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Abstract

Taking accurate measurements of the temperature of quantum systems is a challenging task. The
mathematical peculiarities of quantum information make it virtually impossible to measure with
infinite precision. In the present paper, we introduce a generalize thermal state, which is
conditioned on the pointer states of the available measurement apparatus. We show that this
conditional thermal state outperforms the Gibbs state in quantum thermometry. The origin for the
enhanced precision can be sought in its asymmetry quantified by the Wigner—Yanase—Dyson skew
information. This additional resource is further clarified in a fully resource-theoretic analysis, and
we show that there is a Gibbs-preserving map to convert a target state into the conditional thermal
state. We relate the quantum J-divergence between the conditional thermal state and the same
target state to quantum heat.

1. Introduction

Quantum metrology is a task to utilize the peculiar properties of quantum systems, such as quantum
coherence and entanglement, to achieve parameter estimation at precision beyond the classical limit [1-4].
Hence, the quest to identify quantum states that are uniquely suited for metrological tasks with limited
resources [5, 6] is of crucial practical relevance. In the following, we address this issue and impose the
plausible and realistic condition that only the observable eigenstates of the measurement apparatus, aka
pointer states [7—11] are available.

One of the most prominent metrological tasks is quantum thermometry of stationary states. In fact,
quantum thermometry with Gibbs states has been well studied [12-20]. In this simplest scenario it is easy to
see that the optimal measurement for estimating the inverse temperature [ is the Hamiltonian. However,
when the system size is very large and supports quantum correlations, even energy measurements are a
challenging task [14, 15]. Therefore, it is desirable to find better states whose corresponding optimal
measurements are experimentally implementable, and which ideally even outperform Gibbs states in the
low-temperature limit [21-23].

In this paper, we discuss a quantum state, that indeed fulfills the aforementioned ‘wishlist. The
conditional thermal state (CTS) is constructed as Gibbsian-distributed quantum state of the pointer basis
corresponding to the available measurement apparatus. The CTS originally appeared in the one-time
measurement approach to quantum work [24-29] and correspondingly tighter maximum work theorems. In
the following, we demonstrate that the CTS outperforms the Gibbs state in quantum thermometry. To
elucidate its properties further we then show that it can be understood as a non-passive state with useful
resources [30—34]. To this end, we first relate its asymmetry, which is quantified by the Wigner—Yanase—
Dyson (WYD) skew information [35—40], to its QFI. Then, focusing on a system undergoing unitary
evolution, we discuss the state convertibility between the exact final state and the CTS constructed by the
pointer states given by the evolved post-measurement state. Finally, we demonstrate that their symmetric
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divergence, also known as quantum J-divergence, can be interpreted as quantum heat [41]. Our results
demonstrate the usefulness of the CTS as a resource state from both fundamental and practical perspectives.

2. Conditional thermal state

We begin by establishing notions and notations. For the ease of the presentation, and to avoid clutter in the
formulas, we work in units for which the Boltzmann constant kg and the reduced Planck constant / are
kg =h=1.

The concept of the CTS is illustrated in figure 1. In a d-dimensional Hilbert space H, given a
Hamiltonian H and the pointer states {|x) }¢_, of an implementable measurement M, the CTS is defined as

4 =Bl Hl i)
5= Z | )W (1)

Here, Z3 is the normalization factor

Zﬁ _Ze wA\HWk 2)

which can be interpreted as a generalized partition function [24-28]. The CTS is defined as the thermal state
conditioned on the choice of the measurement implementable in the laboratory. The CTS maximizes the von
Neumann entropy [42] under the constraint that the ensemble average of the Hamiltonian is fixed (see
appendix A). Note that when {|¢) }{_, are the pointer states of H, pg becomes the Gibbs state
py = e P72, where Z! = tr {¢”#H} is the standard canonical partition function. Therefore, the CTS can
be regarded as a generalized thermal state.

For later convenience, we also define the following conditional thermal separable state in a composite
Hilbert space H; ® H,

4 o Bl [H| )
5= E : [V (Wkh @ |dr)(Bxl2 s (3)
k=1

where {|¢) }{_, are the arbitrary orthogonal eigenstates of H,. From these definitions, we also have
pp = tr, {ps}, which will become important in our discussion of the relation between the quantum Fisher
information (QFI) for quantum thermometry and the asymmetry measure of pg.

3. Quantum thermometry

3.1. Quantum Fisher information

An important figure of merit in quantum metrology is the QFI. Given a quantum state py parameterized by a
certain parameter € R, the variance of an unbiased estimator (66)? is bounded by the quantum
Cramér—Rao bound (QCRB), (66)* > 1/Z(py;0), where Z(py;0) is the QFI defined by Z(py;0) =
—21lim._,0 9> F (pg, po+e) [43-48]. The definition stems from the relation between the Bures distance and
the symmetric logarithmic derivative. Thus, the QFI can be obtained by optimizing the classical Fisher
information over all possible measurements, as detailed in [45]. Here, F(p, o) = ||/p\/0||} is the quantum
fidelity between two quantum states p and o [49], and ||A||; = tr{V/ATA} is the trace norm. We denote

o™ /0x™ simply by 01"

3.2. Quantum thermometry with the CTS
For our present purposes we now analyze the precision, with which the inverse temperature 8 can be
estimated from the CTS. This will also allow us to relate the QFI of the CTS to the WYD skew information
I (pp,H) contained by pg with respect to the Hamiltonian H, which quantifies the asymmetry of pg.

The QFI Z(pg; 3) of the CTS pg is given by (see appendix B for the proof.)

Z(pp;B) = 93InZg, (4)

and the optimal measurement achieving the quantum Cramér—Rao bound is

d
G="> (Wb HI ) [the) (4] (5)
k=1

2



10P Publishing Quantum Sci. Technol. 9 (2024) 045018 A Sone et al

{W;&}ﬁil . Pointer bases

é é é Implementable measurement

Figure 1. Illustration of the concept: The conditional thermal state (CTS) describes state of a thermal quantum system conditioned
on the measurable pointer basis {|t/x) }¢_, of an implementable measurement M. The CTS maximizes the von Neumann entropy
under the constraint that the ensemble average of the Hamiltonian is fixed.

To compare the sensitivity of the CTS pg and the Gibbs state peﬂq, we define the QFI difference as
AZs =Z(pg; B) — Z(pg's B)- We have

5 z
ATy = =055 (%IIPE) =0j <lnz—fq> : (6)
B

where S(pgl| p;q) =tr{pglnpg}—tr { ppln p;q} denotes the quantum relative entropy [50] of pg with

respect to pzaq. The relative entropy measures the distinguishability of pg and peﬁq. Therefore, the condition
that the CTS outperforms the Gibbs state in quantum thermometry at a certain temperature Jy is

2 €q
o8 (pallefd)[,_, <. ™)

Therefore, the curvature of the quantum relative entropy S(pg|| p;q) with respect to § can be regarded as the
criteria quantifying the performance of the CTS for quantum thermometry.

4. Single-qubit example

As a pedagogical example, we show the single-qubit case. Let 0,0, and o, be the Pauli matrices. The
Hamiltonian is H = wo, so that the eigenstates of H are [0) = (1  0) "and 1)=(0 1) " Therefore,
7' = tr {e"P"} = 2cosh(Bw). Considering the pointer states [¢/o(6)) = ¢%9:(0) and |4, (A)) = €7°%|1)
with 6 € R, the normalization factor of the CTS becomes Zg(6) = 2 cosh(Bw cos(8)).

Therefore, we obtain from equation (6),

_ o2 cos” (0) 2 )
AZs () =w ( 1+ i (Bocos (] (Gocos(d)) + tanh” (Sw) | . (8)
In the low-temperature limit (Sw > 1), we have
N wcos(6) g

This means that the CTS can outperform the Gibbs state for any choice of pointer states in the
low-temperature limit. As an example, choose § = 7/4 and w = 1, which is illustrated in figure 2.

5. Asymmetry

The natural question arises, where exactly this enhanced performance of the CTS in thermometry originates.
To this end, we now analyze the relation between the QFI of pg and the asymmetry measure, which is
quantified by the WYD skew information I, (pg, H) contained by pg with respect to the Hamiltonian H.

The asymmetry of quantum state is related to its quantum coherence, which is regarded as a resource of
breaking the symmetry of a group. This is characterized by the resource theory of asymmetry (RTA) [30-34],
whose development has also contributed to exploring quantum thermodynamic resources [51-56]. In
particular, when we consider time translations {exp (—iHt),|,t € R}, a state p is symmetric if and only if
[p,H] = 0, and asymmetric if and only if [p, H] # 0. Here, the symmetric state is considered the free state,

3
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Figure 2. Relation between Alg and 3: We choose w = 1 and 6 = /4. In the low-temperature limit, we have
Z(ps;B) = Z( peﬁq; ), meaning that the CTS outperforms the Gibbs state in thermometry.

while the asymmetric state is regarded as the resource state. Covariant operations [57], which are the relevant
set of free operations, cannot generate an asymmetric state from a symmetric one or convert one asymmetric
state into another. An asymmetry measure must satisfy two conditions: (i) it vanishes if and only if the state
is symmetric, and (ii) it does not increase under all covariant operations. One quantity satisfying these
conditions is the skew information [35—40].

For a quantum state p, the WYD skew information is defined as I, (p, H) = tr { pH* } — tr { p*Hp' ~“H}
with 0 < a < 1. With Var,{H} = tr { pH*} — (tr{pH})’ the variance of H with respect to p, we can define
the general variance (covariance) Qq (p, H) as Qq (p,H) = Var,{H} — I, (p,H) [58-60].

Hence, the QFI of pg can be alternatively written as the covariance of the Hamiltonian H;, = H® 1,
with respect to the conditional thermal separable state ps (3). By using the fact that Varz, {H),} = Var,,,{H}
and the asymmetry monotone of WYD skew information I, (pg, H12) 2 In(pg, H) [35-37], we obtain (see
appendix C for the proof.)

I(ﬂﬁ;ﬂ):Qa(ﬁﬂvHIZ)<Qo¢(pﬂaH)~ (10)

Note that when the chosen basis comprises the pointer states of the Hamiltonian, i.e. pg = peﬂq, we have
In(pj, H) = 0 because of [p!, H] = 0. In this case, the upper bound becomes Var,,, { H}, which is exactly the
QFI of pg for estimating (3, and equation (10) saturates.

These results demonstrate that the asymmetry of the CTS quantifies the maximum ultimate precision
limit of the quantum thermometry. In our scenario, since the asymmetry resource contains the quantum
coherence over the eigenstates of the Hamiltonian [35], from equation (10), the quantum coherence of the
conditional thermal separable state pg can be engineered by choosing appropriate pointer states maximizing
the QFI of pg.

6. State preparation of the CTS

In the preceding section we have shown that the inherent asymmetry of the CTS can be exploited as a
resource. Hence, we now continue with a more formal analysis of the resource-theoretic properties of the
CTS arising from the state distinguishability with the Gibbs state. To this end, we consider a quantum system,
which is initially prepared in a Gibbs state, p;q(O), and evolves under a time-dependent Hamiltonian H; from
t = 0 to t = 7 with a corresponding unitary U,. Our main interest is the state convertibility of the exact final
state into the CTS by considering the information-theoretic properties of the averaged excess work.

Let us write p(7) as the exact final state p(7) = U, p;q(O) U,. In this case, the exact averaged work (W) is

given by (W) =tr{p(7)H,} —tr { qu(O)HO } When AF¢ is the equilibrium free energy difference
AF9 = —j37! ln(qu(T)/Z;q(O)), the excess work is given by [61, 62]

(Wee) = (W) = AF1 = 8715 (o (7) [ (7)) (n)
We initially measure the system with Hy = ZZ:I Ex|Ex)(Ex|, where {|E;) }¢_, are the eigenstates of H. The

post-measurement state of the system after the evolution is U, |E;). Thus, the CTS constructed from the

4
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post-measurement state for the final Hamiltonian H, = ZZ=1 E/|E[)(E/] is given by [24]

d e —B(E|ULH, U, | E)
Z—UT\EkxEkwi, (12)

=1

where Zg(7) is again the conditional partition function.
In [24] it was shown that the excess work is lower bounded by

(Wa) > 578 (05 (1) 165 (7)) - (13)

Therefore, from equations (11) and (13), we have

S(p@1lss (1) =8 (ps ()l (7)) - (14)

From [63-65], equation (14) becomes tight if and only if there exists a sufficiently large ny and there exists a
Gibbs-preserving map &, : H®" — H®" for n > ny such that

& (P50 ) =08 ()" & (1)) = Z0, (15)
where for any € > 0, the quantum state =, satisfies

1 -
n=3llps (N =Sl <e. (16)

This means that the CTS is not just a mathematical object but can be prepared, allowing for an arbitrarily
small error via the Gibbs-preserving map with an asymptotic number of copies of the state.

Also, from the quantum relative entropy of the exact final state p(7) with respect to the CTS pg(7)
S(p(7)||ps(T)), we obtain (see appendix D for the proof.)

S(p()llps (1) +3 (s (D165 (1) = S (p (1) 195 (7)) - (17)

which we call thermodynamic triangle equality. Therefore, when S(p(7)|[p5' (1)) = S(ps(7)||p5' (7)), we
must have p(7) = pg(7) (i.e. U.H, U, = H).

To analyze the scaling of the required number of copies n given an arbitrarily small error €, we employ the
inequality S(ps(7)®"||Z,) < (T, + A\y)In(1+ T,/ \,) [66], where ), denotes the minimum non-zero
eigenvalue of Z,,. Since d = rank(pg(7)), we can write A, ~ 1/d" [66]. Therefore, when T, < € < 1, we have

1
n | |= < - n
S(ﬂﬂ(T) ||‘—‘71)N<6+dﬂ>ln(l+€d>
( > k_H >
k gkn
ékd (18)
= k+1
=€ 1+£6—|—O(62d2") .
2

To guarantee lim,,—,0 S(pg(7)®"||=,) = 0, the simplest condition is ed” ~ 1. Therefore, the required number
of copies of pg(7) can be approximately given by

n~ log, (%) . (19)

Here, we note that this state preparation protocol inherently depends on an unknown parameter. Therefore,
in the context of thermometry, this protocol remains limited. We need to further explore state preparation
protocols that are independent of such parameters.

5
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7. Quantum heat from the CTS

Furthermore, the symmetric divergence between p(7) and pg(7), i.e. the quantum J-divergence defined
as [67],

J(p(7),p5 (7)) = S(p(T)llps (1)) + S(ps (1) [lp(7)) , (20)

is related to the concept of quantum heat [41]. This becomes obvious when the quantum J-divergence is
written as (see appendix E for the proof.)

J(p(7),p8 (7)) = BUW) =Wo(pg (7)) — AE(ps (7)) (21)

Here, the internal energy change of pg(7) is AE(pg(7)) = tr{pg(7) (H- — Hp)}, and the quantum
ergotropy of pg(7) with respect to Hy is Wy (ps(7)) = tr{ps(7)Ho} — tr {Tps(7)T'1H, }, where

I'= Zf: | |Ex)(Ex|UL = UL is the ergotropic transformation [68]. From the first law of thermodynamics,
B~ (p(7),ps(7)) can be regarded as a heat, particularly the quantum heat, which has been discussed in the
literature as the heat induced by the measurement [41]. In essence, the CTS pg(7) is conditioned on the first
energy measurement outcome; therefore, its relation to the quantum heat is consistent in this context. Also,
note that when Uy is a adiabatic passage, then p(7) = ps(7) = pj'(7), so that 5~ 'J(p(1), ps(7)) = 0, which
is consistent with zero heat exchange in the adiabatic process.

8. Conclusion

In conclusion, we have introduced a conditional thermal state, which is a thermal state conditioned on the
pointer states, and demonstrated that this conditional thermal state can outperform the Gibbs state in the
quantum thermometry as a useful resource state. We also have explored its resource-theoretic properties in
terms of the asymmetry, state convertibility and its relation to the quantum heat. As an application, these
results could help experimentalists to achieve a better sensitivity in quantum thermometry under the
constraints in the implementable measurements. From the fundamental point of view, these results provide
insightful perspective on the implications of the conditional thermal state in the thermodynamic protocols in
the quantum systems in a resource-theoretic approach. Finally, the present analysis also provides an
additional a posteriori motivation and justification for the one-time energy measurement approach to
quantum work [24-29]. Future work will involve further exploration of concrete state preparation protocols
for generating the conditional thermal state.
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Appendix A. Derivation of conditional thermal state

Consider a density matrix p with the following spectral decomposition
d
p=> pel)(tl, (A1)
k=1

where {|tx) }¢_, are the pointer states of a given measurement M. Let H be the Hamiltonian of the system.
Then, we want to maximize the von Neumann entropy

S(p) = —tr{plnp} (A2)

6
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under the conditions
tr{p} =1 and E(p)=tr{pH} = Const. (A3)
By using the optimization method of Lagrange multipliers with constraints, we have:
d
5(S(p) —YE(p) — ) = = dpi(Inpr+ Bty [H|thi) + a+1) = 0. (A4)
k=1

For any dpy, equation (A4) has to be valid so that each term has to be independently 0. Therefore, we must
have py oc e~ #VIHI %) From the requirement of Zzzlpk = 1, we obtain the CTS pg.

Appendix B. Detailed derivations of equations (4)—(7)

From the definition of QFI, we have

I(pGae) :7211_1’;})83‘/_'.(,09’[)94_6) (Bl)

where

Fps:ps+e) = vpav/porelli

2
= (tr { plﬁ/zpﬁ-i-e Plg/z })
2

! <§d:e(ﬁ+§)<¢k |H] ¢k>> (B2)
1

- Z3Zp+e

2
ZB+6/2
ZﬁZﬁ+e

Before calculating the quantum Fisher information, let us show the following fact:
; _ B{x [H| wk V4
lim 9cZs . = Z e (Ve |H|x) = 0pZ3

lim 027 . :foﬁ(wk I (| H i) = 9525
k=1 (B3)

d

1 1

. __ — B3 |H| x) i
113})852541/2 2 1?—1 e (Y [H| x) zaﬂzﬂ

d
. 1 _ 1
lg%aezZﬁJrE/Z :z_l Ze B b [H| 1px) (4 |H| "/Jk>2 _ Zaézﬁ'
k=1

For two functions f{x) and g(x), where g(x) # 0, we have:

fz 5 f 2 Af 2 f2 fz
o (L) 2@ L4 2 0 - Lo io9 - @5+ 2 0

Therefore, if we definex =¢, f = Z34e)2 and g = Zg ., we can obtain:

ZZ
[3+5/2
llma “F(pg,Ppte) = hm 0?
Z5Zp+c

1 8 ZB + 1 ang 2
2 Zg 2 Z3
1 (9s25\" 1037
2\ Zs 2 Zs

_y (3/32/3)2 0328 s <aﬂzﬁ>z
Zg Zs Zs (B4)

1 _
= E ((8511125)2 —Zﬁlaézla) .

7
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Therefore, from equation (B1), we can obtain
T (pg;B) =25' 0325 — (03InZp)* = 93 InZs. (B5)

For the optimal measurement, we need to prove that the uncertainty of the unbiased estimator with the
measurement

d
G ="y (v [H ) [¢hi) (x| (B6)
k=1
achieves the quantum Cramér—Rao bound. The uncertainty is given by
Var,, {G}
§B)E= — Lt (B7)
%)= B psGIT
Here, we have
B{xx |H i)
tr{psG} = Z —BWk |H|¢x) = tr{pgH} = —93InZg (B8)
and
Var,, {G} = tr{ngz} - tr~{p5H})2
Ze — B [H] ) G HL — (9aInZs)’
= - n
k k sInZg (B9)
= ZB 5)625 - (65 1nZg)2
= 8/25 1nZg .
From equations (B5) and (B7), we can obtain
1 1
(08)6 = (B10)

BInZs ~ I(pgih)’

which is the quantum Cramér—Rao bound; therefore, equation (B6) is the optimal measurement for the
quantum thermometry.
From equation (B5), we can write

. z
AIgEI(pﬁ;ﬁ)—I(pﬁq;ﬁ) =35I 25 (B11)
B

Since the von Neumann entropy S(pg) = —tr{pglnpg} is
S(pp) = ptr{psH} +1nZg, (B12)

the quantum relative entropy S(ps||pj') becomes

S (psllet) = =S(ps) —tr {pslnpii} = lnj—;fq. (B13)

Therefore, we can write
ATy =82S (pﬁup;;l) . (B14)
When the CTS outperforms the Gibbs state for the quantum thermometry at 5 = S, i.e.
ATg, >0, (B15)

we must have

038 (pg“peﬁq) ‘B:ﬁ <0. (B16)
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Appendix C. Proof of equation (10)

First, let us prove Z(pg; 8) = Qu(ps, H12), where

H,=H®1,. (C1)
Since
d_ =B |H %)
ps = ; —ﬁmxwk\ 1 © [l (C2)
and
ps =tr2{ps} , (C3)
we have
tr{pgHi} =tr{pgH} = —0plnZg (C4)
and
tr{ppHi,} = tr{psH'} , (C5)
so that
Varz, {Hp} = Var,, {H} . (C6)

Next, let us compute the WYD skew information I, (pg, H) contained by pg with respect to Hy,. By using
the fact that for a pure state |p) we have |p){p|* = |@){p]| for any «, we can obtain

Io (pp,Hi2) = tr{ psH7, } — { P3HILE le}

B{vx |H Wk)
=tr{psH},} — Z (i [H|9x)? (C7)

=tr {pﬁle} — Z/J’ 185Z5 .
Therefore, we can obtain

Qa (/Hﬁ7H12) = Varﬁﬁ {H} - Ioc (ﬁﬁ7H12)

=25'0325 — (0sInZp)’* (C8)
= 82 anB .
From equation (B5), we can finally write
I(pB;B)ZQa (ﬁﬁ»HIZ) . (C9)

Next, let us prove I(pg; 8) < Qu(pg, H). The WYD skew information has asymmetry monotone [36]

Lo (P;H12) 2 Ia (ps, H) - (C10)

From equation (C6), we can obtain

Qo (pp,Hi2) < Qa (pg,H) = Var,, {H} - I, (pg,H) . (C11)

Because of equation (C9), we can obtain

Z(ps; ) < Qalpp.H) . (C12)
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Appendix D. Proof of equation (17)

The quantum relative entropy S(p(7)||ps(7)) can be written as

S(p(T)llps (1)) = =S(p(r ))—tr{p( )Inpg (1)}

+BZ Ei|UlLp (1) Uy | E)V(Ec[ULH, U, | E) +1InZg (1) .
Because
d_ —BE
p(1) = U-p5 (0 izz U|Ek WEUT,
=1
we have
d
> (EULp () Ur| E(E UL H, U, | B = tr{ Urpff (0) ULH, | = tr{p(r) .}
k=1
Therefore,

S(p(T)llps (1)) = =S(p (7)) + Btr{p(T)Hr} +InZs (7).

From the unitary invariance of the von Neumann entropy, we can write

S(p(7)llps (7)) = =S (p5(0)) +1nZs (7) + Ber {p (7) H-}

=3 (irlp () He) —r {45 (0) Hof ) +1n 55“‘

5
Zp(7)

_ B
=B(W)+In Z;q Ok

where
(W) =te{p(r) H,} — o {5 (0) Ho }

is the exact averaged work. Because

Zs(r) _ Zs(r) 25 (7)
In Z;q 0 In Z;q @) +1In Z;q Ok
from [24], we have
Zg(7) _ e
2R — (s (1) llofy (7)) — BAF

Therefore, we have

S(p(m)llps (7)) +5 (3 (M) 1651 (7)) = BUW) — AF)

Because the exact excess work is [62]

(We) = (W) = AF = 375 (p(7) 1o (7))

we can obtain the thermodynamic triangle equality

S(p(7)los (1) +5 (03 (D116 (7)) =S ()16 (7)) -

10
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Appendix E. Proof of equation (21)

The quantum J-divergence of p(7) and pg(7) is defined as

J(p(7),p5 (7)) =S(p(T)llps (1)) + S(ps (7) [Ip(7)) -

A Sone et al

(E1)

In equations (D9) and (D11), we have already proved the thermodynamic triangle equality. Next, let us

consider the quantum relative entropy S(pg(7)||p(7)), which is given by

S$(ps () [lp(7)) = =S(pp (1)) = tr{ps (T)Inp(7)} .

The von Neumann entropy of pg(7) is
S$(pp (7)) = Ptr{ps (T)Hr} +1InZs (7).
Also

tr{pp (r)Inp(7 :—/BZEk (E|ULps (7) Ur| Ex) — In Z5 (0)

B(Ex|ULH, U- | E)

= —BZEk—) InZg(0) .

Therefore,

4. B(E|ULH, U, | E)

N
—
2

S(ps (Mlp(1) = 8 (ZE"W N <T>HT}> g

k=1
From equation (D8), we can obtain

d_ o= B(E|UIH U, |E)

$(ps (M)1p(1)) =S (ps (D) 1651(7)) — BAES = 5 (ZE,f

P Z3(7)
By using tr{pg(7)Hy}, we can write

4 —B(E|ULH, U, | E)

E—mM—— —t H,
Y B r{ps (1) Hy}
—B(Ec|ULH-U-| E)

e tr{pp (7)Ho} — tr{ps (1) (H- — Ho)}.
k=1

Let I' be the ergotropic transformation

d

I'=) |E)E|UL =
k=1

Then, we have
e ﬁ(Ek|UTH Ur | Ex)

tr{Fpg FTHO ZEk

The ergotropy of pg(7) with respect to the Hamiltonian Hj is defined as [68]

<Ek|UTH Ur| Ex)

W (ps (7)) = tr{pg (T) Ho} — tr {T'ps (1) I Ho } = tr {pg (7) Ho} — ZEk

Therefore, by defining

AE(pp (1)) =tr{ps(7) (Hr — Ho)} ,

11

—tr{ps <T>HT}) .

(E2)

(E3)

(E4)

(E5)

(E6)

(E7)

(E8)

(E9)

(E10)

(E11)
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we can write

4. o B(E|ULH, U, | E)
E——m7FM8

700 —tr{ps (T)Hr} = =Wo (pp (1)) = AE(ps (7)) - (E12)
k=1

Therefore,

S(ps(T)llp(7)) =S (pa () lpg' (T)) = B(AF =Wy (pp (7)) — AE(ps (7)) - (E13)
From equations (E1), (D9) and (E13), we can obtain

J(p(7),p8(7)) =BUW) =Wy (ps (7)) — AE(ps (7)) - (E14)
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