





[ Oficina Nacional em Problemas Combinatérios
(I ON ProComb)
IME-USP 1 a 3 de fevereiro de 1995

O Departamento de Computacio do IME-USP estd organizando a primeira Ofi-
cina Nacional em Problemas Combinatérios - teoria, algoritmos e aplicagoes. Esse
evento faz parte do projeto “ProComb” que integra pesquisadores do DCC-IME-
USP, DCC-Unicamp, PUC-Rio e UFRJ que atuam na irea de Combinatoria. O
projeto ProComb ¢é financiado pelo CNPq, dentro do Programa Tematico Multiins-
titucional em Ciencia da Computagao. ProTeM-CC-I1.

O objetivo desse encontro é integrar a comunidade nacional da area de Combinatdria
com os membros do projeto. assim como divulgar os resultados obtidos no projeto.
Além desse encontro estd prevista a realizagcao de mais 2 oficinas nacionais e 1
workshop internacional nos proximos dois anos.

Integrantes do projeto ProComb: Arnaldo Mandel (USP}, Carlos Eduardo Ferreira
(USP), Celia P. Mello (UNICAMP), Celina M. H. Figueiredo (UFRJ)}, Celso C. Ri-
beiro (PUC/RJ), Cid C. de Souza (UNICAMP). Jayme L. Szwarcfiter (UFRJ), Joao
Meidanis (UNICAMP), Joao Carlos Setubal (UNICAMP), José Augusto R. Soares
(USP). José Coelho de Pina Jr. (USP), Maria Angela Gurgel (USP), Marcia Cerioli
(UFRJ), Marcus Vinicius Poggi (UNICAMP), Oscar Porto (PUC/RJ). Paulo Feofi-
loff (USP). Pedro Sergio de Souza {(UUNICAMP), Ricardo Dahab (UNICAMP), Su-
lamita Klein (UFRJ). Yoshiharu Kohayvakawa {USP), Yoshiko Wakabayashi (I'SP)
- coordenadora.
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Abordagem em Grafo-E/OU para Problemas de Corte e
Empacotamento

Marcos Arenales
Departamento de Ciéncias de Computagio e Estatistica
Instituto de Ciéncias Matematicas de Sio Carlos
Universidade de Sio Paulo
e.mail: arenales@icmsc.sc.usp.br

Reinaldo Morabito
Departamento de Engenharia da Produgao
Centro de Ciéncias e Tecnologia
Universidade Federal de Sdo Carlos
e.mail: drmo@power.ufscar.br

1 Introducao

O problema de corte consiste, basicamente. em determinar a “melhor” forma de cortar
unidades de material (aqui chamadas de objetos) de maneira a produzir um conjunto de
unidades menores (itens). Este problema aparece em diversos processos industriais onde os
objetos, em geral disponiveis em estoque correspondem a barras de ago, bobinas de papel
e aluminio, chapas metilicas e de madeira, placas de circuito impresso, laminas de vidro e
fibra de vidro. pegas de couro, etc..., e os itens. com dimensoes especificadas, sio em geral
encomendados através de uma carteira de pedidos.

Similarmente. o problema de empacotamento consiste em determinar a “melhor” fornia
de arranjar um conjunto de itens dentro de objetos. Exemplos ocorrem nas atividades de
movimentagio, armazenagem e transporte de materiais, a0 carregar produtos embalados
(itens) sobre paletes. ou dentro de contéineres ou caminhdes-cofre (objetos). Evidentemente
o problema de corte e o problema de empacotamento estio intimamente relacionados e tem
sido referidos na literatura como problemas de corte e empacotamento (PCE).

Nestes 1ltimos 30 anos centenas de artigos foram publicados em diversas revistas espe-
cializadas (veja. por exemplo. as pesquisas bibliogrificas em Sweeney e Parternoster. 1992,
e Dyckhoff e Finke, 1992), sendo sensivel o aumento do interesse académico nos PCE. me-
dido por exemplo pelo niimero de comunicagdes nos Gtimos congressos cientificos. Artigos de
revisio podem ser encontrados em Dowsland e Dowsland (1992). Golden (1976). Hinxman
(1980).

\'drios outros problemas estio estreitamente relacionados com os PCE. ampliando ainda
mais o interesse neste tépico. como por exemplo o problema do carregamento de veiculos.
o problema de programacio de veiculos, o problema de alocagio de tarefas. o problema
de balanceamento de linha de montagem, o problema de or¢amento de capital, o problema
de programagio de multi-processador. o problema de alocagio de meméria computacional. ¢
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outros citados em Golden (1976) e Dyckhoff (1990). Nestes problemas os objetos e os itens. a0
invés de terem dimensdes espaciais como comprimento, largura, etc..., podem ter dimensdes
ndo espaciais como tempo, peso, etc...

Parte da motivagdo para a pesquisa dos PCE é devido a importancia técnica e economica
das aplicagdes praticas. Pequenos ganhos percentuais no desempenho das atividades de corte
ou empacotamento de materiais podem levar a economias substanciais, dependendo da escala
de produgio e de transportes. No problema de corte, por exemplo, uma pequena redugdo
percentual no nivel de aparas (restos de papel) de uma indistria de papel pode resultar
numa vantagem competitiva significativa dentro deste setor. Similarmente, com o aumento da
prética de paletizagio de carga na armazenagem e distribuigao de produtos, pequenos ganhos
no aproveitamento do espago disponivel de paletes e contéineres tornam-se significativos ao
envolverem toda a cadeia logistica percorrida por estes paletes e contéineres.

Um aspecto fundamental que tem motivado tantos autores para a pesquisa dos PCE
é a auséncia de abordagens de solucio gerais e eficientes, devido principalmente a diversi-
dade de casos em que os problemas podem aparecer e & complexidade dos algoritmos exatos
disponiveis. Os PCE sao problemas de otimizagio combinatéria em geral da classe NP e
portanto. de dificil solucao exata. Nio existem até entdo (e é improvivel que venham a exis-
tir) abordagens de solugio gerais e eficientes para os PCE. As abordagens, na maioria das
vezes, baseiam-se num conhecimento especifico do estudo de caso, o que em parte justifica
a colecio de métodos heuristicos encontrados na literatura. Dyckhoff (1990) propde uma
classificacao dos PCE, procurando salientar as principais caracteristicas de tais problemas.
Tais caracteristicas sao:

1. De dimenséo: um problema é classificado como unidimensional quando apenas uma
dimensao é relevante no processo de cortagem, por exemplo, corte de barras de ago na
construgao civil. Da mesma forma, bidimensional, tridimensional ou multidimensional.

2. De selecdo: ou um subconjunto dos itens deve ser selecionado, pois os objetos sio
insuficientes, ou um subconjunto dos objetos deve ser selecionado pois sio fornecidos
em excesso.

3. De disponibilidade de objelos: pode-se ter apenas um objeto, diversos objetos com a
mesma figura, ou ainda diversos com diferentes figuras.

4. De demanda de ilens: pode-se ter poucos itens (de figuras diferentes) muitos itens de
muitas figuras diferentes muitos itens com relativamente poucas figuras diferentes; ou
ainda com a mesma figura.

Naturalmente esta classificagao salienta apenas alguns aspectos dos PCE e, problemas de
uma mesma classe podem diferir sobremaneira, como por exemplo, quanto a regularidade das
figuras, tanto nos dados do problema, como nas figuras obtidas no processo de cortagem.

Neste trabalho enfatizamos uma abordagem para PCE, tratando alguns problemas clissicos
da literatura, onde apenas um objeto é disponivel, sendo a selegdo, portanto, de um subcon-
junto de itens (este é um subproblema fundamental quando muitos objetos sio disponiveis).
Além disso. consideramos a demanda de muitos itens com poucas figuras (conhecido na li-
teratura como prohlema irrestrito) e estendemos a abordagem também para poucos itens
(chamados problemas restritos).



A formulacio combinatéria destes problemas é definido a seguir. Considere que um ubjeto
seja cortado para produgio de possiveis m tipos de itens (m figuras diferentes, cujas geometrias
e medidas sio {ornecidas). onde cada item tipo i tem um valor de utilidade 0;,i=1...m.

Um arranjo de um subconjunto de itens no objeto é chamado padrio de corte. A um
padrio de corte associamos um vetor y de inteiros nao-negativos, onde y; € o nimero de itens
do tipo i presente no padrao. Seja IP definido por:

P = {(s...-.4m) tal que exista pelo menos um padrio de corte com
yi unidades do item tipo i, i=1,...,m}

O problema irrestrito é entio formulado por:

max iy + ¥z + .ot Umym
sujeito &: (y1.Y2.....Ym) € P.

No problema restrito é adicionada as restrigdes: 3 < b, i =1,...,m onded; é o
nimerc maximo de itens permitido no padrio de corte.

2 Problemas Bidimensionais

2.1 Caso Guilhotinado e Irrestrito

Problema de corte bidimensional, guilhotinado e irrestrito trata de cortar um objeto re-
tangular, de medidas (A. B). em m itens retangulares, de medidas (a,.b;), i = L..... m.
Os possiveis padrdes de cortes sio obtidos por uma sequéncia de “cortes elementares™ que
aplicados a um retingulo produzird 2 novos retingulos {cortes guilhotinados), ou mantera
intacto o retingulo (corte nulo, denotado por corte-0). Os cortes guilhotinados podem ser
ainda verticais on horizontais.

O processo de cortagem (e. por conseguinte, os padroes de corte) pode ser representado por
um grafo-E/OU. onde os vértices representam os retingulos obtidos e os arcos representam
os cortes. Note que um corte guilhotinado relaciona um vértice com outros dois vértices.
o0s quais separadamente nio fornecem uma solugio para o predecessor. Este tipo de arco é
chamado arco-E.

U'm grafo-E/OU estende a nogao usual de grafo. onde os arcos sio pares de vértices. Num
grafo-E/OU os arcos sio pares de subconjunto de vértices. Assim. se os subconjuntos forem
unitirios. teremos o conceito usual de grafos.

No grafo-E/OU definido acima, um vértice inicial representa o retingulo (A. B) e vértices
finais representam retangulos obtidos por corte-0, ou seja, um corte-0 interrompe o processo
de cortagem. Os vértices finais podem representar itens ou perdas (ou espago ocioso. no caso
de empacotamento).

U'm caminho completo. ligando o vértice inicial a vértices finais, corresponde a um padrio
de corte, pois fornece uma sequéncia inequivoca de cortes e. portanto, representa uma solugio
factivel para o problema. O problema pode entio ser resolvido por uma busca exaustiva de
todos os caminhos completos. isto é, uma enumeragio explicita de todos os vértices do grafo.
Embora o grafo seja finito ( pois os cortes podem ser restritos a um conjunto finito. conforme
Herz. 1972). este trabalho é infactivel computacionalmente. Entretanto, um método do tipo
“branch-and-bound”, isto é. um método de enumeragio implicita, pode ser descrito com o
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uso de limitantes facilmente definidos a partir de uma solugao factivel trivial onde apenas um
tipo de item é considerado, chamada solugdo homogénea e de uma relaxagio do problema,
onde apenas a restrigio de drea € considerada.

Estes limitantes podem ser tteis na produgio de heuristicas muito eficazes. Em Morabito
et al (1992) foi proposto um algoritmo para o problema de corte bidimensional, guilhotinado
¢ irrestrito, baseado nesta abordagem em grafo-E/OU.

2.2 Caso Guilhotinado, Estagiado e Restrito

O problema restrito (embora as chamadas restrigoes sejam simples: y; < b;, onde b; é o
nimero méximo de itens permitido do tipo i no padrio de corte) torna-se muito mais dificil
de resolugdo.

A dificuldade pode ser percebida pela abordagem em grafo-E/ OU. pois os vértices decor-
rentes de uma ramificacao (corte), chamados vértices-E. ndo sio independentes. Um método
heuristico, baseado na heuristica gulosa e no grafo-E/OU da segdo anterior, pode ser de-
senvolvido juntamente com uma busca primeiro-em-profundidade, onde um dos vértices-E
é primeiro resolvido (isto é, determina-se o padrio de corte para um dos retingulos) com
a limitagio de retingulos imposta pelo vértice predecessor, em seguida, resolve-se o outro
vértice-E com a limitagio de retingulos imposto pela folga do outro vértice-E ji resolvido.
Os limitantes devem ser ligeiramente modificados por causa da restrigio de limitagdo no
nimero de retingulos admissiveis.

Um problema de corte guilhotinado ¢ dito estagiado. se existir um nimero maximo de
estigio admissivel, onde um novo estdgio é obtido sempre que um corte aplicado a um
retangulo for ortogonal ao corte que gerou aquele retangulo. Este problema é facilmente
tratado pela abordagem em grafo-E/OU, acrescentando-se por vértice uma varidvel logica in-
dicando se o corte, que gerou aquele vértice, foi vertical ou horizontal. e uma varidvel inteira
indicando o estigio correspondente. Ligeiras modifica¢des nos limitantes devem também ser
feitas.

O problema de corte bidimensional. guilhotinado, estagiado e restrito foi estudado em
Morabito e Arenales (1992). usando-se a abordagem em grafos-E/OU. As heuristicas baseadas
nos limitantes foram usadas, produzindo excelentes resultados.

2.3 Caso Nao-Guilhotinado e Irrestrito

O problema de corte nao-guilhotinado, envolvendo apenas retangulos, admite padroes de
cortes que nio sio representados pelo grafo-E/OU da segdo 2.1.

Entretanto. é possivel formular um novo grafo-E/OU incluindo-se um tipo especial de
corte elementar nao-guilhotinado, o qual produz 5 novos retingulos (4 nos cantos & um
central). Assim, o grafo-E/OU deve considerar um outro tipo de arco que relaciona um
vértice com outros 5 vértices.

O método branch-and-bound desenvolvido para o caso guilhotinado é naturalmente es-
tendido. Pequenas alteragdes podem ser introduzidas nos limitantes e regras especiais para
se evitar duplicagio de padrées s3o desenvolvidas.

Este problema foi estudado em Arenales e Mordbito (1995) utilizando a abordagem em
grafo-E/OU com resultados promissores.



3 Problemas Tridimensionais

A extensio para problemas tridimensionais da abordagem em grafo-E/OU, desenvolvida
para problemas bidimensionais, é também natural.

O objeto agora consiste na caixa (4, B.C) e os itens em caixas menores (a;,b;.¢;),i =
1...m. Um padrio de corte guilhotinado é obtido por aplicar-se sucessivamente cortes ele-
mentares que dividem uma caixa em duas outras caixas. Os vértices do grafo representam
caixas e 0s arcos, como anteriormente, representam os cortes. Padroes nao-guilhotinados po-
dem também ser produzidos por considerar arcos-E que levam vértices em outros 5 vértices.
Limitantes sao definidos de modo similar ao caso bidimensional.

Em Morabito e Arenales (1994), a abordagem em grafo-E/OU, bem como o método
branch-and-bound e heuristicas. foram estendidos para o problema de carregamento de contéineres
Regras especiais para estabilidade da carga foram desenvolvidas em sintonia com a busca no
grafo. Os resultados computacicnais. mais uma vez indicam que tal abordagem é promissora
na resolugao de problemas prdticos.

Um texto completo sobre a abordagem em grafo-E/OU para problemas uni-. bi- e tridi-
mensionais pode ser encontrado em Mordbito (1992).

4 Extensoes

A abordagem em grafo-E/OU. aplicada a problemas bi e tridi ionais nas segoes 2 e 3
se aplica a qualquer problema de corte que satisfaca as seguintes hipéteses:
Hipéteses sobre objeto e itens:

e O objeto e os itens sao sub-conjuntos conexos e limitados, com interiores nao-vazios.
de um espaco n-dimensional. onde n é o nimero de dimensoes relevantes.

Hipéteses sobre a formacéo de padrdes de cortes (processo de cortagem):

o A cortagem se processa de forma sequencial:
a partir da aplicagao de cortes elementares (definidos a priore) sobre o objeto original.
sio produzidos novos objetos desconexos entre si. sobre os quais também serao aplicados
cortes elementares, e assim sucessivamente.

o Todo item pode ser obtido por uma sequéncia finita de cortes elementares.

e Sio considerados equivalentes os padroes de corte que produzem o mesmo numero de
itens de cada tipo.

Desta forma. esta abordagem abre caminhos para tratar problemas ainda mais complexos.
Naturaliente a viabilidade computacional depende do nimero de informagées necessarias por
vértice. O conceito de regularidade de um problema pode ser revisto a partir da limitagdo
sobre o nimero de informagbes necessarias para armazenar os objetos intermedidrios.

Estas extensées estio em Arenales (1993 ). onde um método branch-and-bound e heuristicas
foram desenvolvidos para um problema de corte qualquer que satisfaga as hipoteses acima.
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Edge-Colouring, Indifference Graphs and Odd
Maximum Degree Graphs

Celina M. H. de Figueiredo® Joao Meidanis'
Célia Picinin de Mello!

An edge-colouring of a graph is an assignment of colours to its edges such that no
adjacent edges have the same colour. The chromatic indez of a graph is the minimum
number of colours required to produce an edge-colouring for that graph.

An easy Jower bound for the chromatic index is the maximum vertex degree. A
celebrated theorem by Vizing states that these two quantities differ by at most one
[12]. Graphs whose chromatic index equals the maximum degree are said to be Class
1; graphs whose chromatic index exceeds the maximum degree by one are said to be
Class 2.

Despite the powerful restriction imposed by Vizing’s result, it is very hard tc
compute the chromatic index in general. The problem is NP-complete for general
graphs [6] and for various subclasses. such as perfect graphs and 3-regular graphs
[1, 6]. Very little is known about the complexity of computing the chromatic index
for other classes, and the our goal is to investigate this question. We focus our
attention on the class of indifference graphs because this is a relatively small class
and much is known about it. and on graphs with odd mazimum degree because,
perhaps surprisingly, these graphs tend to be Class 1 more often then graphs with
even maximum degree.

Indifference graphs are graphs whose vertices can be linearly ordered so that the
vertices contained in the same maximal clique are consecutive in this order [11]. We

*Universidade Federal do Rio de Janeiro, Instituto de Matematica, Caixa Postal 68530, 21944
Rio de Janeiro, RJ, Brasil. Fax: +55 21 2901015. celinaGcos.ufrj.br. Partially supporied by
CNPq, grant 301160/91.0.

TUniversidade Estadual de Campinas. Departamento de Ciéncia da Computagao. Caixa Postal
6065, 13081-970 Campinas. SP, Brasil. Fax: +353 192 397470. {meidanis,celia}@dcc.unicamp.br,
Partially supported by FAPESP and CNPq.
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shall call such an order an indifference order. Indifference graphs form an important
subclass of interval graphs.

We are also interested in the role played by overfullness in determining the chro-
matic index. By definition of edge-colouring, each colour determines a matching and
can cover at most |n/2] edges, where n is the number of nodes. Therefore, if the
total number of edges is greater than the product of the maximum degree by |n/2],
the graph is necessarily Class 2. Graphs to which this argument can be applied are
called overfuil. More generally, if a graph has an overfull subgraph with the same
maximum degree, then the same counting argument shows that the supergraph is
Class 2. We call such graphs subgraph-overfull. We consider classes of graphs for
which being Class 2 is equivalent to being subgraph-overfull. For such graphs the
chromatic index problem is in P: a decomposition algorithm due to Padberg and Rao
[8] checks in polynomial time whether a graph is subgraph-overfull. We note that
historical results of Kénig on bipartite graphs and of Tait on 3-regular planar graphs
show that these two classes of graphs are trivial examples: any set of Class 1 graphs
satisfies vacuously the above equivalence [3]. On the other hand. it has been shown
recently that every Class 2 multipartite complete graph is subgraph-overfull [5].

Hilton conjectured that a lower bound on the maximum degree would ensure the
equivalence between being Class 2 and being subgraph-overfull {4]. Every Class 2
graph with either a universal vertex or a quasi-universal vertex is subgraph-overfull
[9, 10]. As noted by Ortiz (7], this result can be used to compute efficiently the chro-
matic index for the following two subclasses of indifference graphs: clique-complete
indifference graphs and split-indiflerence graphs.

We consider a new version of overfullness that is not as powerful as subgraph-
overfullness but is trivially checkable: a graph is said to be neighbourhood-overjull
when it has a maximum degree vertex whose neighbourhood induces an overfull sub-
graph. Every neighbourhood-overfull graph is subgraph-overfull. but the converse is
not valid (see Figure 1). We consider classes of graphs for which being Class 2 is
equivalent to being neighbourhood-overfull.

We prove that every indifference graph with odd maximum degree is Class 1. Since
graphs with an even number of vertices cannot be overfull, graphs with odd maximum
degree cannot be neighbourhood-overfull. Hence. being Class 2 and being neigh-
bourhood-overfull are vacuously equivalent for indifference graph with odd maximum
degree. We extend these results by considering classes of graphs that are defined by
special vertex perfect elimination orders. As a result, we prove that every doubly
chordal graph with odd maximum degree is Class 1.

We also prove that Class 2 and neighbourhood-overfuliness are equivalent for



Figure 1: A subgraph-overfull graph which is not neighbourhood-overfull.

indifference graphs with three maximal cliques and no universal vertex. Since every
non indifference graph with three maximal cliques must contain a universal vertex.
our result actually says that Class 2 and neighbourhood-overfuliness are equivalent
for general graphs with at most three maximal cliques.

\We state the following conjecture for indifference graphs.
Conjecture 1 The following stalements are equivalent for a given indifference graph:

s (1) the graph is neighbourhood-orerfull;
o (2) the graph is subgraph-overfull:
o (3) the graph is Class 2.

I should be noted that this conjecture. if true. provides a way of deciding in poly-
nomial time whether an indifference graph is Class | or Class 2. \We have described
a linear-time algorithm for indifference graph recognition in [2}.

On the other hand. in view of our results concerning graphs with odd maximum
degree, it is interesting to ask what is the largest graph class for which odd maximum
degree implies Class 1. We conjecture that this is true at least for chordal graphs.

Conjecture 2 All chordal graphs with odd marimum degree are Class 1.
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THE SAMPLING PARADIGM OF KARGER

Y. KOHAYAKAWA

§0. INTRODUCTION AND DISCLAIMER

In the past couple of years, two simple observations of Karger have been exploited
by a few authors with quite surprising results. Our aim here is to say a few words
on what the observations are and to discuss its consequences, We shall not try to be
comprehensive; instead, we shall concentrate on the basics with the hope that the
interested readers might be at a good starting point when turning to the literature,
which seems to be growing quite rapidly.

At this point | should like to insert a disclamer: I have been actively interested
in this area only quite recently, and I do not claim to present new ideas or insights
here. The purpose of this short note is to stir up the readers’ interest in Karger's
method, with the hope that members of Project ProComb and possibly others will
work on their problems with this new tool in hand.

In the sequel, we shall discuss both algorithms and purely combinatorial results.
A common feature of the topics below is that probability will always be lurking
in the background. In particular, we shall concentrate on randomised algorithms,
although derandomisation has proved to fit in nicely in parts of what follows.

Let us recall the two most common types of randomised algorithms. A Afonte
Carlo type algorithm of time complexity T'(n) finishes its computation in time not
exceeding T'(n) for inputs of size n. but might give an erroneous answer with some
small probability, usually approaching 0 as # — 2. On the other hand. a Las Vegas
type algorithm of time complexity T(n) finishes its computation in time T{n}) with
high probability (usually 1 — o(1) where the o{1) term refers to n — ). and its
output is always correct.

For conciseness. we shall always assume that G is a graph of order |G] = |V(G)l =
n and size e(G) = |[E(G)] = m. Our graphs will be allowed to have multiple edges.

§1. MINIMUM SPANNING TREES

A recent success in the theory of randomised computing was the development
of a Las Vegas linear time algorithm for finding a minimum spanning tree in an
edge-weighted graph G. The currently best deterministic algorithm. due to Gabow.
Galil, and Spencer [3] (see also [4]}. runs in time O(mlog B(m.n)), where g(m.n}) =
min{i: log'n < m/n} is the inverse Ackerman function. Thus here we have
another picce of evidence that randomisation does help.

Work partially supporied by FAPESP (Proc. 93/0603-1) and by CNPq (Proc. 300334/93-1
and Project ProCombl.

Typeset by A S TEX

15



Y. KOHAYAKAWA

The linear time algorithm above was developed by Klein and Tarjan (11}, fol-
lowing a simple but powerful observation of Karger [6]. .

Theorem 1. There is a Las Vegas algorithm that takes a connected edge-weighted
grapk G as input and outpuls a minimum spanning tree for G in time O(m) with
probability 1 — exp{-m/logo‘” m}.

In the result above, the model of computation is that of a unit-cost random-
access machine with the restriction that only binary comparisons are allowed with
the edge weights. Putting it very crudely (in fact, in an oversimplified manner), the
algorithm of Klein and Tarjan behaves as follows: first, it randomly chooses a half
of the edges of G to be discarded, and it concentrates its attention on the remaining
edges. Thus the graph G is reduced to a graph G’ of size roughly e(G)/2. The
algorithm is then called recursively with input G’. The output 7" of this recursive
call is not necessarily a minimum spanning tree of G, and hence in the rest of the
algorithm it is worked on to become one such tree T: here the crucial point is that
with very high probability very little work will be needed to obtain T from 70
Thus, in short, the algorithm is based on sampling the edges of G with the aim of
picking a substantially smaller subgraph G’ that is a good ‘picture’ of G.

The key result connecting the cost of T' and the actual cost of 2 minimum
spanning tree of G is a ‘sampling lemma’ of Klein and Tarjan. To state this result,
let us say that an edge e of G is T'-light if it is either contaned in T” or else if it is
not contained in 7' but its weight is no greater than the weight of some edge of T"
in the fundamental cycle of e with respect to T'. The sampling lemma of Klein and
Tarjan [11] is as follows. We may and shall assume that the edge weights of our
graph G are all distinct.

Theorem 2. Let G’ be obtained from the edge-weighted graph G by independently
removing each edge of G with probability 1 — p, and let £’ be a munimum spanning
forest of G'. Then, for any k, the probability that the number of F'-light edges in G

exceeds k is at most X
> (i)p'(l—p)""-
0<i<n-2

An immediate corollary of the sampling lemma is that the expected number of
F'-light edges is at most n/p, and that the probability that the number of such
edges exceeds (1 + £)n/p is exp{—§}{e*n)} forany 0 < £ < 1.

We close this section with the following remark. The brief description of the
algorithm of Klein and Tarjan above is far from complete: the sampling lemma,
the algorithm sketched above. and some standard ideas only give an algorithm
of time complexity O(m + nlognloglogn). The linear algorithm actually makes
use of an operation known as the Borivka reduction and the transformation of T’
into T involves the use of sophisticated data structures. Qur aim in the presentation
above was to focus on the sampling paradigm of Karger. which in this particular
case amounts to the use of Theorem 2.

§2. Cuts, FLows, aAND NETWORK DESIGN

2.1 Cuts. Edge-contraction has been used by Nagamochi and Ibaraki {12} and
Matula [13) to develop fast algorithms for determining or estimating the edge
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connectivitv or. equivalently. the minimum cut of a given graph. A simple but
important remark of Karger [5] connected to edge-contraction and minimum cuts
is best illustrated by an algorithm for finding a minimum cut in a given unweighted
graph G. The discussion that follows concentrates on the unweighted case, but
similar results may be obtained for weighted graphs. In §2, we shall always assume
that G has minimum cut c. Here is the algorithm of Karger: given a graph G.
pick an edge e of G uniformly at random and contract e. Remove all loops that
arise. Proceed contracting the edges of our graph and removing loops until only two
vertices remain. The cut naturally corresponding to the resulting 2-vertex graph is
the output of the algorithm.

Of course, the algorithm above does not have much chance of producing a min-
imum cut of G unless one is lucky, but in fact one need not to be too lucky. This
is the key observation of Karger.

Theorem 3. Fiz a minimum cut C of G. The algorithm above produces C as
output with probability at least (':,‘)_l.

Proof. Note first that the cut C is the output of our algorithm if and only if no
edge of C is contracted in the process. Suppose we are executing our procedure
and we have so far contracted { edges (0 < t < n —2). The current graph G has
minimal degree at least |C]. as contraction of edges does not decrease the minimum
cut of our graph. Thus G has at Jeast |[C|(n — ¢)/2 edges. The probability that we
chose an edge from C to be contracted is thus not larger than 2/(n - t). Therefore
the probability that an edge of C is never chosen to be contracted is at least

(3022 (D)

An immediate corollarv to the result above is a polynomial time Monte Carlo
algorithm for finding a minimum cut of G. More interestingly, one deduces from
Theorem 3 that any graph G on n vertices has at most (3) minimum cuts. Karger
in fact proves the following general result.

as required. O

Theorem 4. Lel G be a graph with minimum cutc, und leta > 1 be a real number.
Then the number of cuts in G of cardinalify at most ac is at most n*°,

A moment's thought suggests that the result above must be very useful in sam-
pling. Suppose we delete each edge of a graph G independently with probabil-
ity 1 — p. and let G, be the resulting graph. In this process, any fairly small
cut C of G is bound 1o be reduced to a cut of size precisely (1 +o{1))plC] provided
only that the minimum cut of G is a little more than of logarithmic size: this is
an immediate consequence of Theorem 4 and the exponential decay of the tail of
the binomia! distribution. A more careful argument gives the following result of
Karger [7).

Theorem $. Let G be an n-rerter graph whose minimum cut has value c. let p =
2(d+2)(logn)/c%e. where d is some fired constant, and suppose 0<p< 1. Thenthe
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cardinality cp of a mini cut of Gp satisfies |e, - pc| < epe vith probability 1 —
O(n~%).

Theorem 5 suggests a simple algorithm for approximating the value of a minimum
cut of a given graph G. Clearly, results similar to the above theorem may be proved
for minimum -t cuts for any fixed s and t € G.

Theorem 6. Let G be an n-verter graph and fir s and t € G. Suppose that G has
minimum cul ¢ and that the minimum s-t cul in & has value v. Suppose 0 <p <1
satisfies p = ©((logn)/e%c). Then, with probability 1 —o{1) as n — 0o, the value v,
of the minimum s—t cul in G, is such that |v, — pr| < epv.

Theorem 6 gives a Monte Carlo algorithm for finding a (1 + ¢)-approximation
for the minimum s~ cut in a given graph G that runs in time roughly muv/fe'c’.
Faster algorithms were found by Karger, elaborating on the ideas presented in the
sequel. Finally, we remark that, using more sophisticated techniques, Karger has
obtained a Las Vegas algorithm for computing the value ¢ of 2 minimum cut in
time O(mc'/?). (Here and in the sequel, O( f) stands for O( f polylog f).)

2.2 Las Vegas algorithms for maximum flow. The results of the previous sec-
tion have direct consequences in the study maximum flows in graphs. Consider the
following randomised divide-and-conquer algorithm for finding a maximum fam-
ily of edge-disjoint paths between two fixed vertices s and 1 of a given graph G.
We first split G into two edge-disjoint spanning subgraphs G; and G2, randomly
colouring the edges of G red and blue. We then recursively run the algorithm
with input (G,;s.t) (+ € {1.2}), put together the two families of st paths to
form a family F'. and use an algorithm for augmenting paths to obtain an optimal
family F. The crucial observation is that F' will actually be very close to being
optimal as long as G has reasonably high edge-connectivity. Indeed, Theorem 6
implies that |F| — [F’| is bounded by O(]F|c=!/?).

Theorem 7. The procedure above gives a Las Vegas algorithm that finds ¢ mazi-
mum edge-disjoint family of s-t paths in the graph G in time O(m|Flc~1/3).

2.3 Network design and other problems. We start with other problems’.
We only wish to point out that, given a 2k-edge-connected graph G. a random
orientation of G is very likely to have edge-connectivity (1 — o{1}}k, provided only
that k is superlogarithmic. The following is a more precise statement that may be
proved with the aid of Theorem 4.

Theorem B. There ezists a linear time Monte Carlo type algorithm for finding a
(k - O{(klog n)*/*})-edge-connected orientation of any n-verter 2k-edge-connected
graph.

The algorithm above may be used as a component of a Las Vegas algorithm that
runs faster than the currently best deterministic algorithm for this problem, due to
Gabow [2]. The speeding up factor is of order O(k!/?).

We now turn to network designs. It is best if we restrict our attention on one
specific problem. Suppose a graph G is given. We wish to find a spanning k-edge-
connected subgraph of G with the smallest possible number of edges. This problem
is NP-complete even for k = 2. However, a fractional solution to our problem may
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be found in polynomial time through the use of interior point algorithms. as shown
by Williamson, Goemans. Mihail. and Vazirani (14). In the fractional solution, we
assign to each edge e € £(G) a weight 0 € p, < 1. Interpreting the edge weights as
probabilities, we may obtain a random subgraph of G that is likely to be close to
an optimal solution as long as k is superlogarithmic. Specifically, this ‘randomised

rounding’ procedure gives the following resuit.

Theorem 8. There ezists a polynomial time Los Vegas algorithm for finding a
(1 + O{((logn)/%)!/*})-approzimation to the minimum k-connected subgraph.

The proof of Theorem 9 above is based on an obvious variant of Theorem 5,
on a simple 2-approximation algorithm for our problem (to transform the almost
optimal solution given by the random rounding procedure into an optimal one),
and. of course, on the interior point method of [14].

§3. AATROIDS

Theorem 2 has an immediate generalisation to matroids. Thus. the problem of
finding a minimum cost basis in a matroid may be approached through sampling.
Since the ideas involved in this more general setting are quite similar to the ones
briefly discussed in §1, we shall not dwell on them. We shall, however. mention two
further results of Karger [8] concerning random submatroids of a matroid.

Let M be a matroid on §. and write pyy = p(M) for the rank of A. Sup-
pose 0 < p < 1is given, and let Af, be the random matroid obtained from M by
restricting M to Sy, the random subset of 5 in which each element of § is indepen-
dently present with probability p. Thus to obtain M, we simply delete elements
from M independently with probability I — p. Let x(A) be the packing number
of M, i.e., the maximal number of pairwise disjoint bases it contains.

Theorem 10. Let 0 < p < 1 be given and suppose the matroid Al has packing
number 7(M)=a+2+p~'logp(M). Then M, contains a basis of M with proba-
bility 1 — O(e™P?).

We remark that the result above is strong enough to give the right order of
magnitude for the connectivity threshold for the binomial random graph G, .
Indeed. Theorem 10 shows that G, , is almost surely connected if p = p(n) =
(2+¢)logn)/n and ¢ > 0 is a fixed constant.

In view of Theorem 10. one may ask whether if Af has a large packing number.
then M, has a large packing number as well or. more precisely, whether /, contains
many pairwise disjoint bases of M. The following result of Karger answers this
question.

Theorem 11. Let M and p be as above. and write #'( M) for the marimal number
of pairwise disjoint bases of A that M, contains. Then, for any 0 < ¢ < 1. we
have

(M) - pr(AMY)] > epr( M)} < p(}ll)exp{-%z’m(.’ll)} A

An immediate corollary to Theorem 11 is the following.
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Theorem 12. Let 0 < p = pin) < 1 be given and suppose the n-verter graph G
contains x disjoint spanning frees. If &' denotes the mazimal number of pairwise
disjoint spanning trees of G that G, contuins. then we have |x'~pr| < 2(prlogn e
with probabiiity 1 - o{1) as n — 3.

§-4. CONCLUDING REMARKS

\We lope that the usefulness of Theorems 2 and 4 have been well illustrated
by the above discussion. Further applications and extensions may be found in
the work of Karger and others. In particular, many of the algorithms based on
sampling are parallelisable (see. ¢.g., Cole, Klein, and Tarjan [1}) and. furthermore,
derandomisation has been achieved for a minimum cut algorithm, showing that
determining a minimum cut in a graph is in NC (see Karger and Motwani [9]).

Perhaps more purely combinatorial results along the lines of Theorems 10 and 11
should be sought. Moreover, perhaps difficult algorithmic problems for matroids
could be tackled with these methods; e.g., can the intersection problem for three
matroids be solved through sampling?
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1 Introduction

The problem of computing reduced costs on a minimum spanning tree (MST) has a number
of applications in graph theory and combinatorial optimization. The reduced costs are typi-
cally used within Lagrangean relaxation algorithms for solving some combinatorial optimization
problems. For example, both Volgenant and Jonker {10} and Carpaneto et al 2] have used MST
reduced costs and branch-chord exchanges in order to fix variables in the travelling salesman
problem. Beasley [1] and Lucena [7] did the same for the Steiner problem in graphs. All thuse
references compute MST reduced costs by using edge labelling procedures. In this paper. we
present a new algorithm for the problem. The algorithm is based on the construction of a binary
tree by sequential deletion of the branches in the MST in a descending order of their costs. The
binary tree thus constructed is composed of leaf nodes representing the actual vertices in the
graph and intermediate nodes representing the branches of the MST. The problem then natu-

rally reduces to that of locating the nearest common ancestors of the leaf nodes in the binary

tree.
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2 Terminology

We first review some well-known terminology in graph theory. Let G = (V, E) be a connected
undirected graph with a vertex set V' and an edge set E. Each edge e is given by an unordered
pair of vertices (i.7) and has an associated cost denoted by cle) or c(i, ). A subgraph of G in
which all vertices are connected and there are no cycles is called a spanning tree of G. Clearly,
any spanning tree of G has n vertices and (n — 1) edges. The diameter of a spanning tree, D, is
the maximum cardinality of all paths in the tree, where cardinality is measured in terms of the
number of edges on a path. A minimum spanning tree T of G is a spanning tree of minimum
total edge cost. Given an arbitrary vertex of T, termed the root, each vertex i € V has a unique
father given by the first vertex on the path in T from i to the root. The only exception is the
root vertex itself which has no father. An edge of G in T is called a branch, and an edge of
G not in T is called a chord. For two disjoint subsets V; and V3 of V the cutset of edges in G
separating G, and G is given by E(Vi,V2) = {{i.j) € E:i€V,,j € V). The fundamental
cutset of a branch (p,g) is the cutset of the two connected subgraphs of G that remain when
(p.q) is removed from T. The fundamental path of a chord (i,j) € E is the chain of edges
that connect i and j in T. A critical branch on the fundamental path of a chord is one with
maximum edge cost. Let (p,g) be a critical branch on the fundamental path of a chord (i.7) ,
the reduced cost of (i, j) is given by: Z(i, j) = c(i,7) — e(p.q)-

The MST reduced costs problem (MSTRCF) is to compute the reduced costs of all chords
in a graph by locating a critical branch for each chord. The number of chords in a graph. mc ,
depends on its density. A complete graph has a maximum number of edges and, hence, chords.
A graph is called complete if. for all pair of vertices i.j € V there exists one edge of the form
(i,7). A complete graph with n vertices is denoted by K, and has M = ﬂﬂ,:n edges. In
general, a graph with m edges has density given by p = §} * 100% and number of chords given
by: m;=m-—(n—-1).

We now introduce some hasic definitions for binary trees (see eg, Tarjan (9]). We distinguish
the vertices of a graph from the nodes of the binary tree. A binary tree (BT) is a tree where
each node has a maximum degree of three: at most one father and two sons. The unique node
which has no father is called the root of BT. All nodes with no sons are called leaf nodes: all
other nodes are called intermediate nodes. For our application, each intermediate node of BT
has exactly two sons: & left son and 2 right son. The ancestors of a node are those that lie on
the unique path between the given node and the root of the tree. The level of a node is given by

22



the number of its ancestors upto and including the root (ie. the cardinality of the path). Clearly,
the root node has a level of zero. The nearest common ancestor of two given nodes is the unique
node with maximum level which is an ancestor of both nodes. The beight of BT , H, is given by
the maximum level over all its leaf nodes (ie, the level of its deepest node). The average height
of BT is given by the mean level over all its leaf nodes. A binary tree is full if every level that
contains any node contains the maximum number of nodes that can occur on that Ievel. The
number of nodes in a full binary tree must be in the form (2* — 1) for some integer h. Since
this condition is quite restrictive. the requirement for a full binary tree is relaxed to specify a
minimum height binary tree. A binary tree has minimum height if there is no other binary tree
containing the same number of nodes whose height is less. The minimum height of a binary tree

with N nodes can be easily derived as: Hpmn = [logz(N +1)] — 1.

3 The Algorithm

We first note a simple observation: any connected subtree of T is also a minimum spanning
tree on the subgraph of G implied by the subtree. We will use this observation iteratively
for developing an algorithm for the solution of the MSTRCP by performing a sequence of
branch cuts on T in a descending order of their costs. Consider an ordered set of branches
of T.{e1,€2.-+ ,en_y }, such that c(ex) > clex.y) for all k = 1,2,...,n — 2. Let Gio,Gnn € G
be, respectively the two subgraphs with MSTs Tho,Ti: C T that result from the exclusion of a
maximum cost branch e; = (p;,q1) from T. G)o has vertex set V}o while Gy has vertex set Vii.
Let E(Vjq, Vi1) be the fundamental cutset associated with branch e;. It is immediate that e; is
the critical branch for all chords (i), 71} in the cutset. The reduced cost of a chord (1;.71) in the
cutset is, therefore, given by: (i1, 51} = cli1,71) — c{e;). We now perform a cut by removing
branch e; from T. Note that the first subscript in Gio. G 11, Tho, Ti1 and Vio, Vi is the number
of the cut in the order, while the second subscript reflects the binary division of the tree (0 for
left son, 1 for right son). Since Tio,T}) are both minimum spanning trees on their respective
subgraphs, we can use this idea again by applying the second branch cut in the descending
order. Let e; C Tio, say. By removing branch e; from Ty, the two connected subgraphs
G20,Ga1 C Gro{C G) are now separated by the fundamental cutset E(Vyo,Va1). Since e is
clearly a highest cost branch in the minimum spanning tree Tyo, then e, is the critical branch
for all chords (i, j2) in the cutset. Hence. their reduced costs can be readily computed. This
procedure can then be repeated by removing the next branch in the ordered sequence, until no
more branches remain in T. The procedure can be formalized using the following Lemma.

RE]



Lemma: Consider a MST T of a graph G. and let {e1.€2. - .en-1} be an ordered set of
branches of T'. such that c(ex) > c{ex+y) for all & = 1,2,...n— 2. Perform an ordered sequence
of k branch cuts (k = 1.2...,n — 1) on T. If ¢ is the k - th branch to be removed from T,
let Ci be the set of chords in the fundamental cutset separating the two most recent connected
subgraphs of G. The reduced cost of a chord (ix,ji) € Ci forany k=1.2,..,n—11is given by:
Tk, de) = clix, ji) — clex)-
Proof: The proof is immediate from the above observations.

The algorithm proposed for solving the MSTRCP is composed of following three main pro-
cedures.
Input: A connected undirected graph G = (V, E) and costs eli, §),V(,j) € E.

o [: MST Construction.
e II: Binary Tree Construction.
e I1I: Nearest Common Ancestor Location.

Output: Reduced costs of all chords in G.

4 Summary of Results

A number of implementations for constructing a minimum spanning tree of a graph have been
proposed in the literature (eg. Cheriton and Tarjan (3], Haymond et al [5]). All these algorithms
are essentially based on the greedy algorithm proposed by Kruskal (6], and later by Dijkstra [4]
and Prim [8]. We adopted Prim's algorithm for our application since the father of each vertex
in the minimum spanning tree is immediately established. The algorithmic complexity of this
procedure is O(n?). In [5}], the computational complexity can be reduced to Ofn + m) using the
forward star structure for storing low density graphs.

Starting with the minimum spanning tree T, the binary tree is constructed by a sequential
deletion of the branches in T in their descending order of their costs, given by the output of
Procedure 1. The new nodes inserted for the construction of BT will be referred to as artificial
nodes (intermediate nodes), and the vertices of the minimum spanning tree will be referred to
simply as nodes (finally all becoming leaf nodes). For every branch e, = (Px»9s) in the sequence
k=1,..,n— 1, delete e; from 7', and reconnect the two remaining subtrees via a new artificial
node (n + k) and two new artificial edges linking the new node to p and gx. The subtree
rooted at (n + k) is then inserted immediately below the intermediate node which is the nearest
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artificial ancestor to py and g. This simply involves replacing an artificial edge with another.
After all (n — 1) branches are removed, resulting in the addition of (n — 1) intermediate nodes
and 2 « (n — 1) edges, the binary tree is fully constructed. The number of nodes of BT is,
therefore, N = (2n — 1), which is composed of n leaf nodes which are the vertices T, and (n—1)
intermediate (artificial) nodes representing the branches of T'.

Once the binary tree is constructed. and the level of all intermeditae nodes is recorded. the
location of the nearest common ancestors of any pair of leaf nodes becomes trivial, and hence
the reduced costs can be readily computed.

The algorithm proposed in this paper was computationaly tested with that presented in
Carpaneto et al [1). Both algorithms were coded in Fortran and run on a Sun workstation.
Graphs of three different sizes were considered (n = 100, 150 and 220 vertices). The edge costs
of the complete graph for each size were selected randomly in the integer range [1-100]. For each
size, subgraphs of the complete graph of varying densities were generated. This was achieved
by deleting the edges of the complete graph which fall below a given edge cost, Cmaz, say. Since
the range of edge costs for the complete graph are randomly selected from 1 to 100. the density
r of the subgraph with edge costs between 1 to Cymaz therefore approximates to cmaz%. For each
[n, 7] combination. average results were achieved over ten runs, each with a random selection of
edge costs.

We have noted that, for a given graph size. the algorithm hy Carpaneto et al. [2] has
a relatively costant computational time over the graph density range. Our algorithm has a
mouotonically decreasing computational time as the density of the graph falls. This is expected
since the computational complexity of the algerithm is proportional to the number of chords in
the graph. While the algorithm by Carpaneto et al. solves the RCP in considerabely sinaller
computational time than the proposed algorithm for high density graphs. the opposite effect is
observed for low density graphs. In fact. empirical results indicate that the changeover point
is for graphs of density below 25%. In the case of complete graphs, our algorithm can be
approximately four times slower, while for 5 — 10% density graphs, our algorithm can be three
to four times faster. Clearly, the advantages of the proposed algorithm are achieved for large
low-deusity graphs.
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Abstract

A practical suboptimal (variable source coding) algorithm for lossy data compression
is presented. This scheme is based on an approximate string matching. and it extends
lossless Lempel-Ziv data compression scheme. Among others we consider the typical length
of an approximately repeated pattern {we allow D% of mismatches) within the first n
positions of a stationary mixing sequence. We prove that there exists a constant ry( D)
such that the length of such an approximately repeated pattern converges in probability to
1/7o(D)logn (pr.) but it almost surely oscillates between 1/r_o(D)logn and 2/r(D)logn,
where r_.o(D) > ro(D) > r1(D}/2 are some constants. More importantly, we show that
the compression ratio of a data compression scheme based on such an approximate pattern
matching is asymptotically equal to ro( D). and it is asymptotically optimal for D — 0. Iu.
addition, we establish the asymptotic behavior of the so called approzimate waiting time
N which is defined as the time until a partern of length £ repeats approximately for the
first time, and we prove that log N¢/{ — ro( D) (a.s.) as £ — co. This settles the problem
investigated recently by Steinberg and Gutman.

Index Terms: Lossy data compression, approximate pattern matching, Hamming dis-
tance. rate distortion, generalized Lempel-Ziv scheme, generalized Rényi entropy, mixing
probabilistic model.
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EXTENDED ABSTRACT

We plan to adopt approximate pattern matching algorithms to lossy data compression.
An approximate pattern matching searches for an approzimate occurrence of a given pattern
in a text string, where the “approximation™ is measured by some distance (i.e.. distortion}
between the pattern and the text strings (e-g. Hamming distance, edit distance, etc.). \We
should point out that exact pattern matching was recently successfully applied to numerous
problems in data compression (cf. [5. 8. 10, 11, 12, 13. 14)). For example, Wyner and Ziv
{14] introduced “stringology™ into data compression. and then suffix tree was used in [12]
to solve an open problem posed by Wyner and Ziv [14) (<f. see also {10, 13]). Furthermore,
digital search trees (and analytical analysis of algorithms on words) were used in [5, 8] to
obtain second-order properties of the lossless Lempel-Ziv parsing scheme originally studied
only for symmetric memoryless source by Aldous and Shields [1}.

We study a stationary and ergodic sequence { X1} 2 .o taking valuesin a finite alphabet
£. For simplicity of presentation, we consider only binary alphabet £ = {0,1}. Let X} o
denote Xpm Xmse1---Xnandlet I, =zm...Zn stand for a string which is a realization of the
stochastic process X2. For a lossy transmission. one needs to introduce a measure of fidelity,
and we restrict our discussion to Hamming distance {however, other fidelity criteria can be
easily accommodated into our main results) defined as dn(z7,%7) = (1/n) 50, dilz:, %)
where dy(z.%) = 0 for z = I and 1 otherwise (z.%Z € ). We assume that the maximum
allowed distortion is D. and by R(D) we denote the rate.distortion (cf. [6. 7, 9]).

Kiefler [6. 7]. and Ornstein and Shields [9) proved that the compression factor in a lossy
data compression is asymptotically equal to rate-distortion R(D) (a.s.), and this cannot
be improved. Note. however. that to construct an optimal data compression one needs
to “guess” the optimal {i.e.. minimum) cover of the set " by D-balls. (This is actually
identical of guessing a probability measure on the receiver side on S" that minimizes the
mutual information [6. 11] which is equally difficult task!).

We propose a practical suboptimal lossy data compression scheme that extends the
Lempel-Ziv scheme and that achieves rate

rotD) = Jim —E1E2 AR PI:B”"‘H’ .

where Bp(z) = {Z% : d(#}.2%) < D} is a D-ball with the center at Xk, Tt can be shown
that this scheme is asymptotically optimal for D — 0. that is, limp—ore(D) = h. and
usually ro{ D) does not differ significantly from R(D) for D > 0. Our scheme reduces to the
following approximate pattern matching problem: Let the “training sequence” or “database
sequence” =7 be given. Find the longest L., such that there exists 1 < ip < nin the database
satisfying d(r::"""".z:ﬁ"‘) < D. This naturally extends Wyner and Ziv [14] idea to lossy

situation {cf. also [11]).
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satisfying d(:}:"“"‘.::If“) < D. This naturally extends Wyner and Ziv [14] idea to lossy
situation (cf. also [11]).

For D = 0 {i.e., lossless case) Wyner and Ziv [14] proposed the following data compres-
sion scheme based on L,: The encoder sends the position 1o in the database, the length L,
and possible one more symbol. namely TniL.41. Using this information the decoder recon-
structs the original message, and both the encoder and the decoder enlarge the database.
Based on a probabilistic analysis the authors of [14] (cf. also [10, 12]) concluded that with
high probability the compression ratio of such an algorithm is equal to the entropy, thus it
is asymptotically optimal. In this case, Ln can be found in O(n) steps.

The idea of Wyner and Ziv is extended in this paper to a lossy compression. We shall
propose an algorithm that finds Ly (i.e., approximately repeated pattern) in O(n?) steps
in the worst case but on average in O(n - poly(logn)) steps. We also suggest a lossy data
compression scheme based on such a approximate pattern matching. Preliminary studies
(¢f. [4]) indicate that such a data compression works particularly well for image compression
(e.g., the compression ratio is often at least as good as in JPEG).

We further generalize our problem and we search for longest L such that there exist at
most b substrings in the database within distance D.thatis. forsomel <ij <...< 5 <n

=14l ne L w=1+L el .
we have d(z;! ©zme )€ Do d(ay » L zne" ) € D, where b is a parameter
(cf. {13] for lossless equivalent of this scheme and its implementation through the so called
b-suffix trees). Clearly, b = 1 corresponds to the original problem.

Actually, the real engine behind this study (and its algorithmic issues) is a probabilistic
analysis of an approximate pattern matching problem (i.e.. Jossy data compression }, which
we discuss next. Qur probabilistic results are confined to the stationary miring model in
which two random events defined on two o-algebra separated by g symbols behave like
independent events as ¢ — 0. We introduce the generalized Rényi entropies denoted as
ry{ D) which we prove fo exist in our mixing model, where —20 < b € » is a parameter. In
such a mixing model. we show that L,/logn — 1/rol D) in probability (pr.) where ro( D)
represents the rate distortion. and in general ro{ D) > R(D). except for the symmetric (mem-
oryless) Bernoulli model in which ro( D) = R(D). Also, limp_gro(D) = limp—o R{(D)=h.
Surprisingly enough, L./logn does not converge almost surely (a.s.) but rather oscillates
between two different constants, namely 1/r-e(D) < 2/7y(D). This kind of behavior was
already observed in the lossless case (cf. [12. 13]). Finally, for memoryless source (i.e..
Bernoulli model) we compute explicitly the entropies ry{D). We should point out that even
in this case there are no simple formulae for ry( D).

It turns out that the oscillation of L, is related to the probabilistic behavior of two other
interesting parameters that we call shortest path s, and height H, due to an analogy between
these parameters and similar ones studied in [12. 13] for the lossless case. Roughly speaking.
o is the largest K such that all strings of lengths A occur approximately somewhere in
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1/r-(D) (a.s.) and Hn/logn — 2/ry(D) (a.s.). Observe that s, < La < Ha.

In a related paper Steinberg and Gutman [11] analyzed the so called waiting time N,
which is define as length of the shortest string that contains approximately a string of length
¢ at the beginning and at the end (or equivalently string of length £ reoccurs approximately
for the first time after N¢ symbols). The authors of [11] proved that for a stationary ergodic
sequence lim sup,_,, log N¢/t < R(Df2) (pr.). As a corollary of one of our resuits we
show that in the mixing model lims—., log Ne/ = ro( D) (2.s.), which ultimately settles the
problem of [11].

There is a substantial literature on probabilistic analysis of pattern matching problems
(cf. [1, 2,3, 5, 11, 12, 13] but with an expection of {2, 3, 11] only lossless case (i.e., exact
pattern matching) is discussed. The two papers [2, 3] on the approximate pattern matching
explore only the height H, which is not of the prime interest to data compression. Thus, to
the best of our knowledge our results are novel not only in the context of data compressions.
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ABSTRACT

A characterization of vertices of a comparability graph G which are sources of some transitive
orientation of G has been presented by Gimbel and independently, by Olariu. We extend this charac-
terization to subsets of vertices which are sources, and to pairs of subsets corresponding to sources and
sinks, respectively. The results obtained relate sources and sinks to even and odd pairs. We describe
conditions for an even pair to form a pair of sources, for an odd pair to be a pair of source-sink vertices.
and conversely. Also, we formulate characterizations for two vertices of G to be an even or odd pair
of it. The latter corresponds to a simple and efficient algorithm to decide if two given vertices form
an even or odd pair of a comparability graph.
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1 Introduction

We describe characterizations for a subset of vertices of a comparability graph G to be formed by
sources of some transitive orientation G of G. In addition. for a pair of subsets to constitute sources
and sinks of G. respectively. The results relate sources and sinks to even and odd pairs. We describe
the canditions for an even pair to form a pair of sources. and for an odd pair to be a source-sink pair
of vertices, and converselv. In addition, formulate simple characterizations for a pair of vertices to
form an even or odd pair of the graph. It leads to efficient algorithms for solving the parity path
problems in comparability graphs. That is, decide whether or not two given vertices form an even
or an odd pair. respectively.. The complexity of the algorithms is the square of the number of vertices
of G. However, it reduces to linear time, when a transitive orientation of the graph is given.

Olariu [13] and Gimbel [6] have formulated characterizations for a vertex of a comparability graph
to be a source in some transitive orientation. In particular. [13] and [6] provided characterizations by
forbidden induced subgraphs. On the other hand. [10] and {15] described properties relating sources
and sinks to the maximal cliques of the graph. The problem of finding a transitive orientation of a
graph, if existing. with prescribed sources and sinks can be solved using a method described by Méhring
[12]. It generalizes Golumbic's transitive orientation algorithm [8]. Given any partial orientation of
an undirected graph, [12] extends it to a transitive orientation. whenever possible. The complexity is
that of comparability graph recognition.

Even pairs have been first considered by Meyniel {11], in the context of perfect graphs. They
have motivated the definition of some special classes of perfect graphs. as parity, quasi-parity and
perfectily contractile graphs. The parity path problems are Co-NP-complete, in general (Bienstock
[4]). However. special classes of graphs admit polynomial time algorithms. They include chordal
graphs {1], circular arc graphs [3], planar perfect graphs having the two given vertices in a same
face [9] and perfectly orientable graphs [2], a superclass of the perfectly orderable ones. The latter
contains comparability graphs. However, the presently proposed algorithms for comparability graphs
are substancially simpler and their complexity lower than that for perfectly orientable graphs.

We employ the following notation and definitions.

G denotes a simple non-trivial connected undirected graph. with vertex set V(G) and edge set
E(G). Write n = |V(G)| and m = |E(G)). A chord of a path P is an edge of G incident to two non-
consecutive vertices of P. An induced path contains no clords. A path is even or odd according to
the parity of its number of edges. respectively. The vertices . w form an even pair when G contains
no odd induced path between them. They constitute an odd pair when {v.w) € E(G) and there is
no even induced path between v and w.

G represents an acyclic orientation of G. For v € V(). write I\'é(v) = {wl(w.v) € E(G.‘)} and
N;(”) = {vl(v.w) € E(G)}. If N&(l’) = @ then v is a source. and if Né’(v) = @ then v is a sink.
A source (sink) set of G is a subset of vertices formed by sources (sinks). S.T are source-sink
sets when S is a source set and T a sink set of G. G is transitive when (v,w),(w.2)€ E(G) implies
(v,z) € E(G). for all v.w.z € V(G). Gisa comparability graph when it admits a transitive
orientation. In this case. £ € 1'(() is a source of G when it is a source of some transitive orientation
of G. Similarly. § € V(G)is a source set of G when it is a source set of some transitive orientation
of it. If {S| = 2.let § = {r.«v}. Then v.w is called a source pair of G. Finally, S.T C V((7)
are source-sink sets of G when they are so for some transitive orientation of the graph. When
|81 = ITt =1, denote S = {v}, T = {w} and call v.w a source-sink pair (of vertices).

A well known characterization of comparability graphs by forbidden induced subgraphs is that by

H



Gallai [5]. The list of its forbidden subgraphs is called the Gallai's list.

2 Characterizations

Not all vertices of a comparability graph are sources. For example, vertex z of figure 1 is not, The
proposition below characterizes sources. G* denotes the graph obtained from graph G by adding a
new vertex v’ adjacent solely to the fixed vertex v € V(G).

z

I y
v w
Figure 1

Theorem 1 {6,13): Let G be a comparability graph and v € V(G). Then v is a source of G if and
only if G¥ is a comparability graph.

A set of sources is not necessarily a source set ol a comparability graph. For example, {v.w} is
not a source set. although it is a set of sources of the graph of figure 1. The theorem below describes
characterizations of source sets. For some § C V(G). G5 denotes the graph constructed from G by
including a new vertex v’ and an edge (v,v'). for each v € 5.

Theorem 2: Let G be a connected comparability graph. § C V(G). The following are equivalent.

(i) S is a source set.
(ii) G* is a comparability graph and r.w an even pair. for all r.w € S.

(iii) G5 is a comparability graph. (v.w) ¢ E(G) and v.w is not an odd pair. for all v.u- € 5.

Proof (i) == (ii): Let § be a source set. By Theorem 1 it follows that G" is a comparability graph,
for each v € S. To show the second condition of (ii). let r.w € S. Suppose v. w is not an even pair of
G. Then G contains an induced path v = zy,...,T2x = W, k > 1. of odd length. Let Gbea transitive
orientation of G, having § as a source set. Then (v,22) € E(é) if and only if (z2i—1.w) € E(G),
contradicting v,w € S. Hence v.w is an even pair.

(ii)) = (iii): § C V(G) is such that GV is a comparability graph for each v € S, and v.w is an
even pair for each v,w € 5. We prove that G is a comparability graph. Suppose it is not. Then
by [5], G® contains an induced subgraph H isomorphic to one of the forbidden subgraphs of Gallai’s
list. Let §' = V(G®) - V(G). H H contains no vertex of §' then H is a subgraph of G, thatis a
comparability graph. a contradiction. If H contains exactly one vertex v’ of §'. dy(v’) = 1 and denote
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by v € V(H) the vertex adjacent to v’ in H. Clearly, }{ is a subgraph of G". By hypothesis. G* is
a comparability graph. So must be H, a contradiction. Hence A must contain at least two distinct
vertices v'.w’ € S'. Again dy(v') = dy(w')=1 and let v.uw be respectively the vertices adjacent to
v, w' in H. By hypothesis. v, w is an even pair of G. G5 and G have exactly the same induced paths
between v and w. Hence v.w is an even pair of G*, i.e.. of H. Therefore H contains an induced
subgraph formed by vertices v', w’ of degree one. adjacent respectively to v,w € V(H), such that v.w
is an even pair of it. It is a matter of routine checking Gallai's list to conclude that no such J/ exists.
Hence G¥ is a comparability graph. The second condition of (iii) is obvious.

(iii) == (i): G° is a comparability graph and v.w is not an odd pair. for v.w € §. We show that
S is a source set. Let G be a transitive orientation of GS. Each v € § is adjacent in G° to at least
one vertex of degree one. Hence v must be either a source or a sink. Since (v,w) g E(G), G contains
an even induced path between v and w. Then v is a source if and only if v is so. Hence, either all
vertices of § are sources or all are sinks of G5. That is, § is a source set of G. O

The corollary below relates even pairs to source pairs.

Corollary 1: Let G be a comparability graph, v, w € V(G). If v,w is a source pair then it is an
even pair. If v, w is an even pair then it is a source pair, except when v or w are not sources.

Proof. Equivalence (i) < (ii} of Theorem 2, with |§|=2. D

Two source sets are not always source-sink sets of a comparability graph. In figure 1, {v}, {y} are
source sets and not source-sink sets. Theorem 3 formulates characterizations of source-sink sets.

Theorem 3: Let G be a connected comparability graph. |V(G)| > 1 and §,T C V(G). The
following are equivalent:

(i) §.T are source-sink sets,

(ii) S,T are source sets, and forall ve Sand w €T
(r.w) € E{G) = G does not contain the complement of the graph of
figure 2 as an induced subgraph.
(v.w) & E(G) = v.w is an odd pair.

(iii) GT is a comparability graph, and for all v.we SUT
v,w€ Sorv.w€T = (v.w) g E(G)and r.w is not an odd pair.
v€ S5and w €T = v.wis not an even pair.

L]
< o ° ——o
r 1 2 k w
k21
Figure 2

Proof (i) = (ii): S.T are source-sink sets. by hypothesis. Clearly, § and T are both source sets.
To prove the second condition of (ii). let v € § and w € T. The first case is (v.w) € E(G). Let
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F be the graph of figure 2. Suppose that F is an induced subgraph of G. Since v € 5 and w € T.
G{¥J9(w} must be a comparability graph. Let t'. u’ be the vertices of V(G1:79{*}} = V'(G). respectively.
It follows that the complement of the subgraph induced in GiFlulw) by (he subset V(F)U {+'. u'}
is precisely the graph of figure 3. whose complement is in Gallai's list. That is. G111U{#) s not a
comparability graph. contradicting §.T to be a pair of source-sink sets. Hence F is not an induced
subgraph of G. The second case is to consider (v.w) ¢ E(G). Suppose v.w is not an odd pair of (.
Then G contains an induced path v = rq.....22¢4; = w. k > 1. of even length. Let G be a transitive
orientation of G, having S.T as sets of sources and sinks. respectively. Then (v,r3) € E(G)if and
only if (w,z2¢) € E(G). contradicting v € § and w € T. Therefore v, w is an odd pair.

(i) == (iit): First, we prove that GSVT is a comparability graph. Suppose it is not. Then by [3].
GSYT contains an induced subgraph H isomorphic to one of Gallai's list. Let §' = V(G3YTY - V(G).
If H contains no vertex of 5’ then G is not a comparability graph. a contradiction. For each ¢’ €
V(H)N S'. dy(v') = 1 and denote by v the vertex of § U T adjacent to v’ in H. If all such vertices
v belong to § then by Theorem 2. GSVT is a comparability graph, a contradiction. Similarly. if all
belong to T. Hence there exists 2 pair of vertices v € § and w € T such that v',u’ € §'. where
o', w' are the degree one vertices of H adjacent to v and w, respectively. Therefore H has an induced
subgraph containing two vertices v’, w’ of degree one. There are exactly two possible choices for I in
Gallai’s list. namely the graph of figure 4 and the complement of that of figure 3. In the first case. v
and w correspond to vertices 2 and 2k + 1 of the figure, respectively. Note that (2.2k 4+ 1) ¢ E(G).
However. 2. 2k + 1 is not an odd pair of /. hence of G, contradicting the hypothesis. As for the second
choice of H. observe that A — {v'.w’} is precisely the graph F of figure 2. In this case. (v.w) € E(G)
which implies that F can not occur in G. a contradiction. Hence G“7 must be a comparability graph.
The proof of the second condition of (iii) is immediate. If v.w € § or v.w € T then by Theorem 2 it
follows (v, w) is not an odd pair. Let v € § and w € T. If (v.w) € E(G) clearly v,w is not an odd
pair. Otherwise it follows from the hypothesis.

(iil) == (i): Since G™UT is a comparability graph it admits a transitive orientation GYT_ Each
vertex of S U T must be either a source or a sink of GSY7. Without loss of generality, suppose some
vertex v € S is a source. Let w € S. Then (v.w) g E(G) and v, w is not an odd pair. That is. wisa
source of GSYT. Let w € T. Then v.w is not an even pair and w is a sink of GS°T. That is. 5.7 are
source-sink sets of of G. O

Figure 3 Figure 4

A different characterization of source-sink sets has been formulated by Gimbel [7}.
A relation between odd pairs and source-sink pairs of vertices is given by the following corollary.

Corollary 2: Let G be a comparability graph. r.wr € V(G). Hv.wis a source-sink pair then it
is an odd pair. except when (v,w) € E(G). If r.w is an odd pair then it is a source-sink pair, except
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when v or w are not sources.
Proof: Equivalence (i) ¢ (ii) of Theorem 3, with |§|=|T|=1. O

Let G be a comparability graph. A source set § C V(G) is exact when G admits a transitive
orientation G having the vertices of § as the only sources of G. Similarly, we define exact source-sink
sets $, T of G.

The observations below are clear.

Let S be a source set of G. Then S is exact if and only if S is a maximal independent set of G.

Let S,T be source-sink sets. Then S,T are exact if and only if both § and T are maximal
independent sets of G.

By adding the above observations, theorems 2 and 3 can be reformulated so as to characterize
exact source and source-sink sets, respectively.

Next, we describe characterizations of even and odd pairs of a comparability graph. The following
definition is needed. Let G be a connected graph, § C V(G) and v,w € V(G) -~ S. S separates v.w
in G when v and w lie in distinct connected components of G — §.

Theorem 4: Let G be a connected comparability graph. G any transitive orientation of it and
v,w € V(G). Then v.w is an even pair if and only if

Nz(v)u Ni(w)and Nx(w)u Né’(v)

both separate v, w in G.

Proof =>: Let v, w be an even pair of G. Then all induced paths of G between v and u are even.
Since G is a comparability graph, the orientations of the edges in any induced path alternate. That is.
all induced paths between v and w are of the form v = 2y, ...,Tu = w, k2 1, where (v,12) € E(G)
is oriented from v to 3 if and only if (w. z2¢) € E(G) is oriented from w to z2¢. Hence Né“')UNE(“')
meets all induced paths between v and w. So does Né(w)u Né(v). Every general path P between v
and w contains an induced path between these two vertices formed by a subset of vertices of P. Hence
Natv)u Né’(u-) and Nx{w)u Né‘(v) both separate v, w in (5.

<=: By hypothesis I\'E(v) u ;\'E(w) and .\'é(u') u Ng:,'(v) separate v,w in G. Because (7 is a
comparability graph, all induced paths of G are alternating in G. Partition the set of induced paths
of G between v and w into four disjoint subsets E;, E2,01,02. Ey U E; contains the even induced
paths v = z,.....7441 = w, k 2 1. E, is formed by the paths where (v.z32),(w,z2%) € E(C;')
while E; contains those satisfving (z2,v).(z2x w) € E(G). 0; U O; contains the odd induced paths
v=ZIp,...,T2k = w. The paths_belonging to Oy satisfy (v.z2). (2241 W) € E(G). while those of Oz
satisfy (z2,v).(w,z2-1) € E(G). NE(”) u A’E(w) meets all paths of E; U E3 U O3, but none of 0.
Because N (v)U Né(u-) separates v.win G it follows 0y = @. Similarly. Nx(w)U I\'E(v) separafing
v, w implies Oz = 0. Therefore v, w is an even pair. O

Theorem 5: Let G be a connected comparability graph, G any transitive orientation of it and
v,w € V(G). Then v.w is an odd pair if and only if

Nz(v)UNZ(w)and Né(v) UNE(w)
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both separate v,u in G.

Proof: Similar to that of Theorem 4. O

3 Conclusions

We have described characterizations for sources, sinks, even and odd pairs in comparability graphs.
They emphasize the relationship among these concepts. Theorems 2 and 3 can be used to formulate an
algorithm for finding transitive orientations with prescribed sources and sinks. However, the problem
of finding a transitive orientation having a source set of maximum size remains to be solved.

The parity path problems for comparability graphs can be solved applying theorems 4 and 5. Given
a comparability graph G and v,w € V(G), find a transitive orientation G of it. Then v, w form an
even pair of G precisely when they lie in distinct connected components of G— [A’é(v) u Né'(w )] and
G—[NE(w)UNE(v)]. The odd pair problem is similar, except that the latter are G - [Na(v)uNxZ( w)]
and G - [N}(v)U N%(w)). Finding a transitive orientation requires O(n?) time [14]. The remaining
operations can be done in O(n + m) time.
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