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Abstract 

b is ehown \ha.\ every ln&nit.e word • over a lillitc alphabei is & 
weak aeaquipow•.r, Le. it admit, a fadoruation 

where Iv, I > 0 a.nd, IOI' each i, 111 and v; are finite word, ol equal length. 
Thi, impliea a strong venion ol a ,heorem of Hindma.n. 

, 1 Weak sesquipowers 

Let A• be the free monoid generated by the finite set A and let ADI be the eet 
oC (one-sided) infinite words over A. An element• of Alll will be considered 
u a function •: lN - A. 

Let v = { v1, "2, ••. ) and v' ::: ( t1, vi, ... ) be sequences of word1 in A.•, 
such that l11il > 0 and, for each i ~ 1, lv,I = lvll , We recursively define two 
eequencea x = (:i:1, zi, ... ) and y = (111, VJ, ... ) as follows: 

and (n ~ 1), 

111 = tt~ and lf,.+1 = y,.v~+1%tt (n ~ 1). 

For each n ~ 1, :i:,. and 1/n are left fadon of :i:,.+1 and 1/n+l, respectively, 
hence x and y define words :i: and l/ in A 11• We eay that a word • in A• ia a 
1uguipotuer (toeoi 1es111ipo111er) of ortler n if there exis\ v (v and Y') such 

"Thia work wu aupporttcl by FAPESP. 
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that•= :rn (,=Sin)- We say that a word• in A• ii a ,e,quipower (weak 
,e,quipower) if there exist v (v and v') such that • = :r (, = s,). Note tha, 
a weak sesquipower is obtained Crom a aesquipower by ,ubatituting the first 
occurrence (Crom left to right) or each variable by a word of equal length. 
Sesquipowera constitute an unavoidable regularity in words and were wied 
by Coudrain and Schiitzenberger {2]. 

Our main result can be stated as follows: 

Theorem 1 Ever'fl infinite word i, a wed ,e,quipower. 

The proof uses dynamical techniques first applied to Ramsey theory by 
H. Furstenberg {4). It is based on the following theorem of Auslander (1) and 
Ellis 13): "In a dynamical system on a compact metric apace every point ia 
proximal to a uniformly recurrent point in its orbit closure.• (4, p. 160). 

Proof. We consider the cyclic dynamical system (X,T), where X = A• ia 
a compact metric apace induced by the distance 

d(,,t) = inf{ 1/(1 + n) I ,(i) = t(i) for all i, 0 Si< n }, 

and T is the shift tranaformation, i.e. [T,J(n) = ,(n + 1), for • E X and 
n e lH. Clearly, T: X - X is continuous. 

Let II be a given word in X. By the theorem of Auslander and Ellis there 
exists • uniformly recurrent word t in the orbit closure of ,, auch that • and 
t are pr'oximal. 

Now we claim that for every factorization t = ut' of t, with u in A", 
there exist v and ti in A• such that 

t=wt" and 1 
• = v'u••• 

Indeed, since t is uniformly recurrent, the word u occurs in t syndetically, 
that ia, there exists a d E 1N, such that for every n e JN, u is a segment of 
t(n)t(n+ 1) ·••t(n+d) [4, p. 31). On the other hand, 11 and tare proximal, 
hence, given d, there existe n, such that ,(n + i) = t(n + i) for every i, 
0 S i S d [4, p. 158). We can clearly aaaume that n ~ lul. Since u ie a 
eegment oft(n) .. •t(n + d), it Collowe that there exist v,v',t" and 11", euch 
that lvl = lv'I ~ n ~ lul, t = wt" and•= ,lu,", as claimed. · 

Let us define 1/i = •(0) and 111 = t(O). Aasume that 111, ••• , 11n, 1/i, ... v',. 
haYe been defined, auch that • = S,ne' and t = :r,.i. Applying the above 
property for u = :r11 we have th&t t = v:r,.t" and • = ,/z.. .. , with !vi = 
lv'I ~ 1:r..l = Ir.ti• There exi8' then ll..+1 and v'..+l• auch thal v = :r"""+l 

,! 
• 
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and u' = lfnVn+l• with lt1n+1I = lv'n+1I• Thus, t = :i:11t111+1:tnt" = :tn+1t" and 
I= lfnVn+1:i:na'' = lfn+i1

11
, Note that 11111 = 1 implies that l:i:,.+11 = llfn+il > 

l:i:nl = lrnl; hence, the aequence (1N)•~1 convergea to•· This complete. the 
proof or the theorem. · I 

REMARKS· 

(1) By way of an example, consider the infinite word, in { a,& )11 defined 
by 

, = aba2b2a3b3 .. • a"b" .... 

Word • has the desired factorization (1 denotes the empty word) with 

v = (b, 1, 1,2' 1,so, 1,un' ... ) 

and 

In general, having determined ti~, 111, u~, ... , tln-1, u'11 word tin will be 
61•~1 and "~+l will be chosen so that i,,.u~+l is the word preceding the 
first occurrence of :t,. e r,• in ,. 

(2) In the proof we have chosen t11 to be of length one, but clearly t11 could 
have been ch086n to be of any positive length. 

We state now the finite version of Theorem 1, which follows from it by 
the compactness of X. 

Corollary 2 Given integer, n,k ~ 1, there eri,t, an inftgtr m::: m(n,.l), 
1uch that et1ery word of length m 011er an alphabet of cardinality k ha~ a left 
factor which ia • weak 11eaquipo111er of order n. 

Note that the proof of Corollary 2 is non-constructive and, in particular, 
it does not. give any information about the function m(n,k). We do not 
know of a constructive proof neither for Theorem 1 nor for Corollary 2. 

2 Combinatorial consequences 

In this section we first derive a Theorem of Hindman l7J as a colll!equence 
of Theorem 1. Lat.er, - ahow that even a 1trooger version of Hindman'• 
Theorem can be deriTed from Theorem 1. 
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Let Jli,PJ,··. be a sequence of naturals. The Hindman ,et generated 61 
the sequence (p.),.!:1 ia the aubaet Hof m which consist.I of all finite •uma 

1'11 + Pi1 + • '' + l'iu 

for J,: ~ 1, and 1 S i1 < i2 < • • • < i,., A subset H of It ia a Hindma• nt ii 
it ia a Hindman set generated by 110me sequence (p;);2:1• 

Corollary 3 (Hindman (Tl) In II Jiraite partition of m, 

nt= B1UB2U•••UB1 , 

one of the •et. B, containa a Hindman aet, 

Proof. The given partition defines an infinite word • in A•, with A = 
{1, ... ,9}, where •(n) =; i£ and only if n e BJ. Since• ia a weak 
aesquipower there exist v and v', •uch that • = If• We may u well u­
aume that )1111 = 1. We define p, = IYi"'+1l, £or i ~ 1, and claim that the 
•um Pi, + P,2 + · · · .f! "'•• for A: '2: 1, and 1 S i1 <! i1 < • • • < i,., belongs to 
B.1 • Indeed, 11ince ,=, it a left £actor of re,', whenever p S rl, it follOWII from 
the con.truction of the Zn'• that 

for sooie u in A•. Hence, 

and a(p;1 +p,2 +·· •+p,.) = 111, Th111,p;1+p;1 +•·•+p;. e B • ., u claimed. 
Thill completes the proof. I 

REMARKS -

(3) Hindman'• original proof of Corollary 3 wu combinatorial. The lint 
proof using topological dynamic■ was given by Furstenberg and Weiaa 
(5). 

' (4.) Jwit u Hindman'• theorem wu deduced from Theorem 1, it■ finite 
verei011, the Folkman-Rado-Sanden theorem (■- (6, p. 651) can be 
obtained from Corollary 2. 



Now we uee Theorem 1 to establish a strong version of Hindman'• the­
orem. 

Let H be the Hindman set generated by the sequence (p;)il?:1• For given 
m ~ 1, let H. be lhe Hindman set generated by (p;);~,,.; then we 1a7 tb&t 
H,,. i.a a rutrictio• of H. These Hindman sets are related u follows: 

For a e lf and H !;;; llf we ahall denote by a + H the .et 

Cl+ H = { G + h I h EH}. 

Thus, if His a Hindman aet generated by (p;);~1, a. ~ 0 and m ~ 1 are 
naturals, then 11 + H..., consists of &II finite 1u1t111 

Cl+ Pi, + Pit + '' '+ Pi11 

for k ~ 1, and 1 S i1 < i2 < • • • < i,. 

Theorem 4 For et1err finite partition of llf, 

lll = B1 U Ba U • • • U B,, 

tAere uiau a Hindman •et H feneratetl by (p;)il?:1, ,uc/a that for everr a in lN, 
H haa a re•triction H,.. (m ~ 1), for v,hieh the ,et a+H- i, monochromatic. 

1 

Proof. Cousider the alphabet A= { 1, ... ,f} and define• in Alli by puting 
a(n) = j if and only if n E B;. Since• la a weak aesquipower there exist 
'Y and Y, auch that • = 1/, Without loa of generality we may asaume that 
11111 = 1 and let ua define Pi = h1;v;+1I, for i ~ 1. 

Let m, l ~ 1 be naturala and let i1 be 11Uch that m S i1 < i2 < .. • < i,.. 
We claim that, for eome a' E A•, • has a f'adorintion 

with 

To - the claim we fix m and begin proving, by induction on l, that, for 
M>mllfEA", 

Indeed, for i = 1, puting 1 = 1, we han Si, = :11:,1 • Assuming tbu 

6 



we haYe, lince r:; • a left factor of Zy whenever p Sr/, and i• :!::; •11-1 + 1, 
) 

hence, 

Now, it 1uffice1 to obse"e that 11;,+1 ia a left factor of•• hence, for an 
appropriate ," E A•, 

Substituting :r,1 we get 

Obaening that :r,,. la a lei\ £actor of :i:11 becauae m :Sit and puting 

we have, for'. an appropriate ; E A•, 
• = u:r,,.•' and 

This proves the claim. 
Now, to prove the theorem let ua assume that a ;?: 0 is given. Let ua 

choose m ~ 1, 1111ch that l:r.,.! > a, and let j, 1 :S j :S q, be the (a+ 1)­
th letter of :i:,,., that ls, :i:,.. = g1jg2, with 1911 = a, j E A and 92 e A". 

Now, using the claim, it followa that whenever I:;?: 1 and m :S i1 < i2 < 
· · · < ••• •(a+ Pl1 + p;2 + .. • + p;_.) = j, that ii, b1 the construction of 
•• ca+ Pii + p;, + •·• + p;_. E B;. Thu■, a+ H. ~ B;; hence a+ H.., la 
monochromatic. This completes the proof. I 

REMARK -

(5) Obse"e that l~I ~ 'i, hence, for a given a~ O, one can Ake m = 
1 + flog2(a + 1)1 in the 1tatement of Theorem-', lince £or thia m one 
already bu l:r.,.I > ca, u needed. · 
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3 A remark about Birkhoff's theorem 
Aa we noted earlier, the proof of Theorem 1 ia non-constructive and we 
do not know of a constructin proof. Aa a possible first 1tep towarda 1uch 
a proof we outline in the aequel a proof of Birkhoff"1 recurrence theorem, 
without. uaing Zorn'• lemma, ,-alid for dynamical 1y1tema of our intere■t. 

For , in A• we define 

and 
ayu = { u EA" J seg, - A"uA" is finite}. 

Here, Beg, and 11yn, ,tand for the eet of eegment.11 of, and the ■et of ■egrnentl 
of• that occur 1yndetically in ,. It ill well known that • E A• ii uniformly 
recurrent. if and only if seg, = 1yn, [4, p. 31). Indeed, one can alao prove 
that, ill uniformly recurrent if and only if aeg, is minimal in { seg t I t E A 111 } 
(see [6, p.1371). A step in thie proof i, given by the lemma: 

Lemma 5 Let, e A• an,l u e seg1-1yn,. There emu t e A• 111ch thst 
1yn1 ~ aynt ~ aeg, - A"uA'. 

Proof. Since u '/. syn,, the set S = aeg, - A'uA" ia infinite and it ii 
clearly cl011ed by taking aegmenta of word■ in S. By Konig'11 lemma {or 

1 by compactness of A•) there exista t E A• such that aeg t ~ S. Since 
aeg t ~ 11eg ,, it followa that 11yn, ~ 1yn t and the lemma i1 proved. I 

Proposition 8 Let (X,T} h • dynamical 1y1tem, where X ~ A•, end T 
i, tAe ,hift tran,f ormation. Then X contain, • •nif a,ml, rcc•rrcllt poillt. 

Proof. It is 1ufficient to prove that the orbit. closure o( every, in A• contains 
a word tin All which w uniformly recurrent, i.e. 1uch that 11n• ~ aynt = 
aegt s;; 11g1. To do this, we claim that there exisu a sequenca •o,•1, ... of 
word■ in A•, auch that~=•• 

ayn•o ~ 11n•1 ~ ••· ~ ayn,,. ~ •· • 
and, !or each n ~ l, •JD•• ;2 aeg ,,. n A". Indeed, •i+ 1 can be obtained 
from " bJ repeatedly applying Lemma 5, for word• u of length i + 1, until 
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geting a word, •Hi, for which ever, word of length at moat i + 1 in aeg••+l 

belongs to ayn•,+1· 
Consider now the set S = { a; I i 2: 0 }. IC S is finite thon, for eome ;, 

•; = •;+t = •••and the theorem is proved £or t = •;, which ia uniformly 

recurrent ■ince aeg •1 = syn•;. Otherwiae, S is infinite and it has a limi, 
point t, 1ince A11 is a compact ,pace. Now, the following incluaiona can be' 
proved: 

aegt !;; n aeg•,. !;; u 1yn.,. ~ aynt ~ aegt. 
11,!:0 11,!:0 

1' follow11 that 
IIJD , !;; •JD t = aeg t ~ aeg •• 

i.e. t is a uniformly recurrent word in the orbit closure of•• Thia completea 
the proof of the propo■ition. I 
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