





the non-oriented case and Francis-Troyer's one [5] for the proper
case N = Rz, V non-compact with compact boundary and finite number
of ends. In this paper we classify the proper orientation
preserving extensions of f: C — N normal and prober, with Vv and
N oriented, connected and either compact or surfaces of finite
type. A non-compact surface (=2-dimensional manifold) has finite
type when it is equal to a compact one minus a finite number of
points. . -
. ' The combiratorial structures used for the study of
- extensions had their development from Blark's words and grouping

of subwords up to Marx and Francis' assemblages. The assemblages,
or groupings in bur case of immersions [10] are based on
permutations belonging to gréups of permutations associated to f.
Our methods are essentially the same as these used by the
mentioned authors. However, we use‘a special kind of groupings,

the (reduced) simple groupings (*), which are the ones that clas-

sify the extensions. FurtheFmore, using simple groupings, we
eliminate the hypothesis on winding nuﬁbers that was necessary,
.in alljpre@ious works, to provide an (immersed) extension (1,2,41.
As a result, we obtain a completely combinatorjal answer. The
theorem of cléssification is stated and-proved in section 4.

‘This paper forms part (**) of my Doctoral Thesis
[15]. I want to thank my adviser, Prof. Mauricio Matos Peixoto,

for the suggestion of the problem and for all his guidance.

(*) Among the mentioned authors, only Blank has used reduced
-groupings. I found it necessary to reduce the groupings in
order to define the simple ones.

(**) The other part, to appebr, is the application of tlhe present

o results to stahle mane :



1. Preliminaries. Normal curves.

Most of the basic notation can be found in [91. 'rhel
$ . ' YRR

© .
category used is the C -category. m oy MR M TS b 2)

A surface of finite type is a non-compact surface

X=X {el, ceer €y } where X, -is° compact.  If X is’connected, the’
type of X is (al, RN as ), as follows. Let m be the nunber of

endpoints of X (the points el, o er) in x - 93X . If m #£ 0,
| -

define a, = ... ='am = 0. For each component of X, consider the

1
_ number of endpoints of X on it. Order the nonzero number so
obtained, if any, as a _; < eee & asx.
Let N be a connected surface of genus gy without

boundary,_'which is either compact or non-compact of finite type.

We are interested in some collection of curves in N. Let = be an

arbitrar{ point in N. If N is compact of positive genus then
L (N,w) has a minimal set of generators represented by a - col-
lection of simple regular closed arcs Ugr wees ung with both
origin-and“end at », and otherwise disjsint, such that N - ;ié oy

is an open disc. Let N have finite type. Thern a natural set of
generators of w, (N,®) is the one repreeented by . simple regvlar

closed arcs al, ¥ e g ang, Yl

if g = 0) with both ‘orig:l.n and end at =, otherwise disjoint, such that

iy i at . union of ai
Ly o) v Gy Y,)) is a disjoint union of anm open sc

v oeeer Yg (delete the a, -curves
N i

N- (Y
and GN homeomorphic cylinders. We orient Y1 so that the disc

stands to its left-side. when 6“ > 0, we also consider, for each



i = A s GN' a regqular arc ng = (ei,WJL_that is, an arc from
the endpoint ei to the point ». We refer to such a collection of

arcs in N as a special set of arcs. Note that, if we take off N a

'special set of arcs we get a collection of open discs.

’ p
Let C be the disjoint union C = v Cy of copies of
=1
Sl and R. A normal curve £f: C — N is a family of proper and

i° i=1 i
number of transverse double points as cressings, including self-

regular curves f = {f,}° e £, Ci—» N, with oﬂ;y a finite

intersections. Two no}mal curves are equivalent, £ ~ £', if there
exists an orientation preserving diffeomorphism a : C — C' such -
that £ = £' oa. , . .

Let V be a bordered surface that is either compact

-

or of finite type. Let F: V —+ N be a proper orientation preserving

immersion. We refer to F as an immersed extension of f ‘ when
Flav ~ £f. Two such extensions are equivalent, F ~ F', if there
exists an orientation preserving diffeomorphism ¢: Vv — V! such

that F = F' o¢. We denote by E(f) the set of those extensions of
f with V connected and by 8Tf) the set of its equivalence classes.
The immersed extensions of a paired normal curve

will be classified by its simple transitive groupings. Thése will



v

be defined in section 2. The theorem of c}assificatién. will Dbe
given in section 4.

Given a norrmal curve f: C — N, we must specify
some special components of N - Imn £, in order to construct the
groupings. Those components will be the ¢central cycles of £5
defined below.

First we decompose f into .disjoint simple curves
by separating and smoothing at its double points (*). Now, let
¢ N-Im £ be a fixed, arbitrary point. A cycle (rel. ®) of f is
any of those simple curves that borders an open, maybe unbounded,
homeomorphic disc in N - {=}. Hence, a cycle may be an unbounded
arc. Denote by igg_g that disc and let D Bg its closure. The
cycle ¢ is positive if c = 3D aﬂd negative if ¢ = -3D (the

sign reverses orientation). The cycle c 1is a central cycle if

c' ¢ int c, for any cycle c' of f. Note that, up to smoothing,

a central cycle of f .is either the oriented or the negatively
oriented boundary of a component of N - Im f homeomorphic to a
disc in N - {»} . Note also that if £ has a cycle c, then £

has a central cyclg c' < Int ©. If Im |f 15 contained in a disc |

in N - {«} , then all of its s@mple curves are cycles.
f

L .

(*) When f: C — N is closed, that is, C is the union of copies of

Sl. these simple curves are known as Gaussian circles of £[2,4].



A partial cycle of f is giveﬁ similarly to the

cycles, except that the decomposition is applied fo a subset of
the set of double points of f. Propert{es of the partial cycles
as well as the properties of the cycles of £ provide complete
pProofs of some results in this text. We mention that if‘ f has a

partial cycle ¢ then £. has a cycle ¢' < 1int .

2. Grouging;
In this section we construct groupings for normal
curves.
Let £: C — N be a normal curve and let © ¢ N- Im f

be a fixed, arbitrary point. A set of rays for f, R=R(f,“), is a

finite set of oriented simple arcs in N such that, fer ©, r'c R,
Vv erannmf, it follows that r is trenverse to £, rnr'= {=}
ir r # r', and v is not a double pcint of f. Moreover, we . require-

'thgt R=Rc ] Re, where r ¢ Rc is an arc with origin in a connected

-

", '
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component of N - Im f and end at =. Also, Re =g if 9y = GN =g,
and otherwise R.e is a special set of arcs in N such that the

bounded component of N - § Yy contaiﬂé all double points of f
i=1 ;

and all rays of R,

A set of rays fcr f is sufficient(*) if, for each
central cycle of £, R contains at least a ray with origin in
int c.

A normal curve is paired (rel.Re) if either Re a &

or the number of positive and negative crossings in each closed
ray r-e Re are'equal. As we shall see, the normal curves which are
“not paired do not extend.

) On the other hand, £ may have extensions of non-
zero degree.at =, Thus, for eacg integer 8 > 0 we consider an

augmented curve of f. This is a normal curve gB that has for

component -curves those of f and also, when 8 > 0, ~ 8 disjoint
homeomorphic circles Wye Ll oxe wg contained in a small open disc

% in N - Ip £, such that ® ¢ int w,c 2 and w,o=- BDi, where

D, = int Wy for i=1, ..., B. -‘; )

Let R be sufficient and let g8 be an augmented
curve of £ such that each r ¢ R is a’transverse to gB o Let
Q=1Im an (u r) be the set of all crossings. Define sign v = 1,

reR !

if v is a positive crossing of r ¢ R with Im g . This means that
a nonzero tangent vectcr to r and a nonzero tangent vector to

Im gB form, in this order, a positive basis fcr the tangent space

(*) This condition of sufficiency differs from that inm the 1lic-

terature [2,4].



of N at v. Otherwise, define sign v = -1. We also - define
index v = i, if.v is the 153‘ crossing in r ¢ R.

Let 52 be the symmetric group on € endowed with
the usual produqt of permutations [14] . Let § ‘éifbe the sucessor
permutation: if v ¢ Im 9y i=l, ..., p+ B; then vS = v' ¢ Im A
where v' is the first crossing in Im g, » When 9, is unbounded and

v is the last crossing in it, and v' is the crossing next to v in

Im gi in all other cases. A grouping permutation for gB is  a
permutation PEjiy given, as a product of disjoint cycles, by
trivial cycles and transpositions (uv) such that u, v ¢ r, for

some r € R, and sign u #sign v. We call (uv) a pair of P. Abstractly,
we also say that P is a grouping permutztion on (the finite set)
,”

A g-grouping for £, A = A(R,f) is a pair (B8,P),

- where B is a non-negative integer and P is a grouping permutation

for ga. We also say that A is a grouping on &. Call orbits of A

the disjoint cycles of sP.
As an example, let f = {fl, £,, £31 : slrRuR — B?.
.be as in tﬁe fiéure. Consider the augmeﬁted curve g of £ given
by gi=£i, i=1,2,3 ;nd g,=v- Consider also the sufficient set of
rays R ={Y,n,a,b,c}. Then

8 = (ci) (daaIdZ) (dsczbi azd;) (eld603b2a3di).



. Taking

»

P = (ai. ay) (by b,) (3 cz)-(di d3) (43 66).(d2 dg)

L3

we obtain the grouping A = (1,P) such thét
Sp = (01 czbzaI ds) (dqaj) (b3 a256c3) (4,47 ey 4; ).

Note. that the orbigs of A correspond to the (geometric) orbits
of g (in next section). A is also effectiv; and transitive in
the foilowing sense.

. A grouping A = (B,P) is effective if P moves
every u ¢ £ with sign u = -1, and all pairs of P, are positive.
A pair (uv) with sign u = -1 is positive 1if index u.< index v.
A is transitive if S and P generate a transitive subgroup of
517. This'means that for all v, v'e¢ ¢ there exists Q=Ql...Qm ‘2&

1

with0j=s, S *orP and v' = vQ.

‘We shall consider reduced groupings instead of the

.defined groupings. First, we assume from now on, that the twc fol-
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lowing pre-reduction conditions are satisfied. If 6N > 0, the rays

ni, b = [ S 6N’ cross cnly bounded arcs of Im f in N - UN
=1

and the first and second crossing in any unbounded g, as well as

Yil

the last and the next to last one, do not belong to the same ray.
If B >0, then for i =1, ..., B, w, ar is composed either by a
single crossing, when r 1is non-closed, or by two crossings, when
r 1is a closed ray. Observe thaé these conditions are easily
obtained by a sliding of the involved rays. On the other hand, they -
nmight be obtained by a reduction similar tc the féllowing.

We say that S is in reduced form if, whenever the
crossings u and v belong to the  same ray and sign u # sign v, then
u#vS and v £ uS. If S is not in reduced form, we reduce S by
sucessive elimination from of crossings u, v in the same ray,
such that either u = vS or v = us, and sigﬂ u # sign v. Let 2% c
be the reduced set thus obtained. Let s*'Be the permutation in
,%;*giveﬁ by vsS* = vsk, where k is the least positive integer

such that vs® €ep*.

A* = (B,P*) is a reduced grouping for £ if B is

4 non-negative integer and P* is a grouping permutation on the
reduced set*of the set J of crossing of gB and R. In what fol-

lows we delet unnecessary stars.

Two reduced groupings A = (8,P) and A' = (8',P') are
equivalent, A - A',if 8 = B' and either:B = 0 and P = P', or 8 > 0
and there exists a permutation ¢ on {1, ...,B} such that 1%?' =
= P%,, where (8 "22 is given by vV, = v' with either v' = v, if
VvelInf, oxrv' ¢w n r and sign v' = gign v, if v € wi n X, rek

ioc

Note that equivalence between the groupings is just a way of
. r
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T

permuting the circles Wi i=1, ...,8. Equivalence preserves ef-

fectiveness and transitivity.

We will refer tc the first and last crossings on

the unbounded conmponents of £ as special crossings of R with

£. A negative orbit of an effective redﬁced groﬁpingAA is an

orbit of A that contains either some negative special crossing
or some fixed (by P) crossing of a ray ni; if GN > 0.
An effective reduced grouping A = (B,P) for f is

simple if it satisfies the fcllowing'proberties:

-{i) whenever u, v e r, ¥ € R, belong to some non-

- negative orbit of A, then sign u #signv, u #uP and v # vP;

-

“4 (1i) the negative orbits of A may only contain
negative crossing of rays Yi énd fixed crossings of rays "i' if

8y >0 and i =1, ..o by

Simplicity @s also pre;erved bf equivalence.

i Let. A = (8,P) be a simpl; grouping for £. Ve
denote by £ the number of orbits of A, by § the number of its
negative orbits and by v the number of n;gative crossings in the
reduced set J . A simple grouping has type (ao, Ayr eees aé), with
a, = § and a; £ aj for 1 < j. if the nggative orbits of A contain
Ayr eoey ag negative special crossings of # , respectively. The
type of A, as well as the numbers £, § are preserved by equivalence.

' In the given example, A 18 simple and has a wique
negative orbit (d; dI eld; ), so 6= i and A has type (1, 2).
Furthermore, v = 6 and £ = 4.

Denote by AS (R,f) the set of transitive simple
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groupings and by YAR,f) its equivalence classes.
Now we indicate how a reduced grouping A for f is

realized as a grouping for a reduced (by R) normal curve f* of £

which has S as the associated sucessor permutation. If S is in

reduced form, then f* = f, Suppose not. Consider r ¢ R, vl, v2 €er

such that index vl < index v?, sign_vl # sign v2 and either v2=vls
or v1 = vzs. Hence, vl, v2 € ImL f and are not special cros-
sings. Let y be the arc of Im f from v1 to v2 when v2 = vls, and
from v2 to v1 when v1 = vzs By the sufficiency of R, y has ° no
double point. As y is not crossed by any ray, y u [vl,vzl is

contained in a disc in N - {w} and so borders a region 9 in that
disc. Consider the continuous curve (Im f - Y) v [vl,vzj in N. We
normalize it by smoothing, after pﬁlling off r, and parallel to r,
its arc over [vl,vzl inside a closed neighlorhood of [vl,vz] like
a "rectangle”. We assume that Zar= [vl,vzj and that 7" does not
contain double points of f. We construct f£* inductively from f - by
changing each time an arc Y as above, with the following property.
there are no crossings v 1 =_v1, v = v2 and Y, § as above, such:
that ﬁ cuﬂ. We have only to prove that R is sufficient for {3

The following lemma provides the induction step.




- that, 1if ¢
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Lemma. Let R be sufficient for the normal curve f and let h be

cbtained from f by changing a single arc y with the property

above. Then 'R s sufficient for h.

Comment on the proof. The proof of this lemma is technical, so we

make only a few comments and refer to [16]. It suffices to prove
1 is a cycle of h that is not a partial cycle of f,
then there is a ray r € Rc with origin in int cl. Let k be the
normal curve given by h plus a loop ) obtained from y u[vl,vzl
by normalizing at [vl,v2]. Using the properties of partial

decompositions of h and k into simple curves, one proves that

£ has a ;ycle'containeé in int ¢, u 9 v int c,.

3. Orbits and modified curves of a raired curve.

Now we look at the effect of an effective grouping

A = A(R,f) = (B,P) on the paired normal curve f: C — N. A

B

decomposes' the augmehted curve g = g~ of £ into simpler curves

but not noérmal ones, the orbits of g by A. In fact, consider the

union of Im g with the arcs of v r | of either the form (4,v]
- rek

with u = vP or (e,v] ¢ nj, for some j =1, ..., SN' with v = VP.

From this union, we obtain the orbits of g by reparametrizing

so that an arc of Im g that either ends or starts in u or v

as above is followed or preceeded, respectively, by the adequate

.arc of u r. The given orientation is the one compatible with gq.

reR
Normalizing these orbits we obtain a new normal

curve g':'c' —+ N, a modified curve of g by A. Precisely, we

exchange each of those arcs of r by a parallel one and smooth it,
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as we have done to reduce a normal curve.

We dénote an orbit @ of g by (vo,vl,...,vm) where

m .
v°, -eey V are the elements of ¢ in the order in which they occur

in ¥ , and where sign v° = 1 and v° is either special, or v° =
= v% € ng for some j =1, ..., 8y if 9 is unbounded. Now, each
orbit . of g is contained in the closure of an open disc in
N - {=}, by the effectiveness of A and parity of g. Thus all of
its simple curves (in the decomposition of g intc simple curves)
are cycles. No ray crosses negatively a component curve of g', by
the effectiveness of A.Every cycle.of a component curve of g' is
positive, by the effectiveness of A, by the sufficiency of R and
the last remark.

] We define an equivalence'relation.on the set of the

orbits of g, in order to have a one-to-one correspondence between

the resulting classes and the orbits of A. Owill be equivalent to

' 1in one of the following situations: ¥ = \9', QYang & are
unbounded and there exists v e nj, for some j =1, ..., GN such
that v=vP ¢ Un J', Vand {' are unbounded and there are

special crossings v ¢ ® and v' ¢ ' such that either v = v'sS or
v' = vS. Now, if v ¢ Vand sign v = 1, then the orbit of A as-

sociated to the class of ¢ is the one in which v occurs if v=vP.
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It is also the one in which v occurs when [u,v] < O, and the
one in which u occurs when -[u,v] < Q’, ifu=vP, ugv ([u,vl
€ r).

In the example given in last sectidn, g has the
following orb;ts {compare with the orbits of . A):

0 = (c], ©1v €0 By bys a3, a7, &g, 450 ),

0, = (d3, ayr agy dl),

o}
0

3 = (bll azl dzl dGl c3' bz)l -
0, = (d;, 4,),

05 = (d,, dI, e;) e

O
[]

6 ey, dg, dg).

y Suppose that S 1is in reduced form and that A 1is
simple. Then, there is a non-negative orbit of A for each closed
orbit of'_ g, and vice-versa. For each nega'tive ox"bit of A there
is an equivalence class of u\nbounded orbits of g. Each component
gi, l<ix< &', of the modified Acurve g' of g \is positively
embedded in a disc in N - {=}, that is, gi has a positive, unique
cycle..This is a consequence of the properties of the decamposition

of g! into simple curves. We 111ustraf!e ‘the orbits of g in
i

5
N - _uNa' , in this case. -
. i=1 i
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4. The Extension Theorem

< >

We recall notations on previous section for the

following

-

Theorem. Let £: C — N be a normal curve and let R be a sufficient
set of rafé for £. We have: .
(1) if E(f) # g then £ is paired
(ii) if f is paired, then E(f) # g if, and only 1if,
AS (R,D) #9
(iii) if £ 1is paired and E(f) # g, then there e:dsts
a natural functiong’: E(f) — &/FAR,f) and a

bijection #(f) —S(R,£) such that diagram

E(f) A AR, £)
&(£)
commutes,
< (V) if F: V. N is such that F ¢ E(f) and  if

A e f(F) is a B-grouping of type (ao,al,".,aa),
then: V is compact if, and only if, 6= 0 and V
has type (al,...,ad) if£, and only if, & > -0.

Furthermore,
2 -2g=-p=§ -v + 8,

Remarks. In the theorem, if p # o then § > 0. Ifp= IS and 6 =0,

so that V is compact, assertion (iv) gives
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X(V)=E"V+ B,

where X(V) is the Euler characteristic of V. Transitivity of Acg (F),
FeE(f), means that V is connected. Effectiveness of A, second
condition, implies that F 1is orientation prgseréing.

Ezamglés. In the given example, we have obtained the transitive simple
grouvping A = (lgP)'of type (1,2) and such that p = 3, 8= 1, vV = 6}

E =4 and § = 1. Thus, =0 and f has an immersed - extension

9y
F: V — N where V has type (2) and genus O.

 Let £: sl-*T(torus) be as in the 1lst figure of next page.

R = {a,,0,, r} -is sufficient for £ and, for B= 0 we bave
S = (¢y a] by ¢] b] ¢, a, b, ¢ b5 ).

For - : .

o
[

= (aI a, ) (bI b3 ) (b; b4 ) (cI 5 ) (c; c, )
we get

SP = (c3 a, b2 c, b.) Sal b

e b

1 %2 by S4'-

Hence, A = (0,P) is a transitive simple grouping for f such that
p=1,8=0,v="5,E=2 and 6§ = 0. It foltlows that f has an imversed
extension F: V — N where V has genus ‘2, -that is, V is a 2-torus
with one hole. Observe that f has three other . non-equivalent

extensions, all them to the 2-toris with one hole, as for example,

the one that coiresponds to (O,P'), where

P! = (a, a, ) (b by) (b, by ) (c; ¢, ) (c; c3 ).

The curves f£: Sl-—+ R2 anéd g: Sl—» T with the

images indicated in the figure below do not extend, although they
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P=PpP'=(l), S=SP= (alaz): §' = 8'P' = (bl) (b,). Notice that

A 1is not simple and that g is not paired.

(U i
X
o \by

I

b )

Coroliary. Let f: C — N be proper and normal. Let R be sufficient
for £. Then £ has an immersed extenéion F: V — N with Vv - non-
necessarily conﬁected if, and only £, £ is paired and has a simple
. grouping .that satisfies the following property: if £ <« 2 is . an
orbit of the subgroup of 52?qenerated by § and P, then & ° ¢¢?B =
¢fn 3w1. Furthermore, these groupings classify the immerseq

i=1 ]
extensions of £, via the given equivalence relations.

Proof of tbe Theorem. Suppose that F: V — N extend f. Let B'be the
1

1

cardinality of F = (=). If B > 0, we choose neighbourhoods ' ¢ ¥

of » such.that F (' is the 'union of disjoint open sets in V with

F 1-1 in each of them. We choose closed d:scs Dic N, i=1, ..., 8,

: o
such that &' c Dy and D; <D, ,. We select a pre-image ﬁi of each

Dj to form a collection of disjoint discs in V. Set wy o= '—BDi
= 8
and w, = -351. Then W = V - Y bi is a submanifold of V  having
. . B ~ 1- .
boundary W = 3Vu( U %,). Set g = Flaw and G =Flw. Thus g is an
. i=1 .
augmented curve of f and Glaw = g. If B =0 we set G = F and
g=£f. In any case, G is an extension of g such that Im G # N and
© ¢ Im G. G-l( ur) is a union of disjoint oriented simple arcs

reR
in Vv, of one of the three forms: (I) [p,¥v1, (II) [&{,Vv] “or



(III) (8,¥], where p ¢ 9V and G(p) = p is tte origin of some ray
r ¢e R, i € 3V and G(ﬁ) = u is a negative crossing on some ray r, e
is some end point of V, and where 6 ; oV and G(V) = v is some
positive crossing on r. In case (III), r ¢ Re and is unbounded. if
r e Re'and is closed, then we get only case (II). This proves (i).
G induces, in a natural‘way, an efféctive grouping A({G) = (0,P'),
“given by uP = V in case (II) and VP = v otherwise. Let g*: C -— N be
a reduced curve of g, by R. One forms easily an extensicn G* of g*
ffom G, By induciioﬁ on crossings of Im g with R, as in the end
of section 2. Setting A(G*) = (0,P) we get the gffective reduced
grouping (B,P) for F. We have to prove that A(G*) is transitive and
simple.

To simplify notation, assume for a moment that

ImnF#N, .2 ¢ InF and that S is in reduced form. Let A = A(F).

We show that A is transitive and simple. Let R ¢ F-l(ur) be the
v . v reR
union of the arcs of type (II) and let f' = (fj)E be a
i=1
modified curve of £ by A(F). Each connected component Vi of
v - R contains exactly one component Vi of V —~ F—l (Im £'). We
assert that there is exactly one Vj for each 3 ¢ {1, ..., £'3,
F]av = f'j and it is an embedding, and also that each vj is a
j .o
disc in V. For, by construction, each Vi has boundary avi made up
by arcs of F—l (Im £') and arcs of 3V, and Flvi: A g N is a normal
[ L - ] Ei v ]
curve fi (fij)j=l' where fij is a component of £ and

EV = IE ; so that F, given by F|, : V., — N is an extension of
i T v,o i

fi'. Now, as A(F) 1s effective, all cycles of the ‘components of fi

are positive. Also, as Vi n R=4g, then In Fj is contained in a disc
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N - {=}. Composing Pi with an orientation preserving diffeomorphism,

a known result [7] shows that x(Vi) =1, if Vi is compact. Thus
Ei'= 1 in this case. Now, suppose that fi' has 'some unbounded
component. Then V must be non-compact. We find a compact sub-
manifold Wd of Vi and apply the same argument to-Wo, s0 that

x(wo) = 1, and, in particular, fi' has no closed component. A direct

. analysis will then prove that Ei = 1 in this case too. Choice of Wo:

consider a maximal canonical submanifold D of N [6] that contains

the image of a maximal canonical topological submanifold Di of Vi.

We illustrate these concepts. Assume that Di contains

the inverse image of the closure of the neighbourhood é’ of @,
the inverse image of the compact component of N - igTyi and all’
compact components of avi. As::me also that D contains 511 compact
maximal arcs of Im £ in N - Yi and that D intersects each of
the rays nj, 9]l S0 g 6 A dﬁi;id each of the unbounded arcs of

Im £ 4in N - ;:T Y, once and transversely. Then we get Wb by smo-
othing the corners of le(D) and normalizing Flaw.

Transitivity of A follows from the conrectedness of V and
the celular décomposition thus obtained. For, a path from v to
V' ¢ 3V can be deformed to one that is mapped onto a path on the

orbits of f. We look at the orbits of f ‘to discover how - the

—-—
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orbits of A are. Firstly, consider the compact case (V and N compact) .
Let f; be a component of the modified curve f' and let O be the
corresponding orbit of £f. We prcved that Im f! is a simple curve ¢

3

in a disc in N - {»}. Furthermore, no ray crosses Im fi negatively.
Take r' ¢ R such that r n ¥ # § and fix v° ¢ @ arn  with sign vo =
= 1. Then = (vo, bob vm) for some m > 0. We make scme remarks

that are easy to check. We also illustrate the impossible situations.

(1) Suppose that r ¢ Rc and let p be the origin
of r., If, for some 1 ¢ {0,].,...,111},551i e r and v:L = vip, then P ¢

int c and the arc [p,vi] c r satisfies [p,vj'] ¢ int c.

3

. (2) Suppose that vi,v ,vh',vk e r, sign vi = sign vh

k

. vJP, vh = v P and index v:L < index vh. If either i <3

= -1, Vv
{possibly i = m, j =0) and h <k (possib‘ly h=m k =0) or 1i>3
(possibly 1 = 0, j =m) and h > k (possibly h = 0, k = m), then index

vj < index vh, by effectiveness of A. '

L4
t

Wwe g0 ¢
b —_— ;
v i o
Iy vQ.
4? <
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3 h,vk e r, sign vj

(3) Since A 1is reduced, if v
- sign vk = 1 and vh =-ka, then h < k implies h # §j + 1 and

h > k implies J #h + 1 (j # 0 4f h = m).

If for v1 e r, sign vi = 1 implies 1 = 0, then &
Gy b k o1l

has one of the following forms: (vo), (v ,a ,...,a ),(v ,u,a "..,a),
(Vo,al,...,ak,uo), where sign W = -1, w° = v°p and a’ i r, - for
‘ i i
1 <3<k Correspondingly, the orbit of A is (v°), (v°a 1...a h),
i i i
o,

(’al...a'h), (v°a 1...a h), where {a 1,...,aih} €{a;s...a }, Sup-
pose that for some i # 0, vi € r and sign vi = 1. Assume that if
i>1,0 <3 <4i and sign vj = 1 then v:l £ r. Now, P may move.either
both v° and vi, or one of them. We analyse the possibilities, ac-
cording to arcs of from v° to v1 and from vi to vi+1 are arcs of

r or Im £. Now, repoorting to (1), (2) and (3), we see that both the

arcs are arcs of r and also O9nrnl = {vo,vl,vi,vi+1) . Setting
u® = vl; u = v1+1 and v = vi, we get the following possibilities for
O v°,v,u,0%, v°,v,u,al,...,a",u0), v°,al,. .., a5, v,uu%),

k+l

(vo,al,...,ak,v,u,a ,...,at,uo). The corresponding orbit of A is

i i i iy i i
(v°u), (vCua'l,..a"B), (v°a lers hu) wa'l...a huajl,...ajr).
U'—-l-— o, v, -8
.‘-——_.J' V. Q
Yy 04

For the non-compact case, if @ is a closed orbiﬁ

Sy
in the closure of the compact component of N - 321 ﬁ' then the same
arguments apply. Only in the last case above, we must have r # yj

and ﬂj, 123 GN‘ If U is in the closure of a non-compact camponent

Sy
gf N - 121 3 then a direct inspection, using section 3, shows that



- 23 -

(D has one of the following forms: (vouo,v,u) where v = u°

and vO = us, (vo,uo,u,v) where u = uos and v o= vS, (v°,u°)

where v° and u® are special crossings, (v ,u V) where v = u®s
and vo is a special crossing, (v, v°,u ) where v° = vs and u®

is a speciai crossing, (v,vo,u V) where vo = vs ,and v = u°S,

and (v,vo,uo,v') where v° = vS and v' = uos, for uc",v° € Yj and
u,v,v' ¢ nj, for some j e {1,..., YN}. The corx)‘esponding orbit of A
(v o

is therefore W), %, W%, (u°v...),l..:vu°),fand {..wu®v".), respectively.
One sees immediatly that A 1is simple. This proves the necessary

condition of (ii).

We now prove the sufficient condition. Let A = A(R,f)
= (8,P) ¢ AS(R,f). Let g* be 'a reduced curve for g . Then A’ = (O,P) € AS(R,g*) .

remind that the orbits of g* by A' are simple curves, except for twice
runned arcs of aray r of either form [e, v] or [u,v] , if any. The
interiorsof each orbit is an open disc. Therefore, we define W* and
the extension G*: V* — N by glueing together the closure of the
interior of the orbits and the correépondiﬁg inclusion maps. The
identification is made at the points of the common'arcs (e,v] or [u,vl
of adjacent orbits. We build up G from G* inductively. To get V
and F, we attach the disc bounded by w, to ihe component of aW  that
comes from Wi.

To prove(iii) we note that E(f) = E(f*), o (f)=a(EY),
AS(R,f) = AS(R,f*) and &/ Y(R,f) = /57 (R,£*). Thus we assume that § is
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in reduced form. For B = 0, we have AS(R,f) .= Y (R,f). Define
S (F) = A(lf‘), given in the proof of (ii). If F = F' o ¢, then ¢ sends
arcs of either type [u,V] or (&,V] in V to arcs of the same type in
V and with the same images in N. Therefore, we ha\.re a well defined
function (£) — /7 (R,f). On the other hand, the.defined extension

is unique, up to equivalence of extensions. Thus we get a bijection.

. Suppose that B > 0. We name the choices of the discs ﬁi in rt (29

as permutations of IB = {1,...,B}. Bach permutation is associated

to an extension Cg € E(gB) . Let A°be ‘the related grouping of f. From

L
the definition of equivalence, we get a® . a°

4 for all g, o', If
F=P 0¢, we set D;'L = "’(51)' i=1, ...,B . With this choice, we have
S (F) = W(F'). On the other hand, groupings for non-equivalent

extensions must differ on a crossing not belonging to any wi. Thus

we have the desired bijection.
For the proof of (iv}), we may suppose that § is in
reduced foim, « ¢ Im £ and that A = A(F). If N is compact, we get,

from the celular decompcsition of V determined by F—l(ﬁ) g

p n - n
t ¢ l-— l = -..
. X(V) 2y (11.21[2(v1+vi)+v1 21131\)1)_1- 3 £E-.v,

where \:i is the number of edges that appear once in the face .5""1 and

vi is the number of edges that appear twice in .}"'1.

Suppose that. N is not compact. If V 1is compact
then A has no negative orbits and so § = 0. If § =0 then Pv # v
for v ¢ Ny, @ A is simple. Therefore, the arcs of F-l(ni) are
bounded and thus V 1is compact. We set No =N v [el,...,eGN} and

use the compact case. For V be non-compact, let q ¢ such that

n
i
the arc of ni up to qi do not cross Im f. Let Bi ¥0 _ be the

)
—_—
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cardinality of F-l(qi) and B' = gN Bi'. We consider . a maximal
canonical topological submanifolci!-g of V and a maximal canonical
submanifold D of N with F(J) < D. Assume also that 3D is the
union of arcs Yi e 1 =1,.0., GN that crecss eacﬁ unbounded arc of
Im £ and each arc n, once and transversely. Let V' = F’I(D) .Then
oD is formed by § closed curves Sl""'sd s Where Si is an arc of
F (D) 1f a, = 0 and 5, has ares of ¥ 1(2D) and a, arcs of unbounded
components of 8V, if a, > 0. If we choose carefully a submanifold
‘YY" of Vsuch that V' and £'"' = F|8V'!’ normalizes ¥' and FlaV"' we

get: for A' = A(F"),

X(V'') = §" = v = [(§=6) +p- p, + B'1 -[v - B8'1.

—

2—2g—(p°+6)=£—6+p—p°—v.-

r

Comment on the proof‘of the corollary

For V non-connected, the grou'pings do not need to
be transitive. But we have to remind that the curves F—l(wi) are nct -~
componen-ts of 3V. Thus, the orbits of an augmented curve g of f
must connect each w i to some component ‘of Im £.
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