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Complements to partial tilting modules 

FLAVIO COELH01, DIETER HAPPEL2 AND LUISE UNCER3 

Let A be a finite-dimensional k-algebra over an algebraically closed field k. We 
denote by mod A the category of finitely generated left A-modules. Let n be the 
number of isomorphism classes of simple A-modules. 

A module T E mod A is called a (generalized) tilting module if the following con­
ditions are satisfied: 

(i) proj.dimAT < oo 
(ii) Ext~ (T, T) = 0 for all i > 0 

(iii) There is a long exact sequence O -+ .4A -+ To -+ · · • -+ Tm -+ 0 
with T; E add T, the additive category of direct sums of direct 
summands of T. 

We refer to IH1),IH2) and IM) for an outline of tilting theory in this case, and 
to 1B], !HR) and [R) in the classical situation of tilting modules of projective 
dimension at most one. 

An A-module M satisfying the conditions (i) and (ii) of the definition above is 
called a pa.rtia.l tilting module, and if moreover M has n - 1 indecomposable direct 
summands (up to isomorphism), then we call Man a.lmoJt complete tilting module. 
Let M be a partial tilting module with proj.dim,1M = t and let X be an A-module 

such that M EB X is a tilting module and add M n add X = O. Then X will be 
called a complement to M. It is known that in the classical situation M always 
admits a complement 1B). However, in the general situation complements do oot 
always exist, as shown in (RS]. Moreover it is shown in IRS) that under suitable 
finiteness conditions complements exist. 

Let M be an almost complete tilting module of projective dimension one. Then 
it was shown in (HU), (H3] and (RiS] that M has at most two non-isomorphic 
indecomposable complements, and M has a unique ( up to isomorphism) indecom­
posable complement if and only if M is not faithful. 

The aim of this article is to generalize this to arbitrary tilting modules. So we ask 
for the number of indecomposable complements and their homological properties. 

In order to guarantee the existence of complements we have to make the following 
finiteness assumption. For a partial tilting module M we consider M in (RS] the 
full subcategory 

C ={XE modAjExt~(X,M) = 0 fori > 0 and proj.dimAX < oo}. 
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the exchange program of the GMD-CNPq/SEI. They would like to thank the 8rst author and 
H. Merklen for the kind hospitality during their stay. 



Let M be an almost complete tilting module with proj.dimAM = t. We assume 
that C is contravariantly finite ( see section 2 below). This is for example satisfied if 
C is finite (i.e. contains only finitely many isomorphism classes of indecomposable 
modules). 

In this case we show in 2.2 that there is an indecomposable complement Xr, 

Let r be the maximum of the projective dimensions of modules in C. It is shown 
in (AR2) that r < oo, if C is contravaiantly finite. 

THEOREM l. HM is not faithful, then M has a unique indecomposable comple­
ment X and proj.dimAX $ t. 

We have to consider also the following subcategories C; for t :5 i :5 r with 

C; ={XE mod Al Ext~(X,M) = 0 forj > 0 and proj.dimAX :5 i}. 

Note that C = Cr. 

THEOREM 2. Let M be an almost complete tilting module. Ht < r there are 
indecomposable complements X; E C; for t :5 i :5 r with proj.dimAXi = i and a 
long exact sequence 

with X; = kerg; and E; E addM fort :5 i < r. The modules X; EC; fort< i $ r 
are uniquely determined by the property that proj.dimAX; = i. 

THEOREM 3. Let M be a faithful almost complete tilting module and assume that 
there is a complement YE Cc which is generated by M. Then 

(a) there is an integers with 2 :5 s :5 max(2, t + 1) and there are indecompos­
able complements Yi, . .. , Y. to M giving a complete list of non-isomorphic 
indecomposable complements to M of projective dimension at most t, 

(b) there is a long exact sequence 

/1 /.=,, ••-• 
0-+ Yi -+ Fi --+ • · · -+ F. = Ee ---+ Ec+i -+ · · · -+ Er-I --+ Xr -+ 0 

with~= Jeer/; for 1 :5 i :5 s, X; = lcerg; fort :5 i <rand F;,E; E addM 
for 1 :5 j :5 s, t :5 i < r and X; 

Under additional assumptions we can show that the hypothesis in theorem 3 is 
superfluous. 

PROPOSITION 4. Let M be a faithful non-projective almost complete tilting mo­
dule. HC; is contravariantly finite for all t :5 i :5 r, then the complement Xe is 
generated by M, 

We refer to section 4 for an example that the value of s in theorem 2 may be 
strictly bigger than 2. 
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In section one and two we recall some facts on partial tilting modules and con­
travariantly finite subcategories. Moreover we will state some w,d'ul general facts 
used in the remaining two sections, which are devoted to the proof of the theo­
rems above. In the proofs of the theorems above we will make me of some of the 
machinery developed in [ASl) and [AR2). 
We denote the composition of morphisms / : X -+ Y and g : Y -+ Z in a given 
category K:. by f g. For unexplained representation-theoretic terminology we refer 
to [R). 

1. Partial tilting modules. 

1.1. In this section we collect some preliminary results on partial tilting modules. 
We keep the basic notation from the introduction. ff AM is an A-module we 

• may decompose AM = /J
1
Mt• with M; indecomposable, M; ¢ M; for i ,f: j. 

and n; > 0. We denote the number ., of non-isomorphic indecomposable direct 
summands of M by 6(M). In the classical situation a partial tilting module ,tM 
is a tilting module if 

S(M) = rk Ko(A) = n, 

where Ko(A) is the Grothendieck group of A. The following lemma is well-known. 
For completeness we supply a brief proof. 

LEMMA. Let M be a tilting module. Then 6(M) = n. 

PROOF: Let B be the endomorphism algebra of M. Then c5(M) = rkK0(B). 
By tilting theory (compare [M) or [H2)) we infer that Ko(A) ~ Ko(B), thus 
n = c5(M). Indeed, let D'(A) be the hounded derived category of mod A. Then 
D 6(A) is triangle-equivalent to D6(B). By (G) we know that Ko(D1{A)) ~ K0(A), 
hence the assertion. 

1.2. Let N be a partial tilting module. We denote by K•(addN) the homotopy 
category of bounded complexes over addN. Let D6(A) be the bounded derived 
category of mod A. We may consider x•(addN) as a full subcategory of n•(A), 
whose image is contained in K•(acldAA) (Hl) . 

LEMMA. A partial tilting module N is II tilting module if and only if K•(addN) 
is dense in K 6(addAA). 

PROOF: ff N is a tilting module then dearly K•( add N) is dense in K•( add AA) 
(see [Ht]). For the converse assume that AA E K 6(acldN) C D6{A}, where we 
identify AA with the complex concentrated in degree zero with stalk being AA. 
So AA is quasi-isomorphic to N• = (Ni,JiN) E K•(acldN). There is r,., ~ 0 such 
that N' = 0 for t > r and N-1 = 0 for t > $. Since AA E K1(addAA) the 
quasi-isomorphism in D6(A) can be represented as a morphism of complexes 

/": ..tA-+ N• 

which induces an isomorphism for the cohomology ~oups. Thus 

H0 (N•) = kertl'N/imd·,/ ~ AA and H;(N•) = 0 for i ,f: 0 . 
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Since AA is projective we infer that 

ker£l'1::::: AA EB imdiv1 

Since Hi(N•) = 0 for i #- 0 we have two exact sequences: 

0-+ kercf'N-+ N°-+ • • •-+ Nr-+ 0 

and 
0 N -• N-1 • d-1 0 -+ -+ · · · -+ -+ 1m N -+ . 

For j > 0 we have that 

Ext~(kerd°N, N) = Ext~+1(kerd~, N) = · · · = Ext~+r(Nr, N) = 0. 

Thus it follows from the first sequence that 

Ext~(imd1/ ,imN2
) = Ext!(imdi/ ,imN3

) = · · · = ExtA-1(imd1;,1, N-•) = O. 

Therefore imN1 = N' E addN. So we have an exact sequence 

0-+ AA EB N'-+ N°-+ kerd}.-+ 0 

As above we may show that Ext~(kerd}..,,N) = 0. Consider the pushout along the 
projection 1r: AA EB N' -+ AA. So we obtain the following commutative diagram 
of exact rows and colUIDns: 

0 0 

l l 
N' = N' 

l l 
0 ---+ AAEBN' - No ----+ kerd}.., ----+ 0 

wl l ll 
o- AA - E ---+ kerd}.., - o 

l l 
0 0 

Applying HomA(-,N) to the last row shows that Ext~(E,N) = 0, hence 
EE addN. So we obtain the required exact sequence 

0 -+ AA -+ E - N 1 
- • • • -+ Nr -+ 0. 

This has the following easy consequence which we will use. 
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COROLLARY. Let M be a partial tilting module and X a compJemenC to M. Let 
T = M EB Y be a partial tilting module and suppose that there exists an exact 
sequence 

0-+T-+T''-+X-+O 

with T', T" E add T. Then T is a tilting module. 

PROOF: In fact, let Ti = M EB X. Since Ti is a tilting module we know that the 
embedding 

µ: K 6(addTi)-+ K6(addAA) 

is dense. Since T is a partial tilting module we have an embedding 

The exact sequence shows that µ factors over µ', hence µ' is dense. 

1.3. The next proposition will tum out to be very useful in sections 3 and 4. The 
proof is inspired by similar arguments in [ARl) and (H3). Recall that a module Y 
is said to be generated by a module M if there exists a surjective map / : E -+ Y 
with EE addM. 

PROPOSITION. Let M be an almost complete tilting module. Let Y be an inde­
composable complement generated by M. Then 

(1) M is faithful, 
(2) there exists an indecomposable complement X not isomorphic to Y, 
(3) there exists an exact sequence 

,. .. 
0-+X - E - Y-+0 

with EE addM, 
(4) Ext~(X, Y) = 0 for i > 0 and Ext~(Y, X) = 0 for i > 1, and 
(5) Xis uniquely determined by the property (3). 

PROOF: (1) It follows from the third property in the definition 0£ a tilting module 
that M EBY is faithful, since AA is cogenerated by M EBY. Let g: AA-+ F be 
an injective map with FE add(M EBY). Since Y is generated by M, there exists 
a surjective map h: E-+ F with EE addM. Since AA is projective there exists 
/:AA-+ E with fh = g, hence/ is injective and therefore AA is c:ogenerated by 
M, thus Mis faithful. 

{2),(3) Let ft, ... , fr be a k-basis of HomA{M, Y) and let 

be the corresponding map. Let K = ker /. So we obtain an exact sequence 

0 -+ K --+ Mr --+ Y ---+ 0. 



It is straightforward to show that K EB M is a partial tilting module. By construc­
tion the sequence above does not split. Thus K is not contained in add M. Using 
1.2 we infer that K EBM is a tilting module. Therefore there exists an indecompos­
able module X such that K ~ x • EB M' for some s ~ 1 and some M' E add M. Let 
T = M EBY and let B = End,.T. We claim that s = 1. Indeed, apply Hom,.(T, - ) 
to the exact sequence above. This yields the following exact sequence in modB : 

But Hom,.(T, Y) is an indecomposable projective B-module and so has a simple 
top. But then clearly s = 1. 
Consider the following commutative diagram with exact rows and columns obtai­
ned by constructing the sequence induced by the pushout along the projection 

1r:XEBM' --+X. 

0 0 

l l 
M' M' 

1 1 
o - XEBM' -t Mr -t Y - 0 

wl l II 
o - X -t E -t y -+ O 

1 1 
0 0 

Applying Hom,.(-,M) to the lower exact sequence shows that Ext~(E,M) = 0. 
So 

0 -+ M' --+ Mr --+ E -+ 0 

is split exact, thus E E add M. 

( 4) This is straightforward. 

(5) Suppose there is an indecomposable complement X' and an exact sequence 

. ,., •' 
· O -+ X' -----t E' -+ Y -+ 0 



with E' E addM. Thus there exist /: E-+ E' with /'tr' = 1r and g: X -+ X' 
with gµ' = µf. Also there exist f' : E' -+ E with / 1

1r = 1r' and g' : X' -+ X 
with g' µ = µ' J'. If X '/:. X' we infer that gg' is a nilpotent endomorphism, for 
X is indecomposable. Thus there is m > 0 such that (gg')"' = 0. But then 
0 = (gg')"'µ = µ(If')"' shows that there exists h : Y-+ E with rh = (ff')"'. 
Since 1fh1f = (I J')"'1f = ,r and ,r is surjective, we infer that h1r = idy, hence the 
sequence splits, a contradiction. Thus X is uniquely determined by the property 
(3). 

Under the asswnptions of the proposition we call X the complement determined 
by Y. The sequence constructed above will be called a connecting ,equence. Given 
Y it is uniquely determined up to isomorphism of exact sequences. Note that we 
have a surjective connecting homomorphism 6 : EndX -+ Ext~(Y,X) and that 
the connecting sequence corresponds to a non-zero element in the top of EndX. 

Let M be an almost complete tilting module and let X an indecomposable comple- · 
ment to M which is cogenerated by M. By the dual of the proposition we obtain 
an indecomposable complement Z and an exact sequence O -+ X -+ E -+ Z -+ 0 
with EE addM. We call Z the complement codetermined by X. 

The following is an easy consequence of the uniqueness of the connecting sequence. 

COROLLARY. Let M be an almost complete tilting module. Let Y be an inde­
composable complement generated by M. Let X be the complement determined 
by Y. Then Y is the complement codetermined by X. 

1.4. By the third property in the definition of a tilting module we have an exact 
sequence 

0-+ AA-+ To -+ · · · -+ T,,._1 ~ Tm -+ 0 

with T; E add T for O 5 i 5 m. We may choose m minimal, thus ,r is not a 
retraction. For completeness we will provide a proof of the following lemma. 

LEMMA. Let AT be a tilting module witli proj.dimAT = r. And let 

0-+ AA-+ To-+ Ti -+···-+Tm-I ~ T,,.-+ 0 

be a long exact sequence with T; E addT for O ~ i 5 r and 1f not a retraction, 
then m = r. 
PROOF: The long exact sequence 

0-+ AA-+ To -+ · · ·-+ Tm-1 ~ T,,. -+ 0 

with T; E add T for O 5 i 5 m and ,r is not a retraction gives rise to short exact 
sequences 

0-+ K; -+ T; -+ K;+1 -+ 0 

for O 5 i < m with Ko = .4A and Km = T,.. By assumption we have that 
Ext~(T,Km-d f- 0. Applying HomA(T,-) to these exact sequences shows that 
Ext~(T,K,,._;) = 0 for O ~ i < m and all j > i. Moreover we see that 

0 f- Ext~(T,K,,.-1 ) = · · · = Ext::i'(T,.4A) 

.., 



Since proj.dimAT = r, we infer that Ext'.:t(T,,1A) / 0 and Ext~(T,,1A) = 0 for 
j > r. This clearly implies that m = r. 

2. Cocovers and contravariantly finite subcategories. 

2.1. ln this section we recall some of the basic notions from [AS1),[AS2], (AR2] 
and (AR3]. 
Let V be a full subcategory of mod A. It is always assumed to be closed under 
direct sums, direct summands and isomorphisms. An object D E V is called 
a cocover of V if for all X E V there exists an injective map X -+ D' for some 
D' E add D. A cocover Dis called a minimal cocover in case no proper direct sum­
mand of D is a cocover. If V is closed under extensions it is shown in [ AS 1) that a 
minimal cocover Dis V-injective in V, so satisfies Ext~(X,D) = 0 for all XE V. 

The following example shows that the converse is not true. Consider the algebra 
A denned by the quiver algebra of 

bound by /3a = 7/3 == 0. 

a /J -, 
0+-0+--0+--0 
1 2 3 ,& 

Let P(i), (i-e1:1p. I(i)) be the indecomposable projective (resp. injective) module 
associated with the vertex i and let S( i) be the top of P( i). 

Let M = P(2) ED P(3) ED P(4) and consider the following subcategory of mod A: 

V ={XE mod A I Ext~(X,M) == 0for alli > 0andproj.dim,tX::; 2}. 

Then V is closed under extensions and has a minimal cocover C, for it contains 
only finitely many indecomposable modules up to isomorphism. It is easy to see 

that M = C. On the other hand the simple module S(3) is V-injective. 

The subcategory Vis called contra variantly finite in mod A if every X E mod A has 
a right V-approzimation, i.e. there is a morphism Fx -+ X with Fx E V such that 
the induced morphism Hom,1(D,Fx)-+ Hom,1(D,X) is surjective for all DE 'D. 
If V is also closed under extensions and Kx is the kernel of a minimal right 
V-approximation of X, then Wakamatsu 's Lemma states that Ext~ ( D, K x) == 0 
for all D E V (W). 

The subcategory V is called reJolving if Vis closed under extensions, kernels of sur­
jective maps and contains ,tA. Note that for a contravariant)y finite subcategory 
which is resolving every right approximation is surjective (AR2). 

LEMMA. Let V be a resolving subcategory. H D E V is V-injective, then 
Exti(X,D) = 0 for all XE Vandall i > 0. 

PROOF: The proof is an easy induction on i, the case i = 1 being the fact that D 
is 'D-injective. Let X E V. Since Vis a resolving subcategory there is an exact 
sequence 0 - X' -+ P -+ X -+ 0 with terms in V and P a projective A-module. 
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Applying HomA(-, D) to this sequence and using the induction hypothesis yields 
the assertion. 

2.2. We recall the construction of a complement M given in [RS) and give a 
slight generalization of their result. Let M be a partial tilting module and let 
C ={XE modAIExt~(X,M) = 0 Cori> 0 and proj.dim,tX < oo}. 

PROPOSITION. ff C is a contravariantJy finite subcategory in mod A, then M ad­
mits a complement X. 

PROOF: It is easily seen that C is a resolving subcategory. By [ASl) we know 
that C has a minimal cocover C. In fact C is the minimal right approximation of 
the minimal injective cogenerator of mod A. By a remark above C is C-injective. 
So the lemma above implies that C EB M is a partial tilting module. 

Let X EC. Then there exists an exact sequence 

0 -+ X -+ E -+ X' -+ 0 

with X' I:: C and E I;; add ( C EB M). In fact, there is an injective map p : X -+ C' 
with C' E addC, for C is acocover. Let ft, ... ,/. be a k-basisofHomA(X,M) 
and let / : X -+ M• be the map with coordinates the chosen k-basis. We consider 
g = (µ, f) : X -+ C' EB M•. Then g is injective and X' = cok g E C by construction. 

We apply these considerations to AA. This yields for each integer j a long exact 
sequence 

ao - E1 -+ · · · -+ E;-1 E;-+ Q;-+ 0 

with E; E add(C EB M) and Q; = coka; e C for all O :5 i :5 j. By 3.10 of 
[AR2J there is an integer r such that proj.dim,tX :5 r for all X EC. In particular 
Ext'."/1(Qr,A A)= 0. It is easily seen that O = Ex(/1(Qr,A A)= Ext~(Qr, Qr-d, 
hence Qr E add(C EB M). Thus C EB Mis a tilting module. 

We keep the assumptions and notation of the previous proposition. We may 
assume that there is X E C such that proj.dimAX = r. Let M be an almost 
complete tilting module. In this case the proposition gives an indecomposable 
complement Xr to M which is a direct summand of the minimal cocover C. 

COROLLARY. H proj.dimAM < r, then proj.dimAXr = r. In particular we 1.iave 
that proj.dimAM EB Xr = r. 

PROOF: By assumption there is X E C with proj.dimAX = r. As above we have 
an exact sequence 

0 -+ X -+ E -+ X' -+ 0 

with E E add(M EB Xr) and X' E C. There is a module Z E modA with 
ExtA(X, Z) -:/: 0. Applying HomA(-, Z) to the sequence above then yields that 
ExtA(E, Z)-:/: 0. Thus proj.dim.Xr = r. 
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The following example shows that the projective dimension of the indecomposable 
complement constructed in 2.2 may be strictly smaller than r. Consider the algebra 
A defined by the quiver algebra of 

bound by Pa = o. 

a fl -r 
0+---0+---0-0 
l 2 3 4 

Then M = P(2) 1B P(4} 1B 1(3) is an almost complete tilting module of projective 
dimension 2. It admits two non-isomorphic indecomposable complements S(3) and 
S(4). The simple module S(4) has projective dimension 1 and is the complement 
constructed in 2.2, for it is injective. 

2.3. For the proofs of the main results in the next two sections we will need 
some elementary results on non-split exact sequences and morphisms. For the 
convenience of the reader we give a proof. 

LEMMA 1. Let XE mod A and let_, EN. HO-+ X•-+ Y-+ Z-+ 0 is a non-split 
exact sequence of A-modules with Z (/. addY, then there is a non-split injective 
map X -+ Y' with Y' E add Y. 

PROOF: We prove the assertion by induction on s. IC_,= 1 we are done. Now let 

o-+ x• -!.+ Y - z -+ o 

be a non-split exact sequence with Z fJ addY and ., > 1. Let , 1 : X -+ x• be the 
canonical inclusion into the first summand. Let µ 1 = ,1µ. This gives the following 
commutative diagram with exact rows: 

0 ---+ X 
itlx 

----1 x - o - o 

l 
,. ,r 

o ----1 x· - y -- z -- o 

where idx denotes the identity map on X. 

,n 



Thus we obtain the following commutative diagram with exact rows and columns: 

0 0 

l l 
X = X 

.. l P•l 
p .. 

o - x· - y - z - o 

l l II 
p I ,., 

o - x•-• - Yi - Z----+ 0 

l l 
0 0 

We denote the cokernel sequence by 'I· If µ 1 does not split we are done. Otherwise 
we obtain that Y '.::::'. X EB Yi, in particular Y1 E add Y. Since Z ~ add Y, we infer 
that '1 does not split. By the induction hypothesis there is a non-split injective 
map X -+ Y' with Y' E add Yi, hence Y' E add Y. 

COROLLARY. Let 0 -+ x• -+ x• EBY -+ Z -+ 0 be a non-split exact sequence of 
A-modules with Z fl; add(X EBY) and X indecomposable: Then Xis cogenerated 
byY. 

PROOF: The previous lemma yields a non-split injective map X -+ xm EB Yi for 
some integer m and Y1 E add Y. The assertion now follows from 2.2 in [ASl). 

LEMMA 2. Let '1: 0-+ X EBX'-+ Y-+ Z-+ 0 be an exact sequence of A-modules 
and let 'I' : 0 -+ X -+ Y' -+ Z -+ 0 be the sequence induced from 'I by the pushout 
along the projection -ir1 : X EBX'-+ X. Assume that Ext~(Z,X') = 0. Hq does 
not split, then q' does not split. 

PROOF: Let µ = ( :: ) : X EB X' -+ Y be the morphism occuring in '1· Assume 

that rJ' splits. Then there is 7: Y-+ X such that µ1-r = idx and µ27 = 0, hence 
µ 1 is a section and -y is a retraction. This induces the following commutative 
diagram with exact rows and columns: 



0 0 

l l ,., ,,, 
o - X' - ker; - z ---+ 0 

·l .,i II 
" Jr 

0 --+ XeX' -----4 y - z -o 

"1l ll 
X X 

l l 
0 0 

By assumption the first row splits. By construction the second row is the sequence 
induced by the pushout along the canonical inclcusion , : X~ -+ X EB X'. Therefore 
TJ splits. In fact, let 1r": Z-+ ker-y with 1r"1r' = idz. Let i" = 1r",1 : Z-+ Y. Then 
tr1r = 1r" ,'1r = 1r"1r' = idz. 

We refrain from stating but will use the duals of the preceding statements. 

3. Complements cogenerated by M. 

Let ,4M be an almost complete tilting module and let 

C ={XE mod A I Ext~(X, M) = 0 fori > 0 and proj.dimAX < oo}, 

which will be assumed to be contravariantly finite for the rest of this section. Let 
r = max{proj.dimAX IX E C}. In 2.2 we have constructed an indecomposable 
complement Xr. Note that that a C-injective module Z lies in add (M (B Xr)• 
Otherwise T = Z (BM (B Xr is a tilting module with 6(T) ~ n + 1 in contrast to 
1.1. We call Xr the C-injective complement to M. Thus Xr is uniquely determined 
by this property. 

. 
3.1. The following lemma follows from tilting theory (compare (M] or (H2)). For 
completeness we include a proof. 

LEMMA. Let AT be a tilting module. Let AX be a module with Ext~(T,X) = 0 
for all i > 0. Then there exists a short exact sequence O -+ X' -+ To -+ X -+ 0 
with To E addT and Ext~(T,X') = 0 for all i > 0. 

PROOF: Let B = EndAT. We consider the following two subcategories: 

£0 ={XE modAIExt~(T,X) = 0 for all i > O} 



... 
• 

To= {YE modBITorf(T,Y) = 0 for all i > O} 

• Then the restrictions of HomA(T, - ) and T®9- give a pair of inverse equivalences 
" between E° and To. Let X E E° and let Y = HomA(T,X) E To. Then there is 

a surjective map 1r: 9Bm -+ Y for some integer m. Since Y E To we infer that 
T ® B 1r :A Tm -+ X is again surjective, thus X is generated by T. Let /i, ... , /. 
beak-basis of HomA(T,X) and let 

be the corresponding map. Let X' = ker /. So we obtain an exact sequence 

0 -+ X' --+ T• --+ X -+ 0. 

It is now straightforward to see that X' E £0 • 

3.2. The following result is the main step in proving theorem 1 from the intro­
duction. 

THEOREM. Let Y be an indecomposable complement not isomorphic to Xr, Tben 
Y is cogenerated by M. 

PROOF: We apply 3.1 to T = M EBY. Since TE C and Xr is C-injective we have 
that Ext~(T,Xr) = 0 for all i > 0. Therefore repeated application of 3.1 gives a 
long exact sequence 

Tr-+···-+ To 
lo -

with T; E addT for O $ j $rand Ext~(T,K;) = 0 for O 5 j 5 rand all i > 0 
with K; = ker /;. Since proj.dimAXr $ r we have that Ext::/ 1(Xr,Kr) = 0. It is 
easily seen that Ext~+l(Xr,Kr) = Ext~(Kr-t,Kr), Therefore Kr E addT. 

Set K_1 = Xr, Since Y is not isomorphic to Xr there is an integer r > s ~ 0 such 
that K. E addT and the exact sequence 

r, : 0 -+ K, -+ T, -+ K,-1 -+ 0 

obtained from the long exact sequence above does not split. 
So O ,f= Ext~(K._1 ,K.) = Ext~/1(Xr,K.) shows that K, r/. addM, hence Y is a 
direct summand of K •. Hence r, is of the form 

r, : 0 -+ ym EB M' -+ ym' EB M" -+ K._. --+ 0, 

with M',M" E addM and m ~ l. According to lemma 2 iii 2.3 the sequence 
,,, : 0-+ ym -+ E-+ K,-t -+ 0 which is induced by the pushout along the projec­
tion 11' : ym EB M' ..... ym does not split. So we obtain the following commutative 
diagram of exact rows and columns: 



• • 
0 0 

l l • 
M' M' 

l l 
0 --I ym IDM' _, ym' IDM" --1 K,-1 - o 

·l l II 
0 ---1 ym --1 E - K,-1 - o 

l l 
0 0 

Since C is resolving we know that K,_1 EC. Applying Hom..4(-, M') to r,' shows 
that Ext~ (E, M') = 0. Thus the second column splits, hence E E add (M EBY). 
Therefore r,' is of the form 

0 Y m vm" M"' K 0 -+ -+ z 9 -+ ,-1 -+ 

with M"' E addM. The assertion now follows from the corollary in 2.3. 

3.3. The following lemma will be used in the proof of theorem 1. 

LEMMA. Let M be an almost complete tilting module with proj.dim..4M = t. 
Assume that for some t < i 5 r there is an indecomposable complement X; to M 
with proj.dim..4X; = i. Then X; is generated by M. 

PROOF: Let T = M IDX; be the corresponding tilting module. By 1.4 there is an 
exact sequence 

with 'II" not a retraction and T; E add T for O 5 j 5 i. Choose such a sequence 
with T; of minimal length. We claim that then T; E addX;. In fact, assume that 
T; = M' 9 Xf for some ~ 2': 0 and M' E add M. Let K = ker ,r and consider the 
following commutative diagram induced by the pullback of the canonical inclusion 
µ: Xf-+ T; 

. ._. .. 
• 

• 

"~ 



.. 
• 

~ 
- > 

0 0 

l l ,.., 
o - K - E - x~ 

I ---+ 0 

II l µ1 
,r 

o - K - Ti-I - T; - o 

1 1 
M' = M' 

1 1 
0 0 

Since Ext~(M,K) =.,. Ext~(M,AA) = 0, we infer that Ext~(M,E) = 0, hence 
the second column splits, thus EE add T. Hence we obtain a long exact sequence 

0 -+ AA -+ To -+ ... -+ T;-2 -+ E -+ x; -+ 0. 

It follows from 1.4 that ,r' is not a retraction. Therefore M' = 0 by the choice of T; 
and so T; E add X;. But then the assertion follows from the dual of the corollary 
in 2.3. 

3.4. We are now able to complete the proof of theorem 1 of the introduction. 

THEOREM. Let AM be an almost complete tilting module. Assume that the 
subcategory C is contravariantly finite. If M is not faithful and proj.dimAM $ t, 
then M has a unique indecomposable complement X and proj.dimAX :5 t. 

PROOF: By 2:2 we have an indecomposable complement denoted by Xr, If Y is an 
indecomposable complement non-isomorphic to Xr, then we know from 3.2 that 
Y is cogenerated by M. But then Mis faithful by the dual of 1.3. If r > t the 
preceding lemma and the proposition in 1.3 gives an indecomposable complement 
non-isomorphic to Xr. Thus r :5 t. 
3.5. We conclude this section by giving an example that the projective dimen­
sion of the unique indecomposable complement may be strictly smaller than the 
projective dimension of M. Let A be given as the quiver algebra of 

bound by /Jo:= 1/J = 0. 

a fJ -, 
0+--0+--0+--0 
I 2 3 4 

Then M = P{3) EB P(4) EB S(4) is an almost complete tilting module of projective 
dimension 2, where we use the notation for modules as introduced in 2.1. The 
module M is not faithful, and the unique indecomposable complement is P(2). 



4. Complements for M being faithful. 

We keep the notation from the preceding sections. In particular M will denote an 
· almost complete tilting module with proj.dimAM = t. We have to consider also 
the following subcategories C; for t :5 i :5 r with 

C; ={XE modAjExt~(X,M) = 0 forj > 0 and proj.dimAX :5 i}. 

By the choice of r we infer that C = Cr. It is easy to see that all these subcategories 
are resolving. Recall that we assume that C is a contravariantly finite subcategory. 

4.1. In the following proposition we construct indecomposable complements in 
case r > t. 

PROPOSITION. Let M be an almost complete tilting module and t < r. Then for 
all t < i $; r there is a unique indecomposable complement X; E C; to M with 
proj.dimAX; = i. Moreover there is an indecomposable complement X 1 E C1 with 
proj.dimAXt = t. The connecting sequence is of the form 

with E;_1 E addM fort < i ~ r. 

PROOF: The existence of indecomposable complements X; E C; for t :5 i :5 r 
follows by induction from 2.2 and 1.3 by using 3.3. 

The connecting sequence then clearly has the form 

with E;-1 E addM fort< i :5 r. 

We prove the uniqueness by induction on i. Let i = r and assume that there is 
an indecomposable complement Y of proj.dimAY = r and Y i- Xr. By 3.2 we 
know that Y is cogenerated by M. Let O --+ Y --+ E --+ Z --+ 0 be the connecting 
sequence with E E add M. Since t < r we infer that the projective dimension of 
the complement Z is r + 1, a contradiction. Let t < i < r and assume that there is 
an indecomposable complement Y with proj.dimY = i. Again we know by 3.2 that 
Y is cogenerated by M. Let O --+ Y --+ E --+ Z --+ 0 be the connecting sequence 
with E E addM. It is easy to see that Z E C;+land that proj.dimAZ = i + 1, 
hence Z ~ X;+1 by the induction hypothesis. But then Y:::: X; by the uniqueness 
of the connecting sequence 

The next result shows theorem 2 from the introduction. 

COROLLARY. Let M be an almost complete tilting module and t < r. Then there 
are indecomposable complements X; EC; fort :5 i $ r with proj.dim,tX; = i and 
a long exact sequence 



with Xi = kerg; and E; e add M fort :5 i < r. The modules Xi e Ci fort < i :5 r 
are uniquely determined by the property that proj.dim,4.Xi = i. 
PROOF: The long exact sequence is obtained by splicing together the connecting 
sequences from the preceding proposition. 

4.2. We now turn to the proof of theorem 3. For t :5 i :5 r we denote by Xi the 
complements determined in the previous corollary. 

THEOREM. Let M be a faithful almost complete tilting module and assume that 
there is a complement Y E C1 which is generated by M. Then 

(a) there is an integer., with 2 :5 s :5 max(2, t + 1) and there are indecompos­
able complements Y1 , ••• , Y. to M giving a complete list of non-isomorphic 
indecomposable complements to M of projective dimension at most t, 

(b) there is a long exact sequence 

/1 /,=,, ••-t 
0 -+ Yi -+ F1 --+ · · · -+ F. = E1 __. Et+I -+ · · · -+ Er-I --+ X r -+ 0 

with Y; = ker /; for 1 :5 i :5 s, X; = kerg; fort :5 i < r and F;, E; E add M 
for 1 ~ j ~ s, t ~ i < r and X; 

PROOF: There is 1 :5 j :5 max (1, t) and an exact sequence 

It I; 
0-+ Z1 -+ Fi --+ F2 -+ · · · -+ F; --+ Y-+ 0 

with F. E add .I\,{, and Z; = ker /; are indecomposable complements in C1 for 
1 :5 i $ j. The existence of such a sequence is clear from 1.3. Let Z;+1 = Y. 
Since proj.dim,4.Z; :5 t we infer that Ext~+l(Z;, -) = 0 for 1 :5 i $ j + 1. But 
0 i- Ext~(Z2 , Zi) = Ext~(Z3 , Zi) = · · · = Ext~(Z;+i, Z1 ) shows j :5 max(l,t). 
We construct such a sequence 

with., maximal. Then Y1 is not generated by Mand 2 :5., :5 max{2,t + 1). 

First we show that Y. ~ X 1• Otherwise we know from 3.2 that Y. is cogenerated 
by M. So let 

o-Y.-+E-+Y'-+O 

be the connecting sequence. By the maximality of., we infer that Y' E CHI and 
Y' f/. C,. Thus Y' ~ Xi+i by 4.1, hence Y. ~ Xe by 1.3. 

Let Z E Cc be an indecomposable complement to M. We claim that Z ~ Y; for 
some 1 ~ i :5 !J. Otherwise we know from 3.2 that Z1 = Z is cogenerated by M. 
Let Z2 be the complement codetermined by Z1 and O -+ Z1 -+ Li -+ Z2 -+ 0 be 
the connecting sequence with L1 E addM. Clearly Z2 E Cc+t• ff Z2 ~ Cc, then 
Z 2 ~ Xt+i by 4.1, where X 1+1 is the unique indecomposable complement X with 
proj.dim,AX = t + 1. But then it follows from 1.3 that Z1 ~ X,. Thm Z2 E Cc 
and from the dual of the proposition in 1.3 it follows that Z2 '/!. Y.. Using again 



3.2 we know that Z2 is cogenerated by M. Thus we obtain for all j ~ 1 an exact 
sequence 

111 
0 -+ Z1 -+ L1 - L2 -+ · · · -+ L; Z;+1-+ 0 

with Z; = kerh; indecomposable complements in C1 and L; E addM. But 

in contrast to proj.dim,tZ;+1 :5 t. 

Part (b) now follows from the corollary in 4.1 by splicing the two long exact 
sequences together. Note that Y. = X,. 

Note that the assumption that there is a complement Y E C1 which is generated 
by M is equivalent to the condition that there is a complement to M in C1 which 
is not isomorphic to X,. 

4.3. The Collowing results are used in the proof of proposition 4 from the intro­
duction. 

LEMMA. Let M be a faithful almost complete tilting module. Then 
(i) There is an exact sequence 

( •) 0-+ ,tA-+ M' ..... Q-+ 0. 

with Q EC and M' E addM. 
(ii) If X is an indecomposable complement to M, then Xis generated by M if 

and only if Ext~(Q,X) = 0. 

PROOF: We first show (i). Let Ji, ... ,Im be a k-basis of HomA(AA, M), and 
denote by J the map (11, ... , J m) : AA -+ Mm. Then J is injective and let 
Q = coker /. Consider the exact sequence 

0 -+ AA -+ Mm -+ Q -+ 0. 

By construction Ext~(Q,M) = 0, and then Ext~(Q,M) = 0 for all i > 0. Hence 
Qec. 
Next we show (ii). H Xis generated by M we have by 1.3 a connecting sequence 

0 -+ X' -+ E -+ X -+ 0 

with EE addM and X' the indecomposable complement determined by X. Ap­
plying Hom,t(-,X') to(•) shows that Ext~(Q,X') = 0 for i ~ 2. Applying 
Hom,t(Q,-) to the connecting sequence then shows the assertion. 

For the converse we note that there is p > 0 and a surjective map g: AA' -+ X. 
Applying Hom,t(-,X) to the exact sequence 

0-+ ,tA' -!..+ M'' -+ Q' -+ 0 



shows that the induced map Hom,t(µ,X): Hom,t(M'',X)-+ Hom,t(AA',X) is 
surjective. Thus there is h E HomA(M'',X) with g = hµ. Since g is surjedive, 
also his surjective, thus Xis generated by M. 

4.4. Under additional assumptions we can construct Ci-injective complements. 

LEMMA. Assume that for some t < i :5 r there is a Ci-injective complement Ji to 
M with proj.dimAJi = i. We assume that Ci-1 is contravariantly finite. Let Ki-I 
be the kernel of the minimal right C;-1-approximation of J;. Then Ki-I is Ci-I -
injective and has an indecomposable direct summand J;_1 which is a complement 
to M. Moreover, J;-1 is cogenerated by M. 

PROOF: Let(•) 0-+ K;_1 -+ F;- 1 -+ J;-+ 0 be the exact sequence with F;_1 
the minimal right C;-1-approximation of J;. Since C is resolving we have that 
Ki-1 E C. Since proj.dimjJ, = i and proj.dimAFi-1 ::5 i - 1 we infer that 
proj.dim,1K;_1 :5 i - 1, hence K;_ 1 E C;_1 • According to Walcamatsu's Lemma, 
K;-1 is C;- 1-injective. Since J; is C;-injective we infer that Exti(C;-1 , F;_i) = 0, 
hence F;-1 is C;-1-injective. It follows from 2.1 that T = M EB K;-1 EB F;-1 is a 
partial tilting module. Using 1.2 we infer that T is a tilting module. Since ( •) is 
non-split we conclude that K;-1 contains an indecomposable summand J;-1 such 
that M EB J;_1 is a tilting module. Using the same arguments as in 3.2 we see that 
J;-1 is cogenerated by M. 

COROLLARY. HM is a faithful non-projective almost complete tilting module and 
if J; is an indecomposable C;-injective complement to M £or some t :5 i :5 r, then 
J; is generated by M. 

PROOF: Consider the sequence ( •) from the lemma in 4.3. Then we infer that 
proj.dim,tQ = proj.dimA.M. Therefore, Q E C1• Hence Ext~(Q,J;) = 0 The 
assertion follows from (ii) of the lemma in 4.3. 

In 4.1 we have constructed indecomposable complements X; fort :5 i :5 r. In the 
previous lemma we have constructed indecomposable complements J; fort $ i $ r. 
Next we show that they are isomorphic. 

LEMMA. Let ,M be an almost complete tilting module and assume that the sub­
categories C; are contravariantly finite for all t $ i $ r. Then the complements 
X; ~ J; for t :5 i $ r. 

PROOF: By 4.1 there is nothing to show for t < i :5 r. So it remains to show that 
X 1 ~ J1 . We may assume that t < r. It follows from 4.1 that 

is a connecting sequence with E 1 E addM 

By assumption J1 '/! Xr, hence ] 1 is cogenerated by M. 

Let O -+ J1 -+ E -+ Z -+ 0 be the connecting sequence with E E add M and 
Z the indecomposable complement codetennined by J,. It is easy to see that 
Z E C1+1. Since J, is C,-injective and by construction Ext~(Z,J,) ,,= 0 we obtain 



that Z ¢ C,. By 4.1 we infer that Z ~ X,+i· But then X, ~ J, by the uniqueness 
in 1.3. 

Combining this with the previous corollary shows proposition 4 from the intro-
duction. · 

PROPOSITION. Let M be a faithful non-projective almost complete tilting module. 
IfC; is contravarfantly finite for all t :5 i :5 r, then the complement X, is generated 
byM. 

4.5. The following corollary is an immediate consequence of the previous results. 

COROLLARY. Let M be an almost complete tilting module and assume that the 
subcategory C are contravarfantly finite. Then there is a unique indecomposable 
complement Y which is not generated by M and a unique indecomposable com­
plement X which is not cogenerated by M. Moreover, M is faithful if and only if 
y ;i-X. 

4.6. The following example shows that the integers in the previous theorem may 
be strictly bigger than 2. 

Let A be given as the quiver algebra of 

bound by o./3 = 67 = 0. 

0 ,, ., 6 
0--+0--+0+--0+--0 
5 3 1 2 4 

Then M = 1(1) EB 1(3) EB 1(2) EB 1(5) is nn almost complete tilting module of 
projective dimension 2, where we use the notation for modules as introduced in 
2.1. The module }./ is faithful. Then r = 2 and the C2-injective complement 
X2 = 1(4). The integers in theorem 2 is 3 and the complements are given by 
Y, = P(3), Y2 = S(2) and :Y; = X 2 • 

REFERENCES 

(ARI] Auslander, M.; Reiten, I., RepreJenfotion theory of Arlin olgebnu III, Comm. Algebra 
3 (1975), 239-294. 

(AR2] Auslander, M.; Reiten, I., Application., of conlrovoriantly finite .vbcalegorin, Adv. 
Math. 86 (1991), 111-152. 

(AR3] Auslander, M.; Reiten, I., Homologicolly finite .vbcategorieJ, preprint. 
{ASl] Ausl11.nder, M.; Smalt11, S., Preprojedive module, over Arlin algebra.,, J. Algebra 66 

(1980), 61-122. 
[AS2) Auslander, M.; Smalt11, S .• AlmoJt Jplit Jequencu in •u~ategoriu, J . Algebra 69 (1981), 

-426-454. 
(BJ Bongartz, K., Tilled alge6raa, Springer Lecture Notes 903 (1981), 26-38. 
[G] Grothendieclc, A., Groupe• de• c/o.,u• de• catlgorie• abelienne• et lriangulee, in SGA 5, 

Expose VIII, Springer Lecture Notes 589 (Heidelberg 1977), 353-371. 
(H 1) Happel, D., On the derived category of a /inile-dimeruional algebra, Comment.Math.Helv. 

62 (1987), 339-389. 



(112] Happel, D., Triangulated categorie• in the repreu,ntafion theory of /inite-dimenaional 
olgelmu, Cambridge University Press 119 (1988). 

[HJ] Happel, D., Partial filling module• and ncollement, Proceedings Malcev Conference, to 
appear. 

[HR) Happel, D.; Ringel, C.M., Tilted algebnu, Trans.AMS 274 (1982), 399-443. 
[HU] Happel, D.; Unger, L., Almod complete tilting module•, Proc.AMS 107 (1989), 603-610. 
[M] Miyuhita, Y., Tilling module• of finite projective dimenaion, Math. Zeitschrin 193 (1986), 

113-146. 
[RS) Rickard, J .; Schofield, A., Cocover, and tilling modul.,,, Math.Proc.Camb.Phil.Soc. 106 

(1989), 1-5. 
[RiS) Riedtmann, Ch.; Schofield, A., On a •implicia/ comple2: auociated with luting module,, 

Comment.Math.Helv. 66 (1991), 70-78. 
[R] Ringel, C.M., Tam" algebra, and integral quadratic fornu, Springer Lecture Notes 1099 

(1984). 
[W) Wa.kamatsu, T., Stable equivalence of ,elfinjective algebra, and a genl!ralualion of tilling 

module,, preprint . 

Keywonu. partial tilting modules, cocovers, contravariantly finite subcategories 
1991 Mathematics aubject clauificnlio~: 16G10,16El0 

1 lnstituto de Matematica, Universidade de Sio Paulo, Caixa Postal 20570, Sio Paulo, Brasil 
2 Fakultit ffir Mathematik, Universitit Bielefeld, Postfach 8640, 4800 Bielefeld 1, FRG 
3 Fachbereich Mathematik, Universitit Paderborn, Warburgerstr . 100, 4790 Paderborn, FRG 



80---01 
80··-02 

B0-03 

80-·04 

B0-05 

80 --06 

80-07 

80-08 

80·-09 

81-10 
81 ·-11 

131·-12 

81-13 

81 ·-14 

81-15 

81-16 
81-17 

81 ·-18 

81-19 

01-20 

81·-21 

81-22 
Bi ·-23 

Bl ·-24 

131 --25 

81 - 26 

TRABALHOS 00 DEPARTAMENTO DE MATEMATICA 

TITULOS PUBLICADOS 

PLETCH, A. 
PLETCH, A. -

8 p. 

Local freeness of profinite groups, 10 p. 
Strong completeness in profinite groups. 

CARNIELLI, W.A. & ALCANTARA, L.P. de Transfinite 
duction on ordinal configurations. 22 p. 

JONES RODRIGUES, A.R. Integral representations 

In­

of 
c~clic p-groups. 13 p, 

CORRADA, H. & ALCANTARA, L.P. de 
ted s~stems. 25 p, 

Notes on 111an~-sor-

POLCJNO HILIES, F.C. & SEHGAL, S.K. FC-elements in a 
group ring. 10 p. 

CHEN, C.C. On the Ricci condition and minimal sur-
faces with constant!~ curved Gauss map. 10 p. 

CHEN, C.C. Total curvature and topological structure 
of complete minimal surfaces. 21 p. 

CHEN, C,C. On the image of the generalized Gauss map 
of a complete minimal surface in R4. 8 p. 

JONES RODRIGUEZ, A.R. Units of ZCpn. 7 p, 
KOTAS, J. & COSTA, N.C.A. da Problems of model and 

discussive logics. 35 p. 
BRITO, F.B. & GONCALVES, D.L. Algebras nio associa­

t Iva$, $istemas diferenciais polinomiais homogi­
neos e classes caracteristicas. 7 p. 

POLCINO HILIES, F.C. Group rings whose torsion units 
frDm a s•.1bgro1.1p II. Iv. (nio paginado). 

CHEN, C.C. An elEmentar~ proof of Calabi 's theorems 
on holornorphic curves. 5 p. 

COSTA, N.C.A. da & ALVES, E.H. Relations between 
paraconsistent logic and man~-valued logic. 8 p. 

CASTILLA, H.S.A.C. On Prz~m•Jsinsk i's theorem. 6 p, 
CHEN, C.C. & GOES, C.C. Degenerate minimal surfaces 

in ll4. ~•t p. 
CASTILLA, M.S.A.C. lmagens inversas de algumas apli-

ca~oes fechadas. 11 p. 
ARAGONA VALLEJO, A.J. & EXEL FILHO, R. An infinite 

dimensional version of Hartogs' extensiDn theo­
reai. 9 p. 

GONCALVES, J.Z. Groups rings with solvable unit 
groups. 15p. 

CARNIELLI, W.A. & ALCANTARA, L.P. de Paraconsistent 
algebF,lS. 16 p. 

GONCALVES, D.L. Nilpotent actions. 10 p. 
COELHO, S.P. Group Fings with units of bounded expo­

nent oveF the center. 25 p. 
PARMENTER, M.M. & POLCINO MILIES, F.C. A note on 

isomorphic group rings. 4 p. 
MERKLEN GOLDSCHMIDT, H.A. HereditaF~ algebras with 

maximum spectra are of finite t~pe. 10 p. 
POLCINO MILIES, F.C. Units of group Fings : a short 

s•JF ve~. :12 p. 



81 - 27 

81-28 

81-29 

81-30 

81-31 

81-32 

81 - 33 

81-34 

81-35 

81-36 

82- 37 

82-38 

82- 39 

82- 40 

82-41 

82-42 

82-43 

82-44 

92-45 

82-46 

82- 47 

82-48 

82-49 

83- 50 

CHEN, C.C. & GACKSTATTER, F. Elliptic and h~per­
elliptic functions and complete miniMal surfaces 
with handles. 14 p. 

POLCINO HILIES, F.C. A glance at the earl~ hlstor~ 
of group rings. 22 p. 

FERRER SANTOS, W.R. Reductive actions of algebraic 
groups on affine varieties. 52 p. 

COSTA, N.C.A. da The philosophical iaport of 
paraconsistent logic. 26 p. 

GONCALVES, D.L. Generalized classes of groups, 
spaces c-nilpotent and "the Hurewlcz theorem·. 
30 p. 

COSTA, N.C.A. da & MORTENSEN, Chris. Notes on the 
theor~ of variable binding term operators. 18 p. 

MERKLEN GOLDSCHMIDT, H.A. Homogenes 1-heredltar~ al­
gebras with maximum spectra. 32 p. 

PERES!, L.A. A note on semiprime generalized alter­
native algebras. 10 p. 

MIRAGLIA NETO, F. On the preservation of elementar~ 
equivalence and embedding b~ filtred powQrs and 
structures of stable continuous functions. 9 p. 

FIGUEIREDO, G.V.R. Catastrophe theor~ : some global 
theor~ a full proof. 91 p. 

COSTA, R.C.F. On the derivations of gam~tic alge­
bras. 17 p, 

FIGUEIREDO, G.V.R. A shorter proof of the Thom­
Zeeman global theorem for catastrophes of 
cod<= 5. 7 p. 

VELOSO, J.H.M. Lie equations and Lie alg~bras : the 
intrasitive case. 97 p. 

GOES, C.C. Some results about minimal IMmersions 
having flat normal bundle. 37 p. 

FERRER SANTOS, W.R. Cohomolog~ of coModules II. 
15 p. 

SOUZA, U.H.G. Classification of closed sets and dif­
feos of one-dimensional manifolds. 15 p. 

GOES, C.C. The stabil it~ of minimal cones of codl­
mension greater than one in Rn. 27 P ■ 

PERES!, L.A. On automorphisms of gametic algebras. 
27 p. 

POLCINO MILIES, F.C. & SEHGAL, S.K. Torsion units in 
integral group rings of metac~clic group•. 18 p. 

GONCALVES, J.Z. Free subgroups of units in group 
rings. 8 p. 

VELOSO, J.M.M. New classes of intransitive simple 
Lie pseudogroups. 8 p. 

CHEN, C.C. The generalized curvature ellipses and 
minimal surfaces. 10 p. 

COSTA, R.C.F. On the derivation algebra of z~gotic 
algebras for pol~ploid~ with aultipla alleles. 
24 p. 

GONCALVES, J.Z. Free subgroups in the group of units 
of group rings over algebraic integers. 3 p. 



83-51 

83-52 

83-53 
83-54 

83-55 

83-56 

83-57 

83-58 

83-59 

83-60 

84-61 

84-62 

84-63 
84-64 

84-65 
84-66 

84-67 

84-68 

84-69 

84-70 

84-71 

84-72 

84-73 

84-74 

84-75 

MANDEL, A. & GONCALVES, J.Z. Free k-triples In line-
ar groups. 7 p. 

BRITO, F.G.B. A remark on closed minimal h~persur­
faces of S4 with second fundamental form of 
constant length. 12 p. 

KIIHL, J.C.S. LI-structures and sphere bundles. 8 p. 
COSTA, R.C.F. On genetic algebras with prescribed 

d«rivations. 23 P ■ 
SALVITTI, R. Integrabilidade das dlstribui~5es dadas 

por sub~lgebras de Lie de codimens~o flnita no 
gh(n,C). 4 p. 

HANDEL, A. & GONCALVES, J.Z. 
sets of free k-Tuples of 

BRITO, F.G.B. A remark on 
codimension two. 24 p. 

Construction of 
matrices. 18 p. 
minimal foliations of 

GONCALVES, J.Z. Free groups in subnormal subgroups 
and the residual nilpotence of the group of 
units of group rings. 9 p, 

BELOQUI, J.A. Modulus of stabilit~ 
fields on 3-manifolds. 40 p, 

for vector 

GONCALVES, J.Z. Some groups not subnormal in the 
group of units of its integral group ring. 8 p. 

GOES, c.c. & SIMOES, P.A.Q. Imers6es m/nimas nos es-
pa~os hiperbdlicos. 15 p. 

GIANBRUNO, A.i MISSO, P. & POLCINO MILIES, F.C. Der­
ivations with invertible values in rings with 
involution. 12 p. 

FERRER SANTOS, W.R. A note on affine 
GONCALVES, J.Z. Free-subgroups and 

nilpotence of the group of units 
p-adic group rings. 12 p. 

quotients. 6 p. 
the residual 

of modular and 

GONCALVES, D.L. Fixed points of S1-fibrations. 18 p. 
RODRIGUES, A.A.M. Contact and equivalence of subman­

ifolds of homogenous spaces. 15 p. 
LOURENCO, M.L. A projective limit representation of 

CDFCl-spaces with the approximation propert~. 
20 p. 

FORNARI, S. Total absolute curvature of surfaces 
with boundar~. 25 p. 

BRITO, F.G.B. & WALCZAK, P.G. Totall~ geodesic foli-
ations with integral normal bundles. 6 p. 

LANGEVIN, R. & POSSANI, C. Quase-folhea~5es e inte­
grals de curvatura no piano. 26 p. 

OLIVEIRA, H.E.G.G. de Non-orientable minimal 
faces in RN. 41 p. 

sur-

PERES!, L.A. On barlc algebras with prescribed auto­
morphisms. 42 p. 

MIRAGLIA NETO, F. & ROCHA FILHO, G.C. The measura-
billt~ of Riemann integrable-function with val­
ues in Banach spaces and applications. 27 p. 

MERKLEN GOLDSCHMIDT, H.A. Artin algebras wich are 
equivalent to a hereditar~ algebra modulo pre­
proJectives. 38 p. 

GOES, C.C. & SIMOES, P.A.Q. The generalized Gauss 
map of minimal surfaces in H3 and H4. 16 p. 



84- 76 

85-77 

85-78 

85- 79 

85--80 

85·-81 

85-82 

85·-83 

85--84 

85·-85 

85--86 

05- 87 

85·-BB 

85-89 

86 --90 

86·-91 

86- 92 

86·-93 

86·-94 

86·-95 

86--96 

06--97 

06-98 

GONCALVES, J.Z. Normal and subnormal subgroups in 
the group of units of a group rings. 13 p. 

ARAGONA_VALLEJO, A.J. On existence theor••s for the 
a-operator on generalized differential foras. 

13 p. 
POLCINO MILIES, C.; RITTER, J. & SEHGAL, s.K. On a 

conjecture of Zassenhaus on torsion units in in­
tegral group rings II. 14 p, 

JONES RODRIGUEZ, A.R. & MICHLER, G.O. On the 
ture of the Integral Green ring of a 

str•lc·­
c~c 1 ic 
of the group of order p2. The Jacobson radical 

integral Green ring of a c~clic group of order 
p2. 26 P. 

VELOSO, J.M.H. & VERDERESI, J.A. Three dimensional 
Ca.uch~-Riemann manifolds. 19 p. 

PERESI, L.A. On ba.ric algebras with prescribed auto-
morphisms II. 18 p. 

KNUDSEN, C.A. 0 impasse aritmo- geomitrlco ea evolu­
<;ao do conceito de nilmero na. Gree ia ant iga. 43p. 

VELOSO, J,M.M. & VERDERESI, J.A. La geoaetrie, le 
probleme d 'equivalence et le classification des 
CR-varietes homogenes en dimension 3. 30 p. 

GONCALVES, J.Z. Integral group rings whose group is 
solvable, an elementar~ proof. 11 P ■ 

LUCIANO, 0.0. Nebuleuses infinitesimelement fibrees. 
5 p. 

ASPERTI, A.C. & DAJCZER, M. Conformal]~ flat Rieman­
nian manifolds as h~persurfaces of the ligth 
cone. 8 p. 

BELOQUI, J.A. A quasi-transversal Hopf blfurcat Ions. 
11 p -

POLCINO MILIES, F,C. & RAPHAEL, D.M. A note on deri-
vations with power centr-al values in prime 
rings. 7 p. 

POLCINO MILIES, F.C. Torsion units in group rings 
and a conJectur-e of H.J.Zassenhaus. 14 p. 

LOURENCO, M.L. Riemann domains over (DFC) spaces. 
32 p. 

ARAGONA VALLEJO, A.J. & FERNANDES,J.C.D. The Hartogs 
extension theorem for holomorphic generalized 
f•Jnct ions. 9 p. 

CARRARA ZANETIC, V.L. Extensions of immer•ions in 
dimension two. 27 p. 

PERES!, L.A. The derivation algebra of gametic and 
z~gotic algebras for linked loci. 25 p, 

COELHO, S.P. A note on central idempotRnts in group 
ring. 5 p. 

PERESI, L.A. On derivations of baric algebras with 
prescr-ibed automorphisms. 21 p. 

COELHO, F.U. A generalization of a theore11 of 
Todorov on preproJectives partitions. 18 p. 

ASPERTI, A.C. A note on the mini11al iamersions of 
the two-sphere. 11 p. 

COELHO, S.P. & POLCINO MILIES, F.C. A note on cen-
tral ideoipotents in group rings II. 8 p. 



86-99 

86-01 

86-02 

86-03 

86-04 

86-05 

86-06 

87-01 

87-02 

87-03 

87-04 

87-05 

87-06 
87-07 

87-08 

87-09 

88-01 

88-02 

88-03 

88-0-4 
88--05 

88-06 

EXEL FILHO, R. Hankel matrices over right ordered 
amenable groups. 18 p. 

NOVA SERIE 

GOODAIRE, E.G. & POLCINO MILIES, F.C. Isomorphisms 
of integral alternative loop rings. 11 p. 

WALCZAK, P.O. Foliations which admit the most mean 
curvature functions. 11 p. 

OLIVEIRA, M.E.O.G. Minimal Klein bottles with one 
end in R3 and R-4. 12 p. 

MICALI, A. & VILLAMAYOR, O.E. Homologie de 
Hochschild de certaines algebres de groupes. 
11 p. 

OLIVEIRA, M.E.G.G. Minimal Klein bottles in R3 with 
finite total curvature. 9 p. 

CARRARA ZANETIC, V.L. Classification of stable 111aps 
between 2-manifolds with given singular set 
I 111age. 22 p. 

BRITO, F.G.B. & WALCZAK, P.G. Total curvature of or­
thogonal vector fields on three-manifolds. 4 p. 

BRITO, F.G.B. & LEITE, M.L. A re•ark on rotation~l 
h~persurfaces of Sn. 13 p. 

GONCALVES, J., RITTER, J. & SEHGAL, S. SubnorMal sub 
groups in U(ZG). 13 p. 

ARAGONA VALLEJO, A.J. & COLOHBEAU, J.F. The Inter-
polation theorem for holomorphic generalized 
f•mctions. l2p. 

ALMEIDA, S.C. de & BRITO, F.G.B. Immersed h~persur­
faces of a space form with distinct principal 
c1.1rvati.1res. 9 p. 

ASPERTI, A.C. Generic miniMal surfaces. 21 p. 
GOODAIRE, E.G. & POLCINO MILIES, F.C. Torsion units 

in alternative group rings. 17 p. 
HERKLEN GOLDSCHMIDT, H.A. Algebras which are •quiva­

lent to a heredltar~ algebra modylo prepr0Jec­
tive1:1 II. 27 p. 

REYNOL FILHO, A. P-localization of some classes of 
gro1.1ps. 30 p. 

CARLSON, J.F. & JONES, A. An exponent lal propert~ of 
lattices over group rings. 22 p. 

CARLSON, J.F. & JONES, A. Wild categories of 
periodic modules. 6 p. 

SALLUH, E.M. The nonwandering set of flows on a Reeb 
fol I at i on . 13 p • 

ALMEIDA, R. Cohomologle des suites d'Ati~ah. l~ p. 
GUZZO JR., H. Algun~ teoremas de caracteriza~io para 

algebras alternatlvas a direita. 16 p. 
HARLE, C.E. Subvariedades isoparamdtricas homog~neas. 

5 p, 



88-07 

88-08 

88-09 

88-10 

88-11 

89-01 

89-02 

89-03 

89-04 

89-05 

90-01 

90-02 

90-03 

90-04 

90-05 

90-06 

90-07 

90-08 

91-01 

91-02 

91-03 

91-04 

91-05 

LANGEVIN, R. Vers une classification des dlffeomor­
phlsMes Morse-S•ale d'une surface. 18 P ■ 

ARAGONA VALLEJO, A. J. & BIAGIONI, H. A. An Intrin­
sic definition of the Colombeau algebra of gen­
eralized functions. 48 p. 

BORSARI, H.D. A Cohomologlcal characterization of 
redutlve algebraic groups. 20 p. 

COELHO, S.P. & POLCINO MILIES, F.C. Finite conJugac~ 
in group rings. 20 p. 

FERNANDEZ, R. Characterization of the dual of an 
Orlicz Space. 19 p. 

GONCALVES, J.Z. & MANDEL, A. Embedding the Free Group 
Ring into Formal Series. 4 p. 

REYNOL f!, A. Nilpotent spaces: some inequalities on 
nilpotenc~ degrees. 17 p. 

GOUVeA, F.Q. Deforming Galois Representations: Control­
lling the Conductor. 22 p. 

CORDARO, P. & TREVES, F. Hornolog~ & Coho■olog~ in 
H~po-Anal~tic Structures of the H~persurfaces 
T~pe. 108p. 

ARAGONA VALLEJO, A. J. & VILLARREAL ALVARADO, F. 
Colombeau's theor~ and shock Waves in a 
problem of H~drod~namics. 48 p. 

MANDEL, A. & GONCALVES, J.Z. Semigroup laws and free 
semigroups in the group of units of group rings. 
11 p. 

LINTZ, R.G. Generation of Quantu■-fields b~ non-deter­
minl~tic ~ields. 32p. 

LINTZ, R.G. A critical stud~ on the foundations of Ge­
ometr~. 41p. 

LINTZ, R.G. The theor~ of manifolds from the non-deter­
ministic point of vie~. 32p. 

GUIDORIZZI, H.L. Oscillating and Periodic solutions of 
Lienard equations. 18p. 

BIANCONI, R. Model Completeness Results for Elliptic 
and Abelian Functions. 21p. 

LEAL, G. & POLCINO HILIES, C. IsoMorphic Group (and 
Loop) Algebras. 21p. 

LANO~~:~ . R. & POSSANI, C. Total curvature of folia­
tions. 18p. 

COELHO S.P. & POLCINO HILIES, C. Derivations of Upper 
Triangular Matrix Rings. 7 p. 

JESPERS E., LEAL G. & POLCINO HILIES, C. Ide■potents 
in Rational Abelian Groups Algebras. lep. 

FALBEL E. Non-embeddable CR-structures and dilations. 
7 p. 

JESPERS E., LEAL G. & POLCINO MILIES, C. Indecompo­
sable R. A. Loops. 36p. 

COELHO F., HAPPEL D. & UNGER L. CompleNents to par­
tial tilting modules. 2lp. 



• 




