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Quantum Darwinism proposes that the proliferation of redundant information plays a major role in the
emergence of objectivity out of the quantum world. Is this kind of objectivity necessarily classical? We
show that if one takes Spekkens’s notion of noncontextuality as the notion of classicality and the approach

of Brandao, Piani, and Horodecki to quantum Darwinism, the answer to the above question is

1173

yes,” if

the environment encodes the proliferated information sufficiently well. Moreover, we propose a threshold
on this encoding, above which one can unambiguously say that classical objectivity has emerged under

quantum Darwinism.

DOI: 10.1103/PRXQuantum.2.030351

I. INTRODUCTION

Quantum theory is a normative set of rules the explana-
tory power of which finds no counterpart in classical
theories [1-3]. As a framework adapted to deal with proba-
bilistic descriptions of microscopical phenomena, quantum
theory generalizes, and includes, the whole set of classi-
cal probability theories [4]. Remarkably, the generalization
and explanatory capacity of quantum theory come together
with a long list of extremely useful practical applica-
tions [5] and philosophical implications that challenge our
classical understanding of physical reality [6,7].

Amongst the many challenges that quantum theory
presents, two of them still merit attention and a proper con-
nection: first, an unambiguous definition of what is classi-
cal and what is quantum; and, second, the emergence, out
of a deeper microscopical quantum world, of the objective
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reality with which we are familiar. Arguably, an important
candidate for the former is noncontextuality, as it expresses
an important ingredient of the reasoning underlying classi-
cal probability theories—operational equivalences reflect
and imply ontological equivalences [8—11].

To investigate the emergence of an objective (com-
monly agreed upon) reality, we consider that the environ-
ment plays a crucial role in mediating interactions between
observers and the observed system. Within this paradigm,
quantum Darwinism (QD) is undoubtedly one of the most
physically appealing notions, seeking to explain why dis-
tinct and independent observers usually obtain the same
information regarding the system with which they are
interacting [12—14]. In other words, quantum Darwin-
ism helps to explain the emergence of objectivity. Here,
we consider the approach to quantum Darwinism due to
Brandao, Piani, and Horodecki [15], which is independent
of specific aspects of the system-environment interaction
and is thus capable of showing the generic emergence of
objectivity. Moreover, it encapsulates some essential fea-
tures of other important processes related to the emergence
of objectivity under the quantum realm [12,16,17].

Can we say that the objectivity obtained in Darwinist
processes necessarily implies classicality? Considering
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solely the original argument of Branddo et al., this is
certainly not clear: as we shall see, no restriction is
made on the information upon which the observers agree.
Moreover, a recent result reinforces the idea that agree-
ment—classical or not—may be an important defining
aspect of quantum theory itself, making this question even
more subtle [18]. In this work, we show that whenever
“enough objectivity” emerges due to a Darwinist process,
observers can construct noncontextual models explaining
the statistics of their experiments. Therefore, the novel
aspect we put forward is that noncontextuality emerges
out of (sufficiently successful) quantum Darwinism or, in
other words, that a precise notion of classicality emerges
from this notion of objectivity. Moreover, we discuss how
even if quantum Darwinism does not hold, contextuality
might still fade out in an environment-as-a-witness dynam-
ics, thus being a more sensitive feature. Finally, we propose
a quantitative condition for the emergence of classical
objectivity under quantum Darwinism. Surprisingly, our
proofs can also be of interest to quantum state discrimi-
nation, as we show that a high success probability on this
task can point to a geometric structure of the states being
discriminated—they must be vertices of a simplex in the
space of density matrices.

II. BACKGROUND

A. Environment as a witness and quantum Darwinism

Quantum Darwinism aims to explain how independent
observers may obtain the same information about a central
quantum system, despite the odd features of quantum the-
ory that defy a classical notion of objectivity. For instance,
if quantum theory may be applied to arbitrary systems
and a cat’s probability of staying alive or dying are both
non-null, why do we all see the same outcome (hopefully
alive)? Ultimately, providing an answer to this question
explains the emergence of an objective world out of the
quantum realm—where the notion of objectivity comes
from the common experience of potential independent
observers [19]. In this section, we concisely describe the
results of Brandao et al. [15] that are of importance to this
work.

Initially proposed in Ref. [12], quantum Darwinism rec-
ognizes the active role of a fragmented environment in
the emergence of objectivity, as dictated by the so-called
“environment-as-a-witness” paradigm. Broadly speaking,
potential observers extract information about the system
of interest by interacting with a portion of its environ-
ment—rather than interacting with the system itself [20].

Let us look into the environment-as-a-witness paradigm
in more detail (see Fig. 1). The central system of inter-
est, 4, interacts with its environment, £, composed of N
subsystems, By, ..., By. We focus on the information that
the environment has about 4, represented by a completely
positive and trace-preserving (CPTP) map @ : D(H,) —

FIG. 1. Different approaches to open systems. (a) The decoher-
ence paradigm. The focus is on the central system A. The envi-
ronment is treated as a monolithic system, usually to be traced
out after the interaction. (b) The environment split into fractions.
The environment is more accurately described as a composition
of several subsystems. (c) Environment-as-a-witness dynamics
and the quantum Darwinism process. Under this paradigm, the
environment is promoted to an information channel, spreading
redundant information about system 4 to independent observers.
In the example of the figure, the number of portions in S, is = 3
and Bs, = {B1, B, B3}. Theorem 4 provides us with a sufficient
condition for such redundant information to be noncontextual,
i.e., classical.

D(He), where D(H 4) represents the density matrices act-
ing on the Hilbert space H 4 of the central system and anal-
ogously for D(H¢). Now, the actual dynamics of interest,
which we call EW; dynamics (short for environment-as-
a-witness ¢ dynamics), consider only a portion of such an
environment and are defined as follows.

Definition 1 (EW, dynamics). Consider a dynamics @ :
D(H4) — D(He), from a central system to a multipartite
environment, A and &, respectively. Let S, C {1,...,N} be
a set of labels describing t portions of the environment
E. An EW, dynamics for the subset Bs, := {B;};cs, is the
CPTP map ®5s: := Tre\sg, o @.

Tracing out £\Bs,, an EW, dynamics selects exactly
those fractions of the environment on which one wants
to center attention. Branddo er al. [15] show that this
dynamics already implies a certain kind of objectivity,
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called objectivity of observables, in which a pointer pos-
itive operator-valued measure (POVM) [21] is selected by
the interaction.

Theorem 1 (Adapted Theorem 2 of Ref. [15], objectivity
of observables). Consider an EW, dynamics ®55:. If the
total environment is big enough compared to S; (N > 1),
then there exists a POVM {Ey} acting on D(H ) such that,
for most choices of S;,

o5t (p) ~ Y Tr[Erploy (1)
k

where a,fst € D(®jeS, HBj) and {Ep) is independent
OfBS,-

A consequence of this theorem is that, when its condi-
tions are met, the environmental state ®55:(p?) approxi-
mately encodes information regarding the probability dis-
tribution p := Tr[Exp?]. (Note, however, that nothing is
said on how good this encoding is.) The most impor-
tant feature of this result is that the POVM {E;}; does
not depend on the elements of Bs,. The emergence of an
objective reality comes from this fact, i.e., that the observ-
able (possibly) monitored by the environment is essentially
independent of which portion of the 7 subsystems of the
environment one ends up with.

From now on, we only consider S; to be portions of
the environment such that the approximation in Eq. (1)
is valid. Moreover, we assume an infinite-sized environ-
ment, as is usual in open-quantum-systems approaches,
such that the approximation can be substituted by an equal-
ity (for details, and for a relaxation of this assumption, see
Appendix A). Without loss of generality, we also assume
that each E; # 0.

With these assumptions, we see that any EW, dynamics,
®Bs: | is effectively a measure-and-prepare map, defined by

the pairs (Ek,a,f ), where {E;}; forms a POVM acting

on the central system with non-null elements and {af St e
are states of By, (as such, these states may depend on the
portion of the environment on which we are focusing).

The objectivity of observables obtained through EW,
dynamics tells us that different observers might gather
information regarding the same observable, {E 1k, (almost)
independently of the choice of Bs, C £. However, objec-
tivity of observables does not solve adequately the emer-
gence of an objective reality, as a crucial feature of the
chosen notion of objectivity is that independent observers
should agree on which outcome they see. In other words,
they should all be able to infer the same label £ upon mea-
suring their share of the environment—and this is not a
consequence of objectivity of observables. Brandio et al.
[15] tell us that this happens when the full Darwinist pro-
cess occurs, i.e., when information about {£;}; is indeed
well encoded on the environmental subsystems.

Let us make the above claim more precise. Consider a
setting with several observers (call them all Bob). For sim-
plicity, assume that we have ¢ Bobs, each receiving one
subsystem of By,, and let us label each Bob by the element
B; € Bs,. Each Bob will be the end of a reduced dynam-
ics, ®% = TrBS,\Bj o ®Bs:, so Bob B; will hold a state

of the form ), ﬁkafj , where afj = Trpg\5 [O’f 5t ]. Now,
the hypotheses that the different subsystems encode well
enough the information regarding the selected observable,
as presumed by quantum Darwinism [22], introduces an
important requirement into the landscape of Ref. [15]: suf-

ficient distinguishability of the states (cr,f 7 for each B;.
We thus define the following.

Definition 2 (QD, process). Consider an EW, dynamics

oBs .= (Ey, Gf ), and the t partial traces ®5 . Define the
quantity

~ B; ~ Bi Bj
pguess[(pka Ukj)k] = mng Zkar [Fk] O'kj:| , (2)
Ry K

where p = Tr[Ek,oA], ofj = T’”Bs,\Bj [afs’] and {Ffj b are
local POVMs for each Bob. A quantum Darwinism pro-
cess with distinguishability n, QD,, is said to occur when
there exists an 0 < n < 1 such that, for all B; € By,

. - B;
m}qnpguess[(pke Ukj )] > . (3)
0

The quantity pguess tells us how well one can discrimi-

B; . ~
nate between states {0}’ }, depending on o (recall that py
is a function of p,). Thus, QD, sets a lower bound on the

distinguishability of the {afj }k, to all B; and regardless of
the initial state of the central system. From now on, when
we write QD,, we assume that 7 is the maximal value for
which Inequality (3) holds.

Finally, Branddo er al. [15] tell us that a Darwin-
ist process essentially leads to all Bobs seeing the same
outcome.

Proposition 1 (Adapted Proposition 3 of Ref. [15], objec-
tivity of outcomes). Consider the probability that each
Bob, by performing a local measurement {Ffj i, gets the
same outcome k, provided that the encoded label is indeed
k ie.,

QR F o | @)

min E pilr
A
o k jES[
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For any QD,, process, there exist local POVMs {Ffj b for
each Bob such that

min Y piTr | QF 0% | = 1 -6, ()
p k JESt

where § =1 —n.

In other words, the better the distribution 7 r[Ek,oA] is

encoded on the states {ofj }, the higher is the probability
that all Bobs will see the same outcome (provided that they
implement the correct measurements). Note that whether
or not the Bobs will see the same outcome is not the key
aspect here; rather, what is important is that if they try to
obtain the information correctly, they will agree. Roughly
speaking, this means that the higher the n in a QD, process,
the higher is the “amount” of emergent objectivity. We
thus have a continuous emergence of objectivity under this
approach to quantum Darwinism. In the (often considered)
limit  — 1 of perfect encoding, nearly perfect objectivity
is obtained. Whether this condition of “high 1" is generic
or not among physically motivated interactions is still an
open question. Even though it is a natural assumption to
take in the environment-as-a-witness paradigm, it is not
known whether generic interacions will reach high distin-
guishability or not. Since this is vital to the Darwinism
program, we hope that future work will provide such an
answer.

The emergence of objectivity under quantum Darwin-
ism in the framework of Branddo et al. is a remarkable
result. It comes, nevertheless, with a small drawback, as
there are no restrictions on the nature of {E;}; [15]—in
principle, {E}}; can even represent an informationally
complete POVM. This is incompatible with the idea of a
“classical observable” selected by the interaction, as usu-
ally thought of within the Darwinist program [22]. The
possibility of having informationally complete POVMs
spreading over the environment means that essentially a//
information (including quantum information) contained in
p? can be stored in the environment.

Can we still say that some sort of classicality arises in
those cases? Here, we argue that, even if we allow for (Ex)x
to be an informationally complete POVM, there is still a
precise notion of the emergence of classicality in some
QD,, processes: all the Bobs can construct a noncontextual
ontological model for the statistics of their measurements
on every ®5 (p?).

B. Spekkens’ contextuality

The conception of classicality that we adopt is
Spekkens’s notion of noncontextuality [10] for prepare-
and-measure scenarios. This notion captures essential fea-
tures of classical theories and thus encapsulates several

criteria associated with classicality in different research
areas. For instance, Spekkens’s noncontextuality is equiv-
alent to the existence of positive quasiprobability distri-
butions [9], which is a widely used classicality criteria
in quantum optics [23,24]. In the framework of gener-
alized probabilistic theories [25,26], in which physical
principles can be studied without resorting to the quantum
or classical formalisms, a noncontextual theory must be
embedded in classical probability theory [27]. Moreover,
Spekkens’s noncontextuality also encapsulates Gaussian
quantum mechanics [28] and subsumes the well-known
notions of Kochen-Specker noncontextuality [29—32] and
local causality [33]. In this section, we briefly describe this
idea of classicality.

Spekkens’ framework is operational and allows for a
representation of laboratory procedures—a list P of prepa-
rations, a list M of measurements, and a set of effects
{b|M}, for each measurement M in M. In particular, it
is assumed that convex combinations of preparations in P
also result in valid preparations. In general, there will be
equivalences among procedures of the same type: a prepa-
ration P; € P is equivalent to P, € P in a prepare-and-
measure scenario when, for all conceivable measurement
procedures, p (b|M, P;) = p(b|M, P;). That is, one cannot
distinguish those preparation procedures from the proba-
bilities arising on any measurement—or, equivalently, for
a subset of measurements called tomographically com-
plete. The above relation defines equivalence classes of
preparations, each class denoted by [P]. For instance, in
quantum theory, a density matrix could label an equiv-
alence class: all the alternative ways to produce a cer-
tain p € D(H) will always lead to the same statistics.
Similarly, we can define the equivalences for events of
measurements: they are equivalent when no conceivable
preparation leads to different probabilities. In quantum the-
ory, these can be labeled by the elements of POVMs.
We denote the sets of all equivalences of each type of
procedure as Equiv{P} and Equiv{M}.

As an attempt to classically explain how the prob-
abilities arise within the operational theory, one might
try to construct an ontological model. Ontological mod-
els in prepare-and-measure scenarios comprise of three
ingredients: a measurable space (A, X); a linear map
u: P (up)pep, where up(A) is a probability measure
over A; and another linear map & : (b|M) — &y (b|)),
such that each measurement M € M is mapped to a set
of response functions {£),(b|A)}, satisfying &,(b|1) > 0,
> »&m(b|A) = 1VA. Linearity of the maps defined above
implies that convex mixtures of procedures should be
mapped to the appropriate convex mixtures of the cor-
responding ontic objects. Finally, the probabilities of
the operational theory must be reproduced by ontologi-
cal models via p (b|M,P) =), up(A)éy (bIA) [7]. Up to
here, any operational theory will accept explanations via
some ontological model. However, the important aspect is
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whether it is possible to recover operational probabilities
via a noncontextual ontological model [10].

Definition 3 (Noncontextual ontological models). Con-
sider an operational theory with procedures P, M and
equivalences Equiv{P}, Equiv{ M}. An ontological model
recovering the probabilities of the operational theory is
said to be preparation noncontextual if

Pe[Pl = up=pp. (6)

Analogously, the model is said to be measurement non-
contextual if

bIM € [b'|M'] = &y (bI1) =& (V') VA e€A.
(7)

If both conditions are satisfied, the ontological model is
said to be universally noncontextual, or noncontextual in

brief.

This definition says that procedures that are opera-
tionally indistinguishable should be represented by the
same entities on the ontological model. The essence of
this definition of noncontextuality is the so-called princi-
ple of the identity of indiscernibles, due to Leibniz [8,10].
Roughly, it says that two empirically indistinguishable
things should be ontologically described as identical. The
methodology implied by (generalizations of) this princi-
ple has been important in building classical theories in the
past; for instance, it has played an important role in the
birth of relativity [8].

Even though noncontextuality is a natural feature to
demand of physical theories, quantum theory is known to
be a “contextual” operational theory: there is no noncon-
textual ontological model reproducing all of its statistics
[10,34]. This remarkable nonclassical feature of quantum
theory has important practical consequences: contextuality
is a useful resource, as it provides genuine quantum advan-
tage over classical computation. Indeed, contextuality is
the crucial resource in information processing [35—40],
and it provides advantages for quantum state discrimina-
tion [41], quantum cloning [42], quantum metrology [43],
and quantum machine learning [44]. It also constitutes a
necessary resource for models of restricted quantum com-
putation [45—48], capable of providing robust numerical
bounds of advantage [49], not only for deterministic but
also for probabilistic restricted quantum computation.

In summary, Spekkens’ notion of noncontextuality is
a mathematically well-defined and amply used notion of
classicality. In this sense, it is fair to assume that the emer-
gence of generalized noncontextuality in an intrinsically
contextual theory can be naturally understood as a classi-
cal limit—with a very precise meaning. In what follows,
we show a deep connection between classicality in these
terms and quantum Darwinism objectivity.

III. RESULTS

A. Emergence of noncontextuality

To approach the question of the emergence of noncon-
textuality, as a proxy for the emergence of classicality in
the considered dynamics, we need to describe the sce-
nario that we care about—we need to say what are the
procedures and operational equivalences, thus establishing
what a noncontextual model must respect. As demanded
by the environment-as-a-witness paradigm, we focus on
Bob’s perspectives: to each Bob, we must say what the dif-
ferent preparations, measurements, and equivalences are.
Measurement procedures are straightforward: each Bob
implements a measurement procedure M% € M?% on the
system that he receives. Therefore, the equivalence classes
are identified with the elements of POVM at each Bob’s
side.

A more subtle subject in our case is defining prepa-
rations and equivalences thereof. Suppose, for the sake
of simplicity, that there is an experimenter (say, Alice)
preparing the quantum states of system A, according to
a set of possible preparations P; then, the equivalence
class of P € P would be [pﬁ] (whether there really is an
experimenter is not of importance to this work—the pro-
cedures can be understood as any specific sequence of
events “preparing” system A). However, each Bob will
infer information about system A4 by making measure-
ments on his share of the environment of A. Therefore,
from the perspective of Bob B;, every preparation of sys-
tem A is always followed by a fixed transformation 7j,
which we can describe as: interact 4 with a large number
of systems in a predefined way and discard all subsys-
tems except B; € Bs,. Thus, the preparations arriving at
B; are effectively P/ := T;(P) (see Fig. 2). From Bob’s
standpoint, the equivalence classes for preparations must
then be defined by the density matrix available for Bob,
ie., ®F (pﬁ). In sum, the scenario of each B; is com-
posed of preparations P/ with equivalences [®5 (ph)],

FIG. 2. The scenario from the perspective of Bob B;: prepa-
ration P € P of the central system is followed by a fixed
transformation (i.e., interaction with the environment, always
prepared in the same way), leading to an effective preparation
P’ = T;(P). The nontraced-out portion of the environment is
given by the labels S, (here, t = 3). For Bob, [P'] <> ®5 (p*) and
[bIM] < Fp.
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while measurement procedures are the local implementa-
tions M5/, with equivalence classes for effects represented
by elements of POVMs.

Now, we have set the stage to present our results. Below,
we show a mathematical condition on the encoding states

B ) . .
{0, }x of an EW, dynamics that, if satisfied for some B; €
S;, ensures that there exists a noncontextual ontological
model recovering the statistics for those Bobs.

Lemma 2 (Affinely independent {a,fj }x implies noncon-
textuality). Consider an EW, dynamics, with an infinite
environment, defined by the pairs (Ej, U,f’)k. If, for a

given B; € Bs,, the environmental systems {a,fj i form an
affinely independent set of matrices on D(Hg, ), then there
exists a noncontextual ontological model for the distri-
bution about A available to B;. This holds true for any

measurement {Ffj } implemented by Bob B; .

Proof. We prove this result by constructing such a non-
contextual ontological model. As mentioned above, the
equivalence classes for the “preparations” arriving at B;

are defined by the quantum states aﬁf =) Tr[Ek,oﬁ]U,fj .
Affine independence of {afj }x implies the bijection
5; 5

O, =0,

o =0y = TEiph] = TiEiph] Yk ()

(Such a bijection can also be seen by the fact that affine
independence of {ofj }x implies that ConvHull [{ij }k]
is a (kpax — 1)-simplex on D(ng); thus, every point
has a unique convex decomposition in terms of the ky,x
vertices). Therefore, the equivalences can be ultimately

labeled by the distribution (Tr[Ekpﬁ]) +. Now, consider the
following ontological model:

A = {k}; (%a)
pp (k) == Tr{Eepp; (9b)
Eu(blk) == TIF, oy]. (%)

This indeed respects the equivalence classes of the sce-
nario of B;: up depends uniquely on the distribution
Tr[Ekpjg‘], which labels each class [P'], while &, depends

only on Ffj , the label of each [b|M]. It remains to show
that this ontological model recovers the statistics. Since
the probabilities are obtained via a measure-and-prepare
channel defined by (Ex, 00k, we have p(bIM,P) =
Y T Ewpp I Te[Fyor] = 3 ipp ()& (blK). u

Remark. The above proof has interesting connections to
characterizations of noncontextuality in the framework of
generalized probabilistic theories [27,50]. In Appendix C,

we make this connection more explicit for the interested
reader.

Lemma 2 shows how noncontextuality may emerge in
an EW, dynamics: generally, there is no noncontextual
model for the scenario with full quantum probabilities,
with all possible P and their equivalences Equiv{P}; how-
ever, the EW, dynamics maps [p4] — [®% (p*)], enabling
a noncontextual explanation. Nonetheless, the condition of
affine independence of {o7} is not clearly motivated within
quantum Darwinism. In other words, up to this point,
Lemma 2 is merely a mathematical condition signaling the
existence of noncontextual models within EW, dynamics.
Therefore, a connection between emergence of noncon-
textuality and emergence of objectivity under quantum
Darwinism remains open.

By looking at the extreme case in which {pguess[(afj ,
Pi)x] = 1} for some Bob, we find an indication of such a

. . B, .
connection: affine independence of {o,” }; is necessary for

perfect encoding of the distribution (Tr[Exp?])x. Indeed,
if the distribution (Tr[£;p“])x is perfectly encoded in the

states {cr,fj }x, these must be deterministically distinguish-
able; in turn, these states must have orthogonal support,
thus being affinely independent. Moving away from the
extreme case, we can obtain affine independence even if
the discrimination is not perfect but is good enough. This
is summarized in the following lemma—its proof deferred
to Appendix B 1. Remarkably, this proof can be of inter-
est to quantum state discrimination: if the probability of
success is high enough, we obtain information about the

geometrical disposition of {a,f’ }x, namely, that they form
vertices of a (kpax — 1)-simplex in D(ng ).

Lemma 3 (Operational signature implying affine indepen-
dence). Consider an EW, dynamics defined by (Ek, G,fj k.
Then, there exists a bound f’[(Ek)k] such that, if
Dauess| Prk» a,f/ )] > P[(Ek)k] Vo (recall that py depends on

B.
the state p” of the central system), the set of states {0, }
must be affinely independent.

Remark. For the condition above to be valid, it is neces-
sary that dim(HBj.) > knax-

In Appendix B 1, we construct the bound P, which is
generally not trivial, i.e., there are cases where P < 1.
Therefore, Lemma 3 tells us that if Bob B; can recover well
enough the statistics of (Tr[E;p”])x through measurements

on his system (i.e., Pguess > P for that Bob), {O’:j } are
affinely independent. Thus, by Lemma 2, he can construct
a noncontextual model for such statistics. Now, if such
good distinguishability also holds for every Bob B; € §;,

a process of QD, occurs, with n > P. In this case, while
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the results of Brandao et al. [15] put a lower bound on the
probability that all Bobs will see the same outcome when
making the correct measurements, the above results imply
that every Bob can explain his results using a noncontex-
tual model. This is the summary of the following theorem,
our main result.

Theorem 4 (Main result: emergence of noncontextual-
ity under QD,). Suppose that the conditions for QD,

are met with n > IA’[(Ek)k]. Then, each Bob can construct
a noncontextual ontological model for each respective
scenario.

Proof. 1f the conditions are met, it must hold that

rrlpinpguess[wff Yoo (T Ewp]i] > Pl(ED] VB €S,
(10)

which, in turn, implies that

Paessl (0 )i (THEcpDi] > PLEDK] ¥ o € D(H.)
and B; €S, (11)

Therefore, by Lemma 3 and Eq. (10), the states {cr,f/ }
must be affinely independent, for every B; € Bs,. Then,
Lemma 2 guarantees that every Bob will be able to
construct a noncontextual ontological model for his sce-
nario. |

B. A cutoff for classical objectivity in QD

The emergence of objectivity in QD, processes has a
continuous form: the closer 5 is to 1, the “more objectiv-
ity” arises due to Darwinism; only in the idealized limit
n = 1 is “perfect objectivity” obtained. This leads to prob-
lems, as there is no cutoff on n defining whether or not
objectivity has emerged—and all we can do without a cut-
off is to say that some process may lead to more objectivity
than some other. That is, whenever n £ 1, one may not be
able to say, safely, that “objectivity has emerged.” If we
decide to choose an arbitrary bound for 1 close enough to
1, above which we are confident to say that “objectivity
has emerged,” we also face some issues.

First, the definition of objectivity itself becomes sub-
jective, since what one considers “close enough to 17
is certainly not objective. Second, and most importantly,
we want any cutoff signaling objectivity to ensure emer-
gence of noncontextuality as well, as this provides a
well-motivated and broad notion of classicality. Our results
tell us that sufficiently high values of n ensure that this
is true—but how high n should be depends on the mon-
itored observable {E};. In fact, for any arbitrary fixed
bound 5 one chooses, there is always a central system and
specific dynamics in which n < P[(Ej)«] (for an example

of this behavior on complete decoherence dynamics, see
Appendix B 2). In these cases, we have no guarantee that
noncontextuality emerges, even though n would be “close
enough to 1” according to an arbitrary choice.

To avoid those problems, and in view of our results,
we propose P to be such a cutoff for classical objectiv-
ity. This proposal gives a bound to talk about objectivity
that is neither subjective nor signals objectivity without
noncontextuality.

Definition 4 (Emergence of classical objectivity under
QD,). Consider a process QD,, with observable (Ex}s.
We say that classical objectivity has emerged under this
process if n > 13[(Ek)k].

As said above, setting a nonsubjective bound for objec-
tivity is crucial: we are now able to say whether or not clas-
sical objectivity has emerged in QD, processes depending

on 1. By taking P as such a cutoff, we are sure that non-
contextuality has emerged and the bound depends on the
monitored observable, {E;};. This makes sense, as insen-
sitivity to the specifics of the interaction is rather artificial.
In other words, central systems with different dimensions
and different dynamics, leading to selection of different
pointer observables, should impact the decision on whether
or not classical objectivity has arisen. This is also the case
in other approaches to quantum Darwinism, where mutual
information between the system and a fragment of the
environment is compared to the von Neumann entropy of
the system, which depends on the initial state of 4 and on
the dynamics [12].

Moreover, since 77 > P is not a necessary condition for
noncontextuality to have emerged but a sufficient condi-
tion obeyed with sufficiently high pg.ess for each Bob, it
sets a good threshold that will not be artificially close to
zero—this could happen if we only asked for emergence
of noncontextuality, as affinely independent states could
be almost indistinguishable. Indeed, the perfect decoher-
ence example shows that P can be fairly close to 1, setting
a high lower bound on the probability that all Bobs will
see the same outcome when making the correct measure-
ments. Therefore, the above definition proposes a new and
physically well motivated way to treat the emergence of
Darwinist objectivity within the framework of Brandao
etal. [15].

C. The case of state-spectrum broadcasting

Before we conclude, let us mention some interest-
ing byproduct of Theorem 4: noncontextuality necessarily
emerges under the process of state-spectrum broadcast-
ing [16]. This process has been proposed as an alternative
way to reach objectivity from the interaction of quan-
tum systems. In such a process, the central system suffers
full decoherence and its spectrum is perfectly broadcast to
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the environment. As we show in Appendix B, it can be
described as a special form of the QD, process adapted
to deal with a postinteraction state of the central system
A (for more details, see Appendix B2). It demands full
distinguishability, so we have n = 1 and full decoherence
implies £y = |k) (k|, with {|k) (k|}x a basis of H,. This
form of E; leads to a P < 1 = . By applying Theorem
4, we obtain the following.

Corollary 5 (Emergence of noncontextuality under
state-spectrum broadcasting). If the EW, dynamics leads
to the occurrence of a state-spectrum broadcasting process
for arbitrary initial states p?, all the Bobs can construct a
noncontextual ontological model to their statistics.

Proof. As we mentioned above, if a state-spectrum broad-
casting process occurs, we have n = 1 and E is a pro-
jection into a basis of H,. We prove in Appendix B
that, for such a kind of observable Ej, the bound P gives
f’[(|k) (kDx] =1 —1/2dim(H,). Since this is smaller
than n = 1, the corollary follows. For more details, see
Appendix B 2. |

IV. CONCLUSION

This paper shows that a particular expression of nonclas-
sicality may emerge from quantum Darwinism processes.
More precisely, we have proved that noncontextuality is
implied for every observer in Bg, in quantum Darwin-
ism processes QD, with an appropriate distinguishability
rate n > P, the cutoff P depending only on the monitored
POVM {Ej}x.

This result is crucially important, as it shows that QD,
processes with high 7, besides leading to objectivity (i.e., a
high probability of independent observers seeing the same
outcome when implementing the adequate measurements),
also implies that each of them can adopt noncontextual
explanations for their aggregated statistics. Moreover, they
can construct noncontextual models with some aspects
in common: the ontic space A and distributions wpr, as
defined in Eq. (9), are independent of B;. Such noncon-
textual explanations may provide a classical view under-
pinning the probabilities that each Bob sees, obviating the
need for any nonclassical (in particular, quantum) descrip-
tion of the central system. Interestingly, these conclusions
also hold true for state-spectrum broadcasting, an alter-
native process for the emergence of objectivity in the
quantum realm.

Another important byproduct of our results is the fact
that one can use P as a cutoff for the emergence of classical
objectivity in QD, processes. This brings a new perspec-
tive to the Darwinist objectivity proposed by Brandao et al.
[15], in which the specifics of the ongoing dynamics set a
bound for 1, above which objectivity and noncontextuality

have emerged. Indeed, Definition 4 suggests that the
emergence of noncontextuality should also be considered
as an important benchmark for emergent classicality within
Darwinist processes.

Remarkably, even if Eq. (3) is only obeyed for small
values of 1, so that objectivity under a Darwinist pro-
cess essentially does not occur, noncontextuality can still

emerge, as long as {cr,fj 1« are affinely independent. Indeed,
even almost indistinguishable states can be affinely inde-
pendent; in such cases, it is fair to say that objectivity will
not emerge, whereas the probabilities can still be explained
by noncontextual ontological models. In this sense, our
findings reinforce the idea that the environment-as-a-
witness paradigm alone already represents a step toward
emergent classicality. One can also see this by using the
minimum dimension of the Bobs’ systems as a figure of
merit: on one hand, for noncontextuality to emerge due
to an EW, dynamics together with affine independence
of {o4}x, one must have dim(’HB/. )2 > kmax; On the other

hand, our bound identifying that the states {O'fj }ie are

“almost orthogonal” among {U:j e (which implies affine
independence) implies dim(HB_,.) > kmax (see the remark
after Lemma 3). Therefore, a portion of the environment
that cannot carry as much classical information about 4 as
required by Darwinism (to lead to “enough” objectivity of
outcomes) can still lead to noncontextuality.

Interesting perspectives also arise from this work. A first
question, similar to the problem of how often interactions
lead to n &~ 1, is if generic interactions lead to the condi-
tion n > P. Second, it would be interesting to understand
whether strong quantum Darwinism [17}—defined as a set
of conditions on the mutual information and discord of
system-environment states—also leads to noncontextual-
ity. Third, it would be interesting to consider what is the
impact of some special interactions on this emergence of
classicality, such as those leading to non-Markovianity,
the impact of which on Darwinist processes is a subject
of debate [51,52]. Fourth, analyzing how to leverage the
results of this work to the generalized probabilistic the-
ories framework would certainly be of interest, as well
as possible connections with state discrimination in this
framework. Indeed, this could provide a way to under-
stand the emergence of noncontextuality due to dynamics
without resorting to the quantum formalism.

In sum, this work is strongly based on the description of
the environment-as-a-witness paradigm and the QD pro-
cess as given by Branddo et al. [15]—which shows the
generic impacts of these dynamics. Therefore, our results
also point to the generic emergence of noncontextuality
under the same paradigm, which is undeniably a good
approximation of our experiences as classical observers
[14,20]. Thus, we may conclude that our noncontextual
experience as observers, which is naturally embodied in
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classical physics, may emerge from this indirect interac-
tion with the systems that surround us. This work also
generates new reasons to deem as classical the features
emerging under QD, processes, even if the POVM pointer

{Ey}x is informationally complete.
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APPENDIX A: FORMAL PRESENTATION
AND DISCUSSION OF THE RESULTS OF
BRANDAO ET AL.

1. The results of Brandao et al.

In this subsection, for the benefit of the reader, we first
present one of the results of Branddo et al. in rigorous
form and then discuss quickly the consequences of our
assumption of infinite subsystems in the environment.

Recall the EW, dynamics: there is an environment with
N subsystems, {Bj,...,By}, and we want to focus on a
portion with ¢ individual subsystems, Bg,, of this environ-
ment. Theorem 1 of the main text, proved in Ref. [15] and
responsible for objectivity of observables in this dynamics,
can be rigorously put as follows.

Theorem 6 (Theorem 2 in Ref. [15]). Let @5 :
D(H4) — D(Q);cs, Hp;) be an EW, dynamics, where
S;:c{l,...,N}. For every 0 <§ <1, there exists a
POVM {E}s such that for more than a (1 — 8) fraction

of the subsets S,

-

obs
°

6 1/3
- 27 In(2)d} log(da)t , Al)
N§3

with dy = dim(H,), and where o

obs IS @ measure-and-
prepare map with respect to the family of states (o,f’)k,

meaning that for all p € D(H,),

5. (p) = Y TrExploy’. (A2)
k

In the above theorem, § quantifies how many fractions of
t portions of the environment the approximation will hold.
From the upper bound given above, it is possible to see
that if § is close enough to 1, our hypothesis of S; being
one such fraction is not too restrictive. Next, if this value
3 is fixed (or even is increasing slowly enough with N),
when we take the limit N — oo we have &5 = d>§{js, as
considered in the main text. Since environments are usu-
ally considered to have a very large quantity of subsystems,
this hypothesis is well motivated.

2. Relaxing the assumption of infinite environment

In this subsection, we relax the assumption of infinite-
. . . L B
sized environments, allowing for a deviation ®5s £ dDOg;.

We show that as long as we consider a finite set of proce-
dures, outcomes, and equivalences, objectivity of observ-
ables hardly constrains contextuality, as measured by the
quantifier based on the /; distance [53].

In what follows, we assume that the number of pro-
cedures and outcomes are finite, as well as {Equiv
(P)}, {Equiv(M? ) }—which matches the features of any
realist experiment. This means that the effective prepare-
and-measure contextuality scenario for each Bob B; can
be defined as the tuple

&; = [T;(P), M%,0, 5, Equiv[T; (P)], Equiv(M®)],

where these sets are as defined in the main text and
where the set O 5 is the set of outcome labels
of Bob B;. Given that all these sets are finite, they
define prepare-and-measure scenarios as in Ref. [33]. Let
C (GJ-) represent the set of all possible behaviors, p =

[p(blM,P’)]beoMBj Mer pepr of &;; in the case of

finitely many procedures, equivalences, and outcomes, this
forms a polytope [33]. We write the inner set of noncon-
textual behaviors (also a polytope in the finite scenario)
as NC (GJ). We consider the resource-theory framework
constructed for these scenarios [53,54], in particular, the
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definition of the /; contextuality distance.

d(p):= min max Y |p(bIM,P) — q(b|M,P))].
qENC(Gj)MGM 7 b
cp’

For any particular noncontextual behavior ¢,

d(p) < max Y |p(dIM,P) — q.(bIM,P)].  (A3)
er

. . B .
Recall that, in particular, when (oy),” constitutes a fam-
ily of affinely independent states, we have that ¢, =

is a noncontextual

B.
Tr{ @ FM)
(Tl p)FY] b0y Mer® P

behavior (Lemma 2 in the main text), where we are using
POVM notation {F¥}, = M. Since P’ = T;(P), we can
use the labels for states in P, meaning that Alice prepares
quantum realizations as the states pp for any P € P that
are later transformed before reaching Bob B;. If p is any
quantum behavior in this scenario, we must have that

dp) = max 3| THEY @ (pp)] - THLFY O (op)]|

y
. B
= max YO|THFY @ — & )(op)]|
K

= max Z |Tr [FM R (op)]|,

MeM B b
PeP

where R; := oF — Obs ' for brevity. Note that R; (pp) isa
self-adjoint operator for any pp in the domain. To proceed,
recall the following inequality [55].

Lemma 7 (Holder’s inequality). Let A,B be any n X n
complex matrices. Then,

|TrA"B| < (Trlah/!(Tr|BI")'"* (A4)

such that 1 < l,s <ocowith1/l+1/s = 1.

Here, we fix the notation |4| := v/ ATA4, while for scalars
x the same symbol |x| means the absolute value. From
Holder’s inequality, we have that

ITHFY Ry (0p)]] <\ THIR, (o) 21y THIF}Y ]

and we obtain

d@p) < max Z |Tr Fb R; (pp)]|

MeM B b
PeP

< max Z\/Tr I'R; (,OP)|2]\/Tr[|FM|2

MeM B
PeP

= max Z,/Tr[|FM| ]max,/Tr[|R (oP) 2]

MemPi

— TrlIR. 2
Cmax /Tr{|R; (or) I,
where C:=max,,_, 5 > ,/Tt{|F}'|?] is a nonzero

bounded constant for any set M5 . For informationally
complete (IC) POVMs, 0 < C < d3 In general, {0 <
C< dg #O 5 }, the dimension of Bob’s system dg and
the number of outcomes. We can further improve this
inequality with the following lemma.

Lemma 8. Let A € B(H), with dim(H) < oo. Then,

JTrlAR < TrlA|.

Proof. Calling G = 4'4, we have VG = (¥, .0y VA
P} = G, where o(G) is the spectrum of G and P;

are spectral projectors. Hence, v/ Tr|4|> = />, 6 *» <
Y@ V=2, (G )A = Tr|4| since VG = |4]. A

Using this lemma, we show that

d(p) < Cmax/Tr{|R; (op)I?]

Lemma 8

< Cr})qea;( Tr[|R; (op)]

and therefore

d <C Tr[|R;
(p) < peng?ﬁA) i[|R; (0]

¥ -t
PED(Hy) 1

=C —id,(1 % — @
max | S0 (( )]

where the last equality comes from the fact that the sin-
gular values of a matrix that is a tensor product is sim-
ply the product of the singular values. Our notation is
14 € D(Hy) and idy : D(H4) — D(H,), with idy(p) =
p. Continuing with the manipulations, we finally find,
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defining Hf’z =H,H,,

C . B: Bj
dp) < —  max ids ® (q> T — CDObs) 14® P)H
A4 1,0peD(HS?) :
C .
< — max |ids® <<I>Bf — <I>§{)S> (CT)H1

A4 0eD(HE?)

= < ” o8 — oY
dy

obs
S

The relation found above tells us that contextuality, as
quantified by the /; distance, is bounded by the distance

from ®%s to CIDfsg, as measured by the diamond norm.
Now, the theorem of Branddo er al. reproduced in the
previous subsection tells us that this distance is bounded,
showing that the EW, dynamics bounds contextuality even
in the case of a finite-sized environment.

As an important instance, let Bob B; perform informa-

tionally complete POVMs, such that C < dgj. Our con-
clusion is that for a sufficiently large number N with
respect to dBj ,d4, 1,87, the behavior p will be noncontex-
tual up to precision in the estimate of d(p), since d(p) <

(27, log(dA)t/N83>1/3.

APPENDIX B: PROOFS OF THE RESULTS

The first problem to be treated here is as follows: we
have a measure-and-prepare map defined by the pairs
(Ey, 01 and we wish to detect affine independence of
the states (oy); in an operational task. What we do in
the next subsection is to consider that, for each initial
state of system A4, p? € D(H,), we have an instance of
a minimum-error state discrimination task. Indeed, each
o leads to an a priori distribution py := Tr[Ep”] for the
states to be discriminated, {o}};. This leads us to a bound P
such that, if pguess[ Pk, o1)k] > P for all o, the states {0y}«
must be affinely independent.

1. Proof of Lemma 3

Before proving our results, let us give a simple mathe-
matical argument of why there should be a bound on the
guessing probability separating the affinely independent
and dependent cases.

Define the matrix (W); := Tr[F;or], where {F}}; is a
POVM that best distinguishes among the states {oy};. If
the states are perfectly distinguishable—in which case
they must have disjoint support, thus being affinely
independent—we have W = 1, skn.- 1his implies that
det(W) = 1.

However, in the case where {o}} is affinely dependent,
the matrix 7 must have a column that is linearly depen-
dent on the others. This implies that det(#) = 0. From the
continuity of the determinant, we see that there exists a

ball b around 1 such that V€ b = det(V) > 0; thus the
underlying states defining the entries of V, (o3)x, must be
affinely independent.

With this general intuition, we follow to the specifics of
our proof. First, we define our distinguishability bound, P,
able to detect affine independence when pgyess > p.

Definition 5 (Distinguishability bound). Consider a
measure-and-prepare channel defined by (Ej, o) with
Ep # 0 for all k. Then, there will be states p* € D(H,)
such that Tr[Ewp?]#0 for all k. Denote the set of
such states by S. Now, assume without loss of gener-
ality that Tr(Eip] > Tr[E2p?] = ... = Tr{Ej,, 071 > 0
(otherwise, relabel {Ey} so that it does). We define the
distinguishability bound P as

kmax—1 T A
S E . = Tr[Efe 0]
PU(E)e) = min | Y Tr{Egp"]+ ——2—=
ples | o 2
1 x 4
=1 — - max Tr[Ey,, 0" ] (B1)

pdes

Note that, indeed, S is not empty: since £; # 0 for all &,
at least states of the form (1 — a)p? + a(1/d,), with a #
0, belong to this set. In what follows and for simplicity, we
always consider that (B)x = (Tr[Ep?]) , is nonincreas-
ing, so that py  is always the smallest value of the distri-
bution (p;)x generated by a state p? € S, as in Definition 5.
There is no loss of generality here, since equivalent proofs
can be written by relabeling and/or changing py,.. to
ming[(p)r]. We take advantage of the fact that if {o}}; are
affinely dependent, they do not form vertices of a (kpax —
1)-simplex, thus interior points will have nonunique con-
vex decompositions in terms of these states and this will
make it impossible to have pgyess > P for all initial states
p?. We actually consider a stronger consequence of affine
dependence, captured by Carathéodory’s theorem: we can
always describe interior points using convex combinations
of {o}}x with some null coefficients (see Fig. 3).

Theorem 9 (Carathéodory, adapted from version of
Ref. [56]). Given any affine space E of dimension n,
for any (nonvoid) family f = {Uk}flaf in E, the set
ConvHull[f ] is equal to the set of convex combinations of

Sfamilies of n + 1 points of f .

Let us interpret this result in our terms. The affine space
E := AffineHull[{o}};] will have dimension n < kya — 1,
where equality is reached if and only if {0y} is an affinely
independent set. Carathéodory’s theorem thus says that
any point o € ConVHull[{ak}l,i‘Qﬁx] can be written as a
convex combination of at most n + 1 points of {oy}.

Now, suppose that {o}; does not form an affinely inde-
pendent set. Then, the dimension of the affine space E is
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E := AffineHull[(o})r] 22 —203

o1

FIG. 3. Anexample of Caratheodory’s theorem: an example of
an affinely dependent set with four states (kmax = 4). Their affine
hull £ forms a plane; thus dim(E) = 2 and ConvHull[{o}};] is a
quadrilateral contained in E. An interior point, o7, can be written
as a convex combination of 2 4 1 = 3 vertices (as shown by the
red vertices and the purple dashed triangle). Thus, we can write
or =), qrox wWith g4 = 0.

strictly less than k., — 1, 1.e., dim(E) < kpax — 2. From
Carathéodory’s theorem, any point of ConvHull[{o}}#]
can thus be written as a convex combination of kp,x — 1
vertices. In particular, consider a density matrix or =
> i broy with py > 0 for all k; we can be sure that there
exists another set of convex coefficients, {g;}, such that
qr = 0 for at least one k [there may be more zeros if
dim(E) < kmax — 2]. We formalize this as follows.

Corollary 10. Consider any state of the form or =
> i Drox with pr > 0 for k € {1,. .. kmax}. Then, if (o3)x
is an affinely dependent set, there exists a set of convex
coefficients {qr}r, with q; = 0 for at least one value of k,
such that or =), qx0y.

The comparison of {g;} and {p;} has important conse-
quences for us. We might quantify it via “the” statistical
distance.

Remark 1. Assume {o}}r to be an affinely dependent
set. Consider a state o =), pxOkx = Y, GOk With p; >
D2+ = Py > 0 and g = 0 for some k. Define the sta-
tistical distance between {qi}i and {pi}r. as

1
Dlge) = 5 3 g = Bil. (B2)
k

Then, D({pi}, {qk}) = Pl

Let us justify this remark. First, define the set K :=
{klgr = pi} and suppose that gy,,,, = 0. Now, note that we

can rewrite the statistical distance
- 1 -
Dlaih (i) = 5 D g — il
k

1
=3 (Z(Qk — PO+ Y (P — qk))
keK k¢K

= (g — P

kekK

The last step uses the fact that > e g =1 — > 4k gk
and similarly for p;, so we can substitute the second
summation by another over £ € K and the last equation fol-
lows. Now, we assume that py, .. > 0, while g, = 0, so
kmax ¢ K. Thus,

D{gi) (Bih) = D _(qx — pr)

kekK
> Y (g — o)
k#kimax
= 1 - Z ﬁk =ﬁkmax'
k#kmax

The inequality comes from the fact that we might have
included some values of k£ ¢ K, which can only decrease
the summation. Now, suppose that g . # 0; we know by
Corollary 10 that there will be at least one value of &, call it
k*, such that gz« = 0. Then, by repeating the above calcu-
lation, we find that D({qx}, {Pr}) > Pi+ = Prypay» Justifying
our remark.
Finally, we have the ingredients to prove our lemma.

Lemma 11 (Violation of pgyess < P forall o implies {07}
is an affinely independent set). Consider an environment-
as-a-witness dynamics defined by the measure-and-
prepare channel (Ek, o)k, With E, # 0 for all k. Consider
the associated distinguishability bound P[(E});] as per
Definition 5. Then, if for all p* € D(Hy,) the inequality

Pavessl(Tr[Er 01,0011 > PL(E)] (B3)

holds, the states {0}, are affinely independent.

Proof. Fix p? = p, where p is a state attaining the min-
imum in the definition of the bound P. Since 0eS, pr
does not increase with k and py, . > 0. Let us denote the
POVM that maximizes the probability of guessing (for the
specific p? € S) as {F{}x. Now, if Tr[Fjop] < % for some
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value b, the bound cannot be violated. Indeed,

Pavess[ (P 00] = Y _ piTr{Ffo4] (B4)
k
<1
—— b
< Zpk TI‘[FkO'k] p
kb
~ ﬁb ~ ﬁkmax >
< — < _— = P
_Zpk-i- 7 = Z pr+ >
k#b kF#kmax
(B5)

[remember that py,, is the minimum of (p;), hence the last
inequality. By considering the appropriate {£}}; for each
o, all but the last step above are valid for all p? € S. The
last equality is only valid for states attaining the minimum
at the definition of the bound]. So, if Tr[F};o,] < 1/2 for
some b, we can see that pgyess < P at least for o as the
initial state. Therefore, one needs Tr[E} o] > 1/2 for all k
so that pgyess > P might be possible for all p4.

Now, we assume that {o}}; is an affinely dependent set,
which leads to a contradiction with Eq. (B3). We still con-
sider p = p € S and show that if the effective average
state at Bob’s side (o7 = ) _, prox with p; > 0 for all k)
admits a convex decomposition o7 = ), gx0y with gz = 0
for some k, pgyess < P must be obeyed for p.

The probability of error in the discrimination is defined
by Perr =), Zb;ékﬁbTr[F,’:ab]. Since Zb#ﬁbmj =or—
PrOx, We can rewrite P, as follows:

>0
Por = ) Tr[F; (o7 — pro)] (B6)
k
> ) THF} (o — prow)]
kek
= Z TI' |:Fk (Z q;UI Pk0k>:| (B7)
keK
> Y T F} (qiox — prow)]. (BY)
kek

In the first inequality, we use the fact that the sum-
mand is positive, so restricting k € K (recall, K := {k|q; >
Pr}) can only decrease the summation. After substitut-
ing or = ) _;q;0; (second equation), we use the fact that
Tr[Fgirox] < Tr[For] for any POVM element F. There-
fore, we obtain

>1/2
—
Pere = Y (qx — pi) Tr[Ffoy] > Z(qk — Pr)
keK keK
pkmax

= —D({Pk} la}) = (B9)

where we use Remark 1 to replace D({g}, {pi}).

We can thus conclude that if (o) is an affinely depen-
dent set, Py > Pr,, /2 for states attaining the minimum
on the definition of the bound. Equivalently, pguess <
D kthay Pk T Dl /2 for such states, thus being impossi-
ble to obey the inequality in Eq. (B3). By contradiction,
we arrive at the claim. (Note that pgess is not bounded by
the condition of affine independence, since it can get as
high as 1, when {0}, are perfectly distinguishable.) |

The above proof may be of interest for minimum-error
state discrimination: as mentioned above, for each p*, we
have an instance of this task. Moreover, the attention we
pay to states in the set S is very natural in minimum-
error state discrimination [57]. Indeed, in those tasks, one
is interested in distinguishing states {o}}, chosen accord-
ing to a fixed prior (p;) where, usually, p; > 0 for all £ is
assumed. Otherwise, one could just consider a smaller sub-
set of the states {0} that have a nonzero chance of being
selected.

Adapting to this task, our proof shows that if pgyess >
1 — ming py/2, the states {o}}; must be affinely indepen-
dent, thus forming a (k. — 1)-simplex in D(H). In other
words, by observing a high value of pguess, wWe obtain
information on the geometrical disposition of the states

{0k}

2. Perfect decoherence and state-spectrum
broadcasting cases

a. Dynamics with perfect decoherence

Let us look into how our bound behaves in a simple
and important example of an EW, dynamics: the case in
which {E;} is a rank — 1 projective pointer observable,
projecting onto a basis of H 4. This is the case of a perfect
decoherence process, which is important for ideal cases of
quantum Darwinism [14], thus forming a milestone in such
processes.

In this case, as mentioned above, E; = |k) (k|, and infor-
mation regarding projection on this basis, {|k) (k|};, may
be available to the environmental states %5 Initial states
o, having the same population on this basis and differ-
ing only on the phases, will lead to the same distribution
Tr[Exp?] = Tr[|k) (k| p*}—as mandated by an ideal deco-
herence process. Therefore, the ontological model con-
structed in the main text [Eq. (8)] encapsulates this idea:
up is the same for all initial states that decohere to the
same final state. What would our bound P be?

To answer this, we need to look at the set of states S in
Definition 5, which contains the states having a nonzero
component on all of the pointer basis states. In other
words, the states in & must obey p; = Tr[|k) (k| p] > 0
for all k. Among those, we need to find the one with
the highest possible value for the smaller py. It is possi-
ble to see that such a state is the maximally mixed state:
Tr[|k) (k| p*] = 1/dim(H,) for all k. Then, in the case of
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perfect decoherence with a pointer basis being selected, if

v o,
(B10)

A
pguess[(Tr[|k> (k| p"1,00)k] > 1 — m

we are sure that {o}}; are affinely independent states.

As we can see, for complete decoherence of systems
with different dimensions, we have a different bound
P—the higher the dimension, the higher is P. This shows
that choosing an arbitrary bound 7 to QD,, processes as a
threshold for objectivity can lead to problems, even though
it might look “close enough to 1.” Indeed, suppose that
one fixes 7 < 1. Now, for complete decoherence of a sys-
tem with dimension dim(*+,) > 1/2(1 — 7), the bound P
obeys P > 7.

Another interesting consequence of this particular case
is that we can use it to show the emergence of noncon-
textuality in an alternative process for objectivity in the
quantum realm, namely, state-spectrum broadcasting [16].

b. State-spectrum broadcasting

The process of state-spectrum broadcasting was first
proposed in Ref. [16], imposing a specific form for the
final state of the central system and a fragment of its envi-
ronment as the reason for objectivity. It was suggested as a
necessary and sufficient condition for emergence of objec-
tivity in the quantum realm. Later, however, it was proven
to be too restrictive, providing sufficient, but not necessary,
conditions [17]. Here, we adapt the Brandao et al. approach
to dealing with state-spectrum broadcasting and show that
noncontextuality also emerges under this process.

Consider the whole system-environment dynamics ®4¢
as a CPTP map D(H,) — D(H,e). Note that this is
similar to the & map we consider in Definition 1 but
with the difference that we are not discarding the state
of the central system after the interaction. Now, as in the
case of EW, dynamics, let us discard all of the environ-
ment except a small fragment with » subsystems [58],
Bs,, i.e., ®1Bs = Tre\gg, © ®4¢ . Again, the essential dif-
ference between ®*5s- and &5 is the explicit presence
of 4. Depending on the final state induced by the ®*%s-
dynamics, we may arrive at a state-spectrum broadcasting
process.

Definition 6 (State-spectrum broadcasting). Consider the
map ®4€ describing the interaction of system A and its
environment £, composed of N subsystems. Now, consider
the dynamics ®4Bs-, obtained by tracing out the whole
environment except for r subsystems denoted by Bs,. A
state-spectrum broadcasting process has occurred if the
final joint state of A and Bs,, p"25 := ®4Bsr (p4), takes the

following form:

Pt =3 pelk) (k@ @) oy

J €St

(B11)

Di := Tr[|k) (k| p] being the probability distribution aris-
B.
ing due to perfect decoherence and all {o,” }; having
. . B; B;
disjoint supports, i.e., 0’ 0,/ = 0 whenever k # k'.

In the above definition, the name of the process becomes
clear: the spectrum of the state of the system after deco-
herence (with respect to a certain pointer basis), (Pi)x, 1S
perfectly broadcast to the environment. The proposal that
such a structure for the joint state p#Zs- provides sufficient
conditions for objectivity comes from the following. First,
the system undergoes a complete decoherence process,
having no decoherence-free subspace left. This means that
it can be considered as a classical mixture of orthogo-
nal states. Second, the condition of disjoint supports for

{ofj }x for every j € Bs, means that the distribution py
is perfectly broadcast to the environmental subsystems
B; € Bs,. That is, this condition corresponds to the n =1
case for quantum Darwinism! Thus, if one accepts a con-
dition n ~ 1 leading to objectivity under the approach to
quantum Darwinism of Branddo et al., one is forced to
accept state-spectrum broadcasting as reaching objectivity
as well. Finally, the additional presence of the (completely
decohered) state of the central system ensures that one
can directly probe it, thus allowing for confirmation of the
information broadcast to the environment (as long as one
can probe it using the {|k) (k|}; measurement).

Note that we can describe a state-spectrum broadcasting
process as a special and more restrictive case of Darwin-
ism in the Brandao ef al. formalism. All we need to do is
to adapt our interpretation, by considering a postinterac-
tion state of 4 in addition to an environmental portion, By, .
In other words, we can choose a special B, portion in our
definition of Darwinist process: Bs, = 4 U Bg,, where By,
now also contains the final state of 4. This is not problem-
atic, as there is no need to demand all of B; to be different
from A. Indeed, all that is required by the EW, dynamics
is that ® maps D(H,) to D(Hp, ® ... ® Hpy), with N
large, and we should trace out all but the B, subsystems
in the end—and one of the B; € By, can certainly represent
the state of 4 after the interaction [59]. In the main text, for
the sake of simplicity, we consider Bg, as being composed
of only environmental subsystems.

Therefore, we can see state-spectrum broadcasting as
a special kind of QD, process, in which (i) n =1, (ii)
perfect decoherence has occurred (Ej; = |k) (k| for some
pointer basis |k) of the Hilbert space H,), and (iii)
A € Bs, and o' = |k) (k|. Indeed, the state in Eq. (B10)
is already in a measure-and-prepare form, with objec-
tive observable E; = |k) (k| and conditionally prepared
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states |k) (k] ® &); s, a,fj . Those states have disjoint sup-
port, thus being perfectly distinguishable, i.e., n = 1.
From the example of perfect decoherence, we know
that 13[(|k) (kl)x] =1 — 1/2dim(H,), which means that
n=1) > f’}. Since we are dealing with a specific form of
a QD, process, we can apply our Theorem 4 and conclude
that, under a process of state-spectrum broadcasting, non-
contextuality emerges. We state this formally as follows.

Corollary (State-spectrum broadcasting—restatement). If’
the interaction leads to the occurrence of state-spectrum
broadcasting process for arbitrary initial states p*, all the
Bobs can construct a noncontextual ontological model for
their statistics.

Proof. As discussed above, we have n =1 and E; =
|k) (k| for all k, with |k) (k| a basis of H,. This last
condition implies that P=1-1 /2dim(H ), as seen in
Appendix B2a. If the interaction is such that a state-
spectrum broadcasting process occurs regardless of the
initial state of the system, we have a QD, process satis-

fying n > P and, by Theorem 4, all of the Bobs B; € By,
can construct a noncontextual ontological model for their
statistics. Interestingly, one of the Bobs will be receiv-
ing the central system A after the interaction, in state

= ) Pr |k) (k]. The fact that this is a state of 4 and
not an environmental subsystem makes no difference to our
results. |

APPENDIX C: CONNECTION TO THE
CHARACTERIZATION OF
NONCONTEXTUALITY IN THE GENERALIZED
PROBABILISTIC THEORIES FRAMEWORK

In Lemma 2, we show that noncontextuality emerges for

those Bobs in which the encoding states {of 71y are affinely
independent. The condition of affine independence of these
states can be linked to the characterization of noncon-
textuality in the generalized probabilistic theories (GPT)
framework, as formalized in Refs. [27,50]. For the ben-
efit of readers familiar with such characterization, in this
appendix, we concisely demonstrate this connection for
the case kmax = dim(HBj )2. In what follows, we use the
notation »n = dim(HBj).

As mentioned in the proof of Lemma 2, affine inde-
pendence of {ij }r implies that ConVHull[{a:j ] is a
(kmax — 1)-simplex, denoted by Ay, ... Thus, the effective

states arriving at Bob B;, ﬁkcr,f’ , can be identified with
points on that simplex. In the case on which we focus here,
i.e., kmax = 7, this simplex is written A,p. Since these are
quantum states on Bob’s subsystem, A,» C D(Hg,).

The states D(HB].), as well as the restricted A2,
live in (a hyperplane of) the real vector space of n x n
Hermitian matrices, H,. The set of elements of POVM,

which will assign the probabilities to each outcome
of all possible measurements that Bob B; can per-
form, can be identified with the compact convex set
D*(Hg;) :={Fp» € H,|Tt[Fpp] €[0,1]V p € D(H3,)}. We
also consider the analogously defined set of Hermitian
matrices having inner product with elements of the simplex
between 0 and 1, ie., A% = {F, € H,|Tr[F,p] € [0,1]
Vp € A2} Since A,p C D(HB ), the “dual” set Azz must
be larger than D*(HB ), 1.e. D*(HB ) C A*

Now, consider a generallzed probablhstlc theory that
is the result of the following procedure: start with quan-
tum theory (as a GPT) and then impose the restriction
D(ng) — A,2 on Bob’s states due to the dynamics—Iet
us call this GPT the “EWQuantum” theory. Under this per-
spective, we can view A,» as the normalized state space of
“EWQuantum” and D* as the (restricted) set of effects of
such a theory. Under this perspective, the fact that the nor-
malized state space is a simplex, A, 2, and that the effects
are a subset of the dual, D* C AY,, imply that EWQuan-
tum “fits inside” classical probability theory! Formally,
this means that this GPT is simplex-embeddable, which is
an equivalent condition for noncontextuality of the under-
lying operational theory in prepare-and-measure scenarios,
as proven in Ref. [27].

In Ref. [50], noncontextuality in GPTs is characterized
in a similar way but with the additional condition that the
classical theory into which the GPT “fits” should have the
same dimension as the GPT. This is exactly what happens
here, since the classical probability theory (as a GPT) with
the set of normalized states A,» and effects A*, lives in

a real vector space of dimension #?, which is the same
as dim(IH,,). Therefore, the conditions for noncontextuality
according to Ref. [50] are also satisﬁed

For cases in which Ay < #%, the situation is not so
straightforward (note that there is no need to consider
kmax > 1%, as it is impossible to have as many affinely
independent states). We can still think of the restricted
state space A C D(Hp,) but now Hj, is strictly larger than
span(Ay,,,.). This leads to some technical problems, e.g.,
Ay would not be a compact set on H,. There are a few
poss1b111tles to try to dodge these problems; for instance,
one could see the impact of considering nontomograph-
ically complete GPTs, as introduced in Ref. [60]. This,
however, is beyond the scope of this work and will be
addressed in the future.
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