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ABSTRACT. We introduce new techniques to study the differential complexes as-
sociated to tube structures on M x T™ of corank m, in which M is a compact
manifold and T™ is the m-torus. By systematically employing partial Fourier
series, for complex tube structures, we completely characterize global solvability,
in a given degree, in terms of a weak form of hypoellipticity, thus generalizing
existing results and providing a broad answer to an open problem proposed by
Hounie and Zugliani (2017). We also obtain new results on the finiteness of the
cohomology spaces in intermediate degrees. In the case of real tube structures, we
extend an isomorphism for the cohomology spaces originally obtained by Dattori
da Silva and Meziani (2016) in the case M = T™. Moreover, we establish necessary
and sufficient conditions for the differential operator to have closed range in the
first degree.

1. INTRODUCTION

We investigate the global solvability and the cohomology spaces of differential
complexes associated with certain systems of first-order differential operators on
compact manifolds. More precisely, let M be a smooth, compact, connected and
oriented n-dimensional manifold, and let wq,...,w,, be smooth, complex, closed 1-
forms on M, and let T™ = R"™/27Z™. On Q = M x T™, we consider the involutive
subbundle V C CT() whose sections are annihilated by

(p =dop —wi, ke {1,...,m}, (11)
in which x = (21, ..., x,,) denote the usual coordinates on T™. Such V gives rise to
a complex of vector bundles and first-order differential operators over € [10, 5], here

constructed as follows: for each ¢ € {0,...,n}, let A? denote the bundle of ¢-forms
over M and A? its pullback via the projection 2 — M. The smooth sections of the
latter are locally written as

F=3 filtx)dty, (1.2)

|J|=¢
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in which f; € €>*(U x T™) and (U;ty,...,t,) is some local chart of M. Denote by
d; the exterior derivative in M and define a differential operator

d ;dt+zwa% LG AT) — F(Q AT, (1.3)
k=1

that satisfies d’ o d’ = 0. Our goal is to investigate global solvability — that is,
closedness of the range — of (1.3) in any degree g € {0,...,n — 1}, and to provide a
better understanding of the smooth cohomology spaces

L ker{d’ : (G AY) — E=( AT}

M= o) —es@ay Y

for ¢ € {0,...,n} (with standard conventions regarding the endpoints').

Our motivation to work in this setting is an attempt to encompass the model
in [3, 4, 8, 9] where the global solvability of d’ in Q = M x T? is studied and also the
model in [6] where the authors were able to find isomorphisms for the cohomology
spaces when €2 = T™ x T™. Below, we summarize what we understand to be three
of the main themes that keep intertwining throughout the paper, and their major
consequences.

1.1. The relationship between solvability and regularity. Our first result is
an equivalence between global solvability of d’ and a weak notion of hypoellipticity
(Theorem 4.4). This is a generalization of [, Corollary 7.2] that holds in arbitrary
degree, for any smooth, complex tube structure of arbitrary corank, and thus pro-
vides a broad answer to the Open Problem 2 in [3]. All the steps of this implication
are explained in Remark 4.3, Corollary 4.5 and Remark 4.6.

The main statement can be summarized as follows:

Theorem 1.1. For each q € {0,...,n — 1}, the following are equivalent:
(1) d': €=(Q;AY) — €°°(Q; AT has closed range.
(2) For every u € 2'(%;A9) such that d'u € €°(Q;AT™Y) there exists v €
¢ (Q; A?) such that d'v = d'u.

The second property above is what we will call almost global hypoellipticity (AGH).

1.2. Isomorphism formulas for the cohomology spaces. Concerning the coho-
mology spaces for real tube structures, we prove certain isomorphisms (5.10), similar
to the main result in [0]. In that work, M is the n-torus, and their result roughly
states that, under suitable conditions, we have

Hg (6(Q)) = ¢(T") © Hg (M), (1.5)

in which r is the rank of a group associated to wy, .. .,w,,. For a general M, however,
our approach (see Section 5.1) generalizes and provides a better understanding of
such result by decomposing the action of our operator in convenient subspaces.
While the complete statement of our results requires a bit of notation, below we will
provide rough versions of them for the convenience of the reader.

LAll differential complexes presented in this paper are “completed as zero” in negative degrees.
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Assume that wy,...,w,, are closed and real-valued 1-forms on M. We define the
following subgroup? of Z™:

r, = {f ez £ w= kawk is an integral 1—f0rm}.
k=1
We interpret the & € Z™ as frequencies for the partial Fourier series with respect
to z € T™. Roughly speaking, by applying Fourier series to cohomology classes in
HY,(€>(Q)) and splitting them into frequencies belonging to I',, and to Z™ \ T,
one is naturally led to the direct sum decomposition

Hy (67(Q)) = Hy (65, () © Hy (6zmr, ().

(the definition of the summands can be found in Section 5.1). Then, as a result of
a series of arguments in Section 5.1, we obtain the following representation of the
first factor above (which, again, assume no hypotheses on the given tube structure):

Hy (6r5(2) = €=(T") @ Hgp (M),

where r is the rank of I'y, as a group. In order to reach (1.5), we are necessarily
lead to the problem of determining conditions for the vanishing of the second factor
HG (Cpar,, (§2)): this is done in Theorem 5.7, where, besides the obvious requirement
of closedness of the range of d’; we find an unexpected obstruction (5.11) for the
validity of (1.5). Therefore, the main result in [0] does not extend, in general, when
M is not an n-torus.

Indeed, for surfaces, this obstruction — which is related both to the nature of the
tube structure and the topology of M — is not present in any degree when M is
either a 2-torus or a 2-sphere, but is present at ¢ = 1 when M has genus g > 2. We
show in Section 7.2 how to construct tube structures that satisfy all the hypotheses
required by [0], but that do not satisfy (1.5). We conjecture that (5.11) holds in
any degree when M is a compact Lie group and the tube structure is real, thus
providing a complete generalization of the results in [6]. We plan to investigate this
topic further in a forthcoming work.

1.3. Characterization of solvability in the first degree. Still assuming our
1-forms wy, . ..w,, to be real, in Section 5.2 we provide a complete characterization
of global solvability for the first degree of our complexes in terms of Diophantine
conditions & la [3, 4]. Here, this is our main result, a restatement of Theorem 5.12:

Theorem 1.2. Assume wy,...,w,, real-valued. The following are equivalent:
(1) d': €=(Q) — €>(Q; A") has closed range.
(2) Given {B,}oen C €=(M;A') a sequence of closed integral 1-forms and
{&oen CTZ™\ Ty such that |€,| — 0o, we have that {|&,|" (&, - w — B,) }uen
is unbounded in €°°(M;A").

The second condition above is called the property of weak non-simultaneous ap-
proximability for the collection (wy, . .., wy,), which is further discussed in Section 5.2.
The systematic use of the key Lemma 4.1 and its implications not only provides
a better understanding of the different notions of global solvability present in previ-
ous works (that use the so-called compatibility conditions, see Remark 4.3) but also

2A word of caution: a different, more general definition of Ty, will be given later on; one that
encompasses the case when wy, ..., w,, are complex-valued (4.3).
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results into relatively short and straightforward proofs without the need of usual
techniques, such as dualizing with the top degree, or the use of a prior: inequali-
ties. Indeed, our method automatically supply a formal solution (Definition 4.7),
obtained by solving a system of simpler differential equations (with the help of com-
patibility conditions) that appears after performing the partial Fourier transform.
The question then becomes when the formal solution is a true solution, and here
the Diophantine condition plays a role.

1.4. Final results: finiteness theorems and results on surfaces. In Sections 6
and 7, we revisit complex tube structures, and derive a handful of necessary con-
ditions for finiteness of the cohomology spaces. The results we proved led us to
conjecture whether HY (€°°(£2)) is finite dimensional only if it is isomorphic with
Hi (M) — true, notably, when (5.11) holds and = 0 (Theorem 7.5), as well as in
every other situation in which we were able to compute. For example, when M is a
surface, we obtain a quite complete description (Section 7.1).

Convention. Except where explicitly stated, the 1-forms wy,...,w,, are assumed
to be complex-valued.

2. PRELIMINARIES

2.1. Global solvability in abstract complexes and related concepts. Let X
be a smooth, compact, connected and oriented manifold, and [E be a complex vector
bundle over X. The space €>°(X;E) of smooth sections of E carries its standard
Fréchet topology; by endowing X with a Riemannian metric and [E with a Hermitian
metric, one may write it as the projective limit of a suitable sequence of Sobolev
spaces of sections of E. We also let 2’(X;E) be the space of distribution sections
of E, which will be identified with the topological dual of € (X;E*).
Let E,F be vector bundles over X and P a differential operator from E to F.

Definition 2.1. We say that P is almost globally hypoelliptic (AGH) if
Vu € 9'(X;E), Pue €°(X;F) = Fv € €*°(X;E) such that Pv = Pu.
We have:
Theorem 2.2. If P is (AGH), then P : €*(X;E) — €><(X;F) has closed range.

This result is proved in [2, Theorem 3.5] for scalar operators; its proof extends to
vector-valued operators in a straightforward way, hence we omit it. A converse fails
to hold even for very simple operators, but is valid for many classes of operators [1, 2],
including (1.3), as we will prove in Theorem 4.4 below.

Let G be a third vector bundle over X and @) a differential operator from [F to G
such that @ o P = 0. We define two cohomology spaces

Fivy o ker{@ - F(XF) — F(X5G)) o
Heo(#(X)) = ran{P : #(X;E) — Z(X;F)}’ F =TT
Our goal is to understand these two cohomology spaces separately, as well as their
relationship. The inclusions € (X;x) — 2'(X;%*) (x = E,F,G) induce a linear
morphism

Hpo(€>(X)) — Hpqo(Z'(X)) (2.1)
which may be neither injective nor surjective. However,
P is (AGH) <= (2.1) is injective,
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being therefore independent of (), and a property of P alone. One should recall the
traditional notion of global hypoellipticity for complexes, that is:

Vie 2'(X;F), Qf e €¢°(X;G) =
Ju € 2'(X;E) such that f — Pu € €°(X;F). (2.2)
Since Q(f — Pu) = Qf, (2.2) implies that @ is (AGH). Additionally, we have that
Vie 2'(X;F), Qf =0= Ju € 9'(X;E) such that f — Pu € € (X;F),
which is equivalent to the surjectivity of (2.1). We state this result more precisely:

Proposition 2.3. Property (2.2) holds if and only if Q is (AGH) and (2.1) is onto.

The transpose P is a differential operator from F* to E*, yielding new maps
op . 7(X;F) — 2(X;E"
| EF(X;F) — EF(XGEF)
the latter being the restriction of the former. In the presence of a second operator ()

satisfying @ o P = 0, we want to determine necessary conditions on f € € (X;TF)
so as to be able to solve Pu = f with u € €°°(X;E). Obviously, we must have

f eker{Q : €°(X;F) — ¢ (X;G)}. (2.3)

Moreover, if v € 2'(X;F*) is such that ‘Pv = 0, then
(v, f) = (v, Pu) = (*Pv,u) =0,

that is,

f eker{'P: 7'(X;F*) — 2'(X;E*)}°. (2.4)
However, by Functional Analysis, the annihilator in (2.4) equals the closure of
ran{P : € (X;E) — ¢>°(X;F)}, and since Q o P = 0, the range of P is contained
in ker{@ : €°(X;F) - ¢>°(X;G)}, which is closed in €*°(X;F). We conclude:

ker{'P : 7'(X;F*) — 2'(X;E*)}° C ker{Q : €= (X;F) — €>°(X;G)},
hence the compatibility condition (2.3) is redundant in light of (2.4). We therefore
introduce the following definition in spite of the presence of the operator ().
Definition 2.4. We say that P is globally solvable if for every f € €>°(X;F)
satisfying
(v, f) =0 for every v € 2'(X;F*) such that ‘Pv =0

there exists u € €°(X;E) such that Pu = f.

In other words, P is globally solvable if and only if the range of P is closed.

2.2. Partial Fourier series for sections of A?. Given f € €>(Q;A?), for each

& € Z™, we define an element fg € €>°(M;A\9) as follows: if U C M is a coordinate
open set in which f is written as (1.2) then

= Y f ety = 3 ( /

[J1=q |71=q

e_ingj(t,x)dx) dt;, teUl.

m

Note that since A(m) = A; for every x € T™, each dt; can be thought as a section
of either A? or A?. One can check that the construction above is independent of the
choice of coordinates on U, hence defines well a differential form of degree ¢ in M.
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It is useful to regard fg as a current on M, that is, we define fg :E°(M; A1) — C
by
g {Jeo o) = (fe™ AgAda) = / fAeENg Nz, (2.5)
Q

with dz = dzy A - - - Adx,,; both definitions yield the same object. This extends our
construction to g-currents, yielding linear maps

S [ EE2A) s E=( A
Sl 2N — P/(M;AY)
defined by the assignment f +— fg.
Proposition 2.5. The map F¢ : €°(Q; A?) — € (M; A9) is continuous.
Going in the other direction we define linear maps
Sl 2 (MA) — P A7) '
by f s (2m)"™eE A f.

Lemma 2.6. For every { € Z™, we have that F¢ o & is the identity on €°°(M;A9)
and Feo & =0 ifn# &, for every ¢ € {0,...,n}.

Proposition 2.7. Given f € €°(Q2; A?) we have
1 A
f= > e e (2.7)

with convergence in €°(2;AY). In particular, f = 0 if and only if fg = 0 for all
Eezm.

2.3. Fourier analysis of d’. Let w = (wy,...,w,,) with each w; being a complex,
closed 1-form on M. Given £ € Z™, we write

Ew=) Gup € €7(M;A)
k=1

and define di : €°°(M; A7) — €>°(M; A9™") by
def =df +i(§-w) A f,

a first-order differential operator that satisfies d’£ o d’5 = 0, thus forming a complex
whose smooth cohomology spaces we denote by
ker{d., : €°°(M; A?) — €°>°(M; A7+
Hé]((gw(M)) = rarf{df : Zioo((M, Aq)—l) —cf‘ﬁ(oo(l,w Aq))i’
x ) ’
and, as usual, H)(€>*(M)) = ker{d; : €>°(M) — €>(M;A")}.
In the next section, we start a deeper study of these zero-order perturbations of

the de Rham complex. For the moment, we focus on their formal aspects related to
the Fourier analysis of the complex d’. The proofs of the next results are standard.

qge{l,...,n} (2.8)

Lemma 2.8. The following transposition formulas hold.
(1) For f € €(%A9) and g € €°(Q; A" 91), we have

/d’f/\g/\dx:(—1)q+1/f/\d'g/\dx.
Q Q



(2) For f € €°°(M;A?) and g € €>°(M; A""971), we have

/ def Ag = (—1)‘”1/ fAd g
M M
for every £ € Z™.

Corollary 2.9. For each & € Z™, the following commutation relations hold:
(1) d, o 55 = 55 o dé,
(2) Feod =d;o Fe.

3. ZERO-ORDER PERTURBATIONS OF THE DE RHAM COMPLEX

Motivated by the introduction of the operators d’5 in Section 2.3, we discuss a
general class of operators on M that are perturbations of the exterior derivative.
Let w be a complex, smooth, closed 1-form on M, and define, for g € {0,...,n}:

D, =d+iwA-: E°(M;AY) — €°(M; A1), (3.1)

Note that d’é = D, when w = £ -w. These are first-order differential operators,
satisfying D, o D, = 0 since w is closed. The operators D, define a differential
complex, which is elliptic since D, has the same principal symbol as d. Such a
differential complex, however, does not come from an involutive structure on M
(for instance, D, (1) = iw # 0), hence we cannot apply solvability results from this
theory to it. Given any open set U C M, we define
ker{D,, : #(U; A1) — F(U; A9H!

ran{D,, : . (U; A1) — F(U;\9)}
In particular, H{(¢'>°(M)) = HI(€>(M)) when w = § -w. If w is exact in U, say
d¢ = w|y for a ¢ € €°(U), then de” = ie®w|y and

d(ef) = de™® A f + €?df = €D, f
whatever f € 2'(U; A?). In particular, for ¢ = 0, if U is connected,
fe2U), D,f =0= f = const. - e, (3.3)

thus the sheaves of homogeneous solutions of D, in smooth functions and in distri-
butions are one and the same; we will denote this sheaf by .7,. A crucial feature is
that .7, is locally isomorphic with the constant sheaf .7, — its stalks are copies of
C — but not globally in general (see below). We have commutative diagrams

P'(U; AY) 22 /(U AT+

lew. lew.

P'(U; A7) —— 2'(U; A7)

F=€Cor 2. (32

and the same holds for smooth sections. Since ¢ # 0 on U, we conclude that
HY(FU)) =2 HRU), F=¢%or 2, (3.4)

the right-hand side standing for the usual de Rham cohomology space.

Let .%, denote the sheaf of germs of smooth or distributional sections (depending
on the case) of A4, that is, forms and currents. We have the exactness in degree
g € {1,...,n} of the sequence

Dy D

y Fq —— Fen De (3.5)
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Indeed, by the Poincaré Lemma, every point ¢ € M has a neighborhood in which w is
exact, thus we can apply the isomorphism (3.4) and use that the exterior derivative
d is locally solvable at ¢ in degree ¢ € {1,...,n} (this is usually stated for smooth
forms, but also holds for currents). In particular, in both cases the sequence (3.5)
provides fine resolution of .7, so on any open set U, we have

HE(e=(U)) = H(Z'(U)) = H(U; 7)),

the right-hand side denoting the g-th cohomology space with values in the sheaf
7. Specifically, the natural homomorphism of sheaves ®° : €5° — 9/ induces
homomorphisms ¢ : 6° — 7, forming a homomorphism between resolutions

D D D D
00 w w 00 w oo w
0 >5ﬂw }%0 S e ;ng N q+1—>“'
lld lq)() lq>q l®q+1
D D D D
/ w w / w / w
0 y S > D > 9, > Dh —

Hence, for each g € {0,...,n}, the map
&1 HY(E(U)) — HUP'(U)), U C M, (3.6)

which is precisely the one induced by the inclusion map €°°(U; AY) — 2'(U; A9)
on the quotients, is an isomorphism® — we have just proved a special case of the
so-called Atiyah-Bott Lemma. Unwinding quotients in (3.2), one deduces that:

Theorem 3.1. Given an open set U C M, we have that:
(1) For every f € €(U; A?) such that there exists u € 2'(U; A1) with Dyu =
f, there exists v € €°(U; A7) such that D,v = f. Le., D,|y is (AGH).
(2) For every f € 2'(U; A1) satisfying D, f = 0, there exist g € €<(U; A?) and
u € 2'(U; A1) such that f — g = Dyu.

Proof. Clearly, the first claim is equivalent to the injectivity of (3.6), while the
second one is equivalent to its surjectivity — both of them established above. O

In particular, D, is (AGH) in each degree. On time, we recall that, by elliptic
theory, all the cohomology spaces HZ(€*°(M)) are finite dimensional since M is
compact. Both properties will be used heavily, often without mention, from here
on.

Another consequence of (3.3) is that, given a coordinate ball U C M, a func-
tion in ., (U) either vanishes identically or is never zero. In particular, the zero
set of a global homogeneous solution f € .7,(M) is both open and closed, so by
connectedness, such an f also either vanishes everywhere or not at all.

Lemma 3.2. Either ./,(M) = {0} or dimc .,(M) = 1. The latter case happens
if and only if 7, is isomorphic with the constant sheaf 7.

Proof. Suppose there exists f € .7,(M) non-zero. By the previous remarks, f never
vanishes. We will prove that any g € .%,(M) is a constant times f. On an open set
U C M in which w is exact, we have by (3.3) that f|y = cie™* and g|y = cye for
some constants c;, ¢ € C with ¢; # 0. Hence (g/f)|v = ¢ ¢z, and, since such open
sets cover M, we reach the conclusion that g/ f is locally constant: by connectedness,
this must be actually a constant function. Now, we prove that multiplication by f

3See e.g. [12, Theorem 3.13], but especially the remark by its end concerning naturality.
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defines a sheaf isomorphism ., — .7, a claim that we check locally. Given t € M,
take a coordinate open ball U C M around it. We have
h e S (U) = h = const. = h - f|y = const. - f|y € 7, (U),

so we have a monomorphism %,(U) — #,(U). But, since w|y has a primitive, any
g € Z,(U) is a multiple of f|y, hence that monomorphism is also surjective. O

Corollary 3.3. Ifw is exact then ./, = 4.
Proof. If ¢ € €°°(M) is a primitive of w, then D, (e7%) = 0, i.e., e~ € .7, (M). O

Remark 3.4. The sheaf .¥, is always locally isomorphic to .#; the isomorphism can
be made global precisely when .7, admits a non-vanishing global section.

Lemma 3.5. Given two closed 1-forms wy,wy on M such that S, (M) # {0} #
Ty (M), we have that %, +.,,(M) # 0.

Proof. 1f fi (resp. f2) is a section of .7, (resp. .7,,) then fi fs is a section of .7, 1, .
Indeed:
d(fife) =dfiNfot findfo = —iwi A fi A fa—ifi Awa A fo = —i(wi +w2) A (fif2).
In particular, if f1 € 7, (M) and f, € #,,(M) are both non-zero then f;f, €
T +wy (M) is non-zero. O
Theorem 3.6. The set

Zy = {lw] € Hip(M) ; A, = A} = {[w] € Hip(M) 3 S (M) # {0}}
1S a group.
Proof. Notice that Z,; is well-defined: if w,w® are two closed 1-forms in the same
cohomology class such that ., = %, then also .7, = .%. Indeed, in that case
there exists ¢ € €°°(M) such that w® = w + d¢: since .7, = % by assumption and
Fap = S by Corollary 3.3, it follows from Lemmas 3.5 and 3.2 that .7,,. = %,

The same argument shows that Z); is an additive submonoid of Hlz(M). Re-
garding inverses, if [w] € Z); then there exists a non-vanishing f € .7,(M); clearly,

df +ifw=0=d(1/f) —i(1/f)w = 0.
Therefore, 1/f is a non-vanishing element of .7 (M), so —[w] € Z);. O
Remark 3.7. Recall that a real closed 1-form « is integral if fva € 2nZ for every
I-cycle v in M. It follows from [/, Lemma 2.1] that
Zy = {[w] € Hizx(M) ; Rew is integral and Imw is exact}. (3.7)

4. FORMAL CHARACTERIZATION OF THE CLOSURE OF rand’

In this section, we address the issue of formal solvability (i.e., at the level of
partial Fourier series) and relate it with the notion of global solvability in degree
g € {1,...,n}. Now that we have all the tools at our disposal, the proofs are pretty
straightforward.

Lemma 4.1. For f € €°°(Q; A?), the following are equivalent:

(1) f belongs to the closure of ran{d’ : €>°(Q; A1) — €=(Q; A1)},
(2) fe is dg-exact for every § € Z™.
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Remark 4.2. The notion of fg being di-exact is unambiguous: if dzue = fg is solvable
in distributions, we can always find a smooth solution since d; is (AGH) (Theo-
rem 3.1).

Proof. Let f € €>(Q; A7) and suppose there exists {u,},en C €=(Q; AT ) such
that d'u, — f in €°°(Q; A?). By Proposition 2.5 we have that

deFe(w,) = Fe(d'w,) — fe in G=(M;A\).

Therefore, fe belongs to the closure of ran{d : €>(M;A"") — €°°(M; A?)}, which
is already closed in € (M; A7) — for instance, by Theorems 2.2 and 3.1 —, hence:
fe € ran{d} : €°(M; A7) — €°(M; A7)}, VEe€Z™ (4.1)

Conversely, if f € €°°(£2; A?) is such that (4.1) holds, then for each £ € Z™ there
exists ug € €°°(M; A1) such that diug = fe, hence in the topology of €>°(Q2; A?)
we have

1 ) 1 )
_ 1z€ / 1 / ix€
f= 2n)" Z e A dﬁU& = Vlggd <(277)m Z e A uﬁ),

fezm l€1<v
which proves that f lies in the closure of ran{d’ : €>°(Q; A" ') — €<(Q;A9)}. O

Remark 4.3. Lemma 4.1 helps to settle the question of equivalence between differ-
ent formulations of compatibility conditions appearing in the literature (hence, the
equivalence between different notions of (smooth) global solvability).

Consider, for instance, the space E C €°°(2; A') determined by the compatibility
conditions in [%, 9] (which deal with the case m = 1, ¢ = 1). Given f € €>(Q; A'),
it follows easily from de Rham Theorem that, if fg is d¢-exact for every £ € Z™,
then f € E; whereas the converse follows from results in [3, 9]: if f € E, a solution

to d'gu§ = fg is obtained for every £ € Z™, first in some covering space of M, and
then in M by a convenient choice of initial conditions. In particular, £ equals the
closure of ran{d’ : €>=(Q) — €>(; A')} in that case.

The previous lemma yields our first major result; which, together with Theo-
rem 2.2, entails Theorem 1.1.

Theorem 4.4. If (1.3) has closed range, then it is (AGH).

Proof. Suppose that d’ : €>°(Q; AY) — €°°(Q; A"!) has closed range and let u €
2'(Q; A7) be such that f = d'u € €>°(Q;A’""). Then f; = dgig, that is, fg is
d¢-exact for every § € Z™. By Lemma 4.1, f belongs to ran{d’ : €>°(Q; A?) —
€ (2; A7)}, so there exists v € €>°(Q; AY) such that d'v = f = d'u. O

It generalizes [9, Corollary 7.2] (and preceding results):
Corollary 4.5. If the operator d’ : €>(Q) — €= (Q; A') satisfies the property
Vu e 2'(Q), d'u=0= u = const., (4.2)
then it has closed range if and only if it is globally hypoelliptic.

Proof. This is an immediate consequence of Theorems 2.2 and 4.4, since global
hypoellipticity is equivalent to (AGH) when (4.2) holds. O
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Remark 4.6. Notice that (4.2) holds in the case considered in [9, Corollary 7.2]
(m =1, w = ib with b real, closed and non-exact) thanks to !, Lemma 2.2]. See
also further discussion below about the group I',.

Definition 4.7. We say that an f € €°°(Q;A?) is formally solvable if for each
£ € Z™ there exists ug € €>°(M; A"") such that diue = fe.

A sufficient condition for that to happen is that there exists u in °°(Q; A7!) - or
even in 2'(€2; A7) - such that d'u = f: Lemma 4.1 entails the following converse.

Corollary 4.8. The following are equivalent:
(1) d': (A7) — (2 AY) has closed range.
(2) For every formally solvable f € €>(Q; A7) there exists u € €>®(Q; A1)
such that d'u = f.

Before we move on, we must introduce an important set of frequencies. For
w = (wi,...,wn), the mapping £ € Z™ — [¢ -w]| € Hiz (M) is a homomorphism of
groups, hence
I, ={{e€Z™; [ -weZy} (4.3)
is a subgroup of Z™. In particular, either one of the three mutually exclusive alter-
natives hold:
(1) Ty = {0};
(2) T, is infinite and proper; or
(3) Ty, =7

Using (3.7) one has, for instance, that:

Iy = {0} <= Re({ - w) non-integral or Im(¢{ - w) non-exact, V& € Z™ \ {0}

— Rewy, non-integral or Imwy, non-exact, Yk € {1,...,m};
while
[, =7Z™ <= Re({ - w) integral and Im({ - w) exact, V¢ € Z™
<= Rewy, integral and Imwy, exact, Vk € {1,...,m}.
5. APPLICATIONS TO REAL STRUCTURES
Throughout this section, wy, ..., w,, are assumed real. In this case,

I,={¢€Z™; £ wis integral }.
5.1. Isomorphism theorems. For X C Z™ we set, for each q € {0,...,n},
CL(UA) = {f € E(QAY) ; fe=0, VE€Z™\ X},
and for f € €>°(Q; A7), we consider its projection on €’ (€2; A?):

1 . ~
e G A e

£ex

It follows that f = fx + fzm\ x and hence
E(Q M) = G (4 AY) © G2 (% AY).

Notice moreover that
d'ER (4 AY) C E (AT
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and that
d/u - f < dIUX - fX and dIUZm\X - me\X.
It thus makes sense to define
- C ker{d" : €L(Q; A1) — EX(Q; AT}
HY (6 (Q) = —— o S
ran{d’ : €L (L A7) — (LAY}

hence, we have
HE (6 (Q)) = Hy (6X°(Q)) ® Hy (€zm x ().

We denote by 7 : M — M the universal covering of M. For each k € {1,...,m}
there exists 1y € €°(M;R) such that diyy = 7*wy, on M (since the latter form is
exact). More generally, for £ € Z™ we set

Ye =) &b € C(M;R), (5.1)
k=1

hence dipe = 7*(€-w). In an open set U C M in which 7y : U — U is diffeomorphism
(U C M being another open set) we have

deeoms’ = iei'pﬁowal({ ‘w) onU.

If ¢ € Ty, then € -w is integral, hence by [3, Lemma 2.3], if P,Q € M satisfy
7(P) = m(Q) then ¥¢(P) — ¢¢(Q) € 2nZ, we can define for every £ € T, a smooth
function

M 3t —s e 'O, (5.2)
even though 7! is not a function. It follows that
Ve € ey (M)\ {0}, VEET,.
We define a map W : M x T™ — M x T™ by
\IJ(Ev L1y 7xm) = (57 Ty — 1/]1({)7 vy Ty — ,éz}m(g))?

in which the sum zj, — (%) takes place in R/(27Z). In particular, ¥ is a diffeomor-
phism with inverse

‘Ifildv, L1,y ... ,;Em) = (E, T+ ¢1<t~>, e, Ty wm<g))
Proposition 5.1. Assume wi,...,w, real-valued and let f € C°( AY). Then

Of) = o 3 e fy 53)

(2m)™ ot

defines an element in G50 (; A?). The map
© : 1, (5 A7) — 61y (5 A7)
18 a linear isomorphism and satisfies d 0 © = d; o0 ©.

Proof. Writing the partial Fourier series of f, we have that

Fltr) = —— 3 e fi(t).

(2m)™ ot
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We define F' = (7 X idpm)* f, which is a smooth g-form on M x T™. By continuity
of the pullback map, it follows that

za:{
F( ,l‘ 271' m Z 7T f{
¢ely

with convergence in the space of smooth g-forms on M x T™. If we change coordi-
nates using the diffeomorphism ¥, we obtain

(VF)io) = G 3 RO fo ),
(m)™ éer
which we will show that descends to M x T™ as ©(f). The sequence of truncated
sums
V - m Z wgf Ve N’
g€l
l€l<v

which approximates f in €*°(£2; A7), certainly satisfy
U* (7 X idgm)* f, — U*F  on M x T™
whereas

9u(t) =

D e f (), ven,

( m
el
|€]<v

satisfy (7 x idpm)*g, = U*(7 x idym)* f,, clearly, hence
(7 X idgm)*g, — U*F  on M x T™. (5.4)

To prove convergence of {g, },en in €(£2; A7), it suffices to check it on U x T™ for
a suitably small open set U C M: its limit will then be automatically a globally
defined ¢-form ©(f) on M x T™, and can be easily seen to be a section of A?. This
is the case if, say, there exists an open set U C M such that 7y : U — U is a
diffeomorphism. Since the previous convergence (5.4) takes place in U x T™ as well
by restriction, in which 7y X idypm is invertible, we conclude that {g, },en converges
in U x T™, proving our claim.

It is clear that (5.3) holds (as ©(f) is by definition the limit of {g,}.,en), hence
of course O(f) € Er2(€2; A?): by continuity of each map F¢, equation (5.3) gives its
Fourier coefficients explicitly. Moreover:

(27T)md/@ (dt + Zwk A _) Z 611’{ ipeom—!

el
A m ix A
o Z < zxéd —itpgom ™! Z wk /\ Mp&mr_lf&))
(el k=
_ Z <€iz§—iﬂp507r_l (dtfg _ Z(é .w) A fg) + Z(f .w) A eimﬁ—ﬂpgwr—lfg)
(el
= Z eixf—i’()bgOﬂ'ild:?E
¢ely

= (2m)"O(d.f),
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that is: ©7'od 0© =d; on E°(Q; AY). O
A similar calculation shows that, if
Op : G=(M; A7) — C°(M; A7), Og(h) = Ve ',
then ©; ' o d; 0 O¢ = d, whatever & € T,
Theorem 5.2. Assume wi, ... ,wy, real-valued. Then, d' : €®(Q; AY) — €=(Q; AT™)

has closed range if and only if given a formally solvable f € CKZ"SL\FW(Q;AqH), there
exists u € € (Q; A?) such that d'u = f.
Proof. The direct implication is granted by Corollary 4.8; we prove the converse.
Let f € €°°(2; A’™") be such that for each ¢ € Z™ there exists ug € €>°(M;A9)
satisfying dzue = fg. Write f = fr, + fzm\r, and notice that both fr, and fzm\r,
are also formally solvable. By hypothesis, there exists v € €*°(2; A7) such that
d'v = fzm\r,: we must solve d'u = fr,.

We claim that ¢ = ©7'fr, € G°(Q;A%"") is formally solvable w.r.t. d; in €.
Indeed, g¢ = 0 for £ € Z™ \ T, while for £ € I',,, we have

dgue = fe = ;O tug = (0100 Mue = O ' fe = Fe(O07 fr,) = Ge-

But global solvability of d; is a general fact — see Lemma 5.3 below — which will
also play a role later on. It then follows from Corollary 4.8 applied to d; that there
exists w € €°°(2; A?) such that d;w = g. Note that we can replace w with wr,, if
necessary, and assume that w € G0 (; A?). If we set u = Ow € G0 (; A?) then

d'v =d'Ow =0dw =06g = fr,
and we are done. O
Lemma 5.3. The map d; : € (; AY) — €>(2; A" has closed range.

Proof. We endow M with a Riemannian metric and let A = dd*+d*d be the Laplace-
Beltrami operator acting on forms on M it is elliptic of order 2 and therefore satisfies
elliptic estimates: given k € Z, there exists C > 0 such that

0] erraarney < Cr (1A eraraay + 10l erarngy) . Vib € S5 (M; A9),
where J#* are Sobolev spaces. A standard argument shows that
Nl em+2iarney < Crll A sk arnay, V0 € AT2(M; AY), L*-orthogonal to ker A.
The following orthogonal decomposition w.r.t. the L?(M) metric is also well-known:
¢ (M; A7) =ker A @rand @ rand” (5.5)
(all operators acting on smooth forms), hence in particular, for ¢ € rand*,
1l rsmariny < Crlld“dlLesarnny < Colldwllps asnen

since in that case Ay = d*dy. We conclude that, for each k € Z ., there exist ¢, > 0
and j € Z, such that

1 sk (arsney < crlldib] i asnatry, V3 € rand™. (5.6)

Now, we obtain our conclusion by means of Theorem 2.2. Let u € 2'(€); A?)
be such that dju € €>=(Q; A™). Then, for every ¢ € Z™, we have that due €
€ (M; A7) by Corollary 2.9, hence, by Theorem 3.1, there exists v € €°°(M; A7)
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such that dve = ddg; thanks to (5.5) we can further assume that v, € rand*.
By (5.6), for each k € Z, there exist ¢ > 0 and j € Z, such that
Vel e (arsney < crlldvel| esaraary,  VE € Z™.

Moreover, since dqu is smooth and F¢(dyu) = dig, for every j € Z, and s > 0, there
exists a constant A; ; > 0 such that

[ e || s (arnary < Ajs(LH+1€11) 7%, VE € Z™,
and so, for ¢ ; = ¢t Aj,, we have

Ve ll sk (arnay < € o(1+ %), VEeZ™. (5.7)
The latter ensures that the series
1 .
. €
V= —(277)m Z e N\ g
cczm
converges in L?(2; A7) since

1 eimﬁv 2 ) — v 2q >
(%)m;/ﬂll e(D)[ReAV (2, ) ;/Mn ¢ () [3edVa ()

< (cham)® (14 [€7) 7" < oo
¢

Moreover, for each £ € Z™, we have that 0¢ = v, hence dve = dig, so dyv = dyu.
Estimates (5.7) further ensure that v € €°°(Q; A?). O

Remark 5.4. We have proved, in Theorem 5.2, that d’ is always I',,-globally solvable,
that is, if f € €2(Q;A™") is formally solvable, then there exists u € €*°(Q; A7)
such that d'u = f, with no further hypotheses.

5.1.1. Reduction in cohomology. Assume wq,...,w,, real-valued. The map © de-
scends to a linear isomorphism

Hy (6r5() = Hy, (5 ()

thanks to its properties deduced above. Now, we provide a more detailed description
of those spaces, for which we introduce some notation. Take £, ... £ a basis of
', as a Z-module?, thus, for each ¢ € T, there exists a unique n € Z" such that

E=mEW 4+ 400 =€
in which &0 = (¢W, ..., ¢0). We also define a smooth map 6 : T™ — T" by

O(x1,. .., Tm) = (xf(l),...,x-f(r)) )
Note that

D (@D, = $1(Z§§j)ﬁj) + - +xm<Z§§£)T}j> =z
j=1 Jj=1 J=1
thus

T
@) — H(ei$~§(”)nj — iz (m€) _ giat
j=1

4One should pay special attention to the case r = 0, i.e., I',, = {0}. When properly interpreted
(e.g. TO = {1}, €>(TY) = C, etc.), most of the results below are trivial in that case.
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Proposition 5.5. Assume wy, ..., w,, real-valued. Then the pullback 6* : € (T") —
Gro(T™) is a linear isomorphism.

Proof. We write an f € €*(T") as

f=

> e

newL”

1
(2m)"

with convergence in €>°(T"). Hence

* i0(z)n £ 1 iz(n€%) f
0*f = 260()nfn:(2ﬂ>TZe (né)fn

nezr nez”r

(2m)"

meaning that
@m)" " fy, i E=n- €0 €Ty;
0*f) =
Fel0"f) {o, if € ¢ T,

In particular, 0 f € €°(T™). Moreover, ¢* is injective since §* f = 0 implies that

A

fn=0for all n € Z". As for surjectivity, given g € 5o (T™), let

. 1 wyn A e o] T
f= > ege0 € €(T7)

(ry 2

which clearly satisfies 0* f = g¢.

Note that |£| and |n| are comparable, so a series converges in €°°(T") if and only if
its image by 6* converges in 61°(T™). Indeed, we can complete £ to a basis of R™,
so we can write A = (¢, ... 0 ¢0r+D €M) in which A is a matrix whose
j-th column equals £9). It follows that multiplication of A by (n,0) € Z™ yields

(7,0)-A=n-=¢
Since A is invertible, it follows that c|n| < |¢| < C|n| for some constants ¢, C' > 0. O
Now given ¢ € {0,...,n}, for any f € €°(Q;A?) and z € T™, we define
flz) € €°(M;A) by “fixing the z-variable”, ie. f(t,z) = f(x)(t) for every
t € M. As such, if d;f = 0, then df(z) = 0, and, if we pick closed forms
Tty ..., T, € €°(M;A9) such that [r],...,[n,] is a basis of Hiy(M), then for each
x € T™ we write

Fa) =S a@)n] in Hip(M)

for some uniquely determined coefficients a;(z), ..., ay,(v). Things can be arranged
so that x € T™ — ay(z) € C are all smooth.
Indeed, by endowing M with a Riemannian metric, we may pick 71,...,7, as a

basis of ker A, the space of harmonic ¢-forms on M, which is orthonormal w.r.t. the
L? inner product on €>°(M; A?). Then there exists u, € €>(M;A9™!) such that
bq
fl@) = a(x)m + due,
=1
thus realizing the last sum as the orthogonal projection of f(z) onto ker A (see (5.5)):

ag(x) = (f(x), Te) L2(ar;00) :/ (f(t,2), me(t))pe dVar(t), €€ {1,..., 0}, (5.8)

M
are therefore smooth w.r.t. z.
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Notice also that ai(z),...,as,(z) depend only on the cohomology class of f: if
f* = f+dw for some v € €=(2; A7) then
bq

[*(@) = f2) + do(e) = 3 al@)me + diu, + o(2)).

=1
It follows from (5.8) that, for every £ € Z',

Fel(ag) = /m o—iwE /M<f(t=x)a7'e(t)>/\g AV (t)dz = <f§>TZ>L2(M;Aq)- (5.9)

If we further assume that f € ¢3°(Q;A?), then by (5.9) we have F¢(a;) = 0
whenever § ¢ Iy, that is, a, € G5 (T™), so, by Proposition 5.5, there is a unique
a) € €= (T") such that a, = 60*(a?). We define

T: Hy (%1, () — €7(T") @ Hgp(M)

by
by
TN =) a; @ [rl.
=1
Theorem 5.6. Assume wq,...,w,, real-valued. Then T is a linear isomorphism.
Proof. The surjectivity is obvious; given af, ..., ap, € ¢ (T"), we have
bq bq
= 0 a)m = T([f) =) atnl.
=1 =1
As for injectivity, if a d;-closed f € GF°(€2;A?) is such that T([f]) = 0, then
a; =---=ap, = 0. Since d;f = 0, it follows that dfg = 0 for every £ € I'y,, and so
we can find a5 € C and ue € €>°(M; A) such that
bq
fg = Zagn +due, VEeT,.
=1

Note that for € ¢ T, we have fe¢ = 0. By (5.9), we have, for each £ € {1,...,b,} and
¢ €Ty, using that 7, € ker A = kerd N ker d*:

Felar) = aj + (dug, 7o) 12(0r,a0) = .
By the assumption that a, = 0 for every ¢ € {1,...,b,}, we reach the conclusion

that fg is exact for every £ € Z™, that is, f is formally d-solvable. By Corollary 4.8
and Lemma 5.3, we conclude that f is di-exact, i.e. [f] = 0 in HJ (52(2)). O

5.1.2. Summary of the section. When wy, ..., w,, are real, we always have linear
isomorphisms
Hg, (47(9)) = Hg (%1, () ® Ha (G, ()
and
HE (7, () = Hi,(Cr () = €7(T") @ Hig(M); (5.10)
recall that r is the dimension of I'y, as a Z-module. We finish this section with the
following theorem, which introduces a condition that will appear later in a more

general situation, and that we will prove to hold in several cases (for notation,
see (2.8)).
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Theorem 5.7. Assume wy,...,wy real-valued. Suppose that d' : €=(Q; A7) —
(2 A?) has closed range and
H{(€>(M)) =0, VEeZ™\T,. (5.11)
Then
Hg (Czmr, () = {0}
In particular, in that case (1.5) holds.

Proof. Let f € €y, (€2; A7) be such that d'f = 0. Hence d’gfg =0, and by (5.11),
there exists ue € €>°(M; A7) such that diue = fg for every ¢ € Z™\T',,. Therefore

f is formally solvable, and by Theorem 5.2, there exists u € €>(2; A7) such that
d'u = f. Replacing u by uzm\r,, yields the desired result. 0

5.2. Global solvability in the first degree. Theorem 5.2 tells us that the ob-
struction to global solvability of d’ is encoded in the frequencies £ € Z™ \ T',,. This
fact motivates us to consider the following Diophantine condition. Our approach in
this section follows and adapts ideas from [3], hence we omit some proofs.

Definition 5.8. A collection w = (wy, ..., wy,) of real closed 1-forms on M is said to

be strongly simultaneously approximable if there exist a sequence of closed integral
I-forms {8, },en C €(M;A') and {&,},en C Z™ \ T, such that |£,| — oo and

{1€,1Y (€, -w — B,) }oen  is bounded in €°°(M; A'). (5.12)
Otherwise, it is said to be weakly non-simultaneously approzimable.

Such notions depend only on the classes [wi], ..., [wn] € Hig(M). Indeed, if for
each k € {1,...,m} we have wy = wy + d; for some 7, € €>°(M;R) then

Ew=w+&-dy, VEez™,
in which w® = (w},...,w?,) and v = (71,...,7m): by integrating both sides against
an arbitrary 1-cycle, it follows that £ - w® is integral if and only if so is £ - w, that is,
I',e =1',,. Moreover,

‘51/‘”(61/ W — 51/) = ‘61/’1/(51/ ‘Wt — (ﬁu + 51/ : d’Y))
and since each 3, + &, - dvy is integral, it follows that w® is strongly simultaneously
approximable whenever w is.
As a finitely generated Abelian group, Hi(M;Z) admits a primary decomposition
7 ® Ly, & ... ® ZLy,,. We consider oy,...,04 smooth 1-cycles whose homological
classes form a basis of its free part Z¢, and the map I : Hi;(M;R) — R? given by

I([a])i%(/ma,...,/ad&)

Since fa a = 0 if o belongs to some Z,,, it follows that a closed 1-form « is integral
(resp. rational) if and only if I([a]) € Z? (resp. I[a] € Q?). By de Rham Theorem, we
conclude that [ is a linear isomorphism and that the classes of oy, ..., 04, regarded
as elements of Hy(M;R) = Hiz(M;R)*, form an R-basis for the latter vector space.
We associate to w the following family of vectors:

1
Uei—</ Wl,...,/wm>€Rm; 66{17761} (513)
21 \Js, o

These, as well, depend only on [w1],. .., [wn] € Hizg(M) by Stokes Theorem.
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Proposition 5.9. The collection w s strongly simultaneously approximable if and
only if there are sequences {n, },en C Z% and {&, },en C Z™\ T, such that |€,] — oo
and

{1€&17 (€0 - ve — i) Yoen  is bounded in R for every £ € {1,...,d}. (5.14)

Proof. Let Z' C €>°(M; A') be the space of real, closed 1-forms, endowed with the
subspace topology, and define J : Z' — R? by J(a) = I([a]). It is continuous —
as the composition of I (a linear map between finite dimensional spaces) and the
projection Z' — Hlz(M;R) — hence maps bounded sets to bounded sets. If w
is strongly simultaneously approximable, there exist a sequence of closed integral
I-forms {8, },en C €=(M;A') and {{,},en C Z™ \ T, such that |,| — oo such
that (5.12) holds. Letting n, = I([8,]) € Z%, we have, for each £ € {1,...,d}, that

J<‘€V|V(£V "W — BV))Z = ’&/‘V(J(fv 'w) - J(ﬁv»f = |£V’V<€ * V¢ — 771/5) (5~15>
must be the /-th coordinate of a bounded sequence in R?, yielding our first claim.
For the converse, we start with a digression. Let ker A C Z! denote the space
of harmonic 1-forms w.r.t. some Riemannian metric, which is well-known to be
finite dimensional and hence has a well-defined norm topology; we have more, the
map a € kerA — [a] € HIzx(M;R) is a linear isomorphism. Moreover, ker A
inherits a Fréchet topology from ¢ (M; A'), which matches the former one, by [11,
Theorem 9.1]. Therefore the restriction J : ker A — R? is a linear isomorphism,
hence a topological one by finiteness; in particular, an S C ker A is bounded if and
only if J(S) C R? is bounded. We further pick ¥1,...,19; a basis of ker A dual to

[01], ..., [oa) € Hi(M;R), in the sense that
1
— Yo = Oppr, \V%,g, S {1,,d}

27 J,,

Such a choice makes ¥4, ..., 19, integral.
Now, suppose there are sequences {1, },en C Z¢ and {&,},en C Z™\ T, such that
|€,| — 0o and (5.14) holds. Then

d
ﬁu = Z nuéﬁﬁ € ker A

=1
is integral and J(fB,) = n, for every v € N. Since (5.15) holds once more for each
e {1,...,d}, we have from (5.14) that {J(]&,|" (&, -w—05,)) }ven must be a bounded
sequence in R%: the conclusion follows from our digression, since we may assume
w.lo.g. wi,...,w, € ker A. O

Corollary 5.10. The collection w is weakly non-simultaneously approximable if and
only if there exist C,p > 0 such that (see (5.13))

max |€ vy —me| > C|E|7P, VYn € Z%, VE€Z™\T,,. (5.16)

1<¢<d
Remark 5.11.
(1) Notice that
T,={(€Zm™; ¢ veZ Vel . . d};

(2) The inequality (5.16) is equivalent to condition (DC) in [0, Section 2] for
the d x m matrix whose rows are vy,...,v4. When T, = {0}, it recovers
the standard notion of non-simultaneous approximability for collections of
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vectors in [7, Definition 1.1] (see further connections with previous conditions
in the literature there);

(3) Ifvy,...,vg € Q™, which corresponds to case when wy, . .., w,, are all rational
1-forms, we pick a non-zero A € Z, such that v, € Z™ for every ¢ €
{1,...,d}. Hence, given £ € Z™ \ I, there must exist an ¢, € {1,...,d} for
which & - vy, ¢ Z, thus, for any n € Z¢, we must have

E'Ufo_n£0¢02>)‘(€'vfo_nfo)GZ\O

= A max |- v, — > 1
1§£<d|£ 0 — el > 1,

that is, (5.16) holds with C'= A~! and p > 0 arbitrary.

Now, we can state our characterization of solvability in the first degree in terms
of the Diophantine condition just introduced (reworded as Theorem 1.2 in the In-
troduction).

Theorem 5.12. Assume wy, .. .,w, real-valued. The map d' : €=(Q) — €>°(Q; A1)
has closed range if and only if the collection w is weakly non-simultaneously approz-
imable.

Proof. (=>): Suppose there exist a sequence of integral 1-forms {3, },eny C € (M; A1)
and {, },en C Z™ \ T, such that [§,[ — oo and (5.12) holds. We may assume that
& # & whenever v # V. Let ¢, € €°(M;R) be such that dy, = 7%, and define

flta) = ie%i“’”°”‘1<f><£u-w—ﬁy><t>,
v=1

(2m)™ 2=
which, we claim, is smooth and formally solvable. As we saw in (5.2), we have that
M St e~ievor 10

is a well-defined smooth function since 3, is integral. Therefore, we define, for every
& e Z™, asmooth 1-form on M

f = {e_wuoﬁ_l(gu W — ﬂu)a if 6 = 51/7
¢ =

0, otherwise.

Note that, in order to prove that f is a well-defined smooth 1-form, it is enough
to prove that every point of M belongs to a coordinate system (U;tq,...,t,), with
a € Z% and s > 0, there exists C' > 0 such that

sup 107 fe | <C(A+[&])7° WweN,

in which the norm || - || in the left-hand side is the sum of the absolute values of
the coordinate components of the 1-form w.r.t. the local frame dtq,...,dt,. By
hypothesis (5.12), we may assume that, for each v € Z7, there exists B > 0 such
that
sup 10} (6 -w = B < BT, VreN,

It remains to prove that the derivatives of e~ " are bounded by some constant
times a power of |§,|. We can assume that U is small enough in order to have a
diffeomorphism 7y : U — U and so

efiap,,ow_l(t) _ efigo,,owl;l(t)
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for every t € U and so, since ¢, is real, our claim follows from the identity

n

d(p, o 7t
ngtj = ﬁu = _(51/ W _ﬂu) +€V ‘W,
: ot
7j=1
since the right-hand of the equality above clearly is bounded by a constant times
€|, hence proving that f € €>(€; A'). The next step is to prove that f is formally

solvable. Since fe = 0, if £ ¢ {,},en, it follows that fe is dg-exact for such values
of &; for £ = &, we have

dg, e = dem T e T (G, w) = —ie T B e T (6 w) =

It remains to prove that there is no u € €*(2) such that d'u = f. If such an
u exists, then diie = f¢ for every £ € Z™, in particular g, — e~ievor ! ¢ ker de,
for every v € N. But since &, ¢ I, we have by [, Lemma 2.1] that kerd; = {0},

—ipyom

" for every v € N and then

||a§V||%2(M) = /]\/jdVM’ S N7

does not decrease fast, contradicting the smoothness of w.

(<=): Suppose that f € €>=(Q; A") is formally solvable, i.e., for every & € Z™,
there exists ug € €°°(M) such that diue = fg. Thanks to Theorem 5.2, we only
need to prove that there exists u € €>°(f2) such that d'u = fzm\r,. The natural

candidate is .
‘e (2m)™ Z emguf’
¢€Zm\Ty
and it suffices to prove that the series above converges in ¢°°(2). This claim is local,
so we must verify that every point of M belongs to a coordinate ball U enjoying the
following property: for each o € Z} and s > 0, there exists C' > 0 such that

OFue(t)] < C(1L+ |g))™, VE€Z"\T,, Vi€ U. (5.17)

hence 4, = e

We write

W = Zwkjdtja Wgj € cgoo(U>7

=1

on U for k € {1,...,m}, and

f:if] dtj, fj E(goo(UXTm),

j=1
on U x T™. We may assume wy; is bounded in the sup norm in U.
Lemma 5.13. Suppose that given s > 0 there exists C' > 0 such that

lue(t)| < C(1L+ €))%, VE€Z™\T,, Vtel. (5.18)
Then (5.17) holds true.

Proof. We proceed by induction on |«l; the base |a| = 0 is (5.18). For the general
case, the equality déUg = f¢ can be written in U as

8u§

W—Fikawkju&:fg(fj), j (- {1,...,71}.
J k=1
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If o« = (aq,...,a,), & > 0 and f = o — e;, in which e; is the j-th vector of the
canonical basis of R", then

Ofue = 0,0y, ue = 0] (fg(fj) - iZ€kwij£> :
k=1

and we use that f is smooth and s > 0 in (5.17) is arbitrary. U
We fix to € M and prove that (5.18) holds in a coordinate ball U centered at t.

As in Section 5.1, we assume that 7y U—Uisa diffeomorphism and consider the
functions ¢, € €>°(M;R). Then on U we have, for all £ € Z™,
(e ye) = ewgowaldéug = ey f,

which, integrating along any curve + in U connecting tq to t yields, by Stokes
Theorem,

ue(t) = ei(ﬂpgow(jl(to)—ngowal(t))ug(to) + e—ieomy (1) /eu/;&ow;lfg'
g

Since f is smooth and ¥, is real-valued, the last equality shows that (5.18) holds
true provided that we prove that, given s > 0, there exists B > 0 such that

ug(to)] < B(1+ (&), V€€ Z™\ Ty,

which we do next.
By the Hurewicz’s Theorem, we may assume that oy, ...,04 all have base point
to. We lift them to curves 6y : [0, 1] — M whose endpoints we denote by

QOi&é(O)a Qéia-f(l)? 66{177d}
We integrate along 6, both sides of the equality
d(e™er*ue) = ei'pﬁﬂ*fg

and use Stokes Theorem again to conclude that, since 7(Q¢) = 7(Qo) = to,

(10FeQO—Ye(@0) _ 1) (1) = £e(@) / eer f,

a¢

Moreover,

#(@0) 9@ = [ we= [ = [ wew=[cu G
so, for € € Z™ \ T,,, there exists ¢ such that ¥¢(Q¢) — ¥e(Qo) ¢ 27Z, hence

ite(Qo) e+ 7
ug(to) (ei(’t/J.g(QE)*’p&(QO)) — 1) /Ere S

for any such ¢. Using again that f is smooth and %) is real-valued, it suffices to
prove that there exist ¢, p > 0 such that

i(e(Qe)—%e(Qo)) _ 1] > —p m
lrgggﬂe 1| > cl¢|™, VEeZ™\T,. (5.20)

To conclude, we use the following technical lemma, whose proof we omit.

Lemma 5.14. There exists € > 0 such that, for each & € Z™ \ Ty, at least one of
the following conditions holds:
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(1) For every ¢ € {1,...,d} there exists p, € Z such that

, 1
‘ez(zlfg(Qo)—«ﬁs(Qz)) — 1‘ > 3 Qo) — ¥e(Qr) — 27pal ;

(2) There exists { € {1,...,d} such that
‘ei(ﬂl’g(Qo)—'ﬁg(QZ)) _ 1| > ¢

By Lemma 5.14, we may assume that, for every £ € Z™\ T, there are py,...,pg €
7 such that

(e (Qr)—%¢(Qo)) _ _
112523‘6 1| > 3 1{1552 [Ye(Qe) — Pe(Qo) — 27pe] -

It follows from (5.19) and (5.13) that

(e (Qe)=%e(Qo)) _ 1| >
gl?él}e | T max 1€ - v — pl.

Since we are assuming that w is weakly non-simultaneously approximable, we can
use Corollary 5.10 to conclude that (5.20) holds. O

6. FORMAL FOURIER ANALYSIS OF COHOMOLOGY SPACES

Allowing again wq, ..., w,, to be complex-valued, we add a third characterization
of solvability to our list in Corollary 4.8.

Proposition 6.1. The following are equivalent:

(1) For every formally solvable f € €>°(Q;AY) there exists u € €>(; A1)
such that d'u = f.
(2) The map
HY,(6>(Q) — [ HA(€>(M)) (6.1)

gezm
given by [f] — ([fg])gezm is injective.

Proof. First, we prove that solvability implies the injectivity of (6.1). Let [f] €
HY(€>()) be such that [fe] = 0 in HE(€>(M)) for every & € Z™, i.e., fe is dg-
exact for each £ € Z™, i.e., f is formally solvable. By the solvability, it follows that
[f]=0in HL(€>(2)), proving the injectivity.

Conversely, a formally solvable f € €>(Q; A?) is d’-closed, hence it determines a
class [f] € HL(€>(52)). Formal solvability of f ensures that [fe] = 0 in H{(€>(M))
for every £ € Z™. Thus, if (6.1) is injective, we have [f] = 0 in HJ,(€>°(f2)), which
is precisely what we wanted to prove. [l

Next, we study the map induced by & in cohomology. Unlike in the previous
proposition for the map induced by F, its injectivity always holds true and requires
no extra hypotheses.

Proposition 6.2. For each § € Z™, & induces an injection HI(€>(M)) —
H3,(€>(2)). Their direct sum induces the following injection:

P HI (€M) — HL(E(Q)). (6.2)

cezm
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Proof. Let [f] € H{(¢>(M)). Then, by Corollary 2.9,
d'Ef =Edef =0
and the class of & f in H{,(¢">°(Q)) is well-defined. Indeed, if [f*] = [f] in H{(€>(M)),
then there exists v € €°°(M; A1) such that div = f — f*, hence
5§f - ggf. = ggdév = d'é'gv.
Thus [Ef°*] = [Eef] in H(€>(2)). Moreover, if [Ef] = 0 in HE,(€>°(f)), then
there exists u € €>°(; A?") such that d'u = & f, hence, by Lemma 2.6, we have
f - fgggf = fgdlu = déﬂg
hence the assignment [f] — [E¢ f] is injective. More generally, if
Y e @ Hi(E=(M
cezm gezm
is such that
Z Eefe € €°(AY)  is d-exact
cezm

(the smoothness is possible by taking 0 as representative whenever [f¢] = 0), then
for some u € €>(; A9™1), we have

du= > Efe= mz e N fe = diile = fe, VEEL™,

gezm sezm

that is, [f¢] =0 in Hg(%‘x’(M)) for every & € Z™. O

7. GENERAL FINITENESS THEOREMS

Assume wy, . .., w,, complex-valued. The next result is the heart of our forthcom-
ing analysis.

Theorem 7.1. Given q € {0,...,n}, the following are equivalent:
(1) HL(€>(Q)) is finite dimensional;
(2) d': E°(Q;ATY) — (2 AY) has closed range and there exists a finite set
F C Z™ such that

HI(>(M)) = {0}, V¢e€Z™\F.

In this case:
H(6>(Q)) = P HE (6> (M
¢eF

Proof. 1t is a standard argument in Functional Analysis that, if H3,(€>(Q)) is fi-
nite dimensional, then the denominator in (1.4) is a closed subspace of €>°(2; A?).
Moreover, since the map (6.2) is injective, finiteness of H,(€*°(Q2)) entails that
only finitely many terms in that direct sum are non-zero. Conversely, if d’ :
(A7) — €(; A?) has closed range, then the map (6.1) is injective (by
Corollary 4.8 and Proposition 6.1), i.e. H](€>°(€2)) injects into

[[ #é (6>

£er
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which is finite dimensional since so is every factor and F' is finite. It follows that
dim H,(€>°(§2)) < oo, and we have a sequence of injections (6.2)-(6.1) between
finite dimensional spaces

D H{(>(M)) — HL(€(Q) — [ [ Hi(e>(M))

fer EeF
with isomorphic endpoints. The conclusion follows. [l

Below we will use that, by (3.4) and the definition of T',, (4.3):
€y = Sew =2 S = HI(E*(M)) = Hizg(M), VYqe{0,...,n}. (7.1)

Proposition 7.2. Assume T, # {0}. Given q € {0,...,n}, if H},(€>°()) is finite
dimensional, then H{(¢>(M)) = {0} for every { € Z™ — in particular, Hiz (M) =
{0} —, hence H (€>(2)) = {0}.
Proof. Pick a non-zero n € T, and a non-vanishing function f € .7,(M). Given
u € E€*(M;A?) and £ € Z™, we have that
d(fu)+i((E+n) - w)A(fu) =df Au+ fdu+if(§w+n-w)Au) = f(du+i(€-w)Au)
hence multiplication by f maps H{(¢">(M)) to H{,, (¢"°(M)); since multiplication
by 1/f reverses this job we have H{(€¢>(M)) = ern(‘goo( )) for every € € Z™.
Thus, if some H!(€>°(M)) is non-zero, then so are infinitely many of them, and the
left-hand side of (6.2) must contain infinitely many copies of it: injectivity of (6.2)

would then lead us to a contradiction, hence proving our first claim. Now, it follows
from Theorem 7.1 (with F' = ) that HS (€>°(£2)) vanishes. O

Corollary 7.3. If 0 < dim H},(¢>°(Q)) < oo for some q, then T, = {0}.

Interesting special cases of the results above are obtained for ¢ € {0,n}, for then
HY, (M) is one-dimensional (compare with [{, Lemma 2.2]).

Proposition 7.4. Suppose that:
(1) Ty, =7m;

(2) Hizx(M) = {0}; and
(3) d': E=(Q AT — €(Q AY) has closed range.

Then HI(€>(2)) = {0}.
Proof. The first hypothesis ensures that all the factors in the direct product in (6.1)

are copies of Hz (M), which is zero by the second hypothesis; the third one implies
that H] (4>(2)) embeds there, which is therefore also zero. O

Theorem 7.5. If (5.11) holds, then
HY,(€>(Q)) is finite dimensional <= HJ,(€>°(Q2)) = Hiz (M). (7.2)
Proof. We have by (5.11) and (7 1):
P Hi(E>(M)) = P HI(E>(M)) = P Hi (M
cerm el el

which is isomorphic with Hf,(¢>°(£2)) by Theorem 7.1 provided the latter space is
finite dimensional. Two possibilities arise: either Hi (M) is zero (in which case
HY,(€>(2)) vanishes too) or not; in the latter case, there must be at most finitely
many indices in the last direct sum (by finite dimensionality) i.e. T, is a finite set.
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Since this is a subgroup of Z™, we have that T, = {0} i.e. there is a single term in
that direct sum, namely H(€>°(M)) = Hiz(M). In both cases we get (7.2). O

7.1. Calculations on surfaces. In the case dim M = 2, we know that

1, ifg=0,2,

dim Hi, (M) = {Qg itg—1

in which g is the genus of M. It follows from the Atiyah-Singer Index Theorem that
the index of the elliptic complex d’g on M, that is,

2
> (=1)¢dim HE(E>(M)), (7.3)
q=0

depends only on the principal symbol of d/@ which is the same as that of the exterior

derivative. In particular, (7.3) does not depend on &, hence equals

2 2

S (1) dim HI(E(M)) = 3 (- 1) dim Hig (M) = x(M) =2 - 2g,

q=0 q=0
the Euler characteristic of M. We already knew this for £ € I',, by (7.1); the extra
information comes for £ ¢ I',, in which case by definition
HE(¢>(M)) = Few(M) = {0}.
Also, it follows from the second part of Lemma 2.8 that
HE(€>(M)) = H2(2'(M))" = H2(€>(M))"
also vanishes, since —¢ ¢ I'y,. We conclude that for £ ¢ I',, we have

0, if g =0,2,
26— 2, ifg=1.

dim HI(>(M)) = {

Case g = 0. In the case M is the 2-sphere, we always have I',, = Z™, since every
closed 1-form is exact by simply connectedness. Hence:

o HY(€>(Q)) and H3(€>()) are infinite dimensional (Proposition 7.2);
o H}(€>(Q)) is finite dimensional if and only if d’ : €>°(Q) — €>°(Q; A') has
closed range, in which case (Theorem 7.1)

Hy (6>(Q) = @ H{(€>(M)) = € Hig(M) = {0}.

cezm cezm

Case g = 1. In the case M is the 2-torus, since no de Rham cohomology space
vanishes, we must have that every H,(€°°(Q2)) is infinite dimensional, unless Iy, =
{0} (Proposition 7.2). In this case we have that

D HI(¢=(M)) = Hip (M) & (D H{(¢>(M)) = Hip (M)
gezm £¢Tw

is in particular finite dimensional, hence (7.2) holds for each ¢ € {0, 1,2} (finiteness
granted when ¢ = 0 thanks to Theorem 7.1).
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Case g > 2. As in the previous case, every Hj,(€>°(Q2)) is infinite dimensional,
except when I, = {0}, in which case:

e for ¢ = {0, 2}, we have
D HI(E™(M)) = Hip (M) & €D H{(¢>(M)) = Hip (M)

gezm £¢ly

hence (7.2) holds, with finiteness ensured at least for ¢ = 0;
e for ¢ = 1, we have that

D Hi(€=(M)) = Hip(M) & €D Hi(€>(M))
gezm £¢Tw

is infinite dimensional, hence so is H} (€*°(2)) by Proposition 6.2.

7.2. On the existence of an isomorphism under global solvability. Finally,
back again to the case when wy,...,w,, are real, the main result in [6] — in which
M = T" — essentially states that, under a hypothesis that is equivalent to the global
solvability in degree 1 of the operator d’, we have

Hg, (7°(T™™)) = €(T") @ Hig(T™). (7.4)

This inspired us to prove our isomorphism (5.10), which considers only the coho-
mology of ¢-forms associated with the cluster I',. We will show below that an
isomorphism similar to (7.4) is not true for general M, even assuming solvability in
the first degree.

Indeed, back to the case dim M =2, g > 2, let w = {\;} (corank 1) in which o,
is as in the proof of Proposition 5.9 (d = 2g > 0 there). Therefore, if A € R\ Q, then
[, = {0} thus r = 0, hence €>*(T") ® Hiz (M) = H!; (M) cannot be isomorphic
with the infinite dimensional H} (%>°(Q2)), even when d’ : €>(Q2) — €= (2; A') has
closed range (for instance, if A is a non-Liouville number, by Theorem 5.12).
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