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on the complement, analogous to the Nielsen type invariant of Zhao
[17], was introduced.

The main objective of this paper is to compute the relative Rei-
demeister number R(f; E, E;) and the relative Reidemeister number
on the complement R(f; E — Eqo) of fiber-preserving maps of pairs.
We obtain addition formulas for these homotopy invariants, general-
izing previously known formulas. Another motivation for computing
R(f; E — E,) is its connections with an asymptotic Nielsen type invari-
ant introduced by Jiang (see [15]). As an application, we estimate the
asymptotic Nielsen type number NI*®°(f) (see [9]) when f is a fiber-
preserving map on a compact polyhedron.

This paper is organized as follows. In section 2, we give an algebraic
formulation of the relative Reidemeister numbers for fiber preserving
maps. We present an addition formula for the absolute mod K Rei-
demeister number in section 3. The main results of the paper are
contained in section 4 in which R(f; E, Eo) and R(f; E — Ey) are com-
puted or estimated in terms of the relative Reidemeister numbers of i
and of f,. We deduce in section 5 Schustefl’s results as special cases
of the addition formulas obtained in section 4. In the final section, we
make use of the relative Reidemeister number on the complement and
equivariant fixed point theory to give an estimate for NI°(f).

The authors wish to thank Robert F. Brown for his careful reading
of an earlier version of the manuscript. In particular, the first author
wishes to thank Robert F. Brown for his help and comments during
the first months of her visit to the US, as well as the staff of the
Math Dept. at UCLA. Also, she could not let this Introduction finish
without thanking the invitation to Bates College and all the people in
the College that made the rest of her trip a very productive one.
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2. ALGEBRAIC FORMULATION OF THE RELATIVE REIDEMEISTER
NUMBERS FOR PAIRS OF FIBER-PRESERVING MAPS

Let X be a compact, connected polyhedron, and A C X a finite
subpolyhedron, also connected. Let f: (X, A) — (X, A) be a map
of pairs, that is, a map f: X — X such that f(A) C A. Let
ny: ¥ — Y be the universal cover of ¥ and Cov(ny) be its group
of deck transformations.

Let f be a lifting of f, then for every o € Cov(nx) (since Cov(nx)
is identified with the fundamental group m;(X), we will denote it by
7x), there is a unique element (0) € mx such that fo = ¢(c)f. The
map thus defined, ¢: 7x — nx is a group homomorphism. Similarly,
we can define p4: 74 — 74 a group homomorphism, where 4 =
Cw(nAZ: N ) i ~ 5

I [af] = [Bf] then Bf = cafo™! = cap(o~1)f and, therefore,
B = oayp(c™'). This gives a one-to-one correspondence between Rei-
demeister classes and lifting classes.

Given p: mx — mx, we have the so-called Reidemeister action of =
on 7, given by 0-a = gayp(a~!). Therefore, the Reidemeister classes are
the orbits of this action, and the set of Reidemeister classes is denoted
by R(y,7x). From the discussion above, we have R(f) = #R(¢, rx),
where # denotes the cardinality. Similarly, we have R(p4,74) and
R(fa) = #R(pa,74)-

Now, we will proceed to define those sets in the pair of fibrations
settings. Let (E,p, B) be a Hurewicz fibration, with all spaces being
O—connected. Suppose Ey is a subspace of E; let By = p(Ep) and
Po = plg,- Also, suppose (Ey, po, By) is a Hurewicz fibration, with all
spaces being 0—connected.

Let (f, fo): (E, Eo) — (E, E) be a fiber preserving map pair, with
Jo = flg,- Let by € B, be a fixed point of fp, then choose ey €
P5(bo) and a lifting f, of f,. Given a € Cov(ng,), there is a unique
element po(a) € Cov(ng,) such that foa = goo(a)fo. This defines
a homomorphism @o: 7g, — ng,, where 75, = Cov(ng,). Observe
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that ng, = Cov(ng,) = m1(Eo, €0) and also Cov(ng,) = mi(Fo, fo(eo))-
While foy: m1(Fo,e0) — mi(Eo, fo(eo)), the map wo: 75, — 7g,
does not depend on the choice of base point; as a matter of fact, it
does not depend on the lifting fo chosen, either. It only depends on
the map fp itself. (See {10].)

Similarly we construct the maps @g for (By,bp) and ¢y for (Fp =
p~1(bo), €0)- At this point we have made all the necessary constructions
to define the Reidemeister number, through the algebraic approach,
for the maps on the subspaces involved. For the spaces themselves, we
perform the same type of constructions, noticing that we have to use
the same base points as the subspaces.

Observe that, for both the spaces and subspaces in the fibrations we
have the commutative diagrams:

(1)

(Foy 0} —2+ (Fo, f(eo)) (F,e0) —2 (F, f(e0))
eol 15., .-1 l.-
(Eoye0) —2 (Eo, f(e0)) (E,e0) —L (E, f(e0))
Pol 2 lpo Pl ) lp
(Bo,bo) —2—  (Bo,bo) (B,b) —1= (B,b)

Between these two diagrams we have inclusions and every possible
square commutes. Beginning with (E, Eo) we have a morphism of self-
maps, so we can choose a lifting ig g, of ig g, such that the diagram

——

B 2,

" | s

Ey 2%y E

———

commutes. As in [3], this ;;:F’Eo determines a correspondence (g, gy}t
frorn the liftings of fo to those of f. This corr%pondence induced by
:{E Eo)list 18 independent of the choice of the lift zE B, of ig.g, and
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depends only on the map ig g, itself; similarly we can do the same for

—

18,8, and i,

Remark 1. We should not expect to have commutative diagrams on the
corresponding liftings of diagrams in (1), since commutativity would
impiy that we had already a correspondence between the liftings chosen
for the subspaces and those for the spaces. And that is not always true,
neither is it necessary for our purposes.

Now, we can go through the main step to define the relative Rei-
demeister numbers. The map i: A < X, A C X, induces a ho-
momorphism i4: m(A) — m1(X) and, because of the identification
71(Y) = Cov(ny), we have a well-defined map

3: R{pa, ) — Rig,m)
(o] — [igq]
(for more details, see [10] and [17]). In [2], we defined the set of weakly
common lifting classes of f and f4, and denoted it by r(f, f4), as the
set of liftings fof f that are in the image of any lifting }': of f4, by
the map . It is only natural that we have the corresponding set,
from an algebraic point of view. That is, the set of classes of loops of
m under ¢ that are in the image of a class of loops of 74 under ¢4 by
the map 1. Denoting it by R(w,a), we have

Ry ¢4) = {lo] € R(p,7) | [a] =T([B]) for some [8] € R(pa,74)}

The Reidemeister number of f on the complement X — A is thus
defined as

R(f; X — A) =R(f) = R(f, fa)
where
R(f) = #R(p,m)
R(f, fa) = #R(‘Pv ©Ya)

and the cardinalities are all finite. Otherwise, if any of them is not
finite, then we define R(f; X — A) = oo.
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The relative Reidemeister number of f on the pair (X, A) is thus
defined as

R(f; X, A) = R(fa) + R(f) — R(f, fa)
where
R(f) = #R(¢,7)
R(fa) = #R(pa,74)
R(f, fa) = #R(p,4)
and we define R(f; X, A) = oo if any of them is infinite .
Remark 2. Note that if R(f, f4) is infinite then both R(f) and R(f4)

are necessarily infinite. (For more details see [3].)
Remark 3. Notice that while we can have R(f; X — A) = 0 for the Rei-
demeister number of the complement, the relative Reidemeister number
of the pair R(f; X,A) > 0.
Remark 4. Because of the one-to-one correspondence between the sets
in both definitions, all results proved in {2] hold true for the algebraic
definitions of R(f;X,A) and R(f; X — A). In particular, both the
relative Reidemeister number R(f; X, A) and the relative Reidemeister
number on the complement R(f; X — A) satisfy the basic properties
such as (relative) homotopy invariance, homotopy type invariance, and
commutativity.

Now we are able to define the Reidemeister numbers on the comple-
ment and the relative Reidemeister numbers, for each one of the pair

of spaces in the fibration.

3. ADDITION FORMULAS FOR THE MOD K REIDEMEISTER NUMBER
OF FIBER-PRESERVING MAPS

In [6] an addition formula for the Reidemeister number for coinci-
dences was given via an algebraic approach. We will adapt what was
done there for our fixed-point settings.

Let (E, p, B) be a Hurewicz fibration, with all spaces being 0-connect-
ed. Let f: E — E be a fiber preserving map. Suppose K = kert,
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where t4: 7r — 7g is induced by i: F < E. We will denote by tex
the induced map on the quotient, iy : 7p/K — mg. Also, the set
of orbits of the Reidemeister action of ¢’ in 7r/K will be denoted by
Rx(¢',7F). Moreover, we can suppose, without lost of generality, that
i 18 the inclusion map (notice that mr/K = Imiy x < TE).

We have the following commutative diagram of homomorphisms and

groups, whose rows are short exact sequences.

1 — =np/K ly‘r 5 2 15 — 1
'l el 7l
1 — =#p/K ﬁ g - s — 1
This induces the following sequence, which is exact at R(yp, 7g) and
R(®,78),

RK(‘P,r "F) = R(S"v 1r1_:;) 25 R(¢1 "B) —1

i.e., p issurjectiveand Imig = p ~e], where e is the identity element
of TB.

Now, we are able to give the addition formula for the Reidemeister
number for a fiber-preserving map. In what follows we will indicate
the conjugation map by 7,(8) = afa!, without being explicit where
it is defined, since the context will make it clear.

Proposition 3.1. Let (E, p, B) be a fibration as described above. Sup-
pose Fix(rz %) = {e} for all [a] € R(F,75). There is a one-to-one
correspondence between the sets

Rlprg) & [ Re(raidsnr)
[aleR(P,xp)

Also, R(f) = #R(y,75) < oo if, and only if, #Ri(1a @', ) < 00 for
all [a] € R(p, 7). In this case, we have
R(f) = #R(p,m8)= Y #Rx(ra¢',7r)
[FleR (%)
If, in addition, #Rk(7a @', 7F) is mod K fiber uniform, i.e., it is in-
dependent of the choice of [a] € R(p,ng), then we have a product
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formula
#R(‘Pa WE) = #'R'K(wliﬂ'f") ¥ #R(?, '”B)

Proof. Similar to what we have in the beginning of this section, we have
the following commutative diagram of homomorphisms and groups,

whose rows are short exact sequences.

1 — mp/K "4 TE % g — 1
¢l Tapl =7 |
1 — =np/K 'i_r} TE ﬂ) T — 1

It induces the following short exact sequence,
1 — Ri(Ta @'y 7F) =3 R(T2 9, TE) RN R(rs®,mB) — 1

i.e., iag is injective (due to the hypothesis Fix(rz@) = {e} for all
[a] € R(P,7B)), Pa is surjective and Imi,x = P ~}[e], where e is the
identity element of mg.

It follows from [6] that there is a one-to-one correspondence between
the sets P, ~'[e] and 7 ~'[d]

Therefore we have the one-to-one correspondence

R(‘P: TE) Ad H RK(Ta ‘P,’ "F)
[E]ER(GI'B)

Now it is straightforward to verify the assertions from this bijection. [

We will adapt the local Fiz group indez (see [7]) for the more geomet-
ric approach to our settings, in order to give a more general formula,
without the hypothesis Fix(7s@) = {e}. To see that everything is
equivalent under algebraic settings, we refer the reader to work done
by Gongalves for coincidences, see (5], where, in the first section, we
can find all the necessary elements to construct the bridge between the
geometric and algebraic approach.

Theorem 3.2. Let (E,p, B) be a fibration as defined as above; let f

be a fiber-preserving map. Then, there is a one-to-one correspondence
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between the sets
Riere) &[] iaxRa(radymr)
[ZY]E‘R(%TB)

* for any [a] € p “([a]). If the cardinalities of the sets involved are
finite, we have

R(f)= E Z [Fix(rzP) : p#(F ix(7sa ¢))]

HE‘R(‘PF"'B) [a]
where [8] € Rx(7e ¢',7F) and [a] € 7 ~*([d]).

Proof. From the proof of Proposition 3.1 we have the 1-1 bijections

Rlpy78) < Uigergam 8 (@) ¢ Umer(an fax (R(7a @'y 7)),
for any [a] € p ~![@]. Therefore,

R()=#R(pyme)= . #5 ~([a)).
[G]eR (7,7 p)
Consider in Rk (7, ¢, nr) the equivalence relation given by f; ~ 8 =>
Zx‘;(ﬁl) = i:;(ﬂZ) Notice that #p -1([61) = #Rk(1a ¥/, 7"1")/"'1 for
any [a] € p ~'[a]. Given 0 € Fix(rz) and [8] € Rx(7a ¢, 7F) define
B8] = [687a p(671)], where 8 € [f] and pg(6) = 8. This is a well-
defined action

Fix(19) x Re(Ta @', 7r) — Rix(Ta¢’,7F)

@, [8)) = o8]

of a group on a set. (Notice that 687, p(8~") € kerpg = Imig). Two
classes in Ryc(7, ¢, 7F) are in the same class of R(ep, ng) if, and only if,
they are in the same orbit by the action just defined (see [5, Props. 1.5,
1.6 and 1.7]).

The isotropy groups of this action are pg(Fix(7s4 ¢)), where [8] €
Rk(1a¢',7g) and pg(Ba) = @, therefore the cardinality of the or-
bits is given by the local index [Fix(r5®) : pg(Fix(7s. ¢))]. (See {5,
Prop. 1.6).)
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Therefore

#5720 = Y ‘

[BIER k{7a @' 7F) [Fix(TE¢) by (Fix(TBa ‘P))]

for any [a] € 7 ~([a])- . O

Remark 5. The existence of the natural map pz'(@) — 7 ~((a])

allows us to take [a] € p ~2([a]) as in the above formula.

Remark 6. Note that if [a;] = [as] as elements of R(p, 7g) then

[Fix(rar ®) : p(Fix(7a, ¢))] = [Fix(raz$) : p(Fix(ra, ¢))]-
Observe that there is 4 € g such that a; = yaz¢(7~?) and the map
Fix(rerp) — Fix(mz9)

b Ty b

is an isomorphism on the respective cosets.

Remark 7. To see that the sum above yields an integer, remember
that within the orbit of [8] € Rk(7a¢',7F) the index [Fix(msP) :
Pz (Fix(7sa ¢))] (which counts the “size” of the orbit) remains the
same for every [y] € Ri(7a ¢’,7F) in the orbit of [8]; and after sum-
ming up these fractions over all of Rk (7, ¢’, xF), we will get in return
exactly 1 for each orbit. Thus we end up obtaining the number of
orbits.

Let a € R(p,7g). The indez of a is simply index(f, neFix(af)),
the usual fixed point index. So, if index of a is nonzero then « is said
to be essential. Denote by N(yp, 7g) the set of essential a € R(yp,7E).
Therefore, N(f) = #N (¢, 7&). Similarly, we denote by Nk(¢',7r) the
set of essential o’ € Rk (¢',7F), and Ni(f') = #Nk(¢',7F)-
Definition 1. Let f be a fiber-preserving map, let ¢ and % be the
homomorphisms induced by f and f. We say that f is locally (resp.

essentially locally) Fiz group uniform if
[Fix(r=9) : p# (Fix(7a ¥))]
does not depend on [a] € R(ip,7g) {resp.[a] € 7 ~*([@]) N N(p, 7))
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Then as a corollary of Theorem 3.2, we have

Corollary 3.3. Let (E,p, B) be a fibration as described above and
f: E — E a fiber-preserving map. If f is essentially locally Fix
group uniform, then

L » #Nk(1a @', 7F)
N(f) = m;) [Fix(=7) : ps (Fix(7a p)]

where [a] is chosen in p ~*([&]) N N{p, 7E).

Proof. Just remember there is a “local product formula” for the index,
ie. [o] € R(yp,mE) is essential iff § [a] € R(F,np) is essential and
o € R(¢',nr), such that z’;;[a’] = [a], is essential. The result follows
from the fact that if f is essentially locally Fix group uniform then

#N(1a ¢’y 7F)

HaxW(7a ', 7)) = [Fix(rP) : pa (Fix(ra ¢))]
for any [af chosen in p ~!([&]) N NM(p, 7&). O

Definition 2. Let f be a fiber-preserving map, v and @ be the ho-
momorphisms induced by f and f. We say that f is globally (resp.
essentially globally) Fiz group unt:forrr; if

[Fix(r2 @) : p# (Fix(7a ¢)))

does not depend on [&] € R(p,np) (resp. N(F,ns)).
Corollary 3.4. Let (E,p, B) be a fibration as described above and
f: E — E a fiber-preserving map. If f is globally Fix group uniform,
then
[Fix(?) : pg Fix(p)R(f) = D #Rx(ra¢,mr) ,
[BlE€R(Zin5)

for any [o] € p ~*([g]).

If, in addition, f is mod K fiber uniform (i.e., #Ri(ra',7r) is
independent of [o] in § ~!([@])), then

[Fix(®) : ps Fix(9)]R(f) = #R(P,78) - #Ri (', 75) ,
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ie.,
[Fix(p) : pg Fix(p)IR(f) = R()Rx ()

As a consequence of the above definition, we had the previous corol-
lary, which is a “kind of” generalization of [14, Theorem I1.1.18]. To
the point: while in Schusteff’s result we have that each fraction is the
same under the hypothesis of eventually commutativity of f; in our
case, if f is globally Fix group uniform we get that each denomina-
tor is the same, coupled that with the hypothesis of f being mod K
fiber uniform we also have the same numerator, thus getting the same
results, with less stringent hypotheses.

Remark. 8. The above result is a generalization of Corollary 4.3 of [7];
it is enough to have f globally essentially Fix group uniform for the
first part of Corollary 4.3 of 7], and for the second part, we need also

f to be mod K uniform.

4. ADDITION FORMULAS FOR REIDEMEISTER NUMBERS OF PAIRS
OF FIBER PRESERVING MAPS

For the rest of this paper by a fiber map of the pair we mean a pair
of fiber preserving maps (f, fo): (E, Bo) — (E, Eo) with fo = f|g
where ( Ey, po, Bp) is a Hurewicz (sub-)fibration of a Hurewicz fibration
(E,p, B). Furthermore, we assume that E, Eo, B, By and the typical
fibers are all 0—connected spaces.

Suppose Ky = kerto, where iy: 715, — 7g, is induced by #p: Fo —
Ey. Denote by ik, the induced map on the quotient, the set of orbits
of the respective Reidemeister action by Rk, (g, 7R, ), and the respec-
tive cardinality; #Rx, (5, ™R ), by R, (f5). We will denote the set of
orbits of the Reidemeister action of ¢’ which are in the image of the
orbits of the Reidemeister action of ¢}, under i, : 75, /Ko — wp/K
by Ri.x,(¥',¢h), and the respective cardinality, #Rx,k,(¢',¥5), by
Rik,(f', f). Moreover, we can suppose, without lost of generality,
that ix is the inclusion map (notice that xp/K = Imix < mg).

We have the following
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Proposition 4.1. Let (£, fo) be a fiber map of the pair, K = keri and
Ky = keriy. Then we have the inclusion

R(‘P,‘PO) g ﬁ _IR(¢)W)

Also, we have the inequalities

R(f; E - E) > [a]e'k(a.g):—‘k(ﬁ_) %]: [Fix(z %) : pg (F ix(754 )]

where [8] € Ru(ra ', 7r) and [o] € 7 ~}([a]) and,

R(FEE)2 Y S !

[wlER (Foxs,) [Bol [le(Ta'o'<P°) T po#(FiX(Tpoao ‘PO))]

1
e o o T s FoxGrn )]

+

’

where [ﬂ] € RK(Ta ¥, ”F): [ﬂo] € Rio(Tao ‘P:)! "l‘b)a [a] €9 _1([61) and
[ao] € P~ ([aa))

Proof. Consider the following commutative diagram

R0, E,) —23 R(p,7E)
= 1 =
R(%o, T8,) —=2 R(,7B)

where p and pp are surjective.

Let [a] € R(p,40). There is [a] = P [o] such that {a] € R(p,5)
and also there is [ag] € R(go, 7g,) such that @[ao] = [a]. By the
commutativity of the diagram above, we have [a] € EE(R(W, T8, ))-
Therefore [o] € 5 ‘1(;;07?,(%, 7B,)), and the desired inclusion fol-
lows.

Since R(f; E — Ey) = R(f) — R(/, fo), using Theorem 3.2, the in-
clusion proven above, plus the algebraic definition of the Reidemeister
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number and properties of the sequence (3), we have
R(f; E - Eo)

= 2 X

BeRGns) B LX) P (le(fﬁa o))}

— #R(p, ¢0)

2, 205 " 3

BleR@ms) 5] [Fix(r=®) : pg (le(rp o #7 ~(R(@.%0))

== 1
B [E]E‘Rz:((‘i.WB)[zﬁ]: [Fix(m2®) : py (Fix(750 ¢))]

1
z ne;;m % [Fix(r= ) : p# (Fix(7pa ¢))]

1

Fer@am-rem B L e) P (Fix(ma )]

Again, using the definition of R(f; E, Ey), Theorem 3.2 and the in-
equality just proven for the relative Reidemeister number on the com-

plement, we obtain the desired inequality for the relative Reidemeister

number. [}

We could have equality for R(f; £ — Ep) provided the reversed in-
clusion in Proposition 4.1 were true. But the following example shows
that a class in the complement may project to a common class.

Example 4.1. Let (E, p, B) be a product fibration with B = D? x $!
and F = S! x St. Let f: B —> Bbe f = f; x f2 where f; = idp» and
72 be the flipping across the x-axis. Let f': F — F be f' = f{ x f3
where f] is the flipping across the x-axis and f; = idgi.

Let (Ey, po, Bo) also be a product fibration with Bo = D? x I}, where
I, is the segment in the circle that goes counterclockwise from —i to
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¢, and Fp = I; x 5§' where I, is the segment in the circle that goes
counterclockwise from i to —i. Let fo = f|g, and let f = f|5,-

The base space B has two distinct ¢lasses ([(d, —1)] and [(d,1)]) and
only [(d,1)] is weakly common. In the total space £ we have four
distinct classes ([1,1], [1,~1], [~1,1] and {—1,-1]) and only one of
them is weakly common, namely, [1,—1]. Both [1,1] and [1, —1] project
to the weakly common class of B so 7 ~}(R(%,%0)) D R{¢, o), but
P H(R(®,%0)) £ Rie, po)-

However, even without the reversed inclusion of Proposition 4.1, un-
der suitable hypotheses, we may still have equality in the above formu-
las. To begin, let us assume that Fix(7xP) = Fix(rs5 %s) = {e}, for all
@ € R(p,7s), respectively &g € R(Po, 7B, )-

Let [8] € R(p,¥0) be a weakly common class. This means [8] €
R(p, mg) and there exists a [Bg] € R(po, TE,) such that E,Eo[ﬂo] = [B].
We have already seen that there are correspondences

R(p,7E) © Umter@ap) P ~([@]) © Ligler(@ns) Pa ~* <E>=
MizeR@rs) tak R(Ta ¢'s TF)
And similar ones for R(ypo, *g,). .
Also due to the hypotheses Fix(7z%) = {e}, for all @ € R(P,n5)
and, respectively Fix(rs%o) = {e}, for all & € R(%o, 75,), the maps
induced by the inclusions are, in fact, injective and the diagram below

is commutative.

1 — Rry(eh:7r) Laa R{po,7E,) AL R(Pe,7B,) — 1
Lirm digE, l 18,8,

1 — RK(‘Pl’ "F) ":K—) R(‘Pﬂ 7|'E) _P_} ’R(‘_ﬁ7 7rB) = 1
In the way it was constructed, to each such [8] € R(wp, o) there is
a corresponding class {8’} € Rk, (T8¢, 75, ¥h)- So we have,

#R(pypo) = Y #Riko(Ta @' Tao 5)
FER(P%0)

where 7 (Ja}) = [a] and i£ g [ao] = [a)-
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Also, if instead of having the hypotheses Fix(rz%) = Fix(s %5) =
{e}, for all [&] € R(%, 7p), respectively [ao] € R(Po, 75,), we have that
f is globally fix group uniform then

#RK,Ko (Ta ‘P’v Tao ‘Pa)
9 R(p, p0) = = :
(2) #R(¢, o) MGRZW [Fix() : pg Fix(p)]

Although 77'R(%,%5) D R, ¥0), but not necessarily R(p, %) =
R(®, o), we still have R(y,po) mapped surjectively onto R(P,%0)-
This is the reason why some of the terms in the summand in (2) may
be equal to zero.

Similar to Mg and Ny, we can define N k,(¢',¢h) as the set of
essential o' € Rk, (¢, %0), and Nixio (f', fo) = #Nkxo (¢, #5)-

With the equality (2) and the calculation of R(f; E— Eo) from Propo-

sition 4.1, we obtain the following

Theorem 4.2. Let (f, fs) be a fiber map of the pair. Let K = keri
and Ko = kerio. Suppose f is globally Fix group uniform and let

s = [Fix(®) : pg (Fix(p))], then

R(f;E-E)=
d T #Ralnvim)- T #Racxulra 7o)
[BleR(Z=B) [EleR(B.70)
and,
. . #RKO (Tao ‘P‘)a ”Fo)
RGEE)= D (Eixtrao) : poa(Fintrag o))

[52)€R (%6:%5y)

+%{ Y. #Rk(ra'mr) = Y #Rkko(Te ¥ Ta 05) } '

MER(E"B) [31673(3-W)
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Also, if (E, Eo) is a Jiang-type pair with nonzero Lefschetz numbers,
L(f) - L(fo) # 0, then we have the respective Nielsen numbers

{ S w5 #elodimd)

{GleN (%mB) [EleN (%.%0) B
and,
#NKo (Tﬂo (»067 WFo)
NHEE) = ), i
weinn 755 70) ¢ Pog (Fx(reg 90

1
+ _{ Z #NK(TG ‘Plv WF) _ Z #NK.Kn (Tﬂ (P', Tag ‘PQ)}-
[BleN(Z.x5) [BleN (7.%)
5. PRODUCT FORMULAS FOR NIELSEN NUMBERS OF PAIRS OF
FIBER PRESERVING MAPS

C. You in his paper [16], and also J. Pak in [12], came up with
- a “generalization” of the naive product formula for Nielsen numbers
that was introduced by Brown in [1). More recently, Schusteff (see [14,
Theorem I11.2.3]) was able to obtain similar results for the relative Rei-
demeister numbers, but still with very strong hypotheses. The theorem
that follows is a generalization of such results.
Theorem 5.1. Let (f, fo) be a fiber map of the pair. Suppose that
R(f; E, Ey) is finite, f is mod K fiber uniform and globally Fix group
uniform, with [Fix(®) : pg Fix(p)] finite.

(1) X the inclusion i p,: Bo — B is a homotopy equivalence, f,

is mod K} fiber uniform and

(€) pogFix(ts po) = pg Fix(ra¢)
where a € p ~*[a] and @ € R(@, 7g), then

[Fix(%) : p# Fix()|R(f; E, Eo) = R(f; B, Bo) Ri.x, (f'; F, o)
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where

RKKu(f,; F7 FO) = RK(f,) + RKo(fD') i RK,Ko(f,7 fO’)'
(2) If the inclusion gz, : Fo — F is a homotopy equivalence and

(Cz) #RKO (Tao ‘P:J) - #RK(Ta ‘P,)
[Fix(rs5P0) : PogFix(Tas 00)]  [Fix(r5P) : pg Fix(ra p)]

1)

where {;;T;[ao] = [a] € p ~'[a] and [a] € R(P, 75), then
[Fix(#) : pg Fix(@)]R(f; E, Eo) = R(f; B, Bo) R (")
I, in addition, we have R, (fg) = Rx(f’) (for instance, if K = Kj),

then we also have Rx x,(f'; F, Fo) = Rx(f') and the product formulas
above are equivalent.

Proof. 1. From the homotopy equivalence of the bases and condi-
tion (C;) we have that [Fix(tx®s) : po# Fix(ra )] = [Fix(s%) :
pg Fix(7, ¢)]. Now, the fact that f is globally Fix group uniform
implies that both are equal to [Fix(%) : pg Fix(¢)].

The homotopy equivalence of the bases also implies that all Reide-
meister numbers related to the bases are equal, i.e. R(f) = R(fo) =
R(f, fo) = R(f; B, Bo). It follows from Theorem 4.2 and the fiber
uniformity of f and of fo that

R(f; E, EO) i %{ E #RKo(Tﬂo ‘P:)s "Fb)

[Go)€R (%575, )

+ T #Remd) = T ARt ) |

[dleR(Bn5) [a)eR(%.%0)
1 7 r
= H{E Rt + ERete) - Rt )
8 A a A
1
== Rk (f; F, Fy)
s A

where || = R(F; B, Bo) and s = [Fix(%) : pu Fix(p)).
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2. The homotopy equivalence of the fibers implies that we do have a
mapping of Rk, (Taq ¥, 7R,) onto R (7a ¢, 7r). Therefore, all weakly
common classes of f are weakly common classes mod K, Ky, i.e.,

Rk Ko(Ta '3 Tay 00) = Ri(7a ¢')-

Now, under Condition (C;) together with the hypothesis of f being
mod K fiber uniform, Theorem 4.2 implies that

) #Rk(7a ¢)

[Fix(=®) : py Fix(1, )]

[EE]GR(WJBD)

+% Y. #Rx(rag )= Y #Riko(Ta?sTeo wﬁ)}

[@leR(@rp) [BlerR(7.%0)
= %{ S #Rulemr)
[SoleR(wox5,)
+ Y Rl - Y #RK(tP',ﬂ'F)}
lalen(ar'ﬂ) WER(?.W')
[ SN
= ;Rx(f-)R(f; B, Bo). 1

O

Remark 9. In [14, Theorem II1.2.3], Schusteff proved Theorem 5.1 un-
der the assumptions that both f and fo be eventually commutative.
Here, we assume weaker hypotheses as we shall see in Example 5.1.
Suppose B, By, F and Fy are Jiang-type spaces. We proved in [3]
that, if L(f) # 0 and L(f,) # 0 then N(F; B, B;) = R(F; B, Bo) and
N(fs; F, Fo) = R(fs; F, Fy). This coupled with the fact that the index
has “nice” multiplicative properties (meaning that any essential class
on the total space must project to an essential class in the base space
and also must be in the image of an essential class of the fiber), lead
us to the following
Corollary 5.2. Let (f, fo) be a fiber map of the pair, where both maps
have non-zero Lefschetz number. Let B, By, F and Fp be Jiang-type
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spaces. Suppose R(f; E, E) is finite, f is mod K fiber uniform and
globally Fix group uniform, with [Fix(®) : pg Fix(p)] finite. Suppose
also both maps restricted to the fibers (f’, fJ) have non-zero Lefschetz

number.

(1) If the inclusion ip,g,: B — Bis a homotoﬁy equivalence, fq
is mod Kj fiber uniform and

(C1) Pu#Fix(TE%) = pg Fix(7, ®)
where a € § ~![a] and @ € R(P, 75), then
[Fix(P) : pg Fix()}N(f; E, Eo) = N(f; B, Bo) Nk, i, (f'; F, F)

(2) If the inclusion irf,: Fy — F is a homotopy equivalence and

#N o (7a ) _ #Nk(ra ¢')
[Fix(rz%o) : pogFix(rap0)]  [Fix(rzP) : pa Fix(ra ¢)]

()
where ig g, [c0] = [o] € 7 ~![a] and [&] € N(@, 75), then

[FiX(¢) i P# Fix(‘P)] N(f; E, Ep) = N(T; B, Bo) NK(f')

If, in addition, we have Nk, (f3) = Nk(f’) (for instance, if K = Kp),
then we also have Ng g, (f'; F, Fy) = Ng(f’) and the product formulas

above are equivalent.

Remark 10. Again, Schusteff [14] proved the same results as above in
his Theorem II1.2.19, but under the more demanding hypotheses of f
and fo being eventually commutative, and the factor spaces B, By,
F and F, being Jiang spaces. Also, in Theorem II11.2.23, he proved
that for nilmanifolds we do get a naive product formula for the relative
Reidemeister number. In the above corollary we managed to prove both
results and more, since the Jiang-type spaces not only include both
Jiang spaces and nilmanifolds, but also certain classes of solvianifolds
and of coset spaces of compact Lie groups.

The example below shows that, especially with nilmanifolds, the

hypothesis of f being eventually commutative is too restrictive.
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Example 5.1. Consider the subgroup of GL(3,R),

1l z vy
G=4101 z]|z, v z€R
60 01
and the subgroup of GL(3,Z),
1 z y
= 01 =z z,y, 2€EZ
0 01

The coset space E = G/T is a nilmanifold, which fibers over the
2-torus B = T?, with the circle F = S! as a typical fiber. We have a
subfibration with Fy = T? C E,

g
EB={]|o0 [y z€2}
0

o = o
=N W

considering the usual fibration of T? by S*.
Consider the fiber map f: (E, Ey) — (E, E;) defined by

1 ab 1 —a -2
01 ¢ — 0 1 2¢ A
0 01 0 0 1

which has Nielsen numbers N(f) = 6, N(f) = 2 and N(f;) = 3, for any
be B.

On the subfibration, we have Nielsen numbers N(fo) = 3, N(fo,) = 3
and N(fo) = 1. The respective Nielsen numbers for the essentially com-
mon classes (see [13]) are N(f, fo) = 3, N(fi, fo,) = 3 and N(F, fo) = 1.
Therefore we obtain the relative Nielsen numbers N(f; E, Eg) = 6,
N(fs; F, Fo) = 3 and N(f; B, By) = 2, which satisfy statement 2 of
Corollary 5.2. Note that this is the case where N(f;) = N x,(fs; F, Fo)
gince K = K = {e}.
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The map f is not eventually commutative. To see that, observe

1ab 1 (=l)"a (-1)"2"b

filo1 cfl=fo 1 e
001 0 0 1
So, for any two elements
latbd 1 zy
01 ) Q=101 =z
00 001
of m(E)(= G), for any n > 1 we have that f}(P) commutes with

f3Q)iffaz =cz
6. ESTIMATION OF ASYMPTOTIC NIELSEN TYPE NUMBERS

In this final section, we make use of the computational techniques
for calculating or approximating the relative Reidemeister number on
the complement for a fiber-preserving map of pairs to estimate the
asymptotic Nielsen type number introduced by Jiang [9].

In dynamics, one is interested in the asymptotic behavior of the
growth of the number of periodic points. N. Ivanov [8] introduced
the asymptotic Nielsen number to be the growth rate of {N(f")},
i.e., N°(f) = Growth,N(f*) := max{l,limsup N(f*)'/*} for any
selfmap f : X = X on a compact connected polyhedron X. He showed
that h(f) > log N®(f) where A(f) denotes the topological entropy of f.
While the Nielsen number N{f™) gives a lower bound for the number of
n-periodic points of f, it is often a poor estimate. On the other hand,
the Nielsen type number 1 N P,(f) (see [9]), which measures the number
of periodic orbits of least period n, yields better information so that
the growth rate of {1 N P,(f)}, denoted by NI*°(f), was introduced by
Jiang to study the asymptotic behavior of the growth of the periodic
orbits.

In [15], it was shown that

NI®(f) < Growtha e R(gn(£); Yag))
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Here, Y, = X x ... x X is the n-fold product with a cyclic action
of Zn; gn(f) is the associated Z,-map given by gn(f)z1,...,2n) =
(f(zn), f(z1); - f(Zn1)); Yoy = Yo — Y2 where ¥,2™ is the closed
subspace consmtmg of points of non-trivial isotropy and R{ga(f); Ya,)
is the relative Reidemeister number on the complement.

Suppose £ : X — X is a Hurewicz fibration and f: X Xisa
fiber-preserving map with induced map f : X — X. Let p be a prime.
Then (gy-(f), gp-1(f)) is a fiber map of the pair (Y,r, Y,r—1), in the
sense of section 4, with induced maps (g,-(f), g1 (f)). We have the
following commutative diagram

Yr,},pr—l ﬂp (j) Y,‘,r Yr-l

QI% ‘1190
?pr,Ypr—l LG)) Ypr Y r—1

where g = ¢ x ... x £ (p"-fold product) and gq is the p"~*-fold product
of £. As a consequence of Proposition 4.1, we have the following

Theorem 6.1. Suppose N(f™} = R(f") for all n > 1. Then, for any
prime p, '

NI*(f)
> Growthyu gy (£); V)

1
>Growth, o E E :
HER(WN'B')‘R(‘Pr Po7) 181 [le TE wr q# (FIX(TBQ wr))]

where ¢, and B; are the homomorphisms induced by g,-(f) and g,-(F)
respectively at the fundamental group level. Here, B, = T’; and F, =

g7'(b), b € Fix(gyr () N (Yer — Yprt).
Corollary 6.2. If X is a solvmanifold and R(f™) < oo for all n, then
NI®(f) > Growth, e > #R (10 0Ly,
[GleR(Tr 75, )~ R (%7 Po;)

where f is a fiber-preserving map of a Mostow fibration of X.
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Proof. Since R(f*) < oo, then R(f") < oco. Since the base of the fi-
bration of X is a torus, it follows that Fix(rz%,) = Fix(ig,) = {e}.
Moreover, K is trivial. Now the inequality follows from the Theo-

rem 6.1. 0

Remark 11. In Corollary 6.2 the fiber is a nilmanifold, thus #R (7, ¥}, 75.)
coincides with the corresponding Lefschetz number on the fiber.
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