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EXTENSIONS OF IMMERSIONS IN DIMENSION TWO · 

Vera Lucia Carrara .Zanetie 

Introduction 

Let V and N be (C 00-)manifolds such that dim V ~ dim N 

and let C be a submanifold of v, The general problem of extension 

• of immersion is the following. Given an . (C -) immersion 

f: C ~ N is there an immersion F: V - N such that Fie• f? We 

note that this problem for dim V • dim N is quite different from 

the case dim V < dim N. While the second case reduces to an 

homotopy problem., via the Hirsh-Smale theory (8,12], . the first one 

does not. We refer to Poenaru [11] for this discussion. 

The problem we are concerned with la the above one 

in the case C • av, dim V ~ dim N = 2, together with 

sificati~h of the extensions. Thus, we prove a thEiorem 

the clas­

of clas-

sification that generalizes and sinplifies previous results in 

this direction. Blank [l] provided in 1967, a complete solution 
2 ' 2 

(with classification) for the case V • ·D and N = R (*). Francis 
1 

. 
[4] extended the solution to any oriented, connected and compact 

V and Na R2 or s2• Marx and Ezell (2]' ' obtained existence 

conditions for extensions, when N is oriented, co~pact and con­

nected of any genus (**). We also mention Ezell's work [l] for 

(*) An exi ■ tence ■ olution ha• been given by Titu■ [13]. 

(**)We should mention that Marx anl Praacia' work• are 

with a broader cl••• of extea ■ ioaa. 

concerned 
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the non-oriented case and Francis-Troyer•~_one [SJ for the proper 
2 case N • R, V non-compact with compact boundary and finite number 

of ends. In this paper we classify the proper orientation 

preserving extensions off: C - N normal and proper, with V and 

N oriented, connected and either compact or surfaces of finite 

type. A non-compact surface (=2-dimensional manifold) has finit~ 

~ when it is equal to a compact one minus a finite number of 

points. 

The combinatorial structures used for the study of 
extensions had their development from Blank's words and grouping 

of subwords up to Marx and Francis' assemblages~ The assemblages, 
or groupings in our case of irrur.ersjons [10] are based on 

permutations belonging to groups of permutations associated to f. 

Our methods are essentially the same as th~se used 

mentioned authors. However, we use- a special kind of 

by the 

groupings, 
the (reduced) simple groupings (*), which are the ones that clas­
sify the extensions. Furthermore, using simple group.ings, wP. 
eliminate the hypothesis on winding numbers that was necessary, 
in all previous works, to provide an { immersed) .extension ( 1, 2, 4] • 

As a result, we obtain a completely combinatorjal answer. The 

theorem of classification is stated and proved in sectior, 4. 

This paper forms part (**) of my Doctoral Thesis 
[15]. I want to thank my adviser, Prof. Mauricio Matos Peixoto, 
for the suggestion of the problem and for all his guidance. 

(*) Among the mentioned authors, only Blank has used reduced 
-groupings. ~ found it necessary to reduce the groupings in 
order to define the simple ones. . . 

(**) The other part, t~ appear, is the application of the present 
results to atAhlP -~n• 
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1, Preliminaries. Normal curves. 

Most of the basic notation can be found in [9]. The 
. l i • 4,1 i • 1 1, , l -category used is _the C -categor1. , .,.,. .'II, . 

A surface of finite type is a non-compa·ct surface 

type of Xis (a 1
, ••• , a6 · ), as follows. Let 

' • · • , ,. I ' .• .. .. I • 

m be the number of 
X 

endpoints of X (the points e
1

, ••• , er) in x - ax. If 
0 . 0 

define a1 - ... a a ~ 0. For each ~omponEnt of X, consider 
m · o 

number of endpoints of X on tt. Order the nonzero number 

obtained, if any, as am-l ~ 

m; 0, 

the 

so 

Let N be a connected surface of genus gN without 
I 

boundary~ ·which is either compact or non-compact of finite type. 

We are interested in some collection of curves in N. Let 00 be an 

arbitrary point in N. ~f N is compact of positive genus 

,r 
1
~(N , 00 ) has, a minimal set of generators represented by 

lection of simple regular closed arcs a 1 , • . ·., a
29

N with 

a 

then 

col­

both 

• 2gN 

origin- and end at•, and otherwise disjoint, such that N - u ai 
i-=l 

is an open disc. Let N have finite type. ·Then a natural set of . 
generators of ,r1 (N, 00 ) is the one repre~ented by , simple 

(delete the 

regl>lar 

a
1
-curves 

if g • 0) with both origin and end at •, bt:herwise disjoint, &UCh that 

_2gN 6N 
N - (( f=l ai) u (1~1 yi)) is a disjoint union of an open 

. and &N homeomorphic cylinders. We orient Y1 so that the 

•tands to its left-side. When dN > 0, we also consider, for 

disc 

disc 

each 
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1 • 1, ••• , 6N, a regular arc ni = (e1 ,m]t_that is, an aFc 

the endpoint e
1 

to the point m. We refer to such a collection 

front 

of 

arcs in N as a special set of arcs. Not.e that, if we take off N a 
special set of . arcs we get a collection o~ open discs. 

p 
. Let C be the disjoint union C = u c1 of copies of 

i=l 
s 1 and R. A normal curve f: C - N is a family of proper and 

a finite 
number of transverse doub~e points as crossings, including self­
intersections. Two normal curves are equivalent, f - £', if there 
exists an orientation preserving diffeomorphi.sm a: C - C' 

that f .. f' oa •. 

such 

Let V be a bordered surface that is either compact 
or of £inite type. Let F: V - N be a proper orientation prese.cving 
immersion. We refer to Fas an immersed extension off 

Flav - f. Two such extensions are equivalent, F F', if 
exists an orientation preser·ving diffe01r,orphism t: V - V' 

when 

there 

such 
that F = F' ot. We denote by E(f) the set of those extensions of 
f with V connected and by g"(f) the set of its equivalence classes. 

The immersed extensions of a paired normal curve 
will .be classified by its simple transitive groupings. These will 
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be defined in section 2. The theorem of classification will be . 

given in section 4. 

Given a nor~al curve f:· C - N, we must specify 

some special components of N - Im f, ·in order to construct the 

groupings. Those components will be the Central cycles 

defined below. 

First we decompose f into -disjoint simple 

of f, 

curves 

by separating and smoothing at its double points (*). Now, let 

• ·f: N - Im f be a fixed, arbi tra1-y point~ A cycle (rel. 00
) of f is 

any of those simple curves that borders an open, maybe unbounded, 

homeomorphic disc in N - . {00}. Hence~ a cycle may be an unbounded 

arc. Denote by int c that disc and let D be its closure. The 

cycle c is positive if c • 3D and negative if c • -ao 

sign reverses orjentation). The cycle c is a central cycle 

(the _ 

if 

. c' ~ int c, for any cycle c' of f. Note that, up to smoothing, 

a central cycle of f .is either the oriented or the negatively 

oriented boundary of a component of N - Im f homeomorphic to a 

disc in N ~ {oo}. Note also that if f has a cycle c, then f 

· has a central cycle c' c int c. If Im 1£ is contained in a disc 

in N - {--} , then all of its sill'ple curves are cycles. 

(*) When f: C - Nia cloaed, that ia, Ci• the union of copies of 

s1 , t\lese ' simple curves a Te known •• Gaussian ci Tele• of f[2,4]. 
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A partial cycle of f is given similarly to the 
cycles, except that the decomposition is applied to a subset of 
the set of double points.of f. Properties of the partial 
as well as the properties of the cycles of f provide 

cycles 

complete 
proofs of some results in this text. We mention that if f has a 
partial cycle c then f. has a cycle c' c int c. 

a. Groupings 

In this section we construct groupings for normal 
. curves. 

Let f: C - N be a normal curve and let m € N- Im f 
be a fixed, arbitrary point;. A set of rays for f, R=R(f,""), is a 
finite set of oriented simple arcs in N such that, for r, r'" R, 
v c r nim f, it follows that r is tranverse to f, rnr'= {ao} 

ir r ~ r•, and vis not a double pcint off. Moreover, we require · 
· that R•R

0 
u R, where r c R 1s an arc with origin in a connected e C 



component of N - Im f and end at•· Also., Re ... .!IS if gN - 6 .. !IS, 
N 

and otherwise R. is a special set of arcs in 
e 

N such that the 

bounded ,compo_nent 
6N 

of N - u Yi contains all d9uble points of f 
i•l · 

and all rays of Rc. 

A set of rays fc,r f is sufficient(*) if, for each 

central cycle of f, R contains at least a ray with origin in 

int c. 

A normc1l curve is paired (rel. R ) if either R a fi 
e e 

• or the number of positive and negative crossings in each closed 

ray r E _ R
8 

are equal. As we shall see, the normal curves which are 

not paired do not ·extend. 
~ 

On the other hand, f may have extensions of non-

zero deqree at ... '1".hu·s, for each integer a .i:. 0 we · consider an 

au9'.!!!ented curve of f •. Th~s is a normal curye gs that has for 

component -curves those of f and also, when 8 > O, · 8 disjoint 

homeomorphic, circles wl' •• .', w
8 

contained in a small open 

z, in N - Illl f, such that • E· int wi c fl and wi _• - aoi, 

Di• int wi, for 1=1, ••. , S. 

disc 

where 

curve of f 

Let R be sufficient and let gS be an 
, s 

such that each r ER is a transverse tog 

augmented 

Let 

Q .,. Im gs n ( u r) be the set of all crossings. Define sign v = 1, 
rER 

if vis a positive crossi~g of r ER with Im gs. This means that 

a .nonzero . tangent vectc-r to r and a nonzero tangent vector tc, 

Im gs form, in this order, a positive basJ.s fer the tangent space 

(*) This condition of sufficiency differ• from that in . the . lit­

terature [2,4]. 
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of N at v. Otherwise, define sign v = -1. We also define 

index V • i, · th · if,v is the i - crossing in r · E: R. 

Let~ be the symmetric group on <!1 endowed with 

the usual product of permutations [14) • Let S €S'gbe the sucessor 

permutation: if v E'. Im gi, 1=1, ••• , P + 13, then vs = v' € Im gi, 

where v• is the first crossing in Im gi'· when g1 is unbounded and 
vis the last crossing in it, and v' is the crossing next to v in 

Im g1 _in all other cases. A grouping permutation for 9 13 is a . 

permutation PE: 9"'g given, as a product of disjoint cycles, by 
trivial cycles and transpositions (uv) suc.:h that u, v E'. r, for 
some r E R, and s~gn u ,- sign v. We call (uv) a pair of P • .Abstractly, 
we also say that P is a grouping permuta.tion on (the finite set) 

AB-grouping for f, A~ A(R,f) is a pair (B,P), 
· where Bis a non-negative integer and P is a · grouping permutation 
for g

8• We also say that A is a grouping on~- Call orbits of A 

the disjoint cycles of SP • 

. be as ~n the figure. Consider the augmented curve g ' of f given 
by g1=f1 , i=l,2,3 and g4==w. Consider also the sufficient set of 
rays R •{Y,n,a,b,c}. Then 
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Taking 

we obt$in the grouping A• (l,P) such that 

Note . that the orbits of A correspond to the (geometxic) orbits 

of g (in ·next · sectionJ. A is also effective and transitive in 

the following sense. 

A grouping A = (8,P) i's ~fective if P 

every u, C with sign u • -1, and all pairs of P , are 

moves 

positive. 

A pair (uv) with sign u ~ -1 is positive if index u < index v. 

A is transitive if s and P generate a tran~itive subgroup of 

.?G. This means that for all v, v• € (! there exists Q~Q1 ••• Qm , % 

with Qj • s, s-1 or P and v' • vo. 
·we shall consider reduced groupings instead of the 

. defined groupings. First, we assume from now on, that the twc fol-
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lowing ore-reduction con~itions are sat.isjJed. _If cSN > 0, 

ni, igl, ••• , cSN, cross cnly bounded arcs of Im fin N -

the 
cSN 
u 

i=l 

rays 

and the £irst and second crossing in any unbounded gi, as well ·as 

the last and the next to last one, do not belong to thfi same ray. 

If S > O, · then for i = 1, ..• , 8, win r is composed either by a 

single crossing, ~hen r is non-closed, or by -two cross:l.ngs, when 

r is a closed ray. Observe that these conditions are easily 

obtained by a sliding of the involved ~ays. On the other hand, . they 

might be obtained by a reduction similar tc the following. 

We say ,that S is in reduced form if, whenever the 

crossings u and v belong to the· same ray and sign· u;, sign v, then 

u ~ vs and v ~ us. If S is not ·in reduced form, we reduce S by 

sucessive elimination from of -~rossings u, v in the same ray, 

such that either u ... vs or V = us, and sign u 1' sign V. Let .,o• C .::J 
be the reduced set thus obtained. Let s• ·be the permutation in 

.9' given by vs• a vsk, where k is the lenst posJtive . •integer 
.JP * 

such that vsk E p *. 

A*= (8,P*) is a reduced grouping for f if S is ' 
. c;,. non-negative integer and P* is a grouping permutati'on on the 

reduced set...}*of the set.,) of crossing of g6 and R. In what fol­
lows we delet unnecessary stars. 

Two reduced groupings A = ( 8 ,P) and A' = ( S' ,P') are 

equivalent, A - A',if B = 8' and either:6 = 0 and P P',or8"0 

and there exists a permutation a on { 1, ••• , B} such that "p I = 
C1 

= PTO', where 1'C1 f: .9-'p is given • bl' vo = 
C1 

v' with either v' = v, if 
V t Im f, or v' f: wia n rand sign v' -sign v, if V 

Note that equivalence between the: groupings is just 
I 

't wi n r, 

a way 
~ 

rcR. 

of 
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permuting the circles wi, i • 1, •·~•B· Equivalence preserves ef­

fectiveness and transitivity. 

We will refer tc the first and last crossings on 

the unbounded components off as special crossings of R with 
. . 

f. A negative orbit of an effective reduced grouping A is an 

orbit of A that containE either some negative special crossing 

or some fixed (by P) crossing of a ray ni; if 6N > 0. 

An effective reduced grouping A= . (B,P) for f is 
. . 

simple if it satisfies the fellowing properties: 

· (i) whenever u, v £ r, r £ R, belong to some non­

. negative orbit of A, then sign u ~ sign v, . u; uP and v # vPi 

(ii) the negative orbits of A may only contain 

negative crossing of ray£ yi and fixed crossi.ngs ·of rays n
1

, . if 

oN > 0 an~ i .., l, ••. , i5N, 

Simplicity is also preserved ·by equivalence. 

Let A= (B,P) be a simple grouping for f. We 

denote by C the number of orbits of A, by o the numt.er of its 
l 

negative orbits and by v the number of negative crossings in the 

reduced set;. A simple grouping has~ {a
0

, a1 , ••• , a0 ), with 

a
0 

• i5 and ai ! aj for i ! j, if the negative orbjts of A 

a1
, ... , a

15 
negative special crossings of.P , - respectively. 

contain 

The 

type of A, as well as the numberE- C, i5 are preserved by equivalence. 

In the · given example, A is simple and has a unique 

negative orbit (d~ di e 1d; ), so &al and A has 

. Furthermore, ~ • 6 and C • 4. 

type 

Denote by AS (R,f) the set of transitive 

(1, 2) • 

simple 
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groupings and bysf.9rR,f) its equivalence classes. 

Now we indicate how a reduced group:l.ng A for f is 

realized as a grouping for a reduced (by R) normal curve f* of f 

which has Sas the associated sucessor permutation. If S is in 
1 2 reduced form, then f* = f. Suppose not. Consider r i R, v, v i r 

such that index v1 < index v2., sign v 1 ,f, sign v2 and either v2=v1s 
1 2 l 2 or v =vs. Hence, v, v £ Im, f and are not. special cros-

1 2 2 l sings. Let y be the arc of Im f from v to v when v = v S, and . 
2 · 1 1 2 from v to v when v =vs. By the sufficiency of R, y has no 

double point. As y is not cro~sed by any ray, y u [v1 ,v2] is -
contained in a disc in N - {m} and so borders a region n in that 
disc. Consider the continuous curve (Im f - y) u [v1 ,v2] in N. We 
normalize it by smoothing, after pulling off r, and parallel tor, 
its arc over [v1 ,v2] inside a closed neigh~orhood of cv1 ,v2J like 
a •rectangle". We assume that?""n r = [v1 ,v2J and thato/,,.does not 
contain double points off. We construct f* inductively from f · by 

r changing each time an arc Y, as above, with the following property: 
l l - 2 2 -there are no crossings V 2 _V IV = V and Y, n as above, such · 

that ~ c n. We have only to prove that R is sufficient for f*. 
The following lemma provides th~ induction step. 

- ;- -, - - - . -; 
...____ _ _,._~:.........' ', 

' 
I 

T 
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Le•ma. Let R be sufficient for the normal curve f and let h be 

• obtained from f by changing a single arc y with 

above. Then R is sufficient for h •. 

the property 

Comment on the proof. The proof of this lemma is technical, so we 

make only a few comments and refer to [16]. It suffices to prove 

that, if c1 is a cycle of h that is not a partial cycle of f, 

then there is a ray r £ R
0 

with origin in int c
1

• Let k be the 

normal curve given by h 

l 2 

plus a loop c2 obtained from y u(v
1 ,v2J 

by -~ormalizing at [v ,v ]. Using the properties of partial 

decompositio~s of h and k into simple curves, one proves that 

f has a _cycle contained in int c 1 u c;, u int c2 • 

3. Orbits and modi f ied curves of a paired curve. 

Now we look at the effect of an effective grouping 
, 

A • A(R,_f) • (8,P) on the paired normal curve f: C - N. A 

decomposes· the augmented curve g "" gB of f into simpler curves 

but not normal ones, the orbits of 9 by A. In fact, consider the 

union of Im g with the arcs of u r 1·of either the form [u,v] 
rdl 

with u a vP or (e,v] £ nj, for some j = 1, ... , 6N, with v = VP. 

From this union, we obtain the orbits of g by reparametrizing 

so that an arc of Im g that either ends or star ts in u · or v 

as above is followed or preceeded, respectively, by the adequate 

,arc of u _r. The giv~n orientation is the one compatible with g. 
r£R 

Normalizing these orbits we obtain a hew normal 

curve g': C'-:+ N, a modified curve of 9 by A. Precisely, we 

exchange each of those arcs of r by a parallel one and smooth it, 
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as we have done to reduce a normal curve. 

:Jk:= J_L 
1" 1" ~'l. jh 1J' 'k. ... 

We denote an orbit~ of g o 1 m by (v ,v , ••• ,v) where 

• • • I 

m 
v are the elements of O in the order in which they occur 

in J) , and where sign VO = 1 and v0 is eith~r special, or VO= 

""vop e: n. for some j =. 1, . .. , 6N if l) is unbounded, Now, each . ] 

orbit . () of g is contained in the closure of an open disc in 

N - { .. }, by the effectiveness of A and parity of g. Thus all of 
its simple curves (in the decomposition of g intc simple curves) 

. are cycles. No ray crosses negatively a component curve of g', by 
the effectiveness of A.Every cycle of a component curve of .g' is 

positive, by the effectiveness of A, by the sufficiency of R and 
the last remark. 

We define an equivalence relation. on the set of the 
orbits of g, in order to have a one-to-one correspondence between 
the resulting classes and the orbits of A. Dwill be equivalent to 

in one of the following situations: ,b = -0• , u> and ..O• are 

unbounded and there exists v e: nj, for some j = l, ••• , 6N 

that v • vP e: t!) n ..0' , ,[) and [J • are unbounded and there 

such 

are 

special crossings v e: Dand v• e: ID• such that either v ~ v'S or 

v' = vs. Now, if v· i:: ~ anc1 sign v • 1, then the orbit of A as­

sociated to the class of~ is the one in which v occurs if v=vP. 
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• 
It is also the one in which v occurs when [u,v] c O, and th~ 

one in which u occurs when -[u,v] c \0, if u = vP, u I v ([u,v] 

C r). 

In the example given in last section, g has _the 

following orbits (compare with the orbits of .. A) : 

01 = <ci, cl, C2 I bl' b2, a3, ai, d4, dS, c2), 

02 = (d3, al, a3, d~), 

,J 

04 = <~s' d~), 

05 = (d3, d~ ~ el) e 

06 = (el, d6, d;>. 

Suppose that S is in reduced form and that A is 

simple. Then, there is a non-negative orbit of A for each closed 

orbit of ~ g, and vice-versa. For each negative orbit of A there 

is an equiv.alence class of unbounded orbits of g. Each component 

g1, 1 ~ i ~ (', of the· modified c~rve ·g• of g is positively 

embedded in a disc in N - {."'}, that is,, g1 h«s a positive, unique 

cycle. This is a consequence of the properties of the decatp:)Siti.a, 
, . 

siuple curves. We illustrate the orbits of g in 

in this case. • · 

.. 

-----
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4. The Eztension Theorem · 

· We recall notations on previous section for the 

following 

Theorem. Let f: C - N be a normal curve and let R be a sufficient 

set of rays for f, We have: 

commutes, 

(i) if E(f) ;, fl then f · is paired 

(ii) if f is paired ~-then E(f) F ~ if; and only 1~ · 

AS (R, f) "F fl 

(iii) if f is paired and E (f) ·-1- J, then there exists 

a natural functions(: E(!) -.sJ'S'fR,f) and a 

bijection 8'(£) ....:+~S,,(R,f) such that diagram 

E (f) ----.. ;/:i'tR,f) 

i 

(iv) if F: V - N is such that F f: E (f) and if 

A ,i: .s((F) is a S-grouping of type (a
0

,a
1

, •.. ,a
6
), 

then: V 1s compact if, and only if, 6 • 0 and V 

has type (a1 , ••• , a6 ) if, and only if, 6 > · O. 

Furthermore, 

2 - 2g - p • t - " + B. 

Remarks. In the theorem, if pt, p
0 

then 6 > 0 ~ If P • P
0 

and 

so that V is compact, assertion (iv) gives 

6 = 0, 
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X(V) = ~ ~ V + a, 

where X(V) is the Euler characteristic of V. Transitivity of A€,((F), 

FtE(f), means that V is connected. Effectiveness of A, 

condition, implies that F is orientation preserving. 

second 

E:i:amples. In the given example, we have obtained the transitive sinple 

grouping A= (l,P) ·of type (1,2) and such that p = 3, B= l, \I= 6, 

t • 4 and 5 • 1. Thus, gv = O and f has an 

Fz V-+ N where V has type (2) and genus O. 

immersed · extension 

Let -f: s 1 
- T (torus) be as in the 1st figure of next page. 

R • {a1,a2, r} · is suffici~nt for . f and, for B= D we have 

For 

we get , 

Hence, A• (O,P) is a transitive simple grouping for f such that 
t 

P • 1, B;. O, V-= 5, t= 2 and 5 = O. It follows that f has an imrersed 

extension F: V - N where V has genus '2, - that is, Vis a 2-torus 

with one hole. Observe that f has three other non-equivalent 

extensions, all them to the 2-tor~s with one hole, as for 

the one that co1responds to (O,P'), where 

example, 

The curves f; s1 .- R2 and g: s 1 - T with the 

images indicated in the figure below do not extend, although thE,y 
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P • P' • (1), S £SP= (a
1

a
2
), S' = S'P' • (b

1
) (b2). Notice that 

A is not simple and that g is not paired. 

'~ 
c1 F ~ ===~°"'==F=-I 
c.~-.---~ 

~; 

d 

Coro 7, Zary . Let f: C - N be proper and normal. Let R be sufficient 

for f. Then f has an immersed extension F: V - N with V non-

necessarily connected if, and only f, f is paired and has a simple 

~rouping .that satisfies the following property: if 1:"• ~ t!l is an 

orbit of· the subgroup of .9'
0

g:enerated by 5 and P, then . l!l •¢(ff,• 
. B -

d n u w •• Furthermore, these groupings classify the immersed 
i•l i. . · · 

extensions of f, via the given equivalence . relations. 

Proo f o f the ThEorem. Suppose that F: V - · N extend f. Let e· be the 

cardinality of F-l (00 ). If 13 > o., ' we choose neighbourhoods ?Y• c _ ~ 
of 00 such that F-l (7/) is the ' union of disjoint open sets in V with 

F 1-1 in each of them. We choose closed"d!scs Die N, i al, •• ~ , 13, 
0 

· s~ch that V' c: Di and Di c D l+l · We selec_t a pre-image 01 of each 

D1 to form a collection of disjoint discs in v. Set wi • -aD a i 
and wi • -aD1 • Then W • 

. B 
V - u D1 is a submanifold of V having i•l 

boundary aw• 3Vu( u w1). 
. i•l 

augmented curve of f and 

Set g • Flaw and G •Flw• Thus g is 

Glaw = g. If 13 = 0 we set G ~ F 

an 

and 

g •f. In any case, G is an extension of g such that Im G ,j N and 

• i Im G. G-l ( u r) is a union of disjoint oriented simple arcs 
rd. 

in V, of one of -the three forms: (I) [p,v], (II) [u,v] or 
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(III) (e,vJ, where p I. av and G(p) =pis tt:e origin of some ray 

r £ R, u i av and G(u) = u is a negative crossing on some ray r, e 

' 
is some end point of v, and whe~e V ( av and G(v) = V is some 

positive crossing on r. In case (III), r £ Re and is unbounded. If 

r £ R
8

·and is closed, then we get only case (II). This proves Ci). 

G induces, in a natural way, an effective grouping A(G) • (O,P'), 

. given by uP =Vin case (II) and vP = v otherwise. Let g*: C - N be 

a reduced curve of g, by R. One forms easily an extensicn G* of g* 

from G, by induction on crossings of Im g with R, as in the end 

of section 2. Setting A_(G*) = (O,P) we get the effective reduced 

grouping (B,P) for F. We have to prove that A(G*) is transitive and 

simple. 

To ~implify notation, assume for a moment that -

Im F ,t, N, m £ Im F and that s is in reduced form. Let A = ACF). 

We show that A is 

union of the arcs 

modified curve of 

transitive and simple. -1 Let fl c F (vr) be 

( f ) f; I 
r!R 

of type (II) and let f' = be 
j j•l 

f by A(F). Each connected component 

the 

a 

V. of 
l. 

V - n contains exactly one component vi of V - F-l (Im f'), We 

' assert that there is exactly one vj f<,r ' each j ( 

Flav . m f'. and it is an embedding, and 
J J 

also that each V. 
J 

is a 

disc in v. For, by construction, each Vi has bounda1y avi made up 

by arcs of F-l (Im f') and arcs of av, and F!Vi: V~ - N is a normal 

f '' (f' )ti h curve i ~ ij j=l' were is a component of f' and 

so that Fi given by Flv . 1 vi - N is an extension of 
1 

fl'· Now, as A(F) is effective, all cycles of the ·components of f1 
are positive. Also, as Vin ~ • i, then I~ Fj is contained in a disc 
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N - {•}. Composing Fi with an orientation pre~erving diffeomorphism, 

' a known result [7] shows that x(Vi) a 1, if Vi is compact. Thi.is 

ti ·• 1 in this case. Now, suppose that £1' has some 

component. Then V must be non-compact. We find a compact 

unbounded 

sub-

manifold W~ of v1 and apply the same argument to·W
0

, so that 

x (W
0

) = 1, ·and, in particular, f1' has no closed component. A direct 

. analysis will then prove t~a~ ~i ~ 1 in this case too. Choice of W
0

: 

consider a maximal canonical submanifold D of N [6] that contains 

the image of a maximal canonical topological submanifold Di of v1 • 
-

We illustrate these concepts. Assume that D contains 
i 

the inverse image of the closure of the neighbourhood ii of 
. 6 

the inverse image of the compact component of N - uNyi and 
1•1 . 

compact ~omponents of av
1 • Assume also that D contajns all 

m, 

all ' 

compact 
6N 

maximal arcs of Im f in N - u y
1 

and that D intersects each of 

the rays 

Im f in 

l'lj, j 

N -

· 1•1 
• 1, ••• , 6N and each of the 
. 6N 

u y 
1 

once and transversely. 
1•1 

othing the corners of F~1 (D) and normalizing 

unbounded arcs of 

Then we get w by smo-
0 

Fl aw· 
Tr ansi ti vi ty of A fol.l.ows £ran the cair.ectedness of v and 

the celular decomposition thus obtained. For, · a path from 

v' , av can be deformed to one that is mapped onto a path 

orbits of f. We look at the orbits of f ·to discover how 

v' to 

on the 

the 
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orbits of A are. Firstly, consider the compact case CV and N oatpact). 

Let f' be a component of the modified curve f' and let iJ be the 
j 

corresponding orbit of f. We prc,ved that Im fj is a simple curve c 

in a ·disc in N - {m}, Furthermore, no ray crosses Im fj negatively. 

Take r· e: R such that r n lb t,. g and fix v0 
t: <O. nrn t! with sign v0 = 

.. 1. Th " ( 0 vm) f O W aJr. en~~ v, ••• , or some m > • em .e scme remar)ts 

that are easy to check • . We also illustrate the impossible situations. 

(1) Suppose that r ( Rc and let p ·be the ~rigin 

of If, for some 1 e: {O,l, .•• ,111}, ·v i e: rand vi - 1 then r. VP, pt: 

int c and the arc [p,vfJ c r satisfies [p,v1] C Intc. · 

· h i j h k i vi vh (2) Suppose tat v ,v ,v ,v t: r, s gn = sign 

• -1, vi~ vjP, vh = vkP and index vi .< index vh. If either i < j 

(possibly i • m, j • 0) and h < k (possib
1
ly h = m, k • 0) or i > j 

(possibly i • 0, j = m) and h > k (possibly h • 0, k • m), theri index 

j h . . 
v < index v , by effectiveness of A. ' 

·,_.. .. 

[ 
~ ~I, 

y'- J' l 
" j ...,l 
y,,I 

r· "J 
., ~ 
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(3) Since A 
j h k is reduced, if v ,v ,v £ r, 

- sign vk •land vb• vkP, then h < k implies h ~ j + l and 

h > k implies j ~ h + l (j ~ 0 if h = m). 

If for v1 
£. r, sign v~ = l implies 1 = 0, then iV 

has one of the following forms: o ol Jc ool k (v ), (v ,a , ••• ,a), (v ,u ,a , •.. ,a), 

ol ko · i o 1 o:avoP dj f (v ,a , ••• ,a ,u ), wher~ s gnu ~ - , u an a l r, or 
o o 11 ih 1 < j < k. Correspondingly, the orbit of A is (v ), (v a ••. a ), 

; 11 - ih o 11 ih il 1h (u a •.• a ), (v a ••• a ), where {a , ••• ,a } <={a1 , ... ~}. Sup-

pose that for some i ~ o, vi Er and sign vi• 1. Assume that if 

i > 1, O < j < 1 and sign vj = 1 then vj l r. Now, P may move either 

both v0 and vi, or one of them. We analyse the possibilities, ac­

cording to arcs of from v0 · to v1 and from vi to vi+l are arcs of 

r or Im f. Now, repoorting to (1), (2) and (3), we see that both the 
{) n A { o l i i+l} arcs are arcs of rand .also r n ~ = v ,v ,v ,v • Setting 

o 1 · 1+1 1 u • v , u • v and v • v , we get the followlng possibilities fc,r 

(/) · o o · o l k o o l ·k o : (v ,v,u,u ) , (v ,v,u,a , ••• ,a ,u ) , (v ,a , ••.• ,a ,v,u;u ) , 
o l k k+l t o (v ,a , ••• ,a ,v,u,a , •.• ,a ,u ). The 
o o 11 ih o 11 ih (vu), (v ua ••• a ), (v a ••• a u), 

. - .... ,+·· ~~·- ;_f •,;ll f I 

',., ,''1 
' "· 11. • , 

• 
" T 

< 

correspondiPg orbit of A 
· o 11 ih h jr (v a ••• a ua .• •• a ) . 

·cf.: 
. ' 

is 

For the non-compact case, ii I!/ is a closed orbit 
6N 

in the closure of the compact component of N - u ~• then the same 
. j. 1 J 

arguments apply. Only in the last case above, we must have 

and nj ~ l ~ j ~ 6N. If ,g 1& in the closure of a non-compact ca,p:,nent 
6N 

of N - j~1 YJ, then a direct inspection, using section 3, shows that 
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'° has one of the following forms: 0 0 (v u ,v,u) where V = UOS 

and VO ·= us, 0 0 u0 s and VO vs, 0 0 
(v ,u ,u,v) where u = = (v ,u) 

where Vo and 0 special crossjngs, 0 0 where u0 s u are (v ,u ,v) V '" 

and 0 is special crossing, (v,v0 ,u0
) where VO = vs and uo V a 

is a special 0 0 crossing, (v,v ,u ,v) where v0 
• vs . and v • u0 s, 

and (v,v0 ,u0 ,v•) where v0 
• vs and v' = u0 s, fc,r u0 ,v0 

t: yj and 

u,v,v' £ Tlj, for some j £ {1, •.• , yN}. The corresponding orbit of A 

o o o o o Cv 11,.°} o . 
is therefore (u u), (u v) , (u ) , (u v ... ),( .. »-u ),Yand { .•• w v', •• ), respectively. 

One sees immediatly that A is sJmple. This proves 

condition of (ii). 

the necessary 

We now prove the sufficient coneition. Let A• A(R,f) 

= (B,Pl t: A5(R,f). Let g* be ·a reduced curve f~ g • '!hen A' = (O,P) t: .AS(R,g'*) . _ We 

remind that the orb.its of g* by A' are simple _curves, except for twioe 

runned arcs of a ray r of either form [e,v] or [u,v], if .any. The 

interiorsof each orbit is an open disc. Therefore, we define W* and 

the extension G*: V* - N by glueing to9ether the closure of the 

interior of the orbits and the corresponding inclusion maps. The 
I 

identification is made at the points of the common arcs (e,vl or [u,vl 

of adjacen·t orbits. W~ build up G from G* inductively. To get V 

· and F, we attach the disc bounded by w1 to the component of aw 

eomes from wi. 

that 

To pro~e(iii) we note that E(f) .::. E_(f*), lf(f).:.,•,{f*l, 

AS(R,f) • AS{R,f*) andJ{S'(R,f) = .. =l'.?(R,f*),Thus we assume that Sis 
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in reduced form. For B = 0, we have AS (R,f) .=- ~Y9' (R,f). Define 

s/(F) • ACF), given in the proof of (ii). If F = F' o ♦, then ♦ send; 

arcs of either type [u,v] or (e,v] in V to arcs of the same type in 

V and with the same images in N. 'lherefore, we have a well defined 

function if(£) -.;/S'(R,f). On the other hand, the.defined extension 

is unique, up to equivalence of extensions. 'lhus we get a bijectJon . 

. Suppose that S > O. We name the ch~i ~es of the d:IScs I\ in F-l (M 

as permutations of I
13 

• {l, ..• ,B}, Each permutation is associated 

to an extension ~ ( E (g 13 ) • Let Aa be ·the related grouping of f. Fran 

ttle definition of equivalence, we get A
0 

-
a' A . , for all a, a•, If 

F • F' o ♦, we set 151 • ♦(151 ), i .. 1, ••• ,S . With this choice, we have 

s/(F) • ~(F'). On the other hand, groupings for non-equivalent 

extensions must differ on a crossing not belonging to any W' i. Thus 

we have the desired bijection. 

For the proof of (iv), we may suppose that S is in 

redu~ed form, mi Im f and that A= A(F). If N is ·compact, we get, 
-1 . from the celular decompcsitio~ of V determined by F (~): · 

n . 1 n 
x(V) • 2y - ( E [2(v +v•)+v• - - Ev l.+ t • t - .v , 

1 • l i i i 2 1•1 i 

where \: is the number ·of edges that appear once in thr~ face .9" and i i 
vi is the number of edges t.liat appear twice in _;;-i. 

Suppose that N is not compact. If V is compact 

then A has no negative orbits and so o .. O. If o • O then Pv ti v 

for v r ni, as A 1s· simple. Therefore, the arcs of F-1 <ni) are 

bounded and thus V is compact. We set N • N u {el, .• • ,eoN} and 
0 

use the compact case. For V be non-compac:t, let qi ( n 1 such. that 

ttle arc of n1 up to qi do not cross Im f. .Let 131 ~ '1 be the 
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-1 6 
cardinalicy of F (q

1
) and B' = EN a1. 

1•1 
canonical topological submanifold D of 

We consider . a 

V and a maximal 

maximal 

canonical 

is the submanifold D of N with F (D) c D. Assume also that ao 

union of arcs y1 , i • 1, ••• , .SN that cress each unbounded arc of 

Im f and each arc 11
1 

once and transversely. Let V' • F-l(D) .'lhen 

ao is formed by c5 closed curves s
1

, ••• ,s6 , where _s1 
is 

F-l (D) if a
1 

= 0 and Si has arcs . of F-1 (3D) and a
1 

arcs 

components of av, if a1 > 0. If we chocs e carefully a 

an arc of 

of unbounded 

s ubmanifold 

V" of v such that V" and f"-= Flav•~ - normalizes V' and Flav•, we 

gets for A"• A(F"), 

X (V" ) - t II - V" 

'Ihus • 

• C<t-6) +p- p + B'l-Cv- B'J. 
0 

--

Comment on the proof~[ the corollary 

For V non- connected, the groupings do not need to 

be transitive. But we have to remind that; the curves F-1 cw1 ) are net 

components of av. 'l'hus, the omits of an augmented curve g of f 
, 

must connect each w1 to some component of Im £. 
• 
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