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ADDITION FORMULAS FOR RELATIVE 
REIDEMEISTER NUMBERS 

FERNANDA S. P. CARDONA AND PE:I'ER N.-S. WONG · 

ABSTRACT. The relative Reidemeister number R(/;X,A) is an 

upper bound for the relative Nielsen number N(/; X, A). If/, f A 

is a pair of fibre-preserving maps of a pair of Hurewicz fibrations, 

then under certain conditions, the relative Reidemei.ster number 

can be calculated in terms of thOl!e on the base and on the fiber. 

In this paper, we give addition formula of these numbers and for the 

relative Reidemeister numbers on the complement. As an applic&­

tion, we give estimation of the Mymptotic Niel.sen type number. 

1. INTRODUCTION 

For a selfmap /: X -+ X of a compact connected polyhedron, the 

Nielsen number N (f) provides a lower bound for the minimal number of 

fixed points in the homotopy class off. H Xis a manifold of dimension 

at least 3, this lower hound is sharp. The computation of N(f) is in 

general difficult and therefore is one of the central problems in Nielsen 

fixed point theory. 

Let p: E -+ B be a Hurewicz fibra.tion and f: E -t E a. fiber 

preserving map with induced map 7: B -t B . R. Brown [1] initiated 

the study of the Nielsen fixed point theory for fiber-preserving maps 

and gave conditions for which N(f) = N(/b)N(/), where 7 denotes the 

induced map in the base and /b the restriction of / on the fiber over 
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b E Fix(l). Such a product formula was further studied by Fadell [4]; 
necessary and sufficient conditions for the validity of this na.ive product 
formula were given by You [16]. 

One of the standing assumptions in these works is that the fibration 
p be orientable. This turns out to be rather restrictive. By relaxing 
the orientability of p, a naive addition formula, rather than a product 
formula has been obtained by Heath, Keppelmann and Wong [7]. The 
main objective of these formulas is to compute the Nielsen number of 
f in terms of possibly simpler Nielsen type invariants of J and of /b. 

In 1986, H. Schirmer [13) introduced a Nielsen type theory for maps 
of pairs. More precisely, for any map f: (X,A)-+ (X,A) of a com­
pact polyhedral pair (X, A), a. Nielsen type number N(J; X, A) was 
introduced and a Wecken type theorem was proven. This relative 
Nielsen theory has since prompted many subsequent works by Schirmer 
and others. By definition, N(f; X,A) is defined in terms off and of 
fA: A--+ A so the computation of N(f;X,A) is more difficult than 
that of the (absolute) Nielsen number. In his thesis [14], A. Schusteff 
established the na.ive product formula for the relative Nielsen number 
of a fiber preserving map of pairs. More precisely, given a commutative 
diagram 

(E, Eo) ~ (E, Eo) 

PlPo PlPo 
(B, Bo) l.To (B, Bo) 

conditions were given to ensure that the na.ive product holds, i.e., 

N(f;E,Eo) = N(/b;F.,Fob)N(J; B,Bo) , 

where Eo ..!'4 Bo is a sub-fibration of a Hurewicz fihration E -!..+ B 
and Fb, Fob are the fibers of p and Po, respectively, over b E Fix(]) !Bo . 
Furthermore, a relative Reidemeister number R(/; E, Bo) was intro­
duced in (14] to give computational results when the spaces are Jiang 
spaces. Subsequently in [2}, the basic properties of the relative Reide­
meister number were established and a relative Reidemeister number 
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on the complement, analogous to the Nielsen type invariant of Zhao 

[17], was introduced. 

The main objective of this paper is to compute the relative Rei­

demeister number R(f; E, E0) and the relative Reidemeister number 

on ·the complement R(f; E - Eo) of fiber-preserving maps of pairs. 

We obtain addition formulas for these homotopy invariants, general­

izing previously known formulas. Another motivation for computing 

R(f; E-E0) is its connections with an asymptotic Nielsen type invari­

ant introduced by Jiang (see [15]). As an application, we estimate the 

asymptotic Nielsen type number NI00(f) (see [9]) when f is a fiber­

preserving map on a compact polyhedron. 

This paper is organized as follows. In section 2, we give an algebraic 

formulation of the relative Reidemeister numbers for fiber preserving 

maps. We present an addition formula for the absolute mod K Rei­

demeister number in section 3. The main results of the paper are 

contained in section 4 in which R(f; E, Eo) and R(f; E - Eo) are com­

puted or estimated in terms of the relative Reidemeister numbers of 7 
and of fo. We deduce in section 5 Schusteff's results as special cases 

of the addition formulas obtained in section 4. In the final section, we 

make use of the relative Reidemeister number on the complement and 

equivariant fixed point theory to give an estimate for NF(!). 

The authors wish to thank Robert F. Brown for his careful reading 

of an earlier version of the manuscript. In particular, the first author 

wishes to thank Robert F. Brown for his help and comments during 

the first months of her visit to the US, as well as the staff of the 

Math Dept. at UCLA. Also, she could not let this Introduction finish 

without thanking the invitation to Bates College and all the people in 

the College that made the rest of her trip a very productive one. 
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2. ALGEBRAIC FORMULATION OF THE RELATIVE REIDEMEISTER 

NUMBERS FOR PAIRS OF FIBER-PRESERVING MAPS 

Let X be a compact, connected polyhedron, and A C X a finite 
subpolyhedron, ~so connected. Let f: (X,A) -+ (X,A) be a map 
of pairs, that is, a map f: X -+ X such that f(A) C A. Let 
'7Y: Y -+ Y be the universal cover of Y and Cov(fJY) be its group 
of deck transformations. 

Let J be a lifting of f, then for every u E Cov( '}X) ( since Cov( '}x) 
is identified with the fundamental group 71'1(X), we will denote it by 

7rx), there is a unique element ip(u) E 71'X such that Ju= r.p(u)f. The 

map thus defined, cp: 11"X -t 11"X is a group homomorphism. Similarly, 
we can define <p A : ,r A -+ 11' A a group homomorphism, where 7T A = 
Cov(ru). 

If [aJj = [,BJj then fJf = uofu-1 = uat.p(u-1)f a.nd, therefore, 

{3 = ua<p(u-1). This gives a one-to-one correspondence between Rei­
demeister classes and lifting classes. 

Given <p: 71'X-+ 71'X, we have the so-called Reidemeister action of ,r 

on 1r, given by u•a = ua<p_( u-1 ). Therefore, the Reidemeister classes are 
the orbits of this action, and the set of Reidemeister classes is denoted 
by 'R(cp,1rx). From the discussion above, we have R(f) = #'R(cp,1rx), 
where # denotes the cardinality. Similarly, we have 'R('PA, 'll"A) and 

R(f.A) = #'R('f'A, 'll"A)-
Now, we will proceed to define those sets in the pa.ir of fibrations 

settings. Let (E,p, B) be a Hu.rewicz fibration, with all spaces being 
0-connected. Suppose Eo is a subspace of E; let Bo = p(Eo) and 
Po = PIEa. Also, suppose (Eo,Po, Bo) is a Hurewicz fibration, with all 
spaces being 0-connected. 

Let (/,Jo): (E, Eo) -t (E, Eo) be a fiber preserving map pa.ir, with 

lo = llEo. Let bo E Bo be a fixed point of lo, then choose eo E 
Po°1(bo) and a lifting Jo of fo- Given a E Cov(1JEo), there is a unique 
element 'f'o(a) E Cov(77Eo) such that foa = <p0 (o.)fo. This defines 
a homomorphism <po: 'll'Eo -+ 7TEo, where 71'Eo = Cov('lEo)- Observe 
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that 7rEo = Cov(11Ea) ~ 1r1(Eo,eo) and also Cov(TJEa) ~ 1r1(Eo,fo(eo)). 

While Jo#: 'll'1(Eo,eo) ---+ 'll'1(Eo,/o(eo)), the map '{Jo: 7rEo ---+ 'll'Eo 

does not depend on the choice of base point; as a matter of fact, it 

does not depend on the lifting fo chosen, either. It only depends on 

the map Jo itself. (See [10).) 

Similarly we construct the maps '{Jo for (Bo,bo) and '{)~ for (F0 = 
p-1(bo), eo). At this point we have made all the necessary constructions 

to define the Reidemeister number, through the algebraic approach, 

for the maps on the subspaces involved. For the spaces themselves, we 

perform the same type of constructions, noticing that we have to use 

the same base points as the subspaces. 

Observe that, for both the spaces and subspaces in the fibrations we 

have the commutative diagrams: 

(1) 

(Fo, eo) 
!,' 
~ (Fo,J(eo)) (F,eo) J' 

~ (F,J(eo)) 

io l lio ·l l· 
(Eo, eo) ~ (Eo,/(eo)) (E,eo) ~ (E,/(eo)) 

PO l !PO pl lp 

(Bo,bo) 7o (Bo,bo) (B, bo) ~ (B, bo) 

Between these two diagrams we have inclusions and every possible 

square commutes. Beginning with (E, E0) we have a morphism of self­

maps, so we can choose a lifting~ of iE.Ea such that the diagram 

-- 1s&o Ea ~ E 

~Bo 1 1~B 
E, is,Bo 

0 ------'-=-+ E 

commutes. As in [3), this~ determines a correspondence i{;:;,;,;i/t 

from the liftings of Jo to those off. This correspondence induced by ---- -i{E.Ea},lift is independent of the choice of the lift iE.Ea of iE,Ea a.nd 
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depends only on the map iE,Eo itself; similarly we can do the same for 

r,;;: and iF,Fo· 

Remark 1. We should not expect to have commutative diagrams on the 

corresponding liftings of diagrams in (1), since commutativity would 

imply that we had already a correspondence between the liftings chosen 

for the subspaces and those for the spaces. And that is not always true, 

neither is it necessary for our purposes. 

Now, we can go through the main step to define the relative Rei­
demeister numbers. The map i: A Y X, A C X, induces a ho­

momorphism i#: 1r1(A) -+ 1r1(X) and, because of the identification 

1r1(Y) = Cov(IJY), we have a well-defined map 

i: 'R.('f'A, 11'A) -----+ 'R.(cp, ,r) 

[o) -----+ [i#o] 

(for more details, see [10) and [17)). In f2], we defined the set of weakly 
common lifting classea off and fA, and denoted it by r(f,fA), aa the 
set of liftings 1 off that are in the image of any lifting fA of fA, by 

the map itift. It is only natural that we hav~ the corresponding set, 
from an algebraic point of view. That is, the set of classes of loops of 

,r under 'f' that are in the image of a class of loops of 1r A under '-PA by 

the map 1. Denoting it by 'R.('f','f'A), we have 

The Reidemeister number of f on the complement X - A is thus 
defined as 

R(f;X -A)= R(f)- R(/,fA) 

where 

R(/) = #'R.( 'f', ,r) 

R(f,h.) = #'R.(<f,'-PA) 

and the cardinalities a.re all finite. Otherwise, if any of them is not 
finite, then we define R(f; X - A)= oo. 
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The relative Reidemeister number of f on the pair (X, A) is thus 

defined as 

where 

R(f; X, A) = R(f A)+ R(f) - R(f, f A) 

R(f) = #'R( cp, 71") 

R(f A) = #'R(cpA, 11"A) 

R(f,!A) = #'R(cp,cpA) 

and we define R(J; X, A) = oo if any of them is infinite . 

Remark 2. Note that if R(f, f A) is infinite then both R(f) and R(f A) 

a.re necessarily infinite. (For more details see [3].) 

Remark 3. Notice that while we can have R(f; X -A) = 0 for the Rei­

demeister number of the complement, the relative Reidemeister number 

of the pair R(f; X, A) > 0 . 

Remark 4. Because of the one-to-one correspondence between the sets 

in both definitions, all results proved in [2] hold true for the algebraic 

definition11 of R(f; X, A) and R(f; X - A). In particular, both the 

relative Reidemeister number R(f; X, A) and the relative Reidemeister 

number on the complement R(f; X - A) satisfy the basic properties 

such as (relative) homotopy invariance, homotopy type invariance, and 

commutativity. 

Now we are able to define the Reidemeister numbers on the comple­

ment and the relative Reidemeister numbers, for each one of the pair 

of spaces in the fibration. 

3. ADDITION FORMULAS FOR THE MOD K REIDEMEISTER NUMBER 

OF FIBER-PRESERVING MAPS 

In [6) an addition formula for the Reidemeister number for coinci­

dences was given via an algebraic approach. We will adapt what was 

done there for our fixed-point settings. 

Let ( E, p, B) be a Hurewicz fibration, with all spaces being 0--connect­

ed. Let f: E ---t E be a fiber preserving map. Suppose K = keri, 
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where i1-: 7rF --+ 'TrE is induced by i: FY E. We will denote by i#K 
the induced map on the quotient, i#x: 7rF/ K --+ 'lrE. Also, the set 
of orbits of the Reidemeister action of cp' in 'TrF/ K will be denoted by 
'R.x( '{)1

, 'lrF ). Moreover, we can suppose, without lost of generality, that 
i-1-x is the inclusion map (notice that 1rp/K ~ Imi#x < 7rE). 

We have the following commutative diagram of homomorphisms and 
groups, whose rows are short exact sequences. 

1 _____. ""F/K '*K P# ----r •• - 'TrE --"-t 'lrB --+ 1 
This induces the following sequence, which is exact at 'R.('{), 7rE) and 

'R.(~, 1rs), 

nK('f'',,,,.F) -Z n('f',,..&) L n(v,,1rB)-+ 1 

i.e., p is surjective and Im 1; = p -1(e], where e is the identity element 
of 'TrB, 

Now, we are able to give the addition fonnula for the Reidemeister 
number for a fiber-preserving map. In what follows we will indicate 
the conjugation map by Ta(.8) = 0.,80.-1, without being explicit where 
it is defined, since the context will make it clear. 

Proposition 3.1. Let ( E, p, B) be a fibration as described above. Sup­
pose Fix('T'a~) = {e} for all [a] E 'R.(<p",1rs), There is a one-terone 
correspondence between the sets 

'R.(cp,1rE)+-+ II 'R.K(TaCf11,7rF) 
[ci)ER(i,,ir9) 

Also, R(f) = #'R(cp,1rE) < oo if, and only if, #'Rx(r0 cp',1rF) < oo for 
all (o.] E 'R.(cp, 7rE)- In this case, we have 

R(f) = #'R.(l(),7rE) = L #'R.x(Ta'f1,7rF) 
[a]ER(lp,,rs) 

H, in addition, #'R.K(Ta cp\ 'lrF) is mod K fiber uniform, i.e., it is in­
dependent of the choice of (a] E 'R.(cp, 11'E), then we have a product 
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formula. 

Proof. Similar to what we have in the beginning of this section, we have 

the following commutative diagram of homomorphisms and groups, 

whose rows a.re short exact sequences. 

1 --+ Trp/K ~ 'lrE ~ 'lrB --+ 1 

Ta 'f'1 
.,J.. Ta'f'..J.. Ta<p! 

1 --+ 'TrF/K ~ 'lf'E ~ 11'B --+ 1 

It induces the following short exact sequence, 

1--+ Rx(Ta"P1,71'F) ~ R(Ta"P,71'E) Et R(Ta~,71'B)--+ 1 

i.e., r;;; is injective (due to the hypothesis Fix(r0 <p) = {e} for all 

[a] E R(<p,1rB)), Pa is surjective and rmr,:; = Pa-1[e], where e is the 

identity element of 11'B, 

It follows from (6) that there is a one-to-one correspondence between 

the sets Pa -1 [ e] and p -l [a} 
Therefore we have the one-to-one correspondence 

[o]eR(ip,,.s) 

Now it is straightforward to verify the assertions from this bijection. D 

We will adapt the local Fiz group indez (see [7)) for the more geomet­

ric approach to our settings, in order to give a more general formula, 

without the hypothesis Fix(r0 <p) = {e}. To see that everything is 

equivalent under algebraic settings, we refer the reader to work done 

by Gon~alves for coincidences, see [5], where, in the first section, we 

ca.n find all the necessary elements to construct the bridge between the 

geometric and algebraic approach. 

Theorem 3.2. Let (E,p, B) be a fibra.tion as defined as above; let / 

be a fiber-preserving map. Then, there is a one-to-one correspondence 



10 FERNANDA S. P. CARDONA AND PETER N.-S. WONG 

between the sets 

'R.(cp,7rE) f-t II Cnx(Ta'P1,7rF) ' 
(lS]E'R(~,,rg) 

· for any [a] E p - 1 ((01). If the cardinalities of the sets involved are 
finite, we have 

Proof. From the proof of Proposition 3.1 we have the 1-1 bijections 
'R.(cp, 7rE) f-t ll[o]e'R(ip,rg) p -1([0]) f-t ll[o]e'R(ip,,rg) fa;(n(ra cp', 7rF)), 
for any [a] E p - 1[0]. Therefore, 

R(/) = #'R(<fJ, 7rE) = L # p -'([a]). 
[2iJ E'R(ip, ,r B) 

Consider in 'R.x( Ta ip', 'lrF) the equivalence relation given by /31 ~ fJ2 ~ 
C(fJ1) = ~(/32)- Notice that #fi -1([0]) = #'R.K(Tal{J1,1fF)/~, for 
any [a] E p -1 [0]. Given 8 E Fix(~~) and [,BJ E 'R.K(Tacp\irF) define 
8[,B] = [9,8r0 cp(9-1)], where ,8 E [fJ] and P;t(O) = 8. This is a well­
defined action 

Fix(ri.~) X 'R.x(Ta cp', 7rF) ---t 'R.x(Ta cp', 7rF) 

(9, [fJ]) i-+ B[fJ] 

of a group on a set. (Notice that 9f3ra'{J(tJ-1
) E kerp# == Imi#)· Two 

classes in 'R.K(Ta '{J', 7rF) are in the same class of 'R.( cp, 7rE) if, and only if, 
they are in the same orbit by the action just defined (see [5, Props. 1.5, 
1.6 and 1. 7]). 

The isotropy groups of this action are P#(Fix( Tpa cp )), where [,B] E 
'R.x(Tacp',1rE) and P;t(/Ja) = a, therefore the cardinality of the or­
bits is given by the local index (Fix(r0 ~); P#(Fix(rp0 cp))]. (See f5, 
Prop. 1.6].) 
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Therefore 

#p-l([a])= ~ 1 
rm .,, ~( ) [Fix(racp): P1:(Fix(rp0 cp))] ' 
v,,JEn.x 'f'a'IJ1 ,'KF 

for any (o:] E p -1((0]). □ 

Remark 5. The existence of the natural map p#1(a) ~ p - 1((0]) 

allows us to take [o:) E p - 1{[0]) as in the above formula. 

Remark 6. Note that if [o:1] = [o:2] as elements of 'R,(cp, 7rE) then 

[Fix(ra1 cp): p(Fix(ra, ip))] = (Fix(Ta2 cp): p(Fix(r02 <,0))]. 

Observe that there is "f E 7rE such that a 1 = 70::i'f'( 7-1) and the map 

Fix( ra, ~) ~ Fix( r;,,2 ~) 

b 1-t Tp(--,-1) b 

is an isomorphism on the respective cosets. 

Remark 7. To see that the sum above yields an integer, remember 

that within the orbit of [.8] E 'RK(r0 <,01,1rF) the index (Fix(r0 cp) : 

P# (Fix( 'Tpa <p))] ( which counts the "size" of the orbit) remains the 

same for every h] E 1lx(r0 cp',1rF) in the orbit of [.8]; and after sum­

ming up these fractions over all of 'Rx( Ta cp', 7rF ), we will get in return 

exactly 1 for each orbit. Thus we end up obtaining the number of 

orbits. 

Let a E 'R(cp, 11'E)- The index of a is simply index(/, f7EFix(o:J)), 

the usual fixed point index. So, if index of a is nonzero then a is said 

to be essential. Denote by N(cp, 7rE) the set of essential a E 'R(<,0, 11'E)• 

Therefore, N(/) = #N('P, 1rE)- Similarly, we denote by Nx(cp', 1rF) the 

set of essential a' E 'Rx(cp', 7rF), and NK(/') = #Nx(cp', 'trF)­

Definition 1. Let f be a fiber-preserving map, let cp and cp be the 

homomorphisms induced by f and ]. We say that J is locally (resp. 

essentially locally) Fix group uni/ orm if 

(Fix( 1'a ~) : P# (Fix( r a I() ))J 

does not depend on (a} E 'R.('P,,rE) {resp.(a] E p -1([a])nN'('P,,rE)). 
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Then as a corollary of Theorem 3.2, we have 

Corollary 3.3. Let (E,p, B) be a fibration as described above and 
f: E --t E a fiber-preserving map. If / is essentially locally Fix 
group uniform, then 

N(f) = '°' #NK(Talf)
1
1 7rF) 

1:1 ~(- ) [Fix(r .. cp) : P# (Fix(ra <p))] 
1w1E"' '11,"B 

where [a] is chosen in p - 1([0]) n N(lfJ, ,rE)-

Proof. Just remember there is a "local product formula" for the index, 
i.e. [a] E 'R( <p, 7rE) is essential iff p [a] E 'R(ip, 7rB) is essential and 
cl E 'R(<,o', 7rF), such that 1;[a'] = [a], is essential. The result follows 
from the fact that if f is essentially locally Fix group uniform then 

#-:---(N( 1 )) #N(ra<,o
1
,7rF) 

laK Ta <p, 7rF = [F. ( _) (F" ( ))] IX Ta'f) : P# IX Ta <p 

for any [a] chosen in p -1([aj) n N(<,o, 7rE)- D 

Definition 2. Let f be a fiber-preserving map, <p and c,o be the ho­
momorphisms induced by f and J. We say that / is globally (resp. 
essentially globally) Fu group unifo~ if 

[Fix(r .. c,o) : P# (Fix(Ta <,o))] 

does not depend on [a] E 'R(c,o, 7rB) (resp. N(c,o, ,rB)). 

Corollary 3.4. Let (E,p, B) be a fibration as described above a.nd 
f: E --t E a fiber-preserving map. If f is globally Fix group uniform, 
then 

[Fix(c,o): P# Fix(cp)]R(f) = L #'RK(Ta<,o',1rF) , 
['ii]ER(ip,,r a) 

for any [a] E p - 1([0]). 

If, in addition, f is mod K fiber uniform (i.e., #'RK( Ta r.p', 7rF) is 
independent of [a] in p - 1([aj)), then 
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i.e., 

As a consequence of the above definition, we had the previous corol­

lary, which is a "kind of" generalization of [14, Theorem Il.1.18]. To 

the point: while in Schusteff's result we have that each fraction is the 

same under the hypothesis of eventually commutativity off; in our 

case, if f is globally Fix group uniform we get that each denomina­

tor is the same, coupled that with the hypothesis of f being mod K 

fiber uniform we also have the same numerator, thus getting the same 

results, with less stringent hypotheses. 

Remark 8. The above result is a generalization of Corollary 4.3 of [7]; 

it is enough to have f globally essentially Fix group uniform for the 

first part of Corollary 4.3 of [7], and for the second part, we need also 

f to be mod K uniform. 

4. ADDITION FORMULAS FOR REIDEMEISTER NUMBERS OF PAIRS 

OF FIBER PRESERVING MAPS 

For the rest of this paper by a fiber map of the pair we mean a pair 

of fiber preserving maps (f, Jo): (E, Eo) --+ (E, Eo) with /o = flEo 

where ( Eo,Po, Bo) is a Hurewicz (sub-)fibration of a Hurewicz fibration 

(E,p, B). Furthermore, we assume that E, E0 , B, Bo and the typical 

fibers are all 0-connected spaces. 

Suppose Ko = ker i0, where io: 11"F0 --+ ""Eo is induced by io: Fo '--+ 

E0 • Denote by iKo the induced map on the quotient, the set of orbits 

of the respective Reidemeister action by "RK0 (ip~, 7rF0 ), and the respec­

tive cardina.lityj #'R-Ko('P~,11"Fo), by RKoUo)- We will denote the set of 

orbits of the Reidemeister action of cp' which are in the image of the 

orbits of the Reidemeister action of r.p~ under iF,Fo: 7rF0 / Ko--+ 7rF/ K 

by 'R-K,K0 (r.p',%), and the respective cardinality, #'R-K,K0 (cp',cp~), by 

RK,KoU',fo)- Moreover, we can suppose, without lost of generality, 

that iK i11 the inclusion map (notice that 1rp/K ~ lmiK < 7rE)-

We have the following 
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Proposition 4.1. Let (f, Jo) be a fiber map of the pair, K = keri and 
Ko = kerio. Then we have the inclusion 

Also, we ha.ve the inequalities 

where [.8] E 'R.K( Ta cp', 'TrF) and [a] E p -l ([al) and, 

1 
R(f; E, Eo) > L L [F. ( -) (F" ( ))] - [lio:JE'R(~ .... Bo) !Pol lX Tao<f'O : Po# lX TfJoao 'Po 

+ [ii]E'R(io,E-xc~.iiiii) ~ [Fix(ra~) : p~ (Fix(T,aa cp))] ' 

where [,8] E 'R.K( Ta rp', 1fF ), [,Bo] E 'RK0 ( Ta0 'P~, ll"F0 ), [a] E P -l ([a)) and 
[ao] E p;;-1([ao]) 

Proof. Consider the following commutative diagram 

..--
'R.(cpo, 'Tr.Bo) •B,Bo 'R,(~, 7rB) 

where p and pi, are surjective. 

Let [a] E 'R.(cp,cpo). There is [a]= p(a] such that {a] E 'R.(~1 1r8 ) 

and also there is [ao] E 'R.(Cf'o, 7rEo) such that ~(a0} = [a]. By the -commutativity of the diagram above, we have [a] E iB,Bo('R.(',Oo, 'TrB0 )). 

Therefore [a] E p - 1(.;::;'R.(r.po, 1rBo)), and the desired inclusion fol­
lows. 

Since R(f; E - Eo) = R(/) - R(/,f0), using Theorem 3.2, the in­
clusion proven above, plus the algebraic definition of the Reidemeis5er 
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number and properties of the sequence (3), we have 

R(f;E-Eo) 

= L L [F. ( -) 
1 

(F" ( ))] - #'R(rp,rpo) 
[al EX(iO, ,r B) IP] lX Ta r.p : P# IX T {3a tp 

> ""' ~ 1 - ,,,._ -1 'R, - -
- Li Li [Fix(r0 ~): P# {Fix(rp r.p))] #p ( (ip,r.po)) 

(l'i]EX(~,,,.B) (.6) a 

1 

= [""' "''-L) (-~ ~I [Fix(ra~) : P# (Fix(rpa rp))] 
aJE""\'P,11'B -X 'P,'P1l1 II' 

Again, using the definition of R(f; E, Eo), Theorem 3.2 and the in­

equality just proven for the relative Reidemeister number on the com­

plement, we obtain the desired inequality for the relative Reidemeister 

num'!>er. D 

We could have equality for R(f; E - Eo) provided the reversed in­

clusion in Proposition 4.1 were true. But the following example shows 

that a class in the complement may project to a common class. 

Example 4.1. Let (E,p, B) be a product fibration with B = D'J. x 8 1 

and F = 8 1 X S 1• Let 7: B--+ B be 7 = ii X h where Ii= idl)2 and 

/2 be the flipping across the x-axis. Let f': F --+ F be f' = ff x f~ 
where ff is the flipping across the x-axis and /~ = ids1. 

Let (Eo,Po, Bo) also be a product fibration with Bo= D2 x 11, where 

11 ii the segment in the circle that goes counterclockwise from -i to 
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i, and F0 = /2 x S1 where / 2 is the segment in the circle that goes 

counterclockwise from i to -i. Let Jo = !IBo and let lo = f'IBo· 
The base space B has two distinct classes ([(d, -1)] and [{d, 1)]) and 

only [(d, 1)] is weakly common. In the total space E we have four 

distinct classes ([1, lj, (1,-1], [-1, 1] and {-1, -1)) and only one of 

them is weakly common, namely, [1,-1]. Both [1, 1] and [1,-1) project 

to the weakly common class of B sop -1('R.(~1 rp0)) ::> 'R.(rp,rpo), but 

P -1.('R.(~, rpo)) ¢. 'R.( rp, rpo), 

H~wever, even without the reversed inclusion of Proposition 4.1, un­

der suitable hypotheses, we may still have equality in the above formu­

las. To begin, let us assume that Fix(r..-?) = Fix(ra0 rp0) = { e}, for all 

ii E 'R.(~,,rB), respectively ao E 'R.(rpo,1rBo)-

Let [,8] E 'R.( rp, rp0 ) be a weakly common class. This means [,8] E 

'R.(rp, 11'E) ~d there exist!! a [,Bo] E 'R.(r.po, 11'E0 ) such that G,'i;[P0] = [P]. 

We have already seen that there are correspondences 

-0:-- I 
Il[a1eR(io,11'B) laK'R.(Ta cp ''ll"F) 

And similar ones for 'R( 'Po, 7rEo), 

Also due to the hypotheses Fix(r0 ~) = {e}, for all ii E 'R.(~,11'B) 

and, respectively Fix( Tao rpo) = { e}, for all ao E 'R.( rp0 , rr Bo), the maps 

induced by the inclusions are, in fact, injective and the diagram below 

is commutative. - ~ 1 --+ 'R.Ko (cp~, 'll"Fo) ~ 'R.( 'Po, 11"Eo) 'R.( 'Po, ,rBo) ---+ 1 

"'iF.Fo - -i iE,Eo i iB,Bo 
,-. 

--4 1 --+ 'R.K('f",1rF) -!4 'R.(rp, 'll"E) 'R.(~, 11'B) ---+ 1 

In the way it was _constructed, to each such [,8] E 'R.( rp, rp0 ) there is 

a corresponding class [,81 E 'R.K,Ko ( rp rp', TfJo rp~)- So we have, 

#'R(rp,rpo) = L #'RK,K0 (1'a'P1,Ta0'P~, 
aER(io,\00) 

where p (la])= [ii] and iM[a0] = [a]. 
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Also, if instead of having the hypotheses Fix(Tii~) = Fix(Tao <po) = 
{e }, for all [a] E 'R.(~, 71"B), respectively [ao} E 'R.(rpo, 71"B0 ), we have that 
/ is globally fix group uniform then 

(2) 

Although p-1'R(cp, <po) ::) 'R( <p, ip0), but not necessarily 'R(cp, cp0 ) = 
'R(ip,cp0), we still have 'R.(ip,ip0 ) mapped surjectively onto 'R.(cp,cp0 ). 

This is the reason why some of the terms in the summand in (2) may 
be equal to zero. 

Similar to .NK and NK, we can define .NK,Ko(r.p',r.p~) as the set of 

essential a' E 'RK,Ko('P',cp~), and NK,K0 (f',f~) = #.NK,KoC'P',,p~). 
With the equality (2) and the calculation of R(f; E - E0 ) from Proper 

sition 4.1, we obtain the following 

Theorem 4.2. Let (f,/0) be a fiber map of the pair. Let K = keri 
and Ko = keri0 • Suppose f is globally Fix group uniform and let 

s = [Fix(cp) : P# (Fix( <p))], then 

R(J;E- Eo) = 

;{ L #'RK(Ta1P1,1rp)- L #'RK,Ko(Ta'P
1
,Ta0 1/'~)} 

[a]E'R(l1,1ra) [li]E'R(l1,~ 

and, 

+~{ L #'RK(TafP1,11"F)- L #'R.K,x0 (r.,,cp',r.,,0 cp~)}. 
[a]e'R(i,o,wa) [li]E'R(i,o,ipg) 
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Also, if (E, Eo) is a Jiang-type pair with nonzero Lefschetz numbers, 

L(J) · L(/0) / O, then we have the respective Nielsen numbers 

N(f;E- Eo) = 

5. PRODUCT FORMULAS FOR NIELSEN NUMBERS OF PAIRS OF 

FIBER PRESERVING MAPS 

C. You in his paper [16], a.nd also J. Pak in [12], came up with 

a "generalization" of the naive product formula for Nielsen numbers 

that was introduced by Brown in [1]. More recently, Schusteff (see (14, 
Theorem III.2.3]) was able to obtain similar results for the relative Rei­

demeister numbers, but still with very strong hypotheses. The theorem 

that follows is a generalization of such results. 

Theorem 5.1. Let (J, Jo) be a fiber map of the pair. Suppose that 

R(/; E, Eo) is finite,/ is mod K fiber uniform and globally Fix group 

uniform, with [Fix(ip): P# Fix(cp)] finite. 

(l) IT the inclusion iB.Bo: Bo~ Bis a homotopy equivalence, / 0 

is mod Ko fiber uniform and 

Po;JFix('Ta<i'o) = P# Fix(ro<,0) , 

where a E p - 1 [0] and a E 'R(ip, 71'B), then 

[Fix(ip): P# Fix(cp)] R(/; E, Eo) = R(f; B, Bo) RK,Ko(J'; F, Fo) 
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where 

(2) If the inclusion iF,Fo : F0 -t F is a homotopy equivalence and 

(C:i) #'RK0(Tao 'P~) = #'RK(-r,..cp') 
[Fix(~cpo): Po;f:Fix(-r,..0 rpo)) [Fix(~<j,): P# Fix(-r,..rp)) 

where ;;,;;[ao] = [a) E p - 1 [0] and [a] E 'R(<j,,1r8), then 

[Fix(<j,): P# Fix('P)) R(/; E, Eo) = R(7; B,Bo) RK(/') 

If, in addition, we have RK0 (/~) = RK(f') (for instance, if K = K0), 

then we also have RK,Ko(f'; F, Fo) = RK(f') and the product formulas 
a.hove a.re equivalent, 

Proof. 1. From the homotopy equivalence of the bases and condi­

tion (C1) we have that [Fix(Ta'Po) : Po# Fix(r,.. i,oo)] = [Fix(-r0 <j,) : 
P# Fix(r,..1,')]. Now, the fact that f is globally Fix group uniform 
implies that both a.re equal to [Fix(~) : P# Fix('P)). 

The homotopy equivalence of the bases also implies that all Reide-­
meister numbers related to the bases a.re equal, i.e. R(7) = R(fo) = 
R(7, Jo) = R(f; B, B0 ). It follows from Theorem 4.2 and the fiber 
uniformity off and of Jo that 

R(/;E,Eo) = ;{ L #'RK0(Ta0 '{)~,11"F0 ) 

[ao"]EX(ipv,,r Bo) 

+ L #'Rx(T,..<p1
,11"F)- L #'RK,K0(T,..'{)',Ta0 tp~)} 

(a]eX(1p,1rs) (a]eR(ip,'PO) 

= .!.{L RK0 {ipo') + L RK(<p') - L RK,K0 (cp', <po')} 
s a K a 

= ~ L RK,Ko(J'; F, Fo) 
s a 

where l!al = R(7; B,Bo) and s = [Fix(~) : P#- Fix('P)). 
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2. The homotopy equivalence of the fibers implies that we do have a 

mapping of nxo ( Tao 'P~, 11"Fo) onto nx( Ta cp', 1rF ). Therefore, a.11 weakly 
common classes off are weakly common classes mod K, Ko, i.e., 

nx,K0(Ta <p1, Ta0 If'~)= nx(Ta r.p'). 

Now, under Condition (C2) together with the hypothesis off being 
mod K fiber uniform, Theorem 4.2 implies that 

R(/' E Eo) = '°' #nx(Ta'i'') 
' ' l'x"1 ~ ) [Fix(rsip): P# Fix(Tarp)] 

1~0JE1?.(1Po,1rso 

+~{ L #nx(Tal,/)1,7rF)- L #nK,Ko(Ta/,/)
1
,Tao'f'~)} 

(aJE'R(~,,rB) (a]E'R(~,'ipo) 

= ¼{ E #'RK('P1,fl"F) 
[ao]eR(liiii,,..so) 

+ L #nx(rp', 1rF) - L #nx(cp', 1rF)} 
fli]e??.~,,..s) [a]eX(;;J,'iiio) 

= !Rx(f')R(];B,Bo). 
s 

D 

Remark 9. In [14, Theorem IIl.2.3), Schusteff proved Theorem 5.1 un­
der the assumptions that both I and lo be eventua.lly commutative. 
Here, we assume weaker hypotheses as we sha.ll see in Example 5.1. 

Suppose B, B0 , F and Fo are Jiang-type spaces. We proved in [3] 
that, if 1(7) f:: 0 and L(/6) f:: 0 then N(l; B, Bo) = R(f; B, Bo) and 
N(/6; F, Fo) = R(/6i F, F0 ). This coupled with the fact that the index 
has "nice" multiplicative properties (meaning that any essential class 

on the total space must project to an essential class in the base space 
and also must be in the image of an essential class of the fiber), lead 
us to the following 

Corollary 5.2. Let (f, lo) be a fiber map of the pair, where both maps 
have non-zero Lefschetz number. Let B, Bo, F and F0 be Jiang-type 
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spaces. Suppose R(f; E, E0) is finite, f is mod K fiber uniform and 

globally Fix group uniform, with [Fix(cp): P# Fix(cp)J finite. Suppose 

also both maps restricted to the fibers (f', f~) have non-zero Lefschetz 

number. 

(1) If the inclusion iB,Ba : Bo -t B is a homotopy equivalence, / 0 

is mod Ko fiber uniform and 

Po#Fix(To'f!o) = P# Fix(ra cp) 

where a: E p -I [a] and li E n(<jj, 7rB ), then 

[Fix(<jj) : P# Fix(cp)] N(f; E, Eo) = N(f; B, Bo) NK,Ka(f'; F, Fo) 

(2) If the inclusion iF,Fo: F0 ---+ Fis a homotopy equivalence and 

(CD #J,/Ko(Ta'-f'~) = #NK(TaCf!1
) 

[Fix(r;.cpo): Po#Fix(racpo)] [Fix(r;.cp): P# Fix(racp)] 

where ~(o:o] = [a:] E fi -i [a] and [a] E J,/(<jj, 7rB), then 

(Fix(cp): P# Fix(<p)] N(/; E,Eo) = N(f; B, Bo) NK(/') 

If, in addition, we have NK0 (/~) = NK(f') (for instance, if K = Ko), 
then we also have NK.KaU';F,F0) = NK(/1

) and the product formulas 

above are equivalent. 

Remark 10. Again, Schusteff [14] proved the same results as a.hove in 

his Theorem III.2.19, but under the more demanding hypotheses of f 
and Jo being eventually commutative, and the factor spaces B, Bo, 

F and F0 being Jiang spaces. Also, in Theorem III.2.23, he proved 

that for nilma.nifolds we do get a. naive product formula for the relative 

Reidemeister number. In the above corollary we managed to prove both 

results and more, since the Jiang-type spaces not only include both 

Jiang spaces and nilma.nifolds, but also certain classes of solvma.nifolds 

and of coset spaces of compact Lie groups. 

The example below shows that, especially with nilmanifolds, the 

hypothesis of f being eventually commutative is too restrictive. 
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Example 5.1. Consider the subgroup of GL(3,R), 

and the subgroup of GL(3, Z), 

The coset space E = G ff is a nilmanifold, which fibers over the 

2-torus B = T'J, with the circle F = S 1 as a typical fiber. We have a 

subfibration with Eo = T 2 C E, 

considering the usual fibration of T 2 by S1. 

Consider the fiber map J: (E, Eo)---+ (E, Eo) defined by 

(
1 a b) (1 -a -2b) 
Ole ➔ 01 2c 

0 0 1 0 0 1 

which has Nielsen numbers N(/) = 6, N(l) = 2 and N(Jb) = 3, for any 

bE B. 

On the subfibration, we have Nielsen numbers N(/0) = 3, N(fob) = 3 

and N(fo) = 1. The respective Nielsen numbers for the essentially com­

mon classes (see [131) are N(f, /o) = 3, N(fb, fob) = 3 and N(], Jo) = 1. 

Therefore we obtain the relative Nielsen numbers N(f; E,E0) = 6, 

N(/b; F, Fo) = 3 and N(l; B, B0) = 2, which satisfy statement 2 of 

Corollary 5.2. Note that this is the case where N(/b) = NK,Ko(/b; F, Fo) 
since K =Ko= {e}. 
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The map / is not eventually commutative. To see that, observe 

So, for any two elements 

(

1 a 

P = 0 1 

0 0 
(

1 X y) 
Q = 0 1 z 

0 0 1 

of 1r1(E)(= G), for any n ~ 1 we have that Ji(P) commutes with 

J;(Q) iff az = ex. 

6. ESTIMATION OF ASYMPTOTIC NIELSEN TYPE NUMBERS 

In this final section, we make use of the computational techniques 

for calculating or approximating the relative Reidemeister number on 

the complement for a fiber-preserving map of pairs to estimate the 

asymptotic Nielsen type number introduced by Jiang [9]. 

In dynamics, one is interested in the asymptotic behavior of the 

growth of the number of periodic points. N. Ivanov [8] introduced 

the asymptotic Nielsen number to be the growth rate of {N(r)}, 

i.e., N00
(/) = Growth,_00N(r) := max{l,limsupN(r)1/n} for any 

selfmap f : X ➔ X on a compact connected polyhedron X. He showed 

that h(f) ~ log N00(f) where h(f) denotes the topological entropy off. 

While the Nielsen number N(r) gives a lower bound for the number of 

n-periodic points of f, it is often a poor estimate. On the other hand, 

the Nielsen type number ¼N P,.(f) (see [9]), which measures the number 

of periodic orbits of least period n, yields better information so that 

the growth rate of {!NPn(/)}, denoted by NI00 (f), was introduced by 

Jiang to study the asymptotic behavior of the growth of the periodic 

orbits. 

In [15), it was shown that 
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Here, Y,, = X x ... x X is the n-fold product with a cyclic action 

of Z,.; g,.(f) is the associated Z,.-map given by g,.(/)(xi, ... , x,.) = 
(f(x,.),J(x1), ... ,f(x,._1)); Y,.(

1
) = Y,.-Y,.>(t) where y,.>(t) is the closed 

subspace consisting of points of non-trivial isotropy and R(g,.(f); Y..ciJ) 
is the relative Reidemeister number on the complement. 

Suppose e : X ➔ X is a Hurewicz fibration and / : X -+ X is a 

fiber-preserving map with induced map 7 : X ➔ X. Let p be a prime. 

Then (g,.(f),g,.-1(!)) is a fiber map of the pair (Y,,,,Y,,,-1), in the 
sense of section 4, with induced ma.ps (9,,.a),gpr-1(7)). We have the 

following commutative diagram 

where q = e X ••• Xe (pr -fold product) and qo is the pr-1.fold product 
of e. As a consequence of Proposition 4.1, we have the following 

Theorem 6.1. Suppose N(I") = R(I") for all n ~ 1. Then, for any 
prime p, 

~Growthr➔ooR(gp•(J); Y,,•(i)) 

~Growthr➔oo L L . _ . l . 
[aJE'R(~,•B,)-'R('Pr,~ [P] [F1x(TaCf'r). q# (Fix(Tfja Cf'r))] 

where 'Pr and 'Pr are the homomorphisms induced by g,,(f) and g,.(7) 
respectively at the fundamental group level. Here, B, = Yp• and Fr = 
q-1 ( b), b E Fix(gp• (7)) n (Y", - Y,,,-1). 

Corollary 6.2. If X is a solvmanifold and R(I") < oo for a.ll n, then 

NI00
{/) 2: Growthr➔oo 

where f is a fiber-preserving map of a Mostow fibration of X. 
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Proof. Since R(/") < 00 1 then R(T) < oo. Since the base of the fi­

bration of X is a torus, it follows that Fix(Ta'f?n) = Fix(<pn) = {e}. 

Moreover, K is trivial. Now the inequality follows from the Theo­

rem 6.1. D 

Remark 11. In Corollary 6.2 the fiber is a nilmanifold, thus #'R(Ta <p~, 'll'F,) 
coincides with the corresponding Lefschetz number on the fiber. 

REFERENCES 

[l] R.F. Brown, The Nielsen number of a fiber map, Ann. Math. 85 (1967) 483-

493. 

[2] F. Cardona, Reidemeister theory for maps of pairs, Far-Eaat J. Math. Sci. 

(FJMS), Special Volume (1999), Part I (Geometry and Topology), 109-136. 

[3) F. Cardona and P. Wong, On the computation of the relative Nielsen number, 

in Proceedings of "Theory of Fixed Points and its Applications" (Sao Paulo, 

1999) (ed. D. Gon~ves and P. Wong), Top. Appl., to appear. 

[4] E. Fadell, Natural fiber splittings and Nielsen numbers, Howton J. Math. 2 

(1976) 71-84. 

[5] D. Gon~ves, Coincidence Reidemeister classes on nilmanifolde a.nd nilpotent 

fibrations, Top. Appl. 83 (1998), 169-186. 

[6] D. ·Gom,;alves 11.Ild P. Wong, Homogeneous Spaces in Coincidence Theory II, to 

appear. 

[7] P. Heath, E. Keppelmann and P. Wong, Addition formulae for Nielsen numbers 

and for Nielsen type numbers of fiber-preserving maps, Top. Appl. 67 (1995), 

133-157. 

[8] N. V. Ivanov, "Entropy and the Nielsen numbers," Soviet Math. Dokl. 26 

(1982), 63-66. 

[9] B. Jiang, "Estimation of the number of periodic orbits," Pacific J. Math. 172 

(1996), no.1, 151-185. 

[10] B. Jiang, "Lectures on Nielsen Fixed Point Theory," Contemp. Math. vol. 14, 

Amer. Math. Soc., Providence, Rhode Island, 1983. 

[11] T. Kiang, "The Theory of Fixed Point Classes," Springer-Verlag, 1989. 

[12] J. Pak, On the fixed point indices and Nielsen numbers of fiber maps on Jiang 

spaces, 7hma. AMS 212 (1975), 403-415. 

[13] H. Schirmer, A relative Nielsen number, Pacific J. Math. 122 (1986), 459-473. 

[14] A. Schusteff, Product Formulas for Relative Nielsen Numbers of Fiber Map 

Pairs, Doctoral Dissertation, UCLA, 1990. 



26 FERNANDA S. P. CARDONA AND PETER N .-S. WONG 

[15] P. Wong, Estimation of Nielsen type numbers for periodic points, II, in: Pro­

ceedings of the XI Encontro Brasileiro de Topologia (Rio Claro, 1998) (S. 

Firmo, D. Gom;alves and 0. Saeki, ed.), World Scientific Publ., 2000, pp. 

23-32. 

[16] C. You, Fixed point classes of a fibre map, Pacific J. Math. 100 (1982}, 217-

241. 

[17] X. Zhao, A relative Nielsen number for the complement, in: B. Jiang, ed., 

Topological Fixed Point Theory and Applications (Tianjin 1988), Springer 

LNM 1411 (1989), 189-199. 

DEPT. DE MATEMATICA - !ME- USP, CAIXA POSTAL 66.281- CEP 05389-
970, S.fo PAULO - SP, BRASIL 

E-mail addres&: cardonaClime. usp. br 

DEPARTMENT OF MATHEMATICS, BATES COLLEGE, LEWISTON, ME 04240, 

U.S.A. 
E-mail addreaa: pwongOabacu■ • bates. edu 



TRABALHOS DO DEPARTAMENTO DE MATEMATICA 

TITULOS PUBUCADOS . 

1999-01 FERNANDES, J.D., GROISMAN, J. and MELO, S.T. Harnack 
inequality for a class of degenerate elliptc operators. 19p. 

1999-02 GIULIANI, 0. F. and PERES!, A.L., Minimal identities of algebras 
of rank 3. 9p. 

1999-03 FARKAS, D. R., GEISS, C., GREEN, E.L., MARCOS, E.N. 
Diagonalizable Derivations of Fmite-Dimensional Algebras 
I. 25p. 

1999-04 FARKAS, D. R., GEISS, E.L., MARCOS, E.N. Diagonalizable 
Derivations of Finite-Dimensional Algebras Il. 13p. 

1999-05 LOBAO, T. P. and MIT.JES, C. P. The normalizer property for 
integral group rings of Frobenius groups. 7p. 

1999-06 PICCIONE, P. and TAUSK, D.V. A note on the Morse index theorem 
for geodesics between submanifolds in semi-Riemannian 
geometry. 15p. 

1999-07 DOKUCHAEV, M., EXEL, R. and PICCIONE, P. Partial 
representations and partial group algebras. 32p. 

1999-08 MERCURI, F., PICCIONE, P. and TAUSK, D.V. Stability of the 
focal and geometric index in semi-Riemannian geometry 
via the Maslov index. 72. 

1999-09 BARBANTI, L. Periodic solution for Volterra-Stiltjes integral linear 
equations of type (K). 9p. 

1999-10 GALINDO, P., LOURENCO, M.L. and MORAES, L.A. Compact and 
weakly compact homomorphisms on Frechet algebras of 
holomorphic functions. lOp. 

1999-11 MARCOS, E.N, MERKLEN, H.A. and PLATZECK, M.I. The 
Grothendiek group of the category of modules of finite 
projective dimension over certain weakly triangular 
algebras. l 8p. 

1999-12 CHALOM, G. Vectorspacc Categories Immersed in Directed 
Components. 32p. 

1999-13 COELHO, F.U. Directing components for quasitilted algebras. 5p. 
1999-14 GOODAIRE, E.G. and POLCINO MILIES, C. Alternative Loop 

Rings with Solvable Unit Loops. 13p. 
1999-15 GOODAIRE, E.G. and POLCINO MILIES, C. A Normal 

Complement for an Ra Loop in its Integral Loop Ring. 9p. 
1999-16 LOURENCO, M. L. and MORAES, L.A. A class of polynomials. 9p. 
1999-17 GRISHK.OV, A. N. The automorphisms group of the multiplicative 

Cartan decomposition of Lie algebra Ea. I Sp. 
1999-19 GRISHK.OV, A. N. Representations of Lie Algebras over rings. 14p. 



1999-20 FUTORNY, V., K6NIG, S. and MAZORCHUK, V. S. 

subcategories in 016p. 

1999-21 BASSO, I., COSTA, R., GUTIBRREZ, J.C. and GUZZO JR., H. 
Cubic algebras of exponent 2: basic properties. 14p. 

1999-22 GORODSKI, C. Constant curvature 2-spheres in Cl'2. 5p. 
1999-23 CARDONA, F.S.P and WONG, P.N.S, On the computation of the 

relative Nielsen number. 15p 
1999-24 GARCfA, D., LOURENc;o, M.L., MAESTRE, M. and MORAES, 

L.A. de, The spectrum of analytic mappings of bounded 
type. 19p. 

1999-25 ARAGONA, J. and JURIAANS, S.O. Some structural properties 
of the topological ring of Colom.beau's generalized 
numbers. 35p. 

1999-26 GIULlANI, M.L.M. and POLCINO MIi.JES, C. The smallest 
simple Moufang loop. 27p. 

1999-27 ASPERTI, A. C. and COSTA, E. A. Vanishing of homology 
groups, Ricci estimate for submanifolds and 
applications. 2lp. 

1999-28 COELHO, F.U., MARTINS, M.I.R. and DE LA PENA, J.A. 
Quasitilted Extensions of Algebras I. 11 p. 

1999-29 COELHO, F.U., MARTINS, M.I.R. and DE LA PENA, J.A. 
Quasitilted Extensions of Algebras IL 17p. 

1999-30 FARKAS, D. R., GEISS, C. and MARCOS, E. N. Smooth 
Automorphism Group Schemes. 23p. 

1999-31 BOVDI, A. A. and POLCINO MILIES, C. Units in Group Rings of 
Torsion Groups. 15p. 

1999-32 BARDZELL. M. J. and MARCOS. E. N. H1(A) and presentations 
of finite dimensional algebras. Sp. 

1999-33 GRISHKOV, A. N. and SHESTAKOV, I. P. Speciality of Lie-
Jordan algrbras. 17p. 

1999-24 ANGELERI-HOGEL, L. and COELHO, F. U. Infinitely generated 
tilting modules of finite projective dimension. 14p. 

1999-25 AQUINO, R. M. and MARCOS, E. N. Koszul Tilted Algebras. 
19p. 

1999-26 CHALOM, G. and MERKLEN, H. Representation Type of One 
Point Extensions of Tilted Euclidean Algebras. 28p. 

2000-01 BARROS, S.R.M., PEREIRA, A.L., POSSANI, C. and SIMONIS, 
A. Spatially periodic equilibria for a non local evolution 
equation. llp. 

2000-02 GOODAIRE, E.G. and POLCINO MILIES, C. Moufang unit loops 
torsion over the centre. lOp. 

2000-03 COST A, R. and MURAKAMI, L.S.I. On idempotents and 
isomorphisms of multiplication algebras of Bernstein 
algebras. 12p. 

2000-04 KOSZMIDER, P. On strong chains of uncountable functions. 24p. 



2000-05 ANGELERI-HOGEL, L and COELHO, F.U. Infinitely generated 
complements to partial tilting modules. 11 p. 

2000-06 GIANNONI, F., MASIELLO, A., PICCIONE, P. and TAUSK, D. 
V. A Generalized Index Theorem for Morse-Sturm 
Systems and applications to Semi-Riemannian 
Geometry. 45p. 

2000-07 PICCIONE, P. and TAUSK, D.V. Lagrangian and Hamiltonian 
formalism for constrained variational problems. 29p. 

2000-08 PICCIONE, P. and TAltSK, D.V. An index theorem for non 
periodic solutions of Hamiltonian Systems. 67p. 

2000-09 GIAMBO R., GIANNONI, F. and PICCIONE, P. Existence 
multiplicity and regularity for sub-Riemannian 
geodesics by variational methods. 25p. 

2000-10 PICCIONE, P. and TAUSK, D.V. Variational Aspects of the 
Geodesic Problem in sub-Riemannian Geometry. 30p. 

2000-11 GIANNONE, F. and PICCIONE, P. The Arrival Time 
Brachistochrones in General Relativity. 58p. 

2000-12 GIANNONE, F., PICCIONE, P. and TAUSK, V. D. Morse Theory 
for the Travel Time Brachistochrones in stationary 
spacetimes. 70p. 

2000-13 PICCIONE, P. Time minimizing trajectories in Lorentzian 
Geometry. The General-Relativistic Brachistochrone 
Problem. 23p. 

2000-14 GIANNONI, F., PICCIONE, P. and SAMPALMIERI, R. On the 
geodesical connectedness for a class of semi­
Riemannian manifolds. 3lp. 

2000-15 PICCIONE, P. and TAUSK, D. V. The Maslov Index and a 
generalized Morse Index Theorem for non positive 
definite metrics. 7p. 

2000-16 PICCIONE, P. and TAUSK, D. V. On the Banach Differential 
Structure for sets of Maps on Non-Compact Domains. 
26p. 

2000-17 GONzALEZ. S., GUZZO JR, H. and VICENTE, P. Special classes 
of nth-order Bernstein algebras. 16p. 

2000-18 VICENTE, P. and GUZZO, H. Classification of the 5-dimensional 
power-associative 2nd -order Bernstein algebras. 23p. 

2000-19 KOSZMIDER. P. On Banach Spaces of Large Density but Few 
Operators. l 8p. 

2000-20 GONCALVES, D. L. and GUASCHI, J. About the structure of 
surface pure braid groups. 12p. · 

2000-21 ARAGONA, J. and SOARES, M. An existence theorem for an 
analytic first order PDE in the framework of 
Colombeau's theory. llp. 

2000-22 MARTIN, P. A. The structure of residue class fields of the 
Colombeau ring of generalized numbers. 21 p . .. 



2000-23 BEKKERT, V. and MERKLEN. H.A. lndecomposables in Derived 
Categories of Gentle Algebras. 18p. 

2000-24 COSTA, R. and MURAKAMI, L.SJ. Two Numerical Invariants for 
Bernstein Algebras.17p. 

2000-25 COELHO, F.U., ASSEM, I. and TREPODE, S. Simply connected 
tame guasi-tilted algebras. 26p. 

2000-26 CARDONA, F. S. P. and WONG, P. N. S. Addition formulas for 
Relative Reidemeister Numbers. 25p. 

Nott. Os tfbllos poblicadoa nos Relal6riol T6cnicol d01 111101 de 1980 a 1998 estlo l disposi~ no 
Departamcto lie Matem41ica do IMB-USP. 
Cidade UniYfflilma *Armando de Salle& Oliveira~ 
Rua do Mallo, tolO-Cidade Uni.enithia 
caixa Postal 66281 • CEP O.Sif .5-970 




