,x,A), t > T

X(T) = S.

Then + x(t; is continuously differentiable from

Xa x A x m+ into Xa, on the domain of existence of the solution.

These derivatives u(t) = Dsx(t), vet) = DAx(t), wet) = are
mild solutions of

du/dt + Dxf(t,x(t) ,A)U, U(T) = I;

dv/dt + Dxf(t,x(t) ,A)V + DAf(t,x(t) ,A), v (T) O',

dw/dt + Dxf(t,x(t),A)w Ax(t), WeT) = O.

(They are ordinary solutions if also

Holder continuous on U.) For the
O(t_T)a-l) as t + T+.

(t,x) + Dxf, DAf are locally

w-equation, note IIAx(t) II =

Proof. It is sufficient to consider a short time interval; say

o < t < T, T = 0, without loss. The solution x(t; is ob-

tained as the fixed point of a map G on the space of continuous func-

tions from [a,T] into Xa,

G(x; (t) - At Jt - A(t-s)e u s + ae u f(s,x(s),A)ds, a<t:sT.

For in a small neighborhood of E
U x A x m+, G is a uniform contraction of a ball B c C([O,T] ,Xa).

Now (X,A) + f(',x('),A) E C([a,Tj,X) is continuously differentiable

on B x A, and G is the composition of this map with an analytic map

(see lemma), so G is Cl and thus the fixed point is also Cl as

claimed.

By the same argument, we prove the Cr case.

Corollary 3.4.5. In addition to the hypotheses of Theorem 3.4.4, as-

sume (X,A) + f(t,x,A) is Cr (1 r 00) with derivatives continuous

on U x A, or analytic uniformly in t for (t,X,A) in a neighbor-

hood of each point in U x A. Then the map

+ x(t;

is Cr or analytic, on the interval of existence.
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Corollary 3.4.6. In addition to the hypotheses of Theorem 3.4.4, as­

sume (t,X,A) f(t,x,A): U x A X is Cr or analytic. Then

(t,T,F,;,A,\l) x(t; T,F,;,A,\l)

is Cr or analytic respectively for t > T on the domain of existence.

(Smoothness in time may break down as t T+.)

Proof. For any m > 0, define yes)

as the solution of

yes; O,F,;,5:,\l/m), A CA,m,T) ,

*+ (\l/m)Ay g(S,y,A) _ 1 f I r +
m m

yeO) = F,;.

By uniqueness, on the domain of existence

x(t; T,F,;,A,\l) = y(m(t­T); \lim)

for every m > 0. In particular, if t > T and m = l/(t­T)

­1x(t; T,F,;,A,\l) = y(l; O,F,;,CA,(t­T) ,T),\l(t­T)).

But for each s > 0,

(F,;,CA,m,T),\l/m) yes; O,F,;,(A,m,T),\l/m)

is Cr or analytic, by Corollary 3.4.5, and the result is proved.

Now we study another notion of continuous dependence, which

leads to the "method of averaging". (For ordinary differential equa­

tions, this approach originated with Gikhman.) Another approach for

linear equations is in sec. 7.5.

Lemma 3.4.7. Suppose A is sectorial in X, f: [O,T) x D x A X,

D is open in Xa , a < 1, and A is a metric space, and assume

(i) Ilf(s,x,A)II<N for O<s<T,xED,AEA;

(ii) Ilf(s,x,A)­f(s,y,A) II L flx­ylla for ° < s < T, x,y E D,
A E A;

(ii i) tA fOf(s,x,A)ds is continuous for each xED, uniformly

in compact sets of

the integral exists

° < t < T. Here we understand also that

Iff(s,x,A) II ds < 00) when 0 < t < T.
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Then for any continuous x: [O,T) + U,

is continuous, uniformly in 0 < t t l for any t l < T.

Proof. First we examine the case xes)

and

x, a constant. Let p > 0

I
t - p -A(t-s)o e f(s,x,A)ds, p < t < T,

Then for p < t < T,

o if o < t < p.

-Ate It f(s,x,A)ds - e-Ap It f(s,x,A)ds
o t - P

-A(t-s) ItAe f(0,x,A)d0 ds,
s

and A + Jp(A,t) E Xa is continuous by Lebesgue's dominated conver-

gence theorem and the fact

IIAe-A( t - s ) It f( ) II -a a(t-s)CJ , x , A dCJ a NM (t - s) e
s

for 0 < s < t < T. Further, J (A,t) converges uniformly in A,t
p

as p + 0; for

IIJ (A,t)-I
t

p 0
e-A(t-s)f(s,x,A)dsll < Ile-Ap It f(s,x,A)dsll

a- t-p a

+ r IIAe-A(t-s) (f(CJ,X,A)dCJ1IadS
t- p s

(MN pl-a + MN pl-a / (l-a))ea p + 0 as p + 0+.

Th J ( ' t) Jt -A(t-S)f( ')us 0 1\, = 0 e s , x, 1\

X E U, hence also

It -A(t-s) "-
A + 0 e f(s,x(s) ,A)ds

is continuous in A, for each

is continuous

when is any step function on [O,T) + U. Finally, for any con-

tinuous x: [O,T) + U there exist step functions xn: [O,T) + U so

that II xes) -Xn (s) II a + 0 uniformly on 0 s t l (any t l < T),
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II I: e-A(t-s) [f(s,x(s) ,A)-f(s,xn(s) ,A)]dsll a

Ito LM (t - 5) - a e a ( t - 5) II x ( 5) - X ( 5) II d 5 -s- 0
n a

uniformly in A E and 0 t t l, and the lemma is proved.

Theorem 3.4.8. Assume A,f satisfy the hypotheses of lemma 3.4.7.

Suppose x (. ,A) is a solution of dx/dt + AX = f(t,x, A), t > 0, and

suppose X(t,A O) E U exists on 0 < t < T and Ilx(O,A) - X(O,AO) Ii a ->- 0- -
as A ->- AO' Then Ilx(t,A) - x(t,AO)ll a-> 0 as A -> AO'

uniformly in

0 < t < T.- -

Proof. Let yet) X(t,A) - X(t,A O); then

At It -A(t-s)yet) = e- y I O) + oe {fo(s,A)-fo(s,Ao)}

It -A(t-s)
+ 0 e {f(s,x(s,Ao)+y(s),A) - f(s,x(s,Ao),A)}

where we set fo(s,A) = f(s,x(s,A O) ,A). Since 5 -> X(S,A O) is con-

tinuous on 0 < 5 T, by the lemma we have II Yet) II < o(A) +
- a -

LM ! (t - 5) - Iy (s) II a ds , as long as X(S,A O) + yes) = X(S,A) E U on
0 < s < t and o < t T, where O(A) ->- 0 as A ->- AO'

But it then- -
follows, for A sufficiently close to AO'

that on 0 < s < T,- -

I[y(s) Ii a < d i s t i x f : ,A O) ,au}

and so the solution x ( • ,A) exists and sup II x ( t , A) -x ( t , Ao) II =
O<t<T a

0(0(1.)) ->- 0 as A ->- 1. 0'
We now state the result in a form closer to the method

aging: we compare solutions of dx/dt + Ax = g(t/E, x), 0 < E

with solutions of the averaged equation

of aver-

dy/dt + Ay =

lim
T->+oo

g(s,y)ds.

Theorem 3.4.9.

tinuous with U

Assume A is sectorial in

an open set in xa , and

+
X, g: lR x U ->- X is con-



69

(i) t ->- g(t,x) is locally Holder continuous, Ilg(t,x) II < N and

II g(t,x) - g(t,Y) II < L Ilx-yll for t > 0 and x,Y E u·- a ,

(ii) lim Ilf g(s,x)ds - gO(x) II = 0 for each x E U.
T->-oo

Suppose there exists a solution set) of

ds/dt + As = goes), t > 0,

with set) E U on 0 < t < T < 00

o > 0 and El > 0 so that if
Then given n > 0, there exists

Ilx(o) - seO) Iia 0 and 0 < E El,

and dx/dt + Ax = g I t z c , x ) , t> 0 then n on O<t<T.

Proof. We apply Th. 3.4.8 with A = E,

f(t,x,A) g(t/A,x) for o < A < EO-

f(t,x,O) gO(x)

for 0 < t < T and x E U.-
If t > 0, A > 0, then for any x E U

Itf(S,x,A)dS = Itg(S/A,X)dS = A I:/ A g(a,x)da ->- tgO(x) as A ->- 0+.
o 0

Exercise 1. Suppose AA is sectorial in X for each A in an open
m -1set II c lR , A ->- (1;O-AA) E..z"(X) is analytic for some fixed 1;0 and

either D(AA) is independent of A or II (1;-AA)-lll C/I1;-a! for all
1; on arg(1;-a) = fe, 0 < e < n/2, and A in a complex neighborhood
of II. Prove (A,t) ->- e- AAt: II xlR+ ->-..z"(X) is analytic and (A,x)->-

-AH
{e x, 0 t < I}: II x X ->- C([O,lJ ,X) is analytic. (Compare Kato

[56, p . 498J.)

Exercise 2. Suppose AA as above has Xa = D(Aa) independent of A

Ck
A

for some a < 1 and f is a map (k 1) from an open set of
lR x Xa x II into X. Prove the solution x(t) = x(t; , .t , A) of

dx
+ AAX = f(t,x,A) , t > xC') = s E XaCIT T ,
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is a Ck function of all its arguments for t > T on its domain of

existence. An example of this type is in ex. 11, section 6.4, with

Ci. = 1/2.

3.5 Smoothing action of the differential equation

In Sec. 3.3, we showed that a certain degree of "smoothing"

occurs: with initial value in XCi. = ° < Ci. < 1, the solution

is actually in D(A) at any later time. We will need some more pre­

cise expressions of this smoothing action.

Lemma 3.5.1. Suppose A is sectorial, g: (O,T) .... X has Ilg(t)­g(s)11

< K(s)(t­s)Y for °< s < t < T < 00, where K(') is continuous on
(O,T) and K(s)ds < 00 Then G(t) = c­A(t­s)g(s)ds, ° < t < T,

is continuously differentiable on the open interval (O,T) into XS,

provided a < S < Y, and

IldG(t)/dtll S Mt­Sllg(t) II + M I: (t­s)y­S­lK(s)ds

for ° < t < T, where M is a constant independent of Y,S and g ( . ) .

Further d is locally Holder continuous from (O,T) intot .... CIT G(t)

xS if K(s)ds = O(h D) as h .... 0+, for some D > O.,

Proof. From the proof of Lemma 3.2.1,

dG/dt e­Atg(t) + H(t) = ­AG(t) + g(t),

H(t) = f: Ae­A(t­s)(g(t)­g(s))ds,

and the required estimates follow. Note

h
H(t+h) ­H(t) = Io Ae­A(t+h­s) (g(t+h) ­g(s))

I
t ­A(t­s)

+ ° Ae [g(t+h)­g(s+h)­g(t)+g(s)]ds.

Remark. t .... AG(t) E X is also locally Holder continuous, but will not

have values in xS unless get) E xS.
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is locally Lipschit­

Suppose x(·)

Theorem 3.5.2. Assume A is sectorial, f: U + X

zian on an open set U em x Xa, for some 0 < a < 1.

is a solution on (to' t l] of

dx
dt + Ax

and (to'xO) E U.
Then if y < 1, t + E Xy is locally Holder continuous for

to < t t l, with

for some constant C.

Remark. This result (together with the embedding theorems) is used to
prove the solutions of the abstract equation yield classical solutions

of the original PDE: see the examples in sec. 3.6­3.8.

Proof. Let a < 8 <1, to < T < t l; then

get) _ f(t,x(t)) satisfies Ilg(t)­g(s)11 L(lt­sl
for to s < t < t l for some constants L, Cl.

Also if T < t < t+h t l,

then

x(t+h) ­ x(t) = + Jt e­A(t­s){g(s+h)­g(s)}ds
T

+ J:+he­A(t+h­S)g(S)dS

Ilg(t+h) ­ get) II Lh + L Ilx(t+h) ­ x(t) Ii a

< Lh + CZh((t­T) ­1+8­a l!x(T) 11
8
+ (t­T) ­a)

+ (M(t­ s) ­a II g (s+h) ­ g (s) II ds.
T

Thus Ilg(t+h)­g(t) II 11
8
+ (t­T)­a) and, by lemma

3.5.1, t + dx/dt E xy (y < 1) is Holder continuous on (T,t l], with
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Take t-T

II dx/ dtil < M(t - to) a - y -1.
y -

Theorem 3.5.3. Suppose A is sectorial, f: U + X

schitzian on an open set U em x Xa for some a <

x(·) is a solution on [to' t l] of

dx/dt + Ax = f(t,x)

is locally Lip-
1, and suppose

with (t ,x(t)) E U and II dx(t) /dt II a bounded on to t t l·
If IIxo-x(tO) lI a is sufficiently small, the solution x(·) with

x(t O) = xo exists on to t t l and for any 0 S < y < 1,

t + dx(t)/dt is locally Holder continuous into xS on (to,t l] and

for some constant K independent of t, xO'

Proof. The curve {(t,x(t)), to t t l} is a compact subset of U,
so there is a neighborhood of V of this curve with V e U and

Ilf(t,x)-f(s,y)11 L(lt-sl + Ilx-yllJ for (t,x) E V, (s,y) E V.

Define g(t,z) = f(t,x(t)+z) - f(t,x(t)), to < t < t l, 0,

for some 0 > 0 so small that (t,x(t)+z) E V for to < t < t l,
Ilzll < o. Then g(t,O) = 0, anda. -

Ilg(t,z) - g(s,z)11 2L min(llzlla.' It-sl(l+M))

Using the fact min {a,b} < aYbl- y whenever a,b > 0 and 0 < Y < 1,

it follows that

If II z (to) II a. is sufficiently small, then the solution z (t)
exists on [to,t l] with Ilz(t) II a. o. We estimate the Holder con-
tinuity of z('): if to < t < t+h < t l, then
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-Ah -A(t-t O) Ito+ h A( h )
(e -I)e Zo + e- t+ -s g(s,z(s))ds

to

It -A(t-s)+ e {g(s+h,z(s+h))-g(s,z(s))}ds.
to

If II zo II a is sufficiently small, II z (t ) II a KI II Zo II a. for to < t < t l,
and so we find

where 8 = max(a,y).

Now if get) "g(t,z(t)) then on (to,t l)

II get) -g(s) II <

and the lemma applies: zet)

K
3
(s-t o) -8 ] t-s IYII Zo"la-Y

-A(t-t O)e z(to) + G(t) so

u (: ,0)

k > 1

Exercise 1. Suppose A is sectorial and f: m x Xs +a + XS is Lip-

schitzian in a neighborhood (to'x O) for some s > 0 and 0 < a < 1.
s+a

If Xo EX, show there exists a unique solution x(t) = x(t;to'xO)

of dx/dt + Ax f(t,x) (t > t£), x(t O) = xo' on some interval
to < t < t l and t + x(t) E X +a is continuous.

Exercise 2. Suppose f: m x Xm+a + Xm is locally Lipschitzian for

m = 0,1,2, ... ,n. If Xo E X
a , show the solution x(t;to'xO) through

(to'xO) has x(t;to'xO) E Xn+a when t > to'

Apply this result to the example 3.7 below and show, if
E WI,p(lRn) for some p > n/2, then u(',t) E Ck(lRn) for any

and for every t > O. What can you say about differentiability

in t? Hint: Wk,p(lRn) is an algebra under pointwise multiplication

if kp > n.

Exercise 3. Consider a bounded smooth domain

in L2(Q) . Show the problem

au/at = + u3 in Q, u

3
Q em, and let A

o on aQ
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has a unique solution for small t > 0, provided Uo E XB with

B > 1/4. (Note: Uo E XB does not imply that E

Exercise 4. (Based on work of N. Alikakos [l07].) Suppose c IRn is

such that the Nirenberg-Gagliardo inequalities (sec. 1.6) and the di-

vergence theorem hold. Suppose a. (x,t), b(x,t) are continuous real
J

functions with

la
j
(x,t) I < A, b(x,t) < B on x IR+

and u is a solution of

aU/dt
n

6U + L aJ.(x,t) au/ax. + b(x,t)u
j=l J

pAssume, for some

and Ilu(' ,t) IlL is uniformly
p

Ilu(.,t)IIL (0) is bounded uni-
q

(m = O,l,Z, ... ); thus, for example,

bound.

q = p , Zm

bound gives an

and in

'" X IR+ . h au 0 '" X IR+.on", WIt u aN on 0"'

(1 P < 00) ult=o E Lp(O) n

bounded for all t > O. Then prove

formly in

an apriori

Hint: If s Z

d f ! IS -4(s-1) f
dt 0 u dx s 0 jglu!s/ZIZdx + sB f

o
lulsdx

+

and for 0 < E < 1 (Nirenberg-Gagliardo)

where m > n/Z

II u (. , t ) IlL (0 )
s

and K = K(O,m) < 00. Use these to estimate

in terms of sup Ilu(',t)IIL and Ilu(',O)IIL (0)'
t s o s/Z s

if q 1

for (ii)

Exercise 5. Suppose

a smooth function on rI

u(x,t) is a solution of

solution exists only for

unbounded as t

q > n/2 (m-2).

as above.)

is a bounded smooth domain in IRn, f(x,u) is

xIR with !f(x,u)1 C(l+lul m). Suppose
au/at 6U + f(x,u), u = 0 on and this

o < t < t l < 00. Prove Ilu(' ,t) IlL (rI) is
q

and either (i) q > m or (ii)
use the Nirenberg-Gagliardo inequality
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Example 3.6. is a bounded domain in ffi3 with smooth.

dUat + f(t,x,u,grad u) for t > 0, x E

dUan + a(x)u = 0 on t > 0

u(x,O) = uO(x) for x E

We assume f(t,x,u,p)

guments, and for some real k

B(t,r) ,

is locally Lipschitzian in all its ar­

in 1 < k < 3, and some continuous

If (t ,x, u, p) I B (t, Iu I) (1 + Ip Ik)

!f(t,x,u,p)­f(t,x,u,q) I < B(t, lui) (l+lplk­l+lqlk­l) Ip­ql

If (t, x , u, p) ­ f (t ,x, v ,p) I < B(t, Iu I+ Iv I) (1 + Ip Ik) Iu ­ v I .

a(x) > O.

and for all

is continuously differentiable on and
X = and Au = g when u E

Also, a (x)

Take
v E

J g(x)v(x)dx = f Vu(x) . Vv(x)dx + J a(x)u(x)v(x)ds.

Then A is self adjoint and positive

u E such that dU/dn + au = 0

in In fact,

definite, and D(A) contains all

on in which case Au =

au
an + au = 0 on

since this is a regular boundary value problem for a strongly elliptic
operator ([2, 30, 71]). It follows that Xa c if a > 1/2

and l/q> (S-4a)/6, and x? c if a> 3/4, (Th. 1.6.1). Thus

if 1 > a > max(3/4, (Sk­3)/4k), we have

with continuous inclusion.

We then have, for example, when u E Xa , and

F(t,u) (x) = f(t,x,u(x) ,grad u(x)), x E

that
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1< k
I/F(t,u)11 2 B(t, Ilull 00 )((meas ll)2 + Ilulll )

L (ll) L (II) W ' 2k (II) .

The other estimates are similar and we see that the hypotheses of Th.

3.3.3 and 3.3.4 hold, so when Uo E Xa, there is a unique solution

u(t;uO) on some maximal interval 0 t < t l, and either t l = +00

or Ilu(t;uO)ll a-+ 00 as t -+ t l-.
Thus we have a solution of the abstract form of the original

equation. But in fact, when t > 0, u(t;uO) D(A) and t -+ du/dt x"
is locally Holder continuous when t > 0, by Th. 3.5.3, so

are also continuous on to < t < t l and x E Q. And u E D(A) implies
Vu E Wl,2(ll) C L6(1l), so Au = F(t,u) - du/dt E L6/ k(ll). This implies
u W2,6/k(Il), so Vu wl , 6/ k (ll) c Lq(ll) if l/q> (k-2)/6. If

k < 2, Vu(t,') is Holder continuous; if k > 2 we continue the

argument. If u(t,·) E w2 , Pn ( ll) then (as above) u(t,·) w2, Pn+l (ll)
if l/Pn+l > k(l/Pn - 1/3) and if I < k < 3 we eventually have

Pn > 3 and Vu(t,·) Holder continuous so F(t,u) E CO(ll) for some
2+00> 0 and u(t,') E C (II). Thus for t > 0, (t,x) -+ u(t,x;uO) is

continuously differentiable in t, twice continuously differentiable

in x, and we have a classical solution.

Exercise l. Consider the special case

6u AU
3 in II (constant A)ut

+

au + 0 all.an au on

Prove that, if A < 0, then as long as the solution exists,

t -+!Illu(t,x) 1
6dx is nonincreasing. Prove that when A < 0, the solu-

tion exists for all t > ° with Ilu(t) II bounded (l > a > 3/4), and
a

in fact the orbit {u(t), t O} lies in a compact set in Xa. Show

the only limit point of this orbit as t -+ +00 is the origin, i.e.

that II u(t) II -+ 0 as t -+ 00 (Note convergence in Xa implies con-
a I 2

vergence in L
oo

and in W ' .)

Remark. The polynomial bounds on
us to work in L2(ll). If we work

such restrictions are needed.

p -+ f(x,u,p) were imposed to allow
instead in L (ll) with q > 3, no

q
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Example 3.7.

au = 6U - AU3 for t > 0, x E ffin
at

-6 =

Xa = a >

[97], which has

ferential operator

where A is a fixed nonnegative constant and Uo is a given smooth

function in LPORn) for some 2 < P < 00 with p > n/2.

We take X = LPORn) and A is the closure in X of the dif-
n
L in Let Al = A+I and
j=l J

O. Then Xa the Bessel potential space

the following properties:

when 2a = k is an integer > 0, Xa = Wk,PORn);

when Zpa < 1 > 1 2a > Xa c LqORn);n, - n' 00 q > p,
q - P -

when 2pa > n, 0 < \J < 2a-n/p, Xa c C\J ORn) ;

when 0 < k < 2a and 1 > 1 2a-k, Xa c wk,qORn).
q - p n

Now if 1 > a > n/2p, we have

< C(IIu 11
2

+ IIv 11
2

) IIu - v II
LooORn) LooORn) LPORn)

< Cl (11 u112a + IIvl1
2J Ilu-vll a

< Cl II u 11
3
a

so the hypotheses of

uniqueness follows.

(See exercise 1.)

We will prove

tion exists, we have

section 3.3 are verified, and local existence and

Note however the resolvent of A is not compact.

global existence when A > O. As long as the solu

Jffinlu(X,t) 13Pdt = 3p JffinluI3P-ZU(6U-AU3)dX

= -J (3pA !uI3p+2+3p(3p_l)!uI3p-ZIVu!2)dx < O.
ffin
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as long as the solution exists, so the solution exists for all t > 0

(ex. 1, sec. 3.3). In fact, the solution has Ilu(·,t)II
S

bounded for

all t > 1 for any S < 1; for

so II u (t+l) ­

Ilu(t) II p n
L (IR )

t > 0,

I
t + l

u(t+l) ­ e­Au(t) = ­A e­A(t+l­s)u3(s)ds,

t

e ­Au (t) 1113 is bounded for t > O. But II u (t) II =
is also bounded for all t > 0, as above, hence for

II u ( t +I) 1113 II e ­Au( t ) II s + C CI .

Now the nonlinearity, ­AU3 , is a bounded polynomial map from

Xa to X, so the solution depends analytically on t > 0, and

Uo E Xa, with values in Xa. We can also establish smoothness in the

x­variable. For example, u E Xl+ a implies

IIAu
311

p 11­3u2t>u­6ull7uI 211

L LP(IRn)

3 Ilul12",liAull + II u II co IIul1
2
l 2p n

3< 6 C II u Ill +a­ L L W' (IR)

for some constant C, since Au E x" c L'"(IRn) n LP (IRn) implies
u E wI, q (IRn) for any P q < "'. It follows that u (t) E Xl+a for
any t > 0, and by similar arguments, for any 13 a,

t + u(t) E xS is continuous when t > O.

(See ex. 1 and 2, sec. 3.5.)

Thus we have a solution u existing for all t > 0, provided

u(O) E Xa, and such that (t,x) + u(t,x) is analytic in t > 0 and

infinitely often differentiable in x E Q; in particular, we have a

classical solution, which is bounded for all t > O.

Exercise 1. The resolvent of A is not compact; that is, there'exists

a bounded sequence in D(A) = W2,p(IRn) such that there is
no subsequences which converge in LP(IRn). (Hint: if ¢ E W2,p(IRn),

compare its norm with that of the "translated" function ¢h' ¢h(x) =
¢(x+h) for all x E mn . )
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Since the orbit {u(t), t a} is not necessarily compact in

LPQRn) , we cannot examine its limit points, as we did for the corres­

ponding problem in a bounded domain (ex. 1, sec. 3.6). However, let

<Pq(t) = f]Rn!u(t,x)1 2dx; then if q 2, ¢ (.) is nonincreasing, non­
d<P q

negative and ­qA ¢q+2(t) for t > 0, hence < 00

Since <P q+2(·) is also nonincreasing, it follows that

<P q+ 2 ( t ) ... a as t ... +00 ,

i. e. when q > 4, f !u(t,x)!qdx'" a as t ... +00. If 2 < P < 4,
]Rn

Ilu(t,') II PI Ilu(0")11
6
p Ilu(t")11

1
4
6 for any PI in p < PI < 4 and

L L L

some 6 6(p,Pl) in a < 6 < 1 so Ilu(t,') II p ... a as t ... +00 for

any PI > p. L 1

Exercise 2. Examine this problem in the space X
with m > n/2.

Example 3.8: The Navier­Stokes equation [32, 65]

Let n be a bounded domain in ]R3 with an smooth, and con­

sider for t > to' x E n

aU./dt ­ liRe
J J

3
-dp/aX. ­ I Uk auJ./dxk + fJ.(x,t)

J k=l

for 1,2,3,

div u
3
I
j=l

dU./aX.
J J

a

onedoes not apply:

not appear with a

0) also has no

X so that

with boundary value u = a on an x [to'oo) and initial value

u(x,t O) = uOCx) for x E n.
At first glance, the theory of section 3.3

of the unknown quantities p Cthe pressure) does

time derivative, and one of the equations (div u

time derivative. However, we will choose the space

div u = a automatically, and then the pressure term drops out of the

equations.
If u: Q "']R3

the normal component
<P E clcn),

is continuously differentiable, div u = 0, and

un vanishes on an, then for any scalar
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J u· grad ¢ dx = O.
rI

Conversely, a smooth vector field u which is orthogonal to all

gradients must satisfy div u = 0 in rI, u = 0 on arl.

Let H
1T

be the L2(rI,IR3) closure {grad ¢ I ¢ E Cl(rI)},

and let Ha be the L2 (rI,IR3) closure of {u E Cl (rI,IR3) I div u = 0

in rI, u = 0 on arl}. Then H
1T

, Ha are closed orthogonal subspaces
2 n 3

in L (rI,IR ); in fact

To prove this, it is sufficient to show every smooth u: rI + JR3, u 0

near arl, has the form u = v+V¢ with v E H and V¢ E H Buta 1T

we may choose ¢ to be a solution of

lI¢ = div u in rI, H/an = u
n

o on arl;

then ¢ is smooth and v = u-V¢ is also smooth, div v = 0 in rI,

o on arl.

Let P denote the orthogonal projection of L2 ( rI ,JR3) onto

projecting the Navier-Stokes equation into Ha, we obtain formally

dv/dt + = N(v) + fa(t), vet) E Ha ,

where =

data, N(v)

Now

l/Re (Re - Reynolds

= -P(v . grad)v, and

if u,v E n Ha ,

number), A = -P6 with zero boundary

fa(t) = Pf(· ,t).
a dense subspace of H

a,
then Au E Ha,

(Au,v)

(Au,u)

(u,Av)

(-6u,u) = Jrl1grad u!2 dx O.

Thus we may suppose A is a self adjoint densely defined operator in

Ha. Odqvist [77] investigated the boundary value problem Au = f, i.e.

-6u + grad p = f, div u

u '" 0 on arl,

o in rI

by the methods of potential theory, and obtained estimates for the

Green's function which prove HI = D(A) c W2,2(rI) n H with continuousa a
inclusion. (See [65].) It follows from Th. 1.6.1 that, if
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to

IIN(v) II 11v11 00 II '1v11 2
L L

l/q > and

is a bounded polynomial fromN

< < 1, c wl , q (n )R3) provided
a

< < I, c Loo(n)R3).
a

Now consider the nonlinear term:

1/2

3/4

c II vii if Ct > 3/4, so
if Ct > 3/4.

Now it follows from Th. 3.3.3 that, if vetO) E and t

fa(',t) is Holder continuous into Ha for t to' there is a unique

solution vet) on some maximal interval to < t < t l, and the solu­

tion depends analytically on vetO) and the Reynolds number

Re = 1/\1 > O.

Suppose in fact that, in the original equation, (x,t) f(x,t)

is (1+8, some 0 > 0, for x E n, to t < t l ; then (x,t) fa(x,t)

(fa = Pf) is Lipschitzian in (x,t). We show we then have a classi­

cal solution of the original system. Arguing as in the examples above,
2+8 1+8if t > to' (x,t) v(x,t) is C in x, C in t, for some

8 > 0, so

(·,t) ­ \1l1v(',t) ­ (v v gr ad j v + f(·,t)} O.

But the quantity in braces is Holder continuous on n, so it is the

gradient of a (1+8 function p ( . , t ) for each t, which is also con­

tinuous in t.

More general and precise results are in [32] .

is bounded on the domain of existence ofIlu(' ,t) II p
L (n)

some solution, for some p > 3, prove the solution exists for all

Exercisel. If Ilf(',t)II 2 is bounded on
L (n)

is bounded on the domain of existence. If it is alsoIlu(· ,t) II 2
L (n)

assumed that

t > O.
Hint: for the L2(n) bound, multiply the original equation by

u and integrate over n.



Chapter 4

Dynamical Systems and Liapunov Stability

4.1 Dynamical systems

Definition 4.1.1.

plete metric space

that

A dynamical system (nonlinear semigroup) on a com­

C is a family of maps {S(t): C C, t > O} such

t,T O.

(i)
(ii)

(iii)

(iv)

for each t 0, Set) is continuous from

for each x E C, t S(t)x is continuous;

S(O) = identity on C;

Set) (S(T)X) S(t+T)X for all x E C and

C to C·,

Example 1.

open set in

schitzian.

tion x(·)

exists and

If x(t;xO)
xo' then

Suppose A is sectorial in a Banach space X, V is an

Xa for some 0 < a < 1, and f: V X is locally Lip­

Assume C is a closed subset of V and that for any solu­

of dx/dt + Ax = f(x), x(O) E C implies the solution

x(t) E C for all t 0 (C is positively invariant).

is the solution of time t with initial value x(O;x O)

defines a dynamical system on C, in the induced topology of Xa .
Verification of conditions (i)­(iv) above is left as an easy exercise.

More specific examples are in sec. 3.7 with C = Xa

and sec. 3.3, ex. 9, with C = {¢ E I ¢(x) > 0 for 0 < x TI},

and the example below.

Example 2. (Varma and Amundson [1001). The equations describing a

tubular chemical reactor with a single first­order irreversible re­
action are

2 2ay/at = a y/ax ­ Pe ay/ax + Szr(y) + Y(Ya­ y)

Le az/at = a2z/ax 2 ­ Pe oz/ax ­ zr(y)

for 0 < x < 1, t > 0, with boundary conditions ay/ax = Pe(y­I),

az/ax = Pe(z­l) at x = 0 and ay/ax = 0, az/ax = ° at x = 1. Here

S'Y'Ya,Pe, Le (Peclet and Lewis numbers) are positive constants, and
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r(y) = a exp(-ajy) with positive a,a.

It is physically clear that the (nondimensional) temperature y

and concentration z must always be nonnegative. In fact, this sys-

tem of equations defines a dynamical system on

C = {(y,z) E Hl(O,l; wh I y(x) > 0, z(x) 0 on 0 < x < U.

To see this, note first that r(y) may be set equal to zero for

y 0, and we would then have a dynamical system on Hl(O,l; ffi2), since

the right-side grows at most linearly (Cor. 3.3.5). Next consider the

operator u + -uxx + Pe Ux + AU for A > 0 and C2 functions u

satisfying the boundary conditions: Ux Pe(u-l) at x = 0; Ux = 0 at

x = 1. If -uxx + Pe U
x

+ AU > 0 on 0 < x < 1, it follows easily

(max. principle [81]) that u > 0 on 0 < x < 1. (Otherwise examine

the point where a negative minimum occurs, and obtain a contradiction.)

We say (y,z) E L2(0,1; ffi2) has (y,z) > 0 if y(x) > 0 and z(x) > 0

a.e. in 0 x 1; then we may apply the results of exercises 7 and

8, sec. 3.3, since (y,z) 0 implies (Bz r Iy ) + Y(Ya- Y) , -zr(y)) +

K(y,z) 0, if K > 0 is sufficiently large. Thus C is a positively

invariant set, and we have a dynamical system in C.

Example 3. One can define dynamical systems generated by nonautonomous

differential equations, following Sell (89]. This approach will not

be developed here but may lead to interesting results.

unstable if it is not

cally stable if it is

V = {y E C: dist(x,y)

C

positive

such

a dynamical system on

O} = the orbit (or

equilibrium point if

there exists p > 0

{Set), t O} be

y(x) = {S(t)x, t

We say x is an

periodic orbit if

t p l f' {x } .

(or sometimes, the point x) is stable if

+ x, Y E C, uniformly in t 0; i.e. if for any

a(e:) > 0 such that for all t 0, dist(S(t)x,

dist(x,y) < a(e:), y E C. An orbit y(x) is

stable. An orbit y(x) is uniformly asymptoti­

stable and also there is a neighborhood

< r l such that

Let

whenever< e:

there existse: > 0

S(t)y)

and for any x E C, let

semi-orbit) through x.

y(x) = {x } ; y(x) is a

that y(x) = {S(t)x, 0

An orbit y (x)

S(t)y + S(t)x as y

Definition 4.1.2.

dist(S(t)y,S(t)x) + 0 as t + +00,

uniformly for y E V.
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Exercises

(1) If y(x) is unstable, then so is y(y) for any y E y(x).

Does the corresponding result hold when y(x) is stable?

(2) If Y E y(x) and y(y) is stable, then y(x) is stable.

(3) If y(x) is stable, then it is also orbitally stabl-e, i.e.

y + x, Y E C, we have dist{S(t)y, y(x)} + 0

uniformly in t > O. The converse implication fails.

Orbital stability is the notion required for studying

periodic orbits (Ch. 8).

Definition 4.1.3. Let {S(t), t > O} be a dynamical system on C. A

Liapunov function is a continuous real-valued function V on C such

that

vex) _ lim 1. {V(S(t)x) - V(x)} < 0
t+O+ t -

in most examples

for all x E C. We do not exclude the possibility

forth we use the notation Ilx-yll = d.i s t i xvy l , since

we use the induced topology of some Banach space.

Vex) Hence-

Theorem 4.1.4. Let {S(t), t O} be a dynamical system on C, and

let 0 be an equilibrium point in C. Suppose V is a Liapunov func-

tion on C which satisfies V(O) = 0, Vex) c (11x1D for x E c,
Ilxll = d i s t Ix j Dl , where c I ") is a continuous strictly increasing func-

tion, c(O) = 0, and c(r) > 0 for r > O. Then 0 is stable.

Suppose in addition that Vex) < -c I dl x II), where c I (.) is also

continuous, increasing and positive, with cI(O) = O. Then 0 is

uniformly asymptotically stable.

Proof. For each k > 0 define Uk = {x E C: Vex) < k}; each Uk is

a neighborhood of O. Also, each Uk is positively invariant: x E Uk

implies V(S(t)x) Vex) < k for all t > O.

If Vex) c(llxll), then for any e: > 0, there exists k = c(e:»O

such that Vex) k implies Ilxll c . And by continuity of V, there

exists <5 > 0 such that IIxll < <5 implies x E Uk' so S(t)x E Uk

for all t 0, so IIS(t)xll £ for all t > O.

Now V(S(t)x) is a nonincreasing function of t, bounded below

by zero. Let 9, = lim V(S(t)x); if 9, > 0 then inf IIS(t)xll is
t++oo t>O

positive so sup V(S(t)x) < -m for some m > O. But this contradicts
t>O
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the fact V(S(t)x) > 0 for all t > O. Thus V(S(t)x) and

tend to zero as

x E C (for some
maximal solution

t +00. In fact, this is true uniformly in

E:O > 0) since V(S(t)x) vet) where v(')
[18, p. 28] of

IIS(t)xll

II x II E:O'
is the

dv -1
dt + cl(b (v)) = 0, t> 0, v(O) = V o

where b is continuous and increasing with Vex) bdlxlD, b(O) = 0,

and V o = sup {V(x): Ilxll E:O} ' If E:O is sufficiently small,
cl(b-l(s)) is continuous on 0 < s < vO' and vet) 0 as t +00.

au = a
2u

_ u3Example 4. at 2 (0 < x < TI, t > 0), u(O,t) = 0, u(TI,t) = 0,
ax 1

defines a dynamical system in HO(0, o) . (Compare with example 3.6

above.) Define V (u) = fTIolu(x) IPdx for any P > 2; then V is con-p - p

tinuous in and Vp(u) = -p f6lulp+2dX -

so Vp(u) -p _PTI- 2/ p(V
p(U))P+2/

P (by Holder's ineiual-

ity). Taking p = 6 shows that we have a dynamical system on HO(O,TI),
and that any solution u(· ,t) satisfies f;lu(x,t) IPdx 0 as

t +00, for any p 2. To show convergence in we use a
different Liapunov function:

Then W(u) > 1"u"\, W(·)
n H2 (0 , TI ) HO

is continuous on and

u(',t) is
differenti-

W(u)

W(u) < 0It follows that

= -fTI{U -u3}2dx.o xx

Ifor all u E HO(O,TI). (Note: if
a solution for t > 0, then t W(u(· ,t)) is continuously

able for t > a, and for some t* in (O,t)

1
t{W(u(. ,t)) W(u(· ,0)) W(u(',t*)) < 0).

In fact TI 2 TI 2 for 1fa u dx > f o uxdx u E HO(O,TI) soxx -

-W(u) r 2 + 6 f: u2u2dx J: u
6dx r 2= u dx + u dx

o xx x o x

W(u) 2 1 follows.< -II u II l' and uniform asymptotic s t ab i.Li ty in HO(O,TI)
HO



86

Exercise 4. Let {Set), t O} be a dynamical system on C, and let

B be open in C. Let L(t) be the restriction of Set) to B; then

for each x in B, there exists maximal T(x), 0 < T(x) 00, such that

{L(t)X, 0 t < T(x)} is in B. This family of maps satisfies:

(i)

(ii)

if x + x in B and 0 < t < T(xO) ' then T(xn)
> tn 0 -

eventually and L(t)Xn + L(t)XO
in B',

if x E B, t + LCt)x is continuous for 0 < t < T(x)

into B',
(iii)

(iv)

L(O) = identity on

if x E B, t,T 0
L(t+T)X.

B',
and t r r < T(x) then L (t) (L (T) x )

X is locally Lipschit­

defines a local dynami­

Such a family {L;T} we call a local dynamical system on B. Examine

stability notions for local dynamical systems.

Exercise S. If A is sectorial in X, f: Xa +

zian for some a < 1, then dx/dt + Ax = f(x)

cal system {L,T} on any open set B c Xa .

If II f (x) II < M < 00 for all x E B, define g (x) =

Ib for x E Xa, where = I if 0 y M, = M/y

if y M. (Note is Lipschitz continuous on m+.) Then

+ Ax = g(x) defines a dynamical system on Xa whose restriction
to B is {E,T}.

4.2 Converse theorem on asymptotic stability

Theorem 4.2.1. Consider the equation

dx/dt + Ax = f(x)

where A is sectorial and f is Lipschitz continuous from a neighbor­

hood of 0 in Xa (some 0 < a < 1) to X, with f(O) = O.

Suppose x = 0 is uniformly asymptotically stable (in Xa ) .

Then there exist positive constants B,K and r, a continuous strictly

increasing function a(s), 0 s r, a(O) = 0, and a real­valued

function Vex) defined for Ilxll < r such that
a ­

(i) a(lIxllJ Vex) K1lxlla

(ii) Iv(x) - V(y) I KIIx­YII a

(iii) Vex) < ­BV(x)
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for Ilxll < r, Ilyll < r.a - a -

Remark. The proof below follows T. Yoshizawa, Stability Theory by

Liapunov's Second Method, Univ. Tokyo Press (1966).

Proof of the theorem. Assume "o > 0 so small that IlxOll a "o
implies x(t;xO) exists for all t:: 0 and Ilx(t;x o) lI a 8(t) .... a as
t .... +00. We assume that 8(t) has a continuous negative derivative,

and T(E) is the inverse function: T(8(t)) t, so T(E) is continu-

ous on 0 < E 8(0) and T(E) .... +00 as E .... 0+.

If r O is small enough, f is uniformly Lipschitzian on

ball of radius 8(0) and xO .... x(t;xO) has Lipschitz constant

(for some constants L,M) when IlxOlla "o: Now define

geE) exp{-(S+M)T(E)}, g(O) 0,

for any S > O. Also

1Gk(z) max(O,z - k)' k > 1

and for k

Observe that this supremum may be taken only on the interval
1a < t Tk = T(k+l)' and so

1 STka < Vk(x O) < g(k+l)e 8(0) 8(0)

IVk(x O) - Vk(yO) I : sup {e(S+M)tL IlxO-YOlla)

1 (S+M)Tk
< g(k+l)Le Ilx o - Yolla

LII xa - YO II a .

Finally, for small h > 0,



so Vk(x O) -8Vk(xO)'
If we let Vex)
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00 _ k
I 2 Vk(x), Ilxllex:: r, then

k=l

IV(x) - V(y) I Lflx-yll r:1 Vex) < -8V(x), V(O) 0

and if 0 < /I x /I < r,ex -

and a(') is Lipschitz continuous and strictly increasing.

Remark. If we choose smooth functions behaving like the Gk, we can

have a(·) also smooth.

Exercise 1*. Let T be a Lipschitz continuous map of a neighborhood

of 0 in a Banach space X into X, with T(O) = O. We will say

that 0 is asymptotically stable if there is a neighborhood V of

the origin such that Tn(x) is defined for all n > 0 and all x E V

and

Prove (in analogy with Theorem 4.1.4 and 4.2.1 above) the nec-

essary and sufficient condition that 0 is asymptotically stable is

the existence of positive constants K,r and e < 1, a continuous

strictly increasing function a(s), 0 < s r, a(O) = 0, and a real-

valued function Vex) for II x II r such, that

a (II xii) < Vex) < Kllxll-

Iv(x) - V(y) I < Kllx-yll for II xii < r, II Yll < r

and V(T(x)) eV(x) near O.

Find such a Liapunov function proving stability of x = 0 for

x -+ x-x 3: IR -+ IR.

Now consider (EE): dx/dt + Ax = f(X,E), where f(O,O) = O. We

prove a weak version of stability with respect to constantly acting

disturbances [62, 41]; a stronger result is outlined in exercise 3.

Suppose

with E =

Corollary 4.2.3.

equation (EO)

x = a is asymptotically stable for the

O. Also assume IIf(x,E)-f(y,EJII < Lllx-YIIex - ex
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Ilf(x,E)-f(x,o)ll a + 0 as E -+- 0, uniformly in Ilxllas r .

Then there exists a neighborhood

{llx/l a < r l , which is positively

is sufficiently small.

U of the origin in Xa , U c

invariant for (EE) whenever

Proof. Let

for (EO)'

of (EE)'

Vex) be the Liapunov function provided by Theorem 4.2.1

We will estimate the derivative VE of V along solutions

-.- 1
11m h(V(x(h,xO,E)) - V(x O))h+O+

. -.- 1
< V(xO) + 11m h(V(x(h;xO,E)) - V(x(h;xO'O))

h+O

1
< V(xO) + K(r)lim h l/x(h;xO,E) - x(h;xO'O) tl a .

h+O+

Now assume II XoII a < rand t > 0 is small;

f
t -A(t-s)

xE(t)-xO(t) - x(t;XO,E)-X(t;xO'O) = 0 e [f(xE(s),E)-f(xO(s),E))ds

ft -A(t-s)
+ 0 e [f(xO(s),E)-f(xO(s),O)]ds

M ftoso IIXE(t) -xo(t) 1/a LII XE(s) -x o (s)11 ads + Mt 6 (E) ,

6(E) = sup Ilf(x,E)-f(x,O)1I .
II xII <r aa-

Thus M2h 6(E) for sufficiently small h> 0,

so

Choose > 0 so that

U = {x; Vex) < l} c < r}

When V(xO) = l, then V(x
O)

-8V(x O) < and so

K(r)M26(E) < 0 provided lEI is sufficiently small.

that, if V(xO) < then V(x(t;XO,E)) < for all

is positively invariant.

V (x O) < +
E -

But this implies

t > 0, Le. U
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+uxx

Exercise 2. It is proved below (4.3, example) that the zero solution
Iis globally asymptotically stable (in for u t3au-Su , a < x <

u(O,t) = 0, 0,

when a = 1 and B > 0. Assuming this, prove there exists, inside

any given neighborhood of the origin a neighborhood U of the origin

in which is positively invariant whenever la-II is suf-

ficiently small (fixed S > 0). Can you generalize t0
3

ut = uxx +

f (x,u(x,t)) where f is smooth and fO(x,u) = u-Bu? What about
E E 3

u t = uxx + f£(x,u(x,t) ,ux(x,t)) with fa = u-Su ?

Exercise 3*. Referring to the exercise I on asymptotic stability of a

fixed point under iteration of a map, prove the generalization of Cor.

3.9.6, when it is assumed merely that IIf(x,£)-f(y,£)11 Lllx-Yil a for

l\lell a, rand Ilf(x,£)-f(x,O)11 ->- 0 as £ ->- 0, uniformly in
< r. Take T as the map Xo ->- x(l;xO,E), translation alonga - E

the trajectory for one time unit and use the Banach space Xa ; x = °
is asymptotically stable under iteration of TO in this space.

Exercise 4. Suppose A is sectorial in

borhood of ° in Xa and f: ffi x U ->- X
in t and uniformly Lipschitz in x:

X, ° < a < 1, U is a neigh-

is locally Holder continuous

for xl'xZ in
asymptotically

exists V(t,x)

U. Suppose

stable. (See

with

f(t,O) = ° and x = a is uniformly

sec. 5.1 for definition.) Show there

IV(t,x) - V(t,y) I : B II x -y lia

B Ilxlla V(t,x) a(llxllJ

and if dx/dt + Ax = f(t,x) on (t,t+hJ

V(t,x(t)) lim - V(t,x(t))} -V(t,x)
h->O+

(for all
and a (.)

t and for Ilxll < r ) , Here r,B are positive constants
Cl -

is a continuous strictly increasing function.
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(Hint: in analogy with the proof of Th. 4.2.1 take

4.3 Invariance principle

Despite the converse theorem above, finding a Liapunov function

in any particular case is usually difficult, and finding one satisfying

all requirements of Th. 4.1.4 is even more difficult. J. P. LaSalle

developed an "invariance principle" for ordinary differential equations,

extended to other dynamical systems by Hale [38], which enables us to

exploit Liapunov functions which do not satisfy all the conditions of

Th. 4.1.4.

Defini tion 4.3.1- Let {S (t) , t > O} be a dynamical system on a com-

plete metric space C. A set K c C is invariant if, for any Xo E K,

there exists a continuous curve x: lR ->- K with x (0) = Xo and

S(t)X(T) = X(t+T) for -00 < T < 00, t > O.

or for

is the orbitXo E C, y(xO) = {S(t)xO; t > O}

w-Zimit set (omega limit set) for

Definition 4.3.2. If

through xo' then the
the orbit y (x O) is

w(x O) = w(y(xO)) = {x E C I there exist t n ->- 00 such that S(tn)xO ->- x}.

n Closure{S(t)xO: t > T}
T>O

Theorem 4.3.3. Suppose

set in C; then w(x O)
and dist(S(t)xO'w(xO))

Xo E C and

is nonempty,

->- 0 as t->-

{S(t)xo' t O} lies in a compact

compact, invariant, and connected,

Proof. By the exercise above, w(x O) is the intersection of a decreas-

ing collection of nonempty compact sets, so w(x O) is compact and
nonempty.
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t +00
n'

lim S(tn -l)xO = Y1
n--» 1
diagonal subsequence in the usual way (cf. [38]) we find

such that for j = 0,1,2,3, ...

To prove invariance, note that if YO w(x O) then there exist

t n +00 such that S(tn)xO YO' hence for any t > 0, S(t+tn)xO
S(t)yO: Set) (w(x o)) c w(x o)' so w(x o) is positively invariant. Now

by compactness, there exists a subsequence t +00 such that
n 1

exists. Taking further subsequences, and then the

Define yet)

tent because

S(t+j)y. if
J

> -t, j > 0, -00 < t < 00; this is consis-

S(t+k)Yk = S(t+j)yj when k > j > -to

This curve satisfies the requirements of definition 4.3.1.

If w(xO) is not connected, there exist nonempty closed dis-

joint sets A,B such that w(x O) = A U B. But then A,B are compact

and dist(A,B) = 30 > O. There exist tn,tn' +00, t < t' < t l' suchn n n+
that dist(S(tn)xo,A) < 0, < 0 so there exists

in t n < < with > o. But lies in
a compact set, and any accumulation point y of this set lies in

w(x O) but also has dist(y, AUB) 0 > 0, a contradiction. Simi1ari1y,

by compactness, there cannot exist t n +00 with S(tn)xO bounded

away from w(xO)' so S(t)xO w(x O) as t +00.

Theorem 4.3.4. Let V by a Liapunov function on C (so Vex) < 0)
-

and define E = {x c: Vex) O}, M = maximal invariant subset of E.

If {S(t)xo' t > O} lies in a compact set in C, then S(t)xO M as-
t +00.

Proof. By hypothesis, V(S(t)x O) is nonincreasing for t > 0 and is

bounded below so £ = lim V(S(t)x O) exists. If y w(xO)' then

V(y) = £, so also V(S(t)y) = £, t 0, and so V(y)

w(x O) c E, so w(x O) c M and the result is proved.

o. Thus

Remark. For dynamical systems defined by dx/dt + Ax = f(x) with A

sectorial and having compact resolvent, bounded orbits are generally

precompact (see Th. 3.3.6), and boundedness of orbits frequently follows
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from the existence of a Liapunov function such that {x C: Vex) < k}

is a bounded set for appropriate k > O.

Theorem 4.3.5. Assume Xo is an equilibrium point in C, N is a

neighborhood (in C) of Xo and U is an open set in C with Xo
in the closure of U. Assume (i) V is a Liapunov function on G,
G = NnU; (ii) the only possible invariant set in G n {x: Vex) = O} is

{xc}; (iii) V(x o) = n , Vex) < n for x G<,{xO}; (iv) Vex) = n on
N naG.

If NO is any bounded neighborhood of Xo properly contained in N,

if xl E G n NO"""{xO}' then either YTXiT, the closure of the orbit, is

a noncompact subset of G n NO' or S(t)x I E aNO for some t > O.

Proof. If Y(x I) c NO then Y(x I) c GnNO; for V(S(t)x l) V(x l) < n

for all t > 0 so V(S(t)x l) cannot reach aG n N, by (iv). If
Y(x I) is in a compact subset of G n NO' then w(x I) is a nonempty

invariant set in GnNO n {V = O} so w(x l) = {xO}, But V(w(x I))
V(x l) < V(x O)' a contradiction.

Example. for 0 < x < TI, t > 0

> 0, the orlgln

a < 0, the

0, the origin is

is a solution

u(O,t) = 0, u(TI,t) = 0

where a is a nonzero constant. We prove that if a

is globally asymptotically stable in and if
Iorigin is unstable in HO(O,TI). (Note that, for a =

stable but not asymptotically stable: u(t,x) = c sin x

for any constant c.)
Taking A = _d2/dx 2 in L2(0,TI), it is easily seen that the

1 I
initial-value problem is well-posed in = HO(O,TI). For

E define

= - + a/2

a continuous polynomial functional on Using the (local)
dynamical system defined by this differential equation on bounded sets

Iin HO(O,TI),
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for ¢ E D(A), so v is a Liapunov function.
a IT 4If a > 0 then V(¢) "2 f O¢ dx and for any solution u(x,t),

7 V(U(',t)) V(u(' ,)), so u
4dx

and u
2dx

are

bounded, so also Ilu(' ,t) II 1 is bounded, and we have a dynamical sys-
1 Hn

tern on HO(O,IT) with all orbits bounded. But A has compact resolvent

(as an operator in L2(0,IT)) and it follows by Th. 3.3.6 that every

orbit is precompact. Thus u(',t) w(u(',O)) c {¢ I V(¢) = O} in

as t +00 But V(¢) 0 implies

¢" + ¢ - a¢3 = 0 on (O,IT), ¢CO) 0,

so (multiplying by ¢ and integrating)

a I: ¢4dx = I:(¢"+¢H dx = I:{_(¢,)2+¢2}dX 0

1which implies ¢ = O. Thus u(·,t) 0 in HO(O,IT) as t +00,

provided a > O.

Now suppose a < 0, and consider again the functional V but

restrict attention to the set

1
G = {¢ E HO(O,IT): V(¢) < O}

Observe that

tinuous and

G is a nonempty open set in

¢ E G whenever ¢(x) = c sin

1
HO(O,IT) ,

x , c f o.
since V is con-

Exercise 2. If a < 0, ¢" + ¢ - a¢3

and ¢ 0, then

o on (0, n } , ¢CO) 0,

.z, = IC d¢ for some c > 0
2n 0 Ic2_ a 4 2 a 4

v I C -¢+"2¢

and some integer n > 1. This follows from (¢,)2 + ¢2 - 7¢4

constant for 0 x < IT.

ITChanging variables, the requirement is 2n J(c) J(c) =

Tr/2 a 2 . 2 -1<
f O [I - "2 c (l+sln 6)J 2d6. But J(O+) IT/2, IT/2 > J(c) > IT/4 if

o < c < /37TiT. Thus the only solution ¢ having max I¢(x) I /37TiT
is ¢ _ O.
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Example, continued. Choosing N as a small neighborhood of the origin,

it follows that V(¢) = 0, ¢ E N, only if ¢ = O. Then Th. 4.3.5

applies (with n = 0) and if ¢ E N, V(¢) < 0, then the solution

u(· ,t;¢) with initial-value ¢ eventually reaches aN. In particu-

lar, the origin is unstable. Observe that Th. 5.1.1 and Th. 5.1.3

below do not apply, since the linearization has a zero eigenvalue.

This example is also discussed using the critical manifold in section

6.3.

Exercise 3. If a < 0, examine Vl(¢) = -f; ¢(x) sin x dx in the cone

C = {¢ E I ¢(x) > 0 on 0 < x < I}. Observe that Vl(¢)

a f; ¢3(x)sin x dx < 0 for ¢ E C, but Th. 4.3.5 does not apply
1directly, since C has no interior in HO(O,n).

Show C is positively invariant; then apply Th. 4.3.5 to the
1dynamical system on C. (With the induced topology of HO(O,n), C is

a complete metric space.) Prove that, if Uo E C,{O}, then u(t;u O)
eventually leaves every bounded set in C, and in fact Vl(u(t;uO)) -+ 00

in finite time. (Alternatively, use an argument like that of the final

example in sec. 3.1.)

Exercise 4. (Kastenberg, [55]). A simple model of feedback control

of a nuclear reactor leads to a¢/at = a2¢/ax 2 + A¢ - p¢2 (0 < x < n),

¢(O,t) = 0, ¢(n,t) = 0, where A,P are positive constants. Here ¢
is the neutron flux, which must be nonnegative; but a maximum principle

1argument shows C = {¢ E HO(O,n): ¢(x) > 0 on 0 < x < n} is a

positively invariant set (see 3.3, ex. 9). Using the Liapunov function

V(¢) = - A¢2 + 2p/3 ¢3}dx for ¢ E C, V(¢) (l-A)II¢112 +

1.L 11¢113 where hll = ¢2dx) !:2 . It follows that we have a dynamical
3ITI

= 0, then either (i) 0 < A 1

or ¢ is the unique solution

and if A > 1, II¢C. , t) - ¢+11 1 -+
HO

this last result, examine also

system on C.

If ¢ E C, V(¢)

(i i) A > 1 and ¢ = 0
2¢" + A¢ - p¢ = 0 on

o < x < n. It follows
(O,n), ¢CO) = 0, ¢(n) = 0, ¢Cx)

that when A < 111¢(',t)ll l -+ 0
HO

o as t -+ +00 unless

x dx.)

and ¢ 0, or
+ of¢

> 0 on

as t -+ +00,

¢Cx,O) - O. (For
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We end this section with some simple results on asymptotically

autonomous equations, following Sell [89].

Theorem 4.3.6. Suppose A is sectorial in X and has compact resol­

vent, and suppose U is an open set in Xa , a < 1, and f: m+ x U X
is locally Lipschitzian and fQR+ x B) is bounded in X for any

closed bounded B cU. Finally assume Ilf(t,x)­g(x) II 0 as t "',

uniformly in a neighborhood of each x E U, and g(') is locally Lip­

schitzian in U.

x (. )

Then if dx/dt + Ax = f(t,x) for

which is in a closed bounded set

t > to 0 has a solution

B c U on to < t < "', then

dist {x(t),M} 0 as t "',
Xa

where M is the maximal invariant subset of B for dy/dt + Ay = g(y).

Proof. First note {x(t)}t>t is in a compact set K c B (Th. 3.3.6) ,
­ 0

so sup II f(t,x) ­g(x) II 0 as t '" Suppose yO is any limit point
xEK

of the solution so yo = lim x(t ) for some t ""* +00. If yet) is a
n+co n n

solution of dy/dt + Ay = g (y) , t > 0, and y (0) yo' then y (t)

exists for all t > O. For otherwise there exists 0 < T < '" so that

the solution exists on [O,T] and YeT) f B. But, by continuous

dependence (Th. 3.4.1), sup IIY(t)­x(t+t )11 0 as n "', a contra­
O<t<T n a

diction.

a subsequence {t ,}
n

k = 0,1,2, ... , and

Now (cf. proof of Th. 4.3.3) there exists

of {t} such that lim x(t ,­k) = Yk exists for
n n

it follows that the solution y(.) can be extended on ­'" < t < '"

with

point
y(­k) = Yk' k = 0,1,... This proves

yo of the trajectory, hence x(t) M

yo E M, for every limit

as t '"

Theorem 4.3.7. Suppose A, f, g as above but assume also f (t, 0) ­ 0

and g (0) = 0, and assume that y = 0 is uniformly asymptotically

stable for the limiting equation dy/dt + Ay = g(y). Then x = 0 is

uniformly asymptotically stable for dx/dt +Ax = f(t,x) , t > to > O.­

Proof. Let T(xO) = y(l;xO)' the "time one" map for dy/dt + Ay = g(y),

yeO) = xO' Similarly let Tt (x O) = x(tO+l;tO'xO) for dx/dt + Ax =
o

f(t,x). Observe that II Tt (x) ­T(x) II 0 uniformly in a neighborhood
o a



x(t;to'xo) E U on

t to. Therefore
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of 0 in as to + +00.

Choose any E > 0, sufficiently small that on BE

{x E I Ilxll < e l , we have liT (x)-T(x) II + 0 uniformly; byexer-
to

cises 1 and 3 of sec. 4.3, there is a neighborhood U of the origin,

contained in BE' and such that U is positively invariant under any

Tt with to > C C(E). We may also assume, by continuous depen-
o

dence, that X o E U implies Ilx(t;to'xO) < E on 0 t-t o 1, and

also (by asymptotic stability of the limiting equation) that E

implies IITn(xO) + 0 as n + 00.

Now if a = a(E), some a> 0, then

o to < t C(E), so Ilx(t;to'xo) E for all
by the previous theorem

as t + +00,

since M = {a} is the only invariant set in B .
E

Remark. Exercise 5, sec. 5.2, involves an asymptotically autonomous

system, but the limiting equations do not have an asymptotically stable

equilibrium.



Chapter 5

Neighborhood of an Equilibrium Point

5.1 Stability and instability by the linear approximation [79, 59]

Let A be a sectorial linear operator
and let f: U X where U is a cylindrical

(for some C! < 1) of (T ,00) x {x
O
} . We say

point if x(t) = Xo is a solution of

in a Banach space X,
neighborhood in m x xC!

Xo is an equilibrium

dx
dt + Ax = f(t,x),

i.e. if Xo D(A) and AxO = f(t,x O) for all t > to'
A solution x(·) on [to ,00) is stable (in XC!) if, for any

> 0, there exists <5 > 0 such that any solution x with "x (t o)­
x(t o) IIC! < <5 exists on [to'oo) and satisfies Ilx(t)­x(t) IIC! < for
all t to; that is, if Xo x(t;to'xO) is continuous (in XC!) at

Xo = x(t O) ' uniformly in t to' The solution x is uniformly stable

if Xl» x(t;tl,x l) is continuous as Xl x(t l), uniformly in

t t l and t l to'
The solution x(') is uniformly asymptotically stable if it is

uniformly stable and x(t;tl,x l) ­ x(t) 0 as t­t l +00, uniformly

in t l to and II Xl ­x(t l) II C! < <5, for some constant <5 > O.

Simple examples of these and other related stability notions
are in [11, 37, 62, 68, 89].

Theorem 5.1.1. Let A,f be as above and let Xo be an equilibrium

point. Suppose

f(t,xO+z) = f(t,x O) + Bz + g(t,z)

x, on

for some

X and

f(t,x)

where B is a bounded linear map from xC! to

0(11 zll) as II zll 0, uniformly in t > T, andC! C!
Holder continuous in t, locally Lipschitzian in

If the spectrum of A­B lies in {Re A > B}

or equivalently if the linearization

Ilg(t,z)lI=
is locally

U.

B > 0,

dz
dt + Az Bz
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is uniformly asymptotically stable, then the original

solution Xo uniformly asymptotically stable in Xa .
there exist p > 0, M 1 such that if to > T and
then there exists a unique solution of

equation has the
More precisely,

Ilxl-xOlla p/2M

dx zdt + Ax = f(t,x), t > to' x(t O) xl

existing on to < t < 00 and satisfying for t to

-B(t-t O)
Ilx(t;tO,xl)-xOlla 2Me Ilxl-xOlla.

Proof. Under the stated hypotheses, L = A-B is sectorial and if

a < B < B' < Re a(L), there exists M 1 such that for t > 0, z E X
a
,

Ile-Ltziia Me-B't Ilzll a

Ile-Ltziia Mt-ae-B't Ilzll.

Choose a > a so small that

foo -a -(B'-B)s
Ma s e ds < 1/2,

a

and choose p > a so small that

Ilg(t,z) II < allzlla for Ilzlla p , t > T.

if II xl -x OII a p/2M, the solution
on some time interval. As long as

Let z(t) = x(t;tO'xl)-xO;
will exist and have II z (t) II < pa -
liz(t) II remains less than P, we havea

-L(t-t O) ft L(t s)
Ilz(t)ll a= lie z(tO) + t e- - g(s,z(s))dsll a

- B(t - t ) a ft ,(
< Me a II z (to) II a + aM t (t-s) -ae -B t-s)

t a
< p/2 + poM Loo (t_s)-ae-B'(t-s)ds < o .

II z (s) II a

t l chosen as large as possible,
But the second case contra-

If II z (t) II a < p on to t < t l with
then either t l = +00 or Ilz(tl)lla=p.
dicts this calculation, so the solution

for all t to'

exists and has Ilz(t)l! < pa
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+ Mo r (t_s)-ae-(B'-BHt-s)ds'u(t)

to

+ } u(t),

B(s-t O)
If u(t) = supi l] z (s)11 ae ,

B(t-t O)
Ilz(t)llae < MIlz(tO)ll a

then

continuously differen-

0, p(O) = 1, and
dx/dt + p(x)Ax = f(x)

and so u(t) < 2M Ilz(tO)ll a, as claimed.

a + aExercise 1. Suppose p: X ffi ,f: X X are

tiable near the origin, A is sectorial, f(O) =

Re o(A-Df(O)) > O. Prove the zero solution of

is uniformly asymptotically stable in Xa .
(Hint: first change the time variable as in Ex. 2, Sec. 3.3.)

Exercise 2*. Suppose is a family of nonlinear operators from
a Banach space X to itself with Tn(x) = Lx + Nn(x), L a continu-

ous linear operator and liN (x)11 = o(llxll) as x 0 uniformly inn
n > 1. Assume the spectral radius r(L) < 1. Prove there exists

p > 0, M > 0, a < 1, such that if Ilxoll < p/M and xn = Tn(xn_ l) for

n = 1,2, ... , then IIxnll Man Ilxoll.
(Hint: if r(L) < v < 1, there exists an equivalent norm on X,
co

Ilxll* = L v- n IILnxll, in which L has norm < v , IILxll* < vllxll*.) If
n=O

we define Tn(xO) = x(tO+n;tO+n-l,xO) on Xa , this gives another
proof of Th. 5.1.1.

Theorem 5.1.2 (Asymptotic behavior).

but assume Ilg(t,z)11 = o(llzll l+ o) asa
for some 0 < o.

Let A,f be as in Th. 5.1.1,

II zll a 0, uniformly in t T,

Assume also that with L = A-B, o(L) c {B} U {Re A > 13 ' } , where

13 is a simple positive eigenvalue of L and 13 ' > 13 > O. Then for

any y in 13 < y < mineS' ,13(1+0)), there exists p > 0 and M so

that II xl -xoll a :: p/2M implies

-set-to)
x(t;tO'xl) = Xo + K(xl,tO)e + E(t,t O)

-y(t-t )
where IIE(t,to)ll a:: c Ilxl-xOllae 0 Here K(xO,t O) = 0 and
K(· ,to) is a continuous map from a neighborhood of Xo in Xa into
the one-dimensional space N(L-BI), and if El is the associated pro-
jection onto N(L-BI),
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Proof. Let X = Xl ffi X2, Xl
satisfies for t > 0

N(L-SI), X2 R(L-SI); then L2

Also, by Th. 5.1.1, if 0 < se < S, there exists p > 0 such that
-se(t-t)

II z (t; to' zO) II a 2M II zJI o.e 0 , provided

assume se (1+0) > y. Writing z (t; to' zO) =

-L 2 ( t - t O)Xl ffi X2, it follows z2(t) = e E2z 0

converges, so

II zoll a < p/2M. We may

z(t) = zl (t) + z2(t) E

+ I
t -L2(t-s)

e E2g(s,z(s))ds
to

M IIE2zoilo. + C < Cl !lzOllo. for some con-
y(t-t )

so II z2 (t)1I o. e 0

stants C, Cl.

I
co S(s-t)

Also e 0 Elg(s,z(s))ds
to

is well defined. Finally, E2K l(ZO,t O) = 0 and

1 0 Ico S( s - to) - Se(1+0) (s - to)
IIKl(zo,to)-Elzollo. C2 IIzollo.+ e e

to

Remark. Another approach to study of asymptotic behavior is outlined

in ex. 7 and 8 below. This approach allows us to use the detailed re-

sults available for finite dimensional ODE's.

Example. (In the theory of combustion: see (34)). If rl is a

bounded smooth domain in ffi3, and n,T are the (nondimensional) con-

centration and temperature of a substance consumed in a first-order

exothermic reaction, we might expect

an/a t Den - e:nf(T) in an
e , av o on

ar /a t = t,T + qnf(T) in rl, T = 1 on arl

where D,q,e: are positive constants, e: small, and f(T) exp(-H/T) ,
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H is a positive constant. It is not difficult to show that, if

T > 0, n > 0 at the initial time, then these remain true for all later
- - 1 2

time (cf. sec. 4.1, example 2). Further (n,T) -+ (0,1) in H (rI,lR)
1 2as t -+ 00 (for d/dt 2 n dx : 0 and it follows easily that

nf(T) is bounded in L2 so (n,T) remains bounded in H2 ( rI ) . )

But the linearization about (0,1) has A 0 = d(l) as a simple
-1eigenvalue with eigenfunction (nO,TO)' nO(x) = 1, TO = + 1. 0) qf(l),

and all other eigenvalues in Re A > c > 0 for some c independent

of (small) £ > O. Applying Th. 5.1.2, we see as t -+ +00, (n,T)

-At -ZAt
(0,1) + 0 + O(e 0) for some constant > O. Infor-

mation on the behavior of this system when £t is not necessarily

large can be found in sec. 6.1.

Theorem 5.1.3. (Instability). Assume A is sectorial and f(t,x) is

locally Lipschitz in x, Holder continuous in t on a cylindrical

neighborhood of ffi x {x O} in ffi x Xa • Assume also AxO = f(t,x O) for

t to'

f(t,xO+z) = f(t,x O) + Bz + g(t,z), g(t,O) = 0,

and k(p) -+ 0 as p -+ 0+.

If L = A-B, assume o(L) n {Re A < o} is a nonempty spectral

set. Then the equilibrium solution Xo is unstable. Specifically,

there exist £0> 0 and {x, n > I} with Ilx -xoll -+ 0 as n -+ 00,n - n a
but for all n,

sup Ilx(t;to'x )-xoll > £0 > O.
t>t n a -
- 0

Here the supremum is taken over the maximal interval of existence of

x ( . ; to' xn) .

Remark. The corollary to Th. 5.1.5 below proves instability with

weaker assumptions on o(A-B).

Proof. Let 0 1 = o(L) n {Re A < o}, O2
be the corresponding decomposition into
(j = 1,2)

= o(L)'ol' and let X =

L-invariant subspaces, and
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0(1. )
J

o.
J

where Lj = restriction to L to Xj,

For some 8 > 0, M > I we have the following estimates: for t > 0,

and for t < 0,

Now for small aa E Xl' consider the integral equation

Y(t ) =
-LI(t-T)

e a + I
t -L (t-s)
e I Elg(s,y(s))ds

T

f
t -L (t-s)

+ _00 e Z EZg(s,y(s))ds, for t < T.

Choose p > 0 so small that

Then if a E II a II a p/ZM, we shall prove the integral equation has
Z8(t-T)a unique solution y (t) on < t < T with 11 yet) IIa pe .

In fact, denoting this solution Yet) y*(t;T,a), we show

and IIY*(T;T,a)ll a illallao Also y*(o;T,a) is a solution of

dzdt + Lz = g(t,z) for t < To

The conclusion follows from this, for if zn = y*(to;tO+n,a), then

the solution z(t;tO,zn) has z(t;tO,zn) = for

to 'S t 'S to+n, sup Ilz(t;to'z )11 II z ( t o+n ; t o , z )1I zllall > 0, whilet>t nan a a
- 0

... 0 as n'" 00 0liz II < pe- Z8n
IT a -

Now the integral equation above defines a strict contraction on
the space of all continuous y: (-OO,T ] ... xC( with ElY(T) = a and
Ily(t)ll a pe Z8(t-T) for t < To If yet) solves the integral equa-

tion, set yes) = g(s,y(s)); we show yeo) solves the differential

equation. Choose any to 'S T; then for to < t < T
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Ezy(t) - e-Lz(t-S)EzY(S)dS

-LZ(t-t o) Ito -L Z(to-S) It -L (t-s)
e (e Ezy(s)ds) + e Z Ezy(s)ds

OJ to

so by lemma 3.3.Z, the solution yet) = Ezy(t) + Ely(t) of the inte-

gral equation also solves the differential equation dx/dt + Ly = yet)

on to < t < To Finally, Ily*(t;T,a) II < ZM Iiail eZS(t-T) for t < T,
a - a

so

I
T -L (T-S)

IIY*(T;T,a)-alla = II _roe Z Ezg(s,y*(s))dslla

< rco M(T- s) - a eS(T- s) II Ezll k ( p) . ZM II alla e ZS(s -T) ds

< i by choice of p.

Example. ut = uxx + au - bu 3 (0 < x < TI, t > 0) with u = 0 at

x = O,TI; the zero solution is asymptotically stable if a < 1, unstable

if a > 1. If a = 1, there is a zero eigenvalue and the zero solu-

tion may be stable or unstable: see sec. 4.3, example.

Exercise 3. Under the hypotheses of Th. 5.1.3, prove the following

stronger result: there exist {xn' n > l} with Ilxn-xOlla->- 0 but for
each n > 1,

sup Ilx(t;to'x )-xoll £0 > O.
t>t n
- 0

(Notice that the X norm is used, not the Xa norm.)

Lemma 5.1.4. Suppose X is a real Banach space, M is a continuous

linear operator on X with spectral radius r > O. Given any 6 > 0

and NO:: 0, there exists an integer N:: NO and u E X, lIuli = 1,
such that

for o < n < N

Proof. There exists

cos N8 - [s i.n N81 >

may choose u,v in

i8A = re in o(M); choose integer N:: NO so
1-6/Z. Since A is an approximate eigenvalue, we

X, lle ll = 1 :: II vii , so
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for 0 < n < N. It follows that

IIMnul1 < ; r n + neu - sin nev l] (/2 + o)rn

for 0 < n < N

and

Theorem 5.1.5. If X is a real Banach space and Tn is a continuous

map from a neighborhood of the origin of X into X with Tn(O) = 0

(n = 1,2,3, ... ) and M is a continuous linear operator on X with

spectral radius greater than one, and

as x -* 0

uniformly in n 1, for some constant p > 1, then the origin is un-

stable. Specifically, there exists a constant c > 0 and there exist

Xo arbitrarily close to 0 such that, if xn = Tn(xn_ l) for n 1,

then for some N (depending on xO), the sequence xO,x 1 ' ... ,xN is

well-defined and IlxN11 C.
Before proving this we note the

Corollary 5.1.6. Assume A,B,f,X as in Theorem 5.1.3 except that the

requirements on g(t,z), a(A-B) are replaced by: for a constant p > 1

as z -* 0

nonempty.

The

in Xa , uniformly in t to' and a(A-B) n {Re A < O}
Then the equilibrium Xo is unstable.

corollary is proved by examining the maps

is

for n = 1,2,... This corollary is a valuable extension for prob-

lems in unbounded domains when the linearization has continuous spec-

trum: see the example below.

Proof of Thm. 5.1.5. If r = spectral radius of M, then r > 1 and

we may choose n > 0 so r P > r+n. Also there exists K < 00 so that
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IIMnl1 K(r+n)n for all

Tn(x) are defined for
n 0; and there exist, a > 0, b > 0

Ilxll a and satisfy

so the

for Ilxll < a.

Choose 6 in 0 < 6 <1/2 and 0 > 0 with

o < a/R, bkRP op-l < 1
P - 2r -r-n

where R 2(/2 + 6).

xn Tn(xn_ l) (n 1)

We show there exist Xo arbitrarily small so

are in Ilxnll:: a for 1 < n < N while IlxN11 >

1(2 - 6)0 which proves instability of the origin.

Choose any NO 0; choose Ilull 1 and N NO according to
the lemma; we take X o EU, E = a/rN • Since r > 1, we see Ilxoll = E
can be arbitrarily small. An easy induction proves

n-l
= Mnx Mn- k- l( () M)xn 0 + Tk+l xk - xk

for n > 0 (as long as these are defined). Certainly II xk II < ERrk

holds for k 0, and if it holds for 0 < k < n < N then

Ilx II < (12 + 6)rnE +n -

n-l
L

k=O

n-k-l k pK(r+n) b(ERr )

and the sum is bounded by

R£r n
< -2-

1 n
< - E'I'- 2

bK(ER)Prnp
<

rP-r-n

so Ilxnll < ERrn < Ro < a for all n < N. Also

N 1 N 1
IlxN11 (l-6)r E - Z er = (z - 6)0

and the result is proved.

Example. Suppose f: lRn -+- lRn

(1 < p :: 2) and f(O) O. Let
is cP in a neighborhood of 0

u = col(u l, ... ,un) and consider

tlu + feu), x E lRm,
t > O.
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tern near 0

has spectrum

solution u = 0
in WI, q QRm ,IRn) ,

consisting of all
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and defines a cP local dynamical sys­

if q > m. The linearization about 0

A such that

det{(A­s)I + f'(O)} 0

for some s 0, so the spectrum is

{­a+s Is> 0, a an eigenvalue of f'(O)}.

Thus if all eigenvalues of the matrix f' (0) have negative real part,

the origin is asymptotically stable. And if some eigenvalue of f' (0)

has positive real part, the origin is unstable.

If n = 1 (or f' (0) has special form) the instability result

may be proved by the maximum principle (ex. 8 below); but in general,

there seems to be no alternative to Thm. 5.1.5 and its corollary.

Exercise 4. Suppose

uniformly in n > 0

(L = I) we havem,m

L E.5t'(X), liT (x)­L xii = O(llxIIP)n n n
for some p > 1, and with Ln,m

as x.... 0

Ln·Ln_ l · · · · 'Lm+ l

and Il L II<Kn­m
n,m ­ r l (n > m 0)

and 1 < r O r l < rb' Prove the zero solution of xn
n > 1, is unstable.

(Hint: choose r < r O so r l < r P.)

Exercise 5*. Suppose X is a real Banach space and T is a Cl map

on a neighborhood of the origin in X into X, with T(O) 0 and

T' (0) = L, and there exists 8 > 1 such that a(L) n > 8} is a

nonempty spectral set. Then there exists a nontrivial sequence

{xn: n 0,­1,­2,­3, ... } such that xn+ l = T(xn) for all n < 0 and

II xn II .... 0 as n ­>­ ­00. Thus x = 0 is unstable under iteration of T.

(Note: if we suppose f is independent of t in Th. 5.1.3, and take

= ­xO' for near 0 in Xa, we have a generaliza­

tion of this theorem where we assume merely that a(A­B) n {Re A < Y}

is a nonempty spectral set for some y 0, but Cor. 5.1.6 is even more

general.)

Hint: Let T(x) Lx + N(x), N(O) 0, N' (0) 0, X Xl (il X2
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is the L-invariant decomposition with L. = L/ x . (j = 1, Z) and
J

J

II Lzil
-1 -1 8- 1 Modifysuppose 81 < 8, II Ll II 8Z

< (see ex. Z above) .

N(x) for II x II r so as to have small Lipschitz constant on the
whole space. Look for solutions xn (a) , n < 0 of-

O,-l,-Z, ... )

with Ilxn(a)11 p8
n

for n = O,-l,-Z, ... , a E Xl' Iiall p/Z.

Exercise 6*. (Asymptotic stability of a family of equilibria) . Assume
A is sectorial, f: Xa ->- X is Cl and f(O) = 0, f' (0) = O. Assume
also that there is a CZ curve xCA) E Xa for i< near 0, Ax (i<)

f(xCA)) , x (0) = 0, (0) "f O. Finally, assume o(A) contains 0 as

a simple eigenvalue, while the remainder of the spectrum has real part
dxgreater than B > O. Observe that N(A) span {di«O)}, and let

Xl = N(A), Xz = R(A).

Introduce new coordinates: (y, i<) E Xz x IR

x = xCi<) + y.

Let A*v 0, <v,x' (0» = 1; then dx/dt + Ax f (x) becomes

where ¢(i<,y)

di</dt = ¢(i<,y), dy/dt + AZy = g(i<,y)

<v,f(x(i<)+y) - f(x(i<)»/<v,x'(i<)>

functions withso ¢,g are

g(i<,y) = EZ{f(x(A)+y) - f(x(i<))-x'CA)¢CA,y)},

Cl

I¢CA,y)1 + IlgCA,y)11 < yep) llv ll whena

and yep) ->- 0 as p ->- 0+.

Suppose 1i«0)1 + Ily(O)11 is small; as long as Ii«t)! remainsa
less than some 0 > 0, we have Ily(t) Ii a and so

1*(t)1 = o(e-Btlly(O)ll a). Thus 1i«t)1 < 0 for all t > 0, and there

exists \" so !i«t)-\,,,! +lly(t)1I = O(e- Bt).a
This result may easily be generalized to prove asymptotic

stability of an n-dimensional family of equilibria {x(i<), i< near 0
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n}" {dX } {{in ffi when x(O) = 0, rank ax(O) = nand cr(A) c O} U Re z >

6 > OJ, with {OJ of mUltiplicity n. If the multiplicity of the

eigenvalue 0 exceeds the dimension of A, the problem is more com­

plicated and is discussed briefly in section 6.2.

Exercise 7. Assume A is sectorial, f: Xa x ffi + X (a < 1) and its

derivative f: Xa x R are continuous near the origin, and
x

f(O,O) = O. Assume cr(A­fx(O,O)) n{Re A < O} is nonempty and prove

there exists p > 0 such that if II X oII a + Ic I < p and X o is an
equilibrium point of

dx/dt + Ax f (x, c ) ,

then Xo is unstable.

This result seems to answer the question raised in [59, p. 297]

as to the instability of equilibrium solutions of the Taylor and

Benard problems which bifurcate at the higher eigenvalues of the

linearized problem.

Exercise 8. Suppose f: ffi + ffi is Cl, f(O) = 0, ft (0) < 0; then the

zero solution of ut = 6u + feu) (x in Rn , t > 0) is asymptotically

stable in X = Cunif(lRn). In fact, suppose feu) > 0 on (a,O) and
feu) < 0 on (0,6) where ­00 < a < 0 < 6 < 00, If dw/dt = few),

a < w(O) < 6, then wet) + 0 as t + +00, If u is a solution of the

PDE with inf u(',O) = w (0) > a and sup u(',O) w+(O) < 6 and

w±(t) are solutions of" w= f(w), prove for t > 0 and all x,

and w±(t) + 0 as t + +00, Thus the region of attraction of u = 0

includes all ¢ E X with

inf ¢ > a and sup ¢ < 6.

Hint: w(x,t) = wet) solves wt = 6w + f (w) ; use the maximum principle

(ex. 8, sec. 3.3) . Suppose f ' (0) > 0 and prove instability of 0

in Cunif (lR) ,

Exercise 9. Suppose f: ffim + ffim is

(for a,b in ffim) when ak bk for

exist a < 0 < b in Rm such that

cl , f(O) = 0, and define a < b

k = 1" .. ,m. Suppose there
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df.
___leu) > a when i r j, a < u < b
dU.

J

(ii) if dw/dt = f (w) , w(0) = a or b, then for t > 0,

a < w(t) < b and w(t) ->- a as t ->- +00
-

If ut 6u + feu) on IRn x IR and+

a < u(x,O) < b for all x

prove u(x,t) ->- a as t -+ +00 uniformly in x.

Exercise 10. Suppose X is a Banach space, L ES((X) and the spectrum

of L is disjoint from the circle of radius a > O. Decompose the

space X = Xo ffi Xl and L = La ffi L1 as usual, with r o(L1) < a,
-1 1ro(L O ) < a- . We may choose norms so that the corresponding inequa1i-

II II IILo- 1 11< a - 1 .ties hold: L1 < a, Assume r > 1 is such that

II L11111 L;llls < 1 for l/r < s < r , and suppose a map T is defined
near a with

II T(x) Lx II a (II x W) as x ->- O.

(i) If );s = {x = xO+x 1 I II x1 II : b II xoW} for some b > a andb
1 < s < show there exists 8 > a so that Ilxll < 8,- r,r - -

x implies T(x) E

(ii) If
n = Tn(x) ->- 0 xn r 0, and there existsx as n -+ 00,

b > a so xn E for arbi trarily large n, prove

II II = 0 (II Il
r
)

and

1 im II 111/n II Lo111 - 1
n->-oo

(iii) If
n Tn(x) ->- a and limllxn ll1/n < IIL;111-

1x as n ->- 00
n->-oo

then = as n ->- 00 and lim Ilxnlll/ n
: "

L1 11n->-oo
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small, then eventually X
n E: El/ r

1 '
so eventually xn EEi, so eventually (for any S > 0).)

Exercise 11. Suppose A is sectorial in X, f is locally Lipschitz

near the origin from x" to X, Ilf(x)11 = odlxllrJ as x-+-O for some

r > 1, and suppose a(A) is disjoint from {A I S < Re A y}, S < y,

and y-Ss > 0 for l/r s < r.

(i) Show the time-one map in Xet for x + Ax f(x) satisfies

the requirements of ex. 10 above;

(ii) Conclude that a solution x(t) -+- 0 as t -+- +00 either

satisfies

(a) Ilx(t)11 = o(e- St) as t -+- +00 (or this holds for
et

a sequence t n -+- +00), in which case Ilx(t)ll
et

=

o(e- y t) and

or else

(b) II x (t)11 > e -v t for some arbitrarily large
et

which case Ilxl(t)ll
et

= and

lim IlxCt)ll l/ t > e- S.
t-+-oo et-

t , in

Remark. If dim Xo < 00 in the above -- true if A has compact resol-

vent -- solutions of type Cb) may be analyzed in more detail, for

y = xO(t) solves the finite dimensional ODE

(EO = projection from X = Xo (B Xl -+- XO) and Ilx l (t)ll et
= o(lly(t)ll r).

For example, from (Coppel [18]), IlxoCt)IIl/ t tends to a finite limit
as t -+- +00 where 0 < S, = Re A for some A E a(A).

Further, if > 0, r > 1 and f is Cl near 0 with f' (x) =
there exists a unique nontrivial solution YO(t) of

• et lit
YO + AOYO = 0, IIYOCt)1I -+- e ,with IIxCt) - YoCt)lI et

= o(IIYo(t)ll et )

as t -+- +00. (See [18].)

Another remark. For many second-order parabolic equations, lower

bounds of the form lim II x (t)ll l/ t > 0 hold for each nontrival solu-
t-+-+ oo

tion: see [29].
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5.2 The saddle-point property [37, 43]

Theorem 5.Z.l. Suppose A, f, xo as in Th. 5.l.Z, with

f(t,xO+z) = AxO + Bz + g(t,z),

k (. )

forl!g(t,zl)-g(t,zz)11 '5 k(p)llzl-zZll a
k(p) 0 as p 0+; we may assume

andoB E5z"(Xa,X) , g(t,O)

[l z lll a'5 o, Ilzzll a '5 o , where
is nondecreasing.

Suppose L = A-B and o(L) is disjoint from the imaginary

axis, and decompose the space X = Xl ffi Xz corresponding to the spec-

tral sets 0 1 = o(L) n {Re A < O} and o(L) n {Re A > o}, and let

El, EZ be the projections onto Xl' Xz. Then there exists p > 0,

M > 1 such that the following hold:

(i) The stable manifold S

is homeomorphic under to the closed ball of radius

p/ZM in
and when

aXZ' Further

Zo E S,

is tangent to at the origin

(ii) The unstable manifold V = V(to'p), V = {zO: IIElzOlla p/ZM,

ball of radius p/ZM in Xl'

Xl at the origin and when Zo
t

z(t;to'zo) is a solution on
for t '5 to} is homeomorphic

(-oo,t o), Ilz(t;to,zo)ll a '5 p

under E1lv to the closed

Further V is tangent to

E V, z(t;to'zO) 0 as

(iii) If IIE1,Zzolla'5 p/ZM and IIz(t;to,zo)lla p for all
t > to or all t '5 to' then Zo E S U V.
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linearized equation nonlinear equation

Proof. Assume without loss of generality Re a(A) > O. Suppose

M > 0, S > 0 such that

-L t -L t
IIAae 1 II Me St, lie 1 II < Me St for t 0,

-L t -L t
IIAae Z EzA-all Me-St, IIAae Z II < Mt-ae- St for t > O.

Assume

so

Zo E: S; then z(t) = zl (t ) +

-Ll(t-tO)e EIZO +

J
t - L (t - s ) Joo -L ( t - s )

e Z EZg(s,z(s))ds - e 1 Elg(s,z(s))ds,
to t

of

we show (for p > 0

z(t) = z(t;to,a)

= a and

where a = EZz(t O) '
Conversely suppose a E: XZ' II all a p/ZM;

sufficiently small) there is a unique solution

the integral equation with EZzO = EZz(to;to,a)

Ilz(t;to,a)ll a p for all t > to'
Specifically, if p > 0 is chosen so small that

then the right side of this integral equation defines a contraction map

of the space of continuous z: [to ,00) .... X with sup II z (t)11a p and
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a, and h (.)Then

and EZz(t O) = a, provided p/ZM, and therefore there exists a

unique fixed point z(t;to,a). This solution of the integral equation

is a Lipschitz continuous function of a E p/ZM, in the

norm 11·ll a. It may then be shown that t -+ z(t;to,a) is locally
dzHolder continuous, and so z(';to,a) is the solution of dt + Lz =

g(t,z), t > to' with initial value

_ Joo -Ll(tO-s) .
- a - e Elg(s,z(s,to,a))ds.

to

is Lipschitz continuous, so

S = {h(a) I a E < p/ZM}

is the representation claimed above.

J
oo B(t -s)

Also '5 Me 0 IIElllllg(s,z(s;to,a)11 and
to

sup Ilz(s;to,a)11 = O(llaJl) as Iiall -+ 0, a E XZ' so
s>t a a
- 0

odlaJl a ) , which proves S is tangent to at the origin. The proof

that, when zeta) E S, then /lz(t;t o,zo)ll a -+ 0 exponentially as

t -+ +00 is fairly straightforward using the integral equation above.

The corresponding argument for the unstable manifold uses an

integral equation like that in the proof of Th. 5.1.3 above, but we

can work in the uniform norm rather than the exponentially-weighted

norm used there.

Exercise 1. A singular initial value problem. Suppose c(O) 0,

c(t) > 0 for t > 0, and consider

dx
c(t) dt + Ax f(x), x(O+) = X o

Cl near the origin and f(O) = O.

to > 0, and consider the cases

where A is sectorial, f: Xa -+ X is
t dt

Change time variable to s = Jt o c(t)'

( i ) JO+ 4 finite', (ii) JO+ 4 infinite, but (A f (0)) ,to c I t ) to c t t ) (J - x 1S

disjoint from the imaginary axis.
1 dxCompare with the problem in X = ffi : c(t)dt + AX = 0, t > 0;

x(O+) = xO.

Theorem 5.Z.Z. Suppose A is sectorial in X, a < 1, U

set in X
a,

f: U -+ X is continuously differentiable, and

is an open

is an
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unstable equilibrium point in U of

dx/dt + Ax = f(x).

Assume a(A-f' (0)) does not intersect the imaginary axis,

be the stable manifold given by Th. 5.Z.1. Then S is a

in Xa , and if TS(x l) is the tangent space to S at xl

Ilxl-xOII a small, then TS(xl) is a closed proper subspace
in fact, is not dense in X.

and let S

Cl manifold

E: S,

in Xa and,

Remark. This last fact has little claim on the intuition, but turns

out to be useful in studying the global behavior of the stable mani-

folds for the Chafee-Infante problem (see 5.3 and 7.3).

Proof. Adopting notation from the proof of Th. 5.Z.l, the stable mani-

fold is

where h(a) z(O;a),

-Lzt ft -L Z(t-s) Ioo -L (t-s)
z(t;a) = e a + Oe Ezg(z(s;a))ds - te 1 Elg(z(s;a))ds

t > O.

Y(t)

for t > O. We know a + z(t;a) is uniformly Lipschitz continuous

near the origin in t 0, and it is not difficult to show it is

actually differentiable with yet) = (3z(t;a)/3a)b satisfying for

any b E: XZ'

-L t It -L (t-s)
e Z b + oe Z EzDg(z(s;a))y(s)ds

I
oo -L (t-s)

- t e 1 E1Dg(z(s;a))y(s)ds,

Trivially, from the estimates of Th. 5.Z.1, Ily(t)11 < Constant Ilblla
a a

for t 0, b E: XZ'
Let lllvlll = sup{taeSt/ Z l\y(t)11 i. then

t>O a

where



A is sectorial,

= 0, cr(A-f' (0)) n
X2 is the corres-

(j 1,2), L
l
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foo -3S(s-t)/2 a -a
C2 = sup e t s ds.

t>O t

It follows that for a E II all a p sufficiently small, !I yet)!) a
2Mt- ae- St/ 21Ibll for t > 0 and any b E Substituting this in the

integral equation, we find Ily(t) II = II Const. Ilbll for all
at 0, b E X2. This implies that Dh(a) extends to a bounded linear

operator from X2 to X, provided a is small enough, and proves

the theorem.

Exercise 2*. (The center-stable manifold). Suppose

f: Xa + X is continuously differentiable with f(O)

{Re A > O} is a nonempty spectral set and X Xl ffi

ponding decomposition. With L = A-f' (0), Lj LIX
j-L t

is bounded and for some S > 0, II e 1 II Me 3St for t < 0 while
-L t

II e 2 II a MeSt11 xii a' Mt-aeSt II x II for t > 0, x E There exists

r > 0 and a local invariant manifold S, tangent to at 0, such

that any solution x(·) with Ilx(t)ll a < r for all t> 0 must have

x(O) E S (hence, x(t) E S for t 0). If f is Cl- and X has a

Cl norm, and if x(O) E S with Ilx(O)11 small and x(t) + 0 as
a

t + 00, then S is differentiable at x(O) and the tangent space at

x(O) is not dense in X. (It is sufficient that there exists

¢: X + [0,1) which is Cl, ¢(x) = 1 near x = 0, ¢(x) = 0 outside a

bounded set.)

Hint: modify g(x) = f(x)-f'(O)x outside Ilxll a < r so it will

have a small Lipschitz constant y(r) (or small derivative bound) on

the whole space (y(r) + 0 as r + 0), and examine the integral equa-

tion

x(t) f
OO -L (t-s)
t e 1 Elg(x(s))ds,

t > 0

for a E II all a ':: p/2M, in the class of continuous x : IR+ + s",
1!x(t)11 < pe 2St for t > O.a - -

Exercise 3. Under the assumptions of ex. 2 above, if cr(A) n {Re A < O}

is a nonempty spectral set, Th. 5.1.3 tells us the origin is unstable

in Xa. In fact, there exists r > 0 and an open dense set U in

{llxlla < r l such that, if x I ") is a solution with Ilx(O)lI a < rand

x(O) E U, then x(t) leaves the r-ball at some finite t > O.
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Y, where Y
ior in X.
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If SeX is homeomorphic under projection to a set in

is a proper closed subspace of X, then S has no inter-

Exercise 5. A model of D. C. Leigh [69) for swelling of channel flow

of a viscoelastic fluid reduces eventually to the form

(ODE) : da/dt = f(a,b,t), db/dt = g(a,b,t)

2 au 2
a l (t) at + h(a,b,u,v,y,t) (0 < y < 1)

ay

(PDE) : au
0 at 0, 1ay y = y

av k(a,b,u,v,y,t) (0 y < 1)at <

a l > O. (Here a l
and several of the

the rest of the
- St

fl(a,b,t) = O(e )
limiting system

2 5 1 3where a I t ) E lR , bet) E lR , u(y,t) E lR , v(y,t) E lR

are smooth functions of their arguments provided

is proportional to the width of the fluid stream,

functions involved blow up if a l + 0+.)

The ODE system for a,b is uncoupled from

system, and f(a,b,t) = fO(a,b) + fl(a,b,t) where

as t + +00, some S > 0, and similarly for g. The

and f, g, h, k

da/dt = fO(a,b) , db/dt = gO(a,b),

has fO(a,b) = 0 and gO(a,b) = 0 if and only if b = O. Suppose

a* E lR2 has a* 0, and for matrix
ago

that> assume the 5x5 81)(a*,O)1

all eigenvalues have real part negative. Prove that if a,b is a

solution of (ODE) with la(T)-a*1 + Ib(T) I sufficiently small for some

sufficiently large T, then aCt) = aoo + O(e- ot), bet) = O(e- ot) as

t + +00 for some aoo E lR
2, laoo-a*1 < and some 0 > 0 depending

on a*.

The system (PDE) is also asymptotically autonomous and the limit

system (with obvious notation) is

a2--I + hO(aoo'O,u,v,y), 0 < y < 1
dy

dU/dy = 0 at 0,1

O<y<l.
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This is a linear system in u, v, it has zero as a double eigenvalue

(with two independent eigenvectors), and this two dimensional collec­

tion of equilibrium points is exponentially asymptotically stable (all

other e.v. have real part > 0 > 0). The time dependent part of this
­ Bt ­

system (PDE) is O(e ) for some B > O.
Prove that, for the full system (ODE) + (PDE) , if the solution

(a,b,u,v) It=T is sufficiently close to such an equilibrium point of
the limiting equation for some sufficiently large T > 0, the solu­

tion converges (exponentially) to an equilibrium point of the limiting
system.

Exercise 6. Assume the hypotheses of Th. 5.2.1 and in addition that

m
Ilf(t,x+h) ­ L k

l.,
Dxkf(t,x)hkll k(llhll ) Ilhll

m
k=O a a

for all t , II x­xoll a Po
Prove that U(to'p) and

S(to'p), show the map h
Hint: Use the converse

map defining z(t;to,a)

and Ilhlla PO' where k(p) .... 0 as p .... 0+.

S(to'p) are Cm manifolds ­­ Le. for

(which is the inverse of E2IS(to'p)) is Cm.
Taylor theorem to show the uniform contraction

is a Cm function of its arguments.

5.3 The Chafee­Infante problem and gradient flows

N. Chafee and E. Infante [14] in 1971 studied global stability

questions for the nonlinear heat equation

(0 < x < t > 0)

u(O,t)

u(x,O)

0, u In j t ) = 0

where A is a nonnegative constant and f is a C2 function satisfy­

ing

(i)

(ii)

f(O) = 0, ff (0)

lim feu) lu '5 0
lui ....'"

1

For example, we might consider

following Th. 4.3.5.

(iii) f"(u) < 0 when u > 0, f"(u) > 0 when u < O.

3feu) = u­au , a > 0, as in the example
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Let X = L2(0,'IT), A¢(x) = -¢"(x) for smooth ¢ which vanish
at x = O,'IT, and let A be extended to a positive definite, self-

1 2adjoint densely defined operator in X. Then D(A) = HO(O,'IT) n H (O,'IT) ,

= A has compact resolvent, and a(A) consists of
. l' 1 {22 2 2 } l( )Slmp e elgenva ues 1, ,3 , ... ,n , .... Also if E HO O,'IT = X ,

with p , p, then
and :: where k,L are continuous, k(O) = 0.

-s k 1
The equation defines a local dynamical system in X2 = HO(O,'IT).

The linearization about the zero solution, which is an equilib-

rium point for any

dvldt x < 'IT; v = ° at x = O,'IT.

But {n2-A; 1,2,3, ... }, by Th. 5.1.1 and 5.1. 3,= n = so

° is asymptot ically stable in 1
if Au = HO(O,'IT) < 1 ;

° is unstable in 1 if A l.u = HO(O,'IT) >

Now consider the Liapunov function

V(¢) = J:{i(¢'(X))2 AF (¢ (x)) }dx , 1- ¢ E HO(O,'IT)

where F(s) s If is a solution of the problem for t > °= fOf(t)dt. u
then

d ['IT 2dt V(u(',t)) = - ° ut(x,t)dx

1
< ° for any ¢ E HO(O,'IT). Further, it follows

£ > 0, there exist a constant C£ such that

< 00 Choose ° < £ < l/4A , and note =

V(u(· ,t))

so it follows that V(¢)
from (ii) that for any

2
F (s) :: c s + C£' - 00 < s

¢2dx so

1 f'IT 2 1 2 1
V(¢) (2 -d) O(¢'(X)) dx - 'ITAC£ - 'ITAC£, for any ¢EHO(O,'IT).

If u(x,t) is a solution with 1
u(' ,t) E HO(O,'IT) on °:: t < t l, then

V(u(' ,t)) :: V(u(· ,0)) < 00

so Ilu(' ,t)lI; < 4('ITAC + V(u(· ,0)))
:-z - e:

the solution exists for all t > °
1HO(O,'IT).

for ° < t < t l. It follows that
and we have a dynamical system am
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Also, every orbit is bounded in and (Th. 3.3.6) in
1fact precompact in HO(O,rr). Thus for any solution u, u(· ,t) +

w(u(',O)) as t + 00, where w(u(· ,0)) is a nonempty compact connected,

invariant set in E = {¢: V(¢) = a}. That is, the w-limit set of an

orbit is a connected subset of the collection of equilibrium points:

o only if ¢"(x)+H(x¢(x)) 0, 0 < x < rr, with ¢(O)

¢(rr)

0,

O.

Below we study these equilibrium points in detail and prove that E

is a finite set of points, for each A > 0. This implies w(u(',O))

is a single equilibrium point.

Exercise 1. Prove for A < 1 that the origin is globally asymptoti-

cally stable in 1 i. e. that ¢" H(¢) 0 (O,rr), 0HO(O,rr) , + = on ¢ =
at x = O,rr, and A < 1 implies <P - O. (Hint: compare with the

special case in the example following Th. 4.3.5. )

Exercise 2. (Euler's elastica). The problem of minimizing V(<P) =

rr 1 2 1fO{I(<P'(x)) -A(l-cos <P(x)) over <P E HO(O,rr) may be formulated as

above. First note that a critical point of V(<p) must solve the Euler

equation: <P" + Asin <p = ° on (O,rr), <p = 0 at x = O,rr, and such a

function necessarily has I<p(x) I rr-£ for all x, some £ > 0

(depending on A).

Let feu) = sin u for lui rr-£, and extend feu) smoothly

for all u in such a way that it satisfies the conditions (i), (ii),

(iii) above. Then critical points of V are equilibrium points of

u = u + Af(u) u = ° at x = ° rr. Also, a critical point is at xx' ,
minimum or a saddle point, determined by the quadratic terms, when the

equilibrium point is stable or unstable in the linear approximation.

Anti ipating results below, it follows that for 0 A 1, the absolute

minimum of V is attained at the origin, while for A > 1, the absolute

minimum is attained at ±¢ where ¢" + Asin ¢ = 0 on (O,rr), ¢(O) = 0,

¢(rr) = 0, ¢(x) > ° on (O,rr). Thus for A > 1, this "buckled" state

minimizes the potential energy of the elastica. (The solution ¢(X,A)

is expressible in terms of the Jacobi elliptic functions.)

Exercise 3.

the Liapunov

the original

results.)

1For the general problem, suppose ¢O E HO(O,rr) minimizes

function V; prove ¢o is a stable equilibrium point for

equation. (See also Auchmuty [51 for some more general
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Now we make a fairly detailed study of the equilibrium points
2 2and prove the following. If n < \ (n+l) (n = 0,1,2, ... ) there

are precisely 2n+l equilibrium points, designated ¢O = 0 and
+ d + d -

¢k (k = 1, ... ,n), where dx ¢k > 0 at x = 0, dx ¢k < 0 at x = 0,

and vanishes (k-l) times in 0 < x Also, if \ > 1 then
+
¢i are asymptotically stable by the linear approximation, but ¢O and

¢k (2 < k < n) are all unstable by the linear approximation.

If ¢ solves ¢" + H(¢) = 0 on ¢(O) = 0, then

}(¢1 (x)) 2 + H(¢(x)) Constant, 0 < x <

Now sF'(s) = sf(s) > 0 for small nonzero s, and we let (a_,a+) be

the maximal interval about 0 where sF'(s) > 0 for s f 0,

< a < 0 < a+ +00 We have the following phase portrait

cp'

in the case when

fications for the
If i(¢,)2

is a solution ¢

n > 0,

a± are finite and

other cases.

+ \F(¢) = \E with

with ¢'(O) = ±/IIt

F(a_) > F(a+), with obvious modi-

o < E < min{F(a_),F(a+)}, there

if and only if, for some integer

where 9,+ (E) [9,_ (E)] is the x-distance required by the solution ¢ to

traverse one "loop" in ¢ > 0 [¢ < 0]. More precisely

where 0 < m+(E) < a+, F(m+(E)) = E, with a similar expression for
9, (E). If F(a+) E < F(a_), the only possibility is that 9,_(E)



122

and that there is a solution with one arch in ¢ < 0, ¢' (0) = -/ZAE.
If E max(F(a+) ,F(a_)), there are no solutions.

Now observe that £±(E) 4 n/II as E 4 0+, and £±(E) 4 +00

as E 4 F(a±); we can show that £+(E), £_(E) are strictly increasing

functions of E. From this, the claims about the number and disposi­

tion of equilibrium solutions follow; for more details, see [14].

Exercise 4. ill £+(E) = zJ:/ Z d8 where = E sinZ8, soF' (0
d£+(E) (/2 (F' 2ill dE ­i..{ F (S) }d8 But -° .

­ 2F(0 f" (S) > ° for E; > 0 so ­i..{ F(E;) } =
dE; (F1(E;))2

{(F 1(E;))2 ­ 2F(E;)F"(E;)}/(FI(0)3 > ° for E; > 0, thus £+(E) is

strictly increasing.

We investigate now the stability of these equilibria. Observe

that if ¢ is a nontrivial solution of ¢" + H(¢) = 0, ¢CO) = ¢(n)=O,

and

1jJ"(x) + H' (¢(x))1/J(x)

1jJ(0) = 0, 1jJ'(0) = 1

O,O<x<n

then ¢ is asymptotically stable if 1jJ(x) > ° on ° < x < n, and

is unstable if 1jJ(x) < ° somewhere in ° < x < n. This is proved by

a standard comparison theorem (see exercise 5) applied to 1jJ and the

first eigen function 8(x) (which is positive):

8" + (j.l+Af'(¢(x)))8 = ° on ° < x < n,

8(0) = 0, 8(n) 0,8'(0) = 1,

and j.l is chosen as small as possible. If j.l < 0, then 1jJ(x) < 8(x)

on (O,n], as long as 1jJ is positive, and if II > 0, 1jJ(x) > 8(x) on
(0, n] .

consider,
+ haveNow for example, ¢(x) = ¢l(x,A) when A > l. We

¢' (0) > °, ¢(x) > ° and f(¢(x)) > 0 on ° < x < n, so if

X(x) ­ (A¢' (0)) ­l¢,,(x) (¢'(O))­lf(¢(x))

then X(x) > ° on ° < x < n, x(O) 0, x(n) 0, X· (0) 1 and on

(O,n) ,
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x" + H'(¢(x))X = f lt(¢(x))(¢'(x))2/¢,(0) < o.

By the comparison theorem, w(x) > X(x) 0 on 0 < x < n, which proves

asymptotic stability. Similarly is asymptotically stable.

Now suppose ¢ is a nontrivial equilibrium with ¢'(O) > 0 and

¢ vanishes somewhere in (O,n). Then ¢ has a negative minimum at

some point xl in (O,n), so ¢(x l) < 0, ¢' (xl) = O. But 1jJ(x) and

¢' (x) both solve the equation wit + Af' (¢)w = 0, so their Wronskian
is constant:

w' (x)¢' (x) - w(x)¢"(x) = Constant = ¢' (0) > O.

Thus at

of ¢

x = Xl' -w(xIH"(xl)
is proved.

¢'(O), so and instability

(i)

Exercise S. Suppose ¢,W are C2 functions with ¢( 0) w(0) = 0,
¢ , (0) = W' (0) = I and ¢" + a(xH > WIt + a(x)w on o < x < Xl' and
W(x) > 0 on 0 < x < Xl; then prove ¢(x) > W(x) on 0 < x xl'

-J:x(w¢' -
d(Hint: examine ¢W ') , and then Qi(¢N)) .

It is plausible from these results of Chafee and Infante that,

if A > 1, most solutions will tend to as t + +00; we shall prove

this is the case for an open dense set of initial conditions in

H6(0,n), by proving the region of attraction of the unstable equilibria
is nowhere dense.

We first discuss a generalization, which we term gradient flows.

Suppose Q is a bounded domain in mn with boundary of class C2 and

a .. (x) = a .. (x) is Holder continuous on n (1 i,j n)
1J n J 1

and L a· > for x E Q, E mn , for some
i,j=l 1J 1 J -

constant a > 0;

(ii) f: Q x m +m is continuous and locally Lipschitz continu-

ous in its second argument;

(iii) for any > 0 there exists a constant C such that

uf(x,u) U2
+ C on Q x m;

(iv) if n > 1, there are positive constants b,c,q so

If(x,u)1 : b + clul q on Q x m.
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Consider the initial-value problem for

u =t

n
L (a .. (x)u) + f(x,u)

i,j=l r j xi x j
on

+n x lR

u = 0 on
+an x lR

If P 2, n < p < 00, it is easy to show this

locally well-posed in the space X =

tion exists for all t > O. Choose k > 2, k
existence if v lu[k/2

initial-value problem is

We first show the solu-

> pq; on the domain of

4 (k - 1) f l:a .. v v dx +
k lJ xi x j

Illvl2+kEf

kf uf (x, u) Iu Ik - 2dx

2 f I 2I
l-2/k

v + kC v
E

Choosing E > 0 small enough and using Holder's inequality,

= f n v
2dx

= satisfies (for some positive constants a,S)

< +
dt -

so is uniformly bounded on the domain of existence, so

II f(· , u(· , t ) )11 L is uniformly bounded and the solution must exist

for all t > (In the case n = 1, we obtain uniform bounds in HIo
from the Liapunov function V, as in the Chafee-Infante problem.)

uLet F(x,u) = f O f(x,s)ds; and define

V(u) = f (1 Y a .. U u - F(x,u))dx.
n 2 . . 1 i j x , x .
H l,J= i, J

For any solution u of the initial-value problem

V(u) =

so V is a Liapunov function on = X. Every solution has

Ilf(",uC·,t))II L uniformly bounded so the orbit {u(·,t), t> O} is
p

in a compact set in X and consequently must tend to a nonempty

connected compact invariant subset of E,

E {¢ E

{¢ E

x I V(¢) = O}

wl,p n
o l:(a .. ¢ ) + f(· ,¢)

a j xi x j
oJ.
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If E is a discrete set -- as in the Chafee-Infante problem -- then

each solution tends to an equilibrium point as t + +00

u = 0 on the boundary, we

is the conormal direc-

requiring

where

Exercise 6. Suppose, instead of

require dU/aV + h(x)u = 0 on
n

tion (v. = I a .. N., N = unit outward normal) and hex) is Holder
j=l J

continuous and hex) 0 on If hex) = 0, require in (iii)

above that the inequality holds for some < O. Prove the initial

value problem is well-posed in and every solution exists for

all t > 0 and tends to the set of equilibria as t + +00. (Hint:

there is an extra term in the Liapunov function.)

Suppose E consists entirely of hyperbolic equilibrium points,

i.e. the linearization

with the boundary conditions,has no eigenvalues on the imaginary axis

(0 is not an eigenvalue) for each ¢ in E. Here we assume f and

af/au are continuous. Now E is compact and, by the implicit func-

tion theorem, E is discrete hence finite and we have the disjoint

union

x u WS (¢)
¢EE

where Ws(¢) = {uO E X I solution u(t;uO) + ¢ as t + +oo}. We will

prove (Th. 6.1.9, 6.1.10) that each stable manifold Ws(¢) is a Cl

imbedded submanifold of X and if ¢ is unstable, Ws(¢) has codimen-

sion > 1. Thus X is expressed as a finite union of open connected

sets (Ws(¢) for stable ¢ E E), together with a closed nowhere-dense

remainder. In particular, for the Chafee-Infante problem, if A > 1
2 s + s-and A f n for integer n, W (¢l) U W (¢l) is an open dense set in

This actually holds even for A = n 2, if we use the center-

stable manifold at O.

Finally choose a bounded connected open set B c X which con-

tains E (for example, a large ball about the origin) and let

K I there exist ¢n E B + +00 with

It is easily shown (cf. Th. 4.3.3) that K is a compact connected
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is finiteK

For any Uo E K,
(_00,00), by in-

¢ E E. Thus

u(t;uO) exists and remains in K on

¢ = lim u(t;u
O)

exists as before with
t .... - oo

and the reverse inclusion is clear so we have equality.U
¢EE

the solution

K c

invariant set containing E; we show K = u WU(¢), so
¢EE

dimensional and is the maximal bounded invariant set.

variance, so

We now study the maximal bounded invariant set KA for the

Chafee-Infante problem with parameter value A. In general, KA =
u Wu(¢) = closure of WU(O), K

A
is n-dimensional for

¢EEA
nZ < A < (n+I)Z. If 0 < A < 1, KA CO}. If 1 < A < 4, KA is one-

+
dimensional and contains 0, ¢l and In fact, the unstable mani-

fold at 0 points into the cone of non-negative functions (and its

negative), since the eigenfunction of the linearization is positive.
+ -

Also ¢l (or ¢l) is the only nontrivial equilibrium in this cone, so

WU(O) consists of 0, a unique orbit from 0 to in the cone of

non-negative functions, and a unique orbit from 0 to in the cone

of non-positive functions.

If 4 < A < 9, KA is two-dimensional. As above, there is an

orbit joining 0 to and one joining 0 to ¢l' In fact,

WU(O) n and WU(O) n are nonempty sets open in WU(D).
Since WU(O) is connected, these cannot exhaust WU(O) and there is

a nonconstant orbit u(t) .... 0 as t .... -00 which does not tend to
+

or ¢l as t .... +00: suppose for definiteness u(t) .... as t .... +00.

Then if u(x,t) = u(n-x,t), U is also a solution and u goes from 0
- u +

to ¢z. Now W (¢z) are one-dimensional, and the eigenfunction of
+the linearization is positive. Thus there exists a solution v(t) .... ¢Z

+
as t .... -00 with v(x,t) > ¢z(x) for large negative t, 0 < x < n.

+By the maximum principle, v(x,t) > ¢Z(x) for all t > 0 so

= lim u(',t) is an equilibrium with > ¢;(x) for 0 < x < n,
t .... +oo

then JOlns

W
u(¢;)

gives

+
1jJ = ¢l' The reflection v(x,t) = v(n-x,t)

+
¢l' and a similar argument on the other half of

+
joining ¢Z"" ¢l'
Thus we can justify the following pictures of the maximal bounded

which means

¢; to
orbits

invariant set KA:
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1

<P.- 4>;
:L

if.-
1

1 < " < 4 4 < " < 9o < " < 1

• 0

In this range of ", there exist orbits joining any equilibria ¢ W

provided dim Wu(¢) > dim WU(W), or equally V(¢) > V(¢). If

9 < " < 16 and feu) is an odd function, this remains true and we

can draw a picture of the flow in K" as above. The arguments are

as above, but now a solution u yields four solutions: u, u, -u and

-u (u = reflection in of u). Without this extra symmetry, I
+

haven't been able to show there are orbits from 0 to each of ¢z
+and ¢3' But the picture is worth an extra hypothesis.

For 9 <
" <

16, K" is

4>1-
1

( C/,+
2.

4>1-

provided f is odd.

is a bounded set in lRn is C
2, ,

0, f(u)/u is strictly monotonic for u > 0

Then any solution u > 0 of ut = 6u + feu) in

Exercise 7. Suppose

f: lR is C1, f(O)

and lim f(u)/u < O.
u-+--+ oo

X lR+ with u = 0 on (or au/aN + hu = 0 on given h > 0)

will tend to a nonnegative equilibrium. If the linearization about

u = 0 has no positive eigenvalue, u(',t) 0 as t +00. Otherwise

u tends to the unique positive equilibrium solution, or u = O.

The key, of course, is to show there is exactly one positive

equilibrium, and for this we follow Stakgo1d and Payne [96]. There is
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a maximal and a minimal positive equilibrium

and any positive equilibrium u has u < u

since

u± (0 < u

::: u+), and

in

5.4 Traveling waves of parabolic equations

Traveling waves are solutions which, viewed in an appropriately

moving coordinate system, appear constant. For example, the equations

for chemical reactions in a gas at rest have the form

ut = D6u + feu)

where u = col(ul, ... ,un) and D is a constant positive diagonal
matrix. Suppose these have a plane-wave solution depending only on

the scalar variable s = k·x - Vt, V and k constant, Ikl = 1; then

u(x,t) = ¢(s) where

D¢" (s) + V¢ , (s) + f (¢ (s) ) O.

Suppose the reaction goes from one equilibrium state u = a far

ahead of the wave (s +00) to another equilibrium u = b far behind

the wave:

¢(s) a as s +00, ¢(s) b as s _00

f(a) = 0, feb) = O.

Such a solution might describe the propagation of a flame, for example,
though generally three-dimensional effects might enter and complicate

the situation. In some problems, the hypothesis of one-dimensional

behavior is more natural, for example propagation of a pulse along a

nerve [25); in any case it simplifies the mathematics and we need all

the help we can get, so we deal only with a single space variable.

Our first example is a simplified form of the Fitzhugh-Nagumo

equation -- in turn, a simplified form of the Hodgekin-Huxley equa-
tions (see (17)):

uxx + feu) (-00 < x < 00, t > 0)

feu) = u(l-u) (u-a)
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where a is constant, ° < a < 1/2. A traveling wave u(x,t)

¢(x+Vt) satisfies

¢"(s) - V¢' (s) + f(¢(s)) 0, -oo<s<oo.

We show that, for some V > 0, there is a solution to this equation

with ¢(s) ° as s _00, ¢(s) 1 as s +00.

First suppose V = 0; then any solution ¢ satisfies
1 21¢'(s) + F(¢(s)) = constant

F(u) J: f(v)dv

so the orbit is one of the level curves indicated in the first figure;

¢'

0, is

F (¢) < °
to°

since

origin is a

the first (and

point (a,O), going from

reach as far as <p = 1

saddle

third)

the curve C surrounding'the

i p2 + F(¢) = ° and does not
1 1on C but F(l) = 6(1 - a) > 0. For any V > 0, the

point with the unstable manifold pointing into

quadrant, with steep slope when V is large.

We take ¢ to be the solution starting from the unstable mani-

fold in the first quadrant, given V > 0, and choose V so that it

satisfies <p (s) 1 as s +00. Now -..i.(.!. <p' (s) 2 + F (¢ (s))) =ds 2

V<P'(s)2 > ° as long as the solution remains in the first quadrant, so

it moves through increasing values of the level curves indicated in the

first diagram. If V > ° is small, the solution will nearly follow

the curve C and will hit the <p-axis at a point with ¢ < 1 (case

(i) in the figure). On the other hand, if V is large, the solution
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rt---------I'---<!>---fr-'--¢

(i) small V > 0

(ii) large V > 0

will reach the level curve ! ¢,2 + F(¢) = F(l) at a point with

¢' > O. Since the unstable manifold and the solution ¢ depend con­

tinuously on V, there will be a value V > 0 for which ¢(s) 1

as s +00. Observe that this solution has ¢'(s) > 0 for all s

and ¢' (s) 0 exponentially as s -T ±oo, since (0,0) and (1,0) are

both saddle points.

The explicit solution V 12 (! ­ a), ¢(s) 1/(1 + exp(­s/I2))

was found by Huxley.

Exercise 1. Show, for any V > 0, there is a solution of the above

equation which goes from a at to 0 at +00 When V2 < 4a(1­a)

it spirals away from a, but when V2 > 4a(1­a) it is monotonic.

McKean [74] presents a detailed picture of the solutions for

o < a < 1/2 and various choices V > O.

We now consider stability of this wave. We change to moving

coordinates with = x + Vt; then

­00 < < 00

In these variables, u = ¢ is an equilibrium point. The linearization

about ¢ is

u =
t ­ + f' (¢(O)u ­ ­Au

and we need information about the spectrum of A. Using a result

proved below (see Appendix to this chapter) the essential spectrum of

A (i.e., the spectrum aside from isolated eigenvalues of finite
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mUltiplicity) lies in {A I Re A min(a,l-a) = a}. Here the under-

lying space may be L OR), 1 < P < 00 or C . f OR) or Co OR), thep - LlIl L
space of continuous functions which vanish at The set

{¢(. + c) I -00 < c < oo} is a curve of equilibrium points and A¢' = 0;

if we show 0 is a simple eigenvalue of A and the remainder of the

spectrum lies in Re A > 0, then according to exercise 6, sec. 5.1, a

solution which starts sufficiently close to ¢ will approach exponen-

tiallya translate of ¢: here the norm may be Wl,POR) or C ·fOR).unl.
With the essential spectrum out of the way we need only deter-

mine whether there are any eigenvalues in Re A < 0, A f O. Suppose

then

v" - Vv' + f' (¢( E;) ) v + Av 0

with Re A < 0 and v bounded as t; -+ ±oo. Examination of the char-

acteristic equation for the limits t; -+ ±oo shows v (E;) must actually

tend to zero, at least o(e-vlt;I), when t; -+ too. Let w(t;) =
v(t;)e-Vt;/z so w(E;) = O(e-V\t;!/z) and

w" + (A + VZ/4 + f'(¢(t;)))w o.

We can consider this as a self-adjoint problem in LZOR), regardless

of the original space, so any eigenvalue must be real: suppose

A < 0 and W is real. The smallest eigenvalue is

n.

If

the

and

then

and

w is the function which achieves the minimum then Iwl gives

same value, so we can suppose the eigenfunction w is nonnegative

in fact strictly positive. (If w = 0 and w' = 0 at some point,
w :: 0.) Let 1jJ = ¢' (E;)e-Vt;/z; then 1jJ" + (Vz/4 + f' (¢))1jJ = 0

1jJ > 0, and integration by parts shows A

Thus A cannot be negative and if A = 0 then w/1jJ = v/¢' = constant.

Therefore 0 is a simple eigenvalue of A (in LpOR) or

Cunif(JR)) and for any solution u with IIu(· ,0) -¢ 11 sufficiently small
(norm of Wl,p or C 'f) there exists real c sounl.

Ilu(.,t) - ¢('+c)ll= O(e- 13 t), t> 0,

for a constant 13 > O.
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This problem was treated by Sattinger [131] using a special

weighted Loo-norm, and by Aronson and Weinberger [108] in the uniform

norm. Fife and McLeod [116] treat more complicated initial values in

the norm.

Now consider the traveling wave corresponding to the solution

¢(s) + a as s + _00, ¢(s) + a as s + +00 found in exercise 1. For
V2 -this case, if < 4a(1-a), ¢(s) spirals in toward a as s +

so ¢, (s) does not have constant sign; this suggests instability, in
2 -light of the variational argument above. When V > 4a(1-a), ¢'(s) < a

for all s. However the essential spectrum of the linearization

reaches as far as -a (I-a), so ¢ is unstable (cor. 5.1.6) in any

of the spaces mentioned above. This is true independent of V > 0, so

monotonicity of the solution is no guarantee of stability

Finally note the equilibrium solution u = ¢(x) > a
(l/2 ¢,2 + F(¢) = 0, ¢(x) + a as x + too) is unstable in wl'P(IR) or

Cunif(IR), since the linearization about ;p (L: lj; + -lj;" - f ' (¢(x))lj;)
has a negative eigenvalue. Indeed, a is an eigenvalue with eigenfunc-

tion ¢, which changes sign, and the least eigenvalue is

which is a simple eigenvalue with a positive eigenfunction, hence

]l t- o.

tion

cf>(x) ,

We can give some interesting results for a general scalar equa-

u = u + feu u) where f(u,p) is Cl. Suppose there exists
t xx ' x

¢"(x) + f(¢(x) ,¢' (x)) a on _00 < x < 00,

and cf>(x) + a

f(O,S) = O.

as x + -00, ¢(x) + S
The linearization about

as x +

is

+00, where f(O,a) 0,

-Lv = v" + a(x)v' + b(x)v

where a(x) = b(x) = Let at' b± de-

note the limits as x + too. Then by results given in the appendix,

creeL) is in the right half-plane if and only if b+ < a and b < 0,

i.e. if and only if the solution ¢(x) goes from one saddle point to

another. If we consider the equation in a space with an appropriate
exponential weight w, i.e. in the norm
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(r Iv(x)/w(x) IPdX)l/p,
-co

2we can achieve Re a (L) > 0, provided b+ < a+_/4 for each sign, i.e.e _
provided the linearization at the equilibria (a,O), (S,O) has real

distinct eigenvalues. We must choose w(x) so w(x) - as

x ±co where are chosen so that (for each choice of sign)

2
+ + b < O.

Ax 2But ¢'(x) behaves asymptotically like e where A + aA + b = 0,

so lies strictly between the two roots of this equation. Suppose
we are dealing with the limit x +co and both roots are negative

(a stable node); then ordinarily ¢'(x) will behave like the weaker

(less negative) exponential and so ¢' (x)/w(x) will blow up as x +co.

Thus we have stabilized the essential spectrum only at the expense of

having ¢' excluded from the space, and the problem becomes essenti-

ally meaningless. In this weighted norm, translation (h ¢(·+h)) is

not continuous.

Summarizing:

(i) if ¢ joins two saddle points, the essential spectrum of

the linearization is stable in Lp (and in Lp with cer-

tain weights);

if ¢ joins two

is unstable in

(ii) nodes or a saddle and a node, the solution

L OR), but with an appropriate weight func-p
tion we can stabilize the essential spectrum, at the same

time (usually) pushing ¢' out of the space.
(iii) If ¢ approaches a spiral point at +co or -co, it is un-

stable.

In case (i),we can argue as in the example to show {¢('+c) I -co<c<co}

is asymptotically stable with asymptotic phase when ¢ is monotonic,

and it is unstable when ¢ is not monotonic. Ordinarily, in a saddle-

saddle orbit, the velocity V of the traveling wave is uniquely deter-

mined but this is not true in cases (ii) or (iii). Sattinger [131]

treats this general case also but has more confidence in the signifi-

cance of waves joining nodes.

Perhaps I overstate the case in dismissing traveling waves

joining nodes. Arguments using the maximum principle ([108] and

especially [116)) have lead to some beautiful results -- including

stability results -- for such cases, but the dependence on the initial

value is rather delicate. For example, a particular case treated by
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Kolomogorov, Petrovsky and Piscounov (in the 1937 paper [60] which

really initiated the subject) is

u t = uxx + u(l-u) (-oo<x<oo, t>O).

For any V 2, there is a traveling wave with velocity V going from

the saddle at u = 1 to the stable node at O. If uO(x,t) is the

solution with initial value uO(x,O) = 1 for x < 0, uO(x,O) = 0 for

x > 0, then Uo approaches the traveling wave ¢ with speed 2 in

the weak sense that

+ ¢(x) as t + +00

where is a function with derivative (' (t) + 2 as t + +00.

However Larson [124] proves uO(x+2t,t) + 0 as t + +00. Further, if

u(x,t) is a solution in 0 < u < 1 which approaches a traveling wave

as t + +00 and eaxu(x,O) approaches a finite nonzero limit as

x + +00 for some 0 < a < 1, then the traveling wave must have velocity

a + l/a. (Larson [124, Th. 51]). Such delicate dependence is bound to

raise doubts about the usefulness of the enterprise. Are the topolo-

gies too stringent? Should we seek only stability of the entire family

of traveling waves (allowing the velocity to vary as well as the phase)?

Clearly the subject is far from settled, even if we leave out related

problems where the traveling wave is periodic or asymptotically

periodic in the space variable.

Exercise 2. Burger's equation u + uu = vu (_00 < x < 00, t > 0;
t x xx

v > 0 constant) has an equilibrium solution ¢(x) = -a tanh(ax/2v)

for any a O. If x = x + ct, U = u + c for a constant c then
u + U u-
t x

vu - - so
xx

u = -c - a tanh(a(x+ct)/2v)

is a traveling wave solution with u(x,t) + -c ± a as x + ±oo, and it

is sufficient to study the stationary solution ¢.

Exercise 3. With ¢ above, 0, ax/2v, 2 andas a > T a t/4v,
b = 2/a, = u-¢ satisfies

2 tanh 2 2v + + sech -T
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The linearization about v = 0 is v
T

-Lv

-Lv = + Z tanh + Z

and 0 is in

weighted norm

(1 - ZsechZOl/J

then

the essential spectrum (considered in LpOR)). Use the

1Il/J11 = 11l/J(Ocosh sIILZOR) and then Lwl/J = -ljJ" +

where Lw &Lw, so 0e(Lw) = [1,00). If v = w sech

and

roo + (1 - Z

= r (w + tanh s w)Zds > 0
-00

T 00as0- 1
H OR)

=

and

so 0 is a simple isolated eigenvalue and the remainder of the spec-

trum is in [B,oo) for some 8 > O. The nonlinear term in the w-
equation is a continuous polynomial from HI OR) to LZOR) and ex. 6,

sec. 5.1 applies. Note = -a sech is in LzOR) and
h - is continuously differentiable from R to

LzOR). Also from the equation v ds = 0 for T > 0 so if

IlvCs,O)coshs/ll is small enough, there exists real c with
H OR)

II

Exercise 4. Suppose b > O. Prove the zero solution of u = u -
2 It xx

u - bu (-00 < x < 00, t > 0) is asymptotically stable in H OR) and the

equilibrium solution ¢(x) = -3/Zb sech2(x/Z) is unstable. (Hint:
¢(x) < 0 and so + + = < 0.) Note that for any

bounded uniformly continuous initial value with inf u(x,O) > -lib,
x

we have u(x,t) 0 as t +00 uniformly in x, by ex. 8, sec. 5.1.

= bu 3 (b > 0)ut u + u -xx
u = with ¢(x)
0 for all x. Prove, when

Exercise 5.

equilibrium
and >

exists real c so Ilu(.,t) - ¢('+c)11 1
H

on _00 < x < 00, t > 0, has an
-k

(or -b 2) as x +00 (or _00)

is small, there
8t H

Ke- for all
H
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t > 0, for some positive constants K,S. Also examine the stability

of u = o.

Exercise 6. For every V r 0 prove the equation in ex. 5 above ad­

mits exactly two nontrivial bounded traveling wave solutions with

velocity V, one the negative of the other, going from the unstable

node 0 at x = to ±b 2 at x = +00 provided V > 0 and

u(x,t) = ¢(x+vt). If Ivi < 2, ¢ is oscillatory and unstable; if

Ivi > 2, ¢ is monotonic, but unstable in Wl,POR) or C 'fOR).unl
When Ivl > 2, the linearization about ¢ is stable in an appropriate

weighted norm (which excludes ¢' from the space) but the nonlinear

terms are not well­behaved in that norm.

Appendix. Essential spectrum of some ordinary differential operators

Definition. If L is a linear operator in a Banach space, a normal

is any complex number which is in the resolvent set, or

eigenvalue of L of finite mUltiplicity. Any other

complex number is in the essential spectrum.

Remark. Several definitions of essential spectrum are in use. Ours

(following Gohberg and Krein [118]) is more restrictive and less stable

under perturbation than some others, but gives correspondingly more

information once it is computed.

Theorem A.l. Suppose X is a Banach space, T: D(T) c X 7 X is a

closed linear operator, S: D(S) c X 7 X is linear with D(S) D(T)
­1

and S(AO­T) is compact for some AD. Let U be an open connected
set in ¢ consisting entirely of normal points of T; then either U
consists entirely of normal points of T+S, or entirely of eigenvalues
of T+S.

The proof is a slight modification of the proof given in [118,
p. 22].

00
I xn 1

2
) !:!Exercise 1. If X = I x E ¢ , II x II = n: < oo} andn ­00

(Tx)n = xn­l for all n, and (Sx) n = 0 for n r 1, (Sx) 1 = ­xO' then

prove aCT) = unit circle, a(T+S) = closed unit disc. In fact



137

o(T+tS) = unit circle for 0 t < 1, but the interior of the disc

consists of eigenvalues when t = 1.

area,b(here

Exercise 2. Let Tu(x) = uti + a(x)u' + b(x)u, -c co < x < co, be con-

sidered in L OR), 1 < P < co, or COOR) or C 'fOR)p - unl
continuous and bounded). Let Su(x) = m(x)u' + n(x)u where m,n
are continuous and m(x),n(x) + 0 as x + ±co. Prove S(AO-T)-l is

compact for large real AO' (Hint: first suppose m,n have compact
support.)

We will study first order systems with asymptotically constant

coefficients:

du
dx + A(x)u f (x) , .c co < X < co

A(x) + A± as x + ±co.

In fact we will study the case when

A(x) = A+ for x > 0, A(x) = A for x < 0

and then apply Theorem A.l, since these differ by a relatively compact

operator.

Lemma 1. Suppose A(x) = A+ for x > 0, A(x) = A_ for x < 0 and

the complex n x n matrices A± have no eigenvalues on the imaginary

axis. Let E+,E_ be the projections corresponding to the eigenvalues

of A+,A_ in the right half-plane.

Then u'(x) + A(x)u(x) = f(x), -co < x < co, has a unique bounded

solution for every bounded measurable f (or equivalently, for every

continuous f with compact support) if and only if = R(E+) ffi

R(I-E_), Le. if and only if R(E+) and R(I-E_) together span

and intersect only at O. In this case, IluliL OR) CAllfJl L OR)'
P P

1 < P co for a constant CA depending only on A.

Proof. First consider x > O. There exist positive M,a so

for x > 0

-A x I I
Ie + (l-E+) I Me-a x for x < 0
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and if u,f are bounded on [0,00) then

f
OO A y

(l-E+)u(O) + o(l-E+)e + f(y)dy 0.

Conversely when this is true,

-A+(x-y)
e E+f(y)dy

-A (x-y)
e + (l-E+)f(y)dy

for x > ° and if 1 P 00

[I L (rn. )
p +

in particular (p = 00), u is bounded. Here we use the familiar conse-

quence of Holder's inequality

1 < p 00.

Similarly on (-oo,OJ, u is bounded if and only if

A Y
e - E_f(y)dy = 0,

and if this holds, Ilull L (rn. ) <
p -

In order that there exist a bounded solution u for every con-

tinuous f supported in (-1,1) it is necessary (and sufficient,

for every bounded f) that

or "equivalently, ¢n = R(E+) + R(l-E_). It is easily seen that unique-

ness holds if and only if R(E+) n R(l-E_) = {a}, and if both hold then

II ull L (rn.) < CA II ±11 L (rn.)'
P P

Lemma 2. Suppose the matrices A+(A), A_(A) are analytic functions
of A E: ¢. Let

S = 0± A±(A) has an imaginary eigenvalue}.

Let A(X,A) = A+(A) for x > 0, A_(A) for x < ° and define the



du/dx + A(' ,A)U in any of the spaces

C 'fOR); we may consider L(A) asunl
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differential operator L(A)u

LpOR) , I P < 00, or COOR) or
closed and densely defined.

Then if G is any open connected set in

(i) 0 cr(L(A)) for all A in G, or
(ii) 0 p(L(A)) for all A in G except at isolated points;

the exceptional points are poles of L(A)-l of finite

order.

Also, 0 cr(L(A)) whenever A S+ US.

Proof. The projections

analytic functions of A

E+(A), E (A) defined as in lemma I are

in G, and the condition

which is necessary and sufficient for 0 p(L(A)) is equivalent to

requiring

for some choice of columns p.(A) from E (A) and qk(A) fromJ +
I-E_(A), when R(E+(A)) is m-dimensional and R(l-E (A)) is (n-m)

dimensional. The dimension condition either holds everywhere in G
or nowhere in G, and if it holds we have 0 p(L(A)) in G aside

from isolated points where the above determinants (analytic in A) all

vanish, or they all vanish everywhere in G and 0 cr(L(A)) for all

A. In case (ii), zeros of the relevant determinants are of finite

order, yielding poles of L(A)-l of finite order.

If A S+ (or S_, similarly) there is a solution u(x) of
the homogeneous equation which is bounded and bounded from zero as

x + +00. Let ¢(x) be smooth, ¢(x) = I for Ix I < I, cj>(x) = 0 for

Ixl > 2 and let u (x) U(X)cj>(x-3m), then if I < P < 00,m m

I0(-) + 0 as m + 00m

so O cr(L(A)).

Remark. The result also holds for asymptotically periodic coefficients

-- and even more generally. In this case A S± if the limiting
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periodic equation has a nontrivial solution bounded on (-00,00). The

proof is virtually the same as that above, but computation of S± is
much more difficult.

Now we apply the results to second order systems.

Theorem A.2. Suppose M(x), N(x) are bounded real matrix functions

and M(x), N(x) + M±,N± as x + ±oo, and suppose D is constant

symmetric and positive. In any of the spaces LpOR), I P < 00, or

COOR) or C "fOR), (for column-vector functions u(x)) defineunl

Au(x) -Duxx + M(x)ux + N(x)u, -00 < x <

We consider A as a closed, densely defined linear operator.

Let S± = {A I det(T 2D + iTM±+N±-AI) = 0 for some real T,
_00 < T < ool Then S± consists of a finite number of algebraic curves

which are symmetric about the real axis and are asymptotically para-

bolas: A = T20 + OCT) as T + ±oo where 0 is an eigenvalue of D.

Let P denote the union of the regions inside or on the curves S+,S_;

thus ¢'P is the component of ¢'(S+ U S_) containing a left half-

plane. Then the essential spectrum of L is contained in P, and in

particular includes S+ U S_.

Proof. Writing the corresponding first-order system, we obtain the

result when M, N are replaced by M+,N± on each half-line; note
that a pole of (A-A)-l of order m is an eigenvalue of A of

multiplicity < 2mn. Applying Thm. A.I gives the general case. Since

large negative numbers are not eigenvalues, ¢'P can't consist entirely

of eigenvalues, so it contains no essential spectrum.

Example. -Lu = uxx + a(x)ux + b(x)u, -00 < x < 00, (scalar equation)

with a(x),b(x) + a±,b± as x + ±oo; then the essential spectrum

2
(lm A) > -b }

2 ±
a±

where we use the corresponding ray [-b±,oo) when a±

and this is positive if and only if both b+ and b

O. In particular

are negative.
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Suppose w(x) > 0 is a smooth weight-function and

W I (x)
w(x) .... u±, w"(x) .... u±2 as x .... ±oo.

w(x)

This can be achieved with appropriate choice of

l/(eAx + eVx) for arbitrary choice of real

the similarity transformation

w(x)
and u Applying

or

1 w' w"+aw'-Lwv = - wL(wv) = v" + (a + 2 -W)v' + (b + w )v

(which is equivalent to using a weighted norm in LpOR) , 1 < P < 00)

we find

If b± < a;/4
Re O'e(Lw) > 0;

b± < O.

for each sign, we can choose a weight function w so

this is an improvement over the previous condition

Exercise 3. Consider a system of n equations

-Lu = Du" + Vu' + M(x)u

where D is symmetric and positive, V is a constant scalar and

M(x) .... M± as x .... ±oo Show that, for Re O'e(L) > 0, it is necessary

that all eigenvalues of M± have negative real part. When D is also

a scalar, this is necessary and sufficient.

Another example. This is an artificial example, meant only to display

the form of the curves in S+, S :

S is given by the solutions A, for _00 < T < 00, of

When 0, A 1 1f3) - 3.3 0.3. These in fact theT = = I( -3 ± " or are

left-most points of their corresponding curves; computation of the

roots A for a few values in 0 < T < 2 gives the picture
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l .: 5+ S_

3

For the constant coefficient case, the essential spectrum of L is
simply the union of these curves. For a system whose coefficients ap­

proach those of L as x ±oo, the essential spectrum must be confined

within (and on) the outermost curve.

Exercise 4. If ­Lu = u" + 2 tanh x·u' is considered in Lp (IR) or

Cunif(IR) , show S = S 0: 4 Re A = (lm A) Z} , o(L) = °e(L) =
+
A) 2}0 J 4 Re A > (lm (Hint: let v = u'cosh x , ) This shows the-

region inside the curves S± can be filled with essential spectrum.



Chapter 6

Invariant Manifolds Near an Equilibrium Point

6.1 Existence and stability of an invariant manifold

The results of this section are stated in rather general form to

cover the applications in sections 6.Z, 6.3 and 6.4. Examination of

these applications might make the assumptions below seem less arbit­

rary.

Definition 6.1.1. A set S cR x Xa is a local invapiant manifold

for a differential equation dx/dt + Ax = f(t,x) provided for any

(to'xO) E S, there exists a solution x(·) of the differential equa­

tion on an open interval (tl,t Z) containing to with x(t O) z Xo
and (t,x(t)) E S for t l < t < t Z' S is an invapiant manifold if

we can always choose (tl,t Z) = (­00,00). When the differential equation

is autonomous and S = R x Sl' we may also call Sl an invariant
manifold.

Under certain assumptions below, we shall prove the existence

of an invariant manifold for the coupled system

dx
dt + Ax = f(t,x,y)

(dt g t,x,y)

in the form S {(t,x,y) I x = a(t,y)}. Roughly speaking, the assump­

tions say that dx/dt + Ax = 0 is asymptotically stable, f is small,

and the solutions of the y­equation do not converge too rapidly.

(Compare wi th [37, Ch, 7] [58], [41] and [7Z].) Other cases are

treated in exercises 4­8 below and in Chapters 8 and 9.

Theorem 6.l.Z. Let X, Y be Banach spaces and assume A is sectorial

in X. Let U be a neighborhood of the origin in Xa for some

a < 1, and suppose f: R x U x Y + X and g: R x U x Y + Yare loc­

ally Lipschitzian with Ilf(t,x,y)­f(t, x',Y')11 A(llx­x'll a + Ily­y'lI),

Ilf(t,x,y,)11 N.
Assume that II e ­Atll < Me­Bt and II A­, ­Atll < Mt­ae­ Bt for

t > 0 and also that the solution yet) y(t;T,n,x(')) of dy/dt
g(t,x(t) ,y) for t < T, Y(T) n , exists on (­OO,T] for any continuous
curve x: (­OO,T] + U and n E Y. Also we suppose for any choices
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n , n ", x, X f,

Ily(t;T,ll,X(')) - y(t;T,ll',X'(·))11

< M e l1(T-t)llll_n'll + M f\I1(S-t) Ilx(s)-x'(s)11 ds
1 z t a

for t < T. Here A, N, M, S, Ml, MZ' 11 are non-negative constants,

and we assume for some positive constants 6,D that

a) {x I II xii a D} c U f
'" -a - suand MN u e du < D;
o

b) J
'" -a -Su (11+6MZ)ue = AM u e e du
o

(1+6)M Ze max {I, M 6 } < 1.
11+ Z

has and

Then there exists an invariant manifold

S = ((t,x,y) I x = o(t,y), -'" < t < "', Y E Y}

with Ilo(t,y)ll a D, l[o(t'Yl)-o(t,yz)ll a 61IYl-yzll. If f,g are
periodic in t with period p > 0 then a(t+p,y) = a(t,y); if f,g

are independent of t, a is independent of t.

If we assume also Ilf(t,x,y)-fCt',x,y)11 Blt-t'l and the
solution yh(t) = yh(t;T,ll,X(')) of dyh/ dt = g(t+h,x(t),yh),

yh(T) = n , satisfies

then there exists a constant K so

Ila(t+h,y) - a(t,y)11 Klhl.a

Remark. If 11 < S and A is sufficiently small, we can easily

satisfy b) above. If Ilg(t,x,y)-g(t,x,Y)11 Mzllx-Xj1a + I1l1y-YII, the
requirements for the y-equation are met.

Proof of Th. 6.l.Z. Let a: ffi x Y + Xa be any continuous function
satisfying

(*) IlaCt,y)ll a < D, Ila(t,y)-a(t,y')ll a < 61Iy-y'll
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on ill x Y. Let yet) be the solution of

dy/dt g(t,cr(t,y),y) for t < T, yeT) n;

then is well defined for all t < T. Finally, define

G(cr): ill x Y + Xa by

JTG(cr) (T,n) = e-A(T-s)f(s,o(s,y(s)) ,y(s))ds
_00

where yes)

We prove that G(cr) also satisfies (*), and in fact that G

is a contraction on this class of functions in the uniform norm. First

observe that, by assumption a),

Next, suppose cr

n,n' E Y, and set

t T,

and cr' are two functions satisfying (*) and

yet) y'(t) = Then for

Ily(t) -y' (t)11 < e\l(T-t)Mlll n-n' II + MzJ\\l(S-t) {6I1Y(s) -y' (s)11
t

+ Illo-o'lll} ds

where Illcr-cr'lll = sup{llcr(t,y)-o' (t,y)11 I (t,y) E ill x Yl . It followsa
(Gronwall inequality) that

II Yet) -y' (t)11 e(\l+ 6MZ) (T-t) [MIll n-n I II + v Illo-o'lll}
\l+M26

thus·

IIG(cr) (T,n)-G(o') (T,n')11 a
< (ooM(T-sY'Qe-S(T-S)\{ Ilio-cr'lll

+ (1+6)11 yes) -y' (s)ll}

\M(1
M
2
(1+6) r -a - Su III cr-cr' III< - \l+M
26)

u e du-
0

+ (l+lI)e[Mllln-n'll +
M
2 1110-0' III)\l+M26

(1+6)M
2

< 61In-n' II + e'lllcr-o'lll, e' max(l, \l+M
26)e

< 1.
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Therefore there exists a unique fixed point a = G(a)
(*). It remains to show a is a Lipschitz function of

S is invariant.

in the

t, and

For a =
a(t+h,y); then

G(a) as above, define
ha satisfies (*) and

ah , Ihl < hO' by ah(t,y)
yh(t), the solution of

dy/dt = g(t+h,ah(t,y) ,y), t < T, YeT) = 11

is well-defined. It follows, as above, that

II G(a) (T+h,11) -G(a) (T,11)lla = 11[00 e -A(T-S) [f(s+h,a(s+h,yh(s)) ,yh(s))

-f(s ,0(5 ,y(s)) ,y(s))] dsl] a

and

h hAl11a -0111 +A(I+lI)IIY (s)-y(s)ll]ds,

h (Il+MZll) (T-t) M h MZ h
Ily (t)-y(t)11 < e [Bllhl + -0111] - Il+Mzllllla -alII

50

invariance of S.

y (t), - 00 < t < 00, by

which proves the result.
It remains only to prove

50 X o = a(to'YO)' and define

Let

dy/dt = g(t,a(t,y) ,y), y(t O) = Yo;

then set x(t) =
(t,x(t) ,Yet)) E

f i.ces to prove

a(t,y(t)) for all t. This defines a curve

S, -00 < t < 00, through the point (to'xo'YO); it suf-
x(·) satisfies

dxdt + Ax = f(t,a(t,y(t)) ,Yet)), -00 < t < 00

But this equation has a unique solution xb(t) which remains bounded
as t -00, namely

J
t -A(t-s)

xb(t) = -00 e f(s,a(s,y(s)) ,y(s))ds,

a(t,y(t)) is indeed a solution.
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If f, g are periodic in t with period p > 0, we may re-

strict attention in the above argument to p-periodic functions a

which satisfy (*) . In that case, y(t+P;T+p) = y I t t r ) and

G(a) (T+p,n) G(a)(T,Il), and the argument proceeds as before.

Exercise 1. Assume f, g depend also on a parameter E, lEI < EO'

and the estimates above are uniform in E. Also assume (with obvious

notation) Ily(t;T,T),x('),E) - y(t;T,Il,x('),E')11 KlIE-E'le)l(T-t) for

t T, lEI < EO' IE'I < EO' Prove that the invariant manifold

SE = {(t,x,y) I x = a(t,y,E)} is a Lipschitz function of E.

Definition 6.1.3. Let S be a local invariant manifold of a differ-

ential equation. A subset L of S is stable if, for any to and

any E > 0, there exists a > a such that when (to'xO) is in a a-

neighborhood of the time-slice L n {to}' then (t,x(t;to'xO) ) is in

an E-neighborhood of L n {t} for all t to' where xC' ;to'xO) is

the solution of the differential equation through (to'xO)' We say L

is stable with respect to the flow in S provided the stability claim

holds for (to'x O) E S, in a a-neighborhood of L n {to}' Similarly

define instability and uniform asymptotic stability of L.

Theorem 6.1.4. Under the hypotheses of Thm. 6.1.2 above, assume also

(x,y) g(t,x,y): U x Y Y satisfies a uniform Lipschitz condition

and, with )1' = )l + M26 ,

so y = B_(B_)1')r l/(l-a) > O. Then the invariant manifold S is ex-

ponentiallyattracting. Specifically, if (x(t),y(t)) is any solution

on to t t l with x(t) E U on this interval, then on [to,tll

-y(t-t )
Ilx(t)-a(t,y(t))ll a KMe a Ilx(to)-a(to,y(to))ll a

where K is a constant depending only on a.

Further if L C S is uniformly asymptotically stable with res-

pect to the flow in S, then L is uniformly asymptotically stable.

If L C S is unstable with respect to the flow in S, then S is

unstable.

Remark. In the applications we ordinarily have in mind either
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= {(t,xo'yo) I -00 < t < oo} where (xO'YO) is an equilibrium point,
or = {(t,x(t) ,yet)) I all t l where (x(t) ,yet)) is a periodic

solution, or a family of periodic solutions. It is easily shown that
(in case f, g are independent of t) asymptotic stability of is

equivalent to asymptotic stability for the equilibrium point, or

orbital asymptotic stability of the periodic solution.

*= g(s,o(s,Y) ,y), s < t

Proof of Thm. 6.1.4.
with x(t) E U and

be the solution of

Suppose x(t), yet) is a solution on to < t
let E,(t) = x(t) - o(t,y(t)). Let y(s;t), s < t,

y = yet) when s = t.

Then by Gronwall's inequality, with

Ily(s;t)-y(s)11 MZ r to < s < t,
and s

Ily(s;t)-y(s;to)11 < M1MZ r s < to < t.
to

For to t t 1 we have

-A(t-t O) It A(t )
E,(t)-e E,(to) = e- -s [f(s,x(s),y(s))

to
-f(s,o(s,y(s;t)), y(s;t))]

+ -A(t-s)_ e [f(s,o(s,y(s;to)),y(s;to))

-f(s,o(s,y(s;t)),y(s;t))]ds
so

-B(t-t ) It
IISCt)/Ia < Me 0 II1;Cto)lla + AM 1IE,(s)11 J(t,s)ds

t a
o

where

J(t,s) (t_s)-ae-B(t-s)

+ Ioo
t-s

< (t_s)-ae-B(t-s){l + M
ZM1

If b
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S(t-t ) Jt 8 (s -to)
e 0 111;(t)ll a Mlll;(tO)ll a + b (t-s)-ae IIUs)11 ds.

t a
o

Such integral inequalities are discussed in sec. 7.1 and lemma 7.1.1

shows, for a constant K depending only on a,

where

8 (t-t ) q (t-t O)
III;(dl ae 0 KMIII; (to)11 a e

l/(l-a) 1/(1 a)q = (breI-a)) = (8-jJ')r - = S-y, so the estimate
is proved.

Now the flow in S is simply the restriction to S of the
flow in U x Y, so instability of L with respect to the flow in S

trivially implies instability of L. Suppose L is uniformly asympt-

otically stable for the flow in S. By an argument analogous to that

in Thm. 4.2.1 (or ex. 4 following it, or see Yoshizawa [135]) there
exists V: S + m such that with z(t) = (a(t,y),y) E Sand dy/dt =

g(t,a(t,y),y), we have

a(dist((t,z),L t)) < V(t,z) dist(t,z),L t)

and

V(t,z) = lim k{V(t+h,z(t+h))-V(t,z(t))} -V(t,z).
h+O+

Here a (: ) is continuous and strictly increasing with a(O) 0,

and l: = z n {t} is the time-slice at t ,t
If (to'xo'YO) is near Lt ' xO-a(to'YO) 1;0 and

0
Zo (a(to'YO) ,YO), define

where P is a positive constant chosen below. Choose T > 0 so large

that

and KMe- YT 1/4.

If (to'xo'YO) is sufficiently close to S, Le. Ill;(t O)lI a is small
enough, the solution through this point will exist with x(t) E U on

to t to+T, and so
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-T T
< e V(to,z(t O)) + (l+.6)e-lly(t o;t O+T)-y(t o)11

+ e -YTII SCto)11 0:

< i V(to,z(t o)) + i
(1l'-y)T

+ (l+.6)MZKM e -T (e, -1)11 SCto)11
u - Y 0:

provided P is chosen large enough (depending only on the given con-

stants and T). We also choose P so large that II (to)11 0: liP

implies the solution exists with x(t) E U on to t to+T, uni-

formly in to' Then V(to,x(tO),y(t O)) 1 implies the solution
-(t-tO)/Texists for all t to and V(t,x(t),y(t)) < Constant Z ,

which proves uniform asymptotic stability of L.

Corollary 6.1.5. Suppose the hypotheses of Th. 6.1.4 are strengthened
so r < 1 and dim Y < 00. Then S is uniformly asymptotically stable

with asymptotic phase. Specifically, there exist 0 > 0, C > 0 so

that any solution (x(t) ,Yet)) starting with Ilx(to)-a(to,y(to)/lo: < 0

exists for all t > to and there is a solution yet) of dy/dt =
g(t,a(t,y),y) such that for t to'

IIy(t)-y(t)11 + II x ( t ) - o ( t , y ( t ) )lI o:
-yet-tO)

s Ce Ilx(to)-o(to,y(to))llct

so II x (t)11 <
0:

(t > to)'
solution exists for all t > to'

Observe Ilo(t,y)llo: < MN u-O:e-Sudu < D
-y(t-t ) -

KMe 0 0 < D on the domain of existenceIla(t,y(t))11 +
0:

if 0 is sufficiently small, so the

Also (with notation from Th. 6.1.4))

Proof.

Ily(s)-y(s;t)11 MZ re ll'(e-S)MKe- y(8-S)IISC s)llo:d8
s

MZMK/ (Y-Il' )11 s(s)11 a for to S s < t.

(Note Y > Il' since r < 1.) Choose t n + +00 so y(tO;tn) converges
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lim y(to;tn).
n
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yes) be the solution in S with y(t O)
Then for every s > to' yes) = lim y(s;t )- n

2 n
M2(MK) -yes-tO)

II yes) -Y(s)ll:: Y-)l' IIi; (to)11 a. e

which implies the result.

and

Remark. If Y is infinite dimensional but n + g(t,a(t,y(t)+n),

y(t)+n) is uniformly Cl in a neighborhood of n = 0 for t to'
we again have asymptotic phase. This fact was pointed out by Prof.
Jack Carr.

Lemma 6.1. 6. Let X,Y be Banach spaces, and U an open set in X;
then closed ball in Cr(U,Y) (r f integer) in ka or C1" (U, Y)
(k 0,1,2, ... ) is also closed in the uniform

lPO
= norm of C (U,Y).

(Note: the conclusion fails for Ck (IR,JR.) , k = 1,2, ... ,)

oProof. The result is trivial for 0 < r < 1 or CLip; we prove the
result for the first derivative and the general case follows easily.

Suppose u: U + Y, Ilu (x)11 < B, Ilu' (x) II < Bandn n - n -
II -; (x) -u ' (y) II < Bllx-Yll s for x,y in U and n = 1,2,3, ... ; heren -
B > 0 and s, 0 < s :: 1, are fixed. If un(x) + u(x) as n + 00

uniformly for x E U, we show u is differentiable and satisfies the

same estimates. Let d(x) = min{l, dist(x,aU)}; then for x E U and

hEX, Ilhll < d(x), and any f E cl+s(U,Y),

II f ' (x)hll < II f(x+h) -f(x) II + II f(x+h) -f(x) -f' (x j hj]

< 211fllco + Ilfllcl+s Ilhll
l+ s

so with f = u -un m

11< rrkn Ilun-umilco + 2B Ilhll
s

for Ilhll < d(x)

and if Ilun-umil 0 < 1,
c

d(x)llu'(x)-u'(x)11 < 4(l+B)· Ilu -u Ils/O(l+S).
n m - n me

It follows that u is differentiable and + U' (x) for each

x E U (uniformly if x is bounded away from aU) so II u' (x)11 :: B
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and Ilu'(x)-u'(y)11 Bllx-ylls.

Exercise 2.

uni t ball in

Show the
o

CLip (IR) .

CD-closure of the unit ball in is the

Exercise 3. If u : U + Y
n

wCllx-xll) for x,x in U
ous increasing function and

in x E U as n + 00, prove

I/u'(x)-u'(x)/I < w(lIx-xl/).

satisfy B and
and all n: 1, where w(') is a continu-

w(O) = 0, and if un(x) + u(x) uniformly

u is differentiable, [l u ' (x)11 Band

Theorem 6.1.7. Assume in addition to the hypotheses of Th. 6.1.2 that

m > 1 and (f(t,' ,'), g(t,. ,.)) is uniformly bounded in
Cm(U x Y, X x Y) (or x Y, X x Y) when m is an integer).

Ip
Let u ' = \l+M2fl , mu ' < 6,

and assume

for every integer p in 1 < P < m

Y + U c XO is uniformly bounded in

and for

Cm or

p = m. Then a (t , . ) :
m-l
CLip' respectively.

Remark. Smoothness proofs in Cm, m integer, are much more difficult.

Proof. By the lemma, it is sufficient to show the map G in the proof

of Thm. 6.1.2 takes some closed ball in S n Cm(y,Xo) into itself;

we use notation from that proof, and S is the class of a: ffi x Y + Xa

satisfying condition (*) (p.144). We prove the result for Cm,

1 < m < 2 or CLI. (m 2), and sketch the required estimates for theIp
general case.

Let m = 1+0, 0 < 0 1, a E S

bounded (in fact [] o ' (t,y)11 < fl), and

He (a' (t)) "y-YII 0 with constant

Yet) = y(t;T,n,a) be the solution of

yeT) = n, and let yet) = y(t;T,n,a).

if y'(t) = ;ny(t;T,n,a), we have

with y-derivative a'(t,y)

Ila'(t,y)-a'(t,Y)11

He(a' (t)) bounded. Let

dy/dt = g(t,a(t,y),y), t T,

First by Gronwall's inequality
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II y' (t)11
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for t < T,

J
T (

Ily'(t)-y'(t)11 < t MlelJ s-t){llgxll HI)(a') + (l+li)mllgll
em}'

IIY(s) -y(s)11 I) IJy' (s)11 ds

so

emlJ' (T-t)

em-l)]J'HI)(y'(t)) HI)(a') + (l+li)mllgll m]
e

a
Also IltnG(a) (T,n)11 < li as proved before

HI)[ddnG(a)(T,.)] < fooM(T-S)-ae-S(T-S)A(l+li)MmemlJ'(T-s)

_ M em]J' (T-t) .
m

+ m)(MlelJ'(T-s))m
e

< 8
m

+ J:u-ae-SUemlJ'lJdU

< + Ml(l+li)llgxll/(m-l)lJ']HI)(a')

+ {terms independent of HI)(a')}.

Since the coefficient of HI)(a') is less than one, there exists B > 0

so HI)(a') B implies HI)(;nG(a)) B and the result follows.

For the higher order derivatives, we use the estimates:

t < T,

and

(0 < I) < 1)

where

M
k

= Ilg)1 + {terms in IlgJl
ek

and Iiall
ek- l)}

(m=k+l)) Mm = Ilgxll + {terms in IIgll
em

and II a "
ek

}.

Also

II (ddn)kG(a)(T,n)11 < 6
k
[ ( 1+li ) M

k
+

+ {terms inJlfll k and Ilallk_l}
C C
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and if m = k+8 (0 < 8 < 1)

+ {terms in Ilfllm
C

and 11011 k}'
C

The coefficient of the highest order derivative of 0 (or of

H8(0(k))) is less than one so the result follows as before.

Remark. When (x,y) + (f(t,x,y), g(t,x,y)) is uniformly continuously

differentiable, one can prove y + o(t,y) is uniformly continuously

differentiable along the lines of [115], but the argument is much more

difficult than that above. I don't know if the result holds without

such a uniformity condition. Hirsch, Pugh and Shub [120] develop a

method of "Lipschitz jets" which may be useful for these questions,

but we shall generally just avoid the Cm case, m integer.

Definition 6.1.8. Suppose X is a Banach space, U is an open set in

X and T: U + X is continuous. A set E c U is positively invariant

under T if T(E) n U c E; it is negatively invariant under T if

L n T(U) c T(E); and L is invariant if it satisfies both conditions.

Also, E is locally invariant (or locally positively or negatively

invariant) under T if each point of U has an open neighborhood V

such that E n V is invariant (or positively or negatively invari­

ant) under the restriction TIV.

Remark. We have not assumed that T is injective or that T(U) c U.

Similar definitions can be given for local invariance under a dynami­

cal system (cf. def. 4.3.1) and then we might take T as the time­one

map or the Poincare map on a surface of section (see sec. 8.4).

We have found locally invariant manifolds ­­ the local stable

and unstable manifolds (Thm. 5.2.1) and the local strongly­unstable

and center­stable manifolds (ex. 4, sec. 5.1, and ex. 2, sec. 5.2) ­­

and others will be examined in sec. 6.2 and Chapter 8. We now give

conditions which allow such locally invariant manifolds to be extended

to invariant manifolds, preserving smoothness.

Theorem 6.1.9. Suppose X is a Banach space, U is an open set in X,

T: U + X is a Cr map (1 < r < 00 or r = w, when T is analytic)

and L is a Cr submanifold of U.
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(i) If is finite dimensional and locally negatively invari­

ant, and if T and the T'(x) are injective
at each point x of U Tn(E), then is an

n=O

injectively immersed Cr manifold in U with the same di­

mension as E, which is positively invariant and locally

negatively invariant. If is negatively invariant then
is invariant.

(ii) If has finite codimension and is locally positively

invariant, and if T is injective and the
-n

T' (x) has dense range at each point x of u T (E)
n=O

then L is an injectively immersed Cr manifold in U

with the same codimension as L which is negatively in­

variant and locally positively invariant under T. If E

is positively invariant, then is invariant.

Remarks. Verification that T or T' (x) is injective requires a

backward uniqueness theorem, and we show the range of T'(x) is dense

by proving the adjoint map is injective, using backward uniqueness in

the adjoint equation. These points are discussed in sec. 7.3.
+

The extended manifolds are merely immersed rather than

imbedded: the topology they inherit from E may not agree with the
+

relative topology of in U. The standard example is the image of

R in ffi2 pictured here:

where the two ends of ffi

tory behavior (like sin
approach 0
l/x as x­+

without reaching it. Oscilla­

0) is also possible and may be

more common. A class of gradient flows was studied in sec. 5.3 and in

this case the global stable and unstable manifolds are imbedded (see

Thm.6.1.l0).
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Proof of Thm. 6.1.8. The invariance properties of L± are immediate.

(i) L is represented locally as {h (i;) I i; E lRk IsI < l},
where h is a Cr map from lRk to X whose derivative

h' (0 has rank k at each C so Tn(L) is represented

locally as the image of the Cr map Tn·h. Since
(Tn) , (h (0 ) is injective, the derivative of s -- Tn(h (s) )
has rank k and the result follows.

(ii) L is represented locally as {x E V I g (x) = o} where V

is an open set in U, g: V __ lRk is Cr and g' (x) has

rank k at each point where g = O. Thus T-n(L) is

represented locally as (g.Tn)-l(O) and x -- g(Tnx) is a

Cr map whose derivative has rank k at each point where
g(Tnx) = O.

Theorem 6.1.10. Suppose U is an open set in a Banach space X,

T: U -- X is Cr (r 1) and injective. Assume Xo = T(xO) E U,
o(T'(xO)) is disjoint from the unit circle and there are finitely

many eigenvalues (counted with their multiplicity) outside the unit

circle. Define the positively (or negatively) invariant Cr manifold
s u

(or Wloc(xO)) and suppose these may be extended to invari-
ant C injectively immersed manifolds WS(xO), Wu(xO) as in Thm.

6.1.9. Finally assume there exists continuous V: U --lR such that
.J. s uT(x) T x implies V(T(x)) < Vex). Then W (xO), W (x O) are imbedded

submanifolds of U which intersect only at xo' and there is an open
neighborhood Q of WS(xO) such that if x E Q'-Ws(xo), there exists

an integer N such that Tn(x) is defined for n: Nand Tn(x) Q
for all n N, as long as Tn(x) is defined.

We prove these manifolds are imbedded by showing, if x E WS(xo)
(or WU(xo))' there is a neighborhood Ul of x and an integer N > 0

so

U
l

s -N sn W (x O) c T (Wloc(xO))
or

Ul n u N uW (xO) c T (Wloc(xO))'

First we need a result of Chafee [110) :

Lemma 6.1.11.

neighborhood
integer N >

Under the hypotheses of the theorem, there exists a

Uo of xo such that, if x E there is an
o (depending on x) so Tn(x) is defined for n < N
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nand T (x) Uo for all
nT (x) eventually leaves

n > N, as long as Tn(x)

UO' never to return.

is defined. Thus

remains in­
Also choose

(or, allsoChooseProof. Tn(x) E: Bo (x O) for all n > 0
1

n 0) x E: (or Suppose also
dist(T (x), Wloc(xO)) < Kan for n > 0 as long as Tn(x)
side Bo (x O), where K,a are constants with 0 < a < 1.

1

n > 0 so sup YeW) < V(x O) where

W {x

and 0 < 00 < 01 is chosen so

eventually leaves

Uo as a neighbor­
and sup YeW) <Bo (x O) for

o
then Tn(x)If

Choose nO > 0

hood of Xo such that

and there exists N such that Tn(x) E: Bo (x O) for n < N and
1

TN+l(x) Bo (x O)· Since N nO' we have TN(x) E: W and V(Tn(x)) <
1

V(TN(x)) < inf V(UO) for n > N, so Tn(x) Uo for n > N.

Proof of Thm. 6.1.10. Suppose s there exists N 0x E: W (x O); > so-
TN(x) s

n UO' where Uo is the neighborhood provided by theE: Wloc(x O)
lemma above. There is a neighborhood Ul of x so TN(U

l) c "o and

by the lemma,

Wis com­Sincefor some

Ws(x o) is embedded. For the last statement of the
­n

Q = U T (U
O
) •

n>O

x E: then (in notation of the
as n 00 but II T­n(x)11 > 01 for some n > 0

Now suppose
lemma) T­n(x) 0

-N
and T o(x) E: W= W n

which proves

theorem, take

pact, there exists Nl > 0 so
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N
sup VeT leW)) < Vex)

and there is a neighborhood Ul of x such that

N
sup VeT leW)) < inf V(Ul).

If Y E Ul n WU(xO)' there exists N > ° with T-N(y) E Wand so

N < Nl and

An example from the theory of combustion. In section 5.1 we discussed

the system

an/at - £nf(T), an/av = ° on

aT/at + qnf(T), T = 1 on

n = 0, T = 1
O(e-£f(l)t),

-H/Twhere f(T) = e ,and q, D, H, £ are positive constants (£ small)

and is a bounded smooth domain. We showed that non-negative

initial data (n,T) It=o gives a non-negative solution which tends to

as t + +00. For small £ > 0, the convergence is

i.e. rather slow. Also it is known that n, T may

undergo rather large motions -- commonly called explosions -- before

settling down, so it is of interest to follow the behavior for all

t > ° -- at least for t 0(1/£). This problem was treated by

Sattinger [132] with "two-time" methods; using invariant manifold theory

and simple estimates, we can give a more straightforward treatment

without Sattinger's restrictions on the initial data.

First observe that, for small £ > 0, the concentration (n)

equation is nearly uncoupled from the temperature (T) equation.

Write n = nO + n l where nO = <n> = dx is the space average,

and n l has average value zero. Given any bounded, locally Holder

continuous curve {T(t), -00 < t < oo} of non-negative functions,

T(t) = T(O) for t 0, we can find an invariant manifold for the con-

centration equation in the form

which is linear in nO
s < t} of the curve.

and depends only on the segment Tt = {T(s),

Theorem 6.1.2 does not directly apply to linear
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equations, but following the proof we find

J
o A

-£ e sE(f(T(t+s))'
-00

.exP(£Jt <f(T(8))(I+o(T8, ))»dst+s

where A is - DL'. on functions with mean value zero and normal deri-

vative I equationzero on <¢> = nrr ¢ dx and E¢ = ¢-<¢>. This

can be solved by iteration when £ is small (note f(r) is uniformly

bounded) and

for small £ > 0, where Al is the second eigenvalue (the first posi-

tive eigenvalue) of the Neumann problem in

We prove now that II n l (t)11 L after an initial transient -
2

becomes and remains small, hence it approaches the invariant manifold

n l = cr(Tt)nO exponentially as t 00

Specifically note first that

d f 2 -2D -2DA I
2

dt n < nldx-
and

d - <nf(T»dt n =a

so (recalling n,T are 0)

and

so

Once II nlll L becomes small, it enters the region of attraction of

the invariafit manifold, and so

II n l (t)
t

O(e I)
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as t... co

To study the equations on a time-interval O(l/E) it is con-
venient to change the time variable to T = Et; then

-A1DT/2EIln l(T)-o(TT,E)nO(T)/!L 2
= O(e )

dnoerr = -<f(T(T)) (l+o(TT,E))>no(T)

(k = A
1
D/ 2) + O(e-h/E)

and

ar
E -aT

Also

-hiEt>T + qnO(T)f(T(T))(l+o(TT E)) + O(e ).

-1 2O(TT,E) = -EA E(f(T(T))) + O(E )

if T "'T(T) is Lipschitz continuous at this point (or t ... T(t) has

Lipschitz constant O(E), in the original time variable).

To study the temperature equation more closely, we first esti-

mate fl"llvnll2:

d J 2 2D J (t>n )2 + 2JI"l (t>nl)nf(T)dT I"llvnll dx E I"l 1

D J 2 E J 2< - - (t>n) + IT I"l n dx- E I"l 1

DA O ( 2
+ ITlln(O)lli< - - IVnll- E JI"l 2

where AO is the first eigenvalue of the Dirichlet problem in I"l, so

2 2II Vnl (T)II L Ilvnl (O)IIL2 2

TNow define F(T) = f l f(s)ds and

Q (T) = J (l/ VTJ2 - qnF(T))dx;
n I"l 2

then

dd Q (T(T)) + lllt>T+qnf(T)II L
2

= -q J F(T) dx
T n E 2 I"l aT

q J nf(T)F(T)dx + gQ ( f(T)Vnl·VT dx.
I"l E J

Following the initial transient period (i.e. for

T > E IIVnl(O)II)) the right-side of this equation is bounded
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compared to II liT + qnf (nil L or even Qn (n, as E: .... 0+. Further
2

[F(T) I IT-I! so Qn(T) is bounded below. Therefore, after the
initial transients have died down, the temperature T will generally

be close to a quasi-steady state (given n -- or rather, nO)' with

possible complications arising when T "slips" from one near-equilib-

rium to another. (Here is a nice problem for a catastrophist!)

If nCO) -- or, more to the point, nO(O) = -- is not too

large, there will be only one possible equilibrium and we would have

(after initial transients)

and

liT + qnOf(T) a in T

dna
lIT .. -nod(T»

I on :W,

Higher approximations are readily computed, using the invariant mani-

fold. This is the case treated by Sattinger [132], with a different

method, and more details may be found in this paper.

We return to this problem in Chapter 10.

Exercise 4. Suppose X, Y, Z are Banach spaces, A is sectorial in

X, a < a < I, B E .5t'(Z) and consider the system

x + Ax = f(t,x,y,z)

y g(f,x,y,z)

z + Bz = h(t,x,y,z)

y .... f(t,x,y,z),

and they have

(x,z)

are locally Holder continu-

and for II (x,z)11 :::

where (f,g,h): m x Xa x Y x Z .... X x Y x Z
ous in t, locally Lipschitz in (x,y,z)

max (II xli a' Ilzll) DO satisfy

(i) Ilf(t,O,y,O)11 N, Ilh(t,O,y,O)II<_ Nand
h(t,x,y,z) have Lipschitz constant y

Lipschitz constant 0 with respect to

(ii) Ile-Atxlla Me-81Ixlla, Mt- ae- 8tllxll for

lIe- Bt YIl Me 8tllyll for t < a (8 > 0)

t > a
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If pet) = (x(t),z(t)) is any continuous curve in

llr ll DO the solution yet) y(t;T,n,p) of
y = g(t,x(t),y,z(t)), YeT) = n E Y exists on -00 < t < 00

and satisfies

Ily(t;T,nl'Pl) - y(t;T,nz,pz)11

Mlil nl-nzll ell (t v r ) +Mzlr ell It-s III Pl (s) -PZ (s)11 ds I
T

(iv) For some positive constants 6,D with D DO'

a) 1 - a:M(N+8D)max(1/S, r(l-a:)/S ) < D

b) - -l-a:MMl (Y+86)max (1/ S, r(l-a:)/S ) < 6 where

S = > 0, ]l+MZ6

c) + sl-a:)}r(l-a:) < 1 with

Y = MZ(y+86), and

M{8/S + Y/SS} < 1.

Prove there exists an invariant manifold

S = {(t,x,y,z) I (x,z) = o(t,y), (t,y) ElR x Y}

with Ilo(t,y)1I D, Ilo(t'Yl)-o(t,yz)11 61IYl-yzll, and any invariant
set in {(t,x,y,z) I Ilxl1a: D, Ilzll D} is contained in S.

Hint: If yet) = y(t;T,n,o'y) is the solution of y = g(t,ox(t,y),

y,oz(t,y)), YeT) = n for some o = (ox,oz) with 11011 D and
Lipschitz bound 6, and if yet) = y(t;T,n,cr'y) is defined similarly,
then

Given such cr, define a by

fT -A(T-S)
0x(T,n) e f(s,ox(s,y(s)),y(s),crz(s,y(s)))

_00

foo -B(T-S)
0z(T,n) = - e h(s,ox(s,y(s)),y(s),oz(s,y(s)))

T

where yes) = y(S;T,n,O'y), and show 0+ a is a contraction in the
uniform norm.
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Exercise S. Use the notation and assumptions of ex. 4. Suppose

(x,y,z) is a solution for t >, satisfying Ilx(t)11 < D,a
liz(t) II D for all t > T, and assume for some E: > 0

k = M(a + MZ(y+a6)/S)f(1-a)
- I-a(S-E:) < 1.

Then SC t) '" x (t) - ox (t , y (t) ), I;;(t) = z (t) - oz (t , y (t) ) sat i s fy

If, in addition, dim Y < 00 and we can take E: > then there is a

solution y of

such that
MM II (,)11

Ily(t) -y(t)11 < Z a
- (1- k) (E: - \1)

(Hint: z(t) must satisfy

-e:(t-,)
e .

_ foo B(s-t)z(t) - - e h(s,x,y,z)ds.)
t

Exercise 6. With the hypotheses of ex. 4 and k < 1 (ex. 5), there

exist 0 < Dl D and a manifold

WS(E) = {(t,x,y,z) I z = s(t,x,y), Ilxlla < Dl }

such that for any solution (x,y,z) with

II x (,)11 a Dl and II z (,)11 < D

satisfies either

a) Ilz(t)11 > D for some t > ,

or

b) the solution exists for all

which is true if and only if
t >, with Ilx(t) ,z(t)11 D,

("x(,) ,yeT) ,z(,)) E WS(n.

In case b), the solution is in WS(E) for all large t and approaches

E at an exponential rate as t +00
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Exercise 7. A is sectorial in X, 0 a < 1, A(t,y) A + B(t,y)

II B(t , Y1) - B(t , Y2) II a B211y1 - Y2 II
-Sf(X ,x)

and (f,g): m x U x Y X x Y (U open in Xa) satisfy the conditions

of Thm , 6.1.2 and also Ilg(t,x,Y)11 < L. Assume that, for each curve

y: m Y with Ily(t l)-y(t 2)11 <; Lltl-t21, the evolution operator

TyCt,s) (see Ch. 7) for x + A(t,y(t))x = 0 satisfies

IITy(t,s)xll a < Me-S(t-s)llx!l
a

liT (t,s)xjl < M(t_s)-O:e-S(t-s)llxll
y 0:

for t > S, x E XO:. Finally assume, in place of (b) in Thm. 6.1.2,

that

(b' )

and

where = + and 8 > O. If < S and A and NB 2
are sufficiently small, these can be satisfied.

Then there is an invariant manifold

S = {(t,x,y) x = a(t,y)}

for x + A(t,y)x

II a (t ,y1) - a (t, Y2 )11 a

(Hint: if yet)

f(t,x,y), Y g(t,x,y) with Ila(t,y)ll
a

<; D,

solves y = g(t,a(t,y) ,y), YeT) = nand yet) solves

y = g(t,cr(t,y),y), yeT) = n then for T > S > t

a-;:;--{ (T- (T , s ) -T ( T , s)) T (s, t)}
as Y Y Y

and

Ty(T,S)(A(s,y(S))-A(s,yCS)))Ty(S,t)
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Exercise 8. Suppose A is sectorial in X, A(t,y)-A E (Xa,X) for

each (t,y) E lR x Y, IIA(t'YI)-A(t,yz)1I a -: BzIIYI-Yzll and the
Y(X ,x)

evolution operator Ty(t,s) for x = A(t,y(t))x = ° satisfies

liT (t,s)11 -: Me- 13(t-s), t > s, whenever Yet) is any solution of
Y y(xa )

y = gO(t,O,y,O) in Y. Assume B(t,Y) E (Z) has IIB(t'YI)-

B(t,yZ)!! B31IYI-Yzll and the evolution operator Uy(t,s) for

z + B(t,y(t))z = ° satisfies IIUy(t,s)11 (Z) Me- 13(s-t) for s > t

when Yet) is as above. Assume

(x,y,z) .... (f(t,x,y,z) ,go(t,x,y,z) ,gl (t,x,y,z) ,h(t,x,y,z))

satisfy uniform Lipschitz conditions and are bounded on {(t,x,y,z)

IIxlla DO' Ilzll DO) clR x XaxY x Z to X x Y x Y x Z. Also

IIgo(t,o'Yl'0)-gO(t,O,yz,O)11 lJllYI-yzll with u < 13. Prove, for

sufficiently small (,

x + A(t,y)x = (f(t,x,y,z)

y gO(t,x,y,z) + (gl(t,x,y,z)

z + B(t,y)z = (h(t,x,y,z)

has an invariant manifold S = {(t,x,y,z) 1 (x , z) a (t,y)} with
c (

a((t,y) .... ° and Lip a (t,') .... ° as ( .... 0 .y (

(Hint: for sufficiently small 0, 0 < 0 < 00' and any curve {Yet) }
-

in Y with Ily(t)-go(t,O,y(t) ,0)11 < 0 for all t, we have
-

for some constants Mo 13' (0) depending only on the given constants

°
13' (0) .... 13 as 0 .... 0, and a similar estimate holds for Uy(t,s).

See sec. 7.4, in particular ex. 1.)
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Exercise 9. Suppose f: [0, 1T] x lR -+ lR is twice continuously differ-

entiable, k > 0, and consider

u t = kuxx + f(x,u(x,t)),

u(O,t) = 0, U(1T,t) = O.

(0 < x < 1T, t > 0)

Then Ilf(·,¢)-f(·,1jJll l LII¢ -\jill
HI(O

' II f ( . , ¢)11
HI

< K provided
HO(O, 1T )

0
,1T) 0

II ¢ II 1 < B and II \ji II 1 B, where L, K depend only on B and
HO HO N
sup { If x I , If u I , If xu I , If uu I } . If PN<jJ(x) = L ¢n sin nx where

O<X<TI n=l

Iu ]

2I
TI

¢ = - ¢(i;)
n 1T 0

sin ni; di; for 1 < n N, and if I-PN, then

hence

II QNf ( . , ¢) II L -:
2

IIQNf(' ,¢)-QNf(. ,\ji)II L2

K

(N+I)2

-: L 2 11¢ - \ji ll l
(N+I) HO

for II¢II 1 5 B, 11\ji111 B. Assume f(x,u) is modified outside
HO HO

lui < B IIT72 so these estimates hold everywhere.

Consider u = uN + vN' uN = PNu, vN = QNu, so

a a2
(at - k ---Z)vN = QNf(.,uN + vN), t > 0.

ax

while

u =N

UN satisfies an ordinary differential equation,
N
L c (t) sin nx,

n=l n

dCn + kn 2c = I1T sin nx f(x, Ic (t)sin mx + vN(x,t))dx;:r:r- n 1T 0 1 m

(n 1, ... ,N).

2Then Th. 6.1.2 applies with a = 1/2, B = K(N+l) -K, M = N+l,
2 2A = L/(N+l) , = KN +L, for sufficiently large N, and there exists

an N-dimensional attracting local invariant manifold
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N
SN = {u(x) L cnsin nx + vN(x;c l' ... ,cN)}. If u is a solution with

1

Ilu(' ,t)11 1 < B for all t 0, then its w-limit set is contained
HO

in SN' and the limiting behavior of all such solutions is determined

by the ordinary differential equation describing the flow in SN'

Compare with the example of Hopf [50] (exercise, sec. 6.4).

Exercise 10. Let D, V, L, 60, 61 be real n x n matrices with D

diagonal and positive and define (for real E)

AEu = -Du " + EVU' + ELu, 0 < x < 1

Du' (0) = E60u ( 0) ,

Show AE is sectorial for each
tion 3.4) hold for AE + I when
Hl(O,l; mn) is independent of E.

and the conditions of ex. 2 (sec-
!.<

is small, and D(AE+1) 2 =

Exercise 11. (d. A. Poore [130].)

sider the equations for a tubular

diffusivity:

With D, V, 60, 61 as above, con-

chemical reactor with large

_1 D a2u _ V au-- + F(x,u),
E ax" ax

o < x < 1

1:. D au - Q U
E ax - >'0 at x = 0, 1 D au Q

E ax = - >'1 u at x = 1

for 0 < E «1. Here the components of u are the concentrations

of various chemical species involved and the temperature, i D is
the diffusivity, V is the convective velocity and F(x,u) gives the

rate of reaction. We assume F(x,u) is modified for lui large so
as to be smooth and bounded as a function of u.

as in exercise 10 and letTake A
E

the projection of L2( 0 , 1 ; mn) onto an

of (almost constant) functions:

P
E

n-dimensional subspace

be

y
E

p u(x) = Jl u(x)dx + ).
E 0 2
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Prove there is an n-dimensional attracting invariant manifold repre-

sented as a graph over Y£, for sufficiently small £ > 0,

with a£(y) 0 as £ 0+. The flow in this manifold is given by

F(y)

uniformly on bounded sets of y E Y£, where F(y) F(x,y)dx.

Further, if u is a solution with Ilu(',t)11 1 B on to t t l,
H

£ sufficiently small, then z = u - (P£u + a£(P£u)) satisfies

has compact resol-

We study the sta-

: a < 1, U is a

is continuously dif-

has Re a(L) 0

where K and b > 0 are independent of £ > O.

(Hint: change the time variable to T = t/£.)

6.2 Critical cases of stability [40, 41, 45]

Theorem 6.2.1. Suppose A is sectorial in X, 0

neighborhood of the origin in Xa and h: U X

ferentiable with h(O) = O. Assume L = A-h'(O)

and a(L) n {Re A = O} is a spectral set. (If A

vent, this is a finite collection of eigenvalues.)

bility of the origin for dx/dt + Ax = hex).

Let X = Xl X2 be the corresponding decomposition into L-

invariant subspaces with Re a(L l) = 0, Re a(LZ) > 0, Lj = L!x.
J

(j = 1,Z). There exists a Lipschitzian local invariant manifold

S = {x = xl + a(x l) I xl E Xl' II xIII r l , tangent to Xl at the origin.
The flow in S may be represented by the ordinary differential equa-

tion in Xl

where g(x) = h(x)-h' (O)x and El is the projection of X onto Xl

(along X2).
If the orlgln (in Xl) is asymptotically stable for the flow in

S, the origin is asymptotically stable in Xa; if the origin is unstable



169

for the flow in S, then it is unstable in Xa.

Remark. If h is smooth near 0, the first few terms in the Taylor

series for ¢ may be calculated (see Th. 6.Z.3) and Xl is ordinarily
finite dimensional -- usually dimension one or two -- so stability of

instability in S can usually be determined by sufficient calculation.

Proof of the theorem. We reduce this to the case dealt with in sec.

6.1: X = Xl XZ' so x = xl + X z with

E. = projection of
J

X onto Ej (j = 1,Z), with
-L t

II e 1 II < M
c

(Itle

-L t
for all t < 0 (for any c > 0) and lie Z II < Me-Bt,

-LZt -a -Bt
II e II < Mt e for t > 0 (for some B > 0). We may choose
( > 0 arbitrarily small, but generally M + +00 as (+ 0+. We

E:
modify the equations outside a neighborhood of the origin in Xl so

the hypotheses of Th. 6.l.Z hold with Y = Xl and U a small neigh-

borhood of the origin in the resulting invariant manifold, re-

stricted to a neighborhood of the origin in Xl x gives a local
invariant manifold for the original system, and the theorem follows.

Choose a Lipschitzian function Xl + [0,1) with = 1

if Ilxlll"5 1, = 0 if Ilxlll Z, and for p > 0 define

fp(xl,x Z)

gp(xl,xZ)

+ x Z),

+ xZ)·

There exists continuous increasing k(·) with k(O) = 0 such that

1\g(x)-g(x')II"5 k(p)llx-x'll a when Ilxlla"5 p, Ilx'll a"5 o , hence f p' gp
have Lipschitz constant on Xl x Up = {(xl,x Z) I xl E Xl' X z E

Ilx zlla "5 Zp} of order k(Zp), and also I\f p(x l,x Z)II + Ilgp(xl,xz)11 "5
Cpk(Zp) on Xl xU.

Now if t "5 O} is any continuous curve with values in

Up' define Yet) = = by

dy/dt + Lly = t < 0,

yeO) = n E Xl'
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For any other curve s': (-00,0] u and any n' Xl'

f
o -L (t-s)
II e 1 II II gp (y I (s) ,s' (s)) -gp (y(s) ,S(s) )11 ds

t

M fO e£(s-t)Ck(2p) [IIY' (s) -y t s ) II
c t

- £tl< M£ e In-T)' II +

Ily'(t)-y(t)11 = IIHt;n',s'(·))-¢(t;n,S(·))11

-L t
<lie llllln-n'lI+

+ Ils'(s)-s(s)11 ]dsa

when Ck(2p) is the Lipschitz constant for gp on Xl x U It

follows that for t < °
Ily'(t)-y(t)11 < M IllInll e lJ l t l + u fO

c t

If c and p are chosen sufficiently small,

and estimates (a), (b), (c) of Th. 6.1. 2 and

+ c.CMck(2p)
that lJ < B
for small p, so these theorems apply.

° L2sFinally, cr(O = f e fp(cr(xl(s;s)),xl(s;s))ds for s in

Xl' with Ilxl(s;OII MJlslle-lJ(l+lI)S for s < 0. It follows that,
for any B > 0,

6.1.4 hold

where lJ =
it follows

II cr(OII a/II s II

Take B large and Iisil small to show Ilcr(s)ll a = odlsll) as ° in

Xl'

Corollary 6.2.2. Assume A, h satisfy the hypotheses of Th. 6.2.1 and
also the derivative h' is Lipschitz continuous on a neighborhood of

the origin in Xa . Assume also that in the subspace Xl there exists
a function Xl [0,1] which is continuously differentiable with a

Lipschitz continuous derivative, which is equal to one on some neigh-
borhood of the origin and vanishes everywhere outside some bounded

set in Xl' (Note: this is trivial if Xl is finite dimensional, or
if X is a Hilbert space or has a C2 norm.)

Then the local invariant manifold (the "critical" or "center"
manifold) constructed above is continuously differentiable with a

Lipschitz continuous derivative, and o satisfies Ilcr(xl)ll a = Odlxlll2)
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as Xl ->- 0 and

in a neighborhood of the origin in Xl'

Now we show that the critical manifold may be computed (follow-

ing Hausrath [45]), in the sense that an asymptotic power series for 0

may be constructed, directly from the differential equation for 0

given in this corollary. Another approach is used in examples below,

and its justification is the agreement with the method given here.

Theorem 6.Z.3. Assume the hypotheses of Th. 6.Z.1 and Cor. 6.Z.Z, and

assume ¢ is a continuously differentiable function with Lipschitzian

derivative from a neighborhood of the origin in Xl to with range

in D(LZ)' such that (when ¢' = derivative of ¢)

with

if

Illl(xl)11 KllxlilP near the origin of
0(') defines the critical manifold,

for some p > 1. Then

If g: Xa ->- X is p-times continuously differentiable near the

origin, there exists a unique polynomial function ¢ of order p

satisfying the conditions above. Actually, it suffices that there

exists a polynomial g so that Ilg(x)-g(x)11 = as Ilxll a ->- o.

Proof. Suppose ¢ is as above, and is extended to all of Xl

to all these conditions but with El,zg(xl+¢(x l)) replaced by

gp(xl,¢(x l)) respectively. Suppose xl(t), xZ(t) = o(xl(t))
solution of the equation, and define z(t) = o(xl(t))-¢(xl(t))

dz/dt + LZz kp(xl,z) where

subject

f p '
is a

so
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o LZs
z(O;s) = J_ oo e kp(xl(s;s)z(O;xl(s;s)))ds with dxl/ds + Llx l =

gp(xl,¢(x l) + z(O;xO)), s 0, xl(O;O = So Arguing as above,
s z(O;s) is the fixed point of a certain contraction map, and it

suffices to prove this maps a class of functions with II z (0; 011a
KzllsllP, into itself. But if z(O;s) satisfies such an estimate, then
Ilxl(s;s)11 :: M£ e- 11(l+6)sllsll for s < 0 so

f
o LZs

II _ooe kp(xl(s;O,z(O;xl(S;s)))dslla

< Ilx l (s;OIIP + IlkpllLi p KZ Ilx I (s;OIIP)ds

< + IlkpIILipKZ)ds, IlsllP

< Kzllsll P,

proves

suffici-provided pl1(1+6) < B, KZ
ently small (so II kJI Lip
the condition pl1(l+6) <

the first claim, and the

is chosen sufficiently large and p

is small). For sufficiently small p,

B will be satisfied, as before. This

second follows from the lemma below.

Lemma 6.Z.4. Suppose Y: Xl Xz is a continuous homogeneous poly-
nomial of order N; then there exists a continuous homogeneous poly-

nomial Xl of order N such that

- LZ¢(x l) + y(x l) = o.

o LZs -LIS N
In fact, ¢(xl) J_ooe y(e xl)ds, and Ih(xl)11 < C Ilxlll implies

II¢(xl)ll a (MC Isl-aeBslle-LlSIINds) IlxlllN.

-L t
Proof. Set = 1 xl) for t:: 0, where is defined by the

integral above. Then +
result follows.

u(O,t) = 0 and
2X = L

Example. u = u + u - au 3 for t > 0, 0 < x <- t xx
= 0, and a is a nonzero constant. We take

A = -dZ/dx Z as in Sec. 4.3.

Linearize about the equilibrium u = 0: v t = vxx + v, with
v = 0 at x = In the notation of Th. 6.2.1, o(L) = {n2_l I
n = 1,2, ... }, a collection of simple eigenvalues, and Xl = span{sin x},
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X2 {¢ ¢(x) sin x dx = a}.
The critical manifold may be represented in the form

S = {u(x) s sin x + L cn (s) sin nx, Is I < sO}
2

where cn(s) = 0(s2) as s -+ O. In fact, the cn(s) must be odd

functions of s, since u(x,t) is a solution only if -u(x,t) is a
solution, cn (s)

3 The flow in S satisfiesso = o(s ).

ddSt ( s i n x + L c' (s)sin nx) + I(n2-l)c (s)sin nx
2 n 2 n

= -a L ctc c sin t sin mx sin px
t,m,p m p

(with cl(s) = s). It follows (integrating against sin x) that

£f = _as 3 * sin4x dx + 0(s5), i.e. ds/dt + i as 3 + 0(s5) = O.

Thus from Th. 6.2.1 u = 0 is asymptotically stable if a > 0,

and unstable if a < O.

Further calculation (integrating against sin kx, k > 2)

reveals

as 3 5S = {u(x) = s sin x + sin 3x + O(s )}.

We verify this calculation using Th. 6.2.3. When ul(x)
s sin x, Is I < sO' let

¢(ul) (x)
as 3 sin 3x.= -n

Then g(u) 3 g(u l +¢(ul)) (x) 3 3 + 0(s5)= -au -as sin x so,
Elg(ul+¢(ul)) (x) = 3 . 2

f
Tf sin4s ds + 0(s5) and-as SIn x -

n 0

3as 2 lr + 3a s3 s + 0(s5))dssin 3x sins(O sin32 Tf 0 4
3 3 1 + 0(s5) 5as sin 3x 3x)- 8 32 - as (- 4" sin = o(s ),

which proves our calculation is correct to the order specified.

Exercise 1. If S has the representation
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5 73x + S ¢S(x) + O(s )

where 2 JTI u l (x) sin x dx (i. e. u l (x) sin x ) , substitute ins = - STI a 2 3a 2 .3athe equation for 0 to show ¢'S (x ) + ¢S(x) + ITS sin 3x + ITS s i n Sx=O,

JTI
2

¢S(x) sin x dx 0, i . e. ¢S(x) = sin 3x + sin Sx). Thus thea
flow in S is given by

ds
dt +

33 325 337 94 as - 128 a s + 4096 a s + O(s ) 0,

while S has the representation

{u(x)
3

as . 3s sin x + Sln x
2 5

a s (3 .+ 1024 Sln 3x + sin 7Sx)+O(s),

for small s l .

Using the critical manifold simplifies problems such as that in

Exercise 5, Sec. 5.1. In that case we have a C2 curve of equilibrium

points X(A), x(O) = 0, x' (0) f a and it is assumed the linearization
about a has a as a simple eigenvalue (with eigenvector

and the remaining eigenvalues are stable. In this case the critical

manifold is precisely the curve x(A) and the "flow" in this manifold

is given by dA/dt = O. In a neighborhood of the curve, introduce

coordinates (A,y), x = X(A) + y, where y lies in a subspace comple-

mentary to span{x'(O)}; for IIYiI + IAI < r, the flow hasa
IdA/dtl C Ily(t)ll a and Ily(t)ll a + IA(t)1 < r for to t t 1 i m-

-S(t-t )
plies II y(t)11 a Ke a II y(to)11 a on to t < t 1; for some posi-

tive constants C, K, 13, r . If !A(to)1 + K(l+ l/S)lIy(t o)lI a < r

then IA(t)1 + Ily(t)ll a r for all t > to and Ily(dl a +

IA(t)-Aool + a exponentially as t + 00, for some constant Aoo Pre-

cisely the same argument proves the analogous result for an n-parameter

family of equilibria when a is an n-fo1d eigenvalue of the lineari-

zation. Alternatively, Cor. 6.1.5 shows {X(A)} has asymptotic phase.
Suppose now that X(A) is a curve of equilibria as above, but

a is a double eigenvalue with x' (0) the only eigenvector (other

eigenvalues stable). This case is more subtle but the final result

is geometrically reasonable. It is sufficient (as above) to examine

stability of the curve in the two-dimensional critical manifold.
Suppose the flow in the critical manifold is given by dz/dt = F(z)

where z = (x,y) E ffi2 near 0, and the curve is represented as
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z = = 0, f O. Then the curve of equilibria is asymp­

totically stable with asymptotic phase, independent of terms of order

O(jzIN), if and only if

(div F) Z=¢(A)

for some a < 0 and even integer q, Z q < N. Since F vanishes

along the curve, has zero as an eigenvalue and so

(div is the nonzero eigenvalue of the derivative which is
required to be negative for stability.

To prove this, first observe that we may change variables so

the curve is represented as y = = 0, 0 and

F' (0) = [: This involves re­parametrization of the curve and a

linear change of coordinates in the x­y plane, without changing the

assumption on div F. If we put y = + n, the system becomes

x = n + ql(x,n), n = qZ(x,n) with ql,qZ quadratic and ql(x,O)

qZ(x,O) = 0, and aqZ!an(x,O) = (div F) (x,¢(x))' If ql (x c n)

nql(x,n), qZ(x,n) = nqZ(x,n) then on any solution curve with n t 0,

so (recalling qZ(x,O) ­ ax q near 0)

n

for a small constant c, depending on the solution. Substituting in

the x­equation we find x(t) converges to a stable equilibrium and

n 0 as t +00 in case q is even and a < 0; otherwise the solu­

tion n = 0 is unstable.

6.3. Bifurcation and transfer of stability for equilibrium points
[85, 86, 41]

Suppose A is sectorial in X and f(x,£) is smooth from a

neighborhood of the origin in Xa x ffi to X. Assume the origin is

always an equilibrium point, f(O,£) = 0, but it changes from stability

to instability as £ increases through zero. Specifically, suppose

L£ = A ­ fx(O,£) has spectrum
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for some 8 > D, where A(£) is a simple real eigenvalue with

A(D) = D, < D.

Both A(£) and the corresponding projection E£ are smooth

functions of £ [56]. We may suppose E£ = v£ ® WE' i.e. E£x =

v£<w£'x> for any x E X, where L£v£ = A£v£, v£ is in X, and w£
is a continuous linear functional on X satisfying the adjoint equa­

tion = A£w£, with <wE,VE> = 1. We may also suppose V£' w£
are smooth functions of £.

An argument similar to that in sec. 6.2 shows there is a one­

dimensional local invariant manifold

continuously differentiable function of its arguments,
a¢ _

0, as(O 0) ­ 0. The differential equation in S£ then

(with g(x,£) = f(x,£) ­ fx(O,£)x)

¢ is a

¢(D,£)

the form

and

with

takes

ds
dt +

A(£)s ­ <w ,g(sv + ¢(s,£)£»
£ £

1 + <w ,a¢(s,£)/as>
£ °

as long as lsi < P, for some positive P PO' Le., ds/dt + h(s,£)=O

where h(O,£) = 0, = AC£). The stability properties of any

solutions near the origin are determined by the stability properties

of this one­dimensional equation, and these are easily determined.

Lemma 6.3.1. Suppose h(s,£) is a continuously differentiable real

function of (s,£) near (0,0), and for some a > 0, 8 0, and inte­

ger m > 2, h(s,£) = ­as£ + 8s m + oclsl m + Is£l) and

+ a£ ­ mBsm­ l = 0(1£1 + Isl m­ l), as (£,s) ­>­ (0,0). Then in a

small neighborhood of the origin we have one of the following cases:

(a) m is even (so h(s,O) doesn't change sign for ° < Is I < p ) ,
-

when there is a single non­zero s near ° (for small
c

£ 0) with h(s£,E) °, and ah(s£,£)/as is negative

for £ < °, positive for c > 0.

for ° < lsi: p),

for small £ < °
pair
+s­
£

m is odd and B > ° (so sh(s,D) > °
when there are no small zeros of he· ,E)

other than h(O,£) = ° -- but for small £ > ° there is a
+ + +

= ° with > 0, and

­>­ ° as £ ­>­ 0+.

(b)
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(c) m is odd and S < 0 (so sh(s,O) < 0 for 0 < Is I < p)
± + -

when there is a pair s for small c < 0, = 0,
+ e±

< 0, with s ->- 0 as e ->- 0- and there arec ,
no small zeros of h (: , c) for small c > 0, except s = O.

Note that if h(se'c) = 0, then Sc is an equilibrium point of
ds/dt + h(s,c) = 0, and it is asymptotically stable (or unstable) if

llh(sc,c)/lls > 0 (or < 0), so the possibilities above may be refor-

mulated in terms of stability and instability of equilibrium points.

Proof of lemma. The proof is a modification of Newton's polygon (see,
in particular, [21]). Let s = acl/(m-l), so if h(s,c) = -asc + Ssm +

l'.(s,c), h(acl/(m-l) ,c) = em/(m-l) (-acr+Sam) + l'.(acl/(m-l) ,c). Now

a ->- e-m/(m-l)l'.(acl/(m-l),c) is continuously differentiable for any

small e f 0, and ll/lla{C-m/(m-l)l'.(acl/(m-l) ,c)} = c-llll'./lls(acl/(m-I),

c) ->-0 as e ->- 0. Thus, by the implicit function theorem, if
m-l IaO a/S, there exists a unique a(c) ->- aO as e ->- 0 such that
h(a(e)el/(m-l),£) = 0, The cases (a), (b), (c) above appear when sign

restrictions on e are made to ensure all the functions here are real.

The statements about the sign of llh/lls follow from

llh/lls(a(e)el/(m-l) ,c) = e{(m-l)a + o(l)}

It remains to show that every small solution is obtained in this way.

Suppose s(e) f 0 for small e f 0, h(s(e) ,c) = 0 and s(e) ->- 0 as
-l/(m-l)e ->- 0; we show aCe) = s(e)e must tend to some aO with

aaO = as e ->- 0, and then the implicit function theorem proves

uniqueness. But h(s,e) = -ase + Ssm + l'.(s,e) has 16(s(e),e) 1 <

o (ls(e)l m + Ics(c)I), with 0 ->- 0 as e ->- 0, hencee e

O -m/(m-l)h( ( ) l/(m-l) )=e ace ,e = - aa + Dam -m/(m-IL( l/(m-l) )
" + E Ll ae , E

so laa(e) - Sa(e)ml 0e(la(e)l m + la(e)l) for small c. This
implies o f c) remains bounded as c ->- 0, and so c o I e) - Sa(e)m ->- 0

as e ->- 0.

Remark. The results of this lemma are summarized in the following
diagrams.
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(a) h.

f' ¥
(b)

* t¥ rr
(c)

E < 0

ah
(as(O, E) > 0)

E = 0

0) = 0)

E > 0

ah
(as(O,E) < 0)

The stability interpretation may be expressed in a "bifurcation

diagram":

(a)

stablt.

(b) stable Eunstab1e

14l'\rl. st<.l>l<

(c) unstable

\Wt

In Sattinger's summary [86, 88]: nontrivial solutions which bifurcate

subcritica11y (E < 0) are unstable but supercritical bifurcating solu­

tions are stable. (Note: this will not generally hold except in the

case treated here, of a simple eigenvalue A(E) with A(O) = 0 and

A'(O) < 0.)

We collect our results in a theorem.

Theorem 6.3.2.

the origin in

(­EO,E O) .... X

for IE I < EO'

Suppose A is sectorial in X, U is a neighborhood of

Xa for some a < 1, and for some EO > 0, f: U x

is twice continuously differentiable and f(O,E) °



179

We consider the equation

(EE) dx/dt + Ax = f(x,E)

for small E, comparing with the limiting equation

dx/dt + Ax f(x,O).

Assume LE A - fx(O,E) has a simple real eigenvalue A(E)

I dA
for EI < EO' with A(O) = 0 and dE(O) < 0, and suppose the remain-

der of the spectrum of LE lies in {Re A > S} for some S > 0,

provided E is sufficiently small.

If the flow in the critical manifold for (EO) is represented
2by ds/dt + hOes) = 0, then hoes) = O(s) as s + 0, but we assume

hOes) does not vanish to infinite order at s = 0, and in fact

hOes) = Ssm + o(sm) as s + 0 for some S f 0 and some m > 2.

Suppose f is em near the orIgIn.

Then we have one of the following cases: either

(a) there exists a nontrivial equilibrium point

small E f 0 which is unstable for E < 0

x(E) for

but asymptoti-

cally stable for E > 0;

or (b) there exists a pair of nontrivial equilibria X+(E),X-(E),

for small E > 0, and these are asymptotically stable, but

there are no small nontrivial equilibria for small E < 0;
+

or (c) there exists a pair of nontrivial equilibria X-(E) for

small E < 0 and these are unstable, but there are no

small nontrivial equilibria for small E > O.

Example. u = u +
t xx (0 < x < TI, t > 0)

u(O,t) = 0, u(TI,t) = 0

where f is twice continuously differentiable, f(O) = 0, f' (0) = 1,

and is a non-negative constant. If < 1, the zero solution is

asymptotically stable in (see Th. 5.1.1) but if > 1, the

zero solution is unstable (Th. 5.1.2). Let = 1 + E; then for

smooth u which vanish at x = O,TI,

so (in X

-u"(x) - (l+E)U(X), a < x < TI,
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2a(LE:) = {n - 1 - E: In = l,2,3,···}

and A(E:) = -E: is the critical eigenvalue.

If feu) = u - au 3 (a f 0), the critical manifold was computed
in the example in sec. 6.2, and the same computation (through third

order terms) is valid whenever f is C3 with f'(O) = 1, fll(O) = 0.

f'''(O) f 0: if f"'(O) < 0, case (b) of Th , 6.3.2 applies; if

f"'(O) > 0, case (c) of Th. 6.3.2. applies.

Exercise 1. If feu) = u + au 2 + O(u 3) as u 0, with a f 0, com-

pute the flow in the critical manifold and show case (a) of Th. 6.3.2

applies to ut = uxx + (l+E:)f(u), (0 < x < TI, t > O)u = ° at x = O,TI.

Example, continued. Let us examine further the case when the origin is

asymptotically stable for the critical case E: = 0. For simplicity,

suppose feu) = u - au 3, a > 0: according to Cor. 4.2.3 there exists a
3Liapunov function V(u) for ut = uxx + u - au , u = ° at x = O,TI,

satisfying,

Ilvll l < V(u) < K Ilull 1
HO(O,TI) HO(O,TI)

and such that {¢ E: I Veep) < £}

£ > 0. is positively invariant with respect to

for sufficiently small

3ut = uxx + (1+E:) (u-au), u = 0 at x O,TI,

for all sufficiently small E:, I E: I < E: OU) .

If u(· ,0) E: U£ and u is a solution (for some sufficiently

small E:), then {u(',t) t ? O} lies in a compact set in U£. But

according to Th. 6.1.4, any invariant subset of U£ (when is

small) must be contained in the local invariant manifold SE:' and

therefore the w-limit set for the solution u must be {a}. if

£ < O. or one of the equilibria {O}, {u+(£)}, or {u-(E:)} if E: > O.

Now for E: > 0, the domain of attraction of u+(E:) (or u-(£)) is an

open connected set in as is its intersection with and

the region of attraction of {O}, intersected with is the stable

manifold for the origin which is a Cl manifold of codimension one.

Thus we have justified the following pictures:
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That is, for small s > 0, a small neighborhood of the origin is split
into three sets: the domains of attraction of the two stable equilibria,

and their common boundary, the stable manifold for the origin.

0, °
origin is asymp­

is an isolated
thN order terms,

+

flow in

Exercise 2. Suppose A is sectorial f: Xa + X is Cl near
is a simple e.v. of A, f(O) = 0, fl (0) = 0, and the

totically stable for dx/dt + Ax = f(x). If x = °
equilibrium for Ax = f(x) + independent ofa
then x = a is asymptotically stable for dx/dt + Ax = f(x)

independent of Nth order terms, and the same is true for the

the center (or critical) manifold.

6.4 Bifurcation of a periodic orbit from an equilibrium point
[12, 41, 52, 15, 88]

Consider A, f(x,s) as in the previous section, except that we
now assume the zero solution loses stability when a pair of complex
conjugate eigenvalues pass through the imaginary axis. More precisely,

assume f(O,£) = ° and Ls = A ­ fx(O,£) has

cr(Ls) {res) ± iw(£)} n {Re A > B > O}

withL sfor small s, where res) ± iw(s) are simple eigenvalues of
drimaginary part w(O) > 0, and reO) = 0, ae(O) < O.

Observe that there can be no bifurcation of equilibrium points

from the origin, for small s, by the implicit function theorem.

Let S£ be the two­dimensional local invariant manifold through

o corresponding to these eigenvalues, constructed as in Th. 6.1.2 and

6.1.4. The flow in S£ is described by
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d
dt [

y 11 + [ r (E:)

YZj -WeE:)

W(E:))

r (E:)

with ¢l Z(yl,Yz;E:) : O(yi + as (Yl,YZ) (0,0). According to
[11,9.1.iv], it follows that when E:: 0, the origin is either a center

or a spiral point for the flow in SO' We assume the origin is not a

center for and in fact that this is true independent of terms of

order lyll N + lyzl N, for some N Z.

If we introduce polar coordinates

Yl : R cos e, YZ : R sin e, we find that

"time" variable and implies

in the equation
e may be taken as a new

1 dR
R de Il.£2. ( )WeE:) + ¢3 R,e,E: ,

¢3(R,e,E:) : OCR)
origin would have

as R O. A periodic solution of near the

R(Zrr) : R(O). If R(e;p,E:) is the solution with
Zrr

initial value R(O;p,E:): p, then J(p) = f O ¢3(R(e;p,0),e,0)de f 0

for small p > 0, since the origin is not a center for In fact,

since this is true independent of Nth order we must have J(p) :

Spm(l + 0(1)) for some S f 0 and some integer m, 1 m < N-Z.

Arguing along the lines of lemma 6.3.1 for R(Zrr;p,E:)-P: 0,
and restricting attention to P > 0, we see there are only two pos-

sibilities:

(a) The orIgIn is asymptotically stable for + Ax : f(x,O),

there is no periodic orbit in {O < II xli < r} for
ct

-E:O E: 0, but a unique asymptotically orbitally stable

periodic orbit grows out of the origin for 0 < E: E: O;

or (b) The origin is unstable for + Ax : f(x,O) and there is

a unique orbitally unstable periodic orbit for -E:O E: < 0,

which shrinks to the origin as E: 0-, but there is no

periodic orbit in {O < Ilxll < r I for 0 E: E: O'ct -

In either case, the nontrivial periodic orbits have period approaching

Zrr/w(O) as E: O.

Remark. Chafee [12], and more generally Hale [41], study this problem
for ordinary and functional differential equations without assuming

< 0, and in that case several periodic orbits might bifurcate

from the origin for small E: > O. These authors deal only with the

case when the origin is asymptotically stable at E:: O. The argument
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in this case is an application of the Poincare-Bendixson theorem in
the center manifold.

Example. Bifurcation of a periodic orbit from an equilibrium point.

The equations considered are simplified versions of equations of

chemical reactor theory [4, 15, 100].
For 0 < x < TI, t > 0

au aZu
bv + f(u,v)"IT -Z + au +

ax

N av aZv
+ dv + g(u,v),"IT -Z cu +

ax

and u = v = 0 at x = 0, x = 1T. Here a,b,c,d,N are constants,
N > 0, and f,g are smooth and O( Iul 3 + Iv\3) as (u,v) ..- (0,0) .

We examine the neighborhood of the zero solution as N varies.
Assume a < 1 < d and n4_nZT + I:. > 0 for integers n > 1

(T = a + d, I:. = ad - bc).

Exercise 1. The eigenvalues A of

u + (A + a)u + bv = 0,xx
vxx + cu + (AN + d)v = 0

u = v = 0 at x = 0,1T

(0 < x < 1T)

are the numbers A satisfying one of the following equations.

(n 1,Z,3,···)

[
u
v
]Hint: put

Under the above assumptions, for N = d-I/l-a > 0, there is a pair of
pure imaginary eigenvalues Af =±iw (w > 0), while all other eigen-
values have Re A > O. Further, at this point

{d tid _ (I-a) Z
Re Al N}- Zed-I) > 0

Thus the zero solution is asymptotically stable for N

greater than N* = (d-l)/(l-a), but becomes unstable as

slightly
N decreases
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through N*.
We examine the critical (center) manifold for N

must have the form

N*, which

(u) = s sin x + L a (s)sin nx, s
v Z n

ElR
Z
, ones) = O(lsI

Z)

as s'" o.

Putting 0l(s) = s and substituting in the original equation,

[: :] Io' (s) d s
ex>

sin nx + L(nZl-M)o (s)sin nx F(L a (s)sin px)
1 n dt 1 n 1 p

['C ...J]

[: :}
g ( ... )

where M and N N*.

then

and so

If F (s) F
3
( s) + o(lsI 4

) where F3 is a homogeneous cubic,

F(I a (s) sin px)
1 p

which describes the flow on the critical manifold.

Let L = (10 0J (l-M) =(l-a -b 1 with N = N*; L has
N- l -cN- l (l-d)N-lj

eigenvalues ±iw, and p,q E lR
Z, L(p+iq) iw(p+iq), P + iq r 0, then

with P = (p,q),

Let

Let

s = = p(r eJ; then
n r s i n e

(:e) (:J ( cos e
sin} p-l{i r 3(1 ..] (CO s eJ + o(r4)}+ F3 (P . )

-sin e cos 0 Slne

[G, (e)] [ cos e sin
eJp- l [1 eJ )G(e) F3(P then

GZ(e) -sin e cos eON 1 Sln e
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and if

dr
d6

y = I:n Gl(e)de 0, we see:

if y < 0, the origin is asymptotically stable, independent of

fourth order terms;

if y > 0, the origin is unstable independent of fourth order

terms.

Thus if y 0, a small periodic solution
and no small periodic solutions for small

We sketch the corresponding result

F3 ( 1;; ) + 0(\1;;\4) as I;; + O. In this case

°1 ( 1;; ) 1;;, 0n(t;) = 0(11;;1
2) for n > 1,

exists for small y(N-N*)

y(N-N*) < 0.

when = F2( 1;; ) +

u = L ° (I;;)sin nx,
n=l n

> 0,

0] dz= + (l-M) I;;
N dt

2,3, ... )

(

COS ej
F3 (P. )

e(

COS

-sin
G(e)

° (I;;) = I""eXP(-A s) [1
p 3n ° p °

= 0)
SUb::itutin:-: 0], we argue as before with

e

e sin e]p_l(l
e cos eON 1

where

8 1 rcos e,
p e)- - L 2

F' (0(2) (P
ep,

)
'IT 2 n .odd n>3 n(n -4) e

(cos e sin eJp-lfl ° ' [cos :] )
(Note:

N- l J
F2(P . is a homogeneous third

sinecose lO

order polynomial in cos e, sin e, and it has average value zero.)
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Exercise. (E. Hopf [50])

{ u t -Y'Y
- w*w - u*l + )Juxx

v = v*u + v*a + w*b + )Jvxxt
wt w*u v*b + w*a + )Jwxx

be even 27T-periodic functions of x,where it is required that u,v,w
I 27T

and f*g(x) = 27T f O f(x+y)g(y)dy.
even 27T-periodic functions and )J

defines a (local) dynamical system

¢(x) = ¢(X+27T) for all x l , This

Here a(x), b(x) are given smooth
is a positive constant. Prove this

in Xl:> = {<j> E Hioc OR) I ¢(-x) =
system is easily analyzed by intro-

ducing (u,v,w)

then uncouple
L (u (t),v (t) ,w (t))cos nx; the various components

n=O n n n

2 2
uOonO-v w -u n n

(d + 2 n
)In ) vn v u + v a + wnbn<IT n n n n

w - v b +n wnun w an n n n

for n = 0,IA2,:", where
Kn + 1 8 nvn + iWn = e obtain

a(x) = L
o

an cos nx, etc. Substutiting

u
n

2· 2R 2 2
+ )In Rn + e n + )In ()In - an) 0

2Rn +)In - an

8 -b
n n

The standard Liapunov function
enables us to conclude:

+ !:2e
2R

n 2 2+ )In (uri - a ) R )n n

if

and

if

)Jn2
ibnt ic

n I 2 2< an' then (vn+iwn)e -+ e )In (a -)In ),n

2 > then (vn+iwn) 0 t)In an'
-+ as -+ +00.

Thus, for each )J > 0, this system has an attracting finite dimensional

invariant manifold of dimension = #{n 0 < )Jn2 < a} namely
n

i(cn-ibnt)
e cos nx
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where the cn are arbitrary real numbers.

dim L: ... +00 as fJ'" 0+. (See sec. 8.S for
u

dimensional invariant torus from a periodic

Observe that, in general,

the bifurcation of a two­

orbi t. )



Chapter 7

Linear Nonautonomous Equations

7.1 Evolution operators and estimates

Throughout this chapter, we will use the following estimates.

Lemma 7.1.1. Suppose b a,s> a and aCt)
tion locally integrable on a < t < T (some

u(t) is nonnegative and locally integrable on

is a nonnegative func­
T < +00), and suppose

a < t < T with

on this interval;

then

a < t < T,

where

eftau(t) < aCt) + Es(e(t­s))a(s)ds,

e = (bf(S))l/S, ES(z) = I znS/ re nS+ l), ES(z)
n=O

E8(z) " zS­l/res) 0+, Es (z) "
1 z (andas z .... S e as z .... +00

ES(z)"
1 z

+00). If a (t) then u(t)S e as z .... ­ a, constant, <

aES(et).

Proof. Let
functions

t S­l= bfO(t­s) t > 0, for locally integrable
­ n­l k

Then u a + Bu implies u I B a + Bnu, and
k=O

forsoa < y < 1

a

The estimates of ES(z) and
the fact that the Laplace transform

a simple pole at A = 1. See [24J

For example, we can choose

Re A > y, A f 1, and then for z >

Bnu(t) = .... a as n .... +00 for each t

in a S t < T. Thus u(t) aCt) + (bf(S))n(t­s)nS­l/f(nS) a(s)ds.
n=l

ES(Z) as z .... +00 follow from
fOe­AzES(z)dZ = A­l/(l_A­ S) has

for details.

1 z 1
S­e + 2rri
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where the shift in the line of integration is justified by the fact
eAzA- l / (1_A- 8) 0 as 1m A ±oo with Re A bounded. Integration

by parts in the last integral shows

The next lemma is used only in Thm. 7.4.2.

Lemma 7.1.2. Suppose 8 > 0, y > 0, 8+y> 1 and a > 0, b 0, u
nonnegative and ty-lu(t) is locally integrable on 0 < t < T, and

is

u(t)

a. e. in (0,T); then

< a + It 8-1-1
b 0 (t-s) sY u(s)ds

u(t) < aEe ((br (8)) l/v t),y

where v = 8+y-1 > 0, E8 (s) = L
,y m=O

c smv with
m

r(mv+y)/r(mv+y+8) for m > O. As s +00

E
8

(s),y

Proof. If B¢(t) = an easy induction shows

Also

n
u(t) a L cm(br(8))m tmv

m=O

t y-lfa Kn(t,s)s u(s)ds where

n+l
+ B u(t).

Kn(t,s) < Q t(n-l) (y-l) (t_s)n8-l
n

br(8)r(n8)/r(n8+8)

when y > 1, while for a < y < 1

K (t ) < Q (t_s)nv- yn ,s - n

In either case, Qn+l/Qn = O(n- 8) as n 00 so Bnu(t) 0 as n 00

and

u(t) < aE
8

((br(8))I/V t).,y



190

Now r(z+p)/r(z+q) = zp-qU + (p-q)(p+q-l)/2z + O(z-2)}

so if 0 = (Sy+v)/2v
as z -+ +00

so
for

r((n+l)S+o)

r(nS+o)C
n

C r(nS+o)(S/v)-nS
n
all n > O. Then

converges as n + +00 and has an upper bound K

for s > O. The Laplace transform of the right side is
KA-o/(l - (S/VA)S), so the series is O(exp(Bs/v)) as
proves the result.

s + 00 which

Exercise 1.

for t > O.

Show E, (t) + (rrt)
'i

and so

Exercise 2. Show for S = y = 2 in that

when n = 2k+l or 2k+2, k 0, and so

3 3
1.886 max(l,t )exp(t /3).

Exercise 3. If a,S,y are positive with S+y-l = v > 0,

o = a+y-l > 0, and

then

1 It S-1 -1u(t) ata- + b 0 (t-s) sY u(s)ds for t > 0,

a-I
u(t) S at I

m=O
where C' = 1 C' /C' = r(mv+o)/r(mv+o+S).o 'm+l m

Exercise 4*. If 0 a, S <1, 0 < T < 00, show there is a constant

C(B,b,T) < 00 so u(t) < at- a + (t-s)-Bu(s)ds on (O,T) implies
at- a

u(t) C(S,b,T).

Theorem 7.1.3. Suppose A

t + B(t): [tO,tll +.5t'(X
a,X)

is sectorial in X, 0 a < 1

is Holder continuous.

and
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For any Xo E X and to < T < t l there exists a unique solu-
tion x(t) = X(t;T,XO) of

dx/dt + Ax = B(t)x on T < t < t l, x (T) = xO'-

and Xo X(t;T,XO) is linear and bounded on X, so we write
X(t;T,XO) = T(t,T)XO' t > T. This family of evoZution operators

{T(t,T), to S T t S t l} has the following properties.

a) T(T,t) = I, T(t,s)T(s,T) = T(t,T) if t > s > T.
b) {T(t,T), t > T} is strongly continuous in (t,T) with

values in for any 0 S S < 1.
c) There is a constant C, depending only on A,a,tl-t O and

sup IIB(t)ll, such that for x in D(A2) and 0 < S,y,8 < 1,

(i) IIT(t, T)x11 S .:. (t-T) (Y-S) - llxll,

when S < 1, (Y-S) min{y-s,O}, and t> T in

[to,t l ] ;

(ii) /IT(t,T)x-x1I S':' (t-T)8I1xlls+8

when 8 > 0, S+8 S 1;

(iii) IIT(t+h,T)x-T(t,T)x1l S

'11xll y
when t+h > t > T, 8

< _C_(1:. + _1_)h8(t_T)(y-S-8)_.
1-S-8 8 1-(3

> 0, s+e < 1;

(iv) IIT(t,T)x-T(t,T-h)x11 S

< C( 1 + 1 )he (t-T) (y-B-e) - II xii
- 8(l-B) 1+y-a-8 y

when t > t > T-h, e > 0, B < 1 and l+y > a+e.

(d) If IIB(t)-B(s)11 S Qlt-sl q on [to,tl], 0 < q 1,
..5t'(Xa ,X)

then for 0 B < q < I-a, t > t and C as in (c) above,

d
IlaTT(t,t)xll B = II (A-B(t))T(t,T)x11 S

s C( 1 2 + (t_T)y-S-l Ilxlly'
q(l-a-q) q

Proof. There is a constant M, depending only on A and tl-t O'
such that

and
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II e -At x - xii S t 6 II xii S+6

for 0 < 6 < 1 and 0 S,Y 2. Constants depending only on a, M,

tl-t O and sup tIB(t)11 will be written Cl , C2, ••••a
Suppose t > T, [T, t l c [to' t

l],
Xo EX; then the solution

X(t;T,XO) is certainly well-defined in X
a

and, by uniqueness, a

linear function of xo. Writing X(t;T,XO) = T(t,T)XO' the proper-

ties (a) also follow by uniqueness, at least on X
a
. If a S < 1,

the initial value problem is also well-posed in xS , so the restric-

tion T(t,T) IXS is in Sf(XS) , and is strongly continuous in (t,T).

When 0 S < a, the corresponding results follow from estimates (c).

If x + Ax B(tlx on (T,t
I],

X(T) E D(A), then for t > T

and 0 < S < 1, 0 Y 1,

Ilx(t)II
S

< M(t-T)(Y-S)- Ilx(T)ll
y

+ MC
1
((t-s)-Sllx(s)ll

a
d s .

'"
Taking first S = a and then the general case, we find II x (t)11 <

C
l=S(t-T)(y-S)-llx(T)ll

y'
If y = S, T(t,T)IXS is uniformly bounded in

Sf(XS) and it is strongly continuous when a < S < 1, hence also for

o < S < a.

Next observe, for 6 > 0, S+6 1,

II x(t) -x(T)11 S

If 6 > 0, S+6 < 1, t+h > t > T,

Ilx(t+h) -x(t)11 S II (T(t+h,t) -I)x(t)11 S

C
< C

3
(1:.
6

+ _1_)h 6 __2_(t-T) (Y-S-8) - Ilx(T)11 ,
I-S 1-S-6 Y

which proves

Let

so

c(iii) .

S < 1, l+y > a+8, 8 > 0, t > , > ,-h, and

z(t) = T(t,T)X - T(t,T-h)x,
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Ah A(t) It -A(t-s)z(t) (l-e- )e- -T x + e B(s)z(s)ds
T

- IT e-A(t-s)B(S)T(S, -h)x ds.
T-h

Since t-s > min{t-T,T-s} when T-h < s < T,

II IT e -A(t-s)B(s)T(s,T-h)x dsl]B
T-h

C
< _4_ min{(t-T)-Bhl+(y-a)- hl-B+(y-a)-lIIxll

1- B ' y

C
< _5_ he (t-T) (y-s-e) - 11...11
l-S Ai y'

A I-Aconsidering the various cases and using min{a,b} a b for

0< A 1, a 0, b O. Using this to estimate first l!z(t)ll a and

then Ilz(t)II
S

proves c(iv).
If x(t) T(t,T)x, t > T, then (see Lemma 3.5.1)

-dx/dt Ae-A(t-T)x + e-A(t-T)B(t)x(t)

+ ftAe-A(t-S)(B(t)X(t) - B(s)x(s))ds.
T

Thus

Ildx(t)/dtIIB C6(t-T)y-B-lllxlly

+ M ((t-S)B-l[Q(t-s)qllx(t)ll a + Clllx(t)-x(s)lla]ds
T

< C ( t - T) Y- B- 111 xl I + MQCZ( t _T) q - S+ (y - a) - II xii y
6 y q- B

+ MClC Z 1 + 1 t q-S+(y-a-q)-
q(l-a-q) (q-B l+(y-a-q) _) Ai y( -T)

and estimate (d) follows.

Theorem 7.1.4. Assume A, B(t) satisfy the hypotheses of Thm. 7.1.3

on to t t l, and suppose to T < t l, Xo E X, f: (T,t l) X is

locally Holder continuous with Ilf(s)llds < 00 for some p> O.

Then there exists a unique solution of

dx/dt + A(t)x = f(t), T < t < t l, X(T) xo'

(where A(t) A-B(t)), namely
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x(t) = T(t,T)XO + Jt T(t,s)f(s)ds.
T

Remark.

in xS
If 0 < S < 1, Xo E XS, and we want a solution with

as t + T+, require

r(t-s)-Sllf(S)lldS + 0 as t + T+.
T

Proof. It is sufficient to prove this with
-- t-p
let Fp(t) = IT T(t,s)f(s)ds when t T+P,
Choose any fixed t* in (T,t l); for small

T < t-p < t* < t we have

Xo = O. For p > 0,

Fp(t) 0 for t < T+p.
P > 0 and for t with

J
t - p

F (t) = T(t,t*) T(t*,s)f(s)ds
p T

so Fp(t) E D(A), t + Fp(t) is differentiable and

Also
:t Fp(t) + A(t)Fp(t) = T(t,t-p)f(t-p).

IIF (t)11 < MJt-p(t-s)-allf(s)lldS + 0
p a - T

as t + T+p. It follows from Thm. 3.2.2 that

Jt-Pe-A(t-s-P)T(S+P,P)f(S)dS
T

+ Jt e-A(t-s)B(S)F (s)ds, t T+p.
T+p P

Now Fp(t) + FO(t) in X as p + 0+, and if t > T+P

I1F (t) - J\-A(t-S)(B(S)FO(S) + Ilf e-A(t-s)f(s)dsll
p T t- p

+ Mr- p(t-p-s) (e -Ap-T(s+p, s)) f(s)11 ds
T

I-a Jt
+ M sup IIBII PI-a Ilf(s)llds

T

which tends to 0 as p + 0+. It is easily seen that t + FO(t) E xa
is locally Holder continuous on (T,t l) and FO(t) + 0 in X as

t + T+, so FO(t) is a mild solution -- hence, a strong solution
of

dx/dt + Ax = B(t)FO(t) + f(t), t > T

x (T) = 0
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and the theorem is proved.

x(t)

Exercise 5. The frequent hypothesis of local Holder continuity in

time is made to ensure that we have differentiable solutions, but is

unnecessary for mild solutions (continuous solutions of the corres­

ponding integral equation). Suppose A is sectorial in X, 0 < a < 1,

Re a(A) > 0, Mt­ Y for t > 0, 0 Y 1, and B: [to,t l] +

5.t'(Xa,X) is measurable and (flIIB(s)IIP ds)l/p < co for some
to 5.t'(Xa,X)

p > Ill­a. Prove there is a unique mild solution of x + Ax = B(t)x,
X(T) = i.e., a unique continuous solution x: [T,t l] + Xa of

A(t T) Jt ­A(t­s)e­ ­ + e B(s)x(s)ds,
T

for any E Xa and T E [to,t l).
before, prove there is a constant

Writing this
C so that
S,Y

x(t) T(t, TH as

provided 1 ­ i > a, 1 ­ i Sand 0 S < 1, 0 Y 1.

Hint: use the Holder inequality on short time intervals.

Exercise 6. If A is sectorial in X with II e ­Atxjl < MeSt II xii ,a ­ a
Ile­Atxlia MeSt max(t­a,l) Ilxll for t > 0, x E x", and if

B: [to'co) +5.t'(Xa,X) is bounded and locally Holder continuous, with

J; IIB(t)11 dt < co, then there exists Ml > 0 such that the
o 5.t'(Xa ,X)

evolution operator T(t,s) /for dx/dt + (A­B(t))x = 0 satisfies

II T(t, s)xjl a < Ml eS(t­s) II x II a

IIT(t,s)xll a < MlesCt­s)max(l,(t­S)­a) Ilxll

for all t > s to' x E Xa.

S > O. Prove that, for all

map L(s): X + Xl so for

Exercise 7. Assume A,B

and a(A) n {Re A = o}

satisfy the hypotheses of ex. 6 with S = 0

is a spectral set. Let X = Xl 0 Xz be the
-A t

corresponding decomposition, with e 1 bounded on ­co < t S 0,
-A t

while lie Z II s Me­St, t 0, for some

s to' there exists a linear continuous
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t > s > to'
-A (t-s)

T(t,s) = e 1 L(s) + TZ(t,s)

and

IITZ(t,s)11 ->- 0 as t-s ->- +00

Also,
onto

II L Cs) - E111 ->- 0

Xl' along XZ'

as s ->- +00, where is the projection of X

for all t to' Prove IIT(t,s)11 < MleO(t-S), t > s > to'
° = B + (yMf(l_a))l/(l-a).

is sectorial,

locally Holder

Exercise 8. Suppose A
II e -Atxll a Mt-aeBt II xli a
B: [to'oo) ->- (Xa,X) is

for t > 0, x

II e -Atll Me Bt

E Xa. Suppose
continuous with

and

also that

IIB(t)11 a
..st'(X ,X)

if

Exercise 9. If A, BC') satisfy the hypotheses of Th. 7.1.3 and if

the operator T(t,s) for dx/dt + (A-BCt))x = 0 has

IIT(t,s)11 Me-SCt- s) for t > s > to and some S > 0, M > 0, and if

g(t,x) is locally Holder continuous in t, locally Lipschitz in x,

from a neighborhood of Cto'oo) x {OJ in R x Xa into X, with

Ilg(t,x)11 = oCllxll a) as x ->- 0 in x", uniformly in t to' prove
uniform asymptotic stability of the origin for

dx/dt + (A-B(t))x = g(t,x).

Exercise 10*. Suppose A, B(') satisfy assumptions of Th. 7.1.3 and

assume A has compact resolvent; prove T(t,s) E..st'(XB,XB) is compact

for each t > 5 and B < 1.

Remark. Tanabe [134], Sobolevskii [93] and Kato [57] have studied

evolution operators for linear nonautonomous equations of much more

general form, where the highest-order terms vary with time and even
their domains are nonconstant. S. G. Krein [63, Ch. II, 5] also

treats this problem.
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7.2 Linear periodic systems (cL [98], [39]).

Suppose A is sectorial, t B(t) is Holder continu­

ous and p­periodic for some p > 0:

B(t + p) = B(t) for all t ,

We consider first the homogeneous equation

whose solutions satisfy

dx

dt
+ (A­B(t))x = 0

(0 < y < S < 1)

x(t) = T(t,s)x(s), t > s ,

Exercise 1. T(t+p, s+p) = T(t,s) for all t > s ,

Since IIB(t)/1 is bounded, there exist M > 0 and m such
,X)

that for t > s and x xS

IIT(t,s)xll s <

IIT(t,s)x­xll y: IlxiI
S'

To study stability problems we need more precise estimates of
the growth of the evolution operator T(t,s) as t­s 00. Observe

tha t, if t s, n 1,2,3, ...

T(t+np,s) {T(t+p,t)}nT(t,s) = T(t,s){T(s+p,s)}n

so the problem is to estimate powers of T(t+p,t).

Definition 7.2.1. The period map (Poincare map) is

U(t) = T(t+p,t).

The nonzero eigenvalues of U(t) are called characteristic

mul t i p l i e r e ,

Lemma 7.2.2. U(t+p) = U(t) for all t; the characteristic multipliers

are independent of time, i.e. the nonzero eigenvalues of U(t) coin­
cide with those of U(s). In fact, o(U(t)),{O} is independent of t.

If A has compact resolvent, then U(t) is compact, so
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o(U(t)),{O} consists entirely of characteristic multipliers.

Proof. Suppose f 0, U(s)x = f 0, and s t s+p; let

y = T(t,s)x, so T(s+p,t)y = f 0, y f 0 and U(t)y = Since

UC·) is p-periodic, this proves the mUltipliers are independent of

time.

If f 0, E p(U(s)), s t s+p, and = y, then

= y + w, W = T(t,s) Conversely defining x by

this equation, it follows that = y so p(U(t))

p(U(s))'{O}, and the result follows by periodicity.
-AtIf A has compact resolvent, then e is compact for t > 0,

and it follows that T(t,s) is compact for t > s.

if

for any E: > 0, there exists

Theorem 7.2.3. Suppose 01 is a spectral set for o(U(t)) for all

t; the usual case is when 01 is a finite collection of isolated

eigenvalues, or the complement of such a set. Then for each t, the

space X may be decomposed as X = Xl(t) @ X2(t), the direct sum of

closed subspaces invariant under U(t), o(U(t)l x (t)) = 01'
1

If t s, T(t,s) maps Xl(s) intoo(U(t) IX (t ) = o(U(t)) <, 01'
2

Xl(t), and is a one-one map onto Xl(t)

Let eSP = sup i j u ] , u E all; then
M > 0 such thatE:

IIT(t,s)xjl < M e(S+E:) (t-s) Ilxll
E:

for t > s and x E Xl(s).

Now suppose 0 01' and let eYP = Ln f i j u ] , u E 01} __O. Then

T(t,s)x, x E Xl(s), may be defined also for t < s, still satisfying

(a) of Th. 7.1.3, and for x E Xl(s), small E: > 0,

II T(t, s)xjl < M e(Y-E:) (t-s)llxll ,
E: t < s.

In fact, provided there is a path Y in the complex plane disjoint

from 01' JOInIng 0 to 00, we have a kind of Floquet representation.

There exists a family of bounded invertible operators P(t): Xl(sO)

Xl(t) for all t with P(t+p) = pet), peso) = 1, and a bounded

operator C on Xl(sO) with spectrum o(C) = i 01 and for

x E Xl(s) and all t,s

T(t,s)x
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Proof. If t > s, T(t,s)U(s) = U(t)T(t,s) so

T(t,s)(A-U(s))-l = (A-U(t))-lT(t,s)

for A E y, a contour disjoint from o(U(t)) enclosing 01 and ex-

cluding oZ' Then integrating around y,

where El(t) is the projection onto Xl(t), along XZ(t) [Z3, I,
Ch. 7]. This says T(t,s) maps Xl (s) into Xl (t). If T(t,s)x = 0
and x E Xl(s), x f 0, then for integer n so that s < t < s + np,
(U(s))nx = 0 and so 0 E 01'

Suppose e
Bp

= spectral radius of U(s) Ixl(s); then for any
£ > 0,

e-(B+£)(t-s)IIT(ts)! 11+0 as t++ oo •
, Xl (s)

Indeed, if this failed, there exist

nvp + 8v (0 8v < p,nv = integer)
Co > 0

so

and t - s
v

l.e.

there is a path y from 0 to 00, disjoint from

sO: then U(sO) Ix (s )
pC wheree ,

1 0

= Z;iP f
L
(A-

-1 dA,C U(sO) Ix (s )) log A
1 0

Taking nv-roots and letting nv + 00,

n lin
e- £P = e-(B+£)p II 1 vII v1 im (U(s) X (s)) 1,

V+CXl 1

a contradiction. If 0 °1 , U(s) IX (s) is invertible as is
1

T(t,s) Ix (s) and the "lower" estimate is made similarly.
1

Now assume

01' and choose any

L is a contour surrounding °1 but disjoint from y, and we take the
1branch cut for log A along y, Then o (C) = P log 01' using the

same branch of the logarithm, so o(ePC) = ° 1,
Now if t > s,-

T(t,s)IXl(s) maps Xl(s) onto Xl (t) and has a continuous inverse,
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namely (u(s)l x (s))-nT(s+np,t)lx (t)' with n chosen so that
1 1

s+np t. Define, for t sO'

Then

P(t+p)

-Cp -C(t-sO)
T(t+p,so+p)lxl(so)U(so) Xl(so)e e

P (t) .

If t > S, it follows that

T(t,s)l x (s)
1

and we may use this equation to define T(t,s) IXl(s) for all t, and
then for t > S,

T( s , t) IXl (t) T(t , s) IXl (s)

Remark. From an estimate like

identity on Xl(s).

it follows that for a Y < S < 1, t > S, x E Xl(s) n xS

M
II T(t , s)xi IS 1 S max [ (t - s) Y- S, II eO (t - s) II xii y

M
IIT(t,s)x-xll y S\ min[(t-s)S-y,lleo(t-s) Ilxll s

Corollary 7.2.4. If A has compact resolvent, B(·) as above, then

the zero solution of *+ (A - B(t))x = a

is asymptotically stable if and only if all characteristic multipliers
have modulus less than one.

Exercise 2. Suppose in the decomposition above we have the Floquet

I
- C(t-s) -1representation: T(t,s) x (s) - P(t)e P(s). If

1
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dx/dt + A(t)x = get) and x(t) xl(t) + xZ(t) E Xl(t) ® XZ(t)

where xl (t) = P(t)y(t), Yet) E Xl (sO) := Y, then

-1
dy/dt = Cy + P (t)El(t)g(t),

dXZ/dt + AZ(t)x Z = EZ(t)g(t)

where AZ(t)xZ = (EZ(t)A(t) - EZ(t))xZ for Xz E XZ(t). The equa-

tion in Y has constant coefficients, and for t > s

Exercise 3. Suppose A,B(') satisfy the hypotheses of Th. 7.1.3 and

also B(t+p) B(t) for all t and some p > 0. Assume e- PA

is an isolated simple eigenvalue of e- pA. (For example, this would

be true if A is a simple e.v. of A,A + is not an eigen-

value of A for integer n f 0, and A has compact resolvent.)

Prove that for small lEI there exists a unique multiplier

near e- PA of dx/dt + Ax = EB(t)x, is a simple isolated

eigenvalue of the period map, depends analytically on E, and
() -pI.. -pA -pI..u E .... e as E .... 0. In fact, if (e -e )xO 0,

-pA* -pI.. _ _
(e -e )yo - 0, <xo,yO/ = 1, then

J
p -A(p-s) -Ase B(s)e ds.

°
Exercise 4. A model for the interaction of predator (density u)

and prey (density v) populations has the form

on an.
with

au/dt

av/dt

au/aN

D16u + f(u,v)

DZllv + g(u,v)

0, aviaN = °
in

+n x lR

Here f,g are CZ functions, D1, DZ are positive constants and n
is a bounded smooth domain in lRn (n = 1,Z or 3).

Suppose the ODE p = f(p,q), q = g(p,q) has a nonconstant

periodic solution p(t), q(t) with period T; the multipliers of the

linearization are 1 and where = + gv(p,q))dt.
The PDE has u(x,t) = p(t), v(x,t) = q(t) as a periodic solution and

the multipliers of the linearization are the multipliers of
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P -ADIP + f u(p,q)p + fv(p,q)q

q - ADZ q + gU(p,q)p + gv(p,q)q

where A is any eigenvalue of the Neumann problem:

ll¢ + A(j> = 0 in n, a(j>/dN = 0 on an, (j> F o.

If (p,q) is unstable by the linear approximation > 0) for

the ODE, the same is true for the PDE. (See Thm. 8.Z.4.)
If (p,q) is orbitally asymptotically stable by the linear

approximation 0) and if Dl = DZ' then it is also stable for the

PDE. (See Thm , 8.Z.3.) The same conclusion holds if IDI-DZI is
small.

T - - -1If f O gv(p,q)dt > 0 but < 0, Dl = E ,DZ = E for small
E > 0, then (p,q) is stable for the ODE but unstable for the PDE.

7.3. The adjoint system and backward uniqueness

For a Banach space X, let X* denote the dual space, the

space of (real) continuous linear functionals on X with <x,Y> =
value of y E X* on x E X. If L: X + Y is a continuous linear

operator, then L*: y* + X* is a continuous linear operator with

<x,L*y> = <Lx,Y> for all x E X, Y E X*. If L is linear with do-

main D(L) dense in X, L: D(L) c X + Y, then L* is not generally

continuous and D(L*) consists of all y E y* such that
x + <Lx,y>: D(L) + m is bounded in the X-norm, and L*y is the
element of X* such that

<x,L*y> = <Lx,Y> for all x E D(L).

If Y is a reflexive space and L is closeable, then L* is densely
defined in y* (see e.g. Kato [56J).

Example 1. Suppose V and H are real Hilbert spaces, V is a dense

subspace of H and the inclusion of V in H is continuous (so

IlxliH ::: C Ilxll v for a constant C). Assume a: V x V + m is a continu-
ous bilinear map and

z Z
Aollxli H + a(x,x) > allxliv' x E V,
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for some constants a > 0 and AO O.

Define D(A) as the collection of x E V such that
y a(x,y): V m is continuous in the H-norm, and for such x,

Ax E H is defined by

<Ax'Y>H = a(x,Y), all y E V.

Then A: D(A) c H H is closed, sectorial in H, and A* is the
operator (identifying H* with H) defined similarly using the bilinear

form a*, a*(x,y) = a(y,x). The first remarks are proved, for example,
by Kato [56], and the statement about the adjoint follows easily.

Example Z. Let n be a bounded open set in mn with CZ boundary,

H = LZ(n), V = [or Hl(n)] and for u,v in V

J { Y a .. (x)u v + n. (x)u v + c Ix l uv l dx
n i,j=l xi x j J x j

+ [J S(x)uv ds, in case V = Hl(n)J
an

where

sex)]
a .. (x) = a .. (x) and b. (x)

J J
are continuous, and for some

are Lipschitzian and

a > 0,

c(x) [and

n n
I a .. ZaG for x E n, E m".

1

In either case, a satisfies the hypotheses of example 1.

Then

D(A)

where au/a\!

in n

Au

Also

{u E HZ un I u 0 on an [or au + Su = 0 on an]}a\!

n
I a .. Nv u and N is the unit outward normal, and

i, j =1 x j

n n
- I (a ..u) + I b ;u + cu.
i,j=l Xi x j 1 J x j

D(A*)

with

o auon an [or av + Sv
n
(I b.N.)v on
1 J J

A*v
n

- I (a .. v )
i,j=l Xi x j

n
- I (b.v) + cv.

1 J x j
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Example 3. If X = Lp (rl) , 1 < P < 00 and X* = L I (rl) (lip +, p
lip' = 1) and A is the operator formally given in ex. 2 above, on

D(A) = {u E W2,p(rl) I 0 arl [or au + Su 0 arl] }u = on av on

then A* has domain

D(A*) {u EW 2,P'(rl)1
0 arl [or au + Su b·Nu on arl] }u = on av

and A* has the same form as in ex. 2 above. This follows from stan-

dard resul ts on elliptic boundary value problems in Lp I (rl) [2,

8,30], and ex. 3 below.

Exercise 1. If A is sectorial in X, D(A*) is dense in X*, then

A* is sectorial in X*.

Exercise 2. If A is sectorial in X, Q > 0, Re a(A) > 0, and

L E Y(X) nY(XQ
) , then L(X

Q)
is dense in X

Q
if and only if for

y E X*, <AQLx,y> = 0 for all x E X
Q implies y = o.

Exercise 3. Suppose T: D(T) c X Y, S: D(S) c y* X* are linear,

D(T) is dense, and for some AO' R(T-A O) is dense in Y and

R(S-AO) =x*, and <Tx,Y> = <x,SY> for xED(T),yED(S). Prove

S = T*.

Theorem 7.3.1. Suppose AO is sectorial in X, 0 a < 1, t A(t)-

AO: [to,t l] is Holder continuous with exponent e > 0,

and let T(t,s) be the evolution operator for x + A(t)x = O.

If Y E X*, and yes) = T(tl,s)*y for to < s t l, then

s y(s): [to,t l) X* is locally Holder continuous, yes) y weakly*

as s t l- (i.e. <x,y(s» <x,Y> as s t l- for any x E X)

and for each x E D(AO)' s <x,y(s» is differentiable on [to,t l)
with = <A(s)x,y(s». Also for to S s t t l, yes) =
T(t,s)*y(t).

If e > a then y: [to,t
l)

X* is continuously differentiable,

yes) E D(A(s) *) and

A(s)*y(s)

with -1
IIA(s)*y(s)ll x* < C(tl-s) IiYll x* for a constant C.



205

Proof. The results of the first paragraph follow directly from Thm.

7.1.3. For example (to < s-h s < t l)

l<x,y(s)-y(s-h»1

(0 < 0 < I-a)

for any x E X, so

Now suppose 6 > a and without loss of generality, a < e < 1.

We prove there is a constant C such that

II T( t , s )A(s ) xii < C( t - s) - 111 x II

for to S s < t < t l and x E D(AO)' This implies

-1
I<A(s)x,y(s»1 = I<T(tl,s)A(s)x,y>1 s C(tl-s) Il xllllY1l x*

for x E D(AO)' to S 5 < t l, so yes) E D(A*(s)) with

-1
IIA*(s)y(s)/l x* S C(tl-s) 11Y1l x*'

Similarly for any ( in 0 < ( < 6-a we have

II T(t, s)A(s) x-T (t, s -h)A(s -h) x II

for to S s-h S s < t S t l, x E D(AO)
so

and a constant C
(

(see ex. 4)

-1-( e:
IIA*(s)y(s)-A*(s-h)y(s-h)ll x* s Ce:(tl-s) h Ilyllx*'

-AO(t- T)
Now x(t) = e X(T) solves x + A(t)x = (A(t)-AO)X for

t > T, so

T(t,T)
-A (t.v r )

e 0 f
t -A (S-T)
T(t,s) (A(s) -AO)e 0 ds

T

for to < T < t < t l. If x E D(AO)' this implies



206

-AO(t-T) -A (t-T)
T(t,T)A(T)X AOe x + T(t,T) (A(T)-AO)e 0 x

I
t -A (S-T)

_ (T(t,s)B(s)-T(t,T)B(T))AOe 0 x
T

where B(s) = A(s)-AO' If a < 1/2 (so I-a> e > a may be assumed)

the estimate follows from Thm. 7.1.3(c). In general

implies

-AOh -AO(t-T)
T(t,T)-T(t,T-h) = (I-e )e

J
t +h -A (S-T)

+ t T(t,s-h)B(s-h)e 0

I
t -A (S-T)

- [T(t,s)B(s)-T(t,s-h)B(s-h)]e 0 ds
T

II
e -e

T( t , T) - T( t , T- h) Ily (X) ::: Ch ( t - T) ,

and substitution above completes the proof.

Exercise 4. Prove Holder continuity of T + T(t,T)A(T)X E X for

to ::: T < t < t l, uniformly in x E D(AO), IIxll 1.

A simple application of the adjoint equation is the following:

Theorem 7.3.2. Suppose

t + A(t)-AO: lR +Y(Xa,X)

than a, and

AO is sectorial in X, 0 a < 1,

is Holder continuous with exponent greater

A(t+p) = A(t) for all t,

for some constant p > O. Assume also, for some to' that

I-T(tO+p,t O) has closed range (as an operator in Y(X)) ; this is cer-

tainly true when AO has compact resolvent.
If f: lR + X is Holder continuous and periodic with period p,

the equation

dx/dt + A(t)x = f(t)

has a p-periodic solution if and only if

I: <yes) ,f(s»ds = 0

for every p-periodic solution yes) of the adjoint equation yes)

A(s) *y(s) .
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A(t)x = f(t) is p-periodic if and

if and only if

(T(tO+p,tO)-I)x(t O)

E R(T(tO+p,tO)-I).

has closed range, R(L) = and

<y,z> = 0 whenever L*y = O. Let yes) =

A(s)*y(s), y(s+p) = yes), and the condition

A solution x(t) of x +

x(tO+p)-x(t O) = 0, i.e.

I
t o+P

z = T(tO+p,s)f(s)ds =
to

Since L = T(tO+p,tO)-I
z E R(L) if and only if

T(tO+p,s)*y; then yes) =
is

Proof.

only if

o.It o+P<y,z> = <y(s),f(s»ds
to

Our main use of the adjoint equation is in application of Thm.

6.1.9, giving conditions which imply T(tl,t O) has dense range. But

T(tl,tO)X is dense in X if and only if T(tl,tO)*y = 0, Y E X*,
implies y = O. Generally we need instead to prove T(tl,tO)Xa is
dense in Xa; but the conditions are essentially the same.

Theorem 7.3.3. Suppose Ag is sectorial in X, 0 < a < 1,

t ... A(t) -AO: [to' t l] ... Y(X ,X) is Holder continuous with exponent
greater than a. Assume any continuously differentiable
z: (to,t l) ... X* with z(s) E D(A(s)*) and dz/ds· A(s)*z on

(to,t l) with z(s) ... 0 in X* as s'" t o+ must vanish on (to,t l).
Then for any 0 S < 1, T(tl,tO)XS is dense in XS.

Proof. Suppose T(tl,tO)XS is not dense in xS, so (assuming
S S .J.Re cr(AO) > 0) AOT(tl,tO)X is not dense in X; then there exists n T 0

in X* with = 0 for all x E XS. Define

yes) = E X* when to s < t l; observe yes) :
T(t,s)*y(t) for to < s < t < t l so y is a continuously differenti-

able solution of yes) A(s)*y(s) on (to,t l) and y(s) ... y(t O) in

X* as S'" t o+' Since

= 0 for all x E XS,

y(t O) = 0, so yes) - 0, and 0 = <y(s),x> = for
s < t l, so <n,ABx> 0 for all x E XS, hence n = 0 contrary to

hypothesis.
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Thus we prove denseness of the range by proving backward uni­

queness for the adjoint equation. One simple case is when t A(t}­AO
is analytic from (to,t l) to ..';t'(Xex,X); it follows s T(t,s} is

analytic from to < s < t < t l, into Y(X} and z (s) T(t, s) *z (t)

is analytic on (to,t). By Thm. 7.3.3, T(t,s} is injective and

T(t,s}XB is dense in XB whenever to < s < t < t l and 0 B < 1.
This may be applied, for example, to the Navier ­Stokes equation in a

bounded domain in ffi3 (as discussed in sec. 3.8 above). If the forc­

ing function f is independent of time, solutions x(t;to'xO} will
exdepend analytically on t,t o and Xo E Ho for t > to on the domain

of existence. If Uo is an equilibrium point which is a saddle point

(unstable and the linearization has no eigenvalues on the imaginary

axis), the local stable and unstable manifolds for Uo can be extended

globally to give the injectively immersed manifolds WS(uO), WU(uO)'
In particular WS(uo} is of Baire category I in so an open

dense set (in of initial conditions yield solutions which do not

tend to Uo as t +00. To see this, note first any solutions

x(t;to'x j) (j = 1,Z) with x(tl;tO'x l} = x(tl;tO'xZ) for some
t l > to must satisfy the same condition for larger values of t

(since the initial value problem is well posed), and so they must

agree for all to < t t l, by analyticity, so Xl = xz. The lineariza­

tion about such a solution has coefficients analytic in t (for

t > to) and the result follows from remarks above.

Similarly, if uO(t) is a periodic orbit of the (autonomous)
Navier­Stokes equation and the period map of the linearization has no

mUltipliers on the unit circle except the simple multiplier 1, we may

construct the (analytic) Poincare map on a surface of section through

the orbit (see sec. 8.4) and construct the global stable and unstable

manifolds for the orbit. If uO(,) is unstable, its stable manifold

is again of category I. In fact, the region of attraction of any
countabie collection of such unstable equilibria or periodic orbits

is of category I, which is not to deny that solutions may be attracted

to an invariant set containing them, without approaching any indivi­

dual orbits. This may indeed be the phenomenon of turbulence.

The nonanalytic case is also important, but the required back­

ward uniqueness results are available only when AO is a second order

elliptic operator with A(t)­AO first order, or when AO is self

adjoint in some Hilbert space with ex = liZ. In the applications,

these conditions are not generally oppressive. We quote a result of

Lions [lZ6] and use it to discuss a fairly general example (a reaction­
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diffusion system). Other backward uniqueness results may be found

in [29, 64] and especially Agmon [105] and Lees and Protter [125].

Theorem 7.3.4. [126] Suppose V, H are real Hilbert spaces,
V cHis a dense subspace with continuous inclusion, and for each t
in 0 < t < T a(t,·,·) : V x V ffi is a continuous bilinear form.

Define A(t) by

u E: D(A(t)) and A(t) u E: H if

a(t;u,v) = <A(t)u,v>H for all v E: V,

where <"'>H is the inner product in H. Assume

(i)

(i i)

(iii)

a = aO+al where aj(t;. ,.) is a continuous bilinear form

for each t and j = 0,1, and t a j (t;u,v) is con­

tinuously differentiable on [O,T] for each u,v in V

and j = 0,1.

aO(t;u,v) = aO(t;v,u)
There are positive constants such that

2 2
aO(t;u,u) ­ Ailull H

lal(t;u,v)1 < C 1Iu1l v IlvJl H

for all 0 < t < T and u,v in

If u E: L2(O,T;V) has time derivative u E:

D(A(t) ) and u(t) + A(t)u(t) = 0 for a. e.

II u(t)11 H 0 as t T­, then u(t) ­ 0 in
(Note: D(A(t) ) = D(AO(t)) where AO(t) is
the form aO(t;·,')'

V.

L2(0,T;H) with u(t) E:

t in (0, T), and
O<t<T.
the operator defined by

Example. Suppose is a bounded open set in ffin with C2 boundary,

D(x) = diag(Dl(x) , .. . ,Dm(x)) > 0 in and the m x m matrix func­

tions D(x), aD(x)/ax., Bk(x,t), aBk(x,t)/ax., C(x,t), aBk(x,t)/at,
] -]

aC(x,t)/at are continuous and bounded on x [to,t l], and the sym­
metric r x r­matrix Sex) and its derivatives as(x)/ax. are also

]
continuous. If u = col(ul, ... ,um), consider the initial boundary­

value problem

n
au/at = D(x)LIU + L Bk(x,t)au/axk + C(x,t)u on )( (to,t l)k=l

with r
D.au./aN + L Sjk(x)uk 0 on (1 < j < r)
] ] k=l
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J

normal to
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on aQ for r+l < j < m. Here N is the unit outward

aQ and one of the boundary conditions is dropped if r = 0

or r = m.
Let H = LZ(Q,m.m), V = Hl(Q,IRr) x

Choose Cl symmetric r x r-matrix functions Ai(X) (1 < i < n)
n .

such that L A1N. S on aQ. Define A1
J: k(X)

= 0 when j > r or
i=l 1

k > r (1 j,k m), and let

I Dk(X)VUk'VVk

n a kao(u,v) = + L -a-cu· A v) Jdx
Q 1 1

xk

al(t;u,v) = -I Bk
au + Cu}dx

Q 1 aXk

for u,v V, with i\(x,t) = Bk(x,t) - aD(X)/dxk· It is not diffi -

cult to verify the hypotheses of Thm. 7.3.4 for this example, and if

A(t) is the operator defined by the form a = aO+a1 we have

D(A(t)) = {u V n HZ(Q,IRm)ID. au./aN +
J J

r
L SJ'k(x)uk = 0

k=l
on

and for u E D(A(t)),
for 1 < j < r

n
-A(t)u = Dllu + L Bk(' ,t) au/axk + C(· ,t)u,

1

so the abstract form of our equation is

du/dt + A(t)u = 0, o < t < T.

< r) whenever x E aQ. The domain of the adjoint

all v in HZ(Q,IRm) n V such that, for 1 S j S r

The hypotheses of Thm. 7.1.3 are also satisfied with X = H, AO the

operator defined by the form aD, a = l/Z, and V = H2 = D((AO+A) ).
m

If T(t,s) is the evolution operator, "o E LZ(Q,IR ), and T(t,s)uO= 0

for some t > s (0 s < t T) then Uo = O.

The adjoint equation may be treated similarly provided D(x)

i h twice continuously differentiable and the m x m matrix

L BJ.(x,t)N.(x) = M is symmetric in its first r indices =
j =1 J
Mt k when 1 S
A(t)* consists of

and x in aQ,

a r
aN(DJ.vJ.) + L Sk·(x)vkk=l J

r
L Mk· (x, t) vk'k=l J
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is dense in

certainly be

tions.

D(A(t) *)

HS (0 S

helpful if
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depends on t. With these hypotheses, T(t,s)HS

1) whenever 0 s < t T, but it would

we could eliminate the above symmetry condi-

Now consider this equation in

1 < P < 00 If we define

o

for some

on (1 < j < r)

u . = 0 on ari
J

D(A(t)) = D(A
O
) and for u E D(A

O
) '

(r+ 1 < j < m)

n
-A(t)u = DL1u + I + C(',t)u,

1 J

then the hypotheses of Thm. 7.1.3 hold in X for any a > 1/2. If

T(t,s) is the operator in Sf(X) , observe that when u E X,

T(t,s)u E L2(n)Rm) for t > S and by the arguments in the case

p = 2 we see T(t, s) is inj ective. Similarly, if v E X* L I (ri )Rm)
p

then T(t,s)*v E LZ(n)Rm) when s < t so we conclude

T(t,s)XS is dense in xS for any 0 < S 1.

Can the symmetry requirements of the backward uniqueness

theorem be relaxed or removed?

Suppose (t,x,u,v) + f(t,x,u,v) is CZ from m x ri x mm x mmn

to mm and consider the problem

u
t

= D(x)L1u + f(t,x,u,Vu) in n x m,

on (1 < j < r)

(r+ 1 j m).u . = 0 on an
J

If P > n, X = L (n)Rm) and a > liZ, the initial value problem is
p a

locally well-posed in X and if u(x,t) is a solution on (to,t l),
the coefficients of the linearization are Cl in x and t on

"fl x [t Z,t 3] if [t Z,t 3] c: (to,t l). If Sjk(x) = Skj(x) as before,
the equation and its linearization define injective maps. In order

that the evolution operator for the linearization also has dense range,

we impose a symmetry condition:

n
(t,x,u(x,t),Vu(x,t))Nk(x)

k=l Yk
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elements

assume it holds

< m.

x E Here we have

where each y. E ffim
J

m x m matrix at each point.

is symmetric in its first r indices when

written f in the form f(t,x,u,y l,··· ,Yn)
au au af

and Vu = (-a--"'" -a--) , so -a-- is anxl xn Yj
The only practical way to impose this requirement is to

whenever x E and (u,Vu) are replaced by arbitrary

(u'Yl'YZ"" ,Yn) of ffim x ffimn with u
j

= 0 for r+l < j

7.4. Slowly varying coefficients

Theorem 7.4.1. Suppose AO is sectorial in X, 0 < a < 1, is a

set and ACA)-AO E-Sf'(Xa,X) for A E

IIA(A) -Aoll < M for all A,
-Sf'(Xa , X)

A E is in a compact set in Y(X)

Reo (ACA) ) > f3+ £: > f3 for all A E

and whenever is a sequence in such that ACAV) + A in
1

Y(X ,X), the essential spectrum of A is in Re z f3+£:. (The last

condition is trivially true if AO has compact resolvent, since there

is no essential spectrum.) Then there exists Ml > 0 such that, for

all A E and x E D(AO)

Ile-ACA)txlly < Mle-
f3 t Ilxll y

Ile-A(A)txl l y < M
lt-

Ye- f3 t Ilxll

when t > 0 and 0 y 1.

Remark. The compactness criterion is satisfied, if effi, A + A(A)-AO
is continuous, and is compact or A + A(A) is periodic, or

asymptotically periodic, or almost periodic.

Proof. Without loss of generality, suppose f3 = O. By the proof of

Thm. 1.3.4, it suffices to establish uniform estimates
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If

71/2.

[arg z ] ¢O
this sector.

for A E A and larg zl > ¢ for some 0 < ¢ <

We may suppose Co/IAI for

(0 <¢o < 71/2), and < Colzl CX
-
l in ROI-a

is so large that RO 2MCO then for larg zl ¢O' Izi > RO' we
have

II (Z-A(A)) -111 < II (z-A
O)
-1 1111{I- (AU) -AO) (z-AO) -I} -111

K; then any

plicity, so

There exists ¢, ¢O
I z I RO} is disjoint from

o(AU)) for all A. Suppose

¢ < 71/2, so K = {z : larg z ] ¢,

{Re z E}, hence bounded away from

A = lim AU), Av E II and a (A) meets
v-"oo

Zo E o(A) n K is an isolated eigenvalue of finite multi-

A(Av) has spectrum near Zo for large v, contrary to
-1

hypothesis. Thus (z-A) is defined for all z E K and A E F =

closure in y(Xl,X) of {AU), A E [I}. But then the continuous func-

tion (z,A) -.. II (z-A) -111 is bounded on the compact set K x F, so there

is a constant Cl with

II (z-AU)) -111 < Cl for z E K, A E fl.

This completes the proof.

Remark. The essential spectrum is defined in the appendix to Ch. 5.

A more stringent definition -- apparently the most stringent version

is that of Kato [56]: the set of complex z where z-A is not semi-

Fredholm. The theorem also holds under this definition.

Theorem 7.4.2. Assume A is sectorial in X, 0 < a < 1, and

B: [to ,00) -.. y(Xa ,X) satisfies

for all t,s to and x E XCX

Assume also, for some constants

for some positive constants

M,S, with A(t) = A-B(t),

u , e.

II e -A(t ) s xii a < Me - Ss II x II a

Ile-A(t)sxll
a

< Ms-ae- Ss Ilxll
a

for s > 0, t > to and x in Xa. We assume M > 1 for simplicity.
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If T(t,s) is the evolution operator for dx/dt + A(t)x °,
then for t > s > to and x E XCi,

IIT(t,s)xll -o(t-s) II x II CiCi
< M2e

or (more crudely) 0

v = 1+8-0., r = v/8, Q

where
I[ [I -a -0 (t-s) II IIT(t,s)x a < M2max((t-s) ,1)e x

r-1
o = 6 - m(Q + max(O, q £n Q ))

Qr-l

-1 l/v6 - mQ(l + q r e ), m = (\.IMf(l-o.)) ,
(r £n MC)l/r and q, C > 1 are constants

such that

(see Lemma 7.1.2). Such an estimate holds with q

Note that 6-0 = O(\.Il/V) as \.I 0.

0.8/2v.

Remark. If a = ° we can let C = 1, q = 0; and if

we have < 1.886 max(1,s3)exp(s3/3) (see ex.

Thus we can take

a = 1/2, 8 = 1

2, sec. 7.).

8
P = 1+8 ,when a = 0,

and
6

o = S (4.254 \.1M £n 1.886 M)2/3 when !Z, 8 1.

Proof. Let t T to' x(t) = T(t,T)X(T); then

x(t) = e-A(T) (t-T)X(T) + re-A(T) (t-s) (B(s)-B(T))x(s)ds
T

so

and, according to Lemma 7.1.2,

where m = (\.IMf(l-o.))l/v, v = 1+8-0.. If

v/(l-o.),
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we have for any a > 0 and T > to'

< .!. £n MC - S
a

(which is finite, by estimates above)

< -0, with

rnA A-I
+ T a

A
A-I £n MC

as described above. If

soMC > 1)(note

£n rna)+ max(O, q ---a-- .

Choose a so (rna) A

1. tn IIT(T+0,T)11
a Y'(XCl)

MZ = eo a sup IIT(t,T)11
Y'(X

Cl)

then for t = T+na+a' (0 a' < a, n = integer> 0)

IIT(t,T)11 Mze-o
aIIT(T+ll0,T)11

Y(X
Cl

) Y'(XCl)

-oa-nao -O(t-T)
< MZe < MZe .

Example. Consider, for small E > 0,

dx
E crt + A(t)x = 0, A(t) = A-B(t),

where Re a(A(t)) > 6 > 0 and t ... B(t) EY'(XCl,X) is Holder continu-

ous for to t t l. Change the time variable to T = tiE; then

*+ A(n)x = 0

and

Thus for E > 0 sufficiently small

for to t t l.
This sort of rapid decay is a familiar phenomenon in singular per-

turbation problems. (See in particular the paper of Hoppenstadt [51].)

is sectorial in

evolution operator TE(t,s) for
IITE(t,s)11 Me-S(t-s) and

Y(XCl
)

in a certain set U
x + (A(t)+B)x = 0

Exercise 1. Suppose A(t)
Y(XCl,X) and assume for each B

x with A(t)-A(t O) E

c.st'(XCl , X), the
satisfies
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IITB(t,s)1/ Me-8(t-s)(t_s)-a. for t > s.
Y(X,Xa.)

If t -+B(t): lR -+ U c..st'(Xa.,X) satisfies

IIB(t)-B(s)11 Llt-sI 8
,

Y(Xa., X)

o < 8 1, and if 81 < 8, then for sufficiently small > 0, any

solution x of

satisfies
Ml < 00.

II x (t)11 a.

x + (A(t)+B(Et))X

-8 (t-s)
< Mle 1 Ilx(s)lla.

o

for t > s, and a constant

Exercise 2. Suppose A is sectorial in X with compact resolvent

o < a. < 1, U is open in Xa., (f,g): lR x U x Y -+ X x Yare uniformly
1- 1

CLip' Suppose there exists lR x Y -+ U, uniformly CLip' so
x = solves Ax = f(t,x,y), and A(t,y) =
has Re cr(A(t,y)) 28 > 0, for all (t,y), and {A(t,y)CAO+A)-l}

is in a compact set in Y(X). For small > 0, prove the system

f(t,x,y) , dt g(t,x,y)

has an attracting invariant manifold near x =

S = {(t,x,y) I x = qt,y) +G (t,y), (t,y) E lR x y}

-8(t-t )/
which attracts nearby solutions like OCe 0) .

(Hint: let t = T, X = + Z, and apply Thm. 7.4.1-2 and exercise

7, sec. 6.1.)

Exercise 3. Consider the special case when all ACt) are self ad-

joint and obtain the estimates of Thm. 7.4.1 without the compactness

assumption.

Exercise 4. Suppose

matrices with "ACt)"

s 0, to t < t l,

{A(t), to t < t l} is a collection of n x n

M, Re GCA(t)) > 8+ , 1 > > 0; prove for
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where Cn depends only on n.

(Hint: use the contour integral, and the representation

M- l = matrix of cofactor)
det M •

7.5. Rapidly varying coefficients

We discuss, more precisely, integrally small perturbations,

but these generally arise from rapidly varying coefficients with small
mean value.

Lemma 7.5.1.

C(s)
..st'(z,Y)

map
and

Suppose X,Y,Z are Banach spaces and

{to < s < t < or {to < s <

Z respectively, with

IIA(t,s)11 a(t-s)-a

IIA(t,s)-A(t,s-h)11 < aho(t-s)-a-o

II B(s)11 ::: b

II r2B( s ) dS II q
t l

II C(s)11 ::: C(s-tO)-Y

jjC(s+h)-C(s)11 < Cho(S-to)-Y-o

A(t,s), B(s),
into ..st'(Y, X) ,

on (to,t O+£) when 0 < h < q/b ::: and 0 < a,Y < 1-0 < 1. Then
for 0 < t-t o <

II( A(t,s)B(s)C(s)dsll <
to

If a+y+o 1, the integral on the right side is uniformly bounded on

[to,tO+£] .

Proof. Let h = q/b. If t-t o < h then

Ilf A(t,s)B(s)C(s)dsll < abc r (t-s)-a(s-to)-YdS
to to

° It -a-o -abc h (t-s) (s-t
O) Yds .

to



Note bh o 0-1 o 1-0= qh q b

If t-t o > h let t.
J

0 < t-t < h. Writing A. =n - JrABC rABC
n

+ L
to t n j=l
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= to+jh (j = O,l, ... ,n)
A(t,t j), Cj = C(t j),

J
t .
J (ABC - A. lBC.)

J - J
t . 1J -

n Jtn
+ L A'_ l ( B -
j=l J t .

J -1

with

and the last sum may be rearranged as

A Jtn
o t o

Therefore

n-l
L (A.
1 J

Theorem 7.5.2. Suppose AO is sectorial in X, 0 a < 1,

o < 0 < (1-a)/2, t > 0, J is an interval in ffi and t + A(t)-AO:
J +S((Xa,X) is bounded and locally Holder continuous. There exist

po s i t i ve constants E:l and Kl such that, if B: J +S((Xa,X) is

locally Holder continuous with



on J and

IIB(t)11 b
Y(XfJ.,X)

II r2B( t) dtil
t
l

Y(XfJ., X)

o 1-0
q b £1' then

< q
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for < £

for o < t-s < £ on J, where TB(t,s) is the evolution operator

for x + A(t)x B(t)x, and TO is the case B = O. Also if
< MeS(t-s) o 1-0

IITO(t,s)11 for t > s on J, then for q b < £ < £1
Y(XfJ.) -

as above

for t > s in J, where M ->- M
£

as £ ->- O.

Remark. and depend only on

Proof. There is a constant MB (or MO' when B = 0) so

and
II TB (t, s)11 ::: MBY(XfJ.)

IITB(t+h,s) - TB(t,s)11
Y(XfJ.)

for t > S, h > 0 with t,s,t+h in [to,tO+£j. These estimates are

uniform in to for [to,tO+£j c J. The required estimates of TO(t,s)

(from Thm. 7.1.3(c)) will be used with constant K. Now for

to ::: t t o+£'

TB(t,tO)-TO(t,t O) = It TO(t,s)B(s)TB(s,to)ds
to

so by the Lemma 7.5.1 (with Y = XfJ., Z = ,St"(XfJ.) , y = 0)

Also if hO > 0 and A(t,s) = TO(t+hO,s)-TO(t,s), we have
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IIA(t,s)11 Ci.
..:;t'(X, X )

< KhC(t_s)-Ci.-C
o

IIA(t, s) -A(t, s -h)11 2Kmin{h 26 (t- s) -Ci.-2c (t- s) -Ci.-2c}
.5t'(X, XCi.)

and so (with Ca = 2KhO in the lemma)

II TB(t+hO' to) -TB(t, to)11..st'( XCi.)

IITO(t+ho,tO)-TO(t,tO) + r A(t,s)B('s)TB(s,tO)ds
to

If qCbl-C £1

take MB = 2MO

with £1 sufficiently small, it follows that we can

and so when 0 t-t o £,

If

bl-Cf:{(£-S)-Ci.-C+(£_S)-Ci.S-C}dS

= K qCbl-C
1

Me 8(t-s) for t > S in J.Now suppose liT (t, s)11
..st'(XCi.)

C l-cq b < £ £1 then according to exercise 3 below,

where

8 £(t-s)
[[TB(t,s)[[ Met> s in

..st'(XCi.) £

M£ = M(l+Kl£c), 8£ = 8 + i £n(l+MKl£c) with

J,

-8£c = max(e ,1).

Corollary 7.5.3. With the assumptions of Thm. 7.5.2 above, £ = I

and J = [to'oo), if the zero solution of x + A(t)x = 0 is uniformly
asymptotically stable, the same is true for x + A(t)x = B(t)x pro-
vided qCbl-C is sufficiently small.
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Example. Suppose b(x,t), c(x,t) are uniformly bounded and locally

Holder continuous in t for a < x < 1, and suppose t b(x,t),

c(x,t) are periodic with period p > a. Let ba(x), ca(x) be the

averaged functions, e.g.

ba(x) = l JP b(x,t)dt.
p a

Then as w +00, the evolution operator in for

u t = uxx + b(x,wt)ux + c(x,wt)u, a < x < 1

u = a at x = a,l

converges to that of

u t = uxx + ba(x)ux + ca(x)u,

u = a at x = a,l

a < x < 1

uniformly on compact time intervals.

To see this, suppose Ib(x,t)l: N, Ic(x,t)1 : Nand

B(t)u(x) = (b(x,wt)-ba(x))u'(x) + (c(x,wt)-ca(x))u(x) so

II B(t)ull L (a 1) s 4N II ull 1
2 ' Ha(O,l)

It z rII B(t)u dtll L (a 1) = II B(t)u dtll Lt l Z' tl+nplw 2

< Ilull
Iwl

where the integer n is chosen so ItZ-t l- : We may take

= 1, b = 4N, q = 4Np/lwl and a = liZ, and Thm. 7.5.2 gives the

result.

Exercise 1.

limit

In the example above, in place of periodicity assume the

f
l Jtt+Tlim b(x,s)ds = ba(x)

exists uniformly in t >

similarly for c (x , t ) .

T, a : x : 1, and is independent of t, and

Obtain the same conclusion for this case.

Exercise Z.
borhood of

Assume A is sectorial

a in x", f: lR x U X

in X, a : a < 1, U is

is Holder continuous in

a neigh-

t and
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uniformly Cl in x E U, and f(t+p,x)

p > O. Let

f(t,x) for some constant

J: f(t,x)dt

and assume fO(O) = 0 and Re CJ(A-fb(O)) > O. Thus the averaged

equation x + Ax fO(x) has x = 0 as a stable equilibrium point,

although f(t,O) t 0 in general.

Prove there exist positive constants r, wO' M, S, such that

(i) If w > wo' there is a unique solution Xw(t) of

x + Ax = f(wt,x)

on < t < 00 with supl] x (t)11 0, < r : x is periodic with, w
period p/w and

(ii) If w > Wo and x(t) is any solution of the equation for

t > to with II x (to)11 0, < r/4M then

-S(t-t )
II x(t) -x (t)11 < 2Me 0 II x(t O) -xw(to)11 0,'w 0,-

Ilx(t)ll a '5 r for all t to'

(iii) If CJ(A-fb(O)) does not intersect the imaginary axis but

meets the left half-plane, prove there is a p/w-periodic

solution near x = 0 for large w, but the solution Xw
is unstable.

(Hint: apply Thm. 7.5.2 to x + Ax = fx(wt,O)x.)

Exercise 3*. Suppose T(t,s), TB(t,s) are evolution operators for

t > s > T, t > 0, and

IIT(t,s)11 < MeS(t-s)

S (t-s)
IITBet,s)11 '5 MEe E for t > s > T

Prove
IITB(t,s)-T(t,s)11 E when o < t-s < t .

where

M = M(1+Eb), SE S
1 tn (1+E:Mb) ,+ IE

b -St ME + M, SE S 0+.max (e ,1) , so + as E +
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Hint: use the identity

< Kho (r v s ) -a-o

t > s, andfor< Me-S(t-s)IIT(t,s)11
Y(Xa )

< K(t-s)-a, IIT(t,s)-T(t,s-h)11
Y(X,X

a
)

SupposeExercise 4.

for a < h,t-s 1 (S > 0, a < 0 < I-a < 1) and f: IR ->- X has

II f(t)1I < b, 1\rZf (s) ds II q
t
1

II roo T(t , s) f (s) dsl] a.
o 1-0 -S3MKq b / (1-0.-0) (l-e ).

Hint: write the integral as It = I I
t- n

.
_00 n=O t-n-1

Exercise 5. Suppose for each x , IlrZf(t,x)dtll < q for t 1,tZ in
t 1

[0,1], Ilf(t,x)-f(t,Y)11 Lllx-ylla.; a t < 1, and Ilx(t1)-x(t z)11 <

Mlt1-tzl
S (0 < a,S 1) on [0,1] and q LMa.; then show

f(t,x(t))dtll 3qv(LMa.)1-v, v =

I
t + ll t

(Hint: II t f(s,x(s))11 < q + LMC!(llt)l+a.S, if ° < t < t+llt < 1.)

Exercise 6. Suppose a < 0 < 1, and for ° < s < t < T

II A(s) -A(O)II < "o(s) , II A(t) -A(s)11 < "i (t) (t-s) 0- -

II c (s )11 cO(s), II C(t) -C (s)11 < c
1
(s) (t-s) 0

-

where a O' a 1 are increasing and cO' c 1 decreasing on (0, T) , and

with B = 1:. IT B(o)do,T a

Ilro(B(o)-B)doll < q for a < s < t < T.
-

s

Prove



a(s)IIB(s)-BII )1-0

I:A(0) B(s) (C(s) - C(T) ) ds ;

where

Hint.

if = 0,
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III: A(s)B(s)C(s)dsll III: A(s)BC(s)dsll

0-1 IT
+ qT 0 a(s)ds

I
T 0 IT

+ Z(q 0 a(s)ds) ( 0

a(s) = (ao(s) + IIA(O)II )C l (s) + a l (s)co(s).

first consider the case B = 0 and A(O) = 0; then the case

A(s) ::: A(O) so

(T A(O)B(s)C(s)ds
J 0

-0
"Z" in this result may be replaced by (0/1-0) +

takes values between 1 and Z as 0 varies between

and then the general case.

Note: the factor
-- 1-0
(0/1-0) ,which
o and 1.

The order of the terms (ABC) is unimportant, and we may re-

place the product by any trilinear map with norm < 1.

7.6. Exponential dichotomies

Suppose

x + A(t)x = 0

or [T ,00) or

the evolution operators T(t, s) E: Y(X) (t s) for

are defined on an interval J cffi; ordinarily J = ffi

(-oo,Tl.

Definition 7.6.1. The equation

dichtomy on J with exponent

X) if there exist projections

dxldt + A(t)x = 0 has an exponential

S > 0 and bound M (with respect to

pet), t E: J, such that

(i)

(ii)

(iii)

(iv)

T(t,s)P(s) = P(t)T(t,s), t > s in J;

the restriction T(t, s) IR(P (s)), t s , is an isomorphism

of R(P(s)) onto R(P(t)), and we define T(s,t) as the

inverse map from R(P(t)) to R(P(s));
IIT(t,s) (I-pes))11 < Me-S(t-s) for t > s in J;

IIT(t,s)p(s)11 < Me=S(s-t) for s > t in J, where this

operator is defined in (ii).

The norms here are those of Y(X).
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Examples.

(1) If A(t) = A is a constant sectorial

for some S > 0, a(A) is disjoint from the strip

then x + Ax = a has an exponential dichotomy on

with exponent S with respect to X ya, a a.
constant.

operator in

{A: - S < Re
IR (or IR+

Y and

A < S},
or IR-)

(2) If

the conditions

the period map

x + A(t)x = a
with exponent

(3) If

A(t) is periodic with period p > a and satisfies

of Thm. 7.2.3, and if for some S > a the spectrum of

is disjoint from the annulus 0: eSP IAI eSP}, then
has an exponential dichotomy on IR (or IR+ or IR-)

S. The projections are periodic with period p.
IIT(t,s)11 < Me-S(t-s) for t s > T, S > 0, we have

a trivial "dichotomy" on (T,co) with exponent Sand pet) = a.

We will study primarily dichotomies on IR, since in this case

the projections are uniquely determined (ex. 4 below), but many of the
+ -results also apply to dichotomies on IR or IR. Some of our results

seem to be new, even in finite dimensions, and the method of proof --

using a kind of difference equation -- is simpler than the usual argu-

ments [112 ,114 ].

Exercise 1*. When T(t,s)P(s) is defined for t < s by (ii) in the

above definition, prove T(t,s)T(s,T)P(T) = T(t,T)P(T) and

T(t,s)P(s) = P(t)T(t,s) on Xl(s) for all t,S,T in J.

Exercise 2. In example (1) [or (2)] above, if the equation has an ex-

ponential dichotomy on IR or IR+ or IR with exponent S then the

spectrum of A [or, of the period map] must be disjoint from the

strip {IRe AI < S} [or, the annulus {e- p B < IAI<ePS}].

Exercise 3. Suppose t + A(t) is continuous and the ODE

x + A(t)x = a has an exponential dichotomy on J. If M(t) is an

solution of M+ A(t)M = a and M(t a) has a bounded in-

verse for some to E J, show M(t) -1 exists in for all t and

the evolution operator is T(t,s) = M(t)M(s)-I. Prove there is a con-

stant projection E and constant C such that

IIM(t)EM(s)-lll Ce-S(s-t), s > t in J,

t>s in J.

Conversely if such a projection E exists, define projections pet)
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to verify definition 7.6.1 for this equation.

Exercise 4*. If x + A(t)x = 0 has an exponential dichotomy on ffi

with exponent S > 0, prove the only solution x(t) bounded on
-00 < t < 00 is zero. In fact, if Ilx(t)11 = o(eS!tl) as Itt ->- +00,

then x(t) = O. Also show the projections pet) are uniquely deter-
mined.

Exercise If {T(t,s), t s} is a family of evolution

with an exponential dichotomy on an interval J effi, and if

is a compact operator for some t z t l in J, then prove

is finite dimensional with the same dimension for all t.

operators

T(tZ,t l)
R(P(t))

Lemma 7.6.Z. Suppose AO is sectorial in a Banach space X, 0 a < 1,

t ->- A(t)-AO: ffi ->-y(Xa,X) is uniformly bounded and locally Holder con-

tinuous and suppose x + A(t)x = 0 has an exponential dichotomy on

R with exponent S (with respect to X or Xa ) and pet) is the

corresponding projection. Then there are constants Ml, ... ,MS (de-

pending on a,o,y) such that

1 otherwise, then

(i)

(ii)

(iii)

(iv)

IIT(t,s)P(s)xjly Mle-S(s-t)llxllo for s > t when
o < y < 1 and 0 > 0;

Mze-S(t-S)max{l,(t-S)o-y} llx ll , for

t > sand 0 < 0 < y < 1

IIP(tl)x-P(tz)xll y Itl-tzl O if 0 < 0 < l-y < 1;

If G(t,s) T(t,s)(l-P(s)) for t > s,

G(t,s) -T(t,s)P(s) for t < s,
and (0) o-y on 0 < 0 < 1, (0)y y

IIG(t,s)xll < (t_s)e-S!t-s!llxll
y - y

(OSy<l);

(v) IIG(t+h,s)x-G(t,s)xll y

if 0 < 0 < i-« S 1, !hl 1, It-s! S It+h-sl and s is
not between t and t+h;

(vi) IIG(t,s-h)x-G(t,s)xll y < Mslhlo

if 0 < 0 < Lr c 1, 0 y < 1, Ihl 1, It-sl s It+h-sl

and t is not between sand s-h.

There is a constant
of the dichotomy and

C, depending only on AO,a, the constants

sup IIA(t) -Aoll , such that
y(Xa ,X)

M,S
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/
-l-ZMl C (1-1)' MZ = C/(1-I) (1-0), M

3
= 0 (MZ + C(1-I-O) ),

M4 = C/{o(l-o) (l-I-o)}, and M5 = C/{o(l-o)(I-I)Z(I-a-o)Z}.

Proof. These follow directly from Thm. 7.1.3 and definition 7.6.1.

We use notation from these results and prove (i)-(iii); the other
cases are similar. We assume the dichotomy is in X (see Ex. 5).

If t < s then

IIT(t,s)p(s)xll = IIT(t,-l)T(t-l,s)P(s)xll
I I

If s < t < s+l, 0 < 6 2 I < 1 then

IIT(t,s) (I-P(s))YjII < (t-s)o-III (l-p(s))xll 6

< _C_ (1 + M
l

8) (t - s ) 0 - IIIxlI s: •
- 1- I U

If t-s > 1,

+ MC)Me- 6(t-I-s) Ilxll .

Since IIYjI 211xll o'
Now suppose

these together prove (ii).

o 2 h 1, 0 < 0 < 1-1 2 1; then

IIP(t+h)x-P(t)YjII < II (T(t+h,t)-l)p(t)x11
1

+ IIp(t+h) (T(t+h,t)x-x)lll

< Ch
o

IIp(t)xll,, + MIC IIT(t+h,t)x-xll
- 6(1- 1 - 0) I+U-I

which implies (iii).

Exercise 5*. With the assumptions of the lemma, we have a dichotomy
on in X if and only if we have a dichotomy with respect to Xl,

for any 0 < I < 1.

Theorem 7.6.3 .

t ....

x + A(t)x = 0

Suppose AO is sectorial in X, 0 a < 1,
.... is bounded and locally Holder continuous, and

has an exponential dichotomy on with exponent 6 > O.
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For any bounded locally Holder continuous f: m + X there is a unique

bounded solution x of

x + A(t)x = f(t), -00 < t< 00

namely

x(t) = G(t,s)f(s)ds.

More generally if -6 < y < 6 and Ilf(t)11 = o(ey 1t l) as

there is a unique solution x with Ilx(t)11 = 0(e 6 I t l)
CJ.

satisfies

for a constant C independent of x, f and y.

It I + 00,

and it

Proof. Uniqueness is clear (see ex. 4) and the estimates of

x(t) = follow from Lemma 7.6.2; in particular, the

integral converges. Choose any real to' By definition of G and an

easy calculation, for t > to

x(t) = Joo G(t,s)f(s)ds = T(t,tO)x(t O) + Jt T(t,s)f(s)ds
-00 to

so x + A(t)x = f(t) for t > to (Thm.7.1.4).

Remark. A converse for the corresponding discrete problem is proved

below (Thm. 7.6.5).

Exercise 6. If
y .l t I

ey(t) = e

- 6 <y+' y < 6

for t < 0, prove

y+t
and ey(t) = e for

x(t) = foo G(t,s)f(s)ds
-00

t 0,

has

Exercise 7*. If A(t) satisfies the conditions of Thm. 7.6.3 on

[to'oo), prove for any bounded f:

of x + A(t)x = f(t) for t > to

[to'oo) + X, x is a bounded solution

if and only if

x(t) = T(t,tO)(I-P(tO))x(tO) + Joo G(t,s)f(s)ds, t to'
to

Hint: if x is a boundfd solution and t l > t > to' then
T(tl,t)P(t){P(t)x(t) + f

t
l T(t,s)P(s)f(s)ds} is bounded as t l + +00

so { ... } + 0 as t
l

+ +00.
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Exercise 8*. If A(t) satisfies the conditions of Thm , 7.6.3 on

(_oo,t O]' f: (-oo,t O] X is bounded, then x is a bounded solution

of x + A(t)x f(t), t < to' if and only if

x(t) = T(t,tO)P(tO)x(t O) + G(t,s)f(s)ds, t < to'

Exercise 9. Suppose is a sequence in Y(X); if xn+ l
Tnxn + Yn for m < n < p, show

x
n

where T = T ... T T for n > m, T = 1. If {T } has an,m n-l m+l m m,m n
discrete dichotomy (def. 7.6.4 below) , prove results analogous to ex.

7 and 8 for this difference equation. Note T T Tn,k forn,m m,k
n > m > k and if T P Pn+lTn, then T P P T for n > m.n n n,m m n n,m

Definition 7.6.4. If

sequence in Y(X) , we

stants M,e) if there

of projections

X is a Banach space and

say {T} has a discrete
n

exist positive constants

in Y(X) such that

{T }oo is a
n n=-oo

dichotomy (with con-

M, e < 1 and a sequence

(i) T P = Pn+1Tnn n

( ii) Tn(R(Pn)) is an isomorphism of R(Pn) onto R(P 1)n+

(iii) If T Tn-l···· 'Tm+l'Tm for n > m, T = I, thenn,m m,m

(iv)

IITn m(l-Pm)xll Men-mllxll for n > m,

liT P xii < Mem-nllxll for n < mn,m m -

where T P x = Y E R(P) if and only if P xn,m m n m
which is well-defined by (ii).

Remark. If {T(t,s) t > s} is a family of evolution operators with an

exponential dichotomy (exponent 6, bound M) and £ > 0, then for any

real to' has a discrete dichotomy with con-
stants M, e = e- 6

Exercise 10. Suppose {T(t,s) , t > s} is a family of evolution opera-
-

tors with sup IIT(t,s) II < 00 and £,M, e are positive constants with
O<t-s<£

e = -6£ < 1 (so 6 > 0) . For each real to' assumee
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Prove {T(t,s), t s }

exponent S and bound

has a discrete dichotomy with

has an exponential dichotomy

KM, where

constants M,e.
on IR with

K = sup {IIT(t,s)lleS(t-s), 0 < t-s < O.

Hint: If is the sequence of projections let X+(t O) =
N(PO(tO))' X_ (to) = R(PO(tO))' so X = X+(t O) e:J X_ (to) for each to'
Show T(t,tO)X+(t O) c X+(t) and T(t,t O) X_(to) is an isomorphism

of X_(tO) onto X_(t) for each t to'

Theorem 7.6.5. Assume {T}co is a sequence in Y(X). The follow-n -co
ing are equivalent:

{f}oo C X, there is a uniquen -co
of x = T x +f -'" < n < "'.n+l n n n'

sequence
:x }'". n - 00

{T}co has a discrete dichotomy.n -co
For each bounded

bounded solution

(i)

(ii)

Proof. If (i) holds, using the of the definition, it is

easily proved (ii) holds with xn L Gn,k+lfk the unique bounded

solution of x +1 = T x +f ,where G = T (l-P) for n m,n n n n n,m n,m m
G = -T P for n < m. We call the sequence {G } or then,m n,m m n,m
corresponding operator the Green's function for {T}.

n
Assume (ii) holds. Let B = Q,,,,(7Z,X) , the Banach space of

bounded sequences x = {x }00 in X, with norm sup] x II. Let L be
n -00 n n

the linear operator {x}oo {x I-T x}oo with domain consistingn -00 n+ n n -00

of all x E B such that Lx E B. Then L is a closed linear opera-

tor which (by (ii)) maps its domain one-one onto B. By the closed

graph theorem, L has a bounded inverse G in Y(B) which may be

represented in the form

at least for sequences Uk} with f = 0 for all large Ikl· Herek
each G E Y(X) with II Gn mil II GI!'y( B) , and G -T G = 0n,m , n+l,k+l n n,k+l

if n f k, I if n = k. By induction, if we define P I-Gm,m'm

Gn,m T (l-P)n,m m for n > m, T Gm,n n,m
-P for n < m•

m
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n > m,

for

for

G xn,m m

= T x
Z n n

P Note alsom
so

We will prove Pm is a projection and satisfies the other conditions

of the definition with M = (1 + IIGII)Z and e = IIGII/(l+ IIGII). It

follows that the above representation of G holds for all fEB, but

in the course of the proof we use it only for finite sequences.

Suppose xn+l = Tnxn, n : m, defines a bounded sequence; then

Pmxm O. For we can set xn = 0 when n < m, and then

x +l-T x = 0 for n f m-l, x -T IX 1 xm' so xn n n m m- m- n
all n; in particular, xm = (l-Pm)xm, Pmxm O.

For any x E X, let x = G x; then xn+ln n,m
x is bounded, so P x 0 = P (l-P )x, so Pn mm m m m
that, if Pmx 0, then xm = x and Pm+lxm+ l = 0

when P x = O.m

x = T X forn+l n n
-G IT x for alln,m+ m m

Yn is bounded, Yn+l =

Tm-ZYm-Z = Ym-l E R(Pm-l)
Tm_lR(P m_ l). Thus
< m y = T Y for'n+l n n

is bounded and

and then x
n

-x

Yn = Gn,mx; then
for n < m-Z, so

n > m,

n < m}Now suppose {xn'
set x = 0 for

n
T x E R(P I)'m m m+
If x E R(Pm) , let
for n < m-l, hence

n, so

TnYn
and Ym = (l-Pm)x = 0, so

Tm-lR(Pm_ l) ::> R(Pm). Let

n < m;

n+l then - T = and is bounded -00> m" Ym = m-lYm-l -x Yn as n -> ,
- ,

so T x E R(Pm+ l) . Also if T x = 0, then Yn = 0 for n > m so
- m m

PmYm = 0, i. e. x = P x = O. Thus T IR(P ) is an isomorphism ofm m m
R(Pm) onto R(Pm+ l) , and we may write

Gn,m
-T P for n < m, G = T (l-P) for n > m,n,m m n,m n,m m

Note
P xn

T P x = P IT x if P x = x, and this is also true whenn n n+ n n
0, hence by linearity, TnPn = Pn+lTn,
Now choose x E X. If T x= 0 for some n > m thenn,m

T x = 0 for all p > n, and so if T (l-P)x f 0p,m n,m m

n n
L T k(l-Pk)Tk (l-P )x¢k = T (l-P)x L ¢k

k=m n, ,m m n,m m k=m

and

so

¢k- l = IITk (l-P )xll > 0,,m m m < k < n

If 1Jin

n
L ¢k II Gil·

k=m

then 1Jin - l (1 - II GII- l)1jJn and so
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<P
n

IIGII-l(l - IIGWl)m-n<pm

IITn,m(l-Pm)xll IIGI1
2
(l - IIGW

l)n-mll x ll, n > m.

This was proved assuming the left-side is posltlve, but it is trivially
-1true when the left side vanishes. Similarly if Pn = II T P x II > 0,n,m m

n < m, then

so

This completes the proof.

Corollary 7.6.6. For b > 0, let Bb
= all sequences {x }co in Xn -co

wi th s up Ij] bn} < co Suppose 0 < 81 < 1 and for 81 < b < 1/8 1- -
and any {f} in Bb, there is a unique solution {x } in Bb ofn -co n
xn+l = T x +fn'

-00 < n < 00 If {G } is the corresponding Green'sn n n,m
function,

II G II M 8 l n -ml
n m 1,

for some constant M.

Proof. If x,f EBb' x 1 = T x +f ,and y = x bn, g = f bn, thenn+ n n n n!ls n n
y,g E Bl = Band Yn+l = bT y + bg ,and {bT} has a discrete

n n n n-m n -00 m-n
dichotomy whose Green's function is {b G i, so II G II < Cb

-1 n,m n,m -
with b 81 or 8

1,

Theorem 7.6.7. Suppose {T } co C Sf(X) has a discrete dichotomy withn -co

constants M, e < 1. If Ml > M and e < 81 < 1, there exists s > 0

(depending only on M, M
l, 8, 81) so any sequence {S }co c Sf( X) withn -00

sup II Tn -Sn II e has a discrete dichotomy with constants Ml, 81,n

Remark. The requirement on s is

and
sM(1+8e l)

Ml (1 - 8 -8 ) > M.
1

(See ex. 11.)

Proof. xn+ l = Snxn+fn has a unique bounded solution x for each
bounded f if and only if
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x
n

is also solvable for each bounded f, and this is true provided

00

sup I IIGn k+l(Sk-Tk)11 EM < i .
n _00 '

case, Thm. 7.6.5 shows {S} has a discrete dichotomy; let
n

be the corresponding Green's function, and then for all n,m

00-
Gn,m = Go,m + Gn,k+l(Sk-Tk)ak,m

so
IIG II < Me ln-ml + EM I eln-k-ll IIG II

n,m - _00 k,m

and IIGn mil is bounded. By ex. 11 below, if e < "i < 1 and

EM < (which is < (l-e)/(l+e))

for small E > O.

< M e1n -ml
1 1

Exercise 11* . If a > 0, b > 0, 0 < r < rl,r Z < 1- - -

b < (r.-r)/(l+rr.) for 1, Z
J J

and is a nonnegative sequence in lR with gn o(r;ln l )
as Inl .... 00, and

g < ar 1n l + bn - 1 L
then

In-k-llr gk for all n,

Hint: Show the map of sequences

is a contraction in the norm sup I I f Iq In I }
n

whenever

Remark. The result of ex. 11 can be improved slightly by solving
in the case of equality (using the generating function

I g t n for It I near 1) and we find g = o(r l
1n l) ifn n
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2b < b* = (rl-r)(l-rrl)/(l-r), r < r l < 1, but this bound does not hold

for b* < b < l-r/l+r.

Exercise 12. If a 0, b > 0, B > 2b, la! < B-2b,

for all t,

and u (t) = 0 (e y I t I) as I t I -+ 00

u(t)< aealtl/{l - 2b/(B-!al)}.

2b(1=6 + < 1 for 0 = a

where 0 < y < B-2b, then

Similarly if 0 < 6 < 1 and

or y, u(t) = O(e y l t l) and

for all t, then

u(t) < aealt1j{1 _ 2b(--1-- + 1 )}.
- 1- <5 s:-raT

Theorem 7.6.8. Suppose
tions in Y(X) , {T }00n -00

{P }, {P} are bounded sequences of projec-
n n

is a bounded sequence in Y(X) with

T P = Pn+lTn' R(T P ) R(Pn+l)n n n n

II Tnx II < 811 x II when P x 0n

II T x II > 8-111 x II when P x = xn n

for a constant

in Y(X) , if IIPn-Pnll S £ and
has a discrete dichotomy with

ing only on

{S }00

n -00

IIl-Pnll s M,

o depend-If

8 in 0 < 8 < 1, and IIPnl1 S M, IIPnl1 s M,

8 < 81 < 1 and Ml > M, there exists £ >

8, 81 , M, Ml and sup IITkll, such that for any
k

II Tn-Sn II < £ for all n then
constants Ml, 81,

n.for all

Proof. Let W = P P + (l-P ) (l-P ); thenn n n n n

P W P P = W Pn n n n n n'

II I -W II II P (P - P ) + (P -P ) P II < 2£M.n n n n n n n -

If 2£M < 1

Define T
n

R(Pn+l)' If

then W has a bounded inverse with
T W- l . T P = T P W- l = P T
n n ' n n _,n n n n+l n
P x = 0 then P W 0 andn n n
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and if P x
n

x, then

II T x II > (8 (l+ZE:M)) -1 II xii.n

8/(1-ZE:M) < 1, we have for n > m

liT (l-I> )xll < 8nz-
m II (l-Pm)xll M8 nz-

m Ilxll ,n,m m

and for n < m,

liT I> xii < 8mz-
n IIPmxl1 M8mz-

n Ilxll .n,m m -

Thus {Tn} has a discrete dichotomy with constants M, 8Z' and

II T -s II < E: + II W- 1 - 111 11 T IIn n - n n
ZM

< dl + l-ZE:M sup IITkll}·
k

If E: is sufficiently small, 8Z = 8 + O(E:) < 81 < 1 and {Sn} also

has a discrete dichotomy with constants Ml and 81, by Thm. 7.6.7.

is a sequence in Y(X) which has a

{C}oo is a sequence of compact opera-n -00

as n ->- 00, and let Sn Tn+Cn. One

or

Theorem 7.6.9. Suppose {T}oon -00

discrete dichotomy and suppose

tors in Y(X) with II C II ->- 0n
of the following is true.

Either (i) {S}oo has a discrete dichotomyn -00

(ii) x n+l = Snxn' -00 < n < 00, has a nontrivial bounded solu-
tion.

If the dichotomy for {Tn} has constants M,8 and if 8 < 81 < 1,

then in case (i) the constants for the dichotomy are Ml, 81 < 1 for

some Ml < 00. In case (ii), any solution of x t = S x with

Ilxnll = O(8i 1n l) actually satisfies Ilxnll = O(8!ii ), space of
such bounded solution sequences is finite dimensional.

Proof. Let B = too (ZZ, X) as before and note G EY(B). Define

C EY(B) by (Cx)n = C x for all n, and let (CNx) = C x when
(CNx)

n n
CN

n n n
[n ] N, a for [n ] > N. Clearly is compact in Y(B)n Nfor each N and II C < sup Ilc II ->- a as N ->- 00, so C is- Iml>N m
also compact, as is GC. If x = GCx, x E B, then xn+l S x forn n
all n. Thus if (ii) fails, I-GC is injective on B, and so it has a
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fEBThus for each there is a unique x E B

(l-GC)x = Gf, i.e. xn+1 = Snxn + f n has a unique bounded solu-
for each bounded {f}, and {S} has a discrete dichotomy.

n n
8 < 81 < 1, xn+1 IlnXn for all oo nand Ilxnll
xn+1-Tnxn = 0(8i n) so xn Gn,k+lCkxk' Choose

tion

Suppose
o(8 In I). Then

bounded inverse.
with

N so large that

sup I IIG 118- ln- k l. supll ckll<1/2.n _00 n,k+l 1 Ikl>N

For sequences {y} = Y such that y = x for Inl Nand

= sup II bini} < 00 (for n81 b 1/8 1) define
[n ]>N n

(FN (y)) n

(FN(y)) n

x
n

for [n ] < N,

for [n ] > N.

Then if y,y are any such sequences

so FN has a

x = FN(x) is
case b =

unique fixed point in this class. When b = 81,
the fixed point. But there is also a fixed point in

so, by -1 < 00, i.e.
1

II xn II = 0 (8in I) as In I .... 00

the

If 81 b 1/81, the argument given in the space Balsa

works in Bb = sequences {xn} with

If x = GCx is in Bb then xn+1 = Snxn' xn
so Ilxnll = 0(8in l) = 0(1), and if (ii) fails,
obtain a dichotomy but now we see the Green's

{Sn} satisfies

= O(b- n) = 0(8- ln l)
1

x = O. As before, we

function {G } = Gn,m for

where M1

11G II<M8 In-ml
n,m - 1 1

max{IIGIIY(B ),IIGIIY(B )}, by Cor. 7.6.6.
81 1/8 1
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Exercise 13. In case (ii) above, if xn+ l
bounded solution {xn} prove

S x has a nontrivial
n n

II (1 - P ) x II/II P x II ->-n n n n o

as

as

n ->-

n ->-

+00 ,

Thus we will not have a "trichotomy", the space of bounded solutions

becomes tangent to the decreasing subspace N(Pn) as n ->- +00 and

tangent to R(Pn) as n ->- -00.

Exercise 14. Suppose {T(k)}oo has a discrete dichotomy forn n=-oo
k = 1,2, and the Green's functions satisfy

!IG(k) II < Me ln- ml
n,m - (e < 1).

If II 11_ < e for
prove

In ] < N for all n,

II PoC!) -po(Z) II < 2M
2

(£ + Be2N+ l)) ->- 0

n, then

as £ ->- 0 and If and for all

Hint: x
n

so estimate

II (1+b)M 2£/(1-be 2).

G(l)z satisfies x -T(Z)x (T(1)_T(2))x
n,O n+l n n n n n
II G(1) z - G( 2) z II = II P (1) z - P ( 2) zll .

0,0 0,0 ° °
for n "f -1,

Exercise 15. Suppose {T} 0' {P} 0 satisfy the conditions for an n> n n>

discrete dichotomy for n? ° -- in particular IIGn,m ll Me ln- ml when
n,m ? 0, where G is the corresponding Green's function. Definen,m

Show the extended sequence has a discrete dichotomy, and prove a re-

sult corresponding to Thm. 7.6.7 for this case.

There is a corresponding result when the conditions for a dis-

crete dichotomy hold for n 0, TOIR(PO) is an isomorphism onto a
space V c X and TOR(l-P O) c W where V ffi W = X.

Theorem 7.6.10. Suppose

on R with exponent S

x + A(t)x = 0 has an exponential dichotomy

and bound M, and the corresponding evolution
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operator T(t,s) has

sup {II T ( t , s ),,: a < t - s < l} < 00

< S, Ml > M, there exists E > a (depending only on S,

and sup IIT(t,s)ll) such that any equation whose evolu-
O<t-s<l

tion operator SCt,s) satisfies

IIT(t,s) -S(t,s)11 < E whenever a < t-s 1,

IIG(t,s)11

has an exponential dichotomy on ffi with exponent Sl and bound MI'

-S,Q, -Sl,Q,
Proof. Choose ,Q, > a so Me < e For any real to' let

t n = to+n,Q, integers n and apply Thm. 7.6.7 to show -S ,Q,

{S(tn+l,tn)}_oo has a discrete dichotomy with constants Ml, e 1

for small E > 0, uniformly in to' According to exercise la,

{Set,s), t > s} then has an exponential dichotomy on ffi with expon-

ent Sl' and the corresponding Green's function G(t,s) has

-S It-sl
< Mel
- 1

when t-s/,Q, is an integer. To complete the proof, suppose G(t,s)

is the original Green's function and observe (cf. proof of Thm. 7.6.7)

[[G(t,s)-G(t,s)[[ < KE when t-s
-,Q,- is an integer

(for some constant K) and for It-s I < ,Q, ,

IIG(t,s)-G(t,s)11 K,Q,EMI + EK sup IIT(t,s)ll.
O:-:t-s::,Q,

where

have
sup "T(t,s)-SCt,s)" < K,Q,E.

O<t-s<,Q,
For E sufficiently small we

IIG(t,s)11 <

t , s.

S It-sl _ -(S-Sl)lt-sl
e l I!G(t,s)!!::Me

SI,Q, -
e IIG(sH,s)11 < 1, which implyfor It-sl < ,Q" and

-SlIt-sI-
MIe for all

Theorem 7.6.11. Suppose AO is sectorial in X, a a < 1,

t .... A(t)-Ao: ffi .... y(Xa,X) is bounded and locally Holder continuous and

x + A(t)x = 0 has an exponential dichotomy on ffi with exponent
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6 > 0 and bound M.

If 0 < 61 < 6, Ml > M, 0 < ° < (1-a)/2, there exists £ > 0
such that, for any locally Holder continuous B: JR .... y(Xa , X) with

IIB(t)xll b Ilxll a

Ilf2B(t)Xdtll qllxll a for Itl-t21 < 1,
t l

and qObl- O < E, the equation

x + A(t)x B(t)x

has an exponential dichotomy on JR with exponent 61 and bound MI'

Proof. Let T(t,s), TB(t,s) be the evolution operators for

x + A(t)x = 0, x + A(t)x = B(t)x respectively. Theorem 7.5.2 shows

° 1-0as q b .... O. Then Thm. 7.6.10 gives a dichotomy with respect to

Xa , and thus a dichotomy in XY when 0 Y < 1 (see ex. 5).

Exercise 16. Suppose x + A(t)x = 0 has an exponential dichotomy on

:JR, t .... A(t) -AO: JR .... Y(Xa ,X) is bounded and locally Holder continuous,

t .... f(t,x) E X is locally Holder continuous and bounded for Ilxll a
small, x f(t,x) is continuously differentiable, Ilfx(t,x)-fx(t,o)11 .... 0

as II xl Ia 0 uniformly in t, and

1 ro+T 0 T .... ""T t (f,fx)(t,O)dt .... as

0

uniformly in to' Prove for large w there is a unique solution

xw(t) of

x + A(t)x = f(wt,x), < t < "",

with sup Ilx(t)!1 < r l (for some small r l > 0 independent of w)
a -

and II x (t)11 .... 0 as w .... "" uniformly in t . If the zero solutionw a
of x + A(t)x = 0 is stable, prove x is also uniformly asymptoti-w
cally stable. (A corresponding instability result holds when

x + A(t)x = 0 is unstable: see ex. 21 below.)
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Exercise 17. Suppose

Holder continuous for

x+A.(t)x=O
J

P. (t) are the
J

A
j
(t) -A

O
E Y(XCi., X) is bounded and locally

j = 1,2 and each of the equations

has an exponential dichotomy on ffi. If G.(t,s),
J

corresponding Green's functions and projections, show

(Hint: x(t) = satisfies x + A2(t)x = (A2(t)-Al(t))x on

each interval (-OO,T) and (T,OO), so use ex. 7,8 above.) If the

dichotomies have exponent Band p < 2B, there is a constant C < 00

with

IIP2(T)-P l(T)!1
C sup{(IA 2(S)-Al(S)!1

e-PIS-TI},
Y(XCi.) s Y(XCi. ,X)

Exercise 18. The criterion of Besicovitch and Bochner [3,89] for

almost-periodicity of continuous f: ffi X, X a Banach space, is

that every sequence in ffi contains a subsequence {tn} such that

II f(t+t ) -f(t+t )11 0 as n,m 00 uniformly in t , Supposen m
f: ffi X is almost periodic and g: ffi Y is continuous and such

that, for any sequence {t} with {f(t+t)} a Cauchy sequence uni-
n n

formly in t, we also have Ilg(t+tn)-g(t+tm)11 -s- 0 uniformly in t ;

then g is almost periodic and its frequency module is contained in

the module of f [3] .

Assume A(t) satisfies the assumptions of Thm. 7.6.3 and

t A(t)-AO: ffi is almost periodic. If G(t,T), PLr ) are

the corresponding Green's function and projection, {tn} effi,

IIA(t+t ) -A(t+t )11 6 for n > m with 6 0 as m 00

n m Y(XCi. X) m m
prove '

IIG(t+t ,T+t )-G(t+t ,T+t )llu,(x) < C6 e-B!t-TIn n m m 2-' - m

for some positive constants C,B, and conclude the projection pet)

is almost periodic with frequency module contained in the module of A.

If f: ffi X is almost periodic, prove the bounded solution x of

x + A(t)x = f (t) , -00 < t < 00 , is almost periodic with frequency module

contained in the joint module of f and A.

Theorem 7.6.12. Suppose AO is sectorial in X, 0 < Ci. < 1, /I. is a
-

set, A(t,A)-AO E Y(XCi. ,X) is uniformly bounded for (t, A) Effi x /I.,

t A(t,A)-AO: R ,X) is locally Holder continuous for each

A E /I.. For each A E /I., x + A(t,A)X = 0 has an exponential dichotomy

on ffi with exponent B and bound M independent of A: in obvious
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notation,

IITA(t,S)(l-PA(s))x\l a < Me-S(t-s) Ilxlia for t > s

IITA(t,s)PA(s)x\l a Me-S(s-t) 11x1l a for s > t .

Suppose
Assume

a < Sl < S, Ml > M and choose £ > a so

is bounded and locally Holder continuous, and there is a function
A( • ) : IR ->- A wi th

Ilfl(A(t)-A(t,A(ta))dt/1 a < E:
t a Y(X ,X)

for t a < t l < t a+£, and

for all "o:
If E:

M, Sl' Ml, £

is sufficiently small (depending on

and s upll Af t ) -Aall)

Aa, A(t,A), a, S,

x + A(t)x = a

has an exponential dichotomy on IR with exponent Sl and bound MI'

If pet) is the corresponding projection, then as E: ->- a

uniformly in t .

Pn = PAn(tn),

TnPn = Pn+lTn,

with

Then

(n = a,±l, ... ), An = A(tn)
and 8 = Me-S£.

Let

P x
n

Tn = TA (tn+l,tn)n _

isomorphism of R(P) onto R(P +1)' II T x11 < 81\ x IIn n n a - a

a and Ilxll = IITA (t ,t +1)T xii < 811T xii when P x = x .ann n n a- nan
If T(t,s) is the evolution operator for x + A(t)x = a then (if

a < c5 < (1-a)/2)

when

Proof.

Ii =P
A

(t),
n n-l n

T IR(P) is an
n n
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uniformly in n and to' and II Ii -P II < E. Applying Thm. 7.6.8 and
n n

exercise 10 we have a dichotomy on ill with exponent 61, To see

the bound is Ml, argue as in the proof of Thm. 7.6.10.

As a simple application of this result, we treat the case of

slowly varying coefficients (cf. Coppel [112] for the ODE case.)

Theorem 7.6.13. AO is sectorial in X, 0 CI. < 1, (A,d) is a metric

space, \ + AU)-A
O:'

A +Y(XCI.,X) is locally Holder continuous, bounded,

uniformly continuous and its image is in a compact set of y(Xl,X).

Assume also there exists 6 > 0 so

0" (ACA)) c {Z: IRe z I > 6}

and if A = lim ACA) in y(Xl,X) for a sequence Pc\>} c A, the es-
\)+00 \>-

sential of A is in {IRe zl S}. (The second condition

is trivial if AO has compact resolvent.)

Let 0 < 61 < 6; there exists E > 0 and Ml > 0 such that,

for any locally Holder continuous \: ill ->- A with

d(\(t),\(s)) < E for It-sl < 1,

the equation

dxldt + A(\(t))x = 0

has an exponential dichotomy on ill with exponent 61 and bound MI'

Remark. Essential spectrum has several definitions, from Kato's

definition [56] as the set of complex z for which z-A is not semi-

Fredholm (apparently the smallest) to that of Gohberg and Krein [118]

which we used in Ch. 5, all points of the spectrum except isolated

eigenvalues of finite mUltiplicity. The theorem holds under either

definition, since the strip {IRe zl < 6} meets the resolvent set

for large 11m zl.

Proof. We apply Thm. 7.6.12 with A(t,\)=A(\). There exist constants

C, Cl and ¢ (0 < ¢ < 71/2) so II(z-Ao)-lll C/izi when [a r g z ] ¢

and [](ACA)-AO)(Z-AO)-ll[ Cl!zjCl.-l when [arg z ] ¢, x E A, since
a Lr o -1

A(\) -AO is bounded in y(X ,X). If R > 2Cl then II (z-ACA)) II <

2C/izi for larg z ] ¢, [z ] R and all A. Let 62 = tC6+6l)
and let y be contour in the left half-plane, consisting of a segment

of Re z = -6 2 closed by the circle Izi = R, and y+ in the right
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half-plane formed by Re z = 62 and the rays

(with ¢ < e < rr/2, R cos e = 62, increasing

arg z = ie, [z ] R,

R if necessary). Then

t > °

t < 0,

1 J -1 -zt2rri (z-A(A)) e dz,
y+

and the required estimates will hold if we show II (z-A(A))-lll is

bounded uniformly in A and z E K = {I Re z I :: 62, Iz ] < R}. This
will follow in turn if z-A is invertible for every z E K and A

in F (F = the closure in y(Xl,X) of {A(A), A E I'd) since the

continuous function (z,A) -.. II (z-A)-lll is bounded on the compact set

K x F. Certainly z-A is invertible if A = A(A) for some A, but

suppose it is not invertible for some z E K and A = lim A(A
V
) '

v-..co

Then z is an isolated eigenvalue of A, which implies A(A
V
) also

has spectrum arbitrarily near z for large v, contrary to hypothesis.

Thus II (z-A) -111 is bounded on K x F. Since A -.. PA is uniformly continu

ous from l!. to y(X) , Thm. 7.6.12 applies and completes the proof.

Exercise 19. Suppose x + A(t)x = ° has an exponential dichotomy

on R with exponent 6 and t -.. A(t)-AO EY(Xa,X) is bounded and

uniformly continuous. If °< 6
1

< 6, prove there exists > Osuch

that, for any differentiable 8: R -.. R with suplde/dt - 11 :: ,

the equation x + A(e(t))x = ° has an exponential dichotomy on R

with exponent 61, If t -.. A(t)-AO is uniformly Lipschitzian and

81, e 2 both satisfy the above hypotheses and Pe (t), Pe (t) are
1 2the corresponding projections,

IIPe (t)-P e (t)11 :: Cb sup {18l(S)-e2(s)!e-blt-sl}
. 1 2 Y(Xa) s

for a constant Cb < co if b < 261,

Exercise 20. Suppose AO is sectorial in X and has compact resol-

vent, ° < a < 1, t -.. A(t) -AO: R -.. y(Xa, X) is almost periodic and

locally Holder continuous (hence, uniformly continuous and with image

in a compact set of y(Xu,X).) Also there exists 6 > ° such that if

-co < t < co and A E cr(A(t)), then IRe AI> 6.

Assume f: R x {lIxllu < PO} x {O < E < EO} -.. X is uniformly

almost periodic in t, f(t,O,O) = 0, and
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for Ilxllla.' Ilx 211a. P PO' 0 < E EO' and ll(E,p) + 0 as
(0,0) .

(E, p) +

Prove there exist PI > 0 and

o < E El, there is a unique solution

e + A(t)x = f(t,x,E),

El > 0 such that, if

x
E
(t) of

-00 < t < 00,

with sup II x(t)11 < Pl· Also x is almost periodic, its frequencya. - E
module is contained in the joint module of A and f, and

sup II x (t)11 + 0 as E + 0+. (For the almost-periodicity results,E a.
cf. ex. 18 above). If Re a(A(t)) > 0 for all t , x is asymptoti-E
cally stable; otherwise x is unstable by ex. 2l.E
(Hint: change the time variable to T = t/ E. )

Exercise 21. Suppose x + A(t)x = 0 has an exponential dichotomy on

R, t + A(t)-AO: lR +5zI'(Xa.,X) is bounded and locally Holder continuous,

f(t,O) = 0, Ilf(t,x)-f(t,y)11 n(p) Ilx-ylla. if IlxJla.' IIYi1a. P and
n(p) + 0 as P + o. There exist P > 0, M : 1, such that (if peT)

is the projection of the dichotomy) the equation

(*) x + A(t)x = f(t,x)

respectively)

R(P(T))

has local stable and unstable manifolds

S (T) {x0 I II (1 - P (T) ) x 011 a. p/2M, x(t) satisfies (*) on (T,OO)

with X(T) = xo' II x (t)11 Pa.

D(T) {xo I II P (T) x 011 a. p/ZM, there is a solution x(t) of (*)

on (-OO,T) with x (T) = xo' Ilx(t)lla. p

which are homeomorphic under projection (by I-P(T), P(T)
to the closed ball of radius p in Xa. = R(l-P(T)), Xa. =

+ -
respectively. Also S(T), D(T) are Lipschitzian manifolds tangent

at the origin to Xa..
aIf x + f(t,x) is differentiable and (t,x) + fx(t,x) E5zI'(X ,X)

is continuous uniformly in t E lR and II xii a. r 0' then S (T), D(T)
are Cl graphs over the p-balls in respectively, if p rOo

In fact, it is sufficient that f x is continuous and fx(t,x) + 0

as 11)i II a + 0 uniformly in t.



In case (i), the space of

mensional. Any solution of x +
slltlIlx(t)11 = O(e ) actually hasa

It is easily shown (see Thm.
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Theorem 7.6.14. Suppose AO is sectorial in X, a a < 1,

t + A(t)-AO: ffi +5f(Xa,X) is bounded and locally Holder continuous,

and x + A(t)x = a has an exponential dichotomy on ffi with exponent
6. Assume a < 61 < 6, B: ffi +5f(Xa,X) is locally Holder continuous,

II ft o+hB( t )11 + a as Itol + 00, for a < h < 1, and for some AO'to 5f(Xa,X)

-1B(t) (AO+AO) is a compact operator in 5f(X) for each t . Then one
of the following holds.

Either (i) x + A(t)x = B(t)x has a nontrivial bounded solution on
-00 < t < 00;

or (ii) x + A(t)x = B(t)x has an exponential dichotomy on ffi

with exponent 131,

such bounded solutions is finite di-

A(t)x = B(t)x on -00 < t < 00 with
Ilx(t)11 = O(e-Slltl).

a

Proof. Let T(t,s), TB(t,s) be the evolution operators for
x + A(t)x = 0, x + A(t)x B(t)x respectively. Let > a and note

to

7.5.2) that

+ a as Itol + 00

For E: 0, let IE: = then IE:
t o+

is a compact operator in for each a < < and

= O(E: l- a ) as E: + 0+, so

is also compact. Applying Thm. 7.6.13 and ex. 10 completes the proof.

Exercise 22. Suppose A+, A_ are sectorial in

disjoint from the imaginary axis, and let P±

where y encloses the spectrum in Re A < O.
t > 0, A(t) = A for t < 0, the equation x
exponential dichotomy on ffi if and only if

X and have spectrum
1 -1

2iTi fyCA-A±) ax ,

If A(t) = A+ for
+ A(t)x = a has an

X = R(P_) ffi N(P+). If
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A+(t)x = 0, x + A_(t)x = °
and A(t) = A+(t) forboth have exponential dichotomies on ffi

t > 0, A(t) = A_(t) for t < 0.

R(P±) are finite dimensional, the requirement is dim R(P+) =

dim R(P_) and x + A(t)x = 0 has no bounded nontrivial solution on
(-00,00) •

Consider also the case when x +

Note: Because of the discontinuity at t = 0, the solutions will be

strict solutions for t f 0 and continuous at t = 0 -- they may be

interpreted as mild solutions of the equation if A±-AO ESf(Xa,X)

where AO is a fixed sectorial operator.

The evolution operators are unambiguously defined and the dis-

continuity may be eliminated by an integrally-small perturbation.



Chapter 8

Neighborhood of a Periodic Solution

8.1 Stability and instability for nonautonomous systems

Let A be sectorial in a Banach space X and let f(t,x) be,

say continuously differentiable from ffi x Xa into X. Assume

f(t+p,x) = f(t,x) for all (t,x), some p > 0, and also assume xO(t)

is a p-periodic solution:

Xo (t+p) = Xo(t) .

Let x = xO(t) + z, z measuring the distance to the periodic solution;

if x(t) is a SOlution of + Ax = f(t,x), then z(t) = x(t)-xO(t)
satisfies

£f + Az = f(t,xO(t)+z) - f(t,xO(t)),

and we study a neighborhood of the periodic solution by examining the
Zinear variationaZ equation

+ Ay =

Observe that this equation has p-periodic coefficients.

Theorem 8.1.1. Let A be a sectorial operator in X, 0 a < 1, and

f(t,x) maps a neighborhood D cffi x X
a of {(t,xO(t)), t E ffi} into

X, where f(t,x) and are continuous in this neighborhood,
dff(t,x) is locally Holder continuous in t, and dX(t,XO(t)) is Holder

continuous. We assume f(t+p,x) = f(t,x) for (t,x) E D, some p > 0,

and xO(·) is a p-periodic solution of

(NL) + Ax = f(t,x)

If the period map for the linear variational equation

(L) *" + Ay
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has its spectrum strictly inside the unit circle, i.e. the zero solu­

tion of (L) is exponentially asymptotically stable, then the solution

x = xO(t) of the nonlinear equation (NL) is exponentially asymptoti­
cally stable. Specifically, there exist positive constants p,8,M

such that, if xl (t) is any solution of (NL) with II xl (to) ­xO(to)11 a <

p/2M, then xl(t) exists on to 2 t < 00 and has

Proof. Let Z = x­xO(t), and

afg(t,z) = f(t,xO(t) + z) ­ f(t,xO(t)) ­ ax(t,xo(t))z.

Since {t,xO(t)), 0 2 t 2 p) is compact, there exist Po > 0 and a
nondecreasing function k(p), 0 2 p 2 Po' k(p) + 0 as p + 0+, such

that Ilg(t,z)11 < k(p) Ilzll for Ilzll < o ,
- CJ. CJ. -

Let T(t,s) be the evolution operator for the linear variational

equation. By hypothesis the spectral radius r(T(tO+p,tO)) < 1, so

there exists M > 0, 8' > 0 such that, for t > S, x E Xa

II T(t , s) x II a : Me ­ 8 ' (t ­ s) II xii a

IIT(t,s)xll < MCt_s)­ae­8'(t­s)llxll.a ­

Choose 0 < 8 < 8' and choose p > 0 so small that

{ (t ,x 0 (t) +z), II z II a 2 ol c U and

k(p)M f: u­ ae­(8'­8)Udu < }.

Let zl(t) = xl(t) ­ xO(t), t > to; if Ilzl(tO)ll a < p/2M then, as long
as II zl (t)11 a < p we have

zl(t) = T(t,tO)zl(t O) + Jt T(t,s)g(s,zl(s))ds
to

so

8(t­t )
II zl (t)11 a e 0 2 MI zl (to)11 a

J

t t B(s­t )
+ Mk(p) (t­s) ­ae ­ (8 ­8) (t­s) e 0 II z (s)11

t 1 a
o
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so

It follows that the solution exists for all t > to and the result is

proved.

Theorem 8.1.2. Suppose the assumptions on A, f, Xo of Th. 8.1 hold,

but the period map U(t) = T(t+p,t) of the linear variational equa­

tion has

o(U(t)) n {Il I IIlI > i i

a nonempty spectral set. (If A has compact resolvent this says that

there is a characteristic multiplier with modulus greater than one.)

Then the periodic solution xO(t) is unstable.

Remark. Ex. 2 below assumes only r(U(t)) > 1, with a bit more smooth­

ness.

Proof. We prove there exists a function x*(t,to,a) which satisfies

the equation for all t < to' with x*(to,to,a) t xO(tO) and
IIx*(t,to,a) ­ xO(t)ll a ­.. 0 as t ­.. If we then choose (n = 1,2,

3,"') xn = x*(to­np,to,a), then the solution X(titO'xn)

x*(t­np,to,a) for to t to+np x(toitO,xn) xn' has
II xn ­xO(to)11 a ­.. 0 but, for all n,

The proof of existence of x* is essentially the same as the

corresponding proof in Th. 5.1.3, solving an integral equation by the

contraction mapping principle. We will merely set up the integral

equation, leaving the rest as an exercise.

Let °1 = o(U(t)) n {11l1 > i i , and let X = Xl(t) Ell XZ(t) be

the corresponding decomposition into U(t)­invariant subspace (see

Th.7.2.3). Let Ej(t) be the projection of X onto Xj(t) (j =

1,Z). There exist M > 0, 8 > 0 such that, for t > s, x 2 E
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and for xl E Xl(s), T(t,s)x l may be defined consistently for t < s

with

IIT(t,s)xl11a. Me313(t-S)llxllla. ,Me313(t-s)llxlll for t < s.

213(t-t O)Suppose g: (-co,tO) ->- X has Ilg(t)11 = O(e ).
The unique solution of the linear equation

ist ->- -coand II z (t)11 a.

dz dfdt + (A - 3x(t,xO(t)))z = get) for t < to

213(t-tO)o(e ) as

z(t) = T(t,tO)a + I: T(t,s)El(s)g(s)ds + T(t,s)E2(s)g(s)ds.
o

Substituting g(s,z(s)) = g(s) give the integral equation which deter-

mines the function x* z* + xO'

Exercise 1. Apply ex. 1 and 4, sec. 5.1, with = x(tO+p;t o'
- xO(tO)' EX. to give alternate proofs of Th. 8.1.1 and

8.1. 2.

Exercise 2. Suppose

q> 0, Ilf(t,xo(t)+z)
Z ->- 0 uniformly in

the linearization is

A, f, xO(t) as in Th. 8.1.1 and also, for some

- f(t,xO(t)) - = as
t. If the spectral radius of the period map of

greater than one, prove the solution xO(t) is

unstable. (See Cor. 5.1.6.)

8.2. Orbital stability and instability for autonomous systems

An important class of problems not covered by Theorem 8.1.1 is

the autonomous case, when the equation is not explicitly time-depen-

dent. In this case, there is always a multiplier on the unit circle

(lemma 8.2.2) and even though the instability theorem Th. 8.1.2 applies

in the autonomous case. the conclusion is too weak. For the ordinary

differential equation dXl/dt = x2' dx 2/dt = -sin xl (the pendulum
equation) every nontrivial periodic solution is unstable, since the

period depends on the amplitude and initially close solutions even-

tually get out of phase. The proper notion for autonomous equations

is orbital stability and instability.
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Definition 8.2.1. A periodic solution xO(t) = xO(t+p) is orbitally

stable if the set r = {xO(t), 0 t p} is stable, i.e. if for any

neighborhood U of r there exists a neighborhood V of r such

that if xl E V then the solution x(tjXl) E U for all t > O.

larly orbital asymptotic stability, orbital instability, etc. all

refer to the corresponding stability property of the set r.

Lemma 8.2.2. Let

entiable from Xa
A be sectorial and f(x) be continuously differ-

to X in a neighborhood of a nonconstant periodic

solution xO(t) of

dxCIT + Ax = f(x).

Also assume t .... f x (x O(t)) Ey(Xa ,X) is Holder continuous.

Then the linear variational equation

has 1 as a characteristic multiplier.

Proof. We prove the derivative

tion of the linear equation, so

xo(t) is a nontrivial periodic solu-

xO(t O) = U(tO)xO(tO) f 0, and 1 is a
mult ip1ier.

Both xO(t) and xO(t+h) are solutions, and xO(t) E Xa is
Holder continuous (Th. 3.5.2), so differentiating xO(t+h) = e-Atxo(h)+

f6e-A(t-s)f(xo(S+h)) with respect to h, it follows that Yet) xo(t)

solves dy/dt + Ay = f'(xO(t))y. Also, by uniqueness, xO(t) f O.

Theorem 8.2.3. Suppose x = xO(t) is a nonconstant periodic solution

of the autonomous equation with period p, where A is sectorial and

f(x) is continuously differentiable from a neighborhood of the orbit

r = {xO(t), 0 t p} c Xa into X, and that t .... fx(xO(t)) is
Holder continuous into y(Xa,X).

Assume the mUltiplier 1 is an isolated simple eigenvalue of the

period map, and the remainder of the spectrum lies in < e- Sp}

for some 8 > D.

Then r is orbitally asymptotically stable with asymptotic

phase. I.e. there exist p > D, M > 0 such that if

dist {xeD) ,n
Xa

then the solution x(t) of

min Ilx(D) - xo(t)ll a < p/2M
t

dx/dt + Ax f(x) through x (0) exists
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on 0 < t < 00 and there exists real 8 = 8(x(0)) such that

I -StIx(t) - xo(t-8)ll a < Zpe

Proof. Let x = xO(t) + z,

for t > O.

dzat + [A - fx(xO(t))]z = g(t,z)

g(t,O) = 0, Ilg(t,zl)-g(t,zz)11 k(p)llzl-zzllaif Ilzlll a,

II z zll a < p

with k(p) 0 as p 0+.

Decomposing the space according to

XI(t) XZ(t) where XI(t) = span{xo(t)}

xO(t) f 0), and IIT(t,s)xllla Mllxlll for
a

Xz XZ(s), t > 5,

the spectral set {I}, X(t)

for all t (recall

all t, xl XI(s). For

for some S' > S > O. Choose p > 0 so small

Mk(p)MO(i + I: e-(S'-S)u-adu) i
with MO = sup {IIEI(s)ll, IIEz(s)!j}, E.(s) projection onto X.(s).

In the norm [z ] S = sup {llz1t)11 eS(t-to)}, the map J z F(z):
a, t>t a

- 0

F(z)(t) T(t,tO)a + It T(t,s)EI(s)g(s,z(s)ds
toI: T(t,s)EZ(s)g(s,z(s))ds, t > to'

is a contraction map of the continuous z: [to'oo) Xa with

Izla,S o , provided a Iialia p/ZM.
Let z = z*(',a) be the unique fixed point of F. For

a,b with Iiall a, Ilb/ia p/ZM, IZ*(',a) - z*(·,b)la,s
Define H(a) = z*(to,a) - a; then

IIH(a)-H(b)11 < ZMZMOS-Ik(ZM max (ilall ,llbll ))lla-blla - a a a

It may be shown t z*(t,a) is locally Holder continuous (for t>t O)
into Xa, and it follows x*(t,a) = xO(t) + z*(t,a) is a solution of

the differential equation for t > to, whenever a E



II all < p/2M.ex -
Consider

x(to-P,E;) = c;.
on to-P t

such that 181
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x(t,E;), the solution of x+Ax =
If II E;-xO(to)11 a is sufficiently

to+P and we prove there exist 8

+ II ex is small and

f(x), t > to-P' with

small, x(t,E;) exists
ex

real and a E XZ(t O)

This implies, by uniqueness, x(t,E;)1 = x*(t-8,a) for t > t o+8, so

By periodicity, it suffices that Ilx(to+np) - xO(to)ll a is sufficiently

small for some integer n, and by continuous dependence, that

Ilx(tl)-xo(tl)ll a is small for some t l. Thus the result is proved

once we show solvability of -X(t
O+8,E;)

+ x*(to,a) = 0, or equivalently

Now G(O,O;xO(t O)) = 0 and

El (to) (a - 8x O(to)) - 8x O(to)

EZ(to) (a - 8XO(to)) = a

so the "linear part" is invertible. We need to show (8,a) -+ G(8,a;E;)

has an arbitrarily small Lipschitz constant near (0,0), provided E;

is near xO(tO): this implies we have a contraction and the equation

is solvable when II E;-xo(to)11 a is small enough.

Given e: > 0, there exists 0 < 0 < p so that IIH(a)-H(a)1I <ex
e:lla-alla,llxO(to+8)-xo(tO)lla < e:/Z for 181 0, and s ,
Also for to-P < t to+P' ex < y < 1, IIx(t,E;)-xo(t)lla

by Th. 3.5.3, so for 181, lei,
II aJl ex 0

if 1IE;-xo(t o)ll a is sufficiently small.
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Exercise 1. Use ex. 1, sec. 5.1, to give an alternate proof of Th.
8.2.3 with

for i; E and with p(i;) chosen (p(i;) = p + 0(11 i;11c2 so that

T(i;) E also. First show this map is well-defined and Cl

near i; = 0, by the implicit function theorem. (Cf. the proof of Th.

8.3.2. below).

Theorem 8.2.4. Assume the same regularity conditions as in Th. 8.2.3,

but suppose the period map U(t) for the linear variational equation

has cr(U(t)) n > I} a nonempty spectral set. Then the solution

x = xO(t) is orbitally unstable: there exists a neighborhood W of

f = {xO(t), 0 t p} and a sequence {xn} such that

dist x (x ,f) 0 as n 00, but for each n, x(t;to'x) eventually
ann

leaves W.

Proof. Theorem 8.1.2 applies and proves xO(t) is unstable, a weaker

conclusion. We use the function x*(t;to,a) = xO(t) + z*(t;to,a)
from the proof of Th. 8.1.2, with a E Xl(t O) (the "unstable" sub-

space), Iialia p/2M, Ilz*(to;to,a)-alla = o(llalla) as 0,
xO(t) + z*(t;to,a) is a solution of the differential equation for

t < to and Ilz*(t;to,a)ll a 2M Ilallae2S(t-to).

Now it is possible to choose a and £ > 0, such that

o < Iialia p/2M and Ilxo(t o) + z*(to;to,a) - xO(t)ll a > £ > 0 for all
t. For if p > 0 is the least period of xo' then

Ilxo(t) - xo(tO)ll a > 0 for to < t < to+P; and for t near to (or

to+p) with IlaJl a small but nonzero,

and this is bounded from zero since a E Xl(t O) and xO(t O) E X2(tO)'
and xO(t) is Holder ocontinuous into Xa.

Choosing such a and £ > 0, let

W = {x : dist (x,r) < c l
Xa

and

and

x
n
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Exercise 2. Use ex. 4, sec. 5.1, to give an alternate proof of Th.
8.2.3. (cL ex. 1 above.)

Exercise 3. Assume IIf(xO(t)+z) - f(xO(t)) - fx(xo(t))zll =

O(!!zlll+q) as z -+ 0, uniformly in t, for some q > O. If the perioda
map of the linearization has spectral radius greater than 1, prove

xO(t) is orbitally unstable. (c f . ex. 2 in sec. 8.1.)

8.3 Perturbation of periodic solutions

Suppose xO(t) is a p-periodic solution (p > 0) of
dx adt + Ax = f(t,x,O), with A sectorial and f: m x X x m -+ X

tinuously differentiable near {(t,X,E:): x = xO(t), E: = O} and

periodic in t. Let x = xO(t) + z in

dxdt + Ax = f(t,x,£):

is con-

p-

then

where
£.f + A(t)z g(t,z,£)

g(t,z,£) = f(t,xO(t)+z,E:) - f(t,xO(t) ,0) - fx(t,xO(t) ,O)z,

Ilg(t,z,£)11 B(lel + n(lizlla)llzll a) for Ilzlla. 1£1 small, where
n t o) -+ 0 as p -+ 0+. Assume also t -+ fx(t,xO(t),O) LS?(Xa,X) is
Holder continuous.

Theorem 8.3.1. Assume A, f, Xo are as above, and assume that 1 is

not in the spectrum of the period map for the linear variational equa-

tion for xO(·), £ = O. Then for each sufficiently small £, there

exists a unique p-periodic solution x£(.) in a small neighborhood

of x0( . ) and II x E (t) - x0 (t) II a -+ 0 as £ -+ o.

Proof. Let T(t,s) be the evolution operator for

If II zolla' I£ I are sufficiently small, the solution
the differential equation exists on to < t to+P

dz/dt + A(t)z = O.

z(t;to'zO'£) of
and
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Now (l-T(tO+p,t O)) = L
that this be a p-periodic
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Z(tO+p;to,zO,E) - Zo = (T(tO+p,to)-l)zo

to+P
+ J T(tO+p,s)g(s,z(s;to,zO,E),E)ds.

to

exists, by hypothesis, and the condition

solution is

to+P
Zo = L J T(tO+p,s)g(s,z(s;to,zO,E),E)ds.

to

The implicit function theorem applies, and proves, for small lEI

there exists a unique ZO(E) in a neighborhood of the origin

{lIzll(l.< r l solving this equation.

Exercise 1. If xO(·) is asymptotically stable (or unstable) by the

linear approximation, in the sense of Th. 8.1.1 (or 8.1.2) show the

same is true for xE(·).
Now we know the hypothesis that 1 a(T(t+p,t)) is never veri-

fied for autonomous equations, so we treat this case separately.

Theorem 8.3.2. Assume A, f, Xo as above, but suppose f does not

depend on the time variable t. Then 1 is an eigenvalue of the

period map, but we shall assume it is an isolated simple eigenvalue.

Then there is a neighborhood U of {xO(t), 0 t p} in xo. and

EO > 0, 00 > 0, such that, for each E: in lEI < EO' there exists a
unique periodic solution xE(t) which remains in U and has period

p I c) Ip(E)-pl < 00 and p t c) -+ p, XE(t) -+ xO(t) as E -+ O.

Proof. We use Poincare's "method of sections" to eliminate the trouble-

If xl E w, Ilxl-x011o. +
defined on 0 t 2p.

be the period map (for E

E X*, <Yo,xO(O» 1. Such

some eigenvalue. Let U(O) = T(p,O)

and U(O)xO(O) xO(O), U*(O)yo = Yo
exists, by our assumption,

Define W = {x E X(l.: <Yo,x-xO(O» = OJ.

lEI is sufficiently small, then x(t;xl,E) is

Define

0)

yO

G(Xl'E) E W by

G(xl,E) x(T(xl,E) + p;xl,E),

where T = T(xl,E) is the unique time near 0 such that
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By the implicit function theorem, T(Xl,E) is a well-defined Cl

function:

g(O;XO(O) ,0) = 0

*(O;xo(O),O) = <Yo,xO(O» 1

Now we prove the existence of a fixed point xl = G(xl,E) E W,

for each small E, hence the existence of a periodic solution of period

p + T(Xl(E),E).

We know G(xO(O) ,0) = xO(O), and

then

so

Thus in the space Zl {z: <Yo,z> =

Gx(xO(O) ,0) = T(p,O) I . But a(T(p,O) I )
Z1 z1

Gx(xO(O),O)-I has a bounded inverse on Zl'
theorem, there exists a unique xl(E) with

Ilx1(E) - xo(o)lla. < r, such that

G(xl(E),E) = xl(E)

O} = R(T(p,O)),

a(T(p,O))'{l} so

By the implicit function

xl(E) - xO(O) in Zl'

Corollary 8.3.3. Under the hypotheses of Th. 8.3.2, if we assume p

is the least period of Xo and also that a(U(t))'{l} contains no

nth root of unity for 1 < n S N, then the periodic solution xl(t,E)

constructed above is the only periodic solution near {xO(t), 0 < t < p}

with period less than for sufficiently small lEI.

Exercise 2. Show that

bility of xo' when Xo
8.2.4.

X(',E) shares the orbital stability or insta-

satisfies the hypotheses of Th. 8.2.3 or

Exercise 3. Use ex. 3, sec. 4.2, to give a criterion for the existence
of a small neighborhood U of {xO(t), 0 < t p} which is positively

invariant under the period map of dx/dt + Ax = f(t,x,E) for all

sufficiently small E, when Xo is a p-periodic asymptotically stable
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solution of the equation with £ = O.

Examine also the autonomous case, assuming xo is orbitally

asymptotically stable.

8.4. The Poincare map

The Poincare (or period) map is a powerful tool for studying the

neighborhood of a periodic sOlution. We used it in Th. 8.3.1 and

8.3.2, and it may also be used (exercise in sec. 8.1 and 8.2) to prove

stability and instability results. It will be used extensively in the

next section, so it deserves careful study. For the ODE case, see
Lefschetz [68, p , 160].

First consider a periodic equation (period p > 0)

dx/dt + Ax f(t,x), f(t+p,x) f(t,x)

where A is sectorial and f is

is a p-periodic sOlution.

(1

For

from lR x XCI.

t; E XCI. near
to X, and suppose

xo (to)' define

where TO(t,s) is the evolution operator for

The map is the Poincare map for this (nonautonomous) case; a dif-

ferent form is used in the autonomous case (see below). Observe that

any fixed point of ¢ yields a p-periodic solution, while a fixed

point of (the N-fold composition) yields an Np-periodic solution

(N = 2,3,"'); a solution having least period Np is called an Nth

order subharmonic, if N > 1. In view of the following exercise, we

expect in general that a periodic solution of a nonautonomous periodic

equation will have the same period, or be a subharmonic.

Exercise 1. [79] Suppose A, f as above with f(t+p,x) = f(t,x).

Suppose xl(·) is a periodic solution of dx/dt + Ax = f(t,x) with

least period q > O. If q/p is irrational, prove
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f(t,xl(s)) = f(s,xl(s)) for all t,s. If q/p is rational, let

q/p = min where m,n are relatively prime positive integers, and

show f(t,xl(s)) f(s,xl(s)) whenever t-s = *p for some integer k.

Exercise 2. With A, f, as above, prove Xo is stable (or un-

stable, or asymptotically stable) as a solution of dx/dt + Ax = f(t,x),

if and only if xO(t O) is stable (or ... ) as a fixed point of ¢.

We say xO(t O) is stable, for example, if for any ( > 0, there exists

8> 0 so tha\whenever Ils-xo(to)ll a < 0, is defined for all

n > 1 and (I;:) - xo(to)ll a < c ,

Exercise 3. = Exercise 1 of sec. 8.1.

Now suppose the equation is autonomous: f(t,x) = f(x), indepen-

dent of t. Assume xO(·) is a nonconstant p-periodic solution of

dx/dt + Ax = f(x),

Let S be a Cl manifold (in

xO(tO) E Sand xO(t O) is not

near xO(t O)' define E S

Xct) of codimension one such that

tangent to S at xO(tO)' For
by

t;; E S

where p(t;;) = p + O(IIt;;-xo(to)ll ct
first show is a well-defined

is chosen to ensure

Cl function on S

E S. We

near xO(t O)'
the Poincare map on the "surface of section" S.

Suppose without loss xO(tO) 0 and S is represented near

o in the form x = o(y) for y E Y, Y = tangent space to S at 0,

so Ilo(y)-y11ct = o(IIYil ct) and as y ->- 0 in Y. Then define F(z,6,y)
X(tO+6;tO'0(y)) - o(z) for small y,z E Y and real 6 near p; we

use the implicit function theorem to prove there exist (z(y),6(y))

near (O,p) in Y x so that F(z(y),6(y),y) = 0 for y near 0

in Y. First observe that F is continuously differentiable, so it

suffices to prove the linearization has a continuous inverse at

(O,p,O). But

can be solved uniquely for (oz,06) E Y x as continuous functions

of 8x E Xct , since xct = span{xO(t O) ,Y} so the result is proved.
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Exercise 4. If = xl E S (near xO(tO))' then the solution

xl(t) of dx/dt + Ax = f(x) through xl is periodic. It is orbit­

ally stable (or orbitally unstable, or orbitally asymptotically stable)

if xl is stable (or unstable or asymptotically stable) as a fixed

point of

Exercise S. If A has compact resolvent,

of S. (That is, for any bounded sequence

neighborhood of xO(tO)' has an

then is a compact map

in S c X
a,

in a
Xa­convergent subsequence).

Now we examine the spectrum of the derivative (xO(tO))' com­

paring this with the spectrum of TO(tO+p,t O)' First suppose, as

above, xO(t O) = 0

S ={o(y): y E Y, IIYll a < r l

with o(y) = Y + o(IIYiI ); thena

so

where Py is the projection onto Y, along xo(t O)' If Y =

{y!<y,R,> = O} for some nonzero R, E (Xa ) * , then <xO(tO) ,R,> " 0; we

1, and then

Exercise 6. Let X be a Banach space, Y a closed subspace of codi­

mens ion one of X, and L a continuous linear map of X to itself.
Assume a E X, a " 0, a Y, and La = O. Finally, let
M = PyLly: Y + Y, where P is the projection onto Y, along ay
(Pya 0; pyy = y for y E Y).

If Xl is an L­invariant subspace, L(Xl) c Xl' and if

Yl = PYXl' then Yl is M­invariant. If Xl is finite dimensional,

then dim Yl = dim Xl (if a Xl) , or dim Yl = dim Xl­l (if

a E Xl)'
If Xl is an L­invariant subspace, Yl = PyXl, then

O(Llxl)'{O} c O(M1Yl) C O(Llx
l)'

(Hint: if A t O(Llx
l)'

yZ E Yl'

then (A­M)Yl = yz is uniquely solvable for Yl E Yl' namely
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-1 Ll Llxl'
whereYl = PyP-L l) xz, Xz E Xl

If Lx = AX, X f 0, and y PyX, then
then y f o· if A = 0, then y f 0 unless X,
More generally, if A f 0, and k 1, Z, 3, ... ,

k kN(A-M) = PyN(A-L) .

has Pyx z = YZ.)

My = AY: if A f 0;

is a multiple of a.

Applying the results of ex. 6 with L = TO(tO+p,tO)-l,
a = xO(tO)' and M = we see in particular that, if {I} is an

isolated eigenvalue of U(to) = TO(tO+p,t O) and Xa = ffi is
the corresponding decomposition with

a(Uo(tO)lx
l
a )

a (UO(to) IXza)

{l} ,

then Y = Yl ffi YZ
spaces and

where the P
Y J

are sub-

c

(0) Iyz)

{l}

In particular, if {I}

TO(tO+p,t O) = UO(t O)' then Yl
an eigenvalue of multiplicity

is an isolated simple eigenvalue of
= {O} and 1 t If {I}

m, dim Yl = m-I.

is

Exercise 7. = Exercises 1 and Z of section 8.Z.

Exercise 8. Give an alternate proof of Th. 8.3.Z, applying the impli-

cit function theorem directly to the Poincare map on any surface of

section.

8.5. Bifurcation and transfer of stability for periodic solutions

If x = xO(t) is a p-periodic solution of dx/dt + Ax = f(t,x)
where f(t+p,x) = f(t,x) (or perhaps, f is independent of t) we can

study periodic solutions near xO(·) by looking for fixed points of
the Poincare map (or period map). Thus the problem becomes that of

existence, bifurcation, and stability of fixed points of a (nonlinear)
smooth map of a Banach space or manifold into itself. This approach
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has been developed by several authors, from Poincare and G. D. Birkhoff
to Smale and his school, especially in the finite dimensional case.

We refer to Lanford's excellent review [66] (of some results of Ruelle

and Takens [85]) for several of the proofs below. Our exposition

would not likely be an improvement, and some of the results are simi­

lar to those in sections 5.2 and 6.1.

Theorem 8.5.1. (Center­unstable manifold theorem [66]) Let Z be a

real Banach space and suppose ¢ E CkL" (Z) (i.e. ¢ is a Ck map of
Ip h

Z to itself with Lipschitz continuous kt derivatives) for some

1 k < 00, on a neighborhood of the origin. Assume ¢(O) = 0 and the

derivative ¢'(O) has O(¢I(O)) n {Il.l n a spectral set. Let

Z = X Y be the corresponding decomposition so the spectral radius

r(¢'(O)!x) < 1 while O(¢'(O)h) is in {Il.l > i l .
Assume also (what is trivial if Y is finite dimensional or has

a smooth norm) that there exists r, 0 < r < 1, and ¢ E CkL· (Y,IR)
Ip

with 0 ¢(y) 1, ¢(y) = 1 if ll r ll rand ¢(y) = 0 if Ilyll 1.

Then there exist E > 0 and a cfiP map u from {y E Y I

hll < e } into X, Ilu(y)11 = 0(IIYlI 2) as y .... 0, such that the manifold

L: {y + u(y) I IiYII < e } c X Y

satisfies:

(a) (local invariance) If z = u(y) + Y E L: and ¢(z) =

zl = xl+Y l E X Y has Ilylll < E, then zl E L: (i.e.

xl = u(Yl))'
(b) (locally attracting) If zn+l = ¢(zn) for n = 1,2,···,m,

zn = xn+Yn E X Y with [] x II < E, Ily II < E forn n n
n 1,2,''',m, then Ilxn­u(Yn)11 Co: Ilxl­u(yl)11 for
n = 1,'" ,m. Here C, 0: are constants with 0 < 0: < 1.

kRemark. In place of CLip' we may use
o < e < 1; compare with Thm. 6.1.7.

smoothness throughout,

(Hint: Construct a Liapunov func­

L: by ex. 1, sec. 4.2.)
¢!L:'
starting with theone given ontion,

under

Exercise 1. Suppose ¢ is continuous and L: = {u Iy ) +y: II y II < EO} C

X Y is locally invariant and locally attracting under ¢. Assume

z = ¢(z) E L: is asymptotically stable with respect to ¢IL:' i.e. if

Ilz­zll < °0 and zEL:, II¢n(z)­zll en¢(llz­zll) for all n 0, where
en .... 0 as n .... 00, ¢(.) is continuous with ¢(O) O.

Then z is asymptotically stable under ¢. If z is unstable
-then z is unstable.
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To apply Th. 8.5.1 to perturbation and bifurcation problems,

consider a one-parameter family of maps Z Z for each in
k

u assuming is CLip near (0,0) E Z x JR
and = O. Suppose a(HO(O)/dz) n {IAI 1) is a spectral set,
and apply the theorem to the map on the Banach

space Z x JR. The center manifold, rather the of the

center manifold is

l: = {u f y j u) + y, llv ll < c lu

which is locally invariant and locally attracting under for each

in (-E,E). The stability properties of fixed points of (or

of sets) in may be determined by studying
a smooth map of a manifold whose dimension is the same as the dimension

of Y. The cases dim Y = dim l: = 1 or 2 are most important, and
u

are discussed below.

Exercise 2. Suppose as above, 0 (0) = 0 and (0) has its

spectrum strictly inside the unit circle (i. e. , dim Y = 0) • Then for

small Iu I, has a unique fixed point near the origin

z 0 as 0, and z is asymptotically stable under

The case dim Y = 1.

CIf -1 is simple in

case Il: has the
II

tion of the real variables, with = A(ll), =

the Csimple, real) eigenvalue of with 1 as O.
II

This case has been discussed in sec. 6.3 (and, more generally, by

Crandall and Rabinowitz [l9]). If > 0 and

Suppose that, for = 0, has 1 as a simple eigenvalue,

with the remainder of the spectrum strictly inside the unit circle.
2consider instead = ). In this
II u II

representation y a real valued func-

f(y,ll) = + A(ll)y + bym + OC/llY/ + Iylm)

= + mbym-l + o I l u ] + Iylm-l)

as (0,0), for some b r 0 and integer m > 2 we have the

following possibilities:

(i) = + a r 0
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(ii) f(O,J.l) = aJ.l2 + a (J.l2) , a t- 0, with m = 2

(a) b. = (1.'(0))2 - 4ab > 0, (13) b. < 0, (y) b. 0

(iii) f(O,J.l) = 0(J.l2) or m > 2 with

(a) m even

(13) m odd, b > 0

(y) m odd, b < 0

The case (ii) (y) with r:.

and will not be discussed.

In case (i), there is a curve for fixed points y(J.l)
11m m0(J.l ), a + bc = 0, of one of the forms

m odd m even, ab < 0 m even, ab > 0

Here we suppose a > 0; if a < 0, interchange "s" and "u". In case

m is odd, both branches are "s" if ab < 0, both "u" if ab > O.

In case (ii) (a) there are two curves of fixed points, and (ii)

(13) there are no fixed points

(a) (13)

In (ii) (a), interchange "s" and "u" if b < O.

In cases (iii) there is a curve of fixed points Yo(J.l)

f(O,J.l)/A(J.l) = O(IJ.lI) which plays the role of the trivial solution in

lemma 6.3.1 so we have
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(S) (y)

Here the branches have been marked "stable" or "unstable" ("5" or "u")

according to whether afjay < 1 or > 1 at that point, i.e. accord­

ing to their stability or instability under iteration of f(·,v) (of

<l>vll: ).
u

Remark. If = °
du '

generally be settled by

may be more complicated

bifurcation and stability questions may still

use of Newton's polygon, but the branching

than these diagrams indicate.

Remark. P. Brunovsky [9] studied some generic cases of bifurcation of

diffeomorphisms; it may be reassuring to know we will cover all the

generic possibilities listed there.

Exercise.3. Suppose f(t+271,x) = f(t,x), a > 0, and IEI« 1; con­

sider

ut = uxx + u ­ au 3 + Ef(t,x)u, (0 < x < 71, t > 0)

u(O,t) = 0, u(rr,t) = 0.

Assume S = dt dXf(t,x)sin 2x f 0; compute the Poincare map in
the critical manifold and conclude that when S > 0, the zero solution

loses stability for small positive E and a pair of asymptotically

stable 2rr­periodic solutions branch off from the zero solution.

(Actually, one solution is the negative of the other.) If S < 0,

simply reverse the sign of E.

(Hint: In view of ex. 3, sec. 7.2, the critical manifold has the form

u = 5 sin x + 0(lsI 3+IEsl) and the restriction of the Poincare map is
5 + h(S,E) where

h(O,E) ah
0, E(O,E)

h(s,O)
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Exercise 4. (Entrainment of frequency) Suppose xO(·) is a noncon­

stant p­periodic solution of dx/dt + Ax = f(x), which has a simple

multiplier {I} and the remaining eigenvalues strictly inside the

unit circle.

Consider the equation

dx/dt + Ax f(t) + t:g(t,X,E)

where f,g are smooth on JR x xo. x (­EO,E O) ... X, g(t+p(E) ,X,E) =

g(t,X,E), with peE) smooth, peE) = p + O(E). Also define y*(t)

by (TO(t,s))*y*(t) = y*(s), y*(s+p) = y*(s), <y*(s),xO(s» = 1 for

all s. Assume ,g(s,xO(s),O»ds r a and

fb<Y* (s) ,f'" (x O(s)) (x O(s)) 3>ds r O.

Then for small E, there exists a unique p(E)­periodic solution

near xO(·) depending continuously on E, which is asymptotically

stable for small Era. (Note that fb<Y* (s) ,f" (x O(s)) (x O(s)) 2>ds=0.)

The case n = 2.

±ie
o

Now suppose that, for = 0, has two simple eigenvalues
{e } on the unit circle, with the remainder of the spectrum

ieOm
strictly inside the unit circle. If e = 1 for some integer

m 3, then the operator has, for = 0, a double eigenvalue at
u

1; this case is discussed briefly below, as it is important in the

study of subharmonic resonance. However, for the present we shall

suppose e i eO is not a (small) r00t of unity, and state a result of

Ruelle and Takens [85] which give a useful canonical form for 2­

dimensional maps such as Lanford [66] gives an elementary
proof which easily extends to our slight generalization.

Theorem 8.5.2. has F (0) = a and the spectrumig
OA(O) = e ,80 real, and

Suppose F : JR2 ... JR2
u

whereis

for m = 1,2, ... ,N+I (N 4). Assume ... F\l(X'y)

times continuously differentiable in a neighborhood of the
There is a CN change of variables in JR2 which

F into the form (in polar coordinates)
u

N

of F' (0)
im8 u

e 0 r 1

origin.

bring

is

v 2 +1 N v 2m N­l
F . (r,4» ... + L f m +o(r), +o(r ))
u ' 1 m 1 m
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where A(\1) = IA(\1)!e i 6(\1)v = [N;l], and fm('), gm(') are real eN

functions of \1 for \1 near O.

Using this canonical form, it is not difficult to prove the

existence of invariant circle: we refer again to Lanford [66] who

proves the case N = 4, but the proof again generalizes.

Theorem 8.5.3. Assume F\1 as in Th. 8.5.2 above, N 4, and assume

also that I > 0 at \1 0 (so the origin loses stability)
d h . h f f (.t . h k N+lan tat, ln t e canonical orm, some k 0) r 0 Wlt 1 < < --4-'

but fm(O) = 0 for 1 < m < k.

If fk(O) < 0, then for small \l > 0 there exists a unique

closed invariant curve r\1 encircling the origin, Fj.!(r\1) rj.!'

r 0 as \l 0+, and there is no invariant set near the origin foru
small \l 0, except the origin itself. Also, rj.! is attracting: in

a neighborhood of the origin independent of \l, if z f 0 then

Fn(z) 7 r as n 7 00, provided \l > 0, but Fn(z) 7 0 if \l O.
\l \l \l

If fk(O) > 0, there exists a small invariant repelling curve
-1for small \l < 0 - in fact, the first case applies to F\l'

Remark. The condition that fk(O) f 0 for some k < (N+l)/4 may be

equivalently stated: the stability properties of the origin under FO
are independent of the terms of order (Ixl + Iyl)q for some
q < (N+3)/2.

The "flow" on I' u is a rotation ¢ t+ ¢ + 6 (0) + 0 (1) as

\l 7 0, and may be considered as a smooth diffeomorphism of the circle

Sl to itself, without fixed points (when \1 is small). Generic dif-

feomorphisms of the circle have been studied in the theory of struc-

tural stability and the basic result (Peixoto, 1962; see [76, p. 51])

is that a dense, open subset of Diff(Sl) consists of those diffeo-

morphisms such that all (finitely many) non wandering points are

periodic, and all periodic points are hyperbolic. Thus one might ex-

pect that, for most maps Fj.! (or encountered in practical situa-

tions, the invariant curve rj.! would be replaced, in effect, by a

finite number of periodic points {Pl(\l), ... ,Pk(\1)} on rj.!; this was
conjectured by Ruelle and Takens [85]. However, since r is so to

u
speak adapted to the particular F\l' it is not clear that a generic

choice of F gives a generic restriction F Ir • and the question
u u u

remains open. That it is not without interest is shown by the formal

computations of D. Joseph [54] which suggest that quasi-periodic solu-

tions with two basic frequencies may bifurcate from a periodic solution
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In any case,

m = 1,2,'" ,M, then
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of the (periodically forced) Navier-Stokes equation, when the solution

loses stability by a pair of multipliers moving through the unit

circle at points which are not roots of unity.

Since the rotation number depends continuously on for

near zero (as follows from the uniform convergence proved in, for

example, [37, p. 67]) if p(O) = is irrational, then must
211

be irrational for nonzero arbitrarily close to zero - thus almost

periodic solutions must exist. It remains to be shown whether the

series obtained by Joseph do have any validity; the difficulty is the

classical one of "small divisors", and may perhaps be resolved in the

im60if (notation of Th. 8.5.2) e r 1 for

Fmlr can have no fixed points for m = 1, ... ,M

if is sufficiently small. Thus if is a nonzero periodic
point on r, its period must be greater than M and

o < m M} are all distinct periodic points, distributed fairly uni-

formly about Thus if M is large, the curve retains
its identity in any practical sense, and the periodic motions with

long period would be practically indistinguishable from almost periodic

motions. As gets larger, however, these arguments lose their

force and one might expect the curve r to degenerate; A. Stokes and
u

others [7] studied such a problem for two coupled van der Pol equa-

tions.

Exercise 5. Examine the problem of bifurcation of a periodic orbit

from an equilibrium point (see sec. 6.4) using the results of this

section. (See [84].)

Now we examine the case when FO(O) 0 and F (0) has simple
i6 0 im60complex eigenvalues with A(0) e , 60 real, e = 1

for some integer m > 3, and cful A I > a at = O.

First observe, that, by the implicit function theorem, there

exists a unique fixed point = for small , z (u) =

o(I u I) as -+ O.

Exercise 6. Prove the eigenvalues Al (u ) , of have
+

u
= as u -+ O. Thus we may, without loss of gen-

erality, assume F (0) = 0 for all small -i6
Now i60

+ and Re (e 09,) 0, the= e + > so
eigenvalues of (F'(O))m have

u
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It follows that = has the form

GlJ (z) Z + lJMz + Cn ( z ) + 0 ( IlJ I I z I + Iz In)

where M is a 2 x 2 matrix whose eigenvalues have real part posi­

tive, and Cn(·) is an nth order homogeneous polynomial, the first

nontrivial term in the Taylor series for GO(z)­z.

Let Z = P = l/(n­l), and consider the equation

o [GlJ(Z)_Z]lJ­n/n­l = + + 0(1) as u ­>­ O.

Suppose there exists a nonzero real So such that + = 0,

and suppose further that this is a simple root: f O.

Then by the implicit function theorem, there exists a unique fixed

point z(lJ) = GlJ(z(lJ)) = s(lJ)lJ l / n­ l such that s(lJ) ­>­ as lJ ­>­ O.

ZExercise 7. Assume v E ffi , Cn(v) = 0 only when v = O.

any fixed point z(lJ) = G (z(lJ)) in ffi2 with z(lJ) ­>­ 0

must satisfy ­>­ E ffi2 I + C (s) = nl .
z(lJ)lJ­l/(n­l) ­>­ 0 as lJ ­>­ 0, show z(lJ) = 0 small

is the conclusion when E ffi2, + Cn 0 only for

Prove that

as lJ ­>­ 0

If

lJ f O. What

= O?

Exercise 8. Suppose + Cn(sO) = 0, f 0, but Ll ­ M +
has rank 1 (det L

l
= 0, Ll f 0). Substitute

l/(n­l)Z = u and obtain

where Hl(n,O) 0(llJI 2) and HI is a smooth function of its argu­

ments near O. Applying elementary row operations, we may assume one

row of Ll is zero; the other row may be solved for one of the com­
ponents, say nl, as a smooth function of nZ and lJl/(n­l). Substi­

tuting this function in the remaining equation, we have one equation
in two variables, n2 and lJI/(n­l). Then the usual Newton polygon

may be applied [21, 48].

Observe that, after scaling variables in the manner of Newton's

polygon, such bifurcation problems reduce generally to the determina­

tion of all real solution of polynomial systems such as
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+ Cn(sO) = 0 (two nth order polynomials in the two components of

This is a purely algebraic problem whose general solution

(Kronecker elimination) is described by van der Waerden [101]. For

the simple cases ordinarily encountered, it is generally easier to

determine the highest common factor, considering these equations as

polynomials in (say) the first component st, whose coefficients are

polynomials in The requirement that this highest common factor

depends on (i.e., that a solution exists) gives a polynomial

equation in the single variable

An introduction to bifurcation problems is presented in

Stakgold's article [95], and references given there; illustrations of

some of the difficulties of bifurcation at multiple eigenvalues are

given in [75] and [84].

We summarize our results in two theorems, formulating the prob­

lem in terms of the differential equation.

Theorem 8.5.4. (The nonautonomous case). Let A be sectorial in X,

a < 1, and let f: R x Xa x (­EO,E O) X be C2 and N times con­

tinuously differentiable in x, with f(t+p,x,E) f(t,x,E) for all

t,X,E and some fixed p > O. Assume xO(·) is a p­periodic solution

of dx/dt + Ax = f(t,x,O) and assume its linear variational equation

dy/dt + Ay = fx(t,xO(t),O)y has all multipliers strictly inside the

unit circle, with the exception of a simple multiplier at 1 or ­1,

or a pair of simple multipliers {e±i 80}. Assume the stability or

instability of xO(·) is independent of terms of order

for some q < N.

(A) Suppose 1 is a simple multiplier. Let ¢(t), be p­

periodic solutions of ¢ + A(t) ¢ = 0, + A(t) = 0, (A(t)

A­ f x (t ,xo (t) ,0)) with <Ht), ¢Ct) > = 1.
P af(i) If a l = fO<l/J(s),fE(s,xO(s),O»ds t­ 0, where f E aE'

then we have either one­sided bifurcation of a stable­unstable pair of

p­periodic solutions for small E > 0 (or < 0) with no p­periodic

solutons near Xo for small E < 0 (or > 0, respectively); or else

there is a unique p­periodic solution xE(t) near xO(t) for small

lEI, having the same stability properties as xo. (When Xo is
asymptotically stable, the last case occurs.)
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(ii) If a l = 0,

a Z = + +

where

gOes) := g(s,xo(s) ,0) and xl + A(t)x l = xl (0) 0

I
p 0 0,f (s)¢(s) + f (s)¢(s)xl(s»dso XE xx

1 fP 0 Z2" ,f (sH(s) >dso xx

then if b2 < 4a Zc, there are no p-periodic solutions near Xo for

small E f 0, but if bZ > 4a Zc with aZc f 0, there is a stable-
unstable pair of p-periodic solutions for each small E f O.

(If Xo is asymptotically stable, c = 0 and this case does not occur.)

(ii i) If b f °, a l = ° and aZc = 0, there is a p-periodic

solution xE(t) which is a differentiable function of E near 0

and which changes stability as E passes through 0, and there is

also a bifurcating branch of p-periodic solutions according to one of

the schemes (with E the horizontal coordinate) :

If Xo is asymptotically stable, the last case occurs. If A(E) is

the multiplier of xE near 1, then b f 0 is equivalent to

f O.

(B) Suppose {-I} is a simple multiplier. Then there is a smooth

curve xE of p-periodic solutions, xE + Xo as E + 0, and we sup-

pose this changes stability as E crosses O. In fact, assume the

critical multiplier A(E), A(O) -1, has dA(E)/dE f 0 at £ = O.
Then in addition to xE there is one-sided bifurcation of a Zp-

periodic solution according to one of the schemes
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:s:2POPdc.

S "XE.

solution, so is x(t+p), but we don't

The second case occurs when Xo is
(If x(t) is a 2p-periodic

distinguish between these.)

asymptotically stable.
±i8 0 im8 0(C) If {e } are simple multipliers with e f 1 for

1 < m < N+l, N 4, and q < (N+3)/2, there is a unique p-periodic

solution x£(t), depending smoothly on £. We suppose this solution

changes stability as £ passes thr9ugh 0 and the critical multi-
180 dpliers \(£), \(£) (with \(0) = e ) satisfy d£I\(£) I > 0 when

£ = O.
If Xo is asymptotically stable, there exists for small £ > 0

an attracting invariant tube T£ cffi x Xa, a p-periodic manifold

whose cross-section is a closed curve, T£ + {(t,xO(t))} as £ + 0+.
If 80/2rr is irrational, there exist almost periodic solutions for

arbitrary small £ > O. In any case, there may be subharmonics of

order greater than N+l for small £ > O. For small £ < 0, the only

solution which remains near {xO(t), < t < oo} for all t is

x£(t) .
If Xo is unstable then T£ exists for small £ < 0 and is

repelling, but otherwise the case is similar to that above.

Theorem 8.5.5. (The autonomous case). Suppose A is sectorial,

a < 1, f: Xa x (-£0'£0) + X is N times continuously differentiable
(N 2) and Xo is a nonconstant p-periodic solution of dx/dt +

Ax = f(x,O) whose stability or instability is independent of terms

which vanish to order q on the orbit {xO(t), 0 t p} for some

q N. Assume that, in addition to the obvious mUltiplier {I}, cor-

responding to xO(t), there are one real or two complex other multi-

pliers on the unit circle with the remainder of the spectrum strictly

inside the unit circle. We study a neighborhood of {xO(t), 0 t p}

for dx/dt + Ax = f(x,£) with 1£1 small.

(A) If {I} is a double eigenvalue of the period map with two inde-

pendent eigenvectors, there is a p-periodic solution wet) f 0 of



273

-lJ! + A(t)*lJ! 0, A(t) = A-fx(xO(t) ,0), with <lJ! (t) ,xo (t) > O. If

(*) f:<lJ!(S) ,
df

'f 0a-E:(xO(s) ,O»ds

then as E varies we have either one-sided bifurcation of a stable-

unstable pair of periodic solutions with period close to p, or a

unique periodic solution xE near Xo with period near p for each

small lEI, depending continuously on E, with the same stability

properties as xo. If Xo is orbitally asymptotically stable, the

second case occurs.

When the integral (*) vanishes, there are many possibilities

and we consider only the case when there is a curve of periodic solu-

tions xE(t) which is differentiable in E and has period close to

p for each small lEI. Suppose the multipliers {I,A(E)} near the

unit circle, A(O) = 1, satisfy dA/dE 'f 0 when E = O. Then we have
bifurcation of periodic solutions according to one of the schemes

where E is the horizontal coordinate, and all the solutions have

period close to p. When Xo is asymptotically stable, the last case

occurs.

(B) If {l,-l} are both simple eigenvalues, there is a differentiable

curve E xE of periodic solution (period near p) with a multiplier

A(E), A(O) = -1; assume dA/dE'f 0 when E = O. Then there is bifur-

cation of periodic solutions with period approximately 2p according

to one of the following

s

.r:
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When xo is asymptotically stable, the first case occurs.
i8

0
-i8

0
im80

(C) Suppose {l,e ,e } are simple multipliers with e f 1

for m = 1,2, ... ,N+l and N: 4, q < (N+3)/2. There is a unique

periodic solution with period near p depending smoothly on E:° 81 0
whose multipliers near the unit circle are {l,A(E:),A(E:)}, A(O) = e

assume :E:1A(E:) I > 0 when E: = O.

(i) If Xo is orbitally asymptotically stable, then for

small E: > ° an attracting invariant two-dimensional torus bifur-

cates from the orbit {xO(t), 0 t p}; in a neighborhood of this

orbit, the maximal invariant set is the orbit of x if E: 0, orE:
this together with the torus and the orbits joining these when E: > O.

(ii) If Xo is unstable, a repelling invariant torus bifur-

cates from the orbit for small E: < O.



Chapter 9

The Neighborhood of an Invariant Manifold

9.1 Existence, stability and smoothness of invariant manifolds

We will prove a rather general (and lengthy) invariant manifold

theorem. The invariant manifold might be considered a perturbation

of the manifold x = 0 for x + A(t,y(t))x = 0, Y= gO(t,y),

-00 < t < 00. We assume, for each solution y, that the x-equation has

an exponential dichotomy on R with exponent S > 0 and bound inde-

pendent of y, and S is also greater than the exponential rate at

which solutions of the y-equation separate as t + ±oo. With certain

smoothness and boundedness assumptions, we show

x + A(t,y)x = f(t,x,y), g(t,x,y), -00 < t < 00

has an invariant manifold x = a(t,y) near x = 0 provided f,

af/ax and g-go are integrally-small at x = 0, uniformly in y.

This invariant manifold has the same stability properties as x = 0

in the unperturbed equation. In light of the many applications of the

simpler results of Ch. 6, and also the examples below, I may hope to

be forgiven a long theorem and longer proof.
Several parts of the argument follow Coppel and Palmer [ l;

the connection would be much closer if A were independent of y, but

this is not true in some of our examples. The smoothness argument

also differs from 1 and is simpler even for finite dimensions.

In section 9.2 we introduce a coordinate system near a given

invariant manifold and in 9.3 apply the results of sec. 9.1 to the

resulting system and its perturbations.

Theorem 9.1.1. Let X, Y be Banach spaces, 0 a < 1, and suppose

AO is sectorial in X, (t,y) + A(t,y)-AO: R x Y is bounded,

locally Holder continuous in t and differentiable in y. U is a

neighborhood of 0 in Xa and (f,g,gO): R x U x Y + X x Y x Yare

bounded, locally Holder continuous in t, and differentiable in

(x,y) E U x Y, with gO(t,y) independent of x. Assume the following:
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(i)

( ii)

There exist 0, N 1 such that, if

are both solutions of y = gO(t,y) on

IiY l ( t ) -YZ( t )11 IIYl(1)-Yz(1)11

There exists S > such that, whenever
_00 < t < 00, the equation

Yl (t), yz (t)
_00 < t < "", then

for all t,L.

y = gO(t,y),

g, gx' gy' gOy' f x' f y' A-AO
are uniformly bounded by N
e with 0 < e < 1,

(iii)

x + A(t,y(t))x 0

has an exponential dichotomy on ffi with exponent Sand

bound N.

With f x at/dx, e t c , , f,

and Ay (in!f(Y ,:.£(X
et
,X) )

on ffi x U x Y, and for some

and

satisfy a uniform Holder condition with exponent e and

bound N.

(iv) If h is f or f x or g-go' then

II(Zh(t,O,y)dt ll < q
t
l

whenever Itl-tzl 1 and y is in Y.

Then there exist positive constants qo' r O depending only on AO' et,

e, S, E ::: > 0 and N, such that when q qo there is an

invariant manifold

s = {(t,x,y) 1 x = a(t,y), (t,y) E ffi x Y}

for x + A(t,y)x

ant subset of

f(t,x,y), Y = g(t,x,y) which is the maximal invari-

{(t,x,y) I Ilxllet r O' (t,y) E ffi x n.

Uniformly in t,y and 0 q qo' y a(t,y) is differentiable from
Y to XCI. and its derivative satisfies a uniform Holder continuous

with exponent e, and as q 0

a(t,y) 0, dOay(t,y) 0

uniformly on ffi x Y.

If t A(t,y) - AO' f(t,x,y), g(t,x,y) are periodic with



(N+Z)q6/(1+6)111111

277

period p > 0 (or constant, or uniformly almost periodic) then

t + o(t,y) is also p-periodic (or constant, or uniformly almost

periodic with frequency module contained in the joint module of A,

f, g). If A, f, g are unchanged whenever y is replaced by y + w

(for some fixed w Y) then o(t,y+w) = o(t,y).

If the zero solution of x + A(t,y(t))x = 0 is stable for some

(hence, every) solution y of y = gO(t,y), the invariant manifold

is asymptotically stable with asymptotic phase. Specifically if

13 0 = 13- f, any solution x(t), Yet) for t T with Ilx(T)llo: r O/8N
exists with Ilx(t)llo: r O for all t T, and there is a unique

solution (x(t) ,Yet)) in S (x(t) = o(t,y(t)) with

-13 (t-T)
IIx(t)-x(t)llo: + Ily(t)-y(t)1I < Ke 0 II x (T) - o (T, y (T) )ll o:

for all t > T. The constant K depends only on AO' 0:, 13, 6, E

and N.

If x + A(t,y(t))x = 0 is unstable for some solution Yet) of

y gO(t,y), then S is unstable. In fact any solution x(t),y(t)
Z(t T) with X(T) in an open dense set of r O/16N }, depend-

ing on (T,y(T)), must eventually have Ilx(t)lIo: > rOo

Remark. We shall assume without loss of generality that the dichotomy

in (ii) is with respect to the space xO: (see ex. 5, sec. 7.6) and the

bounds in (iv) also apply when h = f or Indeed (iii)
y Y 6/(1+6)

and (iv) already imply this with q replaced by (N+Z)q ; for

example, Itl-tzi :: 1, 11 Y, imply

{
t z 1+6II fy(t,O,y)11dtll NlI1111 + Zq
t
l

if 111111 1+ 6 = q ,

If YO c Y is convex and invariant under y = gO(t,y) and

y g(t,x,y) for each x D, and the assumptions (i)-(iv) hold only

for y YO' the same arguments give an invariant manifold x = o(t,y)

as a graph over x YO' If YO is not convex, but is a Cl+
6

sub-

manifold of Y such that any points Yl' yz of YO can be joined

by a curve in YO of length :: N IIYl-Yzll, only slight changes in the

arguments (and estimates) are required. In either case, there is a

slight weakening of the smoothness condition (unless 6 = 1) near the

boundary of YO' if any (see remark following proof of Lemma 9.1.8).
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A simple example of the unpleasant consequences when B S is

in Hale [37]. For S < it can be even worse: see Jarnik and
Kurzweil [lZZ].

Theorem 9.l.Z. With the hypotheses and notation of Thm. 9.1.1, if

q qo' then for every (T,n) E ffi x Y there is a unique solution of

x + A(t,y)x = f(t,x,y), y = g(t,x,y), -00 < t < 00,

with yeT) = nand Ilx(t)ll
a

r
O

for all t. Denoting this solution

X(t;T,n), y(t;T,n), we have n'" x(t;T,n), y(t;T,n) differentiable,

Ilx(t;T,n)lI a < Kq6/2, < Keylt-TI,

Z
Il
oX II < K 6 8/Z Ylt-TI3n(t;T,n) a _ q e ,

Y(Y,X )

- a
.:;c(y , X )

Il
dv dV I v11 _ 11 8 y(1+8)lt-TI

+ a¢;(t;T,n Z)- tl(t;T,n l) Iy cy ) <: ''1 nZ "i e

where

a, S,
Y

8, £

£
+ 4' 6 = (l-a)/Z.

and N.
The constant K depends only on

This result implies the existence and smoothness of the invari-

ant manifold of Thm. 9.1.1; the other properties are relegated to

exercises (ex. Z, 3, 4, below). Define O(T,n) = x I r j r j n) for

(T,n) E ffi x Y, the claims regarding smoothness follow immediately.

If x + A(t,y) = f(t,x,y), Y = g(t,x,y) for all t and Ilx(t)ll a <: r O
for all t, the uniqueness assertion of Thm. 9.1.Z implies

x(t) = X(t;T,Y(T))' yet) = y(t;T,y(T)) for all t ;«

and in particular X(T) = O(T,y(T)) for all T. Conversely if

X(T) = O(T,y(T)) for some T, the solution with this initial value

exists for all time and has x(t) = o(t,y(t)) for all t. Thus

S = {(t,x,y) I x = o(t,y)} is invariant and the maximal invariant sub-

set of ffi x {llxlla r O} x Y.
The proof of Thm. 9.1.Z is broken into a series of lemmas

(9.1.3 - 9.1.8) designated (a) - (f) for brevity. We first state the

lemmas, show they prove Thm. 9.1.Z, then prove the lemmas. In the

following, Cl,CZ"" are positive constants (independent of q,r)
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depending only on AO' a, S, e, E: and N, and "sufficiently small"
means being less than such a constant.

(a) Lemma 9.1.3. Suppose > y: R + Y is differentiable with

lIy(t)11 '5 Nand Ily(t)-g(t,O,y(t))11 < {,. for all t, and z: R +..St(Y)

is differentiable with Ili(t) - < {,.llz(t)11 for alloy -
t. If q and {,. are sufficiently small (depending on then
Ilz(t)11 '52Ne0It-Tlllz(T)11 for all t j r ,

(b) Lemma 9.1. 4. Let = +
E: and xl,x2:R+ Xau u 8" suppose are con-

tinuous with II x . (t)11 < r for all t (j = 1,2) . If r, q are
J a

sufficiently small and y(t;T,TJ.,X.) is the solution of
y

J J
= g(t,xj (t ) ,y), Y(T) TJ· (j = 1,2) for any T ER and TJ l, T12 E Y

J
then for all t,

Ily(t;T,T1 l,x l) - y(t;T,T1 2,x2)11

'5 2Neillt-T!IIT1l-TJ211 + 2N21f eillt-s!llxl(S)-X2(S)lla ds ] .
T

(c) is a technical lemma we needn't describe here.

(d) Lemma 9.1.6. Suppose S = S - f and q is sufficiently small.
There is a constant C2 > 0 such that whenever y: R + Y has

Ily(t)11 '5 N, Ily(t)-g(t,O,y(t))1I '5 C2 for all t, and B: R +-St'(Xa,X)

is locally Holder continuous with II B(t)1I '5 Nand

1I(2B(t) dt ll C2 for It l-t 2[ '51, the equation
t l

x + A(t,y(t))x = B(t)x

has an exponential dichotomy on R with exponent S and bound 2N.

(e) Lemma 9.1.7. If r, q are sufficiently small and 2C3qo/2 < r,

° = (1-a)/2, then for any y: R + Y with Ily(t) II Nand
l/y(t)-g(t,O,y(t))11 C2, there is a unique solution x(t) = x(t;y) of

x + A(t,y(t))x = f(t,x,y(t)), -00 < t < 00,

with supj x I t ) Ii a '5 r; it has IIx(t;y)lla 2C3qo/2

If Yl'Y2 both satisfy the conditions for y above, T Em,
E:

o < y S- 2' and for all t
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IIYl(t)-yz(t)11 , 1IYl(t)-YZ(t)11 r;eylt-TI,

z
Ilx(t;Yl) - x(t;Yz)ll a Csqo 8/z e

ylt-TIr;.

These results suffice to prove the existence of the functions

X(t;T,n), y(t;T,n) of Thm. 9.l.Z, and smoothness follows from the
next result.

( f)
E:
"4 >

t,T

and

Lemma 9.1.8. Let y = + t so t > 0 and
O. There are constants C6, C7 such that, for small q and all

E IR,

n + X(t;T,11): Y + x" is differentiable

Il ax ( t )11 < ZC C oZ8/Z Ylt-TIan ;T,11 5 6 q e

I[ ax ( ) aXe )11 C II _ 11 8 y(l+8)lt-TIan t;T,11 l - an t;T,nz 2 7 nl nz e

for all n , nl, nZ in Y.
Using the lemmas, we now prove Thm. 9.1. Z. Suppose q,r small

enough that (b) and (e) hold Nr 2 Cz and {x: Ilxll < r } c: U, and
C! -

choose (T,n) EIRxy. If x: IR + Xa is continuous with II x (t)11 < r
a

for all t, define y (t) = y(t;T,n,X) as in (b) . Observe II Y(t)II
II g II < N and II y(t) - g (t, 0, Y(t)) II < Nr < CZ' Using (e) define- -

p(X;T,n)(t) = x(t;y(',T,n,X))

and note IIp(X;T,11) (t)ll a
in IR, any nl,n Z in Y

< r

and
for all t. For

xl,xZ:IR+x
a

Y = + t, fixed
bounded by r, let

and

II z (t)11

Thus by (e)

= sup{lI xl(t)-x z(t)11 ey 1t- T!). According to (b),
t

and Ili(t)11 2 c6eylt-TI (1Inl-nzll + IlIxl-xz"I T)·
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Z
If CSC6qO 8/Z < l/Z, then for fixed T,n

x .... <I>(x;T,n)

is a contraction in the norm III· II! T on the r-ball. Let x (t ; T, n)

be the fixed point, and let

y(t;T,n) = y(t;T,n,x(·,T,n)).

Then x(t;T,n), y(t;T,n) is the unique solution of

:ic + A(t,y)x = f(t,x,y), y = g(t,x,y), -00 < t < 00

with yeT) = n and Ilx(t)II < r for all
CI. -

t.

Preliminary calculation.

and

For

II(Z h(t,y)dtll q for Itl-tzi 1,
t l

l!y(tl)-y(tz)11 Nltl-t Z! ' Then if q N
l+p

IlfZ h(t,y(t))dtll 3NqP/(1+p).
t
1 ft+l1t

IMI < 1 implies II t h(s,y(s))dsll q +

divide the interval [tl,t Z] into m equal subintervals where
m-l Nq-l/(l+p) m, then

II ads Z(t,s)!1

I',

If g-go' the preliminary calculation above shows
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for
1<

3nNq 2

forJ
t z l/ZII gl(S,O,y(s))dsll 3Nq
t l

q N
Z,

so the integral is bounded by

n. For /t-Tj < n we have

provided

Itl-tzi

d ­
dt(Y-Y)

so II Yet) -y(t)1I

Also

1< Nn
< nell + 3Nq')e by Gronwall's inequality.

z(t) z - gy(t,o,y)z

+ gly(t,O,y)z

+ (gOy(t,y) - goy(t,y))z

so the variation of constants formula gives

IIz(t)11 NeJ.llt-T11Iz(T)11 + III: Z(t,s)gly(s,O,y(s))z(s) dsll

+ NIreJ.I I t - s I (llil z ( s) II + Nj Iy ( s ) - y ( s ) II 8[ IZ(s ) II ) ds I .
T

J
t z 8/ (1 +8)

As above, II gly(s,O,y(s))dsll -:: 3nNq for It1-tZ[t
integration parts shows

n, so

"ft Z(t , s) dds ( -ft g 1 ) z (s ) ds II
T S Y

< 3nNZq8/(l+8)eJ.llt- T lllz(T)1I

+ IJ\J.Ilt-slllz(s)lldS I 3nNZ(ZN+ll)q8/(1+8)

T

for !t-TI-:: n , Substituting this and the estimate for Ily-YII,

Gronwall's inequality (for some q,ll) proves

Ilz(t)11 zNe\llt-T!llz(T)11 for It-TI n ,

f ­ E: 1(b) Proo of Lemma 9.1.4. With J.I = J.I + 8' et q,ll be small

that (a) holds. Choose r > a so small that Nr -:: ll, Nr 8 < II

{x : Ilxllct r I cU. For a < o < 1, let X cr = (l-cr)x1 + crxz,
ncr = (1-cr)n 1 + crnZ and ycr(t) = y(t;T,ncr,xcr). By (a) and the

tion of constants formula

enough

and

varia-
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IlaaaYa(t)11 zNeiJ!t-TIII11z-11lll

+ ZNII>iJlt-slllgx(s,xa(S) ,ya(s))II Ilxz(s)-Xl(s))lladsl.

Since II gx II N, integration over 0 < a < 1 completes the proof.

(c) Lemma 9.1.5. With X, AO' a as in Thm. 9.1.1, suppose
t A(t)-AO: ffi is locally Holder continuous and bounded by

K for all t, and x + A(t)x = 0 has an exponential dichotomy on ffi

(with respect to Xa) with exponent 61 > 0 and bound K. If

o < 6Z < 61 there is a constant Q depending only on AO' a, 61, 6Z
and K such that the following holds.

If G(t,s) is the Green's function for the dichotomy,
IIG(t,s)" QWa(t-s)e-6llt-sl, where WaCs) s-a on (0,1),

¢a(s) = 1 elsewhere. If Z is a Banach space, B: ffi and
z: ffi Z satisfy

IIB(t)11 < N, II(ZB(t)dtll 11 N when Itl-tzi < 1
t
l

Ilz(t)11 < r;eylt-TI, Ili(t)" r;eylt-TI

for some fixed real T and Iyl < 6Z < 61 , then

for all t, where 8 = (l-a)/Z.

Remark. If we identify with X, we may take Z = IR and

Proof. By Lemma 7.5.1, if t l = to+l,

so there is a constant Cl

It lII T(tl,s)B(s)z(s)dsll a
to

where Ylt*-TI = max(Yltl-TI, Ylto-TI),
depending on AO' a, K and 6Z) with

I
t l 1 8 1-8 y!tl-Tj

II T(tl,s)B(s)z(s)dsli a C 11 N r;e .
to

Then
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[t 00 It-n
11_

00

G(t,s)B(s)z(s)dsll a IIG(t,t-n) t_n_/(t-n,s)B(s)z(s)ll a

-8 n I
< I Ke 1

n=O
-(8 2-8 1) 0 1-0 y!t-TI

< {KC'/(l - e )}n N •

A similar estimate for IIJ;G(t,s)B(s)z(s)ll a completes the proof.

- sn -Sn(d) Proof of Lemma 9.1.6. Choose integer n > 1 so Ne < e

Suppose lIy(t)1I N, Ily(t) - g(t,O,y(t))11 t:, for all t and

II I B(t) d t II t:, for. 1t 1 - t 2 1 1. If ( , , n ) E TIl. x Y 1e t y ( t ; T , n )

be the solution of y = gO(t,y), y(,) = n. We apply Thm. 7.6.12 with

l\ = TIl. x Y, A(T) = ("y(T)) and A(t;A(T)) = A(t,y(t;Tl,y(T)) to

prove the result

We showed in the proof of (a) that

so

It 2 Nn 1.<
II (A(s,y(s)) -B(s) -A(s;A(T)))dsll S nt:, + n Ne (M3Nq')

T Y(Xa,X)

for 0 < t-, < n.
- -
If Yj = gO(t'Yj) for all t (j = 1,2) and Gj , Pj are the

corresponding Green's function and projection, then (see ex. 17, sec.

7.6)

P2(,)-P l(T) = G2(T,s)(A(s'Y2(s))-A(s,yl(s))Gl(s,,)ds

and 1IYl(s)-Y2(s)11 Ne11ls-TIIIYl(T)-Y2(T)II, so

II P
2
(,) -PI (T)II < QN311Yl (T) -Y2 (dl [00__ W

a
(T-S) e - (28-11) IT-S Ids

Y(Xa.) _

If yl(t) = y(t;T,Y(T)), Y2(t) = y(t;T+n,y(,+n)), then



285

If are sufficiently small, we have

R with exponent B = 6 - f and bound ZN
dition on 6 is expressed as 6 CZ'

an dichotomy on

(Thm. 7.6.12). The con-

(e) Proof of Lemma 9.1.7. Suppose q

If Ily(t)11 N, Ily(t)-g(t,O,y(t))11 Cz

is small enough that (d) holds.

for all t, then

II(ZfX(t,O,y(t))dtll 3Nq8/(1+8) for Itl-tzl:: 1
t l

and for small q (so 3Nq8/(1+8) (2)'

x + A(t,y(t))x = fx(t,O,y(t))x

has an exponential dichotomy on ffi with exponent S and bound ZN.

Let G(t,s) be the corresponding Green's function and Q the con-

stant from (c) with 61 = S, 6z = 6 - I = s - f.
If x(t) is a bounded solution of

(*) x + A(t,y(t))x f(t,x,y(t)), -00 < t < 00,

then x = x where

(**) x(t) = roo G(t,s){f(s,O,y(s)) + F(s,x(s),y(s))}ds;

F(t,x,y) = f(t,x,y) - f(t,O,y) - fx(t,O,y)x.

O/ZFor small q, r with ZC3q r, we show the map x x defined by
(**) is a contraction in the uniform norm on the space of continuous

x: ffi Xa. with sup Ilx(t)lla. < r. The fixed point of this map is the
unique solution of (*) with sup IIx(t)11 < r.a.

First suppose II x II a. r implies x E U and

Nr8 foo IIG(t,s)11 a. ds QNr8 foo max(lsl-a.,1)e-B1s1dS < t·
-00 .st'(X ,X) -00

Now II(Zf(S,O,y(s))dsll < 3Nq!j for !tl-tzi < I, so by (c) (with
t l

Z = R, Y = 0, z (s) = 1)

If r/2 then sup Ilx(t)lla. r implies
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a
If xl'xZ: ill + X are both bounded by r,

II xl (t) -xz (t)11 a t . sup II xl (s) -XZ (5)11 a
s

and x + x is a contraction. If x(t;y) is the fixed point,

Ilx(t;y)ll a ZC3qo/z for all t.

Suppose Yl'YZ: ill + Y both satisfy the conditions on y men-

tioned above, and xj(t) = x(t;Yj) (j = 1,Z), u = xZ-xl' Then u

is a bounded solution of

Ii + A(t'Yz(t))u BZ(t)u + Mz (t) (YZ-Yl)

+ (A(t'Yl(t))-A(t'Yz(t)))xl(t)

Since Ilxl(t)+Gu(t)ll a
ZC O/Z

3q

II rZBz (t) dt II < N(ZC3Qo/Z)8 + 3NQ8/(1+8) < C 08/2
- 4Qt l

for Itl-tzl S 1, so for small Q

Ii + A(t,yz(t))u = Bz(t)u

has an exponential dichotomy on ill

Similarly II/ z M (t)dt II < C Q08/Z
t l z - 4

If z = YZ-Yl satisfies

with exponent S and bound

for Itl-t21 S 1.

ZN.

Ilz(t)ll, lIi(t)11 < l;;eylt-TI for all t

for some fixed T and 0 S y < S f, then by (c),

Ilu(t)lI
a

S QNl-o(C4QOS/z) l;;ey j t- T!

+ Q(ZC3Qo/z)N e-Slt-slmax(lt-sl-a,l)l;;eyls-Tlds

and so
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E:
(f) Proof of Lemma 9.1.8. Fix T E ill and let y = + 4 (so

< v , y(l+8) < 8) and let Illxlli = sup{llx(t)lle-Ylt-TI}
T, Y a

= sup{lly(t)lle-Ylt-TI, Ily(t)lle-Ylt-TI}

and similarly with Y replaced by y(1+8).

Suppose Yl'YZ both satisfy the conditions of (e), Xj (t)

x(t;y j ) and define as the solution of

= (fy(t,xl'Yl) - Ay(t'Yl)xl)(YZ(t)-Yl(t))

with = O(eylt-ll) as It I ... 00; is well defined (Thm.

7.6.3) •

Let u(t) = then

Ilu + (A(t'Yl) - fx(t,xl'Yl))ull

= I!I (A ( t , Y1) -A( t , YZ) ) (x z-xl) - (A(t , YZ) -A(t , Y1) -Ay ( t , Y1) (y z - Y1 )) xl

+ f (t J XzJ YZ) - f (t J xl' Y1) - f x (t J xl J Y1) (x Z- xl) - f y (t J xl J Y1) (y z-Y1 )11

< C(II x (t ;YZ) - x (t ;Y1) II +8 + II Yz(t) -Y1 (t) III +8)

< III III 1+8 y(l+8) I t v r IC'( YZ-Yl e

and so

Ilx(t;Yz)-x(t;Yl) - qt;Yz-yl)ll a

< C" y(1+8) It-, I (III _ III' ) 1+8
- e YZ Yl y" •

We write = ;Y x(t;Yl)(YZ-Yl) and recall from the proof

of (e)

which holds also with y replaced by y(1+8).
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Now for nl,n Z E Y and continuous xl'x Z: m 4 XU with

sup Ilxj(t)ll u r, let Yj(t) = y(t;T,nj,x j) (j = 1,Z) and let z be

the solution of

Then

z - gy(t,Xl(t)'Yl(t))z = gx(t,xl'Yl)(xZ(t)-xl(t)),

z (T) = nZ-n l,

I d 1+8 II II II 11 8I(dt - gy(t,xl'Yl))(YZ-yl-z)11 N(llxz-xlll u + xl-xZ u YZ-Yl

II
I +8

+ IIYz-Y l )

< + Ilnz-nllll+8)eY(1+8)lt-TI

so

II YZ (t) -Yl (t) -z (t)1I

< + Ilnz-nllll+8)eY(1+8)lt-TI

for all t, and

Replacing C' by NC' +C if necessary, the same estimate holds for

Ilddt(Yz-yl-z)ll, and then if xj(t) = x(t;T,n j) (so Illxz-xlllly,T

< Con s t , II nz-nlll) we have

Also

Illxz-x l -

iv II 11 1+ 8C nZ-n l '

ax a- ax a-
Illxz-x l - ay *(XZ-Xl) - ay *(nZ-nl) III Y(1+8) ,T

< Cv II n z-n1111+ 8
Since
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it follows (for small q) that there is a constant C7 so

Ilx(t;T,nz)-x(tiT,n l) - L(t,T,nl)(nZ-nl)lla.

< 1:. c II _ 11 1+8 y(1+8) I t v r I
- 6 7 nZ nl e

for some linear L. It follows from the exercise (1) below that
axL(t,T,n l) = an(t;T,n l) and

- C71Inz-nlI18eY(1+8)lt-TI.

Exercise 1*. If II¢(Yz)-¢(Yl)-4>'(Y l)(YZ-Yl)11 KIIY z-Y lII
1+8 for all

YZ,Yl, prove

114>' (y Z) -4>' (Yl)11 6K 1lYz-ylll 8.

Hint: choose any u, lIull = I, let d = Ilyz-Yl" and evaluate the in-
equality at the pairs of points

Remark. If we work on YO c Y, a convex set or submanifold of Y, and

8 < 1, the above argument may run into trouble near the boundary of

YO (if any), and we obtain smoothness only over a slightly smaller

set. For example, if the condition of ex. 1 holds for Yl' YZ in YO
(say YO is convex)

Exercise Z*. If t + A(t,y)-AO' f(t,x,y), g(t,x,Y) are uniformly al-
most periodic prove t + a(t,y) is uniformly a.p. and its frequency
module is contained in the joint module of A, f, g.

Hint: Suppose {tn} is a sequence in IR and II An-Amll, II f n - fmll ,
lls -g II < b. +0 as m + 00, n > m, uniformly on IR x U x Yn m - m -
(An(t,y) = A(t+tn,y), e t c , ) It suffices to prove Ila(t+tn,y) -

a(t+tm,Y)11 a. + 0 uniformly on IR x Y.
For some constant B, let x: IR x IR + Xa. be any continuous func-

tion with Ilx(t,s)II a r O and for n m,
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If X(t,T) = <l>(X(' ,T) ;T,n) (t) for fixed n E Y, show

and choose B = 2CS'

g ( t , (J (t ,y) ,y)
fOT t > T.

Exercise 3*. Suppose x + A(t,y)x = 0 is stable when
Prove there exists r O > 0 (for small q and 80 = 8

any solution of x + A(t,y)x = f(t,x,Y), y = g(t,x,y)

with I!X(T)I!a T O/ 8N has Ilx(t)ll a "o and

-8 0 ( t - T)Ilx(t)-o(t,y(t))ll a 4Ne Ilx(T)-O(T,y(T))ll a for

.:...
Also there is a unique solution y of y
Ily(t)-y(t)11 Cse -

80 ( t - T) Ilx(T)-O(T,y(T))ll a
CS = 16N3 / (8 0 -Ii) .

Hint: Let Z(t,s) be the evolution operator for
and find y as the solution of

y = gO(t,y).
E: -- 2" < 8) so

for t > T

all t > T.

such that
We may let

with
yet) = yet) +

Ily(t) -y(t)11 <

(""Z(t,s) [g(s,x,y)-g(s,o(s,y) ,y)-g (s,x,y) (y-y)]
Jt Y
-8 0 ( t - T) 16N3

ne n --llx(T)-(J(T,Y(T))II.
Q - a
"O-fl

Exercise 4*. Suppose x + A(t,y(t))x = 0 is unstable for some solu-
.:...

tion of y = go(t,y). If (T,n) E JR let y = g(t,O,y), YeT) = n ,

and let P (t) be the projection corresponding to the dichotomy forT,n
X + A(t,y(t))x = fx(t,O,y(t))x. Prove (for small TO' q) there is a
function wet,' ,.): U x Y + Xa, Lipschitzian near x = 0, so the
"stable manifold"

WS (S) = {(t,x,y) I x = wet, (l-P t (t) )x,y), II (l-P t (t)xjl,y ,y a

contains the initial value (T,X(T),y(T)) of any solution of

x + A(t,y)x = f(t,x,y), Y= g(t,x,y) for t > T with

II (l-P (T))X(T)II < rO/SN and Ilx(t)ll a r O fOT t > T. Any such
T, n a -

solution has x(t)-(J(t,y(t)) + 0 exponentially as t + 00. For

t;, E N(PT,n(T)), 11t;,ll a TO/SN, the map t;, + (l-Pt;"n(T))W(T,t;"n)-t;,
satisfies a Lipschitz condition with bound 1/2. If
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< r o/16N
2 and (T,X(T),y(T)) WS(S), then eventually

Ilx(t)ll a > "o: (We suppose q is so small that Ilo(t,y)ll a < r O/16N
2.)

Exercise S. Prove there is a constant Cl O such that, for 0 < h < 1,

o = (1-a)/2,

!I a ( t +h , y) - o ( t , y )lI a ClohO

II (t+h,y) - ,y)11 a
5.t'(Y ,X )

Hint: in (e) show IIx(t+h;T,y)-x(t;T,y)11 <
;;ax:.-IIx ax II 0 y I t-T I aan-(t+h,n) - an-(t,n) Const.h e .

Const.hO and in (f) ,

Exercise 6. Suppose, in addition to the assumptions of Thm. 9.1.1,

that t + A(t,y)-AO' f(t,x,y), g(t,x,y) are uniformly Holder continu-

ous. Prove t+a(t,y):JR+X is differentiable, and
and IIAoa(t,y) II are uniformly bounded. (Hint: first estimate the

derivative of t + x(t;T,n), using ex. 5.)
Conclude from this that

+ A(t,y)a(t,y) = f(t,aCt,y) ,y) - ,y),

for all t,y
<la/at and

and obtain further smoothness in t,y - in particular,
AOa are uniformly Holder continuous from JR x Y to X.

Remark. Without assuming uniform Holder continuity in time, we

still have aa/at and AOa defined and the equation for a holds;

this follows by invariance and the differentiability of y + a(t,y).

Corollary 9.1.9. Suppose A is a convex set in some Banach space and

A,f,g,gO of Thm. 9.1.1 depend also on A A. Suppose the hypotheses

of Thm. 9.1.1 hold uniformly for A A, that A + A-AO' f, g, go are

differentiable with derivative bounded by N, and AA' fA' gA' gOA
(as well as A, f , f , g , g , go ) are Holder continuous iny x y x y Y
(X,y,A) U x Y x A with exponent 8 and bound N.

If q is sufficiently small, for each A A there is an in-
variant manifold

SA = {(t,x,y) I x = O(t,y,A), (t,y) JR x Y}

and (A,Y) + a(t,y,A) is differentiable with derivatives bounded and
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uniformly Holder continuous with exponent e, and

o(t,y,A) , dO
dy(t,y,A) ,

dOTI(t,y,A) -+ 0

as q + 0 uniformly on ffi x Y x A.

Proof: If we replace Y by Y x A and add the equation A = 0,

this follows immediately from Thm. 9.1.1 and the remarks following that
theorem.

Example 1. Suppose A, f, g satisfy the smoothness and boundedness

conditions (iii) of Thm. 9.1.1. Consider, for small £ > 0, the sys­

tem

x + EA(t,y)x = Ef(t,x,y), y = W+ Eg(t,X,y)

where WE Y is constant (possibly zero). Change variables to

T = Et and z y­wt y­WT/E;

with x' dx/dT, we have

x' + A(T/E, Z+WT/£)X = f(T/£,x,z+wT/£)

Z' = g(T/£,X,Z+WT/E).

Suppose the limit

1 Jto+T
f(x,z) = lim f f(s,x,z+sw)ds

T+co to

exists (at least when x = 0) uniformly in to' z, and is independent

of to' and the same is true when f is replaced by fx' A or g.
Assume £(O,z) = 0, f (O,z) 0, g(O,z) = 0 and

x
IRe 0 (A(z)) I > 8 > 0, and (A(z): Z E Y} is in a compact set of

1 --
,X). If A(z) is not independent of z, assume the essential

spectrum of any A lim A(z) is disjoint from the strip
v+co v _

­8 < Re A < 8. Then the family of evolution operators {e­A(z)(t­s),

t s}, z E Y, has a uniform exponential dichotomy (as in Thm. 7.6.13)
and so, by Thm. 7.6.11, the equation x' + A(T/£,Z+WT/£)X = 0 has an

exponential dichotomy on ffi with exponent 8/2 and bound M (for
o < £ £0 and each Z E Y). Hypotheses (i) and (iv) of Thm. 9.1.1

are easily verified (with go = 0), so for small £ > 0 the (x,z)­
system has an invariant manifold of the form x = O£(T/£,Z), or in
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original variables

{(t,x,y) x =vE(t,y-wt), (t,y) E ffi x y}.

This is asymptotically stable with asymptotic phase if Re v(A(z)) > 0,

and is unstable otherwise. If t + (A,f,g)(t,x,z+wt) is uniformly

almost periodic, t + vE(t,z) is uniformly almost periodic as well.
If A, f, g are mUltiply periodic in certain components of y, so

they are unchanged when y is replaced by y+wk (k = 1, ... ,m), the
same is true for v.

In particular, if Y = 0, x = vE(t) is the unique solution of

x + EA(t)x = d(t,x) on -00 < t < 00 with sup Ilx(t)llC/. r O' it is
almost periodic when A, f are uniformly almost periodic, and it has
the same stability properties as the solution x = 0 of the averaged

equation x' + Ax = f(x). For ordinary differential equations, this

result is due to Bogoliubov.

Example 2. Suppose A is sectorial in X, Re v(A) 0, and v(A)

meets the imaginary axis in a finite set of eigenvalues of finite mul-

tiplicity. Then X = Xo ffi Xl' A = AO ffi AI' Re v(AO) = 0, Re veAl) > 0,

dim Xo < 00. We assume also eAot is uniformly bounded on _00 < t < 00

(hence, almost periodic).
Assume 0 C/. < 1, f: ffi x xC/. + X is locally Holder continuous

in t, and in a neighborhood of each x E XC/., t + f(t,x) is uniformly

1 . d i d f ( ). . f Cl +8 ( 1 . fa most perlo lC, an x + t,x IS unl ormly or CLip' 1

8 = 1). Corresponding to X = Xo ffi Xl write f = f O + f l and let

1 Jto+T AOs -AOs
= lim T e fO(s,e

T+OO to

for in X
O.

The limit exists by almost-periodicity, and is uniform

in to.
If = 0 and the derivative has no eigenvalue

on the imaginary axis, we show there is an almost-periodic solution

x
E
(t) of

x + Ax = Ef(t,x), _00 < t < 00,

-A t
- e 0 uniformly small for small E > O. If

< 0, xE is asymptotically stable; otherwise it is un-
with IlxE(t)
Re o (I'
stable.

To see this let
-A t

x = e 0 + n
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equation becomes

A
O
t -A

O
t

Se fO(t,e s + n)

-Aot
sfl(t,e s + n).

A t
Choose R so II e 0 sdl a < R for all t; modify f outside

{s + n I s E XO' n E Xl' Ilsll a ::: R+l, Ilnll a ::: r l for some r > 0 so
x -+ f(t,x) is uniformly Cl+8 on Xo + {llnll

a
::: r, n E Xl}; this is

certainly possible since Xo is finite dimensional. For small s,

Thm. 9.1.1 applies and there is an asymptotically stable invariant

manifold n = 0s(t,s) with os' dOs/ds -+ 0 as s -+ 0 uniformly in

(t,s), and t -+ 0s(t,s) is uniformly almost periodic.

The flow in the invariant manifold is

which is the standard form for the method of averaging [37]. In a

neighborhood of sO' this involves only the original (unmodified)

function f. By Bogoliubov's theorem (or example 1 with X replaced

by XO) there is an almost periodic solution ss(t) uniformly close

to So (for small s), sharing the stability properties of the solu-

tion So of S' = fOes). Since the invariant manifold is asymptoti-
cally stable with asymptotic phase, the solution x (t) = e-Aots (t) +

c s
0s(t,ss(t)) also shares the stability properties of the equilibrium

sO'

-+ a(t,x)

and

Exercise 7. Suppose t

with mean value aO(x)

Z JTf
o"o = 7T

is uniformly a.p. for

ao(x)sin x dx f o.

o < x < Tf,

Prove the zero solution of

ut = uxx + u + sa(t,x)u

u(O,t) = 0, u(Tf,t) °
(0 < x < n )

is asymptotically stable for small s > 0 if a O < 0, and is unstable
if aO > O.

Exercise 8. Suppose Dl, DZ' ware positive constants



295

t + (a,b,c,d)(x,t) are uniformly almost periodic for ° < x < 1 with

mean value (aO,bO,cO,dO)(x), and the mean value of
±2iwt(a,b,c,d)(x,t)e is (a , ... ,d 2)(x). Assume

.;:2 .;:

= ° and

I:(ao,bo,Co,do) (x)dx (aO,bo,co,do)

with aO + dO 0. For small E > 0, the zero solution of

ut Dlu xx - wv + E(au+bv)

vt D2vxx
+ wu + E(cu+dv) (0 < x < 1)

ux'vx = ° when x = 0,1

is asymptotically stable if ao+do < °
What happens if ... ,d±2)dx O?
aO+dO 0, we have stability for small

and unstable if ao+dO > O.
(In obvious notation, if

E > ° if

and instability if one or both inequalities are reversed.)

Example 3. Assume A, f, g satisfy (iii) of Thm. 9.1.1 uniformly for

° < E < EO' and are uniformly continuous as E + 0+. Consider

dxE dt + A(t,y)x = f(t,x,y,E)

ir.-dt - g(t,X,y,E)

with

f(t,O,y,O) = 0, fx(t,O,y,O) °
and

IRe o(A(t,y)) I s > ° for all t,y

t + A(t,y)-AO uniformly continuous and {A(t,y)-AO I (t,y) E IR x Y}
in a compact set in Also AO has compact resolvent.

Let T = tiE be the new time-variable so

dx/dT + A(ET,y)X = f(ET,x,y,E)

dy/dT Eg(ET,X,y,E).
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For sufficiently small > a and any fixed y E Y,

dx/dT + A( T,y)X = a

has an exponential dichotomy on ill with exponent S/2 and bound M
independent of y and (Thm. 7.6.13). The Other hypotheses of

Thm. 9.1.1 are easily verified so there is an invariant manifold of

the form

with
x = O ( T,y) = o (t,y)

dO
o (t,y) 0, d;(t,y) a

uniformly as 0+.

In case Re o(A(t,y)) > 0, any solution (x,y) with Ilx(tO)ll a
sufficiently small has

for t > to.

Exercise 9. Suppose A is sectorial in X with compact resolvent,

a a < 1, U is an open set in Xa , f: ill x U x Y x [O, O] X is

smooth and Ax = f(t,x,y,O) has a smooth solution x = with

values in U, such that is uniformly bounded
away from the imaginary axis.

Show, for small > 0, the system

de + Ax f(t,x,y, ), Y g(t,x,y, )

has an invariant manifold (a graph over ill x Y) near x =

(Use example 3 above; this case is similar to one treated by Zadiraka

for ODEs.)

Thm. 9.1.1 and the lemmas may be combined to treat more compli­

cated systems. As an example, we consider (briefly) the system

x + A(t,y,z)x = f(t,x,y,z)

(*)

for small > O.

g(t,x,y,Z)

d + B(t,x,y)z h(t,x,y,Z),
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Theorem 9.1.10. Suppose Z is a Banach space, BO is sectorial in

Z, W is a neighborhood of 0 in Za = D(Bg). Assume X, AO' a, f, g

satisfy the requirements (i), (ii), (iv) of Thm. 9.1.1 when z = 0,

and the smoothness and boundedness hypotheses of (iii) hold uniformly

for z E W, with HOlder continuity in z, and they apply as well to

Az' f z' gz'
Assume (t,x,y) -+ B(t,x,y)-BO: IR x U x Y -+..5t'(Za,Z) is bounded,

locally Holder continuous in t, differentiable in (x,y), and for

each (A,n) E IR x Y

+ B(A,O,n)z = 0

has an exponential dichotomy on IR with exponent

(See Thm. 7.6.13 for some sufficient conditions.)

h: IR x U x Y X W -+ Z is locally Holder continuous

able in (x,y,z),

8' and bound N.

Finally,

in t, differenti-

are bounded by N,

(x,y,z) -+ Bx' By' hx' hy' hz

are Holder continuous with exponent e and bound N and for all t,y

II (h,hz) (t,O,y,O)11 q

Ilhx(t,O,y,O)11 MI, Ilfz(t,O,y,O)11 < MZ'

There exist positive constants r O' EO' qo, mO such that if

E EO' q qo and the product MIMZ mO' there is an invariant
manifold

SE = {(t,x,y,z) I x = aE(t,y), z = PE(t,y), (t,y) E IR x Y}

for (*) which is the maximal invariant subset of R x {II x II a r O} x

Y x {llzlla r o}. The functions y -+ (aE(t,y),PE(t,y)): Y -+ Xa x zC!
are differentiable, the derivatives are Holder continuous with expon-

ent e uniformly in t,y,E,q and as q -+ 0

uniformly in t,y,E.
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If t A, f, g, B, h are uniformly almost periodic, then

t (o£(t,y),P£(t,y)) is also uniformly almost periodic with fre­

quency module in the joint module of A, f, g, B, h. If x = ° is

stable for x + A(t,y(t),O)x = ° when y = gO(t,y), and

Re o(B(t,O,y)) > 0, then S£ is asymptotically stable with asymptotic

phase. Otherwise S£ is unstable.

Sketch of proof of Thm. 9.1.10. If z: ffi Za is continuous with

Ilz(t)ll a r Z (r Z small) then, for example,

III:2 fx(t,0,y,Z(t))dt!! q + when !tl­t Z! 1
1

and by Thm. 9.l.Z with q replaced by there is a unique solu­

tion of

x + A(t,y,z(t))x = f(t,x,y,z(t)), Y = g(t,x,y,z(t))

with yeT) = nand
r Z and a constant

that

sup Ilx(t)ll a r l = C(qo/2 + MZrZ)' for small q ,

C. Denoting this solution x(tiT,n,z), it follows

(n, z) xC' iT,n,z)

is C
l+ 6

in the norms Ilnll, IllzIIIY(1+6),T and Illx I11Y(1+6),T (see
Lemma 9.1.8) and following the proof of that lemma we find

Ilx(tiT,n,zl) ­ x(tiT,n,zz)ll a

< C' [M + O((r +r )o6+q08/Z)Jeylt­Tllllz ­z III­ z 1 Z 1 Z y,T'

with a constant C' depending only on AO' a, S, 6, and N.

Also if Ily(t)11 N, c > 0 is sufficiently small,

dz/ds + B(£s,O,y(£s))z = 0

has an exponential dichotomy on ffi with exponent S'/2 and bound ZN

(Thn. 7.6.lZ) and we may suppose the same holds for dz/ds +

B(£s,x(£s) ,y(£s))z = 0 whenever sup Ilx(t)ll a r l, with r l small

enough. Applying Thm. 9.l.Z to

dz/ds + B(£s,x(£s) ,y(£s))z h f e s j x Ics ) ,y,z)

dy/ds eg Ies .x f c s ) ,y,z)
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given y = n for s = ET, there is a unique solution with

sup Ilzlla "z provided E, q, "i - r Z are small enough and r Z
C"(q + Mlr l). Writing z(t;T,n,x,E) for this solution, in the ori-
ginal time variables, let x: ffi Xa be continuous and O(eylt-TI)

d () dZ( A / _)Aan t = ax t;T,n,x,E)x. Then E dt + = (hx-BxZ x +

(hy -ByZ)* and note II hx II Ml + N +

1+8 1+8 8/(1+8)Ilhyll S (N+Z) q + Mlr l + qr z + N(r l +r Z )

(cf. remark following statement of Thm. 9.1.1). Also

111b:.xlll' < c"'lllxlll for a constant C" 1 sodX y,T y,T '

Ill
dz xiii < C"'[M + OCr +r )8 + q8/(1+8))] Illxlll .ax y,T - lIZ y,T

If the product MlMZ is sufficiently small, we may choose rl,r Z
O(qo/Z) so all the estimates above hold (for small q,E) and so that

x x(',T,n,z(',T,n,x,E))

sup Ilx(t)i1a srI'
with the corres-
-<X> <

is a contraction in the norm 111'111 y, T on the ball
uniformly for (T,n) in ffi x Y. The fixed point x,

ponding y and z, is the unique solution of (*) on

with sup /Ix(t)ll a r l, sup II z(t)ll a "z and yeT) = n ,

t < <X>

9.Z. A coordinate system near an invariant manifold

We introduce a coordinate system generalizing that used by

Urabe and Hale to study the neighborhood of a periodic orbit of an

autonomous ODE. If u: ffi is a Cr+ l function (r 0) with

derivative u'(s) f 0 and u(s+p) u(s) for all s and some

(least) p > 0, then r = Cues) I 0 < s p} is a Cr+ l simple closed

curve in ffin. It may be shown that there is a Cr function
n-l nQ: ffi , ffi) with Q(s+p) = Q(s), Q(s) is injective and

span (u' (s), Q(s) ffin-l} = ffin for each s. We may approximate Q by

Cr +1 f . . h h . Q . Cr + 1a unct10n W1t t e same propert1es, so assume 1S .
n-l n 1For small 0> 0, let BoOR ) = o-ball about 0 in ffi - ; then

(exp(Znis/p) ,v) (s,v) u(s) + Q(s)v

defines a Cr+ l diffeomorphism from 51 x BoORn- l) onto a neighbor-

hood of r.
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Now suppose M is a compact Cr + l m-dimensiona1 submanifo1d

of JRn (m < n). See Abraham and Robbins [104], Spivak [133] or
Go1ubitsky and Gui1lemin [129] for definitions and basic theorems

about manifolds and vector bundles. Roughly, a vector bundle over M

is a disjoint union E = U {p} x E of vector spaces E, one as-
pEM p P

sociated with each point p of M, tied together with continuity con-

ditions to make a manifold; and a map between two such bundles E and

F consists of a map h of the "base space" M and a linear map of

the vector spaces h#(p): Ep + Fh(p) for each p E M, both depending

continuously on p. If E,F are vector bundles over M, their sum

E ffi F is a vector bundle over M such that the vector space (E ffi F)p

associated with p E M is Ep ffi Fp Important examples of vector

bundles are the tangent bundle TM and the normal bundle N of

M, T M = tangent space to M at p E M, N = orthogonal complement
p n n p

of TpM in JR ; then TM ffi N = M x JR. A vector bundle E over M
is called trivial if it is a product M x V, for some vector space V,

or equivalent to a product, i.e., there is a linear isomorphism

Q(p): V + Ep for each p E M, depending continuously on p, thus

(p,v) (p,Q(p)v): M x V + E is a vector bundle map, as is its inverse.
Suppose there is a Cr +1 map Q: M + .St'(IRn-m ,lRn) with Q(p)

ninjective for each p and TpM ffi R(Q(p)) = JR for each p E M. By
the implicit function theorem, (p,v) p + Q(p)v is a diffeomorphism
of M x Bo(IRn-m) onto a neighborhood of M (some 0 > 0), generaliz-

ing the coordinate system described above for the case m = 1. If

R(Q(p)) = Np for each p, Q defines an equivalence from M x JRn- m to

the normal bundle N; in any case, we may follow Q(p) by the ortho-

gonal projection onto N. Thus the existence of such a map Q is
p

equivalent to triviality of the normal bundle, a property studied

with more care below.

Suppose M is invariant under the flow z = h(z), h defined

Cr on a neighborhood of M cJRn. In the new coordinates (x,y)

y E M, x E JRn- m (Ixl < 0) and z = y + Q(y)x, the flow becomes
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g(x,y) = (I+P(y)Q' (y)x) -lp(y)h(Y+Q(y)x)

A(y)x + f(x,y)

where P(y) is the projection of Rn onto TyM, along R(Q(y)), so
g(x,y) E TyM, g(O,y) = h(y), and

A(y)x = Q(y)-I(I-P(y))(h'(y)(Q(y)x) - (Q'(y)h(y))x)

f(x,y) = o(lx\) as x .... o.

Since P (y) and Q' (y) are
Cr functions, although y ....

To apply our invariant

we need information about

c", (x,y) .... g(x,y), A(y)x + f(x,y) are
r-lA(y) is merely C .

manifold theorem to the (x,y)-system,

= where y = h(y), yet) E M. (*)

Such information may often be derived from information about solutions
I;. of

2 = h'(y(t))I;.. (**)

Indeed if I;. is any solution of (**) and is defined by
(I-P(y(t)))I;.(t) = then solves (*); and conversely,
for any solution of (*) there is a solution I;. of (**) with

I;.(t) - E Ty(t)M for all t . To see this, let z£(t) be
the solution of i h(z) with z£(O) = yeO) + £1;.(0), where I;. solves

(* *). Then ze (t ) Y(t) + £ I;. (t) + 0 (s ) = Yc (t) + Q(y £ (t) ) X e (t)
(uniformly on compact t-invervals) so y (t) - Yet) = 0(£), x (t)

E £

0(£), and (l-P(y(t)))(y (t)-y(t)) = 0(£) since (I-P(y))T M = O.
£ Y

Define E IRn- m, net) E Ty(t)M by I;.(t) = net) + Q(y(t))qt); it
follows that y£(t) = yet) + £n(t) + 0(£), x£(t) = + 0(£), and
x (t ) = A(Y ( t ) ) x ( t ) + a ( c) = £A (Y( t) H ( t ) + 0 ( £) so tc t ) =
£ £ £

Conversely, if solves (*) and net) E Ty(t)M is
defined by

n = + gy(O,y(t))n, nCO) 0,

we find I;. = n + solves (**).

Thus, for example, if every solution I;. of (**) satisfies

for some solution net) E Ty(t)M
then every solution of (*) is
see Ex. 2 below.

of n = h'(y(t))n and some B > 0,
O(e- Bt). For more detailed results,
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The essential property needed to construct this coordinate sys­

tem is triviality of the normal bundle, so we will study this property

in some detail. If the normal bundle is not trivial, we can cover a

neighborhood of M with open sets, in each of which we have a co­

ordinate system as above. But fortunately the most important applica­

tions involve a trivial normal bundle and a single coordinate system

is sufficient.

First observe that a trivial vector bundle is orientable. If

the normal bundle N over M is trivial, then TM N M x ffin and

N are both orientable and it follows that TM and Mare orientable.

A basis of TpM may be oriented by requiring that, combined with a

positively oriented basis for N , it gives a positive basis for ffin.
p

Thus orientability of M is a necessary condition for triviality of

N. Another necessary condition is that TM is stably trivial, i.e.,

that there exists a trivial bundle (in this case, N) whose sum with

TM is trivial. Observe that stable triviality of TM is an

intrinsic property of M, unchanged by diffeomorphism. Now suppose

TM is stably trivial; then there exists a trivial bundle E such that

TM E is trivial, so N (TM E) (M x ffin) E, a sum of trivial

bundles, is trivial and N is stably trivial. Then for some integer

p, N M x ffiP is trivial, and if we consider M as a submanifold of

Rn+P (M cffin x 0 cffin+p), the normal bundle expands to N M x ffiP.

Thus, if we are able to expand the containing space to ffin+p, stable

triviality of TM is a necessary and sufficient condition for trivial­

ityof N. If n > 2m (m dimension M, M cffin) , we need not expand

the space: according to exercise 1 below, if N is stably trivial

and n > 2m, then N is trivial.

Examples.

(i) If U is an open set in ffin, U has trivial normal bundle
(namely U x {O}).

(ii) If U is an open set in ffin and M au, and U lies on

one side of M, M has trivial normal bundle. The unit outward normal

vector defines a basis for the normal space at each point of M.

(iii) The normal bundle of the sphere S2 cffi3 is trivial. The

tangent bundle T(S2) is stably trivial, but not trivial. For a

trivial bundle has nonzero continuous sections, so if T(S2) were

trivial there would exist a continuous tangent vector field on 52

which never vanishes, contrary to the "hairy ball" theorem. (A mar­

velously simple proof of this theorem is given by Milnor, Am. Math. Mo.,

Aug.­Sept. 1978, p , 521­524.)
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bundle of Sl clR2 is trivial - as is the tan-

C2 simple closed curve in lRn (n > 2) has

(iv) The normal

gent bundle. Thus any

a trivial normal bundle.
n
l(v) If Ml c lR and

n
lbundles, then Ml x M2 clR

(vi) The Mobius strip

and tangent bundles are nontrivial.

both have trivial normal

has a trivial normal bundle.
is not orientable so both normal

Exercise 1.

of m", n >

N ffi M x lRP

Suppose M is a compact C2 m-dimensional submanifold

2m, with stably trivial normal bundle N. Specifically

is trivial. Prove N is trivial. (It is sufficient to

prove this for p = 1.)
n n r LTo do this consider M clR x 0 clR (p = 1) and let

n+l 1w = (0, ... ,0,1) E lR so w N, T (M) for each x E M. If
x x 1 k-eI n+1

k = n-m, the assumed triviality says there is a C Q: M "'Y(IR ,lR )

with Q(x) an isomorphism of lRk+l onto N ffi span{w} for each x,
x

and we may suppose Q(x) is orthogonal for each x. Define vex) by
k k+lQ(x)v(x) = w, vex) E S clR , and choose an orthonormal basis for

k+l
R {e l, ... ,ek+l} with ek+l t- ±v(x) for all x E M, so
Q(x)ek+l t- ±w for all x. There is a rotation Sex) of lRn+l which

takes Q(x)ek+l to wand leaves fixed the orthogonal complement of

span{Q(x)ek+l,w}. It follows that {S(x)Q(x)el, ... ,S(x)Q(x)ek} is a
basis for N, a Cl function of x E M, and so N is trivial.

x

Remark. I am indebted to Prof. Paul Baum of Brown University for sug-

gesting the use of stable triviality.

The result of exercise 1 can be generalized: any stably trivial

vector bundle whose fiber dimension exceeds its base dimension is

trivial. The proof outlined above can be modified to prove this re-

sult, using the fact that a stably trivial bundle is orientable. This

generalization was shown to me by Paul Baum with a different proof.

The next result is a version of Whitney's embedding theorem,

proved using the transversality theorem [104].

Lemma 9.2.1. Suppose X is a Banach space of dimension 2m+l, and

M is a Cr (r > 2) m-dimensional compact submanifold of X. There

exists a projection P in Y(X) whose image is (2m+l) -dimensional

such that the restriction P!M is a Cr diffeomorphism of M to its

image in R(P), and Tx(M) n N(P) = {O} for each x E M. If P is

any proj ection in Y(X) with II P-P II sufficiently small, then P

satisfies the same conditions.
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Proof. Let M(2) = {(x,y) E M x M I x f y} and let (X*)n be the

n-fold Cartesian product (n 2m+l), and (TM)o = {(x,v) E TM

x E M, v f O}. Define

F: M(2) x (X*)n -+IRn: (x,y,l;l' ... ,l;n) .... (l;l(x-y), ... ,l;n(x-y))

G'. (TM) 0 x (X*) n -+ IRn '. ( ) ( () ( ))x,v,1;l'" ·,I;n 1;1 v , ... ,I;n v .

Suppose for some z = (1;1, ... ,1;) that 0 E IRn
n -1

F(' ,z) and of G(' ,z). Then F(' ,z) (0) and

either empty or submanifolds of M(2) or (TM)o or codimension n.

Since n > 2m, they are empty. Since F(x,y,z) f 0 on M(2),

x 1-+ z(x): M -+ IRn is injective; and z(v) f 0 if v f 0, (x,v) E TM.

wl, ... ,wn inn X so I;k(wj) = 0jk' z = (l;l, ... ,l;n)' Then

P = L wk 0 I;k' Px L wkl;k(x), satisfies the conditions of the lemma.
1 1

It remains to prove such z exists. If X* is separable,

we apply the transversality theorem directly and show an open dense

set in (X*)n will serve, by proving zero is a regular value of F

and G [104]. Suppose F(x,y,z) = 0 and u E IRn; (x,y) E M(2) means

x-y f 0 so there exists I; E X* with I;(x-y) 1 and

Ul; = (ull;, ... ,unl;) E (X*)n has DzF(x,y,z) (ul;) u. Thus DzF(x,y,z)

is surjective and 0 is a regular value of F; the argument for G

is similar.

Suppose X* is not separable.

in TM and let

Choose a dense sequence

Define X* c X* of dimension = dim X for each n with X* :::Jn n
00

n
X* = o· and define Z* as the closure of U X*. Then Z* is0 , n
separable, and the restrictions of F (or net to M(2) (or

(TM)o) x (Z*)n may be studied as above, with the same conclusion.

Remark. The argument we present is essentially that in Guillemin and

Pollack, Differential Topology (Prentice-Hall, 1974, p. 51), modified

for infinite dimensions.

Theorem 9.2.2. Suppose X is a Banach space, A is sectorial in X,

D(A*) is dense in X* (which is true if X is reflexive, but see

ex. 3), 0 < a < 1, U is an open set in Xa, f: U -+ X is a Cr map,

r > 1, and M is a compact Cr+ l submanifold of X of dimension m,

invariant under dx/dt + Ax f(x). Also assume that the tangent

bundle TM is stably trivial and dim X > 2m, or that M has trivial
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normal bundle.

There is a closed subspace Z c X of codimension m and a

Cr+ l map Q: M such that Q(y) Iz is an isomorphism of Z

to its image with Q(y)Z ffi TyM = X for each y E M, AQ(y) - Q(y)A
extends uniquely to a bounded linear operator on X, and a neighbor-

hood of M is represented as

{y + Q(y)z: y E M, z E z, Ilzll < <5}

with (y,z) y + Q(y)z

The flow x + Ax
a

f(x)

diffeomorphism onto this neighborhood.

in a neighborhood of M becomes

y = g(y,z) , z + Bz = h(y, z)

where B is sectorial in Z, D(B) = D(A) n z, z" = Z n Xa h(y,O) = 0,,
g(y,O) -Ay + fey) E T M. The functions g,h are Cr functions of

Za II z II <
y xY E M, z E <5. 1£ y + Ay = fey) in M and + Ax, a

f'(y(t))x, there is a corresponding solution z of i + Bz =

with x(t) - Q(y(t))z(t) E Ty(t)M for each t, and con-
versely.

Proof. The case dim X < 00 was discussed above so assume X is in-

finite dimensional. Choose a projection P as in Lemma 9.2.1; we

may assume that R(P) c D(A) and R(P*) c D(A*), since D(A), D(A*)

are dense, and that P(M) has trivial normal bundle in R(P). Note

AP and A*P* are bounded, so PA extends to a bounded

linear operator on X. There is a subspace W c R(P) and a Cr+ l

map Qo: P(M) such that Qo(Y) is injective and

R(Q (y)) ffi T (PM) = R(P) for each y E PM. Since N(P) n TyM = 0o y
for y E M, P maps TyM isomorphically onto Tpy(PM) and we may
take Z = N(P) ffi Wand define Q(y)(v+w) = v + Qo(py)w for v E N(P),

w E W, Y E M. Also X Z ffi Z, dim Z = m, Z c R(P), and we let

Q(y)Z = O. If Y E M, z E Z, z E Z,

(AQ(y)-Q(y)A)(z+z) = APQ (Py)Pz + PA(l-P)z - (Q(y)PA+(l-P)AP) (z+z)
o

so AQ(y) - Q(y)A may be extended to a bounded linear map on X. It

is easy to see Q(y) \Z is an isomorphism of Z onto R(Q(y)).

If B = (l-P)AIZ, it is easily seen that B is sectorial in Z

with domain D(A) n Z dense in Z. If P(y) is the projection of

X onto TyM along R(Q(y)), the flow x + Ax = f(x) becomes

(l+P(y)Q'(Y)z)y + Ay - fey) = P(y) [f(y+Q(y)z-f(y)+(Q(y)A-AQ(y))zJ
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or y = g(y,z), and

Q(y) (z+Bz) = -Q(y) [PA + (l-P)AP] z + (l-P(y)) [f(y+Q(y) z) -fey)

+ (Q(y)A-AQ(y))z] - Q'(y)g(y,z)z

with x = y + Q(y)z. Since the right-side of the z-equation has

values in R(Q(y)) = N(P(y)), we may apply (Q(y)!Z)-1 and solve for

z + Bz = h(y,z).

The other claims of the theorem are easily verified.

whenr-l
CLipsmoothness we may equally consider

Remarks. If we apply the same change of variables to x + Ax = F(t,x),

the resulting y and z equations are obtained by replacing the term

f(y+Q(y)z) by F(t,y+Q(y)z).

Observe that, if A has compact resolvent, then B also has

compact resolvent.

In place of Cr

r is an integer > 2.

Exercise 2. Assume the hypotheses of Thm. 9.2.2 hold, and in addition,

for every solution yet) E M of Y+ Ay = f(y), every solution x of

x + Ax = f' (y ( t ) )xis a sum x ( t ) = x+( t ) + x ( t ) + x _( t ) 0 f solu-

tions with x (t) E T (t)M, Ilx (t) II < (t) II for t:: r ,o y + - +

Ilx_(t) II Me-S(t-t)llx_(T) II for t r , (for some positive constants

8,M) and there are projections P (t), x (t) = Pa(t)x(t) for
+, -,0 a

a = +,-,0, IIPa(t)11 < M. Finally suppose (I-Po(t))IR(Q(y(t))) is

an isomorphism of R(Q(y(t))) onto N(Po(t)) with

Ilzll II (l-Po(t))Q(y(t))zll Kllzll, z E Z.

Prove z + Bz = h (y(t) ,O)z has an exponential dichotomy on ill with
z 2

exponent 8 and bound K M. The projections may be taken to be

Q(O-IP±(t)Q(t) where Q(t) = (I-Po(t))Q(y(t)).

It may be useful to consider first the case when M is a

periodic orbit with I as a simple multiplier and the remainder of

the spectrum of the period map off the unit circle. See also example

1 of the next section.

Exercise 3. In Thm. 9.2.2, D(A*) was assumed to be dense merely to

ensure we could take R(P*) c D(A*). In fact D(A*) is always dense

in the weak* topology. Using compactness of M prove we may choose
the projection P with R(P) c D(A) and R(P*) c D(A*) even if
D(A*) is not dense.
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9.3 Examples.

Example 1. Suppose A is sectorial in X with

° < a < 1, U is open in Xa , and f: U X is

Assume there is a nonconstant periodic solution

x + Ax = f (x) ,

compact resolvent,
c" (r >_ 1) or, L'i p
u(t) in U of

u(t+p) u(t), and the period map of the linearization,

x + Ax = f' (u(t))x

has 1 as a simple mUltiplier, with the remainder of the spectrum off

the unit circle. Assume t u(t) E X is Cr+ l (or crip' respec­
tively); it is certainly for any < 1.

Introduce coordinates (s,z) in a neighborhood of the

periodic orbit r

x = u(s) + Q(s)z (s real, z E Z, I[zll < 0)

where Z c X has codimension one and s Q(s) is periodic with

period p and is of class Cr+ l. The flow near the periodic orbit

has the form

s = 1 + S(s,z)
-

z + Az = h(s,z)

where S,h are Cr,

A is sectorial in

p­periodic in s and vanish when

Z with compact resolvent.

Linearizing about z = 0 we obtain

z = 0, and

5 = 1, z + Az ah
"fi"(s,O)z.

Since set) = t + s(O), the z­equation has p­periodic coefficients,

and its multipliers are the numbers e AP such that there is a non­

trivial solution z(t) with e­Atz(t) p­periodic. Suppose there is

such a solution z(t) bounded on ­00 < t < 00, Le. leAPI = 1, and

s (0) 0 (for simplicity); then there is a solution x (t) of

:ic + Ax = f'(u(t))x with x(t) ­ Q(t)z(t) E Tu(t)r, Le., for some

scalar net), x(t) = Q(t)z(t) + n(t)u' (t). Now there is a constant c

such that x(t) ­ cu'(t) is identically zero or is unbounded as

t +00 or as t ­00. It follows that net) = c and z(t) = 0 for

all t. Thus the linearized z­equation has no multipliers on the

unit circle and so, has an exponential dichotomy on m. (In fact, a

similar argument shows the mUltipliers of z + Az h (t,O)z are thez
mUltipliers f 1 of x + Ax = f'(u(t))x.) If A does not have com­

pact resolvent, we still have an exponential dichotomy (see ex. 2,
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The

is

x.

u -+ X

sec. 9.2).

If the multipliers r 1 of the linearized x-equation are all

inside the unit circle, it follows from Thm. 9.1.1 that the solution

x = u(t) is orbitally asymptotically stable with asymptotic phase,
but it is orbitally unstable if some multiplier has modulus greater

than 1. Of course, this was proved before with weaker assumptions,

but introduction of the coordinate system enables us to treat pertur-

bations of the system in a unified way.
1 2

Now suppose f is CLip' u is CLip' F:lffi x

bounded, locally Holder continuous in t and CLip in

equation x + Ax = f(x) + F(t,x) becomes

5 = 1 + g(s,z,t), Z + A(s)z = hl(s,z,t)

- 3h -where A(s) A and s -+ A(s), g, hI are p-periodic
oZ 2

g = 0 if z = 0 and F = 0, and hl(s,z,t) = O(llzlla) if F = O.
When t -+ F(t,x) is uniformly almost periodic then t -+ g,h l are

also uniformly a.p. with the same frequency module. If t -+ F(t,u(s)),

Fx(t,u(s)) are integrally small uniformly in s, there is an invari-

ant manifold z = a(s,t), or in the original variables

x = u(s) + Q(s)a(s,t).

t -+ F(t,x) is uniformly almost

frequency module contained in the

q -+ 0 uniformly in s,t

s, and whenThis is p-periodic in

periodic, it is u.a.p. in t with

module of F, and 0, -+ 0 as
3s

(1II
t2(F(t,U(S)),F

(t,u(s)))dtll q for Itl-tzl 1). If F is
t x
1

independent of t (frequency module = {OJ) ° is also independent of

t and x = u(s) + Q(s)o(s) is the unique periodic orbit near r of

the perturbed equation, and it shares the stability properties of r.
The period is the solution TF of s(TF) = p, 5 = 1 + g(s,a(s)),

s(O) = O. If F is T-periodic in t (T > 0), the frequency module

is {nT: n = 0,±1,±2, ... J and a is also T-periodic in t. We may

identify the time-slices of the invariant manifold at t 0 and

t = T, thus obtaining a two-dimensional torus. The flow on this torus

is given by

5 1 + g(s,o(s,t),t)

and the function on the right
1

and CLip as a function of
ent to apply Denjoy's theorem

torus (see [37 , 89]).

is p-periodic in
s. This degree of

and other results

s, T-periodic in t,
smoothness is suffici-

on the flow on a
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Example 2. Suppose X, A, f satisfy the conditions of Example 1,

but there is a (k+l)-parameter family of periodic solutions

x(t) =

(-00 < ¢ < 00, b ffik with Ibl < 1) of x + Ax

u(s+l,b) = u(s,b), web) > 0, (s,b) .... u(s,b) ,web)

tions and

f(x), where
are Cr +l func-

, ...... ,au au
as' ab l

are linearly independent for each

Ib I < i r , Then

au
abk

(s,b) in ffixB,B

M = {u(s,b) I 0 s 1, b E B}

is a compact Cr +1 (k+1) - di mens i ona l invariant manifold with boundary,
1 1 0 0

essentially S x B. Since S x B (B = interior of B) has trivial

normal bundle, we may construct a coordinate system x = u(s,b) +

Q(s,b)z where z E Z, a subspace of X of codimension (k+l), and
o

the flow near M (= M, less its boundary), becomes

s web) + S(s,b,z)

b B(s,b,z)

z + Az = h(s,b,z)

where S,B,h have period 1 in s and vanish when z = 0 (since
0

the flow in M is 5 = w(b) , 0 0, z = 0) . To avoid complications

near the boundary of M, we may choose a smooth function ljJ(b) such

that ljJ(b) = 1 for Ib I < 1-8 < 1 and ljJ(b) = 0 for Ib I > 1- 8/2,
- -

and replace B in the equations above by ljJ(b)B (s, b, z). This has no

effect on solutions which remain in Ib I < 1- 8.
-

In the linearization

x + Ax f ' (u(w(b)t+¢,b))x

with ¢ and
(k+l), since

the equation.

and there are

follows that

b constant, 1 is a multiplier of multiplicity at least

au/as and au/abo + tau/as aw/ab. (1 j k) satisfy
J J

We assume the multiplicity of 1 is exactly (k+l)

no other multipliers on the unit circle. As before, it

z + Az ah
a-z(s,b,O)z (f, 0, s web))
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has an exponential dichotomy on ffi. By Thm. 7.6.11, we may assume

the exponent and bound of the dichotomy are independent of s(O) and

b, at least for fbi 1-6/2.
a

If the multipliers r 1 are all inside the unit circle, M is

asymptotically stable with asymptotic phase. Specifically if x(t)

is a solution with Ilx(O) - u(¢,b) II sufficiently small for some
a

¢ E ffi, Ibl l-Z6, there exists ¢* near ¢ and b* near b
(jb*1 < 1-6) so that

Ilx(t) - u(w(b*)t+¢*,b*)ll a .... 0

exponentially as t .... +00, The solution remains in Ibl < 1-6 for all

t > 0 so = 1 and our modified equation is equivalent to the

original equation. This result (generalizing one of Hale and Stokes

[44]) was originally proved by N. Alikakos [107] in a more direct way,

and was applied to the Volterra-Lotka system with diffusion for

predator-prey population dynamics. (See ex. 1 beLow . )

Example 3. Suppose Xl,XZ
with compact resolvent (j

Cr functions. Assume

are Banach spaces, Aj is sectorial in Xj
1,Z), 0 a < 1, and f.: .... X. are

t+ 1 J J
x
J
' + A.x. = f.(x.) has a C periodic orbit

J J J J
with period p., x· = u.(t), which has 1 as a simple mUltiplier and

J J J
no other mUltipliers on the unit circle.

Assume F: ffi x x x Xl x Xz is locally Holder continuous

in t and Cr in (xl,xZ) in a neighborhood in x of

We suppose F

It zII t (F,Fxl,FxZ)(t,ul(Sl),UZ(Sz))dtll q
1

when Itl-tzl < 1 and sl'sZ are arbitrary. For small q, consider
the perturbed equation

Xl + Alxl

Xz + AZxZ

fl(x l) + Fl(t,xl,x Z)

fz(x Z) + FZ(t,xl,xZ)

near M. Since M is a two dimensional torus, we may introduce new

variables in the form

u.(s.) + Q.(s.)z.
J J J J J

(j 1, Z)
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so the perturbed equations take the form

Sj 1 + Sj(Sl,sZ,zl,zZ,t)

Zj + AjZ j = hj(sl,sZ,zl,zZ,t), = 1,Z.

Here Q. , S. and h. have period PI in sl' period Pz in sz,
J J J

and S. = 0, h. = 0 when zl = 0, Zz = 0 and F = O. If F 0,
J J

the equations are uncoupled and independent of t (for each j, S.
J

and h. depend only on s. and Z. ) and the linearization
J J J

ah.
Z. + A.z. = )z.
J J J OZj 0 J

with the coefficient dependent only on s. = t + constant) has an ex­
J

ponential dichotomy on ffi.
1Suppose, for example, F is independent of t and is CLip

near M. If q is sufficiently small, by Thm. 9.1.1 there is a unique

invariant manifold MF near M for the perturbed system. If each of

the solutions ul,u Z is orbitally stable, then MF is asymptotically

stable with asymptotic phase; otherwise MF is unstable. In any case,

MF is a manifold and the flow in MF is given by a ctiP
vector field without equilibrium points on this Z­torus.

Example 4. Suppose A is sectorial in X with compact resolvent,
0 < C! < 1, U is open in xC! f: ffi x U .... X is locally Holder continu­,
ous and uniformly almost periodic in t and uniformly Cr in x
(or r­l Z. We consider the equationCLip)' r >

x + £Ax = £f(t,x)

for small £ > O. Define

- 1 JTf(x) = lim f f(t,x)dt,
T....oo 0

1 JTI' (x) = lim f fx(t,x)dt
T....oo 0

and suppose U(T) is a Cr +
l nonconstant p­periodic solution of the

averaged equation

dx/dT + Ax = I(x),

1 is a simple multiplier of the linearization and there are no other

multipliers on the unit circle. We introduce new variables

x = u(s) + Q(s)z

with s .... Q(s) p­periodic, and the flow becomes
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s E(l + S(t,s,z))

Z + EAz Eh(t,s,z)

where S,h vanish when z = 0, are p-periodic in s and uniformly

almost periodic in t. Also, if

1 fTh I (s) = 1 im 'f h (t, s , 0) d t
o ° z

(s = t + constant) has an exponential dicho-then dz/dt + Az

tomy on JR.

Let t = Et, A(s) A - the equations take the form

ds/dt 1 + S(t/E,S,Z)

dz Zdr + A(s)z = h(t/E,s,z) - h'(s)z.o

When z = 0, we have S = ° and h = 0, and hz(t/E,s,O) - is
integrally small for small E, uniformly in s. Thus by Thm. 9.1.1,

for small E > 0, there is an invariant manifold of the form

z = a (t/E,S) or, in the original variables
E

where s vE(t,s)
(CleJ Ids) (t,s) 0

E
fold is

is p-periodic. As E 0+, eJECt,S) 0 and
uniformly in t,s. The flow in the invariant mani-

5 E(l + S(t,s,eJE(t,s)))

so the resulting solutions x(t) are small perturbations of the

slowly-moving function u(s (t)), 5 = E + 0 (E). The invariant manifold

shares the stability properties of the solution u(t) of the averaged

equation. If t f(t,x) is periodic, the same is true for S,h and

a and we are again faced with a flow on a torus; we have the necessary
1 Z

smoothness if (t,x) f(t,x) is CLip and u I r ) : JR X is CLip'

Exercise 1. Suppose is a bounded smooth connected open set in JRn,

a, b, vI' V z are positive constants and consider the Volterra-Lotka
system with diffusion:

ClUl/ClN = 0, CluZ/ClN = 0 on

The space of nonnegative functions in JRZ) is positively

invariant. This system has as an invariant manifold-the Z-dimensional
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space of constant functions (independent of x En), with the flow

in this manifold given by (*) ul = ul(a-uZ)' Uz = uZ(ul-b). N.
Alikakos [107] proved that any solution with smooth positive initial

values must have a positive solution of the ODE (*) as its w-limit

set. He proved that the solution approaches with asymptotic phase

provided the limiting solution is not the equilibrium ul = b, Uz = a.

Introduce coordinates near this two dimensional invariant manifold in

a neighborhood of this equilibrium point (example Z does not apply)

and prove asymptotic stability with asymptotic phase uniformly in such

a neighborhood.



CHAPTER 10

TWO EXAMPLES

10.1 A selection-migration model in population genetics

A model for the change of the gene frequency u in a population

under the combined influence of selection and migration is

au/at

au/dv

+ As(x)f(u) for x E t > a
a on

with initial value given in a u(x,O) < 1, x Here is a

bounded open connected set in ffin with -C2 boundary (assume n < 3

for simplicity); A is a positive constant, essentially the ratio of

the intensity of selection to the migration rate; sex) is the local

relative selective advantage (or disadvantage, if sex) < 0) of the

gene at position x E s E and f: [0,1] -+ ffi is a C2

function with f(O) = a = f(l), feu) > a in a < u < 1, f ' (0) > 0,
f' (1) < O. In the genetics problem, feu) = u(l-u) [hu+(l-h) (l-u)] for
a constant h in a < h < 1. Below we shall assume f"(u) < a on

a < u < 1, i.e., 1/3 < h < 2/3. This model was introduced by Fisher,

and studied more recently by Fleming UI8]. whose paper inspired this

investigation.

It is easily shown by maximum principle arguments that
a < u(x,t) 1 for t > 0, x E if this holds at the initial time,

and the equation defines a dynamical system in X

X {u E I a u(x) 1 a.e. in

and in fact we have a gradient flow (see sec. 5.3). Thus the stability

properties of the solutions will be determined by the equilibrium
solutions in X. In case f"(u) < 0, a < u < 1, we obtain an essenti-

ally complete description of the stability properties for every A > O.

An essential role in the argument is played by s = fns(x)dx,

the average selective advantage. If s < a then for small A (rapid

migration) every solution u in X (except u = 1) tends to a as
t -+ +00; but if sex) > a on a set of positive measure, then for large

A (slow migration) every solution u in X (except u = a or
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u = 1) tends to the unique equilibrium in 0 < ¢A(X) < 1 as

t +00. With mild assumptions, ¢A converges to the characteristic

function of {x E n: sex) > O} as A +00 (ex. 3). If s > 0, we

obtain analogous results by replacing u by l-u. The case 5 = 0
is considered in ex. 2.

We say u = 0, u = 1 are trivial equilibria and set

in a¢n, av = 0 on

-Lemma 10.1.1. If s f 0, EA = {O,l} for sufficiently small A > 0,

i.e., there are no nontrivial equilibria.

Proof: Suppose ¢ is a nontrivial equilibrium and is the

space-average value of ¢; then 0 < < 1, and ¢ = + w where

In wdx = 0, 6W = and aw!av = 0 on an. Provided

= 0, this Neumann problem is uniquely solvable for W with

In wdx = 0, and for a constant C = ((n) < 00

for a constant

IlwilL :: CA
2 2

A this implies II wilL :: (1
2

For small

C
l,

so

lIn s(x)dxlfC¢) = lIn s(x)(f(¢")-f(¢+w))dxl <

which gives a positive lower bound for A. The following eigenvalue

computation is due to Fleming [118].

Lemma 10.1.2. If 5 < 0, sex) > 0 on a set of positive measure, let

A
O

= I}; then 0 < A
O

< 00 and

(i) For 0 < A < A
O
' the zero solution is asymptotically stable

(ii) For A > A
O

' the zero solution is unstable by the linear

approximation, and there exists £(A) > 0 so any solution u in X

of (*)A with ult=o 0 has sup u(x,t) > £(A) for all large t.
n

(iii) For any A > 0, the solution u _ 1 is unstable by the

linear approximation, and any solution u in X of (*)A with

ult=o 1 has inf u(x,t) < l-£(A) for all large t.n -

Proof: There exists with 2f'(O)In s(x)¢ = 1,

In I 1
2
dx = A (an exercise in weak convergence, using the fact

0

5 f 0 to control the average value of the approximants) so

6¢ + Aosf' (O)¢ = 0 in n, a¢!av = 0 on an. Thus when A > A
0
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JrI(!'I¢+ASfl(O)¢)¢dX (I.-Ao)f'(O) > 0

But max{frl(-IVeI2 + >.£1 (0)se 2) leE: Hl(rI) , f
rl
e2 L} is the largest

eigenvalue of !'IN + Af' (O)s, so for A > 1.
0

this eigenvalue is posi-
tive and the zero solution is unstable by the linear approximation.

Suppose = is the largest eigenvalue; then (see ex. 1)

there exists > 0 in Hl(rI) with + = in arl,
2 2= 0 on arl, = 1. If < 0 then f rl

-f
rl

< O. If > 0 then, by definition of 1.
0

,

f rl so i',; Thus when
o < A < 1.

0
, we have i',; < 0 and the zero solution is asymptotically

stable, while for A > A it is unstable. The solution u - 1 is
o

unstable for all A > ° since frl(i'l+Asf' (0))1 dx = 1-5f' (1) > O.
Now suppose A > 1.

0
, so i',; > 0, and is the positive eigen-

function mentioned above. Define

If> O.

sup u(x,t) 2£,
x

then dv/dt i > 0 so any nonzero equilibrium ¢ has sup ¢ 2£.
And since the w-limit set of the solution u consists of a connected

vet)

where u solves (*)1.' 0 u < 1, u t 0, so v(O)
£ = £(1.) > 0 is small enough and for some t > 0

set of nonzero equilibria, sup u(x,t) £ for all sufficiently large
t. The argument near u = IX is similar.

Remark. If s < 0 a.e. in rI

asymptotically stable for every

the above argument shows

A > O. In effect, we set

is
+00.

Lemma 10.1.3. If 5 < 0, sex) > 0 on a set of positive measure and

f"(O) f 0, the only nontrivial equilibria near (0,1.
0
) lie

on a Cl curve of the form

for small £ > 0, where ¢ > 0, !'I¢ + Aosf' (O)¢ = 0, a¢/av 0 on arl,
and Alf" (0) < O. If fit (0) < 0 then Al > 0 and we have branching

to the right. If f" (u) = bum + o(um) as u -+ 0+ (b < 0, m > 0)
we again have branching to the right but the curve has

A = A + m+lA + ( m+l)
Al O.£ 1 a £ , >

0

Proof: This is a standard bifurcation argument, once it is realized

that 0 is a simple eigenvalue of !'IN + Aosf' (0), with eigenfunction
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¢ (see ex. 1), for lemma 10.1.2 says 0 is the largest eigenvalue.

Lemma 10.1.4. Suppose q E LOO(rI) , tiu + qu = 0 in 11, au/av = 0 on

arl, u > 0 a.e. in 11. If u "f- 0 then u(x) > £ > 0 on n for- -
some e > O.

Proof: Choose A > 0 so A + q(x) > 1 a. e. , so (A-ti)U (A+q)U >
- -

u > 0 in n. If NA is the Neumann function for A-ti in n then

NA(x,y) > 0 for x f y in IT, by the maximum principle, and if
u(x) "f- 0

u(x) = II1 NA(x,y)(A+q(y))u(y)dy > O.

Lemma 10.1.5. Suppose s E L
OO
( I1 ) , s 0, A> 0, f: [O,lJ -+-lR is C2,

has f(O) = f(l) = 0 and u fl (u) is strictly decreasing on

o < u < 1. Then any nontrivial equilibrium of (*)A is simple, i.e.,
the linearization about the equilibrium does not have zero as an
eigenvalue.

Proof: Suppose ¢ is a nontrivial equilibrium of (*)A' By lemma
10.1.4 with q = Asf(¢)/¢, ¢(x) > 0 on n, and similarly with

q = -Asf(¢)/ (l-¢), l-cj>(s) > 0 on n. Thus f(¢) > 0 on IT.
Suppose ti1ji + Asf'(¢)1ji 0 in rI, a1ji/a\) = 0 on an; we must

prove 1ji = O. Let e = ljJ/f(¢); then

tie + 2'Ve·'V¢f'(¢)/f(¢) + ef"(¢)!'V¢1 2/f(¢) 0

ae/a\) = 0 on arl.

The coefficient of e is < 0 so the maximum principle says the

maximum of e occurs at the boundary, and if e"f- constant, it occurs
at a point where ae/a\) > O. Thus e is constant. If e f 0

(i.e. ljJ "f- 0) then f"(¢)'V¢ = 0 in rI so f' (¢) = constant in rI,
so ¢ = constant and Asf(¢) _ 0, a contradiction.

Theorem 10.1.6. Suppose n, s, f satisfy the conditions stated with

the problem (*)A; fns(x)dx < 0; for some m 0, u-mf"(u) has a
finite nonzero limit as u -+- 0+; and u f'(u) is strictly decreasing

(for example, f"(u) < 0 on 0 < u < 1). Define A
O

as in Lemma

10.1.2, but A
O

= +00 if sex) < 0 a.e.

For any A > A
O
' there is a unique nontrivial equilbrium ¢A

for (*)A' 0 < ¢A(X) < 1 on n, and it is asymptotically stable. There

are no nontrivial equilibria for 0 < A SAO.

If u is any solution of (*)A' 0 u 1, with u"f- 0, u "f- 1,
then
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+) °
if ° < A < A

u(x,t) 0

¢A(X) if A > A
uniformly in aas t -+ +"', x.

U=1

o<u.<1
1

1 t t

"0
Proof: Let NA be the number of nontrivial equilibria of (*)A; we

prove NA = ° for ° < A < A
O

' NA = 1 for A > A
O
' Since this is a

gradient flow, and by lemma 10.1.2, the results about asymptotic be-

havior follow.

By Lemma 10.1.5 and the implicit function theorem, NA is

finite and locally constant for A r A
O
' A > 0, so it is constant on

° < A < A
O

and on A
O

< A < "'. By Lemma 10.1.1, NA = ° for small

A > 0, hence for all A in (O,A). By Lemma 10.1.5 and compactness
o

(in Hl(Q)) of the set of possible equilibria, NA ° as well, and
a

by Lemma 10.1.3, NA = 1 for small A-A
O

> 0, hence for all A > A
O
'

Remark. If feu) = u(l-u) [hu + (I-h) (l-u)] with h slightly greater

than 2/3, then f"(O) > ° and the curve of equilibria branches to

the left initially, before turning to the right.

Exercise 1. Suppose q E L"'(Q)

I¢I, so we may

Then if alsoby 10.1.4 above.in¢ > 0

u = in£{ J
Q(II7¢1

2+qq,2)dX:
JQ¢2 dX = i r ,

lJ is the first eigenvalue of -6
N

+ q and it is a simple eigen-

with an eigenfunction ¢(x) > 0 in IT (6¢ + (lJ-q(x))¢ = 0

Q, a¢/8v = ° on aQ).

If ¢ minimizes the quadratic form, so does

in

value
Then

Hint:

assume ¢ > ° and so

+ = 0 show

° = +

Exercise 2. Suppose s F 0, 5 = fQs(x)dx = 0, and f"(u) < 0 on

o < u < 1. When A > 0, the trivial solutions are unstable by the

linear approximation [118] so the number of nontrivial equilibria is

constant for all A > 0. Prove there is exactly one nontrivial equi-

librium for all A > 0, by proving there is exactly one equilibrium
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0 < < 1, for small A > 0, and it has + c as A + 0+,
where fl(c) = 0,0 < c < 1-

Hint: Write the equilibrium as the sum of its average value and the

deviation from the average, and solve for this deviation in terms of

A and the average value.

Exercise 3. Suppose s E LOO(n) , sex) f 0 a. e. and the set
p = {x: sex) > O} has fini te capacity, i. e. , there exists 1/J E HI (IRn)

with 1/J = 1 on P and 0 < 1/J < 1 a.e. on JRn,P. Suppose f(O) =
-

f(l) = 0, feu) > 0 on 0 < u < 1 and minimizes

F = f(s) ds, 0 < < 1- Let Xp 1 on r , Xp = 0 on n,p.
0 - -

Prove + Xp in measure as A + +00, hence + Xp in

Lq(n) for any q < 00

Hint: Let m = II and show

f QA(1/Jm) + -F(l) I
p
s(x)dx as A + 00

f QA(1/Jm) f > -F(l) I
p
s(x)dx

so Idx + 0 as A + 00. Note V1/J

10.2 A problem in the theory of combustion

In sec. 5.1 and 6.1 above, we studied the system

o a.e. in P.

8n/8t

dI/dt

Dcn - en f fT) in n, 8n/8v = 0 on 8n

tlT + qnf(T) in n, T = 1 on 8n

where n is a bounded smooth domain in JR3, f(T) = exp(-H/T) and

D,q,H,E: are positive constants with E: small. If n 0, T > 0 at

the initial time, these remain true for all later time and the system

defines a dynamical system in the space of nonnegative functions n,T

in Hl(n) with T 1 on 8n. Every solution of this kind has

(n,T) + (0,1) as t + 00 but the convergence is slow, O(exp(-E:f(l)t)).

In sec. 6.1, invariant manifolds were used to discuss the solutions on

o < t < O(l/E:), but here we take a different approach and justify the

"pseudo-steady-state hypothesis" under fairly mild assumptions.
-1

Let = Inl In be the spatial average and set

n = no + n l with no(t) = <nCo ,t» so In nl(x,t)dx = O. If Ao,AI
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are the first positive eigenvalues of the Dirichlet and Neumann prob­

lems respectively in then (see sec. 6.1)

Thent > O.uniformly for

2 ­A Dt 2
Alllnl(t)IIL < e 0 + ±Z Iln(0)11

2
•

2 2 2 AOD

After a time interval of order 10g(E­ lllvn(0)II L) we have
2

O(E) for all later time. For simplicity, assume

fiO(t) ­E<nf(T» < 0

and

nO (t)
2­EnO(t)<f(T» + O(E ).

Let >c(x,t) qn (x, t) ; then for some constant k,

II A(: ,t) - <A( . , T) >11 L ( ) kEel + It ­ TI)
2

for all t,T O. In fact we will study the T­equation with qn re­

placed by any such slowly­varying, nearly constant function A, also

supposing (on occasion) that t <A(' ,t» is strictly decreasing.
Solutions T of

aT/at = 6T + >c(x,t)f(T), T 1 on

will be compared with solutions S of

as/at = 6S + u f f S) , S = 1 on (*)
lJ

for appropriate constants lJ. Observe (*) is a gradient flow, so its
u

equilibria will playa crucial role.

Theorem 10.2.1. Assume for lJ O = <A(' ,0», there is a compact interval

J cR containing lJO such that for each lJ E J, (*) has an equilibrium
1 \.l

with 6D + < 0 and \.l E H is continuous. Assume
the solution SO of (*) with SO = T at t = 0 has SO(t) +

lJo )J 0

as t + +00. Then for sufficiently small E > 0

IISo(t) ­ T(t)11 1 = O(EP) on 0 t t E,
H

and IIT(t) = O(E£n 1/£) for t t£ uniformly in t
as long as <>C(',t» remains in J. Here p is a positive constant

and t£ O(£n 1/£), and we may expect <A(' ,t» to remain in J

on a time interval 0(1/£), long compared to t£.
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Remark. This is the so-called pseudo-steady-state hypothesis, that

T remains close to the stable, slowly moving equilibrum ¢<A(' ,t»'

following an initial transient. See exercise 1 for a more general

version.

Another remark. If the equilibria of (*) are all
u

sec. 5.3), then an open dense set of values

hyperbolic (see

S(O) give solu-

t -+ +00. Given

(in a Baire category

Thus the hypotheses,

are generally very

£ > a "sufficiently

the theorem hold.

tions Set) converging to a stable equilibrium as

> 0, it can be shown that, for most regions

sense), all equilibria of (*) are hyperbolic.
u

while difficult to verify in a particular case,

plausible.

Since the time-one map is compact, for a closed bounded set of

initial values S(O) in the region of attraction of ¢ , we may find
u

small" uniformly on this set so the 20nclusions of

Proof of Thm. 10.2.1.

constants C,S so

Since 6D + f' (¢ ) < a there are positive
°

Ilso(t) - II 1 < Ce- St.

o H

Let e = T-So, so e = a on and

There are constants Cl,M (depending only on

Ile(t)11 1:: cle
Mt

sup < dCleMt(l+t).
H [0, t l 2

£ = 1; then for a < t <

and so
Define t'

e
by

and

where

IIT(t) - SO(t)1I 1 = O(£Ptn 1/£)
H

- II 1 = O(£Ptn 1/£)
o H

P = S/(M+8) > O.
Now by the implicit function theorem and compactness of

is differentiable on J and for some constant y > 0

J,

on J. There is a constant C2 so

-A t
II e u vII 1

H
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in J, v E H
l((1).
o

Also

IIS(t)11 1
H

- f(S) - f'(s)sII L ': CzIISII\
z H

for all S,S in HI ((1) and u in J' here we have used the Sobolev,
inclusion Hl ( (1) c L4 ( (1 ) .

If = <\(·,T» is in J and S has lis (T)II
HI

< r
0

(ro chosen below), then

as/at + A S = + - f(¢ )-f'(¢ )S)
u u

for t > T so

C e -y(t-T)IIS (T)II
Z HI

+ CZft e - y (t - s) (t - s) - lz{kc (1 +s - T) +Czil S(s) II z1 } ds .
T H

3 P -vs -1< 00 -lz -ysSuppose Br CZ,max{!O e (p-s) 2ds} = 1, and let C3 = 4Czk lOS e ds
o P:::O

Zand = k/ZC ZC 3
. Then for t::: T, as long as E(l+t-T) < we have

II S( t ) II 1 zCZe - y ( t - T) II S(T)II 1 + EC3 ( 1+t - T) .
H H

The inequality certainly holds for small t-T > 0 and if [T,t] is
the largest interval where it holds, the choice of the constants en-

sures the inequality is strict at time t, so we must have t-T+l =

(The estimates are rather crude, and use (a+b)Z Z(az+b Z).)

Choose t so yet -t') = l/E, so again t = l/E) andE E E E
(supposing E small)

O(Etn lie:)

and IIS(t )I[ 1 = O(E liE).
E H

Suppose IIT(T) - ¢<\(T»[I I < B E l/E and choose L so
H

ZC Z exp(-yL) = liZ; then

[IT(T+L) - ¢<\(T+L»II
HI

< i BE l/E + EC 3(1+L)

< BE l/E

for small E > O. Therefore
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IIT(t) - <P<>.(t))l l = O(E 9,n l/E)
H

uniformly for t > t
E

as long as <>'(',t» remains in J.

Remark. With a bit more care one can improve the estimate to O(E).

Exercise 1. Suppose A is sectorial in X, 0 a < 1, U em x xa is

open, (A,d) is a metric space, f: U x A X is bounded with f(t,x,>.)

locally Holder continuous in t, uniformly continuously differentiable

in x and uniformly Holder continuous (exponent 8, 0 < 8 < 1) in A.

Assume for each >. E A there is a solution of

with in U, A is locally Holder continuous (some
uniformity implied below) and the evolution operators TA(t,s) for

r; + Ar; =

satisfy IITA(t,s)11 Me-S(t-s), t > s > O. Define 9, > 0 by
Y(Xa )

2 M exp(-S9,/2) = I and prove, for each C > 0, there are positive
+

constants r o' Ko, EO such that whenever >.: m A satisfies

II ( t ) - (t)ll a Cd(A(t) ,A(T)) 8 for 0 < t v r < 9"

and

d(A(t),>'(T)) < E(l+lt-TI) for all t,T > 0

with some 0 < E < EO' and x is a solution of

x + Ax = f ( t , x , >. ( t)), t > 0

with Ilx(O) - < r o' we have

Ilx(t) - 2Me-
St/ 21Ix(0)

- + KoE
8

for all t 0, as long as (t,x(t)) remains in U. A similar conclu-
sion holds if x satisfies

as long as (t,x(t)) remains in U.
Next we aexamine the behavior of the solutions when the equilib-

rium loses stability.
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asSl(t) +
lJl

We suppose

Then there is a nonconstant

t + -00

Theorem 10.2.2. Suppose t + <A(' ,t» is strictly decreasing. Assume

is an equilibrium of (*)lJ' depending continuously on lJ for

lJ l lJ (lJ near lJ l) with 6D + lJfl < 0 when lJ > lJ l. Suppose
is an isolated equilibrium of (*) and, for small lJ - )11 < 0,

1 )11
there are no equilibria of (*) near

lJ 1
solution Sl(t) of (*) on -00 < t < 00 with

lJl
Sl is unique to within a phase-shift. Sl(t) + 1IJ

lJ l
as t + +00 where 1IJ

lJ
is an equilibrium of (*) with 6

D
+ )1 fl (1IJ )< 0

1 )11 1)11
For lJ near lJ l, there are stable equilibria 1IJ)J of (*))J near 1IJ)1l'

by the implicit function theorem. If 0 > 0 is small and U is a
small HI-neighborhood of the closure of {Sl(t): _00 < t < oo}, then,

for sufficiently small E > 0, if «A(' ,t»,T(t)) enters

()Jl-o,)Jl+o) x U within a(E tn liE) of +0), it remains in
)Jl

()Jl-o, lJ1+o) x U until it exists within a(E tn liE) of (lJ1- o,1IJ)J -0)'
1

then IIT(t) - 1IJ<A(.,t»II
H1

= a(E tn liE) for later time as long as

1IJ<A(t» remains an asymptotically stable equilibrium. (The previous
theorem applies.)

5

u ---

Remark. The assumed behavior of would ordinarily arise by a

saddle point coalescing with as )J+)Jl+' and this apparently does

happen when n is a ball (see below). Equilibria of (*) are critical)J
points of

Q (S))J
SF(S) = 11 f(o)do, for

assumed behavior near

In{t IVSj2 - )JF(S)}dx

S > 0 in Hl(D) with S = 1

might occur as follows:
1

on aD. The
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graph Q]J

'It if,
fJ..

f'J
> /"1 tJ. I-l1 f <fl-l

(There may be other critical points not indicated here.) Of course,

these pictures preceded and inspired the theorem.

Proof of Thm. 10.2.2. Let -A]J = L'>D + ]Jf'(¢1l)' ]J ]Jl· For u > ]Jl'
A > 0, and by the implicit function theorem, 0 must be an eigenvalue]J
of A , hence the first eigenvalue of A , hence simple with an

v: 11 1

A v = 0, v f 0 in
]Jl

Applying Thm. 6.2.1 to the system

d1l/dt = 0, at the equilibrium S =

manifold in the form

as/at = L'>S + 1lf(S), = 1,

¢1l ' 1l = 1l 1, gives the local center
1

S = h(o,1l)

where g(o,1l 1)
isolated) and

2
¢1l + ov + 0(0 +1]J-1l11)1

for 1 0 1 < r l, 1]J-1l11 00 with

The flow in the center manifold is a = g(o,]J)

g(o,]Jl) f 0 for small a f 0 (since ¢]J is
1

g(o,1l) f 0 for 101 < r o' and -00 < 1l-]Jl < O. We may assume
g(o,1l) > 0 for 1l < ]Jl; otherwise replace v,o by -v,-o to change
sign of g. Then g(o,]Jl) > 0 for small a f O.

If the equation is modified outside a small neighborhood of ¢1l'

as in the proof of Thm. 6.2.1, we obtain an invariant manifold for the l

modified equation to which Cor. 6.1.5 applies. Restricting attention

to a neighborhood of ¢1l ' so we deal with the original equation (*) ,
1 111we conclude:

If S is a solution of (*) with
111

there is a solution oCt) of 0 = g(0,1l 1)

IIS(O)-¢1l III < r then
1 H 0

such that, as long as
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IIS(t)-<PJl III remains
1 H

< r
- 0

where 0*(0) = fnv(S(O)-<P ) dx and C5 1, y, r o are positive con-
Jl l

stants. We may assume r o chosen small enough that

for -ro 0,0'

Let 0l(t)

°1 (0) = r 0/411 v II
H
1

-00 < t < 00 with

r .
o
be the solution

and let Sl(t)
° = g(o,Jll) on (-00,0]

be the solution of (*)
Jll

with

on

as

is

t < O.

for

for1S (t) = heal (t) ,Jl l)
1-r
2 0211 v II l' o 1 (t)

H

It is assumed that Sl(t) -+ as t -+ +00 where
"i 1

the linear approximation. The technical

in the following lemma, whose proof is de-

t -+

Note

asymptotically stable by

heart of the argument is

ferred.

Lemma 10.2.3. If r = Hl(n) - closure {Sl(t) I -00 < t < oo} then r
is an asymptotically stable compact set for (*)

Jll

The converse theorem of Liapunov stability (Thm. 4.2.1) applies

to asymptotically stable compact sets as well as to points, with

virtually the same proof. Thus there is a real-valued function V

defined in an HI-neighborhood of r with

IV(S) - V (5) I C7 II S -s II 1
H (n)

V = 0 on r

yeS) a(dist(S,r))

for S,S in this neighborhood with value 1

continuous strictly increasing function with

on an, and a(·) is a

a(O) = 0, and finally

YeS) -vr s)

when the derivative is computed along a solution of (*) .
Jl l
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Suppose > 0 is so small that the above properties of V
hold on

on art, YeS) < H}

IIS(t) - T(t)11 1 C80
H

and V(T(T)) < then

Ifand the only equilibria of (*) in this neighborhood are
fJl

t T, S = T when t = T andS solves (*) for
III

IIA(·,t)-fJlIIL 0 for 0 < t r r < Z then
Z

on this interval. Suppose 6 < =

V(T(t)) < V(S(t)) + C
7[[S(t)

- T(t)[[ 1
H

< e-(t-T)V(T(T)) + C
7C8o

for

Ifremains less than

V(T(T+ Z)) < to Thus V(T(t))

somewhere in each interval of length Z,

ando < t-T < Z- -
t > T, and

as long as

for

V(T(t)) <

II A( • , t ) - Illil L
1 Z

I<A(',T»-fJll this will be true on a time interval of length

0(09-/£) .
1<

Let Il Z = III - If S is any solution of (*) with

initial value YeS) 9- then by the above argument for T A

replaced by Il Z) ' V(S(t)) 39-/Z for all t > O. There exists b > 0
which plays the role of r in the estimate of the previous theorem

o
(p. 3ZZ), roughly the radius of a region of attraction for the equi-

librium . We may assume 9- chosen less than b/4 so 39-/Z < b/Z
fJ

and Set) eventually enters and remains in the biZ-ball about
Z

(*) u '
1

in

is the solutionand S

t z, then

- II 1 < 3b/4 (if E is small) and also
Z H

II T( t 3) - ,t
3»IIHl

< b for t 3 t z + This is the situa-

tion considered in Thm. 10.Z.1, and since we remain in <A(·,t» > fJl-O
for a further time interval of length O(9-/E), the solution exists

within O(E 9-n liE) of (fJl-o, -6)' It remains only to prove
1

asymptotic stability of r.

(For small 9- > 0, is the only equilibrium of (*)
3 IlZ IlZ

{V 29-}). Further, by compactness of the tine-one map for

Set) enters the biZ-ball at a time no greater than some

T = T(b,9-) independent of S.

If <A(·,t Z» = Il Z and V(T(t Z)) <

of (*) for t t z with S T when t
IlZ

II T (tZ+T (b, 9-))
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Proof of Lemma 10.2.3. We must show that any solution S of (*)
III

with initial value in some neighborhood of r tends to r as

t +00, and the convergence is uniform on this neighborhood. If

IIS(O)-¢ III S r there is associated a solution o I t ) of 6 g(o,ll l).III H 0

We consider first the case when 0(0) S 0, then the case when

II S (0) - ¢ II 1 r , and then the case 0(0) > 0 (which leads the s o l u-
III H 0

tion into the second case).

Let p = r/9C S(l + 211v11Hl) and suppose IIS(O) - ¢Il Ills P
1 H

while the associated o I t ) has 0(0) SO. Since cr = g(o,ll l) > 0 for
a f 0, oCt) increases to zero as t +00 and we have

(

10*(0) I = IJ
It

v(SCO) - ¢ ) I < P
III

IIS(0)-h(0*(0),1l 1)11 1 < p + 2 II v lip
H

10(0) I S Ilh(o(O) ,Ill) - ¢ II 1 < p + p(l+211 v II) C5
III H

so

II h (o I t ) , Ill) - ¢u II 1 < 211 v II Ia ( t) I < 8pC5 (l + 211 v II)
1 H

for all t > 0 and so

IIS(t) - ¢Il III < 9pCS(l + 211vll) r o1 H
for all t > O.

Let a be the solution of a

aCt) s o I t ) S O. Then

-r /2 so
o

dist(S(t) ,f) < IIS(t) - ¢ III s Cs(1+2!1vll)pe-
yt

+ 211vll la(t) I
)11 H

which tends to zero as t +00, uniformly for these initial values

(IIS(O) - ¢ III S o , 0(0) < 0).
)11 H

Now if r 2 > 0 is sufficiently small (and
is any solution of (*) with

)11

S

then

1 -
IIS(O) - S (t)11 1 S r 2

H

-for some t > 0,

approach

for all

1

when

Sl

t

t > O. To see this, note such an estimate is easily proved

is large enough to bring Sl(t) near , so both Sand
)11

exponentially. By Lipschitz-continuous dependence
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on the initial values, we may choose r Z > a so it holds for all-t > o. Thus dist (S(O) ,r) 0 < r z with II S (0) - ¢V II 1 > r implies- - 0

oCge -
Yt 1 H

dist(S(t) ,r) < for all t > O. We take the same exponent y-
as in the estimate for the center manifold, or rather replace both by

the smaller exponent.

Finally suppose

zllvll l), for some t <
H

Ils(o) - Sl(t)11 1 = 0 : r 3 , r 3 = rz!C 5 (1 +
H

0, with the corresponding cr(O) > O. Then

Icr*(O) - (}l(t) I = IISiV(S(O) - Sl(t)) I < 0

II S ( 0) - h ( cr* (0) , VI) II 1 0 (1+ zll v I!)
H

as long as lis(t) - ¢V II 1 remains less than
1 H

t l > a when IIS(t l) - ¢ II 1 = r , and
vI H 0

r .
o

There is some first

-yt
II S (t1) - h ( o ( t 1) , VI) II 0C5e 1 (1 + zll v II) < r 2 '

so for t > t l (by the previous case)

-y(t-t ) -yt
dis t (S ( t ) ,r) < C9e 1 • 0C5e 1 (1 + zll v II)

< oC
5C9 (1 + Zllvl[)e- y t

and 0 = IIS(O) - slet)11 1 "s:
H

Putting the three cases together proves asymptotic stability
of r.

The equilibrium problem for (*) has been studied extensively
V

in case Si is a ball. If V a then every equilibrium solution S

has S > I in Si (maximum principle), and a recent result of Nirenberg

shows every such solution is radial when Si is a ball. S. Parter

(SIAM J. Appl. Math. Z6(1974), p. 687-716) and Parter, Stein and Stein

(Stud. Appl. Math. 54(1975), Z93-314) have studied the equilibrium

problem for radial solutions, and proved that in certain parameter

ranges there are at least three equilibria, and in other ranges there

is exactly one. The extensive computations suggest there are no more

than three equilibria - if that is so, the pictures of Q
v

given

above would describe the behavior for a ball.

Exercise 2. For each

which minimizes Qv.
one equilibrium. (V <

V 0, there is an equilibrium solution of (*)

If V is sufficiently small show there is exactly

tAoHe2, Ao = first e.v. of -6 D in Si.)
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Exercise 3. Suppose F(x,u) > ° for u 0, u F(x,u) is analytic

for u > 0, and consider the equilibrium problem

+ = ° in u = 0 on

Suppose there exist

u > 0 in withm -

in Show all equilibria

curve

> 0 f ) and corresponding solutions
of m 0
au(',um(')) < 0 and urn + Uo uniformly

u) near uo) lie on an analytic

u + "i EP + O(EP+
I
) , u = Uo + EV + O(E 2) , IE I small,

for some p > 1, f 0 and if p > 1, v > 0 in What does this-
say about (*) ? Examine stability in the cases p odd, p even.

u



1.3

1.4

3.2

3.3

3.4

4.1,
4.3

4.2

NOTES

The term "sectorial operator" generalizes the usage of Kato [56].

H. B. Stewart (Trans. Am. Math. Soc. 199(1974), 141-162) studies

analytic semigroups in the uniform norm.

Fractional powers of operators are studied extensively in [63] and

[103]; the operators need not be sectorial. The connection with

interpolation of Hilbert spaces is developed in [71] - see in

particular the results of Grisvard described in [71, p. 107].

More general results are available [57, 63, 93].

More general results are available [93].

Analyticity has been proved for some more general linear equations;

see in particular [57].

Many of these notions apply to more general dynamical systems; see,
for example, [38]. Sell [89] provides an introduction to recent

work for nonautonomous ODE's.

The argument follows Yoshizawa [135].

5.1

5.2

Stability of equilibrium for the Navier-Stokes equation was proved
by Prodi [80]. Sattinger later proved stability and instability

results for weak (Hopf) solutions of the Navier-Stokes equations,

and some stability and instability results (of strong solutions)

are proved by Kirchgassner and Kie1hofer [59]. The instability

theorems 5.1.5, 5.1.6 were inspired by Th. 2.3 (Ch. 7) of Da1eckii

and Krein [114]; I am grateful to E. Poulson for bringing this

result to my attention.

The stable manifold was also studied by Crandall and Rabinowitz,

and these manifolds have been studied in more general context by

Hirsch, Pugh and Shub.

5.3 The work of Chafee and Infante [14] was done in 1971; our argu-

ments differ in detail. Some of the results on gradiant flows

were reported in Nonlinear Diffusion, Pitman (1976).

6.1 The proof of existence is modeled on [37, Ch. 7]. Another ap-
proach to stability of the manifold is presented by Lykova [72],

but her differential equations involve only bounded operators.
Smoothness of the invariant manifold may be proved along the lines

of [58], [66], [104], under plausible assumptions. Note the

example in [66], proving the manifold cannot be analytic, in
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general, without some global bounds.

6.2 An example of van Strein (Math. :. 166(1979), 143-145) shows the

critical or center manifold need not be Coo:

·23x = -x + y, Y = -yz - y, z = O.

A center manifold which is C2N has the form

x = o(y,z)
:\

L
m=l

m
1)' 2m/ IT (1 )m-.y +

j=l

is analytic

but not analytic,

If z < 0, Y -T o(y,z)

this function is COO

as y -T 0, for Z < 1/2N.

near y = O. When z = 0,

and when z '> 1/2N, it is not differentiable. My thanks

to Jack Carr for pointing out this example.

6.3 Results of this kind date back to Poincare, in the case of ordin-

ary differential equations. The fundamental reason for the rela-

tion between stability and the geometry of the bifurcation seems

to be the homotopy invariance of topological degree: this was

discovered by Gavalas [33] and Sattinger [86], although the paper

of Sattinger involves a (correctable) error, confusing two notions

of the simplicity of an eigenvalue. Some results of section 8.5

may be proved in this manner (assuming the Poincare map is com-

pact, i.e. A has compact resolvent.) Our work is modeled, in

part, on [41].

6.4 E. Hopf proved this result for analytic ODE's, and his work was

generalized by many people in particular Chafee [12] who also

studied this problem for retarded functional differential equa-

tion. Hale [41] extended the treatment to neutral FDE's, and our

work is roughly modeled on [41]. Marsden and McCracken present

many approaches in The Hopf Bifurcation and its Applications

(Springer, Appl. Math. Sciences 19, 1976).

7.2 The argument is modeled on the work of Stokes [98] for retarded

functional differential equations. These must also be some con-

nections with the work of Krein [63] on evolution of subspaces.

7.3 More general backward uniqueness results are available; see [29,

30, 64].

7.5 Thm. 3.4.8 can be used to prove "averaging" results, but the

direct proof of Thm. 7.5.2 gives sharper results.
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8.2
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Coppel's recent book [113] is a good source for dichotomies in

ODE theory. Many of the results were extended to infinite dimen­

sions (especially Hilbert space) for bounded operators by Daleckii

and Krein [115]. C. V. Coffman and J. J. Schaffer (Math. Ann.

172(1967), 139­166) discuss dichotomies for difference equations

(in a Banach space) on a half­line, emphasizing the connections

between dichotomies and admissibility, a connection studied by

Massera and Schaffer [128] for ODE's. A proof of the continuous­

time version of Thm. 7.6.5 might allow simplification of this

section. Theorems 7.6.12 and 7.6.14 seem to be new even for

ODE's.

Orbital stability was proved by 100ss [52]. Orbital instability

is apparently rarely proved even for ordinary differential equa­

tions.

Use of the Poincare map for ODE's is described in [68].

Krasnoselski [61] studies some PDE problems by applying topologi­

cal degree theory to the Poincare map.

8.5 Extensive recent work on "generic" properties of maps should

have applications in this field: see [9,66,76,85]. Appli­

cability of this work to parabolic equations, in particular the

Navier­Stokes equations, has been widely suspected, but was ap­

parently not proved before [66, 85].

9.1 Thm. 9.1.1 was inspried by Coppel and Palmer [114], but is more

general even for ODE's, the generality arising from the use of

Thm. 7.6.12.

9.2 The coordinate system generalizes the construction of Urabe and

Hale [37]. Changing variables in an equation with unbounded opera­

tors is complicated, but the complications here seem excessive.

There must be an easier way. We could avoid the assumption of

"stable triviality" by developing the theory of parabolic equa­

tions on infinite dimensional manifolds rather than Banach spaces.

The cost seems high for this application, but it would also

allow a natural treatment of nonlinear boundary conditions.

10.1 The problem is formulated following Fleming [118].
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10.2 Our "small parameter" E is not quite that of Sattinger [132],

so comparison of the results needs more care than is displayed

in the text. Parter, Stein and Stein (Studies in Appl. Math.

54(1975), 293-314) examined the equilibrium problem in more de-

tail. Their results do not prove there are no more than three

equilibria, but the bounds are such that this seems very likely.
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Asymptotically autonomous, 96

Analytic semigroup,

definition of, 20

generator of, 20

Analyticity, 11

Averaging, 66,68,69,221,292-294

Bifurcation,

of equilibria, 178, 263

from a focus, 181-187

to a circle in diffeomorphisms, 266-274

to a torus, 266-274

transfer of stability at, 178-263

Burger's equation, 134-135

Center manifold,

approximation of, 171

existence and stability, 168

Center-stable manifold, 116

Center-unstable manifold, 262

Channel flow, swelling of, 117

Characteristic multiplier, 197

Chemical reactions, 43,82,167
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Index - continued

Combustion theory, 101, 158, 319-330.

Contraction principle 12,13

Dichotomies, exponential,

definition of, 224

discrete, 229

implications of, 227

perturbation of, 237,238,240,242,245

Dynamical system, 82

Embedding theorems 9, 35-40

Equilibrium point, 83

Essential spectrum,

characterization of, 140

definition of, 136

examples of, 140-142

Fractional powers,

definition of, 24

examples of, 32-40.

Frechet derivative, 10

Gradient flow,

an example of, 118-128

domains of attraction in, 123-125

maximal invariant set of, 126-127.

Heat equation, 16,41

Hodgekin-Huxley equation, 42

Implicit function theorem, 15
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Instability,

criterion for, 102,104,105,107,109

Integral inequalities, 188-190

Invariance principle, 92, 93

Invariant manifold,

coordinate system near some, 304

definition of, 143, 154

existence of, 143,161,164,165,275,297

extensions of local, 154,156

further properties of, 289-291

smoothness of, 152,278

stability of, 147,150,277,297

Invariant set, 91

Liapunov function, 84

Loo-bounds, 74

Maximum principle, 60,61,109

equation, 45, 79

Nirenberg-Gagliardo inequalities, 37

Nonautonomous linear equations, 190

adjoint of, 204

backward uniqueness, 208,209

density of range of solution operator of, 207

estimates on solution of, 191

nonhomogeneous, 193

periodic, 197

slowly varying coefficients of, 213
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Operator,

fractional powers of, 24,25

products of, 28
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spectral set of, 30

sums 0 f, 19,27

Periodic linear systems, 197

Floquet theory of, 198

Fredholm alternative for, 206

stability of, 200

Periodic orbit, 83

coordinate system near, 299

families of, 309

instability of, 254

perturbation of, 256, 257

stability of, 251

Periodic solutions,

instability of, 249

perturbation of, 255

stability of, 247

Poincare map, 258-261
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Predator-prey systems, 201, 312

346



347

Index - continued

Saddle-point property, 112

Sectorial operator

definition of, 18

fractional powers of, 24,25

properties of, 19,23

Semiconductors, 42

Solution of differential equation,

classical, 75-76

compactness of, 57

continuation of, 55

continuous dependence of, 62

definition of, 53

differentiability of, 64,71,72

existence of, 54,59

uniqueness of, 54,59

Spaces Xa,

definition of, 29

properties of, 29

Spectral set, 30

Stability,

converse theorem of, 86,90

criteria for, 84,98,100

definitions of, 83

invariance principle for, 92,93

of families, 108

orbital, 84

under constant disturbances, 88,90
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