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ABSTRACT 

The score statistic, used for ta.king the decision in the classification area, has been subject 

of various research efforts in the direction to improve matching of an observed distribution to 

a known distribution. A problem in using this tool is that, in genera.I, it is necessary that the 

number of observations of the object to be classified, used in estimating the para.meters must 

be sufficiently large to guarantee the convergence of the statistic being tested. In situations 

where this number is small or moderate, the error of classification can be substantial. In a 

system of signatures verification, Nelson, Turin and Hastie ( 1994) have developed a method of 

classification based on the score statistic which approximates to the chi-squared distribution, 

obtaining excellent results in terms of rates of errors of classification, depending on the 

sample sizes. It is possible to obtain exact distributions for the statistics beta and Hotelling. 
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Cordeiro and Ferrari (1991} have shown that all statistics which have asymptotic chi-squared 

distribution CM be expanded up to order n-1, where n is the sample size, and therefore be 

correct.eel to obtain better results in relation to the critical values of this distribution. A 

simulated study and a real example involving signatures are presented, to compare the 

performance of the original method and the two methods that define the score statistic and 

its Bartlett-type corrected statistic. 

1. INTRODUCTION 

Bartlett corrections have been widely used to improve the chi-squared distribution of 

the likelihood ratio tests. More recently, extensions of these corrections, called Bartlett-type 

corrections, have been used to approximate other statistics that have asymptotic chi-squared 

distribution. In particular, Cordeiro and Ferrari (1991) have shown how the original statistics 

may be transformed to a new corrected statistic which has a chi-squared distribution to order 

n.-1 , where n is the sample size. The main purpose of this paper is to use this approach to 

the score statistic proposed by Nelson, Turin and Hastie (1994} for signatures verification, 

and thus to improve the current rates of classifications. A simulated study involving genuine 

and false signatures of an author is presented to measure the performance of the original 

and the modified procedure, where errors rates are estimated in terms of false acceptance 

and false rejection. 

2. PATTERN RECOGNITION 

In rather general terms, pattern recognition process is based on defining an as;ociation 

rule, capable of classifying any individual (possibly multivariate) observation from a given 

population, into one of a predefined number of cl~. Using this rule, any posterior obser­

vation may be associated with the existing classes, with a controlled margin of error. For 

defining the underlying set of association rules, three main approaches have been used to 

tackle the pattern recognition problem: i} structural pattern recognition, where symbolic 

architectures are constructed, with subsequent stages determining the decision rule (see e.g. 

Fu, 1986), ii) neural networks, which use observation sample to "learn" (through a train-
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ing process) the characteristics of the pattern to be recognized (see Khanna, 1990), and 

iii) statistical pattern recognition, where discriminant analysis is used to define a function 

that minimizes probability of misclassification (see e.g. Schalkoff, 1992). In this work, we 

concentrate on the last of the three approaches. 

From the statistical point of view, pattern recognition may be formulated for two distinct 

situations: i) when we are able to collect information about all of the patterns, and based on 

these observations we can find functions to discriminate theses groups and associate a new 

object to one of theses patterns, ii) when we can collect information about only one of the 

patterns and we have to associate a new object to this pattern or not. 

In the first case, studies made by Press and Wilson (1978), suggest the use of proportional 

function of Mahalanobis distance as discriminant, when the observations are supposed to 

follow a multivariate normal distribution, or the use of the logistic regression when the 

normality agiumption is violated. In the second case, Nelson, Turin and Hastie (1994) 

have recently proposed a method for classifying genuine signatures, assuming normality for 

the vector of observations. In this paper we shall deal only with the second situation and 

we present methods that evaluate the clagiification of patterns, considered for signatures 

verification. We use only the genuine observations to construct the statistic of the test for 

the decision rule. 

3. CONSTRUCTION OF THE SCORE STATISTIC 

Consider the conditional distribution of a given random vector x which belongs to class 

C; ( i = I, 2), and has a multivariate normal distribution given by 

where /J,i and E; are, respectively, the vector of averages and the matrix of covariances of the 

class C;, and pis the number of features of vector x. The goal is to find R; (i = 1,2) that 

belongs t.o a vectorial spaoe R, satisfying R1 U R-i = R and R1 n R2 = 'P, in such a way that 

we can decide t.o associate a new observation, say~. to the C, class, if~ belongs to R;. In 
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ot.her words, we want to test Ho : Xo E C1 against Ho : Xo E C2, defining the error rates as 

Ct = Pr{reject Ho when Ho is true) 

= J, /(xlC1)d(x) 
R2 

/3 = Pr{accept Ho when Ho is false) 

= 1 /(xlC2)d(x). 
R1 

As the proposal of this work is one particular case where only one of the classes can be 

observed, (we choose C1), we cannot evaluate the value of /J, therefore supposedly we do not 

!mow the conditional distribution of vector x in the Ci class. The solution for this problem 

passes through the following considerations: 

1) Define the hypotheses to be tested by 

Ho: Xo E C1 

Ho: Xo ~ C1 

2) Suppooe that x ~ Np(l-'1,'E.1), and define a by 

The alternative form established to define the subspace R - R1 is to relate the rejection 

of Ho with a small probability et, and this is done by increasing (x - µ 1fI:11{x - µ 1). It 

should be noted that this expression is !mown as the Mahalanobis distance of vector x to the 

center of the distribution (µ1 ). If vector x has multivariate normal distribution, it is easy 

to verify that this expression follows a chi-squared distribution with p degrees of freedom. 

From now on, for simplicity, when we suppose that x belongs to class C1, we shall use the 

notation x ~ Np(µ, E). 

In practice, both µ and E are unknown. There are many ways of defining the dissimilarity 

function d{x). Nelson, Turin and Hastie {1994) considered to substitute these parameters for 

their respective unbiased estimators, assuming that x ~ Np(µ, I:.), thus defining the statistic 
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d(x) given by 

d(x) = (x - xfs-1 (x - x), (1) 

where x is a new vector, x and S are, respectively, the vector of averages and the matrix 

of rovariance of the observations that do not include the vector x. Note that d(x) has an 

asymptotic chi-square distribution, since when n tends to the infinity, x tends to µ and S 

tends to E. 

4. CORRECTION OF THE SCORE STATISTIC 

Let d be a statistic that has an asymptotic chi-square distribution. Therefore, under some 

regularity conditions, the null distribution (up to order of n-1
) of d, as shown by Chandra 

(1985), can be written as 

A: 

Pr(d $ t) = Fp(t) + L a;F9+2s(t), (2) 

where the 11.;'s are functions of order n-1 of the unknown parameters, satisfying L:=0 11; = 0, 

and F,.(t) denotes the distribution function of a random variable with chi-square distribution 

and h degrees of freedom. Cordeiro and Ferrari (1991) defined the modified statistic (d") by 

A: 

er= d(1 - Ee;ir-1
), (3) 

i=J 

where e; = 2(L;:~ a,)(µ:)- 1, with µi = E(x;); = ft,:~(p + 2l), and showed that up to order 

n-1 we have 

Pr(d" $ t) = Pr(x; $ t). 

The correction {1-L~i e;cJi-1) in (3) is known as Bartlett-type correction. The usual form 

of this rorrection is defined as d" = d(l - B), where B is a polynomial of order n-1 in 

the proper statistic d. The development of the corrected statistic d" is based on the first k 

moments, as it is seen bellow. 

4.1. METHOD OF THE MOMENTS 

Cordeiro and Ferrari (1991) showed that the classical Bartlett rorrection for the likelihood 

rate test is obtained with k = 1 and ao = -a1 = -b/2, where b is the term of order n-1 
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in the ca.lculation of the expected value of the statistic. The term b r,an he obtained from 

Lawley (1956}. Also, in case of the score statistic, the Bartlett-type correction is a special 

case of the expression (3) with k = 3, that is, 

Cordeiro and Ferrari (1998} have also used the fact that the c;'s are of order n-1 to write 

the modified statistics (d"}; as 

(4) 

where terms of order inferior to n-1 are ignored and, on the basis of the calculation of the 

expected value for each j, on both sides of the expression (4), we can construct a system 

of linear equations for the unknown quantities c1 , c2 and c3, as function of the first three 

moments of the statistic d. They concluded, assuming that the e;'s are chosen in such a way 

that d" has a chi-square distribution up the order n-1, that 

where µi and mi are the moments of order j of a chi-square distribution and of the statistic 

d, respectively. This equation can be written as 

( 
. , , ) 3 

m;-µ; ~ , 
. = L e;m;+;-1 · 

J i- 1 

From the expansion (2) , we have to order one m:+;-i = µ\+;-i, and since the e;'s are of order 

n-1 , we can write 
3 
~ I b; . I 2 L e;µ;+;-1 =-:- J = , , ... , 
i=I J 

(5) 

where b; is the term of order n-1 in the expansion of the jth null moment (m1) of d. 

5. APPROACH~ TO STATISTIC d 

We now consider three alternative forms of balance of statistics d when we evaluate a 

new observation. In two cases we use the approach for an accurate distribution, and in the 
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third case we use the Bartlett-type correction. In the accurate forms, therefore, we treat 

the problem in two ways: i) assuming initially n observations to calculate the estimators 

x and S and after that we measure the <lliltance d for the new observation x, ii) we have 

initially (n-1) observations, and after we include the new observation in the sample for the 

computation of the estimators, and mes.sure the distance d for all the observations, including 

the new one. The difference is that in the first case dependence between the new observation 

and the estimators does not exist, since it was not used in the calculation, while it does not 

occur in the second case. In the following we present the two approaches and at the end of 

the section we will use the method of the moments to correct the statistic d up to order n-1• 

5.1. ACCURATE METHOD BY CONSIDERING n OBSERVATIONS 

Assume that we have a sample of n observations from the p-variate normal population 

t.o cAlcul11.te the staticrtia; x 11.nd S. Suppoee that we have a new observation from the same 

population. The three theorems and a definition, presented bellow, are based on Wishart, 

Hotelling '[fJ and Snedecor F distributions, discussed for example in Mardia et al.(1979). 

DEFINITION: Let y be a random vector with distribution Np(O, I) and W an independent 

random matrix of y with Wishart dimribution with parameters I and m, denoted by W ~ 
WP (I, m), where p is the dimension of the vector y and of the square matrix W, I is the 

identity matrix of dimension p and m is the number of degrees of freedom of W. Write the 

st.A.ti.-;tic T 1\,-; 

We can say that T has a '[fJ Hotelling distribution with parameters p and m and use the 

notation T ~ '[iJ(p, m). 

THEOREM 1: Let x1, x2 , . . . , x,, be n random vectors where each one h11s Np(µ, :E) distribu­

tion and S = ~ E:1 (:x; - x)(:x; - x)1". Then, (n - l)S ~ Wp(:E, n - 1). 

THEOREM 3: If T ~ '[iJ(p, m), then (~)(m-r1
) ~ F(p, m - p + 1). 
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Considering the.t x h11s Np(µ, I:.) distribution e.nd defining y = ~E-1l2(x - x), it 

follows the.t y has Np(O,I) distribution since x and x a.re independents. Now, define W = 

(n - l)E-1l2SE-1l2, it thus follows the.t W has Wp(I, n - 1) distribution and therefore, 

se.tisfies the conditions of the definition above, that is, 

T = (n - l)y1·w-1y 

= ___!:__(X - x)"'$-1(x - X) 
n+l 

= ___!:__
1
d~T2(p,n-l). 

n+ 

Writing d as a function of T and using the relation between the distributions F and T2, we 

have 

d = n+lT 
n 

= n+l(n-l)pF 
n (n-p) ' 

where F is a random variable following a F distrihution with p and (n - p) degrees of 

freedom (F ~ F(p, n - p)). In other words, by Theorem 3, we can easily verify that a. 

variable with T2 distribution is proportional to that of F distribution and in our case, that 

we can balance statistic d and so establish a critical point that assures that only one fixed 

number of observations, let us say a%, are above this value by means of the modification 

of the statistic d. Thus, writing the statistic F as a function of the statistic d, we have an 

accurate distribution for a measure of distance, given by 

F= n-p n d, 
p(n- l)n+ 1 

where F ~ F(p, n - p) . In the applications, this measure will be called d('1'2) and using the 

notation d(T2) ~ F(p,n - p) we shall say that d{T2) has a F distribution with parameters 

p and (n-'-p). 

5.2. ACCURATE METHOD BY CONSIDERING (n -1) OBSERVATIONS 

Another form to evaluate the distance d is to calculate the n distances of each vector x. 
(i = 0, 1, 2 ... , n -1) in relation to x weighted by s-1 

( the (n-1) observations of the sample 
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plus the new observ&tion, Xo, to be tested). ~urning th&t x. h11.q distribution N,(µ, 'E), 

in a study of robustness, Gne.nadesik&n and Kettenring {1972), showed that the accurate 

distribution of u. given by 
n 

ti.= (n - 1)2d;' (6) 

is a beta. distribution with parameters~ and n-rl' where d; is given by 

(7) 

Note that d; in expression (7) is similar to d of the expression {l), except for the fact that 

each x. is used in the calculations of x and S in (7). Thus, we have an accurate form to 

evaluate the distanced, therefore when a new observation is introduced, it will be included 

in the sample for the calculation of x and S, and after that its dmance do is evaluated. We 

call d(Beta) = u0 a weighted form of the distance in (7) and using the notation d(Beta) ~ 
Beta(.p/2, (n -p-1)/2), we say that d(Beta) hM a beta di.stribution with parameters (.p/2) 

and [(n - p- 1)/2). 

5.3. CORRECTION OF THE STATISTIC d BY THE METHOD OF MOMENTS 

We can now calculate the moments of the statistic d through the beta. distribution, 

rewriting the expression (6), raising to the jth power and calculating its expected value, 

that is, 

E(di) = en~ 1)2r E(tl), 

where u ~ Beta(.p/2, (n - p - 1)/2). Now if u ~ Beta(a,b), the jth moment of u (see 

Johnson and Wichern (2002)) is given by E(ui) = B(j + a,b)/B(a,b), where B(a,b) = 
r(a)r(b)/r(a+b), and r(a) = Jo"° x0

-
1 exp(-x)dx. Using the fact that r(a) = (a-l)r(a-1), 

the first three moments of the statistic d are easily obtained 

1 = E(d) = p(1 - -) 
n 

= E(d2
) = p(.p + 2)(1 - i + O(n-2)) 

n 
9 = E(cf) = p(.p + 2)(.p + 4)(1 - - + O(n-2

)). 
n 
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Table 1 : Average percentage of observations that exceed the specified 

critical values, assuming normal distribution. 

p= 2 and n = 5 p= 4 and n= 10 

a a, 0d(Be14) 0,1(7'2) 0,l- a, 0.,(Bao) o.i(T'l o,,-

1 0.00 0.48 0.40 0.00 0.00 0.90 0.48 0.00 

5 0.00 2.63 7.89 0.00 0.00 2.12 3.14 0.00 

10 0.00 13.73 15.82 0.00 0.03 11.60 10.36 4.32 

p= 2 and n= 10 p=4 Md n= 20 

1 0.00 0.77 0.67 0.00 0.00 0.96 0.95 0.31 

5 0.23 2.61 3.13 1.20 2.28 5.90 5.95 4.43 

10 4.59 8.52 7.20 6.81 6.68 10.56 10.55 9.37 

p=2andn=20 p=4 andn=50 

1 0.21 1.03 1.13 0.66 0.81 1.63 1.68 1.45 

5 3.56 5.25 5.13 4.78 3.73 5.07 5.06 4.87 

10 6.68 8.61 8.92 8.11 8.85 10.20 10.27 10.03 

Keeping the assumption that n is always great.er than p, this implies for practical purposes 

a. choioe of values of p smaller than the initial 42 entries of the da.t& base. We adopt a process 

of choice of the main features of the signatures based on the coefficient of variation, CV, in 

order to select the p features that present smaller CV's. Therefore, we believe that features 

with high values of CV's are more easily to be imitated by falsifiers. Having established 

the value of p, -we generat.e n observations of the vector with this dimension and respective 

distribution, called training sample, that serves for estimating µ 1 and :E1 , represented by 

x and S, respectively, and used in the calculation of the statistical tests. Aft.er that, we 

generat.e 1000 observations, in a similar way to the used procedure to generat.e the training 
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sample, called test sample, that serves to obtain the rates of type I errors given by 

°" = Pr (d{x) > xf,,,a)) , 

Oci(Beto) = ( (p n-p-1 ) ) Pr ds.,,.(x) > Beta 2, 
2 

,a , 

Oc1(1'2) = Pr{~(x) > F(p,n-p,a)), 

Qd" = Pr (d"{x) > xi.al) , 

where X~,a)• Beta(~, n-r1
' a) and F(p, n-p, a) are critical values that correspond<; to the 

elements of the population that exoeeds a%. 

Table 2 : Average percentage of observations that exceed the specified 

critical values, assuming uniform distribution. 

p= 2 and n = 5 p=4 and n= 10 

Q 0d Oci(Beta) 0,1(7'2) Oci• a., 0d(Bela) °'(7'2) ad" 
1 0.00 0.00 0.00 0.00 0.78 2.67 0.02 1.42 

5 0.00 6.36 3.15 0.00 1.96 3.91 0.19 2.92 

10 0.00 2.46 6.44 0.00 2.43 3.72 0.69 3.08 

p= 2 and n= 10 p = 4andn=20 

0.00 0.39 0.61 0.00 0.58 1.20 0.14 0.94 

5 0.00 0.36 · 0.58 0.30 1.56 2.11 0.56 1.93 

10 2.40 6.18 6.49 4.64 2.23 2.67 0.88 2.51 

p=2andn=20 p=4 andn=50 

1 0.00 0.02 0.01 0.00 0.71 0.22 0.32 0.85 

5 0.10 0.42 0.49 0.35 1.98 2.2 1.62 2.18 

10 4.19 6.01 5.46 5.65 2.28 2.44 1.74 2.43 

This procedure was repeated 100 t imes for some combinations of the sample size (n = 

5, 10,20 and 50) and dimension of the vector (p = 2 and 4), in accordance with the specified 

distribution (normal, uniform and chi-square) to calculate the average of the percentile val­

ues. The results of the estimate rates of errors a.,, o,cse1a), Oci(T2) and a.,, are given in Tables 
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1, 2 and 3. It can be noticed that, in accordance with each method, it is expected that only 

a% of the observations used for the tests exceed the specified critical values. 

From Table 1 we can confirm that, in c~ of the normal distribution, the rates of type 

I errors are usually closer to the corresponding nominal values for the accurate statistics, 

d(Beta) and d(T2), than the corrected statistic er. When n is considered much bigger than 

p, the correction presents competitive results. When breaking the normality assumption, 

the Bartlett-type corrected statistic presents better performance, in the sense of that the 

estimate rates of type I errors follow up the growth of the expected nominal level. 

Table 3 : Average percentage of observations that exceed the specified 

critical values, assuming chi-squared distribution. 

p=2andn=5 p= 4 andn = 10 

Q °" 0d(B.to) 0d(l'>) o.i, 
°" 0<1(Be1a) 0,1(1") o,s, 

I 0.00 6.40 0.00 0.30 0.72 3.04 0.01 1.55 

5 0.34 5.37 0.02 1.45 l.93 3.71 0.16 2.66 

10 1.75 6.20 0.26 3.22 1.96 3.06 0.32 2.48 

p= 2 and n = 10 p = 4 and n = 20 

1 0.57 2.90 0.20 1.75 0.52 1.07 0.23 0.80 

5 1.67 3.03 0.70 2.48 1.82 2.27 0.54 2.13 

IO 4.04 5.28 2.29 4.74 2.25 2.64 1.23 2.53 

p=2andn=20 p= 4 and n = 50 

1 0.64 1.21 0.53 0.97 0.72 0.21 0.44 0.81 

5 2.10 2.69 2.23 2.58 1.67 1.91 1.21 1.87 

10 2.83 3.34 2.20 3.23 2.24 2.42 1.15 2.39 

We also observe that the estimate rates of type I errors are in general conservative when 

the generating distribution is not normal, with rare exception of some values of the accurate 

st&ti<rt.ic d(Beta) . This can be understood as a positive fact, because in practice we shall 

hardly encounter a normality sit11&tion. It can be also observed that the estimate rates of 

type I errors are closer to the nominal level when the rate between n and p grows. This 
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can be justified, in part, by the fact that the weight or the correction in d depends on this 

relation and tends to be closer to 1 when n grows in abeolute terms or in relation to p. 

The improvement caused by the Bartlett-type correction is clear if it is compared with the 

statistic without correction, but it can also be seen in relation to the other two statistics, 

when the normality assumption is violated. This can be observed from Table 3, in cases 

(p = 2, n = 5) and (p = 4, n = 10). It is noted that there are almost no differences between 

the estimate rates of type I errors for the different values of a in the accurate statistics 

d(Beta): (6.40, 5.37 and 6.20) and (3.04, 3.71 and 3.06) while the estimate rates for d(1'2) 

are much smaller than the expected values: (0.00, 0.02 and 0.26) and (0.01, 0.16 and 0.32), 

respectively, when it would have to be (0.01, 0.05 and 0.10) in the four cases. 

6.2. REAL SIGNATURE DATA 

The data used in this section is the real data of signatures of an author, consisting of a 

set of 1000 observations of genuine signatures, obtained by means of an electronic digitizer, 

Md codified in vectors of dimension 42. Each dimensional unit considered is a feature of the 

signature, for example the maximum height or the minimum width. Also a sample with 825 

false signatures was considered. We assume, from now on, that each signature represents a 

p-variate observation of the normal distribution (p = 2, 4 and 10). We choose 100 samples of 

sizes n (n = 5, 10, 20, 30 and 50), depending on the value of p, of the genuine signatures to 

calculate the values of x and S that will be used in the calculation of d, d(Beta), d('J'2) and 

rr. The rest will be used to estimate the rates of errors (type I and 11), represented here by 

0(.), 

a. = Pr(d(x) 2:: X~,aJ), 

Qd(l:lda) = ( p n-p-1 ) Pr dse1a(x) ;?, Beta.(2, 
2 

,a) , 

O,t('.1'2) = Pr (ctr,(x) 2: F(p, n - p, a)), 

a.- = Pr(d"(x) 2:: X~,a)), 
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wherex ~ N,(µ,,E,) , 11nd /3(.) 

/3d = Pr(d(x) :S x~.a)), 

f3d.(B~t<>) = ( pn-p-1) Pr dt1uo(x) :S Beta(2, 
2 

,a) , 

fJd(T') = Pr (~(x) :S F(p,n -p, a:)), 

13d" = Pr(d°(x) $ x~.0 >), 

wherex ~ N,(µ,,E,). 

The subscript g and J that appear in the representation of the normal distribution, 

indicate, respectively, a sample of genuine and false signatures. As in the simulated case, 

based in the set of 100 samples, each with n observations and dimension p, we calculate the 

average number of genuine observations that exceed the respective critical values, as well as 

the average number of false observa1ions that are smaller than this respective critical value. 

Results in the rates of types I and II errors are given in Tables 4, 5 and 6. 

Table 4 : Estimated rates of type I and II errors (in%), for the real 

observations of signatures, fixed at p = 2. 

n=5 

a: ai 0d(Beto) 0d(1") 011• 'iic1 'iid(B,to) 'jjd(1") 'lid• 

1 0.00 7.70 5.53 0.00 45.78 36.32 35.04 45.78 

5 0.00 8.55 7.69 0.00 61.27 47.97 43.49 61.27 

10 0.00 11.48 9.27 0.00 50.95 32.31 30.98 50.95 

n= 10 

1 0.00 6.71 5.58 4.51 75.04 63.35 62.15 69.83 

5 6.06 8.84 7.98 7.48 64.68 52.07 51.49 57.56 

10 9.14 11.67 11.27 10.67 53.26 46.08 44.45 48.72 

n= 20 

1 2.98 4.32 3.97 3.82 85.10 79.09 78.93 81.16 

5 7.76 9.21 8.67 8.85 69.88 65.27 64.97 66.45 

10 11.59 12.65 12.27 12.44 57.96 55.21 54.99 55.82 
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Table 5 : F.stimated rates of type I and II errors (in %), for the real 

observations of signatures, fixed at p = 4. 

n= IO 

Q ai 0d(Be14) 0d(T2) 0.,- pd pd(Be1o) pd(T2) Pd· 

1 0.00 6.09 4.94 0.00 78.48 65.94 63.42 78.48 

5 0.00 11.02 9.21 4.53 74.18 44.45 43.20 68.90 

10 4.80 13.40 11.98 8.98 69.67 39.48 38.05 54.56 

n=20 

1 2.94 5.73 5.12 4.50 82.45 64.34 64.13 71.66 

5 5.98 8.92 8.76 7.87 60.12 47.43 46.59 51.66 

10 10.81 13.55 12.79 12.70 49.19 42.49 42.17 44.35 

n= 50 

1 3.49 4.47 4.45 4.26 75.81 70.23 70.63 71.28 

5 7.95 8.98 8.93 8.83 52.63 49.15 49.21 49.68 

10 11.29 12.15 12.05 12.05 42.48 40.55 40.66 40.78 

The great challenge to find the best classification method is the estimated rate of type II 

error, for which the estimate value is widely large. It is noticed that in the case (p = 2 and 

n = 5) the estimate rates for type I error, for the two accurate methods, already present good 

results; however, it would be inadmissible a rate of approximately 31% of false acceptance, 

that was the lesser estimate rate (jjd(T2) with o = 10%}. This indicates that the value of p 

must be a little bigger, therefore the same with p = 4 (see Table 5) this picture of high in 

the estimate rate of type II error continues, still that the estimates of the type I error are 

acceptable. 
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Table 6 : Estimated rates of type I a.nd II errors (in %), for the real 

observations of signatures, fixed at p = 10. 

n= 20 

0- a,, <kd(Belo) <ic1cP> a"' 'iic1 jjd(Beto) 'iic1c'I'l) Pd• 
1 0.00 4.51 3.89 0.00 93.12 34.97 31.23 93.12 

5 0.00 10.09 8.85 4.20 89.67 16.47 15.17 42.92 

10 3.04 12.28 11.34 6.89 47.9'2 10.86 9.84 2.15 

n= 30 

1.21 4.61 4.36 2.85 66.97 22.38 21.80 35.52 

5 4.03 8.85 8.69 6.82 25.62 12.29 12.10 15.94 

10 8.51 13.76 13.27 ] l.84 12.17 7.06 6.88 8.49 

n= 50 

1 2.35 4.68 4.65 3.88 2.61 16.25 16.17 18.52 

5 7.02 9.74 9.77 9.05 12.72 9.25 9.13 9.98 

10 11.47 13.97 13.87 13.39 7.56 5.95 5.89 6.28 

The estimates only decay for acceptable values with p = 10 and o = 10% (see Table 

In these conditions, a.II the methods presented acceptable estimate rates, except the 

case without correction for n = 20. In this case, the corrected statistic presents better 

performance, since it estimates smaller rates type I error, with equivalents esteem rates of 

type II error. 

7. COMMENTS AND CONCLUSIONS 

In this work, we introduce two new techniques for signature classification, one accurate, 

using the T2 of Hotelling distribution and another using Bartlettr-type correction. The first 

seems to be more reliable in terms of application, since when we take a new observation, it is 

enough to directly calculate the distance without requiring to include it in the sample for the 

calculation of x a.nd S as it makes the one that uses the beta. distribution. The Bartlett,-type 

correction seems more appropriate when the normality condition breaks down. 
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The corrected statistic presents superior performance, in relation to the estimated rates 

of type I errors with low type II error, when compared to the statistics without correction. 

The case of the application involving signatures, we believe that it is impracticable a system 

that demands that the customer registers 20, 30 or 50 times signatures himself (herself). to 

compose the sample of training. However, others techniques of normalization and election 

of the ideal dimension of the vector can be used to construct a competitive system, as well 

as detailed studies more in relation to the number of features, p, and alternative fornis of 

election. When we consider (n = 20 and p = 10) and establish a = 10%, the corrected 

statistic can be considered satisfactory for a system of verification of signatures, therefore, 

literature considers a good system of verification those that obtain rates around 20% for the 

addition of the errors (Plamondon and Lorette (1989)). The advantage of this case is that 

the rates of false rejections can previously be informed to the customer, that is, he (she) 

would be knowing that about 10% of the times it would have its proper rejected signature. 
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