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The purpose of this work is to consider a weakly coupled system of semilinear
parabolic equations; namely, a reaction—diffusion system, which is typically a model
of chemical reaction, population biology, morphogenesis, etc. This system,
considered in a bounded spatial domain, 2 = R, is written as

u, = DAu + f(u}, (1, x)e(0, o) x 2, (1

with Newmann boundary conditions, u={u', .., ™) and D is an m xm positive
diagonal matrix. We suppose that Q, is smooth and that there exists a bounded and
smooth set, 2,, such that R, = \8, approaches portions of a curve as £ — 0.
In fact we assume that R, is a finite union of thin domains over a curve. We prove
that the dynamic behavior of (1) is determined by a finite dimensional ODE
dvidt=hy), and h,—h, in the C' sense, where h, is given. In fact we prove
existence and convergence of inertial manifolds for (1). ¢ 1995 Academic Press. Inc.

1. INTRODUCTION

The purpose of this work is to consider a weakly coupled system of
semilinear parabolic equations; namely, a reaction-diffusion system, which
1s typically a model of chemical reaction, popultion biology, morphogenis,
etc. This system, considered in a bounded spatial domain, 2 < R? is
written as

%:DAquf(u), (1, x)e(0, ) x Q, (12)
Su
— =10, (t.x)e(0, o0) % (092) (1.3)
on
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where [ R”™ - R"™, 0/0n denotes the outer normal derivative on the
boundary 422 of 2, and

u=| : A=—?2—+ﬁ (x,.x,)eR?
e dxi  ox¥ TS ’
u
d, 0
D= , d*zd >d, >0, forall i=1,...m
0 d,

These systems have been study extensively, and the dynamics depends par-
ticularly on the type of domain considered. In this work we will suppose
that Q is a finite union of fixed domains joined by thin channels. We will
consider channels that are thin domains over curves (according to Hale
and Raugel (1991, 1992)).

The main contribution of this work will be to show the existence of iner-
tial manifolds for (1.2)—(1.3) and how they behave as we make the channels
disappear, that is, as the channels converge to lower dimensional curves.
This will be done by taking into account information coming from the
channels.

Loosely speaking, an inertial manifold for a dissipative system is a finite
dimensional manifold in the phase space of the dynamical system (which is
infinite dimensional for PDEs), which is invariant, contains the global
attractor and attracts at exponential rate the trajectories starting in any
bounded set of the phase space. A global attractor is a set .« of the phase
space which is invariant (the forward flow restricted to ./ is onto), and for
any bounded set B of the phase space, the distance of the forward flow
acting on B from .o/ approaches zero, as time goes to infinity.

The existence of these inertial manifolds will follow easily from the usual
theorems available in the literature (we mainly will use the results of Chow
and Lu (1988) and Rodriguez-Bernal (1990)). The contribution will be on
the behavior of these manifolds; more precisely, we will show that they
converge to the inertial manifold of a PDE on the fixed domain and an
ODE in the lower dimensional curves.

In the past years, much research has been devoted to the behavior of
solutions of reaction diffusion systems. We mention only some lore directly
related to or work. Conway et af. (1978) have shown that, under certain
hypothesis, given any domain £, the large time behavior of solutions of
(1.2)—(1.3) are such that the solutions converge to their averages, as time
goes to infinity, where these averages will satisfy X =f(x)+ O(e ). This
shows that the asymptotic behavior is determined by f alone. The basic
consumption is that the value d,4,(£2) is dominant over the derivative of f,
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where 4, is the minimum of the diffusion coefficients d,, i=1, .., m, and
/,(82) 1s the second eigenvalue of —4 on the domain £ under (1.3). Later,
Hale (1985) proved that, under this same basic hypothesis, the large time
behavior of solutions of (I1.2)-(1.3) is qualitatively determined by an
m-dimensional ODE system

%?/’(ul (14)

If 2 i1s a dumbbell-shaped domain, Morita (1990) extended these results,
supposing that the value d_4;(£2) is dominant over the derivative of f in
some sense, where 4,(€2) i1s the third eigenvalue of — A4 with (1.3), and
obtained an ODE system which “determined” the asymptotic behavior of
the solutions to the original system in Q. This ODE is of higher dimension
than (I.4), and contains (1.4) as its subsystem. However, hypotheses were
imposed which implied that the qualitative properties of the dynamics were
independent of the part of the domain whose measure is going to zero (that
is, channels). Hale and Raugel (1991, 1992) solve the problem completely
if the fixed domain is empty; that is, if € 1s a thin domain, and also
obtained an ODE that dictates the asymptotic behavior of the original
system in .

Our objective is to extend both works and allow the influence of the
channels and the fix domain over the dynamics. The basic hypothesis will
still be a gap condition, as before, that is the distance between two con-
secutive eigenvalues dominates the derivative of f. Briefly, the main tools
that we use in this work are the results on eigenvalues and eigenfunction
of —4 on domains with channels, due to Arrieta (1991) and (1993), and
the theorems of existence of invariant manifolds due to Chow and Lu
(1988) and Rodriguez-Bernal (1990). But by Far, what makes the results of
this work possible are the ones by Arrieta.

1.1. Setting of the Problem

1.1.1. Domains. To introduce our domains, let &, > 0 be fixed, and let 7,
be a subset of (0, ¢,) with the property that 0 is an accumulation point
of 1,.

Let 2,c R’ be a bounded, smooth open set with finitely many con-
nected components, that will be denoted by 2}, and denote by {Q2,},.,, a
family of bounded, smooth, connected domains such that ,< Q.. Denote
by R, =02,\Q2, and by I', = dR, N 3, (see Fig. 1). We will assume further,
that each connected component of R,, that will be denoted by R!, is a
thin domain over a curve, according to Hale and Raugel (1991), that
approaches a portion of a curve as ¢ — 0, and will denote by n, and n,-



440 SERGIO M. OLIVA

(independent of ¢) the number of connected components of R, and I,
respectively. More precisely, we will assume the following:

(HO). For each 1 <i<ng, let R, be a segment of a smooth nonself-inter-

secting curve p' in R?. We let
. . . . 7R .
Ri={p'(s),a'<s<b'}, Ry=J Ri.
i=1

and we will denote by v'(s) the normal vector at p'(s), taken in such a way
that they vary continuously with s. Let g\, g}, be positive and bounded
C'-functions in R, such that, for some k'> 0,

(g} +g5)°

We will suppose that (see Fig. 2)
Ri={p'(s) +a vi(s), where —eg|(s) <ol <eghl(s), for all a’<s<b'}.

The next step is to fix the interaction between €2, and R_, and this will be
done with the hypothesis below. This hypothesis s the key point in the work
and was established by Arrieta (1993) in his work on convergence of eigen-
values. Its importance will be pointed out later. We assume the following

(H1). If u,e H\(Q,) with |lu,|l .., < R for some positive R independent
of € then there exists u, e H}(R,)={ue H'(R,) such that u=0 in I}
satisfying,

=, | 2,y = O (15)
[V, | LARy S [V, | Lxent o(1). (16)

Fic. 1. Domains.
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Re

Ie
Fi1G. 2. Channel

Whenever we have the situation described above we will say that
{(2,. Q4. Ro)} ey, form a triple, (see Fig. 3, the shadowed region is Q,).

1.1.2. Spaces and Notation. Now we are in position to define the spaces
that will be used in this work. Given a positive integer m > 1, let X, =
(LAL))", X!=(H L))", Y,=(LYR,))" and Y] =(H}(R,)", where
(- denotes the product space. The notations X,. X! are meaningful for
£=0, namely replace Q. by Q,. On the other hand, we will denote by
Yo=(L*Ry))" and Y= (H(R,))", where H}(R,) denotes the usual
Sobolev space. The corresponding norms are

m 12 m 1/2

HHHE=< Z Hul:‘i}'gl)> - ”ulll.s=< Z HulHingg,)) .
i=1 / i=1

Also denote,

” 1:2 m ]
|||um;,.=<z uu"ni:m,,) , |||uu|,,,..=<z uu"ui,uk,ﬂ)

i=1 i=1

2

Fi6. 3. A possible triple.
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The inner product in X, will be denoted by

(u, u)Ei [ u'(x)o'(x) dx.

i=1 "8

We will also denote norms of vectors in R™ by

» 1.2
Iyln,=(ZIy’|2>, y=| : |eR”

i=1 m

Yy
and, for y, e R™, k=1, .., n we define the norm of Y= (y,, ... y,) € R™ by
n 1,2
IY[nm:< Z lykl;z> .
k=1

Let F,, F, be Banach spaces and U an open subset of F,. For any £ =0,
let

CXU, F,)={f: U~ F,: fis k-times differentiable and
sup |D’ f(x)| < oo, for 0 < i<k}

xe UV

and
k

[fle= X sup DL f(x)],

j=0xel’

where D' is the ith differentiation operator. Let

kK £y Dk ,
LipD* f)=  sup (2SO =D

xEW X vel! ‘.\' - y\
Then we will denote by
C* YU, F,)={fe CXU, F,): Lip(D% f) < o0}

and |f1, ,=|flx+ Lip(D%f).

Clearly C*(U, F,) and C*'(U, F,) are Banach spaces with the norms
|1, and ||, ;-

Let #X(F,, F,) be the Banach space of all k-multilinear continuous maps
from F, into F,. For @ e Z*(F,, F,), |®|*, denotes the norm of ¢.
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Now let J=R be an interval (in most cases, we will let J=R™ =
(—c,0]). For any n€ R and any Banach space F, we denote by CAJ, F)
the following Banach space

CAJ, F)y={f:J— F:fis continuous and sup e ™" | f(1)| < oo}

teJ

with norm

Il epr m=supe " | f(t)|f.

ted

1.1.3. Equation. As mentioned before, the objective of this work is to
prove a convergence result for (1.2). In order to do this we need to define
(L2) in an abstract form and define what will be the limit equation. To
“guess” what the limit equation should be, we will make use of the results
of Arrieta (1993). Let {(£2,, 24, Ry)}..,, be a given triple, and consider the
following eigenvalue problems:

— Au = Au, in Q,

17/ 1.7
M0,  inoQ, (L7
on
—Au=lu, inR,
Ju .
—=0, indR\L, >eel,. (1.8)
on
u=0, inr,

We will denote by {4,(2,)} and {7,(R,)} the eigenvalues of (1.7) and
(I1.8) respectively, always increasingly ordered and counting mulitplicity,
and we will also denote {¢, o} and {y, &} the respective set of ortho-
normal eigenfunctions. We will consider

{’]f,} := 1= {;'n(QO)} ::l o {rn(Re)},Tzl

always arranged in an increasing order and counting multiplicity. We will
state Arrieta’s results precisingly later on, but loosely speaking, he proves
that, given a triple {(£2,.92,, Ry)},-,, (thus (HI1) is satisfied), then
{2,(2,)—A%}7_,—0, as e —0, and the same for the eigenfunctions. If we

consider now the following eigenvalue problem

1 o ,
—— (g + &%) u,),=pu,  In Ry
(g)+g5) SiT &L=, o5, 1 <i<ng, (19)

u(s)=0, for s=d' b"
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and denote by {x,(i)}, {x,. ;} the eigenvalues and eigenfunctions of (1.9),
and

ng

{/‘li}r:%l = U {:ui(i)}/"/:l’ {’:‘3} u}=l

i=1

W

{'J'n(QU)} :;1 U {.un}::l‘

always arranged in an increasing order, counting multiplicity. Then from
Hale and Raugel (1992) we have that {25}/, —{2% 7_,, as ¢— 0, and
similarly for the eigenfunctions.

With these results, one can “a priort” guess that the “limit equation”, if
any, will consist of an evolution problem in €, decoupled with an evolu-
tion problem on R,.

Now we are in position to define (1.2) and the “limit equation” in
abstract forms. Let A, be a closed operator in X, with domain #(A4,)=
{ue (H*(Q,))" such that wu satisfies du/Gn=0 in 0RQ,}. satisfying
Au=—DAu, ue#(A,); A, be a closed operator in X, with domain
P(Ay)={ue(H(2,))" such that u satisfies (1.3) in 32,}, satisfying
A, = —D4in ¥(A,); 4, be a closed operator in Y, with domain %(4,) =
{ue (H*(Ry))” such that =0 for s=a', b’ for all 1 <i<ung}, satisfying
Ay=—D(1/(g, +:))(210s)(g, +g:X3/ds)) in (A,), where g, g,

represents g), g, in each Ri; and A, be a closed operator in Y, with
domain #(A4,)={ue(H*(R,))" such that u satisfies (L3) in dR\TI", and
u=0in I}, satisfying 4,= — D4 in #(4,).

With these operators in mind, we can define, for each ¢ €[, the closed

operator C, in X,x Y, with domain #(C,) = ¥(A,) x 7(A,), satisfying

We will denote by ¢ %, ¢~ 7 and ¢ <’ the semigroups generated by
—A,, —A, and —C, respectively.

The next step is to assume that we can extend the nonlinearity of fto the
abstract spaces, that is if we define £ and f,, by

flu)(x)=f(u(x)), forall weX);

Fa)(x) = ( flu (X)), f(us(x))), forall w=(u,,u,)eX\xY!, (1.10)

We will assume that

(H2). 1. fiXx!>X,;
2. [ XixYlos X, xY,;
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3. Given any bounded set A< X and B< X[ x Y, we will suppose
that f=(f", .. f™"eC" (A, X,) and f.=(f),...[™eC" (B XyxY,) are
such that there exist constants N(:#) and N(#), with

FL SN, (f00, <N 3.

4. There exists a sequence of real numbers {r;} 7, r,;> 1, such that if

we define, for each 1<j<m, f/:(L'(R))"—LXR,), by f/(u)x)=
Julx)), then, given any bounded set 7 <(L"(R.))", there exists constant
N(A), with

Lip(f7) < N(4),

in A
5. There exists r>1. such that f=(f" -, [")e C"'((L(R))"
(LY(R)Y"), and
Lip(D, /) <N (#).
Remark 1.1. Hypothesis (H2)-4. just establishes some polynomial
growth for each one of the components /7.

Therefore, we may write the system (1.2) in the abstract form as follows:

du 2
o= Awrfo. >0

u(0)=u,

(L11)

for all uye X! By a solution of Eq. (L.11), we mean a solution of the
integral equation

u(t)ztf‘4"u(,+J e I fluls)) ds, 120, ugeX). (L12)
0

Moreover, we can define the following system

i;i:—Ccufﬁ(u), >0
at (1.13)

u(0) = u,

for all uye X§x Y!, and eel,. By a solution of Eq. (1.11), we mean a
solution of the integral equation

u(r)=e’("’u[,+J~ e~ CUIF (u(s)) ds, =0, u,e Xox Yl (L14)
0
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We will suppose the following:

(H3).  Suppose that [ is such that (1.11) and (1.13) (or equivalently (1.12)
and (L.14)) have a unique solution in C([0, 20); X)) n CH{(0, o), X,) and
C([0, %); Xox Yy C'((0, 0); Xy x Y,), respectively.

Remark 1.2. Note that %(A,+d1)"?)= X! holds for any constant
0> 0. Hence, we can define the semiflow in X}, {THD} 20, bY

T9(1) uy = u(t; uy), (1.15)

where u(t; u,) is a solution of (112}, satisfying u(0; uy) = u,.

Remark 1.3. Observe that if, for each ¢ €/, we define

& =(9 0, 0), if AL =4,(82)

o . . (L.16)
g:’r = (0’ }F/'. R,;)* lf /11:1 = T/‘ RL‘)
and by,
E=(9, o, 0), if A0=1,2,)
@i . 0 (117)
En=1(0,x,,) if A =p,(i)

then, for each ee /1y, {15}, {5} for a complete set of eigenvalues and eigen-
vectors for C, in X, x Y,. Moreover, C, is a sectorial operator in X,x Y,
and the i-fractional power space is X x Y!. With these in mind, we will
denote by S} the semiflow of (1.13).

Remark 1.4.  Observe that, since we are assuming (H2), (H3) just states
that the semiflows are defined for all time, since local existence is straight
forward (Henry 1981).

We will need to assume some kind of dissipation for our equations. In
order to do this we will need the following notion,

DeriNITION 1.5. Let X be a Banach space. For all bounded sets
A, B< X we can define the following notion of distance

dist (A4, B)=sup inf x — | .

xeq veEB

We will impose the following dissipative assumption

(H4). Suppose that [ is such that there exists a constant A" >0 inde-
pendent of €, such that, for each ¢ and d*, d,, there exist positively invariant
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sets A, and A, relative to T and S5 respectively (that is T5(t) #, < 4B, and
Sty B, < B,) such that

B,clueX): ful, <47}

B {ueXyx Y uly o< 4.

and

1. A4, attracts bounded sets of X! under the flow defined by (1.11); that
is,

disty (T%(1) U, #,) — 0

as t— o, for each bounded set U< X!,

2. A, attracts bounded sets of X §x Y under the flow defined by (1.13);
that is,

disty, . v (S%(1) U. $,) -0
as 1 — o, for each bounded set U< Xyx Y]

Remark 1.6. Usually, hypothesis (H4) is not easy to be verified for a
general system. On the other hand, if our system comes from a physical
system we expect that (H4) should hold.

Remark 1.7 One could also consider nonlinearities with exponential
growth as in Carvalho (1992, Chap. I. Sect. 3 and still satisfy (H2-H4).

1.1.4. Spectral Gap Condition. As mentioned before, the aim of this
work is to study the asymptotic behavior of solutions of the reaction-
diffusion system (1.2)—(L.3) in the parameterized domain 2, = R, ¢€1,, or
equivalently (I.11).

The 1dea 1s to prove that (I.11) has an inertial manifold, for each ¢ >0,
and then show that these inertial manifolds converge to an inertial
manifold of a “limit equation” (that will be {1.13) with ¢ =0). Therefore, to
prove the existence of these inertial manifolds we will need to assume a
Spectral Gap Condition, not only for our equation but for what will be our
limit equation. It turns out that, due to Arrieta’s results, the condition will
be the same for (I.11) and the limit equation, since we will be able to state
a condition independent of ¢. Furthermore, since Hale and Raugel (1992)
already proved such convergence just for thin domains, we will need to
compare just (1.11) and (L.13) for ¢ € {,,.

In order to compare the equations we will need some extension
operators, since the solutions live in different spaces. Consider first any
linear extension operator ¢,: H'(Q,) — H'(£2,) in such a way that there
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exists a constant ¢(£2,)>0 with the property that, for all ue H'(£,), we
have that

H“Hu'um < leyul HY0o X < c(82,) Hul Y20y

For a proof of the existence of such an extension, see Brezis (1983). Then
we can define the linear extension operator E;: X\ — X! by

E,=e,1(m).

where /(m) is the identityh matrix in R". Thus we still have the estimate
above. Similarly we can define the extension operator E,: Y1, — X!, being
just the extension to zero outside R,. Therefore, it is clear that, for any
u={u',u’)e X\ x Y!, we have that, restricting to get a map to X{x Y/,

. D JEu')E, 0 >
D F(u)= L) L18
= (2T D A B, (L18)
We will also fix the extension E: X3 x Y — X!, by
E(u', u’)=Eu'+E,u"e X! (1.19)

Remark 1.8. Let N and N be given by (H2) and 4" be given by (H4).
If we take B and B to be the balls of radius 2.4 in X! and X} x Y respec-
tively, then we can assume without loss of generality that

L=Lip(f)=Lip( f,) = Lip( f.)
and
N=N(B)=N(B).

Since (H4) holds, the asymptotics of the equations (I.11} and L.13) are
confined in the sets 4, and 4, , respectively, by cutting off the nonlinearities
outside these sets we will have new systems, whose nonlinear terms are
globally Lipschitz and bounded, so they are easy to treat. As shown later
the asymptotic behavior of both, truncated and original systems, are the
same. To truncate the nonlinearity we will use a cutoff function that will
restrict our nonlinearities to a neighborhood of the ball of radius .4~
Let {:[0,0]—[0,1]7 be a smooth function satisfying {{s)=1 for
0<s<1 and {(s)=0 for s>4, and denote by N:X!->[0,1] and
Re: X! x ¥Y!-1[0,1] the functions

R(ut) = (Hu‘ih>
. (HMH‘Z‘,:}X )’f)
¢ A% )

I

Re(u)
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From the smoothness of the norm, we have that & and 8¢ are C'! and we
can assume without loss of generality that {R], |, (R*[, | < Ly.

Remark 19. If we define fiy =R/, f5% =&/, then it is clear that fy and
fi are C*' and have C''-norm uniformly bounded by L =NLy+L
(similarly we can cut f).

The last hypothesis that we need to assume is the Spectral Gap Condi-
tion, and we will be as follows

(H5). Given d,<d*, we will assume that there exist n,p,q, with
n=p+q such that

) = (R I Ol T 20, dy = Ad* >0,
7+3f() 1y — 4 d*)
Wody—igar Nt D <03

Notice that these conditions do not depend on ¢, but only on f, 2, and
R,. Later we will show some examples where this hypothesis will always be
satisfied.

Remark 1.10. To illustrate hypothesis (H5), let us supposet that m =1
(we have a scalar reaction diffusion equation) and that d, =d* = D. Then
(see Section 2) we have that the eigenvalues coming from the channels, x,,,
satisfy (H5) (since they grow like n?). Therefore, the only restriction is on
the eigenvalues comming from Q,, and how they relate with the ones from
the channel.

For instance, if we assume that the eigenvalues 4,(£2,) also grow like n’
then. since the union will grow like n” (see Section 2), we have that (HS)
is satisfied.

1.2. Results

1.2.1. Definition and Existence of Inertial Manifolds. Now we will state
precisely what we mean by an inertial manifold and show its existence.
First we need the definition of the so-called global attractors.

DerNITION 101, If T(f) is a C° semigroup on a Banach space X
generated by an evolution equation, then a set .o/ < X is said to be a global
attractor if ./ is compact, invariant (7(¢) o/ =.o/ for t 20) and, for any
bounded set B< X, dist(7T(t) B, o/} — 0 as t - + .

The existence of such attractors follows easily from Hale (1988), and can
be stated as follows,
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TueoreM 1.1 (Hale (1988)). Let {(R,, 920, Ry)}.c;, be a 1riple.
Suppose that (H2), (H3), and (H4) hold, then for each ee I, the problems
(L.11) and (1.13) have global attractors <, and <., respectively. Moreover,
the attractors are uniformly bounded for e€ I,.

This theorem establishes the existence of global attractors for our equa-
tions, for each e£€/,. The next step is to prove the relationship between
them. And for this we will make use of the concept of inertial manifolds.

DeriniTION 1.12. Given an evolutionary equation in a Banach space X
which defines a semigroup 7(¢) on X and has a global attractor .«7. We say
that M 1s an m-dimensional inertial manifold of the equation if M 1s
a m-dimensional submanifold of X which contains the attractor </, is
positively invariant under 7(t); that is, 7(t) M = M, and is exponentially
attracting.

The existence of inertial manifolds will be deduced from the results of
Chow and Lu (1988) and Rodriguez-Bernal (1990), and is summarized as
follows.

TueoREM 1.2, Ler {(R2,, Q2. Ro)} .y, be a triple, and d,, d* be fix.
Suppose that (H2), (H3), (H4), and (HS) hold. Then there exists a positive
number e,> 0, such that, for ee I, [0, &,], there exist inertial manifolds
Ao X) and H . cX)x Y] of (L11) and (1.13), respectively, of dimension
m(p +q). Furthermore, for ee Iy [0, ¢4], the flows of (1.11) and (1.13) on
the inertial manifolds .4, and 4. are given respectively by the following
m( p + g)-dimensional ordinary differential equations

dy
—=h(p), yeRMrr®
i L) ]

and
dy  ~
- =h, V), ’GR"'(p+([).
a ), 3

The proof is a standard application of the existence theorem for inertial
manifolds. First, since we know that the attractors are contained in the ball
radius .#; we will truncate the nonlinearities in a neighborhood of these
balls, in such a way that the resulting systems are more tractable, these
will be done by making use of Remark 1.9. Thus, for each ¢, we have the
truncated systems

u,+ A u=fy, in X! (1.20)
u,+ Cou=f%, in XlxY! (1.21)
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Note that the flow of (I.11) and (1.20) are the same in the ball of radius
¥ (simlar for (1.13) and (1.21)).

Now let us state some results due to Rodriguez-Bernal (1990) which will
assure us that it is sufficient to prove the existence of inertial manifolds for
the truncated systems, since this will imply the existence of inertial
manifolds in the full systems. But first, consider the following definition.

DeFiNITION 1.13. A semigroup S in a Banach space E is said to be
uniformly bounded, if and only if, for all T>0, B< E, bounded, we have
that {J/_, S(t) B is bounded in E.

Remark 1.14. The uniform bounded principle holds in our case, since
the dissipative condition (H4) was taken uniformly in bounded sets.

THEOREM 1.3 (Rodriguez-Bernal (1990)). Let 4" >0, and let us con-
sider (120} (or, (1.21)). Then the following are true,

(1) Let . # be an inertial manifold for (1.20) (or, (1.21)), closed in Xl
(or, XA x Y1), then o < . # (or, & c.#).

(1) Assume that T (or S7) is uniformly bounded, let .#, — .4 be open
in A such that o <., (or qZ <.#,). Then for all Bc XL', (or,
Bc X x Y1), bounded, there exists C(B) >0 such that

dist i (T%(1) B, .#,) < C(B)exp(—M1), 120

Similarly, for (1.21).

THeOREM 1.4 (Rodriguez-Bernal (1990)). Suppose that T4 is uniformly
bounded. Let A" >0 and .# be an inertial manifold, closed in X', for T
such that T4, such that T4, | , is open.

Let By< X! be open and bounded, such that s/, < By, then B is absorbing,
and By, =\J,.0 T}(t) By is absorbing and bounded (since T is uniformly
bounded). Moreover, suppose that we have chosen A" such that B, = B(.1"),
where B(.A") is the ball of radius " in X!. If we denote by .4, the (non-
empty ) interior (in . #) of M O B, then &, is an inertial manifold for T,
In particular if B, is positively invariant for T, then B, =B, and
My = M "By is an inertial manifold for T,

Remark 1.15. Loosely speaking, the previous theorems say that the
inertial manifold for the truncated system contains the attractor of the
original system, and that from an inertial manifold of the truncated
problem one can construct an inertial manifold for the original one.

Remark 1.16. We are going to prove the existence of an inertial
manifold for (1.20) (or, (1.21)), and this will be constructed as a graph of

505:123.2-8
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a fixed point of an operator. This will berify all hypothesis of the theorem
above since: .# will be closed in X!, because is a graph of a continuous
function globally defined in a finite dimensional space, and, furthermore,
T4, 1, is an homeomorphism of .# and so is open.

With this, from now on we are going to use the truncated systems,
instead of the original ones, having in mind that the theorems above are
applied.

The proof of existence of inertial manifolds uses projections over finitely
many eigenvalues, namely we define the spectral projections #¢ and .#° by

n

ycu = Z <u, (ka s),>1; (p/n Q,
P (122)
'/lzu =U— ycu’

for all we X,, where n is given by (H5) and, for all u=(«', .., u")e X, and
@ e L}(£2,), we have

1

J, o
Qu, @), =

n

J, e

We shall use the notation u” =#°u and v’ =.#°u. Using #* we can
decompose X, as

X,=X’oX/

X/ ={ueX, Pu=u}

ue X, #u=0} (1.23)

Xf‘
X7,
Xﬁ‘

d
fue X Pu=u}
{ue X} #u=0}.

Similarly, we can define the spectral projections #° and .7 ¢ by

]

Pu= 3 (u &g
k=1 (1.24)

£ u— YPu,

W

u
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for all ue Xox Y,, where n is given by (H5) and, for all u=(u,,u,)e
Xox Y,, with u;=(u},...,u?). and ¢ =(9,, ¢,) e L*(2,) x L*(R,), we have

j u @, +J- ue,
£ R,

{u, =

We shall use the notation u” = %%y an
decompose X, x Y, as

=
KN
ALY

‘u. Using #° we can

XoxY,=X?@ X’

X2 ={ueX,x Y, Pu=u}

X7 ={ueX,x Y,: Pu=0} (1.25)
X7 ={ueX!xY!: Pu=u)
¥/, ={ueXxix Yl =0}

DErINITION 1.17. Giten Y=(y, ...y, )eR™ and an orthonormal set
{o,}. in some Banach space Z, we set

[Y]L=23 rpeZ" (1.26)

i=1

In particular, for each eel,, if we take as orthonormal sets
{#.0)i-1=X,and {5}, = Xpx Y, the correspondences Y— [ Y17,
and Y+ [ ¥Y]% define linear isomorphisms R™ — X7 and R™ — X7,
respectively. Then we have

H[ Y]Z,.,g,”a: | Ylnma \‘[ Y]:;;.,Q, H I,r,s(l +A‘)‘1’2(Qt,)) |Y|nm
;][ Y]::’ ,[ Xy x }'L: | Ylnm' H[ Y]:é' H XYox ¥, H X:,x YJ <(1 + (;t(,:,)[’wz) |Ylnm'

Remark 1.18. Notice that, since we will have convergence of the eigen-
values and eigenvectors, the spectral projections will also converge. This
will be enough to apply Chow and Lu’s theorem on the existence of inertial
manifolds, since the gap condition (HS5) can be imposed on the limit eigen-
values. This will also show that the manifolds are a graph of a Lipschitz
function, since in these standard theorems the manifold is seek of the form
tu=v+w, with w=¢(r)}. where v is in X”. Therefore lower order modes
{r) will determine the higher ones (w).
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1.2.2. Convergence of Inertial Manifolds and Its Applications to Attractors.
Theorem 1.2 proves the existence of inertial manifolds for each ¢ fixed, but
still does not tell us the behavior at the limit as ¢ goes to zero. The main
contribution of this work will be to show such behavior.

THEOREM 1.5. Let {(2,, 2y, Ry)} ey, be a triple, and d ., d* be fixed.
Suppose that (H2), (H3), (H4), and (HS) hold. Let h., h, be given by
Theorem 1.2, then

1. h,—h, converge to 0 in CY(U; R™7+7%) gy £ — O for every bounded
open set U jn R77+4),

2. h, converge to hy in CY{U;R™’ ) as £—0 for every bounded
open set U in BP9,

With this theorem we are able to prove upper semicontinuity of the
attractors. Moreover, if m =1 (scalar case), using the transversality of the
stable and unstable manifolds of hyperbolic equilibria of (1.13) (Henry
1985), we see that the flow of (I.11) on the attractor .7, is topologically
equivalent to the flow of (1.13) on the attractor .7 if the equilibria are all
hyperbolic.

The proof 1s accomplished by proving the convergence of the functions
which define the inertial manifold as a graph.

1.3. Examples

We want to mention some examples to illustrate our work and at the
same time convince the reader that the results presented here are a
generalization of the results by Morita (1990) and Hale and Raugel ]1991,
1992). The difference in the examples will be only on the distribution of the
eigenvalues. For the sake of simplicity, let us suppose that . are the so
called “dumbbell-shaped” domains, as defined precisely by Hale and Vegas
(1984) and Vegas (1983). We have that (see Section 2) the eigenvalues y;
behave like i? and thus, there exists an i, such that (H5) is true, if apphed
just for g, Now what differs from the previous works is the placement of
the eigenvalues 4, ,,, and that is what will differentiate these examples.

1.3.1. Thin Domains. We want to emphasize with this example that if
we consider £, to be empty, we recover the results of Hale and Raugel
(1991), (1992), simply because our proof is based on the fact that we broke
the system (I.11) into two systems (1.13) which are completely decoupled,
and one of them being exactly a thin domain problem. In this sense we
generalized Hale and Raugel (1991, 1992).

1.3.2. Morita’s Results. Morita’s result is based upon the fact that if we
increase the diffusion (or, equivalently decrease our domain ) then the
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corresponding eigenvalues increase (except the zero eigenvalue). Thus what
he assumes is that the diffusion is large enough such that the gap between
the second eigenvalue 2, , =4, . that is the zero eigenvalues, and the
next eigenvalue satisfies (HS). In other words, he assumes (H5) with p =2
and g =0.

His result also apply just for thin domains that are straight channels
(that i1s g,, g, almost constants), on the other hand we can allow more
general thin domains.

Thus showing that our results includes his case.

Remark 1.19. Actually Morita’s result is about existence of local
invariant manifolds. That 1s, he does not assume at first that the system has
a global attractor, only a local attractor. We also can generalize our results
to cover this case, but the proof is exactly the same. The assumption of
existence of global attractors (that is (H4)) is very realistic in many physi-
cal systems.

1.3.3. A More General Example.  Let us suppose that there exists a sub-
sequence of eigenvalues of the fixed domain 4, ,, , such that Z, ,, and
Aiov1. 0, grows like i3 (and (i, + 1)%), then the union of the eigenvalues will
have a subsequence with this same properties and therefore, given any
diffusion and nonlinearity with Lipschtz constant small enough (in relation
to the size of the largest channel), will satisfy (HS) (this will follows from
Section 2).

This shows that we can have examples that (HS) is verified with any p, ¢.
Thus showing that we are actually allowing the channel to influence the
dynamics.

1.3.4. A Final Remark. We want to mention that, when we have more
than one channel, the number of eigenvalues that will be sed in the limit
equation will not be the same for each one, but in fact, this number will
depend only on the length of each channel. We will have more eigenvalues
from the larger channels. Notice that the number of eigenvalues can be
chosen (that is, the dimension of the inertial manifold) independent of g’.
This follows from Lemma 2.3 and Section 2).

2. EIGENVALUE PROBLEM

In this section, we are going to describe the results of Arrieta (1991,
1993). These results will prove the relationship between the following eigen-
pairs (see Section 1.1.3) {1,(2,), @,, 2,}. {4.(R20). @, o} {TAR) V1 &}
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and {g,(i), x, ;). Let us define a family of orthonormal eigenfunctions in
LY(2) by

oy in 2 I
(D:;:{(pl.sh) mn O}’ 11 A_::},’-(Q())

0,in R,
o0 (IL1)
dif,:{ P12 } it At=1,(R,)
7} Ry n Rz; ’

thus, since Q,nR,=, P.cH'(Q,)UH}.(R,), meaning that the
correspondent restrictions of @? to 2, and R, are in these spaces.

DeriniTiION 2.1, We say that a point x,e R divides the spectrum if
there exist three positive constants d, M, N, such that

[x,— 0, x,+3]n{A} 7 = eel, (I11.2)
0<x, <M eel, (IL.3)
N(x,)=4{2 2 <x} <N< o (1L.4)

Moreover, if x, divides the spectrum, we can define the projection
operator:

P LAQ) = [ Phy,)]

Nix,)
g= ) (& Py, P

i=1

From Arrieta (1991), (1993), we have the following theorem.

THEOREM 2.1. If {(8,, Q¢, Ry)} .« ;, is a triple (and so (H1) is verified),
then

(1) lim (4,(2,)—415)=0, neZ*.
=0
iy [19na = Pugrolmgr, =20 ro= Lo Nx,)
or any x, which divides the spectrum.

We need some known properties of the eigenvalue problem on the thin
domain R,, the proofs can be found in Arrieta (1991, 1993). The following
result is true,
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THEOREM 2.2.  Suppose (HO) holds and let ne Z*, fixed. Denote by,

n=sup{|gi+g2|:xe(0, 1)}

{=sup{|g-l: x&(0, 1)}.

There exists e,€ 1, (0, &), and ¢, R™, such that, for 0 <e¢ <eg,,
0<u, —t5<c,el(n+)? (IL.5)
Iy = e et iamn € Pl g, = O = 0)%) (11.6)
Moreover, from Sturm-Liouville theory, we know that the eigenvalues

{u, (i)} are simple, and in fact we know the following (see Courant and
Hilbert (1955), p. 415).

LEMMA 2.3.  There exist C> 0 and an integer N such that, for alln = N,

For more references for these results with application to thin domains,
see Hale and Raugel (1991, 1992).
With this, we can prove the following corollary.

COROLLARY 24. [f(HO) holds, then there exists a subsequence {n,} <N,
with oc as an accumulation point, such that there exist C|, C, >0 such that,

lu,— Cj?1 < Cs, (IL7)

where j=n,, n,+ 1, for all k. And, in particular, there exists Cy such that
[ty 53 = ) 2 Canye. (IL.8)
The interesting thing to observe is that 4, and 4, ., will be eigenvalues

coming from the longest channel. The proof of this corollary follows from
the following proposition, which is straight forward.

PROPOSITION 2.5. Let N=1 be a given integer. Suppose that, for each
Jj=1, .., N, we have a sequence {1} = | = R™, such that there exist constants
v, Ny, a’ with

oL
i=1

|A—a’i*|<b,  forall i=N,  j=1,..N.
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Then, if {ui} 7o, ={A 72,0 - O{AN} 2, there exists J< N, with o as

accumulation point, and a constant ¢ >0, such that for all ke J,

M1 — My = k.

3. EXISTENCE OF INERTIAL MANIFOLDS

The objective of this Section is to prove Theorem 1.2. As mentioned
before, we are going to use Chow and Lu (1988) to show the existence of
invariant manifolds. Therefore, we will state this result precisely.

3.1. Chow and Lu's Existence Theorem.

In order to state the theorem precisely, we will need to fix some notation.
Let X, Y and Z be Banach spaces. Suppose that X< Y= Z, X is con-
tinuously imbedded in ¥ and Y is continuously imbedded in Z. Let S(t)
{t =0) be a strongly continuous semigroup of bounded linear operators on
Z. Consider the following assumptions

(CLY). Z=Z,8Z,, where Z| and Z, are invariant linear subspaces
under S(t).

(CL2). P, S(t)=S(1) P;, i=1,2, where P, is a projection from Z to Z,.

(CL3). P, X and P,Y (i=1,2) are invariant under S(t) and S(f) Y= X
for t =20.

(CL4). S(1) can be extended to a group on Z,.

(CLS). There exist constants «, f.y, 9. M, and M* such that x>0,
f>0,0<y<l, M>1, M*>0.

he="S(t) Pyylix < Me™ | yl,, for <0, ye¥Y, (IIL1)

le 7 S(1) Pyxll v < Me™ ™ | x]l 4, for 120, xeX, (1I1.2)

le=™S() Poyll o S (Mt 77+ M*ye # |y, for >0, yeY. (1I1.3)
Let us also define the constant

) — T 2=y, 04, o1
K(mﬂ.}‘)—M<“+l_yﬂ >+M 5 (111.4)
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Finally, if Fe C*(X, Y), let us consider the following integral equation

X()y =St —1g) x(ty) +jr S(t—1t,) F(x(s5)) ds, (ITL.5)

Ty

where x(f) is a map from an interval JE R to X.

DerintTiON 3.1, If x: J— X 1s continuous and satisfies (111.5) for all 1,
teld, t,<t, then we call x(r) a solution of (IIL.S) on J. For x,e X, we
denote by x(1, 7,) a solution of (II1.5) which equals x, at r=0.

With this we have the following theorem due to Chow and Lu (1988).

THeOREM 3.1 (Chow and Lu 1988). Let n<0. Assume that
(CL1)-(CL5) are satisfied. If Fe CN(X, Y), B+ (k—1)n>0, and

K(a, B+(k—1)n, y)NLip FY<1, (I1L.6)
then there exists a C* invariant manifold .# for the flow defined by (I11.5)
and . # satisfies

(i) . # = {.\'0 | X1, xo) is defined for all te R~ and P,x(t, xy)€
CUAR , X))}, and
(i) H={E+h&)|ZeP X},
where h: P, X — P,X is C*.
Moreover, if we assume further that k =1, K(«, f, y)(Lip F) <1, and

MK(x, f, y) Lip(F)

[~ Kix, p.7) LiptF) ~ {1i.7)

then for any solution y(t, xo) of (I1ILS) on [0, oc), there exists a unigue
xF e . such that

sup e " |yt Xo) —x(t, x| y < + 0. (I11.8)

=0

Remark 3.2. Let B be any bounded set of P, X, and consider the spaces
F =C%B,C(R", X)) and F,=C%B, £'(P,X,C,(R™, X))). For yeF,
and ¥e F,, define

AL =S &+ Str—5) PR ds
0

!

+J S(1—s) Py F(W(E)) ds (111.9)
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and

FA) =S &+ [ Sli—5) PyD F(i(s, &) ¥ ds

0

+j' S(t—s) PyD F((s, &) W ds. (111.10)

In the definition of .#,('#), we assume that, for every (e P\ X, # (¥) (e
C%B,C,(R ", X)) and is defined by

ol

() 0)(s. &) =S(1) §+J S(t—s) Py D Fyp(s, ONF-CNs. C) ds

Q

+[ Ste—s) PaD (s, ENP-C)s, &) ds.

Then 4" and %, are contractions with constant K(x, 8, y)(Lip F) <1, for
every Y € F,. The proof of Theorem 3.1, implies that, if ¢ is the fixed point
of ¢, then h(&) = p(£)(0) — S(0) £ and D, is the unique fixed point of Z,.
This characterization of # and D h will be very useful to prove the con-
vergence results.

3.2. Proof of Existence Theorem

Now to prove Theorem 1.2 we need only to verify the hypotheses
{(CL1)—(CLS5). But first, as mentioned before, the results of Rodriguez-
Bernal (1990) allow us restrict the study to the truncated systems
(1.20)—~(L.21). Thus if we prove the existence results for these systems we are
proving Theorem 1.2. Therefore from now on we will drop the index X in
the nonlinearities. We will start by proving such existence for (1.20).

Let us begin by defining the spaces, X, Y, Z, Z, and Z,, in the following
way

Z=Y=X; Z =X/, Zy=X/; X=X’®Xxy,,
where X7, X7 are given by (1.23). Moreover, we have that P, = #° and
P,= 7" Finally S(¢)=e¢ ~“' Therefore it is clear that (CL1)-(CL4) hold,
and it follows from Henry (1981) and (H3) that, (CL5) holds with

’7,; — _)'n+ I(Ql}) d*‘)+ in(Qa) d* <0’

_ A"H+ I(Qs) (1* _ZM(QE) (1*
2

M=1; y=1/2; M*=0.

>0;
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Thus we have

243 /2(4,.\(R,)d,— A(Q,) d*)'"

K(a, B, y) A (Q)d, —A(2,)d*

Thus using (H5) and the convergence of the eigenvalues, it follows that
for all ¢e/,, with ¢<e,, K(x, B, y) Lip(f) <0.5, all of the hypotheses of
Theorem 3.1 hold and we have proved the existence of the exponential
attracting invariant manifold, with rate 7., given by a graph of a C'
function, which will be denoted by ¢*: R™ — X!

Remark 33. Observe that, for all ue X, if we denote by

Vi={U Qp 000 Y={¥isen ¥

and using the notation in (I.26), we have that the flow on the inertial
manifold is given by the ODE

d
E)'.(t)z<f([y]’;,.,.(z[+°'£(y sPi00 e 4i(82:) Dy,

y:(0) = #,(0), for i=1,.,n

(IL.11)

Therefore, in Theorem 1.2, we have that A,(y)=(h}(y), ... #7(y)), where
={f( [ YVie. 2, +a"(3)), P, .Q,;>c— A:(£2,) Dy,.

And this finishes the proof of existence for (1.20).

For (1.21) we proceed similarly. Using the notation in (1.24) and (1.25),
we can define the spaces, X, Y, Z, Z, and Z,, in the following way

Z=Y=X,xY; Z,=X%X?, z,=%/; x=X’oX],
Moreover, we have that P, = #° and P,=.7° Finally S(t)=e¢ <. There-

fore it is clear that (CL1)-(CL4) hold, and it follows from Henry (1981)
that, (CL5) holds with

= — __'i'_d__;_)“li_* 0; a:ﬁ=<_"ﬂ_d_.2_{tZ{i>>o;
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Thus we have that

243 /208, dy — Ad ™)'

& S *
}'1 + 1 d* - A”(I

7

Thus using (HS) and the convergence of the eigenvalues, it follows that
for all ee 1, with ¢ <¢,, K(a, 8, 7) Lip(]’c) < 0.5, all hypotheses of Theorem
3.1 hold and we have proved the existence of the exponential attracting
invariant manifold, with attracting rate 7, given by a graph of a ('
function, which will be denoted by x*: R™ — X|x Y!; thus, proving
Theorem 1.2.

Remark 3.4. Observe that, for all g€ X, if we denote by
Y= Cioee Y= Vah

and using the notation in (1.26), we have that the flow on the inertial
manifold is given by the ODE

] ~ . . .
%mr) = (TAL TS + R, &, — At Dy,
“ (111.12)

-
~

<>
—

E for i=1,..n

Therefore, in Theorem 1.2, we have that if:()' ) S /7;'( 1)), where
i) = Ty 1% + 500 €55 — A<Dy,

And this finishes the proof of existence for (1.21).

To distinguish the operators that give us o, k as fixed points, all the
operators related to » will have a ~ (for example .#" and .;7&).

4. CONVERGENCE OF INVARIANT MANIFOLDS

In this section we will prove the convergence of the flows on the
invariant manifold, for the truncated system, having in mind that this will
automatically prove our result, therefore we are going to drop the index R
in the nonlinearities. First let us point out the following.

Remark 4.1, Since the system (1.21) is defined in a product space, it is
decoupled, we have that x°=(x, k%), and, using the results of Hale and
Raugel (1991, 1992), if we consider the equation

du_

d_’— g1 +8

((gy+g2)u,), +folu),  in Ry, (IV.1)
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and project this equation in the first g-eigenfunctions {y;} we have that
this equation has an invariant manifold given by a graph of a Lipschtz
function, x9: RY — Y, such that the flow on the invariant manifold is given
by the ODE

¥o= Y1+ KUy N %) ry— 4 Dy for i=1,...q. (IV.2)
Moreover,
sup fI&5(¥) = w3y Ly i, — 0 (IV.3)

yeRY

Mes0y =m0y L7 —rSO) + w50 Ly <ale) [y—3|,  (IV4)

where «(¢)—» 0 and L, is the operator that takes R, into the tubular
domain, see Hale and Raugel (1991).

Therefore, from the remark above and from Remark 3.3 and Remark 3.4,
in order to prove Theorem 1.5 it is suffices to prove that |lo — Ex| — 0 in
the C' sense. The first step is to fix some notation. Let us suppose that
B<R™ and let #eB, consider the isomorphisms I7:R™ — X7,
IT: R — X7, defined by

yy=[1%1" .. mu)y=[4%]%. (IV.5)

P 82,0
Then, if we denote by » =14, (defined in Section 3.2), and let

peC%B.C(R , X)), $eC%B, C,(R . X)) be the fixed points of #
and .#", respectively, then

@0, ) =x+aIT ') @0, 7)=7+~UT"'})
for all yeP,X,7eP, X, where X, Y. X, ¥.P,, and P, are defined in

section 3.2.
Therefore to prove Theorem 1.5 it is enough to prove that

sup (1, 11y = Ep(t, [T¥)| ¢~ 015, =0 (IV.6)

YeB

and

sup D o(t. W) 1L ~ED -G 1YY | oy v~ 0. (IV.7)

Y. ¥eB

as ¢ — 0.
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The proof of (IV.6) will be done by comparing the operators #"* and
#°¢, this comparison is very technical and to clarify the proof we will break
it in several lemmas. The first step is to define both operators in the same
space. To do this let £ be the extension defined by (1.19) and consider the
following Lemmas,

Lemma 4.1, Let {{Q,, Q,, Ry)} .. 1, be a triple. Suppose that (H2), (H3),
(H4), and (HS) hold. Then, E@(-, 1T ' YeF,, where F, is given by
Remark 3.2 and I1, IT are given by (IV.5).

Proof. Observe that, since @ is continuous with respect to the initial
condition # € B, and /1, II are isomorphisms, the only thing left to prove
is that,

supe " [ E@(t, %)), , < .

<0
And this s true since,
supe " | E@(e. 1), ,
1<0
<sup e @ T4yt cyy + WE (ol e, TYNY, )< o |

<0

LemMa 42, Let {(Q,, 20, Ro)} .oy, be a triple. Suppose that {H5) holds.
Then, given any 1 <k <n we have that

~0
sup| e """

<0 Y

; -~ B .
.\ile Agt£2,)01 N _ e Al ”I(/S*‘)O

as £ goes to zero.

Proof. The proof is a simple application of the mean value theorem and
will be ommited. |J

With this we can compare the operators .# and .# in the following way,

PROPOSITION 4.3. Let {(2,, 2. Ry)},,, be a triple. Suppose that (H2),
(H3), (H4), and (H5) hold. For any given bounded set B <= R"™ we have that

sup [(A(EG(-, [T ")) = EA (@, T )W M) ey = 05
e B
(IV.8)

as £ goes to zero.



SYSTEMS ON DOMAINS WITH THIN CHANNELS 465

Proof.  From the definition of the operators (see (I111.10)}, we have that

sup [(A(EG(-, AT~ ) — EA (@ 1T YN W) e oy 3

YeB

A~ ! -~ S~
=sup |e ¥ — Ee "f'm/+J e~ e fEgs, [IY))
#eB Q
-~ -~ o~ 4 o~ —~
—Ee -9 3T (s, [TH)) ds + j e A0 g FEG(s, TIV))

o

—Ee Y 07 F (s, [IY)) ds (IV.9)

Cl= 7, 0], ,\')'
The following lemmas will prove that each term in (IV.9) goes to zero,

thus proving the proposition.

LemMma 44, Ler {(Q2,, Q. Ry)} be a triple. Suppose that (H2), (H3),

Jeel

(H4), and (HS) hold. For any given bounded set B< R™' we have that

Sup I() ".4,'”]4/_ E(’*(‘””-'yl('qu ©.0]. X) —)0q

e
as & goes to zero.
Proof. Using the definition of 77, /1, we get that, for each # € B,

— Al .1 FY _
e~ 114 — Ee 17.”/[0“ 2 0. X = ([#].- Wl o e AES I(',,u %, 0].X)-

Thus, from Lemma 4.2 and the convergence of the eigenvalues and eigen-
functions, it follows the resuit. ||

LemMa 4.5 Let {(Q,, Q0. Ry)} 4, be a triple. Suppose that (H2), (H3),
(H4), and (H5) hold. For any given bounded set B < R"™ we have that

‘" e- Amf-\‘)tyﬂf'(E(ﬁ(S. 17‘5’/))

0

sup
YeB

—Ee~ Cotr — )}17;( (b(kgq ﬁ/f/)) s — 0,

Cytl = 5.0, X)

as € goes o zero.
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Proof. Using the definition of the norm, we have to prove the con-
vergence to zero of

0 - ~
< sup sup e””f le A2 f(Ep(s, [TW))
{

Y4eB 1<

— Ee~ 035 (s, T, ds. (IV.10)

Now, observe that, summing and subtracting some terms and using the
definition of the projections, we get

le =4 =0 fUEQ(s, [TH)) — Ee™ =P f{ (s, 1)), ,

H

< Z H((’i)‘ﬂsz[mi'\)~ e Al 7‘\.))<f(E¢(S~ ﬁy))’ P, sz,,>c P, 0,

k=1
+f’72“7""<.f(E¢(5~ ﬁ{y))’ Pi 0,0 (Pr.,— EZy)

o AUTICPED S ). @ 0> = <T@l T G5 ES L
(IV.11)

Now observe that, from the convergence of the eigenvalues and eigen-
functions, and the uniform bound on @, we get that

0 R -
sup sup Ffmj (e A2 S, *AA”""")(f(E(ﬁ(S, I, (Pk_glf‘l,eds

HeB <0

~0 ~ ~
< K sup sup (""'J le A0 o Al D LCEG(s, ITY))|, ds

WeB1<0 !

0
" — A - _ —
<Ksup Supj (,7,7(1—u |‘, Akig2, K¢t ,&)_(, At .\)|

YeBr<0 !

x| JCE@(s, TY ) ¢im- vy ds

r0 - & .
<KNsup e 1= '()—AA’(Q;_)(IfA)__e'*iktlfdi' (I'.S‘—*O; (IV.IZ)

<0/

we refer to Lemma 4.2 for the proof that these exponentials go to zero.
Moreover, the following convergence follows with similar arguments,

0
sup sup e"”j e =4 =51 f(EQ(s, ), Pi.2, Ve

YeB <0

XA @ 0, —EEN . . ds—0. (IV.13)
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Therefore, it remains to prove that the last term in (IV.11) goes to zero.
To do this, observe that it is enough to prove that

o R ~ ~
sup supe ™ e A (B, TI9)). 0k 0,
HeB 1< 1
— T (s, T &5 4| ds 0.
But, using the definition of the inner products on page 16, we get that

CE@ s, [TV, @04 0,0 — <Ll @Us, [TH)), ED°

| JEps 1)) g,
2

|, JEps. B9 910

J, ETaots om0+ | ETap A9 (€5,

~

[, BT B0+ [ BTt M) (D)

Having in mind the definitions of f and fa {see (L.10})), we can write
FUER(s, I, @i 0> = <T@, [IW)). 507
J, SEBs TON gr o, = (ES(@Ls. DD (D),
R (SCE@(s, TU)))" @r o, — (E\(S(P(s, TH))) )" (55)s

[ (SE@s 1)) 040, — (Ex( (s T (E0),

YR,

| ERs TN 91, = (B T@ s TN (£5),

3

50512329
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Now, from the definition of the extensions, we have that E, is zero in Q,
and E| is the identity in Q,, thus we get

[, SUERs, 1) i~ (ESls. T} (),

f (SCEP(s, T @0, — (E\(S(Pls, [TH))), )" (5),

29

[ (@ BN (s 0, — (E500)

2y

L; (S(@(s, 1)) MW" (@ 0, — (&)

thus, using once more the convergence of eigenvalues and eigenvectors and
the uniform bounds on @, we get that

0

€ .

sup supe " J‘ e AU
WeBr<o ’

J, (@ TN (9, = (E501)
X : ds — 0. (IV.14)

J, B NN (910, ~ (ED)

In the channels we do not have E, zero, but we have E, being the
identity. First, observe that we can proceed as above to get

0
sup supe"”f e AU
WeB <0 !

[ (1Eps, 19)) (940, (25)2)

£

x : ds—0. (IV.15)

| (AEGs T (91, — (E002)
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So we are left to prove that

0
sup supe "™ f e A=)

#eB 10 7

[ ARG, ) (€50, = (Exfigts, TT9N))" (€00,

x ds— 0.

[, UCERs. )" (&= (BT dls. TN (€3

(1V.16)
So, in order to prove this, we need to make use of f defined in page 9.

Let 1 <j<m, we get that

~).i,(l».v)

-0
sup supe"”J e
WeB1<0 '

[, (WERs, )Y — (B fipls, 1)) N | d

0 3 - -~ w. o~
< sup sup e""f e AT PER(s, TTY)) — f(@(s, TTH)) )| L2,

YeB1<0 4
Now using (H2)-4. we get the result since (E,(¢(s, [T#¥)),)’ doesn’t
depend on ¢, is uniformly bounded in C,(R~, H'(R,)) and the measure of

R, is going to zero. So we have proved (IV.16).
And this proves the Lemma. ||

LEMMA 4.6. Let {(£2,, 2, Ry)} ey, be a triple. Suppose that (H2), (H3),
(H4), and (HS) hold. For any given bounded set B < R™ we have that

J’ A=) ge f(Eg(s, [TH))

—_

sup
HeB

— Ee~ =074 ((s, 119)) ds -0,

Cyl( — . 0] X)

as € goes to Zero.

Proof. We need to show that given o6>0, there exists ¢,=
&(B,d)> <0, such that for all ee I, (0, ¢,) we have that

sup
YeB

[" emnrngef(Ep(s, o)

—

—Ee~ Um0 7 F (s, [1%)) ds <

Cp(l—2. 0], X)
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So let us fix d >0, and let us define & = k(B, ) > 0 such that

Nr'?
——<J/2, 1V.17
d*M?"’?) / ( )

notice that this is verified since the eigenvalues blow up (see Section 2).

With this, let #*¢ be the projection on (@, o, ., @y ), I* =1—P*"
and 2** be the projection on (&%, .., &%), .9 ** =1 — P** Therefore we can
write

I et . - v ~ = ~ i
Hf e AN g f(E@(s, [TH)) — Ee V"= Ff (&(s, [TH)) ds H
— il e

< Hf Ee CU=0g*<F T (s, ﬁzy))dsH

‘Hl.c

+ Hj' e A= gxe g {EG(s, [1)) ds

H - ‘le
w1 et g f(Ep(s, 1))
—Ee™ U 0P* G 1 (G(s, TY))]),,, ds
<[ e fiEps, 1)
— Ee= U P*e T (G(s, T, , ds + 6.
Now we can proceed as in the lemma (the proof is the same, just the

projections have changed) to prove that the remaining terms also go to
zero. Thus proving the lemma. ||

Therefore applying the last lemmas to {}V.9) we have proved Proposi-
tion IV.8. |

With this proposition, we have the following theorem.

THEOREM 4.7. Let {(£2,, 24, Ry)} ey, be a triple. If (H2), (H3), (H4).
and (H5) hold. For any given bounded set B < R™ we have that

sup |@(t, 1Y) — E@(t, IT¥)| ¢ ~ 07500 as ¢—0. (IV.18)

YeB
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Proof. By Remark 3.2, we have that,

sup |o(t, 1) — E@(t, %) ¢, 03 x)

YeB

= sup | A (@)(t, 1Y) — EA(@(-. LT~ )6, [T ¢ pom- x

YeB
<sup (|4 (@(-, - D, TY)— A (E@(-, [TIT~". Menr-.x)
YeB
+ [ A(EG, T ) — EX(@(-, [T )8, 1Y) e )

(IV.19)

From Remark 3.2 we know that .# 1s a contraction, with constant C < 1,
independent of ¢. Thus applying this to (IV.19), we get

(1 —C) sup |p(s, ITY) — EQ(1, ﬁfy”c,,uwx,o].xy
“eB

<sup |A(EG(-, AT )= EA (G T ), )| - x)s

#eB

thus, applying Proposition 4.3, we finish the proof. |

The next step is to prove a stronger type of convergence; namely, C'
convergence. As observed before, we need only to prove (1V.7). The proof
of (IV.7) is very similar to the proof of (IV.6), the only difference 1s that,
instead of comparing the operators .#" and .#, we are going to compare

the operators .#, and .#;. As before, we need some lemmas that will help
us to establish the desired convergence.

LEMMA 4.8. Let {(Q2,, 2, RO)}EG,J be a triple. Suppose that (H2), (H3),
(H4), and (H5) hold. Then, ED (-, IIIT ' - ) III1 ™' € F,, where F, is given
by Remark 3.2 in page 22 and IT, IT are given by (IV.5).

Proof. As in Lemma 4.1, if 2, % € B, the only thing left to prove is
that,

supe " |ED:@(t, 1) 1|, , < o.

1<0

And this is true since, D.@ e F, and E is bounded. |

With this we can compare the operators %, and ?':, in the following
way,

505:123.2-10
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PROPOSITION 49. Let {(2,, 24. Ro)} .o, be a triple. Suppose that (H2),
(H3), (H4), and (HS) hold. For any given bounded set B = R™ we have that

sup |(FAED@(-. [T ")) — EFD:p(-, {1 '-)))

.7 eB

AEMZY - (6, 1T ¢y v = 0 (IV.20)

as € goes to zero.

Proof. From the definition of the operators (see (I11.10)), we have that
sup |(FAED:@(-, [T~ ) — EF,(D:@(-, 1T ) (E[12))
Y. 7eB

(LMY eym  x)

= sup je IT¥ —Ee "(""17.'#+J e~y flols, T¥))
4]

Y, reB

xED @(s, [T¥)[1% —E,~<"~92°D f(@(s. 1)) D,

¢ *'AH'*-"’J”D,\..f((ﬂ(& 114))

x (s, [I) 12 ds+ j

ol
x ED (s, [T4) [T¥ — Ee” ' =27°D f(¢(s, [14))

x D (s, [1%) 1% ds (Iv.21)

Cpt R, X)

The following lemmas will prove that each term in (IV.21) goes to zero,
thus proving the proposition.

Lemma 4.10. Ler {(Q,,Q,. Ry)},.,, be a triple. Suppose that (H2),
(H3), (H4), and (H5) hold. For any given bounded set B < R™ we have that

sup
#HeB

J e~ A=pep flo(s, [IH)) ED @(s, [TY) T2

0

—Ee 03D f(@(s, TTY)) D gts, [14) [12 ds -0,

Cpit 2,03, X)

as € goes lo zero.

Proof. The proof follows exactly the same steps as the proof of Lemma
4.5, we just need to use (H2)-5. instead of {H2)-4. and (1.18). Therefore for
the sake of simplicity we will omit it. ]
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LEMMA 4.11. Ler {(Q,.Q,, Ry)},c;, be a triple. Suppose that (H2),
(H3), (H4), and (HS) hold. For any given bounded set B = R™ we have that

sup J e MUNAED flo(s, 1Y) ED (s, [T4) 1%

“#eB

—Ee S0 gep f(as, 1))y D g(s, [T) [ ds -0,

Cyll =%, 0). X)
as € goes lo Zero.

Proof. Once again, the proof follows the same steps as the proof of
Lemma 4.6 and will be omitted. ||

Therefore applying the last lemmas to (IV.21) we have proved Proposi-
tion IV.20. |

With this we have the following theorem.

THEOREM 4.12.  Let {(£2,,2,. Ro)} .c1, be a triple. If (H2), (H3), (H4)
and (H5) hold. For any given bounded set B < R™ we have that

sup |D.o(t, [T#%) 1 —ED o(t, AW 17\ ¢\, 01.x,—0  as &-0.

Y 7B

(Iv.22)
Proof. By Remark 3.2, we have that,

sup |D.o(t, 14) 117 —ED (1. 1) 17| ¢, oy x)

W, . reB

= sup |(FUD:@(-, )= EF(D @, [T -) EMIIT "))

#, 7 eB
) - (L, T e pm- o x

< sup |((FD:pl-. )= FJED G-, [1IT " )EMT "))

W, 7 eB
ALY (L T e pome xy

+ sup |((FJED @(- [T )y —EZAD.p(-, [111 "))

Y. *reB

AED)) - (1, ) ¢y x (IV.23)
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From Remark 3.2 we know that #, is a contraction, with constant
C < 1, independent of ¢. Thus applying this to (IV.23), we get

(1=C) sup |D.op(t, 19y 1 — ED (1, 1Y) [T | 0y x)
W, 2 eB
< sup |((ZAED G- [T ")) = EZ{(D:p(-, [T )

. Y eB

AEf1Zy) (1, Y ¢ im- x)

thus, applying Proposition 4.9, we finish the proof. |

5. CONTINUITY OF ATTRACTORS

From Theorem 1.1, we know that (L11) and (1.13) have global attractors
7, and .7, respectively. Moreover, if we denote by .#, and .Z, the inertial
manifolds of (1.11) and (1.13), respectively (defined by Theorem 1.2), then
we have that .o/ c.#, and .« c . #.

Consider the spaces X as defined before and denote, for any ¢ >0 and
any subset B of X!, by .4] (B, d) the s-neighborhood of B in X!.

THEOREM 5.1. Let {(£2,, Q. Ry)} ..y, be a triple. Suppose that (H2),
(H3), (H4), and (H5) hold, then the attractors 4, and A4 are upper-semi-
continuous at £ =0, in the sense that, for any 0 >0, there exists a positive
number ¢, =¢(0) such that, for 0 <e<e,,

o, Ed + .+ ({0},9) (V.1)

Proof. Let t, be a fixed positive number.
By (H4),

r*

IEpl, <4, for all ¢e.

Since </, is an attractor of T, there exists a time 7, = (¢, d/2, .4") = t, such
that, for t > 1,,

. 0
lnf ||T;(t)l‘_‘j/[)“l,(<i’ (Vz)

Yy € .o

for any ve X! with Juf, ,<.V"
Suppose that ¢, @ are the fixed points of .#, .# respectively. Then for
ty <t < Ty,

IT5(1) (0, 119 ) — ES4(1) @0, 1),
= lo(t. 14) — E@(t. fI)] ..~ 0. (V:3)



SYSTEMS ON DOMAINS WITH THIN CHANNELS 475

Thus
wmf/ o — ESi(1) @0, 1%), ,
< inf [ T50) 90, 71%) ~ ES}(1) §(0, IESTI
+ nf T @0, TY) = o1,
Yyoe o
< T5(0) (0, [T9) — ES;(:)@(O,ﬁtzf/)n,',ﬁgs(s,

if £ is small enough. Now, since S%(1,) .« = .+ have the result. |

6. APPLICATION OF CONVERGENCE THEOREM

In this setion, we give a simple application of the C' convergence, just
proved in the previous sections. But first we need to make some restric-
tions. Let Bc 8Q2,\I",, we will replace the boundary condition (1.3) by

—Z—“zo, (t, x)€(0, oc) x (8Q,\B)
7 (VLI)

u=0, (1, x)eB.

With these modifications (see Section 8) all the results in the previous
Sections remain true, if we incorporate these modifications in the spaces.
Let us assume also that (HS5) 1s verified with’p =0 and some n = g, that is,
in the splitting of the spectrum, we will take ¢ modes from the channels
and no modes from the fixed domain.

Our objective 1s give more complete comparison of the orbit structure,
namely we say that the semigroup 7%(r) on X} is topologically equivalent
to the flow defined by S°( t}y on X, i x Y if there is a homeomorphism
h: </, — <, which preserves orbits and the sense of direction in time.

THEOREM 6.1.  Suppose that we incorporate the conditions (VL.1) into our
equations (1.11) and (1.13) and all the hypotheses of the previous sections
hold.

Let us assume that m =1, that is, we have a scalar reaction diffusion equa-
tion, and that we have (HS) verified with p = 0, are hyperbolic, then the flows
defined by (L.11) and (1.13) (with £ =0) are topologically equivalent.

Proof. From the existence of the inertial manifolds follows that the flow
on the attractors are governed by an ordinary differential equation. We
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show that the vector fields on these manifolds converge, in the C' sense, as
¢ 0. Now observe that since p =0 the flow on the inertial manifold is the
same as the flow on the inertial manifold of the following one dimensional
scalar reaction-diffusion equation

a;u
dt

u(0)y=u,

=—Adou+fyu), >0
(VL.2)

for all u,e Y). Since this reduced equation is given in a one dimensional
open set R, the stable and unstable manifolds are transversal (see Henry
(1985)). Therefore, the finite dimensional ODEs for ¢ = 0 are Morse-Smale
and the topological equivalence of T7(¢) follows from the classical results
(see, for example, Palis and Melo (1982} and Peixoto (1977)).

Remark 6.1. For a good introduction to Morse-Smale systems, see
Henry (1985), Palis (1969) and Palis and Melo (1982). )

7. EXAMPLE

In this section we will illustrate our results with a simple example. For
simplicity, we will suppose that m =1 (that is, we have a scalar reaction
diffusion equation). The advantage is that (H2), (H3) and (H4) hold if we
just assume that /: R — R is C*, and satisfies the following condition,

lim sup‘@g -~0 (VIL1)
[x] = + o X
L) <l +|x]7) for xeR (VIL.2)

where d >0, 0 <j< + 0.

Next, let us suppose that 2, are the so called “dumbbell-shaped”
domains, as defined precisely by Hale and Vegas (1984) and Vegas (1983).
As mentioned before, if we consider just the eigenvalues comming from the
channel, hypothesis (HS5) is satisfied. In this simple example, we will show
that we really get a generalization of Morita (1990). The example will be
such that when we increase the diffusion the channel also increases. That
is, let [, d> 0 be given, and suppose that our channel is defined by

R,={(x,y)e R’ such that O<x<l\/5’,0<y<1\/a’e}.
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So, let us consider the equation

u, =ddu+ flu), (L, {x,¥))E(0, o) x 2,
Ou
%z(),

(VIL3)
(t, {(x,y))e(0, c)x0Q,.

where f satisfies (VIL]) and (VIL.2).
In order to apply Morita’s results we need the following quantities,

vo= inf A:(Q,);

cely
Y1 =dyo;

K =sup lfu(u)lup < 0.
ue R

Then, the basic hypothesis in Morita’s Theorem is
P> K. (VIL4)

Now observe that 4,(2,)=0 and 1.(22,) — 0, and from Theorem 2.1 we
have that, if Q, is small enough, 1,(£2,) converges to yu,, but

= 1*d’
therefore,
2
72
I .
'@ /_

as ¢ — 0. Therefore, if we fix the nonlinearity (and thus fix «,), we have that
if / 1s big enough, then (VIL4) is not satisfied and we cannot apply his
existence theorem.

We cannot apply Morita’s result because he never consider the influence
of the channel in the dynamics. And in this example this is crucial.

On the other hand, we can apply our theorem to (VII.3). To do this let
us change variables in such a way that, if we denote by & =/?fthen (VIL3)
can be rewritten as

u,= Au+ h(u), (t,(x, y)e(0, o) xQ,,
Ou

20
on

(VILS)
(1. (x,3))e(0, o) x08,.
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Where our channel takes the following form
R,={(x,y)eR>such that 0 <x<1,0<y <e}.

Moreover, if we increase d then we actually are decreasing Q. Therefore
fixed / we can find a d sufficiently large such that all hypothesis of our
theorem are satisfied, since we fixed the eigenvalues of the channel now.
And observe that the larger / is the greater is the dimension of our
invariant manifold since if we increase / we are increasing the lipchitz
constant of /# and thus needing a larger gap.

8. GENERAL REMARKS

In this section we give some general remarks concerning our work. We
start with hypothesis (HO). As seen in the example we do not need to
assume that R, has this special form, but actually we can take a general
thin domain (as long as (H1) is satisfied), the disadvantage ts that (HS)
gets much more difficult to be verifted.

As already used in Section 6, we can use mixed boundary conditions,
namely, if we consider B« 8Q,\I',, we will replace the boundary condition
(L3) by

—=0, {1, x) e (0, ov) x(2R2,\B)

u=10qQ, (t,x)eB.

With this all results in the previous work if we include this extra condi-
tion in the spaces, for example X! = (H 4(£2,))", where H(£2,) follows the
same definition as H - (R,). in page 6.
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