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Complements to partial tilting modules

Fravio CoeLHO!, DIETER HAPPEL? AND LuisE UNGER?

Let A be a finite-dimensional k-algebra over an algebraically closed field k. We
denote by mod A the category of finitely generated left A-modules. Let n be the
number of isomorphism classes of simple A-modules.

A module T € mod 4 is called a (generalized) tilting module if the following con-
ditions are satisfied:
(1) proj.dimusT < oo
(i) Ext%(T,T)=0foralli >0
(iii) There is a long exact sequence 0 — 44 - Ty — --+ = T, —» 0
with T; € addT, the additive category of direct sums of direct
summands of T.

We refer to [H1],[H2] and [M] for an outline of tilting theory in this case, and
to [B], [HR] and [R] in the classical situation of tilting modules of projective
dimension at most one.
An A-module M satisfying the conditions (i) and (ii) of the definition above is
called a partial tilting module, and if moreover M has n — 1 indecomposable direct
summands (up to isomorphism), then we call M an almost complete tilting module.
Let M be a partial tilting module with proj.dim4AM = ¢ and let X be an A-module
such that M @ X is a tilting module and add M Nadd X = 0. Then X will be
called a complement to M. It is known that in the classical situation M always
admits a complement [B]. However, in the general situation complements do not
always exist, as shown in [RS]. Moreover it is shown in [RS] that under suitable
finiteness conditions complements exist.
Let M be an almost complete tilting module of projective dimension one. Then
it was shown in [HU], [H3] and [RiS] that M has at most two non-isomorphic
indecomposable complements, and M has a unique (up to isomorphism) indecom-
posable complement if and only if M is not faithful.
The aim of this article is to generalize this to arbitrary tilting modules. So we ask
for the number of indecomposable complements and their homological properties.
In order to guarantee the existence of complements we have to make the following
finiteness assumption. For a partial tilting module M we consider as in [RS] the
full subcategory

C = {X € mod A|Ext¥,(X, M) = 0 fori > 0 and proj.dimyX < co}.
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H. Merklen for the kind hospitality during their stay.



Let M be an almost complete tilting module with proj.dimsM = t. We assume
that C is contravariantly finite (see section 2 below). This is for example satisfied if
C is finite (i.e. contains only finitely many isomorphism classes of indecomposable
modules).

In this case we show in 2.2 that there is an indecomposable complement X,.

Let r be the maximum of the projective dimensions of modules in C. It is shown
in [AR2] that r < oo, if C is contravaiantly finite.

THEOREM 1. If M is not faithful, then M has a unique indecomposable comple-
ment X and proj.dimsX < t.

We have to consider also the following subcategories C; for ¢t <1 < r with
Ci={Xe€ modA|Extf4(X, M) =0forj > 0 and proj.dimsX <1i}.

Note that C = C,.

THEOREM 2. Let M be an almost complete tilting module. If t < r there are
indecomposable complements X; € C; for t < i < r with proj.dimsX; = 1 and a
long exact sequence

0 X~ E 2By~ E X, —0

with X; = kerg; and E; € addM fort < i <r. The modules X; € C; fort <i<r
are uniquely determined by the property that proj.dims X; = i.

THEOREM 3. Let M be a faithful almost complete tilting module and assume that
there is a complement Y € C; which is generated by M. Then
(a) there is an integer s with 2 < s < max(2,t + 1) and there are indecompos-
able complements Y1,...,Y, to M giving a complete list of non-isomorphic
indecomposable complements to M of projective dimension at most t,
(b) there is a long exact sequence

B ¥ = Py 2 ii B = B Ao | SRPRUNENS S < 8,
withY; = ker f; for1 <i < s, X; = kerg; fort <i < r and F;,E; € add M
forl1<j<st<i<randX;

Under additional assumptions we can show that the hypothesis in theorem 3 is
superfluous.

PROPOSITION 4. Let M be a faithful non-projective almost complete tilting mo-
dule. If C; is contravariantly finite for all t < i < r, then the complement X, is
generated by M.

We refer to section 4 for an example that the value of s in theorem 2 may be
strictly bigger than 2.



In section one and two we recall some facts on partial tilting modules and con-
travariantly finite subcategories. Moreover we will state some useful general facts
used in the remaining two sections, which are devoted to the proof of the theo-
rems above. In the proofs of the theorems above we will make use of some of the
machinery developed in [AS1] and [AR2].

We denote the composition of morphisms f : X - Y andg:Y — Z in a given
category K by fg. For unexplained representation-theoretic terminology we refer
to [R].

1. Partial tilting modules.

1.1. In this section we collect some preliminary results on pa.rtia.l tilting modules.
We keep the basic notatnon from the introduction. If 4M is an A-module we

may decompose 4 M = @M ;" with M; indecomposable, M; % M;j for i # j

and n; > 0. We denote the number s of non-isomorphic indecomposable direct
summands of M by §(M). In the classical situation a partial tilting module 4 M
is a tilting module if

§(M) = rk Ko(A) =n,
where Ky(A) is the Grothendieck group of A. The following lemma is well-known.
For completeness we supply a brief proof.

LEMMA. Let M be a tilting module. Then §(M) = n.

PROOF: Let B be the endomorphism algebra of M. Then §(M) = rk Ko(B).
By tilting theory (compare [M] or [H2]) we infer that Ko(A) ~ Ko(B), thus
n = §(M). Indeed, let D*(A) be the bounded derived category of mod A. Then
D*(A) is triangle-equivalent to D*(B). By [G] we know that Ko{D*(A)) =~ Ko(A),
hence the assertion.

1.2. Let N be a partial tilting module. We denote by K*(add N') the homotopy
category of bounded complexes over add N. Let D*(A4) be the bounded derived
category of mod A. We may consider K*(add N) as a full subcategory of D*(4),
whose image is contained in K*(add 44) [H1].

LEMMA. A partial tilting module N is a tilting module if and only if K*(add N)
is dense in K*(add 4 A).

PROOF: If N is a tilting module then clearly K*(add N) is dense in K*(add 4A4)
(see [H1]). For the converse assume that 44 € K*(add N) C D¥(4), where we
identify 44 with the complex concentrated in degree zero with stalk being 4 A.
So 4A is quasi-isomorphic to N* = (N',d};) € K*(add N). Thereis r,s > 0 such
that N* = O0fort > rand N™' =0 for t > s. Since 44 € K'(add,qA) the
quasi-isomorphism in D*(A) can be represented as a morphism of complexes

ff:aA— N°*
which induces an isomorphism for the cohomology groups. Thus

H°(N*) = kerd% f/imdy' ~ 4A and H'(N®*) =0 for i #0.

o



Since 4 A is projective we infer that
kerd} ~ 4A®imdy
Since H'(N*®) = 0 for i # 0 we have two exact sequences:
0—kerdy -+ N® = ... 5 N" >0

and
=N T S - S N —»imd;,‘ — 0.

For j > 0 we have that
Ext),(kerd%, N) = Ext} (ker d}, N) = - = Ext/t"(N",N) = 0.
Thus it follows from the first sequence that
ExtL(imdy!,imy?) = Ext}(imdy',im3®) = --- = Ext% '(imdy',N™*) = 0.
Therefore imy' = N' € add N. So we have an exact sequence
0—+ 4A®N' = N® s kerdl, - 0

As above we may show that Extl (kerd},, N) = 0. Consider the pushout along the
projection 7 : 4A@ N' — 4A. So we obtain the following commutative diagram
of exact rows and columns:

0 0
| |
N’ =N
| |
0 —— 4AABN’ » N° + kerdl, —— 0
| ! |
0 ——— AA v E kerdl, —— 0
l l
0 0

Applying Homy4(—,N) to the last row shows that ExtL(E,N) = 0, hence
E € add N. So we obtain the required exact sequence

0+ 4A—+E-3 N ... 5 N" 0.

This has the following easy consequence which we will use.
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COROLLARY. Let M be a partial tilting module and X a complement to M. Let
T =M@Y be a partial tilting module and suppose that there exists an exact
sequence

0T =T"'2X =0
with T',T" € addT. Then T is a tilting module.

PROOF: In fact, let Ty = M & X. Since T) is a tilting module we know that the
embedding
p: KYaddTy) — K*(add 4A)

is dense. Since T is a partial tilting module we have an embedding
¢ s KYadd T) — K'(add 4A).

The exact sequence shows that u factors over u', hence 4’ is dense.

1.3. The next proposition will turn out to be very useful in sections 3 and 4. The
proof is inspired by similar arguments in [AR1] and [H3]. Recall that a module Y’
is said to be generated by a module M if there exists a surjectivemap f: E—> Y
with E € add M.

PROPOSITION. Let M be an almost complete tilting module. Let Y be an inde-
composable complement generated by M. Then
(1) M is faithful,
(2) there exists an indecomposable complement X not isomorphic to Y,
(3) there exists an exact sequence
» ]

0—-X v E » Y =0

with E € add M, )
(4) Ext'(X,Y) =0 fori> 0 and Ext}(Y,X) =0 for i > 1, and
(5) X is uniquely determined by the property (3).

Proo¥: (1) It follows from the third property in the definition of a tilting module
that M @ Y is faithful, since 44 is cogenerated by M @Y. Let g : 4A — F be
an injective map with F € add(M @ Y). Since Y is generated by M, there exists
a surjective map h : E — F with E € add M. Since 44 is projective there exists
f: 4A — E with fh = g, hence f is injective and therefore 4A is cogenerated by
M, thus M is faithful.

(2),(3) Let f1,..., fr be a k-basis of Hom4(M,Y’) and let

h
DM —Y

~
!

Ir
be the corresponding map. Let K = ker f. So we obtain an exact sequence
0o K—M —Y—-0.



It is straightforward to show that K @ M is a partial tilting module. By construc-
tion the sequence above does not split. Thus K is not contained in add M. Using
1.2 we infer that K @ M is a tilting module. Therefore there exists an indecompos-
able module X such that K ~ X*@® M’ for some s > 1 and some M' € add M. Let
T=M®a®Y and let B = End4T. We claim that s = 1. Indeed, apply Hom4(T, )
to the exact sequence above. This yields the following exact sequence in modB :

---Hom4(T, M") — Homx(T,Y) — Ext\(T,X*) — 0.

But Hom4(T,Y) is an indecomposable projective B-module and so has a simple
top. But then clearly s = 1.

Consider the following commutative diagram with exact rows and columns obtai-
ned by constructing the sequence induced by the pushout along the projection

m XeM — X
0 0
| l
N ——=C M
| l
0 — XM MT Y 0
il | ||
0 —— X + E » Y 0
| |
0 0

Applying Hom 4(—, M) to the lower exact sequence shows that Extl(E, M) = 0.
So

0O—-M — M — E—0
is split exact, thus E € add M.
(4) This is straightforward. L
(5) Suppose there is an indecomposable complement X' and an exact sequence

0—-X' = == E' —"—+ Y0



with E' € add M. Thus there exist f : E — E' with fr' =xvandg: X - X'
with gpu' = pf. Also there exist f' : E' - E with f'r =x"and¢': X' = X
with ¢'p = p'f'. If X # X' we infer that g¢' is a nilpotent endomorphism, for
X is indecomposable. Thus there is m > 0 such that (g¢')™ = 0. But then
0 = (g99')™p = p(ff')™ shows that there exists h : Y — E with xh = (ff')™.
Since 7hx = (ff')™x = x and = is surjective, we infer that hx = idy, hence the
sequence splits, a contradiction. Thus X is uniquely determined by the property
(3).

Under the assumptions of the proposition we call X the complement determined
by Y. The sequence constructed above will be called a connecting sequence. Given
Y it is uniquely determined up to isomorphism of exact sequences. Note that we
have a surjective connecting homomorphism § : End X — Ext}(Y,X) and that
the connecting sequence corresponds to a non-zero element in the top of End X.

Let M be an almost complete tilting module and let X an indecomposable comple- -
ment to M which is cogenerated by M. By the dual of the proposition we obtain

an indecomposable complement Z and an exact sequence 0 - X - E— Z — 0

with E € add M. We call Z the complement codetermined by X.

The following is an easy consequence of the uniqueness of the connecting sequence.

COROLLARY. Let M be an almost complete tilting module. Let Y be an inde-
composable complement generated by M. Let X be the complement determined
by Y. Then Y is the complement codetermined by X.

1.4. By the third property in the definition of a tilting module we have an exact
sequence
0 4AoTp— - =Ty — Tn =0

with T; € addT for 0 < i < m. We may choose m minimal, thus r is not a
retraction. For completeness we will provide a proof of the following lemma.

LEMMA. Let 47 be a tilting module with proj.dimsT = r. And let
09 AT -Ty —---—= T —'DT". —0

be a long exact sequence with T; € addT for 0 < i < r and x not a retraction,
thenm =r.

PRrROOF: The long exact sequence
02 4A-Ty = -+ =Ty —'»Tm—ao

with T; € add T for 0 <1 < m and 7 is not a retraction gives rise to short exact

sequences
0+ K;—=T;,— Kit1 —0

for 0 < i < m with Ko = 44 and K, = Tn. By assumption we have that
Ext}(T, Km-1) # 0. Applying Hom (T, —) to these exact sequences shows that
Ext’ (T, Kmn—i) =0 for 0 <i < m and all j > i. Moreover we see that

0 # Exty(T, Km—1) = - = Ext}(T, 4 A)
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Since proj.dimsT = r, we infer that Ext?,(T, 44) # 0 and Ext},(T, s4) = 0 for
j > r. This clearly implies that m = r.

2. Cocovers and contravariantly finite subcategories.

2.1. In this section we recall some of the basic notions from [AS1],[AS2], [AR2]
and [AR3].

Let D be a full subcategory of mod A. It is always assumed to be closed under
direct sums, direct summands and isomorphisms. An object D € D is called
a cocover of D if for all X € D there exists an injective map X — D' for some
D' € add D. A cocover D is called a minimal cocover in case no proper direct sum-
mand of D is a cocover. If D is closed under extensions it is shown in [AS1] that a
minimal cocover D is D-injective in D, so satisfies Ext! (X, D) =0 for all X € D.

The following example shows that the converse is not true. Consider the algebra
A defined by the quiver algebra of

o
Of—O(-—p—(J‘l—O
1 2 3 4

bound by fa =48 = 0.
Let P(i), (resp. I(i)) be the indecomposable projective (resp. injective) module
associated with the vertex i and let S(i) be the top of P().

Let M = P(2) ® P(3) ® P(4) and consider the following subcategory of mod A :
D = {X € mod A|Ext’,(X, M) = Ofor alli > 0and proj.dims X < 2}.

Then D is closed under extensions and has a minimal cocover C, for it contains
only finitely many indecomposable modules up to isomorphism. It is easy to see
that M = C. On the other hand the simple module S(3) is D-injective.

The subcategory D is called contravariantly finite in mod A if every X € mod A has
a right D-approzimation, i.e. there is a morphism Fx — X with Fx € D such that
the induced morphism Hom 4(D, Fx) — Homu(D, X) is surjective for all D € D.
If D is also closed under extensions and Kx is the kernel of a minimal right
D-approximation of X, then Wakamatsu’s Lemma states that Ext!(D,Kx) =0
for all D € D [W].

The subcategory D is called resolvingif D is closed under extensions, kernels of sur-

jective maps and contains 4A. Note that for a contravariantly finite subcategory
which is resolving every right approximation is surjective [AR2].

LEMMA. Let D be a resolving subcategory. If D € D is D-injective, then
Ext'(X,D) =0 for all X € D and all i > 0.

PRroOF: The proof is an easy induction on i, the case 1 = 1 being the fact that D
is D-injective. Let X € D. Since D is a resolving subcategory there is an exact
sequence 0 — X' — P — X — 0 with terms in D and P a projective A-module.



Applying Hom 4(—, D) to this sequence and using the induction hypothesis yields
the assertion.

2.2. We recall the construction of a complement as given in [RS] and give a
slight generalization of their result. Let M be a partial tilting module and let
C ={X € mod A|Ext}(X,M) =0 fori > 0 and proj.dims X < co}.

PROPOSITION. IfC is a contravariantly finite subcategory in mod A, then M ad-
mits a complement X .

PROOF: It is easily seen that C is a resolving subcategory. By [AS1] we know
that C has a minimal cocover C. In fact C is the minimal right approximation of
the minimal injective cogenerator of mod A. By a remark above C is C-injective.
So the lemma above implies that C @ M is a partial tilting module.

Let X € C. Then there exists an exact sequence
0-X—2E—=X -0

with X’ € C and E € add(C @ M). In fact, there is an injective map pu: X — C'
with C’ € add C, for C is a cocover. Let fi,..., f, be a k-basis of Hom4(X, M)
and let f : X — M* be the map with coordinates the chosen k-basis. We consider
g=(u,f): X - C'®M*. Then g is injective and X' = cok g € C by construction.
We apply these considerations to 4A. This yields for each integer j a long exact
sequence

ag oy aj

0—',4A Eo ‘El—O'”—*Ej._]—'Ej—’Q,‘-OO

with E; € add(C & M) and Q; = coka; € Cfor all 0 < ¢ € j. By 3.10 of
[ARZ2] there is an integer r such that proj.dima X < r for all X € C. In particular
Ext7t(Qr,a A) = 0. It is easily seen that 0 = Ext’}*'(Q,,4 4) = Ext}(Q:, Qr-1),
hence Q, € add(C ® M). Thus C @ M is a tilting module.

We keep the assumptions and notation of the previous proposition. We may
assume that there is X € C such that proj.dimqX = r. Let M be an almost
complete tilting module. In this case the proposition gives an indecomposable
complement X, to M which is a direct summand of the minimal cocover C.

COROLLARY. If proj.dimgaM < r, then proj.dims X, = r. In particular we have
that proj.dimsM & X, = r.

PROOF: By assumption there is X € C with proj.dimsX = r. As above we have
an exact sequence

0 X—2E—-X -0

with E € add(M @ X,) and X' € C. There is a module Z € mod A with
Ext3(X,Z) # 0. Applying Homa(—, Z) to the sequence above then yields that
Ext%(E, Z) # 0. Thus proj.dimX, = r.
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The following example shows that the projective dimension of the indecomposable
complement constructed in 2.2 may be strictly smaller than r. Consider the algebra
A defined by the quiver algebra of

ool ol o
1 2 3 4
bound by fa = 0.
Then M = P(2) & P(4) & I(3) is an almost complete tilting module of projective
dimension 2. It admits two non-isomorphic indecomposable complements S(3) and

S(4). The simple module S(4) has projective dimension 1 and is the complement
constructed in 2.2, for it is injective.

2.3. For the proofs of the main results in the next two sections we will need
some elementary results on non-split exact sequences and morphisms. For the
convenience of the reader we give a proof.

LEMMA 1. Let X € modA andlet s € N. If0 —+ X* = Y — Z — 0 is a non-split
exact sequence of A-modules with Z ¢ addY, then there is a non-split injective
map X - Y' with Y’ € addY.

ProoF: We prove the assertion by induction on s. If s = 1 we are done. Now let
0 X' 5Y 20
be a non-split exact sequence with Z ¢ addY and s > 1. Let t; : X = X* be the

canonical inclusion into the first summand. Let u; = ¢;u. This gives the following
commutative diagram with exact rows:

0 Xy i 0 0
4o
0 1P ¢ PR . 0

where idx denotes the identity map on X.
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Thus we obtain the following commutative diagram with exact rows and columns:

0 —— X* —Y —— Z —— 0
L
00— x-1 Ly ",z + 0
l |
0 0

We denote the cokernel sequence by n. If 4; does not split we are done. Otherwise
we obtain that Y ~ X @ Y], in particular Y; € addY. Since Z ¢ addY, we infer
that n does not split. By the induction hypothesis there is a non-split injective
map X — Y’ with Y' € add Y;, hence Y’ € addY.

COROLLARY. Let 0 —+ X* -+ X" @Y - Z > 0bea non-split exact sequence of
A-modules with Z ¢ add(X ®Y') and X indecomposable. Then X is cogenerated
byY.

PROOF: The previous lemma yields a non-split injective map X -+ X™ @ Y for
some integer m and Y; € addY. The assertion now follows from 2.2 in [AS1].

LEMMA 2. Letn: 0> X®X' - Y — Z — 0 be an exact sequence of A-modules
andlet n':0 - X — Y' = Z — 0 be the sequence induced from 7 by the pushout
along the projection #; : X @ X' — X. Assume that Ext!(Z,X') = 0. If n does
not split, then 5’ does not split.

PROOF: Let y = ::1 : X ® X' - Y be the morphism occuring in 1. Assume

2
that ' splits. Then there is 7:Y — X such that y;v = idx and g2y = 0, hence
p1 is a section and 7 is a retraction. This induces the following commutative
diagram with exact rows and columns:



1} TR, e ker v .z 0
| ‘| ”
0 XX —— ¥ =— 4 0
,,1 . 71
S 1 i
| |
0 0

By assumption the first row splits. By construction the second row is the sequence
induced by the pushout along the canonical inclcusion ¢ : X' = X @ X'. Therefore
7n splits. In fact, let 7" : Z — kery with n"'x’ = idz. Let * = x''//: Z — Y. Then
Fr=xn"dr =n""n' =idz.

We refrain from stating but will use the duals of the preceding statements.

3. Complements cogenerated by M.
Let 4M be an almost complete tilting module and let
C = {X € mod A|Ext,(X, M) = 0 fori > 0 and proj.dimsX < oo},

which will be assumed to be contravariantly finite for the rest of this section. Let
r = max{proj.dimaX |X € C}. In 2.2 we have constructed an indecomposable
complement X,. Note that that a C-injective module Z lies in add (M & X, ).
Otherwise T = Z @ M & X, is a tilting module with §(T) > n + 1 in contrast to
1.1. We call X, the C-injective complementto M. Thus X, is uniquely determined
by this property.

3.1. The following lemma follows from tilting theory (compare [M] or [H2]). For
completeness we include a proof.

LEMMA. Let 4T be a tilting module. Let 4 X be a module with Exti,(T,X) =0
for all i > 0. Then there exists a short exact sequence 0 —» X' = Tp —» X — 0
with Ty € addT and Ext},(T,X') = 0 for all i > 0.

ProOF: Let B = End4T. We consider the following two subcategories:

£ = {X € mod A|Ext}\(T, X) = 0 for all i > 0}



To = {Y € mod B|Tor?(T,Y) = 0 for all i > 0}

Then the restrictions of Hom4(T, —) and T® p — give a pair of inverse equivalences
between £° and To. Let X € £° and let Y = Homs(T,X) € Tp. Then there is
a surjective map w : gB™ — Y for some integer m. Since ¥ € Ty we infer that
T ®pm:4 T™ — X is again surjective, thus X is generated by T. Let fy,..., fs
be a k-basis of Hom4(T, X) and let

h

f=1: 17" —-X

fa

be the corresponding map. Let X' = ker f. So we obtain an exact sequence

02X —T'— X —=0.

It is now straightforward to see that X' € £°.

3.2. The following result is the main step in proving theorem 1 from the intro-
duction.

THEOREM. LetY be an indecomposable complement not isomorphic to X,. Then
Y is cogenerated by M.

PROOF: We apply 3.1toT=M @Y. Since T € C and X, is C-injective we have
that Ext%, (T, X;) = 0 for all i > 0. Therefore repeated application of 3.1 gives a

long exact sequence

fen fo

0— K, Y | + X, >0

with T € addT for 0 < j < r and Ext}(T,K;) =0for0<j<randalli>0
with K; = ker f;. Since proj.dims X, < r we have that Ext:”(X.-,K,) =0.Itis
easily seen that Ext’'(X,, K,) = Ext}(K,-1, K;). Therefore K, € addT.

Set K_; = X,. Since Y is not isomorphic to X, there is an integer r > s > 0 such
that K, € addT and the exact sequence

n:0-K,—-T, 2K, 1 —0

obtained from the long exact sequence above does not split.
So 0 # ExtY(K,—1, K,) = Ext4"'(X,, K,) shows that K, ¢ add M, hence Y is a
direct summand of K,. Hence 7 is of the form

n:0Y"eM Y™ g M" - K, —0,

with M’,M" € add M and m > 1. According to lemma 2 in 2.3 the sequence
n':0—+Y™ — E — K,_; — 0 which is induced by the pushout along the projec-
tion w: Y™ @ M' — Y™ does not split. So we obtain the following commutative
diagram of exact rows and columns:



M’ —_— M
| l

0 — YoM —— Y™ o M" v Kyoy —— 0
o | |

0 A4 Yo B E ——— =] —1 0
| |
0 0

Since C is resolving we know that K,_; € C. Applying Hom4(—, M') to n' shows
that Ext},(E,M’') = 0. Thus the second column splits, hence E € add(M & Y).
Therefore 7’ is of the form

0= V™' @M - K,y =0

with M'" € add M. The assertion now follows from the corollary in 2.3.
3.3. The following lemma will be used in the proof of theorem 1.

LEMMA. Let M be an almost complete tilting module with proj.dimqaM = t.
Assume that for some t < i < r there is an indecomposable complement X; to M
with proj.dimqX; = i. Then X; is generated by M.

PRroOOF: Let T = M @ X; be the corresponding tilting module. By 1.4 there is an
exact sequence

0= A = T — Ty = T =y T ()

with 7 not a retraction and T; € addT for 0 € j < i. Choose such a sequence
with T; of minimal length. We claim that then T; € add X;. In fact, assume that
T; = M'® X for some s > 0 and M’ € add M. Let K = kerx and consider the
following commutative diagram induced by the pullback of the canonical inclusion
p: X T;
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Since Ext} (M, K) = ... Ext},(M, 4A) = 0 , we infer that Ext},(M, E) = 0, hence

the second column splits, thus E € add T. Hence we obtain a long exact sequence
02 4AThy— - =T g5 E—- X! 0.

It follows from 1.4 that #’ is not a retraction. Therefore M’ = 0 by the choice of T;
and so T; € add X;. But then the assertion follows from the dual of the corollary
in 2.3.

3.4. We are now able to complete the proof of theorem 1 of the introduction.

THEOREM. Let 4 M be an almost complete tilting module. Assume that the
subcategory C is contravariantly finite. If M is not faithful and proj.dimaM < t,
then M has a unique indecomposable complement X and proj.dimsX < t.

PROOF: By 2.2 we have an indecomposable complement denoted by X,. If Y is an
indecomposable complement non-isomorphic to X, then we know from 3.2 that
Y is cogenerated by M. But then M is faithful by the dual of 1.3. If r > ¢ the
preceding lemma and the proposition in 1.3 gives an indecomposable complement
non-isomorphic to X,. Thus r < ¢.

3.5. We conclude this section by giving an example that the projective dimen-
sion of the unique indecomposable complement may be strictly smaller than the
projective dimension of M. Let A be given as the quiver algebra of

oe ol 0T o

1 2 3 4

bound by fa =48 = 0.

Then M = P(3) ® P(4) ® S(4) is an almost complete tilting module of projective
dimension 2, where we use the notation for modules as introduced in 2.1. The
module M is not faithful, and the unique indecomposable complement is P(2).
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4. Complements for M being faithful.

We keep the notation from the preceding sections. In particular M will denote an
almost complete tilting module with proj.dimqM = 1. We have to consider also
the following subcategories C; for t < i < r with

Ci = {X € mod A|Ext’,(X, M) = 0 forj > 0 and proj.dims X < i}.

By the choice of r we infer that C = C,. It is easy to see that all these subcategories
are resolving. Recall that we assume that C is a contravariantly finite subcategory.

4.1. In the following proposition we construct indecomposable complements in
caser > t.

PROPOSITION. Let M be an almost complete tilting module and t < r. Then for
allt < 1 < r there is a unique indecomposable complement X; € C; to M with
proj.dim X; = i. Moreover there is an indecomposable complement X, € C,; with
proj.dimas X, = t. The connecting sequence is of the form

0-Xi1—+FEi_,—-Xi—>0

with E;_, € addM fort < i < r.

PROOF: The existence of indecomposable complements X; € C; fort < i < r
follows by induction from 2.2 and 1.3 by using 3.3.

The connecting sequence then clearly has the form
0> X, 1 —=Ei_1—>Xi—0

with E;_; € add M fort <i < r.

We prove the uniqueness by induction on i. Let i = r and assume that there is
an indecomposable complement ¥ of proj.dimsY = r and Y # X,. By 3.2 we
know that ¥ is cogenerated by M. Let 0 = Y — E — Z — 0 be the connecting
seéquence with E € add M. Since t < r we infer that the projective dimension of
the complement Z is r+ 1, a contradiction. Let t < i < r and assume that there is
an indecomposable complement ¥ with proj.dimY = ¢{. Again we know by 3.2 that
Y is cogenerated by M. Let 0 = Y — E — Z — 0 be the connecting sequence
with E € add M. It is easy to see that Z € C;yjand that proj.dimaZ =i + 1,
hence Z ~ X4, by the induction hypothesis. But then Y =~ X; by the uniqueness
of the connecting sequence

The next result shows theorem 2 from the introduction.

COROLLARY. Let M be an almost complete tilting module and t < r. Then there
are indecomposable complements X; € C; for t < i < r with proj.dimsX; = i and
a long exact sequence

Sr-1

04X E 2 E4—-oE_; 20X, 50
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with X; = kerg; and E; € add M fort <i <r. The modules X; € C; fort <t <r
are uniquely determined by the property that proj.dimsX; = i.

PROOF: The long exact sequence is obtained by splicing together the connecting
sequences from the preceding proposition.

4.2. We now turn to the proof of theorem 3. For ¢t < i < r we denote by X the
complements determined in the previous corollary.

THEOREM. Let M be a faithful almost complete tilting module and assume that
there is a complement Y € C; which is generated by M. Then
(a) there is an integer s with 2 < s < max(2,t + 1) and there are indecompos-
able complements 11,...,Y, to M giving a complete list of non-isomorphic
indecomposable complements to M of projective dimension at most t,
(b) there is a long exact sequence

fo=9

=% .0 o o F = By ¥ Biga = o i Bt X i

with Y; = ker f; for 1 £1 < s, X; = kerg; fort <i <r and F},E; € addM
for1 <j<s,t<i<randX;

PROOF: Thereis 1 € j < max(1,t) and an exact sequence

5
O—QZl—’Fl —1—‘ Fz—’*"—’Fi ) Y—Oo

with F; € add M, and Z; = ker f; are indecomposable complements in C, for
1 < i £ j. The existence of such a sequence is clear from 1.3. Let Zj4, =Y.
Since proj.dim4Z; < t we infer that Ext;”(Z,-,—) =0forl1 <i<j+1. But
0 # Extl(2;,2,) = Ext3(Z3,2)) = --- = Extf;(ZjH,Z;) shows j < max(1,t).
We construct such a sequence

0-Y1-FR—---—2F,_1—-Y,-0

with s maximal. Then Y] is not generated by M and 2 < s < max(2,t +1).
First we show that ¥, ~ X,. Otherwise we know from 3.2 that Y, is cogenerated

by M. So let
0-Y, 2o E-Y' =0

be the connecting sequence. By the maximality of s we infer that Y’ € Ci4y and
Y'¢C. Thus Y’ ~ X4y by 4.1, hence ¥, ~ X, by 1.3.

Let Z € C, be an indecomposable complement to M. We claim that Z =~ Y; for
some 1 < i < s. Otherwise we know from 3.2 that Z; = Z is cogenerated by M.
Let Z; be the complement codetermined by Z; and 0 — Z; — L; — Z;3 — 0 be
the connecting sequence with L, € add M. Clearly Z; € Ci41. If Z3 ¢ Cy, then
Zy o2 X441 by 4.1, where X4, is the unique indecomposable complement X with
proj.dims X = ¢+ 1. But then it follows from 1.3 that Z; ~ X,. Thus Z; € C;
and from the dual of the proposition in 1.3 it follows that Z; # Y,. Using again

-



3.2 we know that Z; is cogenerated by M. Thus we obtain for all j > 1 an exact
sequence

A h;
0-2,- L, —) Ly—s . 5Ly —— Zj, =0

with Z; = ker h; indecomposable complements in C; and L; € add M. But
0 # ExtY(2;, 2:) = Ext}(2s,21) = -+ = Ext},(Zj41,21)

in contrast to proj.dimaZ;41 < ¢t.

Part (b) now follows from the corollary in 4.1 by splicing the two long exact
sequences together. Note that Y, = X,.

Note that the assumption that there is a complement Y € C; which is generated
by M is equivalent to the condition that there is a complement to M in C; which
is not isomorphic to X,.

4.3. The following results are used in the proof of proposition 4 from the intro-
duction.

LEMMA. Let M be a faithful almost complete tilting module. Then
(i) There is an exact sequence

(#)0—= A= M —Q — 0.

with Q € C and M' € add M.
(ii) If X is an indecomposable complement to M, then X is generated by M if
and only if Ext(Q,X) = 0.

PROOF: We first show (i). Let fy,..., f be a k-basis of Homu(44, M), and
denote by f the map (fi,...,fm) : 44 — M™. Then f is injective and let
@ = coker f. Consider the exact sequence

02 4A-M"S0Q-—0.

By construction Ext!(Q,M) = 0, and then Ext',(Q, M) = 0 for all { > 0. Hence
QecC.

Next we show (ii). If X is generated by M we have by 1.3 a connecting sequence
0-X'2E—-X-0

with E € add M and X' the indecomposable complement determined by X. Ap-
plying Homu(—, X') to (*) shows that Exty,(Q,X') = 0 for i > 2. Applying
Hom 4(Q, —) to the connecting sequence then shows the assertion.

For the converse we note that there is p > 0 and a surjective map g : 447 — X.
Applying Hom 4(—, X) to the exact sequence

0— 4A” Lo M? QP S0



shows that the induced map Homu(u,X) : Homs(M'?, X) — Hom(4 AP, X) is
surjective. Thus there is h € Hom4(M'?, X) with ¢ = hu. Since g is surjective,
also h is surjective, thus X is generated by M.

4.4. Under additional assumptions we can construct C;-injective complements.

LEMMA. Assume that for somet < i < r there is a C;-injective complement J; to
M with proj.dimyJ; = i. We assume that C;, is contravariantly finite. Let K;_;
be the kernel of the minimal right C;_,-approximation of J;. Then K;_; is Ci—y-
injective and has an indecomposable direct summand J;_, which is a complement
to M. Moreover, J;_, is cogenerated by M.

PROOF: Let (¥) 0 — K;—y — F;_; — J; — 0 be the exact sequence with F;_,
the minimal right C;_,-approximation of J;. Since C is resolving we have that
K;_y € C. Since proj.dimyJ;, = ¢ and proj.dimgF;—; < i — 1 we infer that
proj.dimsK;_; €1 -1, hence K;_ € C;—;. According to Wakamatsu’s Lemma,
K, is C;_y-injective. Since J; is C;-injective we infer that Ext},(Ci-1, Fi-1) =0,
hence F;_; is C;_)-injective. It follows from 2.1 that T =M @ K;_, ® F;—; is a
partial tilting module. Using 1.2 we infer that T is a tilting module. Since () is
non-split we conclude that Kj_; contains an indecomposable summand J;_; such
that M @ J;_, is a tilting module. Using the same arguments as in 3.2 we see that
Ji—1 is cogenerated by M.

COROLLARY. If M is a faithful non-projective almost complete tilting module and
if J; is an indecomposable C;-injective complement to M for somet < i < r, then
J; is generated by M.

PRrOOF: Consider the sequence (*) from the lemma in 4.3. Then we infer that
proj.dims@Q = proj.dimgM. Therefore, Q € C;. Hence Ext}(Q,J;) = 0 The
assertion follows from (ii) of the lemma in 4.3.

In 4.1 we have constructed indecomposable complements X; for t <i < r. In the
previous lemma we have constructed indecomposable complements J; fort <1 < r,
Next we show that they are isomorphic.

LEMMA. Let M be an almost complete tilting module and assume that the sub-
categories C; are contravariantly finite for all t < i < r. Then the complements
XizJifort <i<r.

PROOF: By 4.1 there is nothing to show for ¢ < i < r. So it remains to show that
X, ~ J;. We may assume that ¢t < r. It follows from 4.1 that

0—“'Xl'—’Et_’Xi+l=Jl+l"0

is a connecting sequence with E; € add M
By assumption J; % X, hence J; is cogenerated by M.

Let 0 = J; = E — Z — 0 be the connecting sequence with E € add M and
Z the indecomposable complement codetermined by J;. It is easy to see that
Z € Ci41- Since J; is Cy-injective and by construction Ext)(Z, J;) # 0 we obtain

«n



that Z ¢ C;. By 4.1 we infer that Z ~ X,4;. But then X, ~ J, by the uniqueness
in 1.3.

Combining this with the previous corollary shows proposition 4 from the intro-
duction.

PROPOSITION. Let M be a faithful non-projective almost complete tilting module.
If C; is contravariantly finite for allt < 1 < r, then the complement X, is generated
by M.

4.5. The following corollary is an immediate consequence of the previous results.

COROLLARY. Let M be an almost complete tilting module and assume that the
subcategory C are contravariantly finite. Then there is a unique indecomposable
complement Y which is not generated by M and a unique indecomposable com-
plement X which is not cogenerated by M. Moreover, M is faithful if and only if

Y # X.

4.6. The following example shows that the integer s in the previous theorem may
be strictly bigger than 2.
Let A be given as the quiver algebra of

[ 2 5

o
0 —30=— 0 0 —— 0
5 3 1 2 4

bound by aff = §y = 0.

Then M = I(1) @ I(3) ® I(2) ® I(5) is an almost complete tilting module of
projective dimension 2, where we use the notation for modules as introduced in
2.1. The module M is faithful. Then r = 2 and the C,-injective complement
X2 = I{4). The integer s in theorem 2 is 3 and the complements are given by
Y1 = P(3),Y2 = 5(2) and Y3 = X;.
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