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Introduction. 

A WEIERSTRASS TYPE REPRESENTATION 

FOR SURFACES IN HYPERBOLIC SPACE 

WITH MEAN CURVATURE ONE 

CHia Contin Goes 
M. Elisa E. L. Galvio 

IME- USP 

A WPit'rstra<;s typt> fonm1Ja for smfacf's of prPSnilw<I mt>au 1·ttr\-at111·t' iu R1 wa,., givf'll 

by KP111110tsu ([Kl) iu 1!)7!). In 1987. R. Bryant ( [Bl) stucliPrl tlw snrfan•s of mPan curvaturt' 

Ollt' in hypPrlmli<' spa,·t> a.<; lo.-al proj1·1·tious of 1111111·11rvPs in tlw spat'f' of tht' 2 X 2 Hennitian 

synun<'tric matrin-s with its Cart1m-Killi11,; lllt'tric. RPrPutly, U111P!t1,ra and Yamada ([UY· 

1), [UY-2], [RUY)) J>l'O<lucnl au t>Xplirit tool to constlud PXamp!Ps of thPSP surfaces. They 

describt'd tht> null cnrvPS in tPrms of a lllPromnrpliiC" fmH·tion g and I\ l111lomorphic 1-fonn 

w obtaim•d as solutiow, of two ordinary diff Prt'ntial t>quatious. . 

The subject of this paper is to dt>scribt> thP surfact'S in H'1 with mt>au curvatul't" one 

in a vt>ry siuiilar miu111Pr lL'i thP minimal ,-urfact>S in R 1
. It is alrt>iMly well known that 

these surfact's havt> a hypt>rlmlic holomorphic Gauss map ([Bl); in our work, the fllllction 

Ii clesrrilws tlw holomorpliic· Gauss map. Its propt>rtit'S will ,;ivf' us a W.-if'J'Stras,'i ty]>f" 

rPJlff'St'ntation. 

From tlw main thP<m•m WP hav .. thf' inunt>rsion X ; UC C --+ H1 I\.<; 

whPrP ¢ 1 , j = l, 2, 3 arc· sol11ti1111s of tlu- syslt·m: 

4>t </,2 =: l + l<J,1f1 

iU,1 == I, ii'i,1 

D= D= 
D</,2 l D</,1 
iJ:: = ,; a:: 

whose intt'grability c-011ditim1 is that of 
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Wf'. also have a loC"al integral reprf'Sf"ntation: 

In the la'it part of the papl"r Wt' exhibit local solutions of this system for all functions h. 

The hyperbolic Gauss map. 

We consider the Lorentz span· J ◄ ,;, { .c = ( x0 , .c,, .c7 , .t3) E R 4 } with the innf'.r product 

The hypi,rlmlic spl\l't' is tlw suhmauifold 

H 1 = {.r E L4 I< .c,.r >= -1, .ru > O}. 

In H1 
Wt' will cousid,·r th .. i111l11.-.. ,l ori .. 11tati1111 from L 4 for whid1 the wrtors ui, V2, V3 in 

T,.H1 form a positiv .. ori1·11tP1l J,.L,is iff {JJ, 11 1 , t•i, 111 } forms a pusitivt> m·it>UlPd 1,a~is of L4
. 

Let X : ft.I --+ H' he ,u1 isom.-trir inuuersinn of au orit>uta.bJ,. Riema.iu1 smface M 
in the hyperholic spacP and N(p) thP orit'ntf'.cl unitary normal VPctCJT at p

0

E M. In local 
isothermical coordiuatt'S.: = ll + it• Wt' havt' 11,.:i 7-: 11x .. 11 = >., < x",x. >= 0, and N 
. h I· {X() l,_. l,, IV( 1 ·· ··. I .· . fT.L 4 IS SUC t lat . JI, x•'n• A.,.,,. ]>) IS a J)OSltlVP Ja-;1s o /• . 

\Vt> will ruus_i<lt'r tht' map 

.. :H1 --+D 

B.11d tl1t" Vet'tur •l>.(N(p)) wht'l"t' 

D = {(.ro,.t1,.c2,.r1)I .ro = 1, .r1 + .r~ +;ti< l}. 
Thi,; map is the natural isomt>try hetwl't'n H1 and the 1(1.,.in mocld for thl" hypf'.rbolic 

i;pact> giwn l,y unitary clis1· with tht> appropriatl"cl nwtri,·. 
Tht> h1111111lary of D nui ht• i1lt>11tifi1•cl with th.- Ri.-uuum two spht'l't' S2 • 

Definition. Tlw /1ypN"lmlic Gmvss m11p of ail immersiou X : l'vl --+ H'1 is 

11: M--+ av 

given by 
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where t > 0 and n(p) E /JD. 

It follows immediately: 

1 
Lemma 1. n = - --(X + N). 

zo +No 

As n(p) = ~(X(p)) + t~.(N(p)) is in the'rout> -z~ + zf + z~ + z~ = 0 we have 

(.r:a-tNa)1 ti -0 
r◄ + x-1 - . 

• 0 • 0 
< 11,11 >= 

The solution t with t > 0 is t = .c0 /(.c0 + N0 ). • 

Remarks. 1. Sin<'.«- th«- Vfi'tor X + N is also in the run .. the-re- exists t/• : U ---+ R, 

tf.,(p) = 1 
X 

=.co+ No= - < X + N,t:o >, eo = (l,0,0,0) 
< n, > 

such that 
v,(p) n(p) = X(p) + N(p), Vp E [T 

and 

N= 1 , .• 
----11-.i. 
< 11,X > 

2. The coeffidents of the sttoud fuudaauental formula for tht> immt'rsiou X •·au be f'alcu­

latecl as 

!&,, = - < 'il,,N,e; >, i,j = 1, 2 

The mean rurvaturt' in tht> d100St'11 normal c\irf>t•tiou and tht> gaussiau n1rvature have, 

respectivl"!ly, thf" t>Xprt"Ssions 

1 
H = -(h11 +/in) 

2 
am! 
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3. In isotlwnukal para111PtPrs 

1 2 < X,..N >= 2..\ H 

1 2 2.,\ =< x.,x. >. 
The mean .-urvature H is pqual to one if and only if 

< X::,N >=< X:,Xr > 

or 
1 < X.-:. - ---11- X >=< X.,X-: >. .. < II, X > . . 

WP will havP H = 1 if and only if 

< x,,11= >= o. 

4. Taking:: = u + i1, isoth .. rmical param .. t..rs in (TC C WI' havP th .. diagram: 

M 

l 
ucc 

n -
with rr thP stPn>t,grnphir proj .. rtion; thPu 

aml 11 is liolomorphir if ancl only if /1 is holmnorph.k. 

C 

This hypt>rlmlic:- Gauss map l1d1av..s a" thP dassiral Gauss map for minimal surfacf"S 
in Im P11diil1·a11 spar .. , that i.~. WP havP thP following lht''OfPlll ( [BJ ): 

Theorem 1. L .. t 11 : l\.f -t DD l,P tJ1,· liypPrlmlit· Gauss map of a .surfacf' X : M --+ H3 , 
n noJJ <'011.stru1t. Tiu· map 11 : M --+ DD is coJJformal ilf t/1 .. immrr.'lioJJ X eitlier l1a..<1 mean 
rurvaturP H c011stai1t ru1d PqmJ to Oilf' ( iu w/1id1 rnse n preservPs tJ1p orir11tatio11 ) or X 
is totally 11111/,ilic ( iu wl1id1 casP 11 revPrses tl1e orie11tatio11 ). 

1 Proof. From 11 = ---(X + N) WP havp 
ro + No 
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"• = ( l N,) (X+N)+ IN, ex. +N.)= 
Xo + o • .ro + o 

and 

= (~) (X + N) + ~1(1 -1111 )X. - h12X.J 
.ro + no • .lo + no 

n. = ( ; N. ) (X + N) + l N, (X. + N.) = 
zo o ., zo + o 

Const"qt1f'J1tly, 

= ( l M ) (X + N) + 1 
N [-h12X. + (1 - h22)X.,j. 

zo + o • zo + o 

I 2 A2 { 2 2 I 
In.II= ( ,., )2 (1-h11) +11 12 

Xo + no 

• lln.112 = A
2 

. 1(1 - h2d + h~2I 
(xo + Nol2 

A1 
< 11.,nv >= . (-/i12)(2- h11 - liu) 

(xo + No) 2 

and for H = 1 or for uml,ilir i111111l'rsi011,,; Wt' will havf' lln,.W = ll11rW 2'. 0 and< "•• n. ::>= 

0. 
WI' also obst'l'VI' that !111.II = 1111,.II = 0 if aucl only if thf' i111111nsio11 is umbilical and 

H = l; in this cast' Wt" havt' a horo,;pht'l'I' and thf' hypnholi1· Gauss map n is 1·u11staut. 

Consicll'riug thf" compl.-x diffM"entiatiuu 

it follows that 

(1) 

from 

Wl" havP 

wheel:' 

and 

2~1' h 2'.lm Ii 1h11 
- 1 

r1(.:) = (l, 1h12 + l' 1h11 + l' 1h11 + 1) 

( 
1 )- 1 _ 

11, = lhP + 1 : 71 + 11i11 + 111, 

ii= C llil'' + 1,1, + h,-i(l1 - hl, 1h12 
- ll 
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With thes.- calrulations Wt" rnuduclr. that 

(2). 

From (1) and (2) 

4/i, ii. 
< 11,, ll7 >= (lhlZ + 1)'2 

4h, ii-. 1 ..\ 2 
(lhl2 + l)2 = 2 (zo + NoP(H - l)((h11 - h22l + 2i l1uJ 

and the hyperbolic Gauss map is ronformal iff either H = 1 or the immersion is umbilical. 
In both ca.'ies the induced metric is givf'n hy 

< dn, cln >=< II: d:: + 11,az, 11, d; + 11,az >= 2 < n., 11, > ldzl1 
or 

When H = 1 we havP 

< d11,d11 >= (:to :
2

N
0

) 2 (-K)jdzl
2

; 

if the immersed surfacr is ilifft"n•nt from a horosphere 2 H(H - 1) - K > 0 and -K > 0. 
Finally WP rnmpat"t' th.- orirntations of X : }.f ----t H 3 C L • and 11 : M --t {JD C L 4, 

wlu-u thr. i111mn,-io11 X is cli~tinct from thf' horosphf're. 
ThP strrro11;raphir prnjPctiun [I : DD ~ S2 --t {1} x R-1 C L4 iucluct"S a positive 

orientation in S1 in whkh thf' normal vp1·tor is the intt>rnal 011.-. 1 l · Lf't {X(p), AX_, AX.,N) aucl {r0,n_,11.,,.-0 - n}, t'o = (1,0,0,0) be orthogonal 
framt-s adaptatecl to X(M) and n{M), rl"SpM·tivt>lly. 

The:;t> frames arP rdatP<I hy tht> matrix 

Io co:NJ_ co:NJ. 
l " :i: <_,_,to> 

who:se determinant is 

Ig 

}<X-,ru> 

¼<X, .. ,u> 

-(.cu+ No) 

.,\(1 - h11) 

.ru + Nu 
-.,\ 1,,1 

-.,\ h12 

Io+ No 
..\(1 - hn) 

.co + No zo + No 

Co:NJ_ Co:NJ. 

Co : NJ_ Co : NJ., 
..\(1- h11) -..\h12 ----

.ru + No ro +Nu 
-.,\ 1,,1 ..\(1-linl 

.ro + Nu .to +No 

0 0 
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1 Io- --­
Zo +No 

1 
:i: < X-,r.o > 

l A< x.,,eo > 

1 
-No- --­

zo + No 

1 
.co+ No 

0 

0 

0 



~ ~ 
(.co+ No) 1 f(I - h11 )(I - h22) - hf2) = (zo + No)2 [-K + 2(H - 1)). = 

It is t>asy to stt that thP clt>tt'rtlliua11t is positiw if H = 1 in which case II preservf'S the 

orientation ( that is, n is holomorphic ); in the umbilic ra.w. the cll'tf'rtni111Wt is negative, 

n reverses the orientation and is antiholomorphic. • 

Remark. We obst>rve that 

Wht>n H = 1 

2 1 

? I 11 41'1: I 11 • A 1.1 l'l 
< dn. drr > = _ < 11:, 11, > d:: = I 11 1 

Id:: = - [\ ,.., )1 nz , 
(Ii +I) (.co+no 

and 

(3) 

A Representation Theorem. 

Working with a holomorphk hypPrbolir Gauss map, that is, with surfart'S with ron­

stant mean curvahu·e f"<!Ual to out>, wr- havf' a loc.al rt"prf'Sf'ntation thf'f1rrm similar to the 

Weierstrass reprP.Sentation for minimal snrfarf'l< in thf' Pudiclnu1 spar,._ 

Theorem. Lf't X : Af - H .1 
/,,. ;1 uou-uml,i/ic- imm,.rsim1 iu H 1 witl1 mPai1 n1rvat11re 

OHe aud 

( 
2'Jl,./i 2'.lmli 1h11 

- 1) 
n(::) = l. I + jlil1 • l + jlil1 ' 1h12 + 1 

its l1ypr,r/wlic- GarL~-~ m11p. Tlit> rf'ru fum:tious </,1(::) = .c0(::) + .cl(=) ru1d </,2(::) = ro(z) -

z1( z) ai1d tlif' romp/px fuurtiou <P.1(;;) = xi(= )+i .i:2( =) wit/1 X(::) = { ro( .-: ), ri(.: ), z2( z ), r3( z ))I 

satisfy 
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Conversely, giveIJ 11, /.mlomorp/lic 11011-constaJJt fiwdion Ii : U C C ~ C, two real func­
tions 4'1 aJJcl tJ,7 ( 4'2 > 0 ) 11.11<1 a comp/ex function "':s satisfying ( •) iu tl1e simply connected 
domain U, tlie11 

defuJes a confornuJ imme.rsiou in 1-11 witl1 constant mean curvature one and liyperbolic 
Gauss map II giv,m Ly Ii M above. 
Proof. First of all we oLserve that 

from the first rq11ivalr11rr it also follows that if ¢2 = .r0 - .r1 thi>n I/ii > 0. 
Given 4,1, ¢,2, 4'1 ,L-; alwvP we haw• 

and< X.,n >= 0 if a11cl only if 

or 

(4) 

Thl' assmnption on the mean n1rvatun· 1?;ives us 

H=l <=<X,,11,>=<X,,ii,>O 

wherf' 

and 

We have i11 this 1•a-;t' Ii holomorphir ,UICI tlwrt>for!' 
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ash is nonconstant (h, I- 0) it follows 

H = l ~ < X:,n: >= 0 ~ 

-h (8</>1 + 8</>i) + (801 + 84,1 ) + 11 (8J1 _ 8</>2) = 0 ~ 
8z 8z 8z 8z Dz Dz 

(5) 

Returning with this la.o;t equation in (4), finally we have 

Let p E M he a zt,rn of I, with order,,; we have Crom (5) that p is a zero of a:;1 whose 

order is greater ~r f'qua.l to ,, aucl we can write 

Let now l,e 

with 'Pt, </>2, </>1 verifying ( • ). It is easy to St"I" that 

(6) 1 [ Ddi1 ( 1 . 1 ) 84,1 . / )] X,= 2 Dz ;;,1,-i,-h + {); (h,l,1,1 

From the fad that < X,. X, > = 0 it follows that wf' havf' isoth .. miirnl param.PtP.rs. 

Let now ronsicler 

with Ii the holomorphic fm1c.tion from ( • ). Th" Vf'<"lor 

1 - V 
- II - .i. 

< n.X > 

ha. .. norm e<1ual to (lilt'. Vf'l"ifirs < X:, _r;:; >= 0. < X. Iv >= 0 mid 

1 - -- _ , .• 11=X+N 
< 11,.,. > 
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therefore N is exactly the normal V!!Ctor N and n the hyperbolic GalL'>S map n o( the 

immersion X. With somt" calculations we obtain 

• 

From the fact that his holomorphic it follows that< n,,X, >= 0 whid1 implies H =·l; 

h non-constant givt>S us a non-umhilic immersion. • 

Remarks. 

1. Tht" compatihility conclitiou for the two pai·tial differential equations in (•)is the same 

and writPs 

(7) 

2. Choosing hand lj)3 such a., to verify (7) we will have cp1 and <Pl given locally by 

and 

3. An iutPgral formula ran 1,,- written from (6): 

(8) 

and from this last expression we l"ILll rnudmle that p is a regular point if the derivatives 
0¢,3 I {Jcp3 I . 1 . 1 1 fu an< uz c o not vams 1 smm taneous y at p. 

W,- also rau write: 
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S. From Lemma 1 we have: 

1 
v = zo + No = - < X + N, to >; < n,., > 

i;ome calculatious give us: 

and 

< n,X >= lh/+ 1 (-;, -jl1l11P2 + hip1 + li~:d = 

The total curvature is 

and from (3) it follows that 

K= 

• lu local coordinatf'S 

(9) 

Examples. 

1 + l'P1 - l1tp111 

'Pl (1h11 + 1) 

To exhibit somP examplt>i; WP nt't'<l to t;t't two relll fun,·tinns t;1 and 'P1, f>l > 0 and a 
complex fom·tinu (f):i, solutio1L'i of th,· tht' systt'm: 

To find soh1tio11s, we ht'giu with somt' important l"t'llllu·ks. 
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1. First of all we will analyse the solution.'! that rnrre~poncl to ,f,3 holomorphic ( or 

antiholomorphic ); in the first case ,J,1 ( resp. 4,2 ) is constant. As ,J,, 4'2 = 1 + 14'312 the 

ronstant rannot 1,e zero; it is ea.">y to see that t/,, 

( resp. t/,2 ) constaut impli,~s that the surface is umhilicnl and ro + .r3 

( resp . .i: 0 - .i: 3 ) is constaut; the fundiuns r 1 and r 2 will he harmonical ronjugates. 

2. Given the function h we can seacrh solutions as 

with F a one real variable clift'eI"entiable function. 

Since 

tlu• rompatihility n1111litio11 is 

The last r.ondition is satisfied hy 1Jl tltl' the funrtiuns It(::) = ::", for I"eal I'· 

3. In tlw ,•a.-;P </,3 = h(=)F( 1=11 ), thi> mPtric (6) will hf' 

Example 1. WP have an immersion with constant mean curvaturl" one 

X: C-{O} -H1 

solving(•) with h(z) = ::, F,.(t) = t" and 

• 

Now, th,• iutegrahility rnnclitinn is satisfipr( ( rPmark 2 ) and the solutions t/,1 and t/,2 

art>: 

<l>i(=) = _ o _ A 1=120+2 + _ 8_ B 1=12,1+2 
o+l /J+l 

and 

with o and 8 !,nth ,listiurt from wro a111l -1. 
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and 

(11) 

(12) 

The condition ¢,1 ¢,2 = 1 + j¢,3 j2 is verified lwcler the restrictions: 

0 + .8 = -1 

.4 B ( 2o + 1 ) 2 = 1 
o(o + 1) 

2o + 1 # 0. 

In this r-ase the solutions of ( •} are: 

'<t>i(.::) = _ o _ .-l l.::11oH + 0 + l B l.::rfo 
0 + 1 0 

o + 1 ., n ., ., 
r,,,(.::J = -- ..t 1.::1· 0 + -- B l=r·0

-· 

0 0- + 1 

<t>1 = = 1 A 1=1'" + n 1=r1o-11 

Writing z = ,. ei1 : 

0 ·• +·• 0 + 1 ~ f </>i(1·,8) = - - .-t,·•" • + --B,·-•0 = 1(r} 
0 + 1 0 

o+l , o , , 
<P2(r,8) = -- Arn+ -- B,·- n- = h(r) 

o o+l 

t1.11(r.8) = 1·(ros8 + isiu8 )( .-1.r'" + B,--i"-1 ) = i.J(,·)C'' 9 

Now it is .-a-;y tn s...- that all thes.- smfaces ar.- rotational surfacn geuerat.-cl l,y the curve 

1 0 0 0 c.o c.o 

0 t·os8 -sin8 0 C1 r- 1 cos8 
X(r,8) = = 

0 siu8 cos8 0 0 c1 sin6 

0 0 0 1 ,·1 CJ 
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Using (!l) and (11) we ran have the total curvature 

By ( 10) we have 

and thl' snrfan• is rnmplrtP. Tlwse smfart>S are rallecl " catl'110icl cmu,in.'- ". 

W,· ,·:ui foul solutions of ( •) for all functions h in a neighborhood of a regular point; 

it snffirf's to reparametrize the surfac::e M hy the function h. 

Calling w = h( =) or .z = lt- 1 ( w ), the> systl'lll ( •) ht>romt'S 

(II) 

whost' sol11tio11s art' 

with <f, 1 givf'n by (12). 

Example 2. Tlw syst.rm ( •) iilso ;ulmits sol11ti01L'i as 

with F. Gall(! h holomorphic.- fu11ctiom1 satisfying F(;) = F(:), G(;) = G(.:) and /i(z) = 
I,(=). In this riL~r if 

(13) F'(:) = h(:)G'(:) 

tilC' iut,·.c;rnbility rnuclitiou (i) is n·rific•cl. 

Tlw two l,L~t r<tttations in ( •) ,·ru1 br intrgratr,I iuHI tht> solutions arr 
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Wt" will modify these solutiom, to havt" the first NJ.Uation 11atisfied; in this way, we will 

take F1, G1, F2, G2 as in (13), A and B ft"tJ rnnstauts such that 

with 

(14) 

ri>1 = AIF1P + B1F2l2 

tJ>2 = AIG.12 + BIG212 

The smfaces called ~ Enneper Cousins " are corresponding to 

Ii(:)= tauh>.:, 

G;(:) = rnsh>.: 

G~(:) = : cush >.:; 

consequentely, by (13) and (14), 

and 

and 

1 
F,(:) = A cosh >.z 

Fi(:) = ½ ( :.-osh >.: - ½siuh >.:) 

G1(=) = ½sinh >.: 

1 ( . 1 ) G2(z) = :i zsmh>.z - :ico11h>.z 

AB= i>.1 6
, >. e C. 

The total curvature can ht> calculatftl 1,y (9), obs.-rviug that 

f 41>.16 i - I 4 i -K = - 2 - dz I\ ,Lz = - ~? clw I\ clu• = -411". 
A2 (1 + ¾l=r') 2 (1 + lwl2

) -
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It is also <'n.'<y to Sf't" that tht> mt'trir j,i romplt'tt'. 

To p;Pt UPW rxamplPS Wf' havt' to find solutions of 

and a linPar roml,inatinn of this solution.c; in orr!Pr to havt' 

that is, iu orclPr to havP tht> rorrt>spondiug immersion in L 4 contained in H ·1• 

Th<' rlassifiration of these i111111f"rsio11s depencl,; on the description of all the solutions 
of this prnhlc·m. 
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