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Geometria. - Surf aces with non-zero normal curuaiure tensor . 
Nota di ANTONro CARLOS AsPEHTT, Dnnc Fsnus e Luc10 RooRIGUEZ, 

presentata (-><·) dal Socio G. ZAPPA. 

RIASSLINTO. Studiamo la topologia diffcrenzialc c la gcornctrin dcllc supcrfici 
compattc con curvutura normalc nori-riulla in spazio dclla curvatura cost.mte. 

An irnportant object in the geometry of higher-codimensional subrnani­ 
folds is the curvature tensor of the normal buncllc v. The normal directions 
annihilating it are geonwtrically simple in the scnsc tliat their second fundamental 
tensors ( -· hapc opcrators) commutc with all the others. It is therefore natural 
to split the normal spacc v/! into this annihilator v\1, and its orthogonal complement 
,1;. 'vVe shall considcr hcrc surfaccs, for which this yiclds a vector bundle split­ 
ting of the norrnal bundlc ,1 , v-><· CD v0 with a plane bundle v*. \11/e shall prove 
two global results, a topological one and a geometrical one, which are based on 
information about the ' intrinsic' curvature of the bundle v* in relation to 
that of v. The topologieal result generalizes, in particular, a characterization 
of the Veronese surface due to Little [71, Asperti [11, while at the same tirne we 
simplify considerably the carlier proofs of that characterization. The geome­ 
trical result deals with minimal surfaces of constant normal curvature, and 
improves similar results of Itoh [41 and Kenmotsu [5]. 

Let M be an oriented, compact, Riemannian surface with metrie ( · · ·) 
and cornplex structure J. Let Q be an n-dimensional Riemannian manifold of 
constant curvature, and lct j: M ->- Q be an isometric immersion with normal 
bundle v ",1 (.f). Then v is in the obvious way a Ricmannian vector bundlc 
with a distinguished covariant derivativc v'

1 
and a corrcsponding curvature 

tensor R1 
givcn by 

R1 (X, Y) u 
l l 1 l l 

0 y' x y' V U - y' V y' \. 1l - y' I\., v: U 

for tangent fields X , Y and normal fielcl u. 
For pE M put 

and 

x 
v" f () 

orthogonal eornplcment o · v" 1!l v1,. 

('~) Nl'lla seduta dcl 2S nm·l'mhre l 'J82. 
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Remarks. ( 1) The assumed oricntability is not a scrious restriction, since, 
if 1\1 is not oriented we can use the twofold orientecl covcring. 

(2) The curvature of the ambient manifold does not appcar in our theorems. 
This is lcss strange than it appears at first sight, bccausc it is implieitly taken 
care of by the non-vanishing assurnption on H .. 1 and the inforrnation we assurne 
for the normal curvatures. 

LEMMA 1. If Rt * 0, then dini v;~ --== 2. 

Proof: We use the Ricci cquation 

R
1 
(X , Y) U = U. (X, A,, Y) - <f._ (A11 x l Y) 

- --: rJ.. (X, 'P (u) Y) - o: (r!> (u) X, Y), 

where c~ (u) : ----== A11 - 1/2 (trace A11) Id. Sincc the spacc of traccfrcc, symme­ 
tric enclomorphisrns of the two-climensional tangcnt spacc is of dimension 2, 
we see that dirn v;- ·----e coclim v~< 2. The skcw-syrnmctry of H1 (X, Y) on vl' 
implies thcn dim ,11: * l, and the asscrtion follows. 

From now on we assurnc 

for all p E M. 
Then 

as an orthogonal direct sum of Riemannian vcctor bundles. In particular, the 
plane bundlc v-* inherits a canonical covariant derivative V*, and wc dcfine an 
orientation as follows: (u, v) is positively oricntcd, if (R1 (X, JX) v, u) > 0 
for one, and hence for all XE T, M'--,{O}. (Note: If the codimension is 2, then 
'1* = v, but the orientation may differ from the onc induecd by the orientation 
of the arnbicnt space). 

We shall now prove that the oricnted plane bundlc v* is isomorphic with 
an intrinsically defined bundlc. 

PROPOSITION. Let r;0 -=c; G0 (M) denote tlie buudle of symntetric endoinor­ 
phisms of the tangent buudle tohicn have zero trace. Tlien 

B ->-JB =- BJ 

is a romplex structure iuducing an orientation of "o. The map t? : v* ->- "o defi­ 
ned by 

r!i(u): ,A11 -1/2 (tracc J\Jld 

1s an oricntation-prcscrving isomorphism. 



A. C. AsPERTl E ALTHI, Surjaces with 11011-zero normal curuature tensor 111 

Proo]: By the proof of the lcmma above, qi is an isomorphism. Given 
BE cr0 (M)JJ, B -J:. 0, and u, v E v; such that l\i (u) = B, (\i (v)= JB, we have 

(R1 
(X, JX) v, u) =---c - ([A,,, A,,] X, JX) 

-: - ([rji (u), r\i (v)] X, JX) 

-· - ((BJB - JBB) X, JX) 

~ (13JX, JBX) -1- (BX, l3X) 

----- (). 

for X -j: 0. 

For the oriented planc bundle v'· over the compact oricnted surface M, we have 
an integer-valued Eulcr charactcristic X (v*). Our first main result is 

'l'HEOHEM l. For a compact, orieuted, Riemaunian sur]. ace M isometrically 
immersed with nowhere va11is/1i11g normal ruruature tensor into a Riemannian mani­ 
[old ol coustant curuature, we have 

1(v*) .21.(M). 

Proo]. By the above proposition x.(v*)=x(cr0(M)). For any XET?JM let 

B (X) : -: 2 (X , ·) X - (X , X) Id E cr0 (M)JJ . 

Then 13 (cos t X+ sin t JX) = cos 2t B (X)+ sin 2t JB (X). Therefore the 
index formula for the Euler characteristic applied to a generic vector field X, 
and to B (X) respectively, yields the theorem. The intrinsic curvature K* of 'I' 
is defined as 

K* (p) : = (R* (X, JX) v, u), 

where R* is the curvature tensor of ,r", and (X, JX) and (u, v) are positively 
oriented orthonormal bases of T11 M, and v; respectively. Then we have the 

Conot.LAHY. Under the hypotheses of Theorem J, 1f K.*·. -0, or K' ', 0, or 
K* < 0, then I. (M) ~ 0, or /. (M) '> 0, or J.. (M) < 0 respectiuely, 

If at each point p E M there cxists X E T; M "- {0} such that ,1* is parallcl 
111 ,1 i n the d i rection of X, i .c. 

(2) (vl ·•·) ' x v /J c v,,' 

then /. (M) > 0. 

Proof . 'l'hl'. first asscrtion is trivial, bccausc J.. (v') J K", scc [7]. Mo- 
~1 

rcovcr (2) irnplics (R*(X,JX.)v,11)11 (R1(X,JX.)v,11) as an imrncdiatc 
conscqucncc of the ddinition of *. 'I'hcn K·* (p) · · 0 according to our choicc 
of oricntaion for v·'. 
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Remarks. (1) When n= 4, then v'-= v, and the Corollary implies x (M)> 0. 
Hence M must be a sphere. Since (by the proposition) its normal bundle is 
uniquely cleterrninecl, it follows from a well-known fact of differential topology, 
that the immersion is regular homotopic with the twofold covering of a Veronese 
surface, if the ambicnt space is a sphere. This is a thcorem of Littlc [7). Asperti [1]. 

(2) In [2] Dajczer gencralizes the Little-Aspcrti theorem to higher codi­ 
mensions, using a parallelity conc.lition stronger than condition (2) of the Co­ 
rollary. 

For a surface with nowhere vanishing R1 we dcfinc the norrnal curvature 

IC (p) : -_: (R1 (X, JX) v, u), 

where (X, JX) and (u, v) are positively oriented orthonormal bases of 1\ lVI 
and v; respcctively. (Hcnce IC is, by definition, positive). When we consider 
surfaces with constant mean curvature and constant IC, thcn a sign condition 
for K* yields a rigidity theorem: 

THEOHEM 2. Let lVI be a compact, oriented, Riemauuian surface isometrically 
immersed with notohere vanishing normal curuature teusor iuto a Riemaunian ma­ 
nifold of constant curoature. Assume that the meau curuature uector of the immersion 
is covariantly constant in the normal bundle, and the uormal curoature K" is constaui. 

If K·* > 0, then K* and the Caussian curvature K of M are constant, and 
moreover 

K c-cc 1/2 K·*. 

Remarks. (l) If M is minimal in a sphere, and K* > 0, then we obtain a 
minirnal S2 of constant curvaturc in S". These minimal immersions were clas­ 
sified by Do Carrno and WalJach [3]; see also Otsuki [8]. Itoh [4] has a si milar 
theorem under the assumption IC > 4 h;, whcre h2 is the second curvature. 
This condition implies K.-* > 0, but is in general stronger. Our proof of Theorem 
2 uses ideas of [4]. 

(2) For a minimal M with }(:• c= 0 we obtain a flat minimal torus. These 
were stuclied by Kenmotsu [6]. 

Beforc we turn to the proof of Theorcm 2, wc note the following: Let 
r,0 (M) be endowed with the metric (A , B) : = -~ trace (AB). If for some p E M 
the isomorphism J,iv : v; -+ r:;0 (M) is not homothetic, then there exist a neigh­ 
borhood U of p, and srnooth, positively orientecl orthonormal fields u, v in 
•1* I U, such that r;i (u), ,:i (v) are orthogonal. (This follows from the fact that 
<t:: (r[J (u), rjJ (v))-\- --r (r[J (v), rl; (~ (u)) 0= rr). Lct A and /.L denot<.: the positive 
eigenvaluc functions of r!i (u) ancl ~i (v). We may assume that on U there cxists 
a unit tangcnt fielcl X such that rp (u) X= \X. Then, with B as in the proof of 
Thcorern 1, 

,~ (u)-= \B (X) 
(3) 

,p (v) =--c iJ.JD (X) . 
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On the other hand, if cp is homothetic ona neighborhood of f>, we can start with 
any positively oricntcd orthonormal fields u, v, and obtain the same rcsult, 
In this case 1, = [J.. If A (p) #cµ. (p), we may in addition assurnc that A > [J. 
on U: switch to (v, - u) instead of (11, v), if necessary. 

From the Ricci identity (1) and (3) wc obtain 

(4) 

Let H denote the mean curvature normal vector characterized by 

(5) (I-I, u) = 1/2 trace An 

for all u. 

Proof of Tlieorem 2 : 

Case J. There exists p E lVI such that rpp is not homothetic. Then we choose 
U,u,v, etc. as above. We put C :=B(X). Since (C,C)=O, we have 

VC c= ul@ JC 

for somc 1-form co, which 1s easily identified as 

u) = 2 (VX , JX) . 
V\Te set 

0: = (Vu, v). 
Recall that A,,, ~cJi (u) +} (traee A,,) Icl = AG + (H, u) Id, and Av011 = 
= Ao(z)o = 0 (z) [J.JC + 0 (z) (H, v) ld. 

Then, sinee H is parallel, 

(Vz A)11 = V2 A,, -A,z u 

-d1, (Z) C+ ),V2C + (Vz H, u) +(H, 0(Z) v) Id -0 (Z) µ.JC- 
- O (z) (H, v) Icl 

= dA (Z) C + ('Aul (Z) - [J.0 (Z)) JC. 

Using Codazzi's equation on Z and JZ this gives 

(6) d'): O J .c; /1.(tl - [J.0 . 

Sirnilarly, starting with v instcad of u, wc have 

(7) dtJ.0J =:[J.(u-'AO. 

Sincc JC -- 2 A[J. constant, the cquations (6) and (7) imply 

(8) 0 . 2 A<,) - (A~ I [.L~) 0 

, IC co -('A2 1- ti) 0 

8. - RioNDICONTI 19H2, vol . LXXI 11, lu-,c. 5. 

• 
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and 

or, using (8), 

(9) 

and 

(10) 

Differentiating (8) we have, by the definitions of c.0 and 0, 

2 Kv(R (Y, Z) X, JX)---=: (),2 + [J.2) (Rx(Y, Z) u, v)+ (d(A2+ \J.2) /\0) (Y, Z), 

whence 

2 K'' K-= (),2 + µ.2) K* + (d ()12 + 11.2) I\ 0) (JX, X) 

. p.,2+ 2)2-(K'')2 i-" 
c-cc: (A2-f- t1.2) K* - - __ _1! __ 

9 
~-- (l,,o J)/\-.~-. c.0 (JX, X) p12 + w) 1,2 + tJ.2 

or 

(11) 

On the other hand, since (),2 + 11.2)2 - (Kv)2 c "'(),2 - µ2)2, (10) gives 

1 /2 d (log (),2 - [J,2)) o J =--= c,, 
or 

1/4 d (log (),2 + t1-~)2- (IC)2)) o J-= c.0. 

Differentiation yields 

(1.2) 

from (11) and (12) we scc that log ((),2 + [J,2)2 - (IC)2) is subharmonic on U. 
Hencc (112 + p.2)2 - (K'')2 is subharrnonic on its support, and therefore on all 
of M, whcnce it is a constant. Rclation (12) irnplies K -= 0, and (11) implies 
K~- =0. 

Case 2. ,
1
J71 is homothetic at every p E M. Then (),2 + tJ.2)2 - (K.")2 - 0. 

As in the first casc we obtain cquation (11 ). l lence 2 K a K*. Finally, 
(),2 + 11.2), , K' implies the constaney of )., and [L. Then I( is eonstant by the 
equation of Gauss. 
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