
DEPARTAMENTO DE CIÊNCIA DA COMPUTAÇÃO 

Relatório Técnico 

RT-MAC-9515 

Anais da I Oficina Nacional em Problemas 
Combinatórios: Teoria. Algoritmos e 

Aplicações 

Carlos Eduardo Ferreira 
Yoshiko Walcabayashi 

Novembro 95 



Anais da 

I Oficina Nacional em 

Problemas Combinatórios: 
Teoria~ Algoritmos e Aplicações 



I Oficina Nacional em Problemas Combinatórios 

(I O N ProComb) 

IME-USP 1 a 3 de fevereiro de 1995 

O Departamento de Computação do 11'1E-USP está organizando a primeira Ofi­

cina Nacional em Problemas Combinatórios - teoria, algoritmos e aplicações. Esse 
evento faz parte do projeto "ProComb" que integra pesquisadores do DCC-IME­
USP, DCC-Unicamp, PUC-Rio e UFRJ que atuam na área de Combinatória. O 
projeto ProComb é financiado pelo CNPq. dentro do Programa Temático Multiins­
titucional em Ciência da Computação. ProTeM-CC-11. 

O objetivo desse encontro é integrar a comunidade nacional da área de Combinatória 
com os membros do projeto. assim como di\'ulgar os resultados obtidos no projeto. 
Além desse encontro está prevista a realiz~ào de mais 2 oficinas nacionais e 1 
workshop internacional nos próximos dois anos. 

Integrantes do projeto ProComb: Arnaldo l\fandel (USP), Carlos Eduardo Ferreira 
(USP), Celia P. l\fello (UNICAMP), Celina M. H. Figueiredo (UFRJ), Celso C. Ri­
beiro (PUC/RJ), Cid C. de Souza (UNJCAMP). Jayme L. Szwarcfiter (l'FRJ). Jo,fo 
Meidanis (UNICA~IP), João Carlos Setubal (U!'IICAMP), José Augusto R. Soilrf"S 
(USP). José Coelho de Pina Jr. (USP). l\laria Angcla. Gurgel (USP), Mareia Cerioli 
(UFRJ), Marcus Vinicius Poggi (UNICAMP), Oscar Porto (PUC/RJ). Paulo Feofi­
loff (USP). Pedro Sergio de Souza (tTNICA~fP), Ricardo Dahab (UNICAMP), Su­
lamita Klein (UFRJ). Yoshiharu Kohayakawa (USP). Yoshiko Wakabayashi (t'SP) 
• coordenadora. 



I Oficina Nacional em Problemas Combinatório::; 

(I ON ProComb) 

Sala de Conferências Antonio Gilioli, IME-USP 

Sexta feira - 3 de fevereiro de 1995 

Programa 

9:00 Yoshiharu Kohayakawa (USP) 
Pan1digma de amostragem 

10:00 Marcos N. Arenales (ICMSC/USP) e Reinaldo Morá.bito (DEP /UFSCar) 

Abordagem em grafo-E/OU paro problemtis de corte/empacotamento 

11 :00 Café 

11 :30 Tomasz Luczak (Academia Polonesa de Ciências e 'liniv. Poznan) 

A lossy data compre8sion basrd on nn app,-ozimate pattern matching 

L2:30 Almoço 

H :30 Jayme L. Szwarcfiter (UFRJ). Célia P. de l\fello (UNICAl\lP) e 

Celina 1\1. Figueiredo (UFRJ) 

Fontes, Sumidouros, Duplas Pnrts t Ím1,ares em Grofos dt Comparabilidadt 

15:30 Abílio P. de Lucena (LNCC-1!\IP . .\) 
Um no110 algoritmo paro calcular rustos reduzidos numa árvort geradora 

dt custo mínimo 

16:30 Café 

17:00 Célia P. de Mello (UNICAMP), C'elína 1\1. Figueiredo (UFRJ) e 

João Meidanis (UNICAMP) 
Colornção dt tirestas, grafos dt índiftrrnça t grafos dt grou máximo ímpar 

18:00 Discussão Final 

2 



Índice 

Abordagem em grafo-E/OU para problemas de corte/empacotamento 5 
Marco8 N. Attnalu e Reinaldo Moráb,to 

Edge-Colouring, lndifference Graphs and Odd maximum Degree Graphs 11 
Celina M. Figueirrdo, João Meidanis e Célia P. de Mdlo 

The Sampling Paradigm of Karger J.'j 
Yoshiharu /1ohayakau•a 

An Algorithm t.o Compute Reduced Costs on a Spanning Tree :!! 
Abílio Lucena e }'a:id M. Shara1ha 

A Lossy Data Compression Based on an Approximate Pattern Matching 27 
Toma3z Luc:ak e Wojciech S:pankowski 

Sources. Sinks, E\'en and Odd Pairs in Comparabilitr Graphs 
Jayme L. S:warcfitcr, Cilia P. dt Mel/o e Ctlina M. Figueiredo 

3 



Abordagem em Grafo-E/OU para Problemas de Corte e 

Empacotamento 

Marcos Arenales 

Departamento de Ciênciaa de C.ompulação e Eatali1tica 

Instituto de Ciênciaa Malemi.ticaa de São Carl01 

Universidade d, Sio Paulo 

1 Introdução 

~.mail: arenales!Qlicmsc.sc .usp.br 

Reinaldo Morábito 
Departamento de Engenharia da Produção 

Centro de Ciências e Tecnologia 

Universidade federal de São Carl01 

e.mail: drmoêipowtt.ufacar.br 

O probJema d" corte consiste. basic-amente~ em determinar a. .... melhor,. forma de cort~r 

unidades de material (aqui chamadas de objdosl de maneira a produzir um conjunto de 

unidades menores [itens). Este problema aparece em divenos proces508 industriais onde os 

objetos. em geral disponíveis em estoque correspondem a barras de aço, bobinas de papel 

e alumínio. chapas metálicas e de madPira. placas de circuito impresso. lâminas de vidro e 

fibra de vidro. pec;as de couro, etc ... , e os itens. rom dimensõe5 especificadas, siio t-m g,.ral 

encomendados através de uma carteira de pedidos. 

Similarmente. o problema de empacotamento consiste em determinar a "melhor- forma 

de arranjar um conjunto de itens dentro de objetos. Exemplos ocorrem nas atividades de 

movimentação, armazenagem e transporte de materiais, ao carregar produtos embalados 

(itens) sobre paletes, ou dentro de contêineres ou caminhões-cofre (objetos). Evidentt'mente 

o problema de corte e o problema de empacotamento estão intimamente relacionados e têm 

sido referidos na literatura como problemas de corte e empacotamento ( PCE). 

Xestes últimos 30 anos centenas de artigos foram publicados em diversas revistu espe­

cializadas (veja. por exemplo. as pesqui585 bibliográficas em Sweeney e Parternoster. 1992. 

e Dyckhoff e Finke. 1992). sendo sensível o aumento do interesse acadêmico nos PCE. mP­

dido por ex<'mplo prlo número de romunkações nos átim01 con~essos ci,mtíficos. :\rti,:<>< dr 

revisão pod<'m .,.r encontrados em Dowsland e ))owsla.nd ( 1992 ). Guldrn ( 1 !J,61. li i11x111~11 

(1980). 
\'ário• outros problemas estão ~treitamenle rdacionad01 com OI PCE. ampliando aind• 

mai, o interP.S.,. neste tópico. como por exemplo o problema do carregamento dP ,·eículos. 

o problema de programação de ,·eícalOI. o problema de alocação de tarefas. o problema 

de balanceamento de linha de montagem. o problema de orçamento de capital, o problema 

de programação de multi-processador. o problema de a.locação de memória computacional. e 
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outros citados em Golden (1976) e Dyckhofl' ( 1990). Nestes problemas os objetos e os itens. ao 

invés de terem dimensõel espaciais como comprimento, largura, etc ... , podem ler dimensões 

nio espaciais como tempo, peso, etc ... 
Parte da moth-ação para a pesquisa dos PCE é devido a importincia técnica e económica 

das aplicações práticas. Pequenos ganhos percentuais no desempenho das atividades de corte 

ou empacotamento de materiais podem levar a economiu substanciais, dependendo da escala 

de produção e de transportes. No problema de corte, por exemplo, uma peqnena redução 

percentual no nível de aparas (restos de papel) de uma indústria de papel pode resultar 

numa vantagem competitiva significativa dentro deste setor. Similarmente, com o aumento da 
pr:itica de paJetização de carga na armazenagem e distribuição de produtos, pequenos ganhos 

no aproveitamento do iospaço disponível de paliotes e contêineres tornam-se significativos ao 
envolverem toda a cadeia logística percorrida por estn paletes e contêineres. 

t: m aspecto fundamental que tem moth·ado tantos autores para a pesquisa dos PC[ 

é a ausência de abordagens de solução gerais e eficientes, devido principalmente à di,·ersi­

dade de casos em que os problemas podem aparecer e à complexidade dos algoritmos exatos 

disponíveis. Os PCE são problemas de otimização combinatória em geral da classe NP e 

portanto. de difícil solução exata. Não existem até então (e é improvável que venham a exis­
tir) abordagens de solução gerai■ e elidente. par& O& PCE. As abordagen■, na maioria das 

vezes, basei&m•se num conhecimento específico do estudo de ca.so, o que em parte justifica 

a coleção de métodos heurísticos encontrados na literatura. Dyckhofl' (1990) propõe uma 

cla.ssificação dos PCE, procurando salientar as principais características de tais problemas. 

Tais características são: 

l. De dimenaào: um problema é classificado como unidimensional quando apenas uma 

dimensão é relevante no processo de cortagem. por exemplo, corte de barras de aço na 

construção civil. Da mesma forma, bidimensional, tridimensional ou multidimensional. 

2. Dt seleção: ou um subconjunto dos itens deve ser selecionado, pois os objeto,; são 

insuficientes, ou um subconjunto dos objetos deve ser selecionado pois são fornecidos 
em excesso. 

3. De di.•ponil,ilidadt de objt/01: pode-se ter apenas um objeto, diversos objetos com a 

mesma figura, ou ainda diversos com diferentes figuras. 

4. De demanda dt ilena: pode-se ter poucos itens ( de figuras diferentes) muitos itens de 
muitas figuras diferentes muitos itens com relativamente poucas figuras diferentes; ou 
a.inda com a mesma figura. 

Naturalmente esta clusificação salienta apenas alguns aspectos doa PCE e, problemas de 

uma mesma cla.~se podem diferir sobremaneira, como por exemplo, quanto à. regularidade das 

figuru, tanto noa dados do problema, como nas figuru obtidas no processo de cortagem. 

Neste trabalho enfatizamos uma abordagem para PCE, tratando alguns problemas clássicos 

da literatura, onde apenas um objeto é disponível, sendo a seleção, portanto, de um subcon­

junto de itens ( este é um subproblema fundamental quando muitos objetos são disponíveis). 

Além disso. con,ideramoa a demanda de muitos itens com poucas figuras (conheddo na li· 

teratura como problema irrestrito) e estendemos a abordagem também para poucos irens 
( chamados problemas restritos). 
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A formulação combinatória destes problemas é definido a seguir. Considere que um objeto 

seja cortado para produção de possíveis m tipos de itens ( m figuras diferentes, cujas geometrias 

e medidas sã.o fornecidas). onde cada. item tipo item um valor de utilidade o;, i = l ... m. 

l'm arranjo de um subconjunto de itens no objeto é chama.do padrão de corte. A um 

padrão de corte associamos um vetor r de inteiros não-negativos, onde y, é o número de itens 

do tipo i presente no padrão. Seja I' definido por: 

IP = { (y,, ... , y,..) tal que exista pelo menos um padrão de corte com 

1/ó unidades do item tipo i, i = 1, ... ,m) 

O problema. irrestrito é f'ntã.o formula.do por: 

max VtYt + Vi!/1 + ... + v,,.y.,. 
sujeito à: (y1.y,, ... ,y,,.) E P. 

No problema restrito é adicionada. a.s restrições: y; ~ b;, 

número máximo de itens permitido no padrão de corte. 

2 Problemas Bidimensionais 

2.1 Caso Guilhotinado e Irrestrito 

1 .... ,m, onde b;.; o 

Prohlema de corte bidimensional, guilhotinado e irrestrito Ira.ta de cortar um objeto re­

tangular, de mf'dida.s (A. B). em m itens retangulares, de medidas (n;. b;), i = 1. ...• m. 

Os passivei• pAdrões de cortes são obtidos por uma sequencia. de "cortes elementares" que 

a.plicados a um retângulo produzirá 2 novos retângulos ( cortes guilhotina.dos), ou manterá 

intacto o retângulo (corte nulo, denotado por corte-O). Os cortes guilhotina.dos podem ser 

ainda verticais 011 horizontais. 
O processo de corta~em (e. por consPguinte. os padrões de cortf!) pode ser representado por 

um grafo-E/OU. onde os vértices representam os retàngulos obtidos e os arcos representam 

O• cortes. Note que um corte guilhotinado relaciona. um vértice com outros dois ,·êrtices. 

os quais separAdamente não fornecem uma solução para. o predecessor. Este tipo de arco é 

chamado arco-E. 
Um grafo-E/OU e,;tpnde a noção usual de grafo. onde os arcos são pares de v.:rrices. :"/um 

grafo-E/OU os ucos são pares Je subconjunto de vérticl!S. Assim. se os subconjuntos forem 

unitários. teremos o conceito usual de grafos. 
:>;o grafo-E/Ol' dPfinido acima, um ,·értice inicial representa.o retângulo (A. B) e v,;rtices 

finais representam retân~los obtidos por corte-O. ou seja, um corte-O interrompe o processo 

de corta.gero. Os vértices finais podem representar itens ou perdas f ou espaço ocioso. no caso 

de empacotamento). 
Pm caminho completo. ligando o ,·értice inicial a vértices finais, corresponde a um padrão 

dP corte, pois fornece umaa sequênciaa inequivoca. de cortes e. portanto. representa uma. solução 

factível pa.ra o problema.. O rroblema pode então ser r('S()(vido por uma busca exAusti,·a de 

todos os caminhos completos. isto é. uma enumeração Pxplícita de todos os vértices do grafo. 

Embora o grafo seja finito (poisos cortes rodem ser restritos a um conjunto finito. conforme 

Herz. 19i2). este trabalho é infactível computacionalmente. Entretanto. um método rlo tipo 

"branch-aand-bound~. isto é. um método de enumeração implícita, pode ser de,crito com o 



uso de limita.nte1 facilmente definidoa a partir de uma. solução factível trivial onde a.penu um 

tipo de item é considerado, chama.da 50luçào homogénea e de uma. relaxação do problema., 

onde a.penas a. restrição de área. é considera.da.. 

Estes limitantes podem ser úteis na. produção de heurísticas muito eficazes. Em Morábito 

et al (1992) foi proposto um algoritmo para o problema de corte bidimensional, guilhotina.do 

e irrestrito, baseado nesta abordagem em grafo-E/OU. 

2.2 Caso Guilhotinado, Estagiado e Restrito 

O problema. restrito (embora as chamadu re1trições aeja.m 1imple1: 11; S I>;, onde 1>; é o 

número máximo de itens permitido do tipo i no padrão de corte) torna-ae muito mais dificil 

de resolução. 
A dificuldade pode ser percebida. pela abordagem em grafo-E/OU. pois os vértices decor­

rentes de uma. ramificação (corte), chamados vértices-E. não são independentes . Um método 

heurístico, baseado na heurística gulosa e no grafo-E/OU da seção anterior, pode ser de­

senvolvido juntamente com uma busca primeiro-em-profundidade, onde um dos vértices-E 

é primeiro resolvido (isto é, determina-se o padrão de corte para um dos retângulos) com 

a limita.c;ão d .. retingulos imposta. pelo vértice predecessor, em seguida, resolve-se o outro 

vértice-E com a limitação de retânguloa imposto pela folga do outro vértice-E já ttSO!vido. 

Os limitantes devem ser ligeiramente modificados por causa da restrição de limitação no 

número de retângulos admissíveis. 

Um problema de corte guilhotina.do é dito estagiado. se existir um número máximo de 

estágio admissível, onde um novo estágio é obtido sempre que um corte aplicado a um 

retângulo for ortogonal a.o corte que gerou aquele retângulo. Este problema. é facilmente 

tratado pela abordagem em gra.Io-E/OU. acrescentando-se por vértice uma variável lógica in­

dicando se o corte, que gerou aquele vértice. foi vertical ou horizontal. e uma variável inteira. 

indicando o estágio correspondente. Ligeiras modificações nos limitantes devem também ser 

feitas. 
O problema de rorte bidim.,nsiona.l. guilhotina.do, estagia.do e restrito foi estudado em 

Morábitoe Arenales ( 1992). usando-se a abordagem em grafos-E/OU. Aa heurísticas baseadas 

nos limitantes foram usa.das, produzindo excelentes resultados. 

2.3 Caso Não-Guilhotinado e Irrestrito 

O problema de corte não-guilhotinado. envol\'endo ap.-nas retângulos, admite padrões de 

cortea que não são representa.dos pelo gra.fo-E/OlT da seção 2.1. 

Entretanto. é possível formular um novo grafo-E/OU incluindo-se um tipo especial de 

corte elementar não-guilhotina.do, o qua.l produz 5 novos retângulos ( 4 nos cantos e um 

central). Assim, o grafo-E/OU deve considerar um outro tipo de arco que relaciona um 

vértice com outros 5 ,·értices. 

O método bra.nch-and-bound desenvolvido para. o cuo guilhotinado é naturalmente es­

tendido. Pequenas alterações podem ser introduzidas nos ümitantea e regra..s especiais para 

se evitar duplicação de padrões são desenvolvidas. 

Este problema foi estuda.do em Arl!nales., Morâbito ( 1995) utilizando a a.bordag.,m em 

grafo-E/OU com resulta.dos promissores. 
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3 Problemas Tridimensionais 

A extensão para problemas tridimensionais da abordagem em grafo-E/O U, desenvolvida 
para problemas bidimensionais. é também natural . 

O objeto agora. consiste na. caixa. (A,B.C) e os itens em caixas menores (a;,b, . r,),i = 
1 .. . m. Um padrão de corte guilhotinado é obtido por aplicar-se sucessivamente cortes ele­
mentares que dividem uma caixa em duas outras caixas. Os vértices do grafo representam 
caixas e os arcos, como anteriormente, representam os cortes. Padrões não-guilhotinados po­
dem também ser produzidos por considerar arcos-E que levam vértices em outros .r; vértices . 
Limitantes são definidos de modo similar ao caso bidimensional. 

Em Morábito e Arenales (199~). a abordagem em grafo-E/OU, bem como o método 
branch-and-bound e heurísticas. foram estendidos para o problema de carregamento de rontêinNes 
Regras especiais para estabilidade da carga foram desenvolvidas em sintonia com a busca no 
grafo. Os resultados computacionais. mais uma vez indicam que tal abordagem é promissora 
na resolução de problemas práticos. 

Um texto completo sobre a abordagem em grafo-E/OU para problemas u11i-. l>i- e tridi­
mensionais pode ser encontrado em .Morábito ( 1992). 

4 Extensões 

A abordagem em grafo-E/OU. aplicada a problemas bi e tridimensionais nas seções 2 e J 
se aplica a qualquer problema de corte que satisfaça as seguintes hipóteses: 
Hipóteses sobre objeto e itena: 

• O obj(-to e os itens são sub-conjuntos conexos e limita.aos, com interiores não-vazios. 
de um espaço 11-dimensional. onde 11 é o número de dimensões rele,·antes. 

Hipóteses sobre a formação de padrões de cortes (processo de cortagem ): 

• A cortagem se processa de forma sequencial: 
a partir da aplicação de cortes elementares (definidos a priore) sobre o ohj<'lo ori~inal. 
são produzidos novos objetos desconexos entre si. sobre os quais também serão aplicados 
cortes elementares, e assim sucessh·amt'nlt'. 

• Todo item pode ser obtido por uma sequé11cia finita de cortes elemt>ntar.-s. 

• São considerados equivalentes os padrões de corte que produzem o mesmo número dl' 
itens de cada tipo. 

1),-sta forma . ..,.ta abordagem abre caminhos para tratar problemas ainda mais romplP~os. 
~aturalmente a viabilidade compu1.acio11al <lepeude do nú1uero de informações Ht-c~sari.;1 :00 Jmr 
vértice. O conceito df' regularidade de um problema pode ser revisto a partir da limitação 
sobre o número de informações necessárias para armazenar os objetos intermediárim. 

Estas exten&Ões estão em Arenales ( J 993 J. onde um método branch-and-bound e hPurist icas 
foram desenvolvidos para um problema de corte qualquer que satisfaça às hipótf'S<'S anma. 
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Edge-Colouring, Indifference Graphs and Odd 
Maximum Degree Graphs 

Celina M. H. de Figueiredo· João Meidanist 
Célia Picinin de MeUot 

An edge-colounng of 1\ graph is an assignment of c-olours to its edges such that nu 
adjacent edges have the sarne colour. The chromatic mdex of a graph is the minimum 
number of colours required to produce an edge-colouring for that graph. 

An easy lower bound for the chromatic índex is the maximum vertex degree. A 
celebrated theorem by Vizing states that these two quantities differ by at most one 
(12] . Graphs whose chromatic índex equals the maximum degree are said to be Class 
l; graphs whose chromatic índex exceeds the maximum degree by one are said to be 
C/au 2. 

Despite the powerful restriction imposed by Vizing's result, it is very hard te 
compute the chromatic index in general. The problem is NP-complete for general 
graphs 16] and for various subclasses. such as perfect grapbs and 3-regu)ar graphs 
[l, 6]. Very little is kno,.'D about the complexity of computing the chromatic index 
for other classes, and the our goal is to investigate this question. \\'e focus our 
attention on tbe class of mdi.ffcrence graphs because this is a relati,:ely small class 
and much is known about it. and on graphs with odd maximum degree because, 
perhaps surprisingly, these graphs tend to be Class 1 more often then graphs with 
even maximum degree. 

lndifference graphs are graphs wh~ vertices can be linearly ordered so that the 
vertices contained in the sarne maximal clique are consecutive in thi, order (11 j. \\"e 

•Univenidade Federal do Rio de Janeiro. lns1itu&o de Ma1.emát1ca, Caiu Poetal 68S30. 21944 
Rio de Janeiro. RJ , Brasil . Fax: +5li 21 2901015. calinalco•.utrj . br. Partially supported h~• 
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shall call such an order an indiffennce order. lndifference graphs form an important 

subclass of interval gr11phs. 
We art' also interested in the role played by ol'erfullness in determining tbe chro­

matic index. By definition of edge-colouring, ea.ch colour determines a m&.tching and 

can cover at most Ln/2J edges, where n is the number o{ nodes. Therefore, if the 

total number of edges is greater than the product of the ma.ximum degree by l n/2 J, 
the gra.ph is necessarily Cla.ss 2. Graphs to which this argument can be applied ar!' 

called ovcrfu/1. More generally, if a graph has an overfull subgraph with the sarne 

maximum degree, then the sarne counting argument shows that the supergraph is 

Class 2. \Ve call such graphs subgraph-ovrrfull. We consíder cla.sses of gra.phs for 

which being Class 2 is equivalent to bl"ing subgraph-overfull. For such graphs lhe 

chromatíc index problem is in P: a decomposition algorithm due to Padberg and Rao 

[8] checks in polynomí11l time whether a graph is subgraph-overfull. We note thlll 

hístorícal results of Kõnig on bipartite graphs and of Tait on 3-regular planar graphs 

show that these two classes of graphs are trivial examples: any set of Cla.ss 1 graphs 

satisfies vacuously the above equiva.lence [3]. On the other hand. it has been ahown 

recently that every Cla.ss 2 multipartite complete graph is subgraph-overfull [5]. 

Hilton conjectured that a lower bound on the maximum degree would ensure the 

equivalence between being Class 2 and being subgraph-overfull [4). Every Class 2 

graph with either a universal vertex or a qua.si-univt'rsa.l vertex is subgraph-ovt'rfull 

(9, 10). As noted by Ortiz (7), this result can be used to compute efficiently the chro­

matic index for the following two subclasses of indifference graphs: cliqut'-completf' 

indifference graphs a.nd split-indill'erenct' graphs. 

We consider a new version of overfullness that is not as powerful as subgraph­

overfullnf'Ss but is trh-ia.lly checkable: a graph is said to be neighbo11rhood-over/11/I 

when it ha.s a ma.ximum degree Vt'rlex whose neighbourhood induces an ovt'rfull sub­

graph. Every neighbourhood-overfull graph is subgraph-overfull, but tht' convt'rst' is 

not valid (see Figure 1 ). \Ve considt'r classes of graphs for which being Class 2 is 

equivalent to being nt'ighbourhood-overfull . 

We prove that t'\'ery indifference graph with odd maximum dt'gree is Class 1. Sinct' 

graphs with an even numbcr of vertices cannot be o,·erfull, graphs with odd maximum 

degree cannot be neighbourhood-ovl'rfull. Hence. being Cla.ss 2 and being neigh­

bourhood-overfull art' vacuously equivalent for indiffert'nce graph with odd maximum 

degree. \\'e extend thecoe results by considering classes of graphs that are defined by 

special vertex p~rfecl dimination arder$. As a result, we prove that evt'ry doubly 

chordal graph wilh odd maximum degrt-e is Class 1. 

We also prove that Class 2 and neighbourhood-overfullness are equivalent for 
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Figure 1: A snbgraph-overfull graph which is not neighbourhood-ovPrfnll. 

indifference graphs with three maximal cliques and no universal vertex. Since every 

non indifTerence graph with three maximal cliques must contain a universal vertex. 

our result actually says that Class 2 and neighbourhood-overfullness are equivalent 

for general graphs with at most three maximal cliques. 

We state the following conjecture for indifference graphs. 

Conjecture 1 Tht Jollo,,,ing slaltmenl_. are tquivaltnl for a git>tn indiflcrt:net grnph : 

• ( I} //,r gm11h is 11ti9l1bovrhood-o o•rrfu/1; 

• (2) tht graph is .. ubgraph-orrrfu/1: 

• (:JJ the 9mph is C/ass 2. 

lt should 1,e noted that this conjectme. if true. provides a way of dN:iding in pol_,·. 

nomial time wh.-the-r an in<lifTert"nce graph is Class I or Class 2. \\·.- ha\"e d.-scnlwd 

a linear-time algorithm for indifference graph rNognition in (2] . 

On the other hand. in view of our results rnnceming graphs with odd maximum 

degree. it is interesting to ask what is the largf'St graph dass for which odd maximum 

degree implies Class 1. We conjecture that thi, i• true at least for chordal graphs. 

Conjecture 2 Ali c/1ordal vraphs willi odd marimum dt!J'Y-t are Cla.u 1. 
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THE SAMPLING PARADIGM OF KARGER 

Y . 1'0HAYAJ,;AWA 

§0. lNTRODl'CTIOS ANO 0ISCLAIMER 

ln the past couple of years, two sim pie observations of Karger ba,·e been exploited 

by a few authors with quite surprising results. Our aim here is to say a few words 

on ,.-hat the oboervations are and to discuss its consequences. We shall not try to be 

comprehensive; instead, we shall concentra.te on the basics ,..ith the hope tha.t the 

interested rea.ders might be a.t a good starting point when turning to the ütera.ture, 

which seems to be growing quite rapidly. 
At this point I should like to inseri a discla.mer: 1 have been actively interested 

in this area only quite recently, a.nd I do not claim to present new ideas or insights 

here. The purpose of this short note is to stír up the readers' interest in Karger·s 

method. with the hope that members of Project ProComb and possibly others will 

work on their problems with this new too! in hand. 

ln the aequel, we shall díscnss both algoríthms a.nd purely combinatoríal results. 

A common feature of the topics below is tbat probabílity will always be lurking 

in lhe background. ln particular. ,,,., shall conct'ntrate on ra.ndomised algorithms, 

although derandomisation has pro,·ed to fit in nicely in parti of what follows. 

Let us recall the two most common type,, oí ra.ndomised algorithms. A Monte 

Cario type algorithm of time complexity T(n) finishes its computa.tion intime not 

exceeding T(n) for inputs ofsize n. but might give an crrooeous a.nswer with some 

small probability, usually approaching O a.• n - ~- 011 the other hand. a La, Fega, 

type a.lgorithm of time comple.xity T( n ) finishes its romputation in time T( n) with 

high probability ( usually 1 - o( 1) where tbe o( 1) term refers to n - x ), a.nd its 

output is a.lwa.ys correct. 
For conciseness. weshall a.J,.-a.ys assume that G is agra.pb of order IGI = /i'(G)I = 

n a.nd size f!(G) = IE(G)i = TIi. Our graphs will be allowed to have multiple edges. 

§1. M!Nlllt:M SPANNING TI.EES 

A recent success in lhe theory of randomised computing was the development 

of a Las Vegas linear time algorithm for finding a minimum spanning tree in an 

edge-weighted gra.ph G. The currently hl'sl deterministic algorithm. dueto Gabow. 

Galil. and Spencer (31 (oee also (4)), runs intime O(m logp(m, n)), where p(m. n) = 
min{i: log"1 n $ m/n} is the in.-erse Ad.erman íunction. Thus here we ha.,·e 

a.nother pi~«• o[ evidencf! tha.t randomisa.tion does help. 

Work puu.Uy ••ppor~ ~ fAPESP (Proc. U/060J-I) ud by CNPq (Proc. 300"4/93- 1 
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The linear timl' algorithm abovl' was de\'eloped by Klein and Tarjan (11), fol­

lowing a simple but powerful obser\'ation of Karger (6). . 

Theorem 1. Thtf'f' is a Las Vegaa algorithm that tal:t1 a ,:onnuted tdge-tttighttd 

graph G as input and outputs a minimum spanning lrtt for G in timt O(m) w1th 

probability 1 - exp{-mflog0111 m}. 

ln the result above, the model of computation is that of a unit-cost random­
access machine with the restriction that only binary comparisons are allowed with 
tbe edge weights. Putting it very crudely (in íact, in an outraimplifitd manner), the 
algorithm of Klein and Tarjan behaves as íollows: first, it randomly chooses a half 
of the edges of G to be discarded, and it concentrates its attention on the remaining 
edges. Thus the graph G is reduced to a graph G' of size roughly ,( G)/2. The 
algorithm is then called recursively with input G'. The output T' of this recursi\'e 
call is not necessarily a minimum spanning tree of G. and hence in the rest of the 
algorithm it is worked on to become one such tree T: here the crucial point is that 
with very high probability very little work will be needed to obtain T from T'. 
Thus, in sbort, the algorithm is based on sampling the edges oí G with the aim of 
picking a substantially smaller subgraph G' that is a good 'picture' of G. 

The key result counecting the cost of T' and the actual cost of a minimum 
spanning tree of G is a 'sampling lemma • of Klein and Tarjan. To state this result. 
let us say that an edge e of G is T' -light if it is eit her contaned in T' or else if it is 
not contained in T' but its weight is no greater than the weight of some edge of T' 
in the fundamental cyde of e with respect to T'. The aampling lemma of Klein and 
Tarjan (11) is u follow1. We may and shall assume that the edge weights of our 
graph G are ali distinct. 

Theorem 2. út G' ôt obtained from lhe cdge-weighled graph G by independent/y 
rrmouing eat:h edge of G with prob1bility 1 - p, and let F' 1,, a mmimum 1pannmg 
forrai of G'. Thtn, for any k, lhe probabilit11 lhat tht numôtr of F' -light edgea in G 
e:rctt<h k is at mo,t 

L G)p'(l - p)t-,_ 
0Si~ft-2 

An immediate corollary of the sampling lemma is that tbe expected number of 
F'-light edges is at most n/p, aud that the probability that the number of such 
edgesexceeds (1 +t)n/pis exp{-11{,1 n)} for any O$•$ 1. 

We dose this aection with tbe following remark. The brief description of the 
algorithm of Klein and Tarjan above is far from complete: the sampling lemma, 
the algori1J1m sketched above. and some standard ideas only give an algorithm 
of time complexity O( m + n log n log log n ). The linear algorithm actually makes 
use of &D operation known as the Borúvka reduction and the transformation of T' 
iuto T involves the use of sophisticated data structures. Our aim in the presentation 
above was to focos on the 1ampling paradigm of Karger. which in this particular 
case amounts to tbe use of Theorem 2. 

§2. CuTS. Ftows. ASD NETWORK DESIGN 

2.1 Cuts. Edge-contraction bas been used by Nagamocbi and lbara.ki (12) and 
Matula (13) to develop fast algorithms for determining or estimating tbe edge 
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ro1111ecti,·i1,, or. equi,·alrn!I_,·. thl' minimum cut of a given ,:raph . A simplr but 

im1>ortant remark of Karger [5] connectl'd to l'd,:e-contraction and minim1tm ruts 

is best illustrat<'<l hy an algorithm for findin!( a minimum cut in a given unwri~htcd 

graph G. Thc discussion that follows concentrates on the unweighted case, but 

similar results ma~· he obtained for weighted graphs. ln §2, we shall always assume 

that G ha.< minimum cut e. Hl're is the al~orithm of Karger: given a graph G. 

pick an edge , of G uniformly at random and contract t. Remo,·e ali loops that 

arise. Procl'<'d contracting the edges of our graph and removing loops until only two 

vertices remain . The cut naturally corresponding to the resulting 2-vertex graph is 

the output of the a.lgorithm. 

Of course, thl' algorithm above does not have much chanre of producin,; a min• 

imum cut of G unlt'Ss one is lucky, hut in fact one need not to be too lucky. This 

is the key observation of Karger. 

Theorem 3. Fiz a minimum cu! C o/ G. The algorithm aboli<! produces C as 

output u,ith probabilily ai lcnM t;i- 1
. 

Proof. Note first that the cut C is the output of our algorithm if and only if no 

edge of C is contract<'d in the process. Suppose "'" are executing our prorrdurc 

and we have so far contràcted t !'dges (O~ t < n - 2). The current graph G, has 

minimal degree at ll'a<t JCJ. as rontrartion of edges dOl'S not decrease the minimum 

cut of our graph. Thus G, has at least JCl(n - 1)/2 edges. The probability that we 

chose u, edge from C to be contracted is thus not lar,;er than 2/( n - t). Therefore 

the probability that an edge of C is never chosen to be rontracted is at least 

as required . D 

An immediate corollarv to the result ahove is a polynomial timt> Uonte Cario 

algorithm for finding a minimum rut of G. '.\!ore inter~tingly, one deduces from 

Theorem J th at any ,;raph G 011 n ,·.-rtices hs at most (;) minimum cuts. Karger 

in fact pro,·es the following general result. 

Theorem 4. úl G b, a grop/1 u•ilh mininwm cut c. und let o ~ 1 ~ a 1Yal nvmb.-r. 

Then lhe numocr o/ cut, 111 (; o/ currlinality at mosl ac ia at mosl n20 • 

A moment ·• thought suggests that the r~ult abO\·e must be very useful in s.,111 -

pling. Suppose we delete each edge of a ~raph G independently with probabil­

ity 1 - p. and )et G, be the resulting graph. ln this process, any fairl1· small 

cut C of G is bound to be reduced to a cut of size precisely ( 1 + o( 1 )JpjCj provided 

only that the minimum cut of G is a little more than of logarithmic size: this i< 

a.n immewate consequence of Tbeorem 4 and the exponentia.1 decay of the tail of 

the binomial distribution. A more careful argument gives the foUowing result of 

Karger (7]. 

Theorem ~- út G b, an n-~rtu gmph ll'host minm1um cul ha• oolue e. Ili p = 
2(d+2)(1og n l/r2c. u,herr d Í$ ,ome /izrd constanl, and ,uppou O < p < 1. Then lhe 
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cardinalit11 e, o/ o minimum cul o/ Gp ,ati~fie6 lc, - pc,I ~ cpc u·11h probabilit11 1 -

O(n-•). 

Theorem 5 suggests a •implt' algorithm for approxirnating the ,-alue of a minimum 
cut of a given graph G. Clearly, results similar to the above theorem may be pro,·ed 
for minimum 1-t cuu for any fixed a and I E G. 

Theorem 6. Lct G be nn T1-1~rtcr gmph tmd fir, and I E G. Suppou thal G ha, 

minimum cul e nnd that tht minimum .1-I rui in CJ lias value v. Suppose O < p < 1 
satisfits p = 0((log n )/t2c). Thm. with probabilit111-oO) a, n - oo, tht ualut v, 
o/ lhe minimum a-t cul in G,, ia auch thol lup - pvj ~ cpv. 

Theorem 6 gives a Monte Cario algorithm for finding a ( 1 + ! )-approximalion 
for the minimum a-1 cut in a given graph G that runs intime roughly mv/c~c2• 

Faster algorithms were found by Karger, elaborating on the ideas presented in tbe 
sequei. Finally. we remark that, using more sophisticated techniques, Karger has 
obtained a Las Vegas algorithm for computing the value e of a minimum cut in 

time Õ(mc1l 2 ). (llere and in the sequei, Õ(/) stands for 0(/polylog/).) 

2.2 Las Vegas algorithm■ for maximum flow. The results of the previous sec­
tion have direct consequences in the study maximum flows in graphs. Consider the 
following randomised divide-and-conquer a.lgorithm for finding a maximum fam­
ily of edge-disjoint paths between two fixed vertices 6 and I of a given graph G. 
We first split G into two edge-disjoint spanning subgraphs G1 and G2, randomly 
colouring the edges of G red and blue. We then recursively run the a.lgorithm 
with input (G,;.t,1) (i E {1.2}), put together the two families of ~-1 path• to 
form a family F', and use an a.lgorithm for augmenting patba to obtain an optimal 
family :F. The crucial observation is tha.t J"' will a.ctually be very dose to being 
optima.1 u long u G hu reasonably high edge-connectivity. lndeed, Theorem 6 

implies that 11"1 - IF'I is bounded by Õ(IJ"lc- 112). 

Theorem 7. The procedure above git-e, o La, Vegaa a/gorithm that finda a mazi­

mum edge-disjoinl /umi/y o/ s-t path1 in tht gmph G in lime Õ(ml:Flc-112). 

2.3 Network design and other problem1. We start witb ·other problems '. 
\Ve onl,· wish to point out that, gíven a 24--edge-connected graph G, a random 
orientation of G is very likely to have edge-connectivity (1 - o(l))k, provided only 
that k is superlogaritbmic. Tbe following is a more precise statement that may be 
proved with the aid of Theorem 4. 

Theorem 8. ThtN. ezisb o linear time Monte Cario lypt algonthm for finding a 
(k- O{(k log n)1l 2 } )-tdgt-connecltd orientation o/ an11 n-vertez 2k-nlge-connecled 
graph. 

The a.lgorithm above may be used as a component oí a Las Vegas a.lgorithm that 
runs faster than the currently best deterministic a.lgorithm for this problem, due to 
Gabow (2]. The speeding up factor is of order Õ(k1f2). 

We now turn to network designs. lt is best if we restrict our attention on one 
specific problem. Suppose a graph G is gi,·en . \\'e wish to find a spanning k-edge­
connected 1ubgraph of G with the smallest po51ible number of edges. This problem 
is NP-complete even for k = 2. However, a fraclional solution to our problem may 
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be found in polynomial time through the use of interior point algorithms. as shown 
by Williamson. Goemans. ~lihail. and \"azirani (14). ln the fractional solution. we 
assign to each edge e E E(G) a weight O :S p, :S J. lnterpreting the edge weights as 
probabilities. we may obtain a random subgraph of G that is likely to be close to 
an optimal solution as long as k is superlogarithmic. Specifically. this ·randomised 
rounding' procedure gives the following result. 

Theorem 9. There €Zisls a polynomial lime Las Vegas algorithm for finding a 
(1 + O{((logn)/k)'l'J)-approrimalion to lhe minimum k-conneclfd subgroph. 

The proof of Theorem 9 above is based on an obvious variant of Theorem .5, 
on a simple 2-approximation algorithm for our problem ( to transform the almost 
optimal solution given by the random rounding procedure into an optimal one), 
and. of course, on the interior point method of [14). 

§3. :>.IATROIDS 

Theorem 2 has an immediate generalisation to matroids. Thus. the problem of 
finding a minimum cost basis in a matroid ma~· be approached through samp!ing. 
Since the ideas invoh·ed in this more general setting are quite similar to the ones 
briefty discussed in §1. we shall not dwell on them. We shall. however. mention two 
further results of Karger (6) concerning random submatroids of a matroid. 

Let M be a matroid on 5. and write p.., = p(M) for the rank of M. Sup­
pose O :S p :S 1 is given. and let M, be the random matroid obtained from M by 
restricting M to S,, the random subset oi 5 in which each element of S is indepen­
dently present with probability p. Thus to obtain M, we 1imply delete elements 
from M independently with prohabili:y 1 - p. Let ,r( M) be the pack,ng num~r 
of ,II, i.e., lhe ma.ximal number of pairwise disjoim bases it contains. 

Theorem 10. Lei O < p < 1 oc 9i1't!n ond suppoae thl! matroid J,f haa packing 
number,r(M) = a+2 +p-1 logp(.I/). Thrn .H, contnin$ a basi$ o/ AI tcilh prolx1-
bilily 1 - O(e-•ª). 

\\'e remark that the result aho,·e is strong enough to give the right order oi 
magnitude for the connecti"ity threshold for lhe binomial random graph G' , .r· 
lndeed. Theorem 10 shows that G,., is almost surely connected if p = p(n) = 
(2 +,)(!ogn)/n and ! >Ois a fixed constant. 

ln \'ie" of Theorem JO. one may ask whether if .lf has a large packing number. 
then M, has a lar,;e packin~ number •• ,.·ell or. more precisely. whether ,\/, contains 
many pairwise disjoinl bases of ,\/. The following resuh of Kare;~r answers this 
question. 

Theorem 11. út M and p be 126 abot~. and wnte ,r'( .lf,) for thl! mazimal 110,mb,r 
of pa,runse disjoinl base• o/ M thal M, contain.,. Thl!n, for any O :S E :S 1. u:e 

"ª"" 

An immediate corollar.,· to Theorem li is the following. 
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Theorem 12. lei O< p = p< 1tl < 1 ~ gi,,,-n and sup110•r th, n -1•,r/rr gm1,h U 

cuntau,:i: I' disjoint spanning trn~. // r' dnwtcs tht: mazimal numbt r o/ 1,clirwrst.. 

di,joint spam,íng trtt, of G that G, contains. tl1en wr ha1•r j,r' -p,q :S :.!(p,r log ,1) 111 

with probabiíit11 1 - o( 1) ni n - x . 

§-1. Co~CLl:OING REMARKS 

\\"e hope lhat the usefulness of Theorems :l and -1 have been well illustr.ated 

by the ahove discussion. Further applications and extensions may be found in 

the work of Ii:arger and oi hers. ln particular, many of the algorithms base<! on 

n.mpling are parallelisable (stt. e.g., Cole, Klein, and Tarjan (1)) and. furthermore, 

derandomisation has been achie\'ed for a minimum cut algorithm . showing that 

determining a minimum cut in a graph is in NC (see Karger and ~lotwani (9]) . 

Perhaps more purely combinatorial results along the lines of Theorem• 10 and 11 

should be sought. Moreover , perhaps difficult aJgorithmic problems for matroids 

could be tackled with these methods; r .g., cau the intersection problem for three 

matroids be solved through sampling? 
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1 lntroduction 

Tbe problem of computing reduced costa on a minimum spanning tree (MST) bas a number 

of applicatioDII in graph tbeory and comhinatorial optimization. The reduced costs are typi­

cally used within Lagrangea.n rela.xation algorithms for 110iving some combinatorial optimizatioD 

problema. For example, both Volgenant and Jonker [10] and Cupaneto et ai [2] haw used MST 

reduced costs and branch-cbord exchanges in order to fuc variables in the travelliug salesman 

problem. Beaaley [1] and Lucena [7) did the aame for tbe Steiner problem in graphs. Ali thuse 

references compute MST reduced costs by using edge labelling procedures. ln this paper. we 

pm,ent a new algorithm for the problem. The algorithm is baseei on the construction of a binary 

tree by 1equential deletion of the branches in the MST in a descending order of their costs. The 

binary tree thus constrncted is compoeed of leaf nodes representing the actual vertices in lhe 

grapb a.nd intermediate nodes representing tbe hrancbes of tbe MST. Tbe problem theu nlltu­

rally reduces to that of loe&ting the nearest common anceston of the leaf aodes iu tht' binary 

tree. 
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2 Terminology 

We first review IIOffle well-known tenninology in graph theory. Let G-= (V,E) be a connected 

undirected grapb with a vertex set V and an edge set E. Each edge e is given by an unordered 

pairo[ vertices (i.j) and has an associated cost denoted by c(e) or c(i,j). A mbgraph of G in 

which all vertices are connected and there are no cycles is called a spanning tree of G. Clearly, 

any apanning tree of G has n vertices and (n -1) edges. The diameter of a spanning tree, D, ia 

tbe maximum cardinality of &li paths in the tree, where cardinality ia measured in terms of the 

number of edges on a path. A minimum spanning trce T o( G ia a Bp&Dning tree of m.inimum 

total edge cost. Given an arbitrary vertex of T, termed the root, each vertex i E V basa unique 

father given by tbe first vertex on the path in T úom i to the root. The only exception is the 

root vertex itself which has no íatber. An edge o[ G in T is called a brancb, and an edge of 

G not in T is called a chord. For two disjoint subsets Vi a.nd V2 of V the cutset of edges in G 

separating G1 and G2 is given by E(V., V2) = {(i,j) E E: i E V1,j E V2}. The fundamental 

cutset of a branch (p, q) is the cutset of the two connected aubgrapha of G tbat rema.in when 

(p,q) is removed from T. Tbe fundamental patb of a chord (i,j) E E is the chain o! edges 

that connect i and j in T. A criticai branch on tbe fundamental path of a cbord i9 one with 

maximum edge cost. Let (p,q) be a critica! branch on the fundamental patb of a chord (i.j), 

the reduced cost of (i,j) is given by: c(i,j) = c(i,j) - c(p,q). 

Tbe MST reduced costs problem (MSTRCP) is to compute the reduced costs of alJ chords 

in a graph by locating a criticai branch for each chord. The number of chords in a graph. me , 

depends on its densit:v. A complete grapb has a maximum number of edges and, hence, chord•. 

A grapb is called complete if. for ali pair of vertices i. j E V there exista one edge of the form 

(i.j). A complete grapb witb n verticee is denoted by K,. and has M = n(n2-•I edges. ln 

general, a graph witb m cdi;cs has density given hy p = fl • 100% and numher of chords given 

by: m,"" m - (n - 1). 

We now introduce some basic definitiona for binary trees (see eg, Tarjan (9]). We distinguish 

the vertices oí a grapb from lhe nades oí the binary tree. A binary tree (BT) is a tree where 

each nade has a maximum degree oí tbree: at moei one father and two som. Tbe unique node 

"''hich has no íather is called the root oí BT. AlJ nodes witb no sons are called Jeaf nades: ali 

other nodea are called intermediate nodP.S. For our application, each intermediate node oí BT 

bas exactly two sons: a left aon and a rigbt son. The anceston of a node are thoee that lie on 

the unique patb between the given node and the root of the tree. The levei of a node is given by 

22 



the number of its ance-;tors upto 1md including lhe root (ie. the cardinality of the path). Clearly, 

the root uode has a levei of :r.ero. The 11earest common ancestor of lwo giveu nodes is the uuique 

uode with maximum levei which is an ancestor of both nodes. The bcight of BT , li , is given by 

the m.ax.imum levei over &li ils leaf nodes (ie, the levei of its deepest node) . The average hcight 

of BT is given by the mean levei over all its lcaf nodes. A binary tree is fuU if evcry levei that 

contaiDll any node contaius the maximum number of nodCli that can occur on that lcvd. Thc 

number of nodes in a íull biuary tree must be in the form {2" - l) for some integer h. Since 

this condilion is quite restrictive. the requirement for a full binary tree is relaxed to specify a 

minimum height biuary tree. A binary tree has minimum height if there is no other binary tree 

containing the same number of nodes whose height is Iess. The minimum height of a binary tree 

with N nodes can be easily derivw,d as: Hm,n = fl092(N + 1)1 - 1. 

3 The Algorithm 

We firsl note a simple observation: any connecled subtree of T is also a minimum spanning 

tree on lhe subgraph of G implied by the subtree. We will \Lse this observation iteratively 

for developing an algorithm for lhe solution of the MSTRCP by performing a sequence of 

brauch cuts on T in a desceuding order of their costs. Consider au ordered set of branches 

ofT. {e1,e2, ·· · , en- d , such that c{et) ~ c{ek+,l for all 1.: = 1,2, .. . ,n - 2. Let G10,G11 C G 

be, respectively the two oubgraphs with MSTs T 10, T, 1 C T lhat n!llult from the exclusion of a 

maximum c:ost brancb e 1 = (p1, q1) from T . G 10 has vertex set Vio wbile G 11 bas vertex set Vi 1 . 

Let E(V1o, V11 ) be the fundamental cutset associated with branch e1• lt is immediate that e1 is 

the criticai branch for ali chords (i 1,ji) in the cutset. Tbe reduced cosi of a chord (1 1.;i) iu lhe 

cutset is, therefore, given by: c{ii,ji) = c(i 1,;i) - c(ei). We now perform a cut by removing 

branch e1 frOIII T. Note that the first subscript in G 10,G11,T10,T11 and Via. V11 is the uumber 

of the cut in the order, while the secoud subscript rcflr.cts lhe binary division of the tree (O for 

left 110n, 1 for right sou). Siuce T1o, T11 are both miuimum spamlÍng trees on tbeir respective 

subgraphs. we can me tbis idea agaiu hy applying the secoud brancb cut in lhe descending 

arder. Let e2 C Tio, say. By removing branch e2 from T1o, the two connected subgraphs 

G20,G21 e G 10(C G) are oow sepuated by tbe fundamental cutset E(V20, V2il - Since e2 is 

clearly a highest cost bra.uch in the minimum spanning tree T10 , theu e2 is tbe criticai branch 

for all chords fü,.12) iu the cuuet. Hence. their reduced costs can be readily computed. This 

procedure can then be repeated by removins the next branch iD the ordered aequence, until no 

mott brancbell remain iu T. The procedure can be fonnalized 11Sing the following Lemma. 
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Lemma: Cousider a MST T of a graph G. and let { e1• e2 , • • • , en-d be an ordered sct of 

branches of T . such that e( ek) ~ e( et ... i) for ali k = 1, 2, .. . , n - 2. Per!orm an ordered sequence 

of k branch cuts (k = 1. 2 .. .. , n - 1 l on T. U et is the k - th branch to be removed from T, 

Jet C1 be tbe sct of choreis in tbe fundamental cutset scparating the two most recent connected 

aubgrapbs of G. Tbe reduced cost of a chord (it,itl E C. for any k = l, 2, ... , n -1 ia given by: 

~fü,it) = c(it,itl - c(etl-

ProoC: Tbe proof ia immediate from the above observationa. 

The a.lgorithm proposed fot solving the MSTRCP is composed of following three main pro­

cedures. 

Input: A conuected undirected grapb G = (V,E) and costs c(i,j), V(i,j) E E. 

• 1: MST Construction. 

• li: Binary Tree Construction. 

• Ili: Nearest Common Ancestor Location. 

Output: Reduced cosu, oí ali cbords in G. 

4 Summary of Results 

A number of implementations for constructing a minimum spanning tree o! a grapb have been 

proposed in tbe literature (eg. Cberiton and Tarjan (3), Haymond et ai [5]). Ali tbese algorithms 

are essentially based on the grcedy algorithm proposed by Kruskal (6), and !ater by Dijkstra (4) 

and Prim (8). We adopted Prim's algorithm for our application since the father of each VPrtex 

in the minimum spanning tree ia immediately esta.blisbed. The algorithmic complexity of tlúa 

procedure is O(n2 ) . ln [5], the computational complexity can be reduced to O(n + m) using the 

fonvard star structure for storing low density graphs. 

Starting with the tninimum spanning tree T , the binary tree ia constructed by a sequential 

deletion oí the branches in T in tbeir descending order of their costa, given by the output of 

Procedure 1. The new nades in.serted for the construction of BT will be referred to as artificial 

nodes (intermediate nodes), and the vertices oí the minimum spa.nning tree will be reíerred to 

simply u nodes (finally ali becoming leaf nodes) . For evp.ry branch e• = lPt ,9tl ln the sequence 

k = 1, ... , n - !, delete et from T, and reconnect the two remaining aubtrees via a new artificial 

node (n + k) and two new artificial edges linkini; the new node to Pt and 9t• The subtree 

rooted at ( n + k) i.s then inserted immediately below the intermediate node w hich ia the nearest 
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artificial ancestor to Pk and qk . This simply involves replacing an artificial edge with anothcr. 

After all (n - l) brauches are removed, resulting in the adclition of (n - l I intermediate uodcs 

and 2 • (n - 1) edges, the binary tree is fully constructed. The number of nodes of BT is, 

therefore, N = (2n- 1), which is composed of n leaf nodes which are the vertices T. and (11- l) 

intermediate (artificial) nodes representing the branches of T. 

Once tbe binary tree is constructed. and the leveJ of &li intermeditae nodes is ~orded. tbe 

location of tbe neuest common a.ncestora of any pair of leaf nodea becomea trivial, and hence 

the reduced costa can be readily computed. 

The algorithrn proposed in this paper was computationaly tcsted ll."ith that presented in 

Carpaneto et al (1]. Both algorithrns were coded in Fortran and run on a Sun workstation. 

Graphs of three different sizes were considered (11 ~ 100, 150 and 220 vertices) . Th~ edge costs 

of the complete graph for each size were selecttd randomly in the integer range (1-100] . For ead1 

size, subgraphs of the complete graph of varying densities were generated. This was achievc,d 

by deleting the edgcs of the complete graph which fali hclow a given edge cost, Cmaz, say. Since 

tbe range of edge costa for tbe complete graph are randomly selected from I to 100. the density 

r of the subgraph with edge costa between l to Cmaz therefore approxim&tes to Cmaz %. For each 

[n, r) combin&tion. average resulta were a.chieved over ten runs, eacb with a random selection of 

~ costs. 

We b&w, noted tbat, for a giwn graph aize. the ali;oritbm hy Carpaneto PI ai . [2) 1,,.,. 

a relatively costant computational time over the grapb density range. Our &lgorithm bu a. 

monotonkally decrea,,íng computational time as the density of the grapb falis. This is expecred 

since the computational complexity of the algoritbm is proportional to the number of chorcls iu 

tbe grapb. Wlúle the algorithm by Ca.rpaneto et ai. solves the RCP in considerahely smallcr 

computa.tional time than the proposed algorithm for high density graphs. the opposite eíiect is 

observed íor low density graphs. ln fact . empirical results indicate that tbe changeover poinl 

is for grapbs of density below 25%. ln the cue oí complete grapha, our algorith1n can be 

approxim&tely four times alower, while for 5 - 10% density graphs, our algorithm r.an be three 

to four times faster. Cleuly. tbe advantages oí the prop~ algorithm a.re a.chieved for large 

low-density graphs. 
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A pra.ctical suboptima.1 (va.ria.ble source coding) algorithm for lossy data compression 

is presented. This srhl'me is based on an approximate string matching. a.nd it extends 

lossless Lempel-Ziv data compression schl'me. Among others we consider the typical lengt h 

of an approximately repeated pa.ttern (we allow D% of mismatches) within the first n 

positions of a sta.tionary mixing sequence. We prove that there exists a. const.a.nt rr,I D) 

such that the length o[ such an approximately repeated pattern converges in probability to 

1/r0(D)logn (pr.) but it almo•t .surdyoscillates between 1/r_..,(D)logn and 2/ri(D) logn, 

where r_00 (D) > ro(D) > r1(D)/2 are some consta.ois. More importantly, we show that 

the compression ratio of a data compression acheme based on snch an approxirnate pattern 

matching is asymptotically equal to ro(D). and it is asyrnptotically optimal for D - O. ln . 

addition, we establisb the asymptotic behavior of the so called approzimate u>aiting time 

IV, which is defined u the tim" until a pan..-rn of length / r..-P"ats approlÔrnately for th..­

first time, and we prove that logN(// - r0(D} (a.s. ) as l - oo. This settles th" problem 

iu,·eistigated recently h~· Steinberg and Gutman. 

lndex Terms: Lossy data compression, approximate pattern matching, Hamming dis­

tance. rate distortion, generalized Lempel-Ziv scheme, generalized Rényi entropy, mixing 

probabilistic model. 
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EXTENDED ABSTRACT 

We plan to adopt approximate pattern matching algorithms to lossy data compression. 

An approximate pattern matchin11: surrhf's for an approrimal~ occurrence of a given pattern 

in a texl string, where the ··a pproximation- is nwa..sured by some distancr (i.e .. distortion 1 

between the pattern and the text strings (e .g., llamming distante, edit distante, etc.) . \\"e 

should point out that exact pattern matching was recently successfuUy applied to numerous 

problema in data compression (cf. [5. 8. 10, 11, 12, 13. 141). For example. Wyner and Ziv 

(14] introduced "stringology" into data compression. and then suffix tree was used in (12] 

to solve an open problem posed by Wyner and Ziv [14) (d. see also [10, 13]). Furthermore, 

digital search trees (and analytical analysis of algorithma on words) were used in [5, 8j to 

obtain second-order properties of the lossless Lempel-Ziv parsing scheme originally 1tudied 

only for symmelric memoryless sourct' by Aldous and Shields [1}. 

Wt' study a stat ionary and ergodic sequence {X,}~_00 
taking values in a fin ite alphahet 

E. For simplicity of presenlation. we consider only binary alphabet E= {O, 1}. Let x::, to 

denote X,..X,,.+ 1 • • • X,. and let :r::, = :r,.. ... Zn stand for a string which is a realization of the 

1tochutic process X!. For a lossy transmission. one needs to introduce a measure of fidelity, 

and we restrict our discuasion to Hamming distance ( however, other fidelity cri leria can be 

easily accommodated into our main results) defined as dn(zi,i'í') = (1/nn::::-_, d1(:r.,.r,) 

where d1(:r • .r) = O for :r: = .r and 1 otherwise (z,z E :!:). We assume that the maximum 

allowed distortion i• D. and b~· R(D) w~ denote thl' rate-rlistortion (cf. [6. i, 9)). 

Kieffer [6. 7), and Ornstein and Shields 19} pro\'ed that the compression factor in a lo••~­

data compression is a.symptotically equal to rate-distortion R(D) (a.s. ), and this cannot 

be improved . Note. howe\'er. thal to construct an optimal data comprt'Ssion one needs 

to "guess" the optimal (i.e .. minimum) cover of the set :!:" by D-balls. (This is actually 

identical oí f!:Uessinf!: a prohahility mea.surt' on the recei\'er side on :!:" that minimizes the 

mutual informalion [6. 1 I] which is equally difficull task!) . 

We propose a pra<tical suboptimal lossy data compr..-ssion scheme that extends the 

Lempel-Ziv scheme and that achieves rate 

D) 
1
. -Elog2 P(Bv(Xt} ) 

ro! = ,.'..."!, k . 

where Bo(rt} = {.r} : d(.r~. r}) :S D} is a D-bali with the center at -W• lt can he shown 

that this scheme is asymptotically optimal for D - O. that is, limv-oro(D) = h. and 

usually ro( D) does not dilfer 1ignificantly from R( D) for D > O. Our scheme redures to the 

following approximate pattern matching problem: Lei the "training sequence" or "databas,. 

gequence" zf be given. f'ind the longest Ln such that there exists l :S io :S n in the databa.<e 

satisfying d(r::-, ... , .•. r~!f") :S D. This naturally extends Wyner and Ziv [14) idea to lossy 

situation (cf. also p IJ) . 
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satisfying d(r;:-i+L. ,r~;f•):, D. This naturally extends Wyner and Ziv [l~j idea to lossy 

situation (d. also [llj). 

For D= O (i.e., losslesa case) Wyner and Ziv (14) proposed the foilowing data compres­

sion srheme based on L.: The encoder sends the position io in the data.base, the length L" 

and possible one more symbol, namely "n+L.+1· Using this information the decoder recon­

structs the original message, and both the encoder and the decoder enlarge the database. 

Baseei on a probabílistic analysis the authors of (14} (d. also (10, 12}) concluded that with 

high probability the compression ratio of 1uch an a.lgorithm is equal to the entropy, thus it 

is asymptotically optimal. ln this case, Ln can be found in 0( n) steps. 

The idea of Wyner and Ziv is extended in this paper to a lossy compressíon. We shall 

propose an algorithm that finds L. (i .e., approximately repeated pattern) in O( n2 } steps 

in tbe worst case but on average in O( n • poly(log n)) steps. We also suggest a lossy data 

compression scheme based on such a approximate pattern matching. Preliminary studies 

(cf. [41) indicate that such a data compression "''orks particularly well for imagt> compression 

(e.g., the compression ratio is often at least as good as ín JPEG). 

We further generalize our problem and we search for longest L~61 such that there exist at 

moJI b substrings in the database within distante D. that is. for some 1 :, i1 < ... < i6 :, n 

we have d(z' 1-1+L~•• z•+L~•>) < D d(.r•.-•+L~' z•+l~••, < D where bis a parameter 
11 1 n+J - • • ' • • ,, • "+I - • 

( d. ( 13] for lossless equivalent of this scheme and its implementation through the so called 

b-suffix trees ). Clearly, b = 1 corresponds to the original problem. 

ActuaU:v, the real engine behind thi, atudy (and its algorilbmlc issues) is I probabilistic 

analysis of an approximate pattern matching problem (i.e .. Jossy data compression 1, which 

we discuss next. Our probabilistic fefiUlls are confined to the slationary mizing modd in 

whicb two random events defined on t•·o <1-algebra separated by g symbols behave like 

independent events as g - ""· \Ve introducie the generoli:NI Rinyi entropie• denoted as 

r,( D) which we prove to exisl in our mixing model. where -".Xl :, b:, -x is a parameter. ln 

sucb a mixing model. ,. . ., show that L./logn - 1/ro(.D) in probabilit~· (pr. ) ·•,l1ere ro(Dl 

represenls the rate distortion. and in general r0 ( D) ~ R( D). excepl for the •~·mmetric (mem• 

oryless) Bernoulli model in which ro(D) = R(D). Also, limo-o ro(D) = limo-o R(D) = h. 

Surprisingly ienough, L./!ogn does nol connrge almost nrel:v (a.s.) but rather oscillates 

between two differrnl constu,ts, namely 1/r _00( D) < 2/r1( D). Thi1 kind of behavior was 

already observed in the lossless case ( d . (12, 13]). Finally, for memor~·less source (i.e .. 

Bernoulli model) we compute explicitly lhe entropies ri( D). We should point out that even 

in this case there are no sim pie formulz for r,( D). 

It turns out that the oscillalion of L. is relaled lo the probabilistic behavior of two other 

interesting parameters thal we call ,hortest path •• and hughl H. dueto an analog_v between 

these paramelers and similar ones 1111died in (12. 13) for tbe !OS1leu case. Roughly spea)dng. 

'" is lhe largest 11 such that ali strings of Jenglhs /1 occur approximately somewhere in 
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1/r _,,,,(D} (a.a.) and H,./ log n - 2/r1(D} (a.a.) . Observe that ª" ::; Ln ::; H •. 

ln a related paper Steinberg and Gutman [11] analyzed tbe so called waiting time Nt 

which is define as' length of the shortest string that contains approximately a string of length 

t at the beginning and at the end ( or equivalently string of length t reoccurs approximately 

for the first time after Nc symbols). The authors of [11] proved that for a stationary er11:odic 

sequence lim sup,_00 log Ntfl ~ R(D/2) (pr.). As a corollary of one of our results we 

show that in the mixing model limt-oo log Nt/l = r0 ( D) (a.a.), which ultimately settlea the 

problem of[ll). 
There is a substantial literature on probabilistíc analysis of pattern matching problems 

(cf. (1, 2, 3, S, 11, 12, 13) bnt with an expection of (2. 3, 11) only lossless case (i.e., exact 

pattern matching) ia discusSH. The two papers (2, 3] on lht! approximate patlf!fll matching 

t!Xpiort- only lhe height H. which is not of the prime interest to data compression. Thus. to 

the best of our Jmowledge our resulta are novel not only in the context of data compressions. 
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ABSTRACT 

A characteriza.tion of vertices of a comparability graph G which are sources of some transitive 

orientation of G has been prf'Sented by Gimbel and independently, by Olariu. We extend this charac­

terization to subsets of vertices which are sources. and to pairs of subsets corresponding to sources and 

sinks, respecth·ely. The resuhs obtai11ed relate sourres anJ sinks to even and odd pairs. \\'e desrribe 

conditions for an even pair to forro a pair of sources. for an odd pair to be a pair of source-sink \'ertices. 

and conversely. ,\lso, we formulate characterizations for two V<'rtires of G to be an even or odd pair 

of it. The !alter corresponds to a simple and efficient algorithm to decide if two given vertires form 

an even or odd pair of a compara.bility graph. 
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1 Introduction 

We describe characterizations for a subset of vertices of a comparability graph G to be formed by 
1ources of some transitive orientation G of G. ln addition. for a pair of subsets to constitute sources 
and 1inks of G, respecti\·ely. The results relate sources and sinks to even and odd pairs. We describe 
the conditions for an even pair to form a pair of sources. and for an odd pair to be a source-sink pair 
of vertices, and conversely. ln addition, formulate simple characterizations for a pair of vertires to 
form an even or odd pair of the graph. lt leads to efficient algorithms for solving the parity path 
problems in comparability graphs. That is. decide whether or not two given vertices form an even 
or an odd pair. respectively .. The complexity of the algorithms is the square of the number of vertires 
of G. However, it reduces to linear time, when a transitive orientation of the gTaph is given. 

Olariu [13) and Gimbel (6) have formulated characterizations for a vertex of a comparability graph 
to be a source in some transitive orientation. ln particular. (13] and [6] provided characterizations hy 
forbidden induced subgraphs. On the other hand. [IO) and [15) described properties relating sonrres 
and sinks lo the ma.'<imal cliques of the graph. The prohlem of finding a transitive orientation of a 
graph, if existing. with prescribed sources and sinks can be solved using a method described by llfõhring 
[12). It generalizes Golumbic's transitive orientation algorithm (8). Given any partia! orientation of 
an undirected graph, (12) extends it to a transitive orientation. whenever possible. The complexity is 
that of comparability graph reco'1;nition. 

Even pairs have been first considered by llfeyniel (11), in the context of perfect graphs. They 
have motivated lhe definition of some special classes of perfect graphs. as parity, quasi-parity and 
perfectily contrllctile graphs. The parity path problems are Co-NP-complete, in general (Bi-,nstock 
[4]). However. special classes of graphs lldmit polynomial time algorithms. They include chordal 
graphs (1), circular are graphs [3], planar perfect graphs ha,·ing the two given vertices in a sarne 
face [9) and perfectly orientable graphs [2], a superclass of the perfectly orderable ones. The latter 
contains comparability graphs. However, the presently proposed algorithms for comparability graphs 
are substllllcially simpler and their complexity lower than that for perfectly orientable graphs. 

We employ the following notation and definitions. 

G denotes a simple non-tri\'ial connected undirected 11;raph. with vertex set \!(G) and edge set 
E(G). Write n = li "(G)I and m = IE1C)I. A chord of a path P is an edge of G incident to two non­
consecutive vertices of P. An induced path contains no chords. A path is even or odd according to 
the parity of its number of edges. respectivel~·. The vert ires t•. u· form an even pair when G contains 
no odd induced path between them. They ronstitutf' an odd pair when (v. w) t E(G) and therf' is 
no even inducPd path between r and w. 

G represents an llcyclic orientation ofG. For v E l"(G). write /\°~(t•) = {wl(u•,1') E E(G)} and 

NJ(v) = {wl(v.w) E E(G)}. If N,;(r) = 0 then vis a 1ource. and if SJ(1•) = 1 then 1• is,. sink. 

A aource (sink) set of G is ,. subset of vertices formed b~· sources (sinks). S. Tare 1ource-sink 
seta when S_is a source set and Ta sink set of G. G is transitive when (v, w), (w.:) E E(G) implies 
(v,z) E E(G). for ali v.w,z E V(G). G is a comparability graph when it admits,. transitive 
orientation. ln this case.• E 1-'(G) is a source of G when it is a source of some transitive orientation 
of G. Similarly. S C l'(G) is a source sei of G when it is a source set of some transitive orientation 
of it. If ISI = 2. let S = { ,., u·}. Then 1•. u• is called a source pair of G. FinaJly. S. T e I"((;) 
are 1ource-sink sets of G when they are so for some transitive orientation of the graph. \\"hf'n 
ISI = ITI = 1, denote S = {1•), T = {w} and call v.wasource-sink pair (ofvertices). 

A well known characterization of compllrllbility graphs by forbidden induced subgraphs is that by 
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Gallai 15]. The list of its forbidden subgraphs is calfod the Gallai'1 list. 

2 Characterizations 

Not ali vertices of a comparability graph are sources. For example, \"ertex z of figure 1 is not. The 

propositíon below characterizes sources. cv denotes the graph obtained from graph G by adding a 

new vertex ,,' adjacent solel_,. lo the fixed verlex v E ~'(G). 

z 

figure 1 

Theorem 1 {6,13]: Lei G be a comparability graph and ,, E V(G). Then II is a source of G if and 

only if G" is a comparability graph. 

A set of sources is nol necessarily a source set of a comparability graph. For example, { ,,. u·) is 

nota source set. a.lthough it is a set of sources of the grapl, o( ligur .. 1. The lheorem below desnibes 

chuacterizations of source Sf'ts . For some S e \ "(G). G5 denotes lhe graph constructed from (; hy 

íncluding a new vertex t,' and an edge ( 11. t•'). for each t· E S. 

Theorem 2: Let G be a connected comparability graph. S C l '(G). The following are equi,·alrut. 

(í) S ÍI a source set. 

(Ü) G" ÍI a comparability graph and r. u• an even paír. for ali r. u• E S. 

(iii) G5 is a comparability graph. ( t•. u,J f. E(G) and t•. u· is not an odd pair. for ali r . u· E S. 

Proo/(i) = (ii): Let S be a source &et. By Theorem I it follo,.·s thal G" is a compuability graph. 

for each 11 E S. To show the Sf'Cond condition of (ii). let r. u• E S. Suppose v . w is not an evrn pair of 

G. Then G contains an índuced path 11 = z 1, ••• , zu = u•, k 2!: 1. of odd length. Let G be a lran•iti,·e 

orientatíon of G, havíng S as a source set . Then (11,z 2) E E(G) íf and only if (zu-1, u•) E E(G), 

contradícting v, u• E S. Hence v. w is an even pair. 

(ii) = (iií): S C l'(G) is such that Gv is a comparabilily graph for each v E S, and t'. u· is an 

even pair for each t•, u, E S . We pro,·e that Gs is a comparability graph. Suppose it is not. Tloen 

by 15), G5 contains an induced subgraph li isomorphic to one of the forbidden subgraphs o{ Gallai"s 

list. Let S' = l'(G5 ) - HG). lf H contaíns no ,·ertex of S' then // is a subgraph o{ G. that is a 

comparabílity graph. a contradiction. 1( H rontains .-xactly 011.- ,·ertP~ v' o{ S'. d11! r') = 1 and d.-norr 
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by "e 'V(//) the vertex adjacent to v' in li . C'learly, li is a subgraph of G''. By hypothesis. G' is 
a comparability graph. So must be /1 . a contradiction . Jlence H must contain at least two rlistinct 
vertices v'. tu' e S' . Again dH( v') = dH( u/ )= 1 and let " · u· be respecth·ely the verti«.•~ adjarc-nt to 
t". tu' in H . By hypothesis. v, w is an even pair of G. G5 and G have exactly the sarne induc<'<I paths 
between v and u·. Hence v. w is an even pair o( G5 • i.e .• of li. Therefore H contain& an induced 
1ubgraph íormed by vertices v'. w' of degree one. adjacent respectively to "• 111 E V( H ), such that r. u· 
is an even pair of it. lt is a matter of routine checking Gallai's list to conclude tha.t no such li exists. 
Hence G5 is a comparability graph. The second condition of (iii) is ob\·ious. 

(iii) ~ (i) : G5 is a comparability graph and r. w is not an odd pair. for 11.111 E S. \\'e show that 

S is a aource set . Let G5 be a transitive orientation of G5 • Each II E S is adjacent in G5 to at least 
one verto: of degree one. Hence " must be either a aource or a sink. Since ( v, w) t E( G), G conta.ias 
an even induced path between II and 111. Then r is a source if and only if u, is so. Hence, either ali 
vertices of Sare sources or ali are sinks of G5 . That is, Sisa source set of G. D 

The corollary below relates even pairs to aource pairs. 

Corollary 1: Let G be a comparability graph. t-.111 E l'(G). lf 11,111 is a source pair then it is an 
even pair. lf v, w is an even pair then it is a soorce pair, except when II or w are not sources. 

Proof. Equivalence (i) ~ (ii) of Theorem 2. with ISI = :l. D 

Two source sets are not always source-sink sets of a comparability graph. ln figure 1. { ,. } , { y} are 
source sets and not source-sink sets. Theorem 3 formul&tes characteriza.tíons of source-sink sets. 

Theorem 3: Let G be a connect.d comparability graph , IV{G)f > 1 a.nd S, T C V(G). The 
following &re eq11ivalent: 

(i) S, T &re source-sink seis. 

(íí) S, Tare source seis. and for ali v E S a.nd 11• E T 
(r. wl E E(GI ⇒ G does not contain the complement of the graph of 

figure 2 as an inducPd sub~raph. 
( v, w) (/. E(G) ⇒ v. u· is a11 odd pair. 

(íii) GSuT is a comparahility graph. and for ai! t•, 111 E S U T 

,. 

r-. 11· E S or t·. u· E T ⇒ (r. 11·1 (/. E(G) and r. u· is no! an odd pair. 
t• E S and 11• e T ~ l'. 111 is not an even pair . 

• 

2 k li' 

figure 2 

Proof(í) =- (ii): S. Tare source-sink seis. by hypothesis. Clearly, S and Tare both M>11rce sets. 
To prm·e the second condition o( (ii). let " e S and u• e T. The first casei• (u. 11•) e E(G). L"1 
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F be the graph of figure 2. Suppose that t is an iuduced subgraph of G. Since 11 E S and u· E T. 

G!•Juj.,) must be a. comparability graph . Let l"'. u·' be the vertices of V[G{' )u{~·IJ- l'{G). respPctively. 

It follow1 tha.t the complement of the subgraph induced iu G{,·)u{w) by the subset F( F) U { ,·'. tr'} 

is precisely the gra.ph of figure 3. whose compleml'nt is in Galla.i's list. Tlta.t is. Gl•·Ju{u•J is not a. 

comparability graph. contradicting S, T to be a pair of source-sink sets. Hence F is not an inclur•d 

subgra.ph of G. The second case is to consider ( v. u· l i E(G). Suppose t·. u· is not an odd pair of G. 

Then G contains a.n induced path "= :r1 ••••• :r2k+J = u·. k 2: 1. of even length. Let G be a transiti,·e 

orientation of G, having S,T as sets of sources and sinks. resp~ctively. Then (t•,:r2) E E(G) if and 

only if (w, r 2kl E E(G). contradicting i, E S and u• E T. Th,.refore 11. w is an odd pair. 

(ü) => (iii): First, we prove that csur is a comparability graph. Suppose it is not . Then b~· [-'i). 
asuT conta.ins an induced subgraph H isomorphic to one of Galla.i's list. Let S' = V(GSUT) - \.'(G). 

lf H conta.ins no vertex of S' then G is not a comparability graph. a contradiction. for each t·' e 
V(H) n S', dH(t•'I = 1 and denote by v the vertex of S U T adjacent to l"' in H. lf ali such verti<es 

v belong to S then by Theorem 2. G5UT is a comparability gra.ph, a contradiction. Similar!\". if ali 

belong to T. llence there exists a pa.ir of \"ertices v E S a.nd w E T such that 1>', u:' E S'. where 

v', w' are the degree oue vertic~ of H adjacent to v and w, respectively. Therefore H has a.11 indured 

subgraph conta.ining two vertices v', w' of degree one. There are exactly two possible choices for li in 

Gallai's list. na.mely the graph of figure 4 and the complement of that of figure 3. ln the first rasP.. v 

and w correspond to vertires 2 and 21· + 1 of the figure. respectively. ::-ote that (2. 2k + 11 i f((,'). 

llowever. 2. 2k + l is not an odd pair of li. hence of G, contradictiug tlte hypothesis. A, for the s.-cond 

choice of H. observe that H - \ ,,'. u:') is precisely the graph F of figure 2. ln this case. ( v. u•) E E(G) 

which implies that t can not occur in G. a contradiction. Hence asur must be a comparability graph. 

The proof of the second condition of (iii) is immediate. lf l'. u· E S or v. u· E T then by Theort'm 2 it 

follows (v,u•) is not a.n odd pair. Let t• E S and w E T. lf (1•.11•) E E(GI clearl.v v,w is not an odcl 

pa.ir. Otherwise it follows from the hypotl,~is. 

(iiil == (i): Since G"""UT i• a comparabilíty graph it admits a transitive orientation {]SuT. [ach 

,·ertex of S U T must be eithPr a sonrce ora sink of êSUT. \\"ithout loss of gt'nerality. sup[)OM" somf' 

vertex II E Sisa source. Let u- E S. Then (.-. wl í E(G) and ,,. "'i• not an odd pair. Thal i•. u· is a 

source of {;SuT_ Let U' E T. Then v. w is not an even pair and w is a sink of csuT. That is • .5. Tare 

source-sink seis of of G. D 

" 2 k ... 
k 2: 1 

Fi~ure 3 Fi,r;ure 4 

A difl"erent characterization of source-sink Sf't s has been formulated by Gim bel (,J. 

A relation between odd pairs and sourre-sink pairs of ,·erticH is given by the following corollar)'. 

Corollary 2: Let G be a comparahilit)· 11:raph. , .. 1r E l'(G). lf "·"'isa sourcf'-siuk pair 1h.-11 it 

is an odd pair. except when ( ~. w) E E(G). lf r. u· is an odd pair tben it is a sourrf'-siuk pair. exrPpt 



when II or w &re not sources. 

Proof. Equivalence (i) ~ (ii) of Theorem 3, with ISI = ITI = 1. □ 

Let G be a comparability graph. A source sei S C l º(G) is exaci when G admits a transitive 

orientation C having the vertices of S as the only sourres of G. Similarly, we define exact source-siuk 

seta S, T of G . 

The observations below are clear. 

Let S be a source sei of G. Then S is exact if and only if S is a maximal independent M.'l of G. 

Let S, T be source-sink sets. Then S, T are exact if and only if both S and T are maximal 

independent sets of G. 

By adding the above observations, theorems 2 and 3 can be reformulated so u to characterize 

exact source and source-sink aets, respectively. 

Next. we describe characterizations of even and odd pairs of a comparability graph. The followin11 

delinition is needed. Let G be a connected graph, S C l'(G) and t•, w e nc) - S. S separates r. w 

in G when II and u• lie in distinct connected components oí G - S. 

Theorem 4 : Let G be a connected comparability graph. G any transitive orientation of it and 

11, w E V(G). Then 11. w is an even pair if and only if 

both separate "·"' in G. 

Proof. ===>: Let 11. • • be an even pair of G. Tben ali induced patbl of G between II and u· are even. 

Since G is a compa.ra.bility graph, the orientations oí the edges in any induced path alterna te. That is. 

ali induced path1 between II and w are oíthe form 11 = z1, ... ,zu+1 = w, k ~ 1. where (11,.ri) E E(G) 

is oriented from v to zi if and only if (w. zu) E E(G) is orieut<'<I from w to zi4 • H<'nce Ni(r)U.-'l'Jf u·) 

meet1 ali induced paths bl'twren ,, and u·. So does Nil•dU NJ(v). Every general path P between ,. 

and w co11tains an iudured path between these two vertice• form..d by a subse1 of vertirl'S of P . ll~nre 

Nãt v) U NJ( u·) and 1Võ( u•) U NJl••J both separa.te v, w iu (;, 

e=: D_v h.vpothPSis 1,.;(11)U .YJ(w) and .'\~(u•)U NJ°(v) aeparate v,w in G. Decan..- (:is a 

comparability graph, ali induc..d path1 of G are ahernating in G. Partitioo the set of indured paths 

of G between " and w into four disjoint subsets E1 , E2 , 0 1, 0 2 • E1 U E2 contains the even indured 

patbs 11 = z1,., .. zu+1 = w, k 2: l. E, is formed by the paths where (11.:r2), (u·,z2,J f E(Ô) 

wbile E, contains those satisfying (z2,11).(z24,w) E E(G). 0 1 U02 contains the odd indured paths 

11 = :r1, •.. ,zi, = w. The paths belonging to 0 1 satisfy (t•.z2), (:ru-i, w) E E(G). while those of Oi 

aatisfy (z2, 11),(w,z2i-il E E(G) . .'\'.;(11) U NJ(w) meets ali path1 of E 1 U Ei U Oi, but none of 0 1. 

Because Nã(t•)U NJ(u·) separates v.win G it follows 0 1 = 0. Similarly. Nã(u•)UNJ(1•) s~parating 

11,., implies 0 2 = 8. Therefore 11. w is an even pair. □ 

Theorem S: Let G be a connt'cted comparability graph. G any transitive orientation of it and 

"• w E V(GJ. Then v , u• is an odd pair if and only if 
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both separate ti, v: in G. 

Proof. Similar to thal of Theorem 4. O 

3 Conclusions 

We have d<'Scribed characteriiations for sources, sinks, e,•en and odd pairs in comparability graphs. 

They emphasiie the relationship among these conccpts. Theorems 2 and 3 can be used to formula te an 

algorithm for finding transilive orienlations with prescribed sourcea and sinl.s. However, the problem 

o( finding a transitive orientation ha,•ing a source set of maximum size remains to be solved. 

The parity path prohl<'ms for comparability graphs can be solved applying throrems ~ an<l 5. Givrn 

a comparabilit}' graph G and 11, w E V(G), find a transitive orientation G of it . Then r. u• form an 

even pair of G precisely when they lie in distinct connected components of G - (Nê( v) U NJ( w)] and 

G-(N~(w)UNJ(v)j. The odd pair problem is similar, exrept that the latter are G-(.V~( u)U,\'ã( ll')j 

and G - [NJ'(t•) U NJ(w)]. Finding a transiti ve orientation requir1,s O(n 2 ) time fl~) . Tl,e remainin,t 

operations can be done in O(n + m) time. 
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