





We also have a local integral representation:

# Oaj 1 0¢; a¢1 194, )
X = (Re/za (h-a—z + - T a: )d-,ﬁedﬁ;,Jm%,?Ht’/ (l % h Ds dz

In the last part of the paper we exhibit local solutions of this system for all functions h.

The hyperbolic Gauss map.

We consider the Lorentz space T4 = {£ = (g, L1, £2,+3) € R*} with the inner product
< LY >= —roye + iy + Lays + L3y
The hyperbolic space is the submanifold
H'={rel'|<re>==1, 1y > 0}.
In H? we will consider the iuduced orentation from L for which the vectors vy, v,, v3 in
TH® form a positive oriented basis if D, 01, g, v3 )} forms a positive oriented basis of LY.
» 1 1 1

Let X : M — H® be an isometric immersion of an orientable Riemann surface M
in the hyperbolic space and N (p) the oriented unitary normal vector at p'€ M. In local

isothermical cmudnmtes : = u + v we have || X! = ||X,|| = A, < X\, X, >=0, and N
is such that {Y(p) A \,,, N(p)} is a positive basis of T, L*.
We will consider llw llld])
®:H*—D
f1 2 I3

(fo‘-l'h-l‘z.-'-"i)_*(l =
xo’ o' zg

and the vector ¢.(N( p)) where
= {(.l‘o,.t],.l'g,.l‘]” ry =1, J'] + .l-'z 3P 53 < 1}
This map is the uatuml isometry between H? and the Klein model for the hyperbolic
space given by unitary dise with the appropriated metric.
The boundary of D can be identified with the Riemmm two sphere 5%,

Definition. The hyperbolic Ganss wap of an immersion X : M — H? is
n:M — 9D

given by

n(p) = B(X(p)) + t@.(N(p))
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where ¢ > 0 and n(p) € 0D.

It follows immediately:

1
o+ No

(X + N).

Lemmal. n=
z

Proof. For X(p) = (Lo, L1, £2,r3) and N = (Ng, Ny, N2, N1}

N, 1
&.(N)= _éx + HN'

As n(p) = B(X(p)) + t&.(N(p)) is in the cone —z3 + £} + 23 + £3 = 0 we have

(‘tﬂ —tN0)2 + —t_l— =0.

<n,n>=-— 5
' X3 X?

The solution t with ¢ > 0is t = £y/(x¢ + Np). ©

Remarks. 1. Since the vector X + N is also in the cone there exists ¥ : U — R,

Y(p) = —m =ro+No=—< X+ N,eg >, &0 = (1,0,0,‘0)
such that
wip)n(p) = X(p)+ N(p), Vpe U
and
V= —==loans X
T <n, X > o

2. The coefficients of the second fundamental formula for the immersion X can be calcu-

lated as
hy; =—< VN, ¢ >, ,7=1,2

with e; = }X. and e; = %X.. We have
Nl = "hll-\’- - hl'I‘YUO
N, =-h X, - hyy X,

The mean curvature in the choosen normal direction and the gaussian curvature have,

respectivelly, the expressions

H= %(h“ + hyy) and K =hyhy - h?z -1



3. Inisothermical parameters
1,2
< Xz,,N >= EA H

where 1
;/\2 =< 4Y3, X; >.

-

The mean curvature H is equal to one if and only if
< X.;,N >=<¢ X.. Xz>

or

1

——n-X>=< X, , Xz >.
<n X >

< X,;. =
We will have H = 1 if and only if

<X, nz>=0.

4. Taking = = u + iv isothermical parameters in U C C we have the diagram:

M ", oD=xs?

¥

vce — 4 ¢

with IT the stereographic projection; then

=11 2Reh  23mh |h|"—1)
e s Qo g X

and n is holomorphie if and only if & is holomorphic.

This hyperbolic Gauss map behaves as the classical Gauss map for minimal surfaces

m an euclidean space, that is. we have the following theorem ( [B] ):

Theorem 1. Letn: M —s 9D be the hyperbolic Gauss map of a surface X : M — H?,
1 non constant. The mapn : M — 9D is conformal iff the immersion X either has mean
curvature H constant and equal to one ( in which case n preserves the orientation ) or X

is totally nmbilic ( in which case n reverses the orientation ).

Proof. From n = JT-%M(X + N) we have



1

1
s (m;)_(-" FN 4 (Xt Vo) =
1 1
=) (Io = No).(x + N) + o No[(l = ’l")x. - hllxv]
and .
— 1 B
ny = (-‘to +No).(X +N)+ = No(X' +N,)=
1
= (o) XM g (X + (= )Xol
0 v/
Consequently,
A2
e - = 2 ,2
[Inudl (-’Co'*'No)’((l hii)? + ki)
2 '\2 ] 2 ’2
Aol = m[(l" 122)? + hi,)
,\'I
< Ny, Ny D= m(—hn)(z -y - hay)

and for H = 1 or for umbilic immersions we will have |[n.||* = |al? 2 0and < ny, 1y >=

0.

We also observe that {|ny|] = [[ne|l = 0 if and only if the immersion is umbilical and
H = 1; in this case we have a horosphere and the hyperbolic Gauss map n is constant.

Considering the complex differentiation

1
zo + No

(X3 + N3)

u;=( - )(X+N)+

Lo + Vo

it follows that

1 A2 0: p
(]:) < ny, s >= 5(—m(” = l)l(hn ~ ,lgg) + Z1 hlzl,
from )
WMeh  23mh |RfF -1
)=l v ' T o1
R+ 17 AR+ 17 (R +1
we have
= 1 n + __1_;‘;_
mTEARERL) T RE L
Wllere
F=(h+Lh+ R, —i(h =R -1)
and

e = he (R, 1, =i, 1) + Rz (b 1.4, B).
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With these calculations we conclude that

4’]? 71-?
(2). < ng, ny >= W)_z
From (1) and (2)
4hs T; 1 /\2 -
(Ihl;-+11)2 = 5(10 + No)? (H = 1)[(h11 = haa) + 28 hyy)

and the hyperbolic Gauss map is conformal iff either H = 1 or the immersion is umbilical.
In both cases the induced metric is given by

<dn,dn >=< n,d: +nzdin,dz+nzdz >=2<n,,n:> |dz[?

or
A2 2
e e o I — 1) - Klldz|*.

< dr.l.dn >= A [2H(H - 1) - K]|dz|

When H = 1 we have 2

A
(zo + No)?
if the immersed surface is different from a horosphere 2H(H -~ 1) - K > 0 and —K > 0.

Finally we compare the orientations of X : M — H3 C L* and n: M — 9D c L4,
when the immersion X is distinet from the horosphere.

The stereographic projection I1 : 9D ~ §* —» {1} x R?* C L* induces a positive
orientation in §* in which the normal vector is the internal oue. ] .

Let {X(p), %X., IX'"N} and {ep,ny, 10,69 — n}, g = (1,0,0,0) be orthogonal
frames adaptated to X(M) and n(M ), respectivelly.

These frames are related by the matrix

< dn,dn >= (—K)|d=[*;

i 1 1 1
2 (Io + NO). (Io + No),, o o+ Ny
1 % A‘l —’l”) —/\hl'l 1
= -\u. — —_— =< .\’., 20 >
B SRR S Zo + No Y A
1 X Al M1 = hyy) 1
e “hpy o -Ytn >
/\<\ g > To+ Ng 2o+ No '\< €p
1 1 1
-N =V =
L & (£0+No). (.’to-}-No). g zg + Ny |
whose determinant is
0 Lo+ No/, xo+No/, zo + Ny
o /\(1 —h”) —-/\Ilm
L N e el s==, 0
2 iy ro + N ro+ Ny =
- Ay, A1 = hyy)
LaXio> 12 0
A o Eyi] +Nu .L'()+No
—(zg + Np) 0 0 0




A A2
= =G e N (L= Al = ) - hig] = m[—f{ +2(H - 1)}

It is easy to see that the determinant is positive if H = 1 in which case n preserves the
orientation ( that is, n is holomorphic ); in the umbilic case the determinant is negative,

n reverses the orientation and is antiholomorphic. e

Remark. We observe that

<y >= o [ sf? o+ el ).
Nz (1 + [hf2)? N :
When H =1
- . 4|h.? - - 2
=9 - = :1= = l:z=—l———-,'dz|
< dnadn >=2 < n,nz > |dz] (JR]* +1)2 ld=| \(.L'o""‘No)‘l '
and
i 4”1,"1 ( A? )—I
(3) RSN T A A

A Representation Theorem.

Working with a holomorphic hyperbolic Gauss map, that is, with surfaces with con-
stant mean curvature equal to one, we have a local representation theorem similar to the

Weierstrass representation for minimal surfaces in the euclidean space.

Theorem. Let X : M — H? be a non-ubilic innnersion in H? with mean curvature
one and ‘
. Meh  23mh b} - l)
nE = AL T T AR R

its hyperbolic Gauss map. The real functions é1(z) = ro(z) + x3(z) and $2(2) = zo(z) -
x3(z) and the complex function ¢3(z) = ry(z)+i r(z) with X(2) = (.ro(:),.r.(:),z:g(z),za(z))l

satisfy

b1 67 =1 +1¢af?

Doy = 03;
(*) o= ‘o=
Jd, _'104’3
9z  h O:
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Conversely, given a holomorphic non-constant function h : U ¢ C — C, two real func-
tions ¢ and ¢, (¢, > 0 ) and a complex function ¢y satisfying (») in the simply connected

domain U, then

X(z) = (M. Re ¢3(z), Sm¢3(2), ¢—"(Z) ;‘ﬁ?(:))

defines a conformal immersion in H with constant mean curvature one and hyperbolic
Gauss map n given Ly h as above.
Proof. First of all we observe that

X(2)= (20, 21,22, 83) EH? &= -2l +2+23+22=~1 &= ¢1¢2 =1+ |63
1

from the first equivalence it also follows that if ¢, = ro — £y then ¢, > 0.

Given ¢, ¢;, ¢3 as above we have

X(z)= (¢———l( )+ éal:) , Re @3(2), Sm ¢a(2), ¢71(:);¢>2(z))

and < X,,n >= 0 if and only if

1 |h|“—1) de; 1 |Iz|"—l) d¢,
2(_1—|h|’+l o- el ") o b
1 I¢1 c')¢, P Qfl_ ?i’.)] =0
1+ 2 [Reh (('). + —aT) +:3mh (02 72 =

or

a¢. ,aqs2 a¢ 7 943
— +[hf ot -ho==0

(4)
The assumption on the mean curvature gives us
H=1 =< X, ,ns >=< X, ,7iz>0

where

&) 2Reh 23mh 4 - l)
n(z) = . ek
I S [T ERS S TATARTAT |

and
= (14 b kR, —i(h =Ry, b - 1).

We have in this case h holomorphic and therefore
ny=(h l_l;, 7;;, ihz, h hs )i
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as h is nonconstant (h, # 0) it follows

H=1l <= <X.n:>=0 &

(9% | 04, dos = ¢, 06, 0¢2 |
h(az+_c'r)+((')z+az)+h(0z dz S S~

O¢s 02

=h—.

) dz 0z

Returning with this last equation in (4), finally we have

—aﬁ‘——haa‘
9: 9

. . é;
Let p € M be a zero of h with order p; we have from (5) that p is a zero of —af whose

order is greater or equal to u and we can write

092 _ 1 01
I
Let now he .
x(e)= (22 g0y, 3mont), M)
with ¢y, @2, ¢3 verifying (). It is easy to see that
(6) X. == % (h.l.—i.-—%) a"‘ (h,1,i h)]

From the fact that < X., X, >= 0 it follows that we have isothermical parameters.

Let now consider

fs) = Reh  23mh W] - l)
M= TR R TR R 1
with & the holomorphic function from (). The vector

o 1
NP TR S M
H <n X >"

has norm equal to one. verifies < X, N >=0. < X,V >=0 and
1 % =
=i
<, X >
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therefore N is exactly the normal vactor N and 7 the hyperbolic Gauss map n of the
immersion X. With some calculations we obtain

<mnXa>= o nm | T e: B

From the fact that A is holomorphic it follows that < nz, X; >= 0 which implies H =1;

h non-constant gives us a non-umbilic immersion. e

Remarks.

1. The compatibility condition for the two partial differential equations in (*) is the same

and writes

(7) 3m{h de3}) =0.

2. Chousing h and ¢;3 such as to verify (7) we will have ¢, and ¢; given locally by

& —2Re/ h % dz

and
3. An integral formula can Le written from (6):
(. 08y 100, 0¢1 1 g3 )
= = = . dz ).
Iy X (?Re/“ (h 2 + B )(1-,3294»;,3111433,31‘.9/” (h e ik o

4. The metric ds? = A?dz{* is such that A? = 2 < X, X7 >; from (6) we have

h 0y 09
Ri (E s a—)]

and from I'.lus last expression we can conclude that p is a regular point if the derivatives

0y
9z

® = [l o]

and — do not vanish simultaneously at p.
We also can write:

2

J - =
= ‘E (o5 — h¢1 '—(451 - he)



5. From Lemma 1 we have:

—_—— = = - X N, >4
<nX> zg + No < + L]

some calculations give us:

1+ |p3 = ha|® = $2(d1 + AP $2 — hgps — h,)

and
_ 1 2 - = L+les—hésf*
<n,X >= Wﬁ(—¢l - lhl é2 + h¢-‘l + h¢3) o #2 (lhlg +1)

c= / Kd4
M

The total curvature is

and from (3) it follows that

oo Ak ( A? )"
TR 412 \ (2o + No)2)

In local coordinates

alh.|? i
9 =- L =—— -dz Adz =
®) ¢ /(¢| + |hPd2 — hes — hoy)? 2

1 : Digy—he)) i —
___ﬂ’l.-lﬁ_id:,\E:_ M%{L—A(h
(14163~ héa PP 2 (14163 = héalP')* 2

Examples.

To exhibit some examples we need to get two real functions ¢ and ¢z, ¢ >0 and a

complex function ¢y, solutions of the the system:

dye2=1+ 'd’-""

0¢|_ %
(+) o ~"o:
06; _ 106,
:  h 0=

To find solutions, we begin with some important remarks.
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1. First of all we will analyse the solutions that correspond to ¢3 holomorphic ( or
antiholomorphic ); in the first case ¢, ( resp. é2 ) is constant. As ¢ ¢ =1+ [#s]? the
constant cannot be zero; it is easy to see that ¢,

( resp. ¢ ) constant implies that the surface is umbilical and zg + 3

( resp. £y — £3 ) is constaut; the functions z; and will be harmonical conjugates.

2. Given the function h we can search solutions as
1 = h(z)F()z[*),

with F a one real variable differentiable function.

Since

R Agy = shh, F'(|2P2) + [RPF'(|z)) + 1= [B)? F(|=?)
the compatibility condition is
3m{k Ady} =0 <= Im{zhi'}=0.
The last condition is satisfied by all the the functions h(z) = z*, for real u.
3. In the case ¢3 = h(z)F(|z]?), the metric (6) will be

(10) AT = i F2()2).

Example 1. We have an immersion with constant mean curvature one
X:C-{0} —H?
s;)lving (*) with h(z) = z, F,(t) =t" and
#s(2) = (=) [ AFo(1=1*) + BFp(1=’) ).

Now, the integrability condition is satisfied { remark 2 ) and the solutions ¢; and ¢,

are: /j
e Y gq2etz, P py_jas+2
¢|(") 0+1A|«| +H+IB|"I
e +1 g+1
@ -
$2(z) = —— AL:|*" + —— B[
o I}

with o and 2 both distinet from zero and —1.

12



The condition @ ¢2 = 1 + |¢;]* is verified under the restrictions:

atp=-1
and
2
(11) _43(.2““ ) -
ala+1)
therefore
20 +1 #£0.

In this case the solutions of (+) are:

* - a4l -2

a(s) = et T gy
12 . = a+ 1 ~|20 _ - -20—2
(12) m()——~4LI+5;IBH

@3 = 2 [AJ:[ + Blz| %

Writing z = re' :
« T 2 +1 _
#1(r,8) = —— Ar* 4 ST By = fi(r)
+1 s
¢2(r,0) = (‘T Arte 4 ﬁ_i Br7t = fulr)

03(r.0) = r(cos8 + isinf ) Ar?® 4+ Broe=?) = fi(r)e'?

Now it is easy to see that all these suifaces are rotational surfaces generated by the curve

(fl(")"'f‘l(") hilr) fz(’))
— 3 ]

C(r) = (co(r),1(r),0,e3(r)) = » f2(r). 0,

Cir) c H* NP, with P? = [eg. ¢, ¢3]. We have a spherical rotation and

1 0 0 0 Cp co
0 cos8® —sin@ 0 ¢ rycosd
X( r, 0) = =
0 sinf cos8 O 0 < siné
0 0 0 1 3 3
I 11
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Using (9) and (11) we can have the total curvature

4o (a+ 1%zt | -
= — " _dzdz = —4(2a + 1)1
‘ /c—(o) (aRfere g By 2 00 = Tt

By (10) we have
AZ i (AI:|2¢| + Bl:l-!n—2)2

. . - "
and the swiface is complete. These surfaces are called " catenoid cousins ™.

We can find solutions of (#) for all functions h in a neighborhood of a regular point;
it suffices to reparametrize the surface M by the function h.

Calling w = h(z) or z = h=(w), the system (*) becomes

$, &, =1+ (B}

%, a

e e ="
0%, _ 108,
dw w Ow

whose solutions are

®,(w) = ¢,(h™"(w)), j =1,2,3

with @, given by (12).
Example 2. The system (¢) also admits solutions as
é3(z) = F(2)G(3)

with F, G and h holomorphic functions satisfying F(3) = F(z), G(3) = G(z) and 71(_3) =

h(z). In this case if
(13) F'(z) = h(2)G'(=)

the integrability coudition (7) is verified.

The two last equations in (*) can be integrated and the solutions are
oy = | R -2
éi(2) = |F(z)l

and

#2(2) = |G(=)|*.
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We will modify these solutions to have the first equation satisfied; in this way, we will
take Fy,G,, F;,G; as in (13), A and B real constants such that

¢ = AR + BIE[?

é; = A|G,|* + B|G,|?

$3=AFRG +BFRG,
with

(14) AB(F\G, - F,G\)(F\G; - F,G,) = 1.

The surfaces called * Enneper Cousins " are corresponding to
h{z) = tanh Az,
Gi(z) = cosh Az

Gy(z) = zcoshAz
consequentely, by (13) and (14),

F(:)= %cosh Az

F(:) = ; (:msh Az - -}siuh A:)

o

(z) = }Tsinh Az

Ga(z) =

So | 4t

(zsinh Az — lm:sh A:)
A
and
AB = |A]*, A€ C.
The total curvature can be calculated by (9), observing that
o » . (A+ Bl
&1 + |0z — gy — hdy = A|Fy — hGr* + B|Fy = hGu|* = AR |cosh =2
and

3 . . _
=—/—4J,\I—2%dz/\r—lz=—/—4———2%dw/\du'=—41r.
A2 (14 B=) 2 (1+ wl?)* 2

15



It is also casy to see that the metric is complete.
To get new examples we have to find solutions of
Sm{kAd;} =0
and a linear combination of this solutions in order to have
6162 =1+ 6"
that is, in order to have the corresponding immersion in L* contained in H?.

The classification of these immersions depends on the description of all the solutions

of this problem. .
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