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NILPOTENT SPACES: SOME INEQUALITIES ON NILPOTENCY DEGREES. 

by 

Augusto Reynol Filho 

Introduction. 

The idea of dealing with the subject considered .in this paper arose in a talk between 

the author and Professor Peter Hilton. 

In [H.M.R.j the authors proved that if X is a connected CW-complex and ,r1(X) 

is nilpotent, then 11'1(X) acts nilpotently on 7rn(X) (n 2:. 2) if and only if 7r1(X) acts 

nilpotently on Hn(X), {n ~•2), where Xis the universal cover of X. 

This fact gave rise to a natural question: compare the nil potency degrees of the actions 

mentioned in the theorem above. Jt was already known by the authors that r1(X) act~ 

on ,r2(X) and on H2(X) with the same nilpotency degree, due to Hurewicz's Theorem 

that "'2(X) e! H2(X). 

It remained, therefore, to investigate the case n ~ 3. This is exactly the problem 

which Professor Hilton suggested that we studied. 

We have been successful in finding inequalities, when n ~ 7, between nilr,(X),rn(X) 

(the nilpotency degree of the action of 'll'1(X) on 'll'n(X)) and nil.,,(x)Hn(X}, and this 

is the subject of this paper. The inequalities we obtained are the content of Theorem 12, 

which is our main result. 

This work is part of the author's Ph.D. thesis done under the guidance of Professor 

Peter John Hilton. 

The author is very much indebted to Professor Daciberg Lima Gon~"':5• at whose 

suggestion this work was developed. 
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Let 1r ~ Aut(A) be an action of n group ,r on an abelian group A. 
We recall that w yields, Vn ~ 0, an action Wn of ,r on Hn(l((A, m)) (here m 

is a fixed integer, m::: 1, and K(A, m) is au Eilenberg-McLane space), defined by: 

(Vx E 1r) 3! (!~] E [K(a,m), •;l((A,m),•J such that /u = w(x). 

(For a more detailed description see [W), pg.100 and pg.225). 

We define Wn(x) = fu: Hn(K(A,m})-+ Hn(K(A,m)). 
The proof of the first proposition is known (see (H.M.R.) Lemma 2.17). We decided, 

nevertheless, to present it here owing to the technique used in ita proof, which is going to 
be repeatedly used in the sequel. 

Proposition 1. w nilpotent* Wn nilpotent, Vn::: 0. 

Proof. We argue by induction on c = nilw = nil.A. , 
If c = 1 it follows from the definition that Wn is trivial and therefore nilpotent. 
H c > 1 we take r = r:, ::/- (0) and the fibration 

K(r,m) 1-+ K(A,m) 

1 
K(A/r,m) 

This fibratioo gives rise to a spectral sequence (Serre) in which E:,. = 
Hr(K(A/r,m);H.(K(r,m))). (Here, we should point out that the homology is taken 
with trivial coefficients, s~nce if m ::: 2, then the base is simply-connected and if m = 1 
we obtain Hr(A/f; H.(r)) and A/r acts trivially on r, so that A/r acts trivially on 
H.(f)). 

\\Te now invoke the universal coefficients Theorem to get the following exact sequence: 

Hr(K(A/r, m) ® H.(K(f, m))-+ E~ •• -+ Tor(Hr-i(l((A/r, m)), H.(J<(r, m))). 

Talcing into account the induction hypothesis, Lemma 1.1 from [HJ and proposition 

1.4.3, pg.35, (H.M.R.], we can claim that ,r acts nilpotently on E~ ••. 
Again, the reiterated use of the proposition 1.4.3, pg.35, (H.M.R.J assures that ,r acts 

nilpotently on E~, and therefore on H n(K(A, m )). ■ 
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Lemma 2. nil.,Hn(K(A, m)) $ Ej=O nil.,E!-;,;i (m :?: 1). (According to the notation 

used in the proof of the proposition 1.) 

Proof. It is known that the spectral sequence invoked in the previous proposition is 

formed by 11'-modules { the actions are induced by w) E~ .• and the differentials d:,. are 

r-module homomorphisms. Also, 

and 

3 _ ker(~ .• ) 
Er• - . (-12 ) • . ' ,m a;+2,•-1 

Thm we get the exact sequence of r-modules, 

Ii follows from proposition 1.4.3, (H.M.R.) that 

It is now readily seen, by induction, that 

hr particular, nil,. E~ $ nil,,E:, •. Finally, recalling that 

E!7,. C F1, .. -1 C···C F,.,. = H.(K(A,m)), 

l ! 
Ei':'11-1 E:,. 

considering the exact sequence of 11'-modules 

and using several times proposition 1.4.3, (H.M.R.), we obtain 

m .. 

nil,, H,.(K(A, m)) S L nil,. E:'-;,; S L nil,, E!-;.; ■ 
jmO jsD 
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Theorem 3: If nib A = nilw = c ~ 2 and m ~ 2, then 

(i) nil., Hn(K(A,m)) $ c, i( 0 :Sn< 2m. 

(ii) nil., Hn(K(A, m)) 5 c(cio, iC either n = 2m or n = 2m + 1. 

(iii) nil., H2m+2(K(A, m)) S c1, if m 2'. 3. 

(iv) nil,.. He(K(A,2)) 5 c(c+tJ(c+2), 

(v) nil,.. H2m+:,(K(A, m)) :S 2c2 - c, i( m ~ 4. 

(vi) nil., H9 (!((A, 3)) S f(c2 - 9c - 4). 

Proof. In the Serre spectral sequence we have 

E!-J,i = Hn-;(K(A/r,m);H;(K(r,m))); 

So E!,0 e! Hn(K(A/r,m)) and E!,n e! Hn(K(r,m)) (isomorphisms of ir-modules). 
Thus, 

(i) The inequality is trivjally true if O :S n < m, and if n = m the· result follows from 
the Hurewicz isomorphi~m, .since Wn = w. In fa.ct, nil., Hm(K(A, m)) = c Sc. 
It remains to consider the case _in which m < n < 2m. 
Fix j, such that O < j < n. 

If 0 < j < m, then H;(K(r, m)) = (0), so E!-;,; = (0). 
If m . S j < n, then 0 < n - j < m. Therefore Hn-;(K(A/r,m)) = O, so 
E!-;,; = 0. 

It follows from lemma 2 that 

nil., H,.(K(A, m)) ~ nil., E!,~ + nil., E!,o 5 1 + nil.,, H,.(l((A/r, m)), 

since ,r acts trivially on r. 
It turns out, then, by induction on c, that nil., H,.(K(A, m)) Sc. · 
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(ii) A!!;ain, 0 < j < m =} E!-;,; = 0 and 

m < j < n = 2m =} 0 < n - j < m. Therefore £'!_ ;,; = 0 

and E!.,m ~ Hm(K(A/f,m)) ®Hm(K(r,m)) ~ A/r ® r. 
We now invoke the inequality (1.3) from [H.R.S.) in order to state that nil.- E!,. $ 

nil .. A/r = c - 1. Thus, by using lemma 2, we obtain: 

nil.- H2m(K(A,m)) $ 1 + (c-1) + nil.- H2m(K(A/r,m)). 

It follows, therefore, by induction, that 

For n = 2m + 1, we have again E!-;,; = 0, if either O < j < m, or m + 1 < j < 

2m+l. 

Also ~.m+I = 0, for Hm+i(K(r,m)) = 0 (Hurewicz) (m ~ 2) and 

E~+t,m e! Tor(Hm(K(A/r, m)); Hm(r,m)) e! Tor(A/r,r). 

It is easily checked, from the proof of lemma 1,1, (HJ, that 

nil.- Tor(A, B) S (nil.- A)(nil,. B), whence 

nil.-E!.+1,111 ~ nil,. A/r = C - 1. 

Hence, nil,. H2m+i(K(A, m)) $ 1 + (c -1) + nil,. H2111+1(K(A/r, m)), whence, by 

induction, 

. c(c+l) 
ml,. H2m+1(K(A,m)) $ c+ {c-1) + ··· + 1 = 2 • 

(iii) Now let's suppose that m ~ 3 and n = 2m + 2. 

E!-;J = D, if either O < j < m or m + 2 < j < 2m + 2. 

E!+l,m+l = 0 (for Hm+l (K(r, m)) = 0). 

~+:r,m e! Hm+2(K(Af, m)) ® Hm(K(r, m)). 

Therefore, E;_+2,m ~ Hm+2(I{(A/r, m)) @r. 

Still, E!.,m+2 ~ A/r ® Hm+2(J<(r, m)). So, 

nil,. E!.,m+2 S nil,. A/r = c - 1. 

Also, taking into account that m ~ 3 (therefore, m+2 < 2m) it follows from (i) that: 

nil,. E!+2,• $ nil,. H.+2(l((A/r, m) $ c -1 (for nil,. A/r = c - 1). 
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Thus, nil,, H.im~ 2(K(A, m)) ~ 1 + (c - .1) + (c - 1) + nil,r H.im+z(I((A/r, m)) = 
= (2c - 1) + nil,, H2m+2(K(A/f, m)). 

Then, it arises, by induction,,that 

C 

nil,, H2m+2(K(A, m)) 5 2)2j - 1) = c2
• 

j=l 

(iv) m = 2 and n = 2m + 2 = 6. 

The same kind of calculation that we have used in (iii) leads us to conclude that: 
nil.,, E],2 s nil,, H4(K(A/f, 2)) s cCc;1> (due to (ii)) 

and nil,, El4 $ c - 1. 

So, niltr H6(K(A,2)) 5 1 + (c - 1) + <c-;i>c + nil,, H0(K(A/f,2)) = ee.c:-1> + 
nil ... H6 (K(A/f, 2)). 
Thus nil H, (K(A 2)) < "c iii±.ll - c(c+J)(c+2) • • 6 • - ,t,..,j=l 2 - 6 • 

( v) m ~ 4 and n = 2m + 3. 

~m+a-;,; = O, if either O < j < m or m + 3 < j < 2m +'3 or j = m + 1. 

E~,m+3 ~ A/f ® Hm+3(K(r, m)) 

~+i,m+2 ~ Tor(A/r, Hm+2(K(r, m)) and the sequence is exact 
Hm+a(K(A/r,m)) @r-+ E~+a,m -t Tor(Hm+2(K(A/f,m)),r) . . 
.So, due to lemma 2, 

nil,, H2m+a(K(A, m)) ~ 1 + nil..- H2m+a(K(A/r,m)) + nil,, A/f+ 

+nil,. A/r+nil,. Hm+a(K(A/f,m))+nil,, Hm+2(K(A/f,m))• .. (•). 

So, due to (i) and remembering that m ~ 4, 

nil,. H2m+a(K(A, m)) 5 (4c - 3) + nil., H2m+a(K(A/r, m)). 

Then, 
C 

nil., H2m+3(K(A,m)) 5 L(4j - 3) = c(2c -1). 
j:cl 
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(vi) m = 3 and n = 2m + 3 = 9. 

Using (*) from the previous item we get: 

nil,, H11(K(A,3)) ~ nil,, H,(K(A/r,3)) + (2c-1) + nil,, Ha(K(A/r,3))+ 

+nil,, H5(K(A/r, 3)) ~ nil,, H9(/((A/r, 3)) + (2c - 1) + c{t;ll 

+c - 1, due to items (i) and (ii) as well. 

Therefore, nil,, H,(K(A,3)) ~~+nil,.. H9(A/r,3)),. 

whence nil,. H1(K(A,3)) S Ej ... 1 i
2
+~;-4 = i(c2 - 9c - 4). 

(vii) m = 2 and n = 2m + 3 = 7. Again, we invoke (*) from item (v), as well as item 

(ii) to get: 

nil,. H1(K(A, 2)) ~ (2c -1) + nil,, H1(K(A/r, 2)) + nil" H5(K(A/r, 2})+ . 
+ nil,. H,(K(A/f, 2)) ~ (2c - 1) + nil.,, H1(K(A/f, 2))+ 

+ c(c; l) + c(c; l) = (c2 + c -1) + nil,, H1(K(A/r, 2)), 

" 
whence nil. H1(K(A, 2)) $ }:(;2 + j -1) = ~(c2 + 3c -1). 

j=l 3 

Example 41 Lel Z ...!!... Aut(Z ® Z) be an action given by 

w(l) · (1, 0) = (1, 1) and w(l) · (0, 1) = (0, 1), that is, 

M = [~ ~] 

is the matrix attached to the automorphism w( 1 ). 

(M - 12)2 = 0 => w is the nilpotent and nil w = 2. 

• 

Let X = l((Z ED Z,2) £! K(Z,2) x K(Z,2) and set. w,.: Z-+ Aut(H,.(X)) the 

action induced by w. In order to calculate nil w,., we remember that H.(K(Z,2)) 9! 

Drz2J = polynomial algebra divided with one generator of degree 2.(z2). (I.e., z2;.z2; = 

( (i1j) )x2(i+;))-

It follows from the definition that w,. is compatible with the multiplicative structure 

in Hn(X). 

Moreover, w2 = w (Hurewicz) and remembering that 

H2(X) e! [H.(JC(Z,2))®H2(K(Z,2))]ED[H2(J((Z,2))®H•(K(Z,2))] (Kunneth) we get: 
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w2(l) · (z2 ® 1) = z2 ® 1, w2(l)(l ®z2) = 1 ®z2 + z2 ® 1. , 
It is known that. {i ® x4 , x2 ® z2, x, ® 1} is a base in H4 (X) (where x, is a .. 

generator in H4 (J((Z, 2))). 

Now, 2w4(1)(1 ® x4) = w,.(1)(1 ® 2x,) = w,(I){(l ® z2) · (1 ® z2)] = 
= w2(1)(10x2) · w2(l)(l ®x2) = [1 ®x2 +x2 ® 1) · (1 ®x2 +x2 ®1] = 
= 1 ® 2x, + 2x:, ® z2 + 2x,. ® 1. 

So, w2(l)(l ® z2) = 1 ®x2 + z2 ® X2 + z2 ® 1. 

A similar calcul~tion shows us that w,(l)(z2®z2) = z2®z2+2z,~H and w,(l)(x,® 

1) = %4 ® 1. 

Therefore, 

[
1 o ol M4 = 1 1 0 
1 2 1 

is the matrix attached to w4(1) relatively to the base previously indicated. 

Thus (M4 -13 ) 3 = 0, whence nil w4 = 3 = 2<2
:

1>. 
Likewise, fixing the base {1 ® x1 , .:r2 18) x4 , x4 ® x2 , x1 18) 1} in Ha(X), we get 

[ 

1 o o ol 1 1 0 0 
Ms= 1 2 1 0 

1 3 3 1 

following the same steps of the previous argument. 
. • 2 ili±!l Then, (M6 - / 4 )

4 = 0, whence nil wa = 4 = E;=i 2 • 

Actually, this example can be generalized. 

Example :5. Let Z ~ Aut(zc) be the action defined by the matrix 

Thus nil w = c, since (M - IcY = 0. 

Let Xe= l((Zc,2) ~ K(Z,2)c and take w,.: Z-+ Aut(H,.(Xc)) to be the action 
inducted by w. 
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Calculations similar to the ones used in the previous example show us that 

nilz H4(Xc) = nil w4 = c(c; l) = rank of H4(Xc) (by induction on c), and 

C '(' + 1) 
nilz H&(Xc) = nil we = L J J 

2 
= rank of H&(Xc)· 

i=l 

(Notice that by Kinnetb Formula, we obtain rank H6(Xc) = 

E~=o rank H2;(Xc-1) = 1 + (c -1} + c(c;I) + EJ:! iCi;•> (induction) 
C ili±.!l = E; .. 1 2 ). 

M4 (c) and M11{c) turn out to be triangular, by induction on c as well. 

Remark: This example shows us that the inequalities obtained in Theorem 3 (ii) (n = 4 

and m = 2) and in 3(iv) are the best ones. 

Proposition 6. H nil w = nil,,A = c ~ 2, then, 

(i) nil,, H2(A) $ c(c:1>, and 

Proof: We invoke the Lyndon-Hoschild-Serre spectral sequence attached to the exact 

sequ~ce r -+ A -+ A/r (where r = ~ # 0) to get E':,. = H,.(A/f; H.(r)) with 

trivial coefficients. 

(i) El,o = H2(A/f); El,2 E! H2(f); E1,1 ~ A/r 0 r. 
So, nil,, H2(A) $ 1 + (c - 1) + nil,, H2(A/r) due to lemma 2 and the inequality 

{1.3) [H.R.S.J. 

Thus, we get (by induction again): 

(ii) W,,0 e! H3(A/f); Ets e! H:s(r); E"f ,2 ~ A/r 0 H2(r) and 

H2(A/r) 0r-+ El,1-+ Tor(A/r,r) is exact. 
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So, nil,., H3(A) ~ 1 + nil. H3(A/r) + (c -1) + (c -1) + nil. H2(A/r) :5 
:5 2c -1 + (c - 1)2 + nil. H3(A/r) (due to the previous case)= 

= c2 + nil. H-s(A/r) 

Therefore, 

.1 H (A)<~ .2 _ c(c+ 1)(2c+ 1) m ir 3 _ L..,J -
6 

j=l 
■ 

From now on X will denote a connected CW-complex, as well as X its universal 

covering; 71' = 'll'1(X) and 71'n = 71'n(X). 

We are also going to use the decomposition of Postnikov of X · and its dual called 

the Cartan-Sime-Whitehead decomposition. They will be indicated by: 

(Postnikov) 

= K(r,2) ' 

• 
(Dual) 

/ 
=X 

Here we should recall that Lemma 1.2.18 and remark 2.19 from (H.M.R.) 
show us that 'II' acts nilpotently on r,., Vn, 2 :5 n S k .,.. 71' acts nilpotently on 
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• 

Hn(X), Vn, 2 ~ n $ k. 

Our goal now is to obtain &Orne results comparing such nilpotency classes. 

Thus, we suppose from now on that 'II' acts nilpotently on 71'111 Vn ~ 2. Concerning 

the previous decompositions, we are proving 2 lemmas to be used later. 

(ii) nil,, Hm+2(.Xm) $ nil,, Hm+2(Xm-1) + nil,, Hm+2(l((,rm(X), m)) 

+nil,,(11':z(X) ® 11'm(X)J 

{~ii) nil~ Hm+3(Xm) $ nil,, Hmt3(Xm-1) + nil,, Hm+a(l((11'm(X),m)) 

+nil,,(H3(Xm-i} ® "'m(.X)] + nil,, Tor(1r2(X), 71'm(X)) 

(iv) nil,, Hm+4(Xm) $ nil,, Hm+t(Xm-d + nil,, HmH(K(,rm(X), m) 

+nil,, ,r2(X) ® Hm+2(K(1rm(X),m)) + nil,, H,(Xm-1) ® ,rm(X) 

+nil,, Tor(Ha(Xm-1), r,,.(X)), Vm ~ 3. 

Proof: We take the fibration (m ~ 3) 

K(rm(X),m) .__. 

to get (Serre) 

Exactly as in Lemma 2 we have nil,, H,.(Xm) $ E; .. 0 nil. E!-;,; 

(i) ~.m+i ~ Hm+J(J((,rm,m)) = 0 

E~tl,O ~ Hm+1(Xm-1)i El,m = 0 and E?.+1-j,j = 0, 

Therefore, nil,, Hm+1(.X,.) $ nil. H,,.+i(Xm-1 ); V m ~ 3. 

(ii) ~,m+2 £! Hmt2{K(,rm,m)}; E~+2,lf ~ Hm+2(Xm-1) 

E?,mtl = 0 = E~+2-;,;, i( 0 < j < m . 

.E1,m ~ H2(.X,,._1) ® r,,. ~ 11'2 ® 'll"m (m -1 ~ 2) 

Vn ~ 0. 

D<j <m. 

So, nil,. Hmt2(.Xm} $ nil,, Hm+2(Xm-1} + nil,, Hm+2(K(r,,., m)) + nil,, r2 ® r,.. 
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El,m+2 = 0 = E!.+J-;,; if O < j < m; Elm+I = 0, 

and H3 (Xm)®11'm>--+ E;,m _____.Tor(11'2(X), 7rm) is an exact sequence of 71'-modules. 

Thus, nil., Hm+a(Xm) ~ nil,, Hmt3(Xm-il + nil,, Hm+3(1((,rm, m))+ 

+nil.,(Ha(i~J® 11'm) + nil., Tor(,r2,,rm)• 

(iv) EJ,mH el HmH(K('ll'm,m)); E~+4,0 ~ Hm+c(Xm-di 

Ef.m+a = 0 = E~H-j,j• .if O·<'; < m; E],m-l = 0, 

Elm+2 ~ '11'2 ®Hm+2(K(7rm,m}) and 
- 2 -H,.(Xm-1) ® 'll'm >-+ E4 m -Tor(Ha(Xm-1), 71'm) is exact. . ·• · -

Then, nil., HmH(Xm) :5 nil., H~H(~Ym-1) + nil,, Hm+c(K(,rm,m))+ 

+TJil,, 71'2 ®Hm+2(K{'ll'm,m)) + nil., H4(Xm-1) ® 'll'm+ 

+nil., Tor(Ha(Xm-1),'ll'm) • 
Corollary 8: (i) nil,, Hs(.X3) :5 nil,, Hs(/((71'2,2)) + nil,, Hs{K(71"a,3)) + nil,, 71'2 ®11'3, 

(iii) nil,. H1(Xa) :5 nil,, H1(K('ll'2,2)) -f: nil,, H1(K('ll'a,3))+ 

+nil,. 71'2 ® Hs(K( 71'3, 3)) + nil,, H,(K(1r2, 2)) ® 1r3. 

(iv) ni_l,, H&(X4 ) :5 nil,, H6 (K(1r4 ,4)) + nil,, H6(K('ll'3,3))+ 

+nil,.. H5(K{1r2, 2)) + nil,.. 71'2 ® '11'-t + nil,. Tor(,r2, ,r3) 

{v) nil,. H1(.X4) $ nil,. H1(K( 71'2 , 2)) + nil,. H1(K( ,r3, 3))+ 

+nil,, H1(1((,r4,4))+nil,. H3(.X)®,r-t+ 

+nil,.. Tor(1r2, 1r,) + nil,.. 11'2 ® Hs(K(1r3, 3))+ 

+nil,. H.(K(1r2, 2)) ® 71'3. • 

- I 
(vi) nil,, H1(Xs) 5 nil,, H1(K(1r2,2) + nil,, H1(l((1r3,3))+ 

+nil,.. H1(K(1r4,4)) + nil,, H1(K(1rs,5)) + nil,, 1r2 ® 'II'& 

+nil., 1r4 ® H3(.X) + nil,, Tor{1f2, '11'4) + nil,, 11'2 ® Hs{K(,r3, 3)) 

+nil,, '11'3 ® H,.(J(( 1r2, 2)). 
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• 

Proof: (i) It is enough to remark that .X2 = /((11'2,2) and use (i) from lemma 7. 

(ii) Notice that H3(/((r.2 ,2)) = 0 and use (iii) from lemma 7. 

(iii) It is readily seen from (iv) lemma 7 together with H 3(K(11"2,2)) = 0. 

(iv) It is enough to use lemma 7 (ii} and corollary 8 (ii). 

(v) It is a consequence of lemma 7 (iii) together with corollary 8 (iii). 

(vi) It follows from lemma 7 (ii) and corollary 8 (v) . 

. 
+nil,, Tor(H2(Xcm-J),11"m-1); V m ~ 3. 

(ii) nil,, Hm+2(.X(m)) ~ nil,, Hm+2(.Xcm-JJ) + nil,, Hm+2(K(,rm-1, m - 2)) 

+nil,. H2(Xcm-i)) ® Hm(K(rm-1,m - 2)) + nil,. H,(Xc ... -1)) ® r.,,._1 

+nil,. Tor(H3(.Xcm-i)), Tim-1); V m ~ 3. 

Proof. Let's take the fibration 

Its attached spectral sequence yields 

E::,.=H,.(.X(rn-1), H.(K(1rm-1,m-2)) and 

nil,. H,.(Xcm)) $ Ej=Onil .. E!-;,;···(•,). 

(i) E~,m ~ Hm+1(K(1rm-1tffl - 2)); E~+l,O ~ Hm+1(Xcm-1))i 

E 2 +l . • = 0, if O < ,· < m - 2; £ 2
2 

m 1 = 0 = E'f m and the sequence Jn. -J,J t - I 

H3(.t(m-l)) ® 11'm-l ,___ El,m-2 --+>Tor(H2(Xcm-l))i 1r,,._i) is exact. 

Now the result follows from (•). 
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Finally, by remembering that El,rn e! H2(X(rn-1)) ® H,,.(K(1rrn-1,m - 2)) and by 

using(*), we obtain the result. 

Corollary 10. (i) nil,, H4(Xc3>) $ nil,, H,(X) + nil,, H,(K(1ra, 1))+ 

+nil,, H3(X) ® ·1r:1 + nil,, Tor(H2(X); 1r2). 

(ii) nil.., Hs(.Xc3>) $ nil,, Hs(X) + nilw Hr.(K(1r2, 1)) + nil,, H2(X) ® Ha(1r2 1 1) 

+nil,, H4(X) ® 11"2 + nil,, Tor(H3(X), 1r2), 

(iv) nil,, H,.;+1(.X(m)) :5 nilw H,,.+1(.X(m-i))+nil,, H,,.+1(K(1r,,._1,m-2), provided that 

m~5. 

(v) nil,. Ha(Xc4>) :5 nil., Ha(X(3)) + nil,, Ha(K(1r3 1 2))+ 

+nil,,. H4(.Xc3>) ® 1r3 + nil,,. Tor(1rs, 1r3). 

(vi) nil,,. H1(Xcs>) :5 nil,, H1(Xc,>) + nil,,. Hr(K( 1r4, 3)) + nil,,. 1r, ® 1r4. 

(vii) nil., Hm+2(.X(m)) :5 nil,, Hm+2(.X(m-1)) + nil,. H,,.L(K(1rm-l, m - 2)). 

Proof. In order to prove (i) and (ii) it is enough to remember that .Xc2) = X. 
(iii) follows from the facts that H2(.Xc3)) = (0) and H:a(.Xc3)) ~ 1r3(X). 

For (iv), H3(.Xcm-1)) = 0 = H2(.Xcm-1)) if m ~ 5. 

For (v), H2(.X(rn-l)) = 0 and Hs(X(s)) ~ 1r3. 

Similarly, we obtain (vi) and (vii). 

Lemma 11, (i) nil,,. H,,.(X) :5 nil,,. 1r,,.(X) + nil,, H,,.(.Xm-1); m ~ 3, 

(ii) nil,,."'"' :5 nil., Hm(X<m-1)) + nil,, H,,.(l(('1r,,._1,m - 2))+ 

+nil,,. H2(Xcm-1)) ® '1rm-li V m ~ 3. 

14 
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Proof: Let 

the fibration obtained by means of Postnikov's decomposition of .X. 
2 2 ~ -Then, Eo,m 9:! 1r,nj Em,O = Hm(Xm-1) and 

E!.-;,; = 0 if O < j < m. 

So, remembering that Hm(.Xm) !:!! H,,.(X) we get (i). 

(iii) Let's consider the dual fibration 

K(fl'm-1,m - 2) ~ .X(m) 
i 

Xm-1 

E~,o ~ Hm(X(m-1))i Etm-l = 0 = E~-;,;, if O < j < m - 2 

and ~.m-2 == H2(X(m-1) ® lr'm-1• 

(Remark that Et.,._2 = O, if m 2: 4 and ~.1 == r2 ® r2, m = 3). 

'Th.king into account that r.,.(X) == H,,.(.X<"'>) (Hurewicz), it follows that 

nil,. 'lrm(X) = nil., Hm(X(m)) :5 nil., Hm(X(m-1)) + nil,, Hm(K(r,,._1,m - 2)) 

+nil,, H2(.X(m-1)) ® ,rm-1 ■ 

Theorem 12, Under the conditions that ,r a.cts nilpotently on 11"n, 2 :5 n $ 7 we have; 

(i) nil,, H3 (.X) :5 nil,, 1r3(X) :5 nil,, H3(X) + nil., H2(X) ® H2(X) 

+nil., H3(H2(.X)). 

(ii) nil,, ,.-, $; nil,, H,(.X) + nil,, H,(K( ,r3 , 2)) + nil,, H4(K(1r2, l))+ 

+nil .. H3(.X) ® H2(.X) + nil. Tor(H2(.X),ll2(.X)) 

(iii) nil,, H,(X) $; nil,, 1r,(X) + nil,, H,(K(w2 , 2)) 

(iv) nil,, H5 (X) S nil,, r 11(X) + nil,, 1r2 ® ira + nil,, H,(K(1r2, 2))+ 

+nil,. H1(K(1r3,3)) 

15 



(v) nil., H6(.X) ~ nil., w11 (X) + nil., 1r2 ® 1r4 + nil., H&(l((w:z,2))+ 
+nil., H6(K(1r3 ,3)) + nil., H6 (J\°('11"4,4)) 

(vi) nil., H1(X) $ nil., 11'1(X) + nil,. 1r2 ® wa + nil,. 1r4 ® H:s(X)+ 
+nil,. T"!"(,r:z,,rt) + nil,. 11"3 ® H .. (K(1r2 1 2))+ 
+nil,. w2 ® Hs(J((1r3 ,3)) + nil,. H1(K(1r2,2))+ 
+nil,...H1(K(1r3,3)) + nil,.. H1(K(1r4 14))+ 

+nil. H1(K(,rs,5)). 

Proof. To get (i) we recall that X(2) = X and that H3(.X2) = H3(K(1r2 1 2)) = 0. Then, 
it is enought to use lemma 11 (i) and (ii). 

(ii) results from the use of lemma 11 (ii) and corollary 10 (i). 
(iii) follows from lemma 11 (i) and lemma 7 (i). · 
(iv) follows from lemma 11 (i) together with lemma 7 (i) and corollary 8 (i). 
Finally, (v) is a consequence of lemma 11 (i), lemma 7 (i) and corollary 8 (iv). ■ 

Remark. The inequalities obtained for nil., 'lrn and nil., Hm(X) turn out to be very 
complicated, if n > 4 and m > 7. As a matter of fact, if n = 4 and m = 7, they are 
not so simple, as the items (ii) and(~) from the previous theorem show us. 

Example 13. Let X be a connected CW-complex such that 
,r1(X) ~ Z, ,r2(X) ~ zc, 1r;(X) = O; i > 2, and the action of ,r1(X) or 1r2(X) 

is given by M as in the example 5. 

Thus, X = K(zc,2) and according to example 5 we have nil.,1 (X) 1r2(X) = c and 
nil.,

1
(X) Ht(.X) = c(cil)· 

Owing to the fact that 1r4(X) = 0, we may state that the inequality (iii) obtained in 
theorem 12 is iri this case an equality. 

Likewise, this example yields a situation in which inequality (v) is an equality! 

16 



References 

IH] Hilton, Peter J., On G-Spaces, Bol. Soc. Bras. Mat. 7(1976), 65-73. 

(H.M.R.] Hilton, P., Mislin, G., Roitberg, J., Localization o( Nilpotent Groups and Spaces 
i 

Notas de Matema.tica, North Holland Mathematics Studies 15 (1975). 

[H.R.S.] Hilton, P., Roitberg, J., Singer, D. On G-Spaces, Serre Classes, and G-nilpotency, 

Math. Proc. Camb. Phil. Soc. (1978), 84, 443-454. 

[W] Whitehead, George W. - Elements of Homotopy Theory, Graduate Texts in Mathe­

matics - Springer Verlag - New York - Heidelberg - Berlin. 

Augusto Reynol Filho 

Instituto de Matematica e Estatfstica 

Universidade de Sao Paulo 

Caixa Postal 20570 

CEP 01498 - Sao Paulo - Brasil 

17 



80-01 
80-02 

80-03 

80-04 

80-05 

80-06 

80-07 

80-08 

80-09 

81-10 
81 - 11 

01-12 

81-13 

81-14 

81-15 

81-16 
81-17 

81-18 

81-19 

81-20 

81-21 

81-22 
81-23 

81-24 

81-25 

81-26 

TRABALHOS DO DEPARTAMENTO . OE MATEMATICA 

TITULOS PUBLICAOOS 

PLETCH, A. 
PLETCH; A. 

8 p. 

Local freeness of profinite groups. 10 p. 
Strong completenes~ in profinite groups. 

CARNIELLI, W.A. & ALCANTARA, L.P. de Transfinite 
duction on ordinal configurations. 22 p. 

JONES RODRIGUES, A.R. Integral representations 
c~clic p-groups, 13 p. 

in-

of 

CORRADA, M. & ALCANTARA, l,P. de 
ted s~stems. 25 p. 

Notes on man~-sor-

POLCINO MILIES, F.C. & SEHGAL, S.K. FC-elements in a 
group ring. 10 p. 

CHEN, C.C. On the Ricci condition and minimal sur­
faces with constantl~ curved Gauss map. 10 p. 

CHEN, C.C. Total curvature and topological structure 
of ~omplete minimal surfaces. 21 p. 

CHEN, C.C. On the image of the generalized Gauss map 
of a compl€te minimal surface in R4. 8 p, 

JONES RODRIGUEZ, A.R. Units of ZCpn. 7 p. 
KOTAS, J. & COSTA, N.C.A. da Problems of model and 

discuss,ve logics. 35 p. 
BRITO, F.B. & GONCALVES, D.L. Algebras nao associa­

tivas, sistemas diferenciais pol inomiais homogi­
neos e classes caracter{sticas. 7 p. 

POLCINO MILIES, F.C. Group rings whose torsion units 
from a subgroup II. Iv. Cn~o paginado). 

CHEN, C.C. An elementar~ proof of Calabi's theorems 
on holomorphic curves. 5 p. 

COSTA, N.C.A. da & ALVES, E.H. Relations' between 
Pdracons istent logic and •man~-valued logic. 8 p. 

CASTILLA, M.S.A.C. On Prz~musinski's theorem. 6 p. 
CHEN, C.C. & GOES, C.C. Degenerate minimal surfaces 

in R4. 21 p. 
CASTILLA, M.S.A.C. Imagens inversas de algumas apli-

ca~Ses fechadas. 11 p. 
ARAGONA VALLEJO, A.J. & EXEL FILHO, R. An infinite 

dimensional version of Hartogs' extension thee­
. rem. 9 p. 

GONCALVES, J.Z. Groups rings with solvable unit 
groups. 1~p. 

CARNIELLI, W.A. & ALCANTARA, L.P. de Paraconsistent 
nlgebras. 16 p. 

GONCALVES, D.L. Nilpotent actions. 10 p. 
COELHO, S.P. Group rings with units of bounded expo-

nent over the center. 25 p. ( 
PARMENTERi M.~. & POLCINO MILIES, F.C. A note on 

isomorphic group rings. 4 p. 
MERKLEN GOLDSCHMIDT, H.A. Hereditar~ algebras with 

maximum spectra are of finite t~pe. 10 p. 
POLCINO MILIES, F.C. Uni~s of group rings : a short 

surve~. 32 p. 



81-27 

81-28 

81-29 

81-30 

81-31 

81-32 

81-33 

B1-34 

81-35 

81-36 

82-37 

82-38 

82-39 

82-40 

82-41 

82-42 

82-43 

82-44 

82-45 

82-46 

82-47 

82-48 

82-49 

83-50 

CHEN, C.C. & GACKSTATTER, F. E11fptic and h~Per­
ell iptic functions and complete minimal surfaces 
wi th handles. 14 p. 

POLCINO MILIES, F.C. A glance at the earl~ histor~ 
of group rings. 22 p. 

FERRER SANTOS, W.R. Reductive act ions of algebra ic 
groups on affin~ varieties. 52 p. 

COSTA, N.C.A. da The philosophical 
paracons1stent logic. 26 p. 

import ol 

GONCALVES, D.L. Generalized · classes of groups, 
spaces c-n i lpotent and "the Hurewicz theorem·. 
30 ~-

COSTA, N.C.A. da & MORTENSEN, Chris. Notes on the 
theor~ of variable binding term operators. 18 p. 

MERKLEN GOLDSCHMIDT, H.A. Homogenes 1-hereditar~ al­
gebras with maximum spectra. 32 p. 

PERESI, L.A. A note on sem1pr1me general 1~ed alter­
nativ~ algebras. 10 p. 

MIRAGLIA NETO, ~- On the preservation of elementar~ 
equivalence and embedding b~ f i ltred powers and 
structures of stable continuous functions. 9 p, 

FIGUEIREDO, G.V.R. Catastrophe thecr~: some global 
theor~ a full proof. 91 p. 

COSTA, R,C.F. On the derivations of gametic alge­
bras. 17 p. 

FIGUEIREDO, G.V.R. 
Zeeman global 
cod<= 5. 7 p. 

A shorter proof of the Thom­
theorem for· catastrophes of 

VELOSO, J.M.M. Lie equations and Lie algebras : the 
intrasitive case. 97 p. 

GOES, C.C. Some results about minimal immersions 
having flat normal bundle. 37 p. 

FERRER SANTOS, W.R. Cohomolog~ of comodules II. 
15 p. 

SOUZA, V.H.G. Classification of closed sets and dif­
feos of one-dimensional ~anifo1ds. 15 p. 

GOES, C.C. 
mens1on 

PERES!, L.A. 
27 p. 

Thr ~tnh1lil~ uf minimdl cnn~~ 
greate~ than one 1n ijn. 2/ p. 

On automorph,~ms of gametic 

of codi-

POLCINO MILIES, F.C. & SEHGAL, S.K. Torsion units in 
integral group rings of metac~clic groups. 18 p. 

GONCALVES, J,Z. Free subgroups of units in group 
rings. 8 p. 

VELOSO, J.M.M. New classes of Intransitive simple 
Lie pseudograups. 8 p. 

CHEN, C.C. The gener~1 i:ed curvat~re ellipses and 
minimal surfaces. 10 p. 

COSTA, R.C.r. On the derivation algebra of z~gotic 
algebras for pol~ploid~ with multiple alleles. 
24 p. 

GONCALVES, J.Z. Free subgroups in the group of units 
of group rings over algebraic integers. 3 p. 



83-5! 

83-52 

83-53 
83-54 

83-55 

83-56 

83-57 

83-58 

83-59 

83-60 

84-61 

84-62 

84-63 
84-64 

84-65 
84-66 

84-67 

84-68 

84-69 

84-70 

84-71 

84-72 

84-73 

84-74 

84-75 

MANDEL, A. & GONCALVES, J.Z. 
ar groups. 7 p. 

Free k-triples in line-

BRITO, f.G.B. A remark on closed minimal h~persur­
faces of S4 with second fundamental form of 
constant length. 12 p, 

KIIHL, J.C.S. LI-structures and sphere bundles. 8 p. 
COSTA,·R.C.F. On genetic algebras with prescribed 

derivations. 23 p. 
SALVITTI, R. Integrabilidade das distribui,Ses dadas 

par subilgebras de Lie de codimens~o finita no 
gh(n,C). 4 p. 

MANDEL, A. & GONCALVES~ J.Z. 
sets of free k-Tuples of 

BRITO, F.G.B. A remark on 
codimension two. 24 p. 

Construction of 
matrices. 18 p. 
minimal foliations 

open 

of 

GONCALVES, J.Z. Fr~e groups in 
and the res~dual nilpotence 

subnormal subgroups 
of the group of 

units of group rings. 9 p. 
BELOQUI, J.A. Modulus of stabilit~ 

Fields on 3-manifolds. 4~ p. · 
for vector 

GONCALVES, ~.z. Some groups not subnormal in the 
group of unit~ of its integral group ring. 8 p. 

GOES, c.c. & SIMOES, P.A.G. Imers6es mlnimas nos es­
pa,os hlperbdlicos.· 15 P ■ 

GIANBRUNO, A.; MISSO, P. & POLCINO MILIES, F.C. Der­
ivations wi th invertible values in rings with 
involution. 12 p. 

~ERRER SANTOS, W.R. A note on affine 
GONCALVES, J.Z. Free-subgroups and 

nilpotence of the group of µnits 
p-adic group rings. 12 p. 

q1.1ot ients. 6 p. 
the residual 

of mod•.1lar and 

GONCALVES, D.L. Fixed points of 81-fibrations. 18 p. 
RODRIGUES, A.A.M. Contact and eq1.1ivalenc'e of subman­

i folds of homogenous spaces. 15 p. 
LOURENCO, M.L. A projective limit representation of 

(OFC)-spaces with the approximation propert~. 
20 p. 

FORNARI, S. Total absolute curvature of surfaces 
~ith boundar~. 25 p. 

BRITO, F.G.8. & W~LCZAK, P.G. Totall~ geodesic foli-
ations with integral normal bundles. 6 p. 

LANGEVIN, R. & POSSANI, C. Quase-folhea,Bes e inte­
grais de curvatura no plano. 26 p. 

OLIVEIRA, M.E.G.G. de Non-orientable minimal 
faces in RN. 41 p. 

PERESI, L.A. On baric algebras with prescribed auto-
morphisms. 42 p. 

MIRAGLIA NETO, F. & ROCHA FILHO, G.C. The measura­
bilit~ of Riemann integrable-function with val-
1.1es in Banach spaces and applications.\27 ·p. 

MERKLEN GOLDSCHMIDT, H.A. Artin algebras wlch are 
equivalent to a hereditar~ algebra modulo pre­
projectives. 38 p. 

GOES, C.C. & SIMOES, P.A.Q. The generalized Gauss 
11ap of minimal s1.1rfaces In H3 and H4. 16 p. 



84-76 

85-77 

85-78 

85-79 

85-80 

85-81' 

85-82 

85-83 

85-84 

85-85 

85-86 

85-87 

85-88 

85-89 

86-90 

86-91 

86-92 

86-93 

86-94 

86-95 

86-96 

86-97 

86-98 

GONCALVES, J.Z. Nor~a1 
the group of units 

ARAGONA_VALLEJO, A.J. 
a-operator on 

and subnormal subgroups in 
of a group rings. 13 p. 

On ex istence theorems for the 
generalized differential forms. 

13 p. 
POLCINO MILIES, C.; RITTER, J. & SEHGAL, S.K. On a 

conjecture of Zassenhaus on torsion units in in­
tegral group rings II. 14 p. 

JONES RODRIGUEZ, A.R. & MICHLER, G.O. On the 
ture of the integral Green ring of a 

st r 1.11:­
c:~c l i c 
of the group of order p2. The Jacobson radical 

integral Green ring of a c~clic group of order 
p2. 26 p. 

VELOSO, J.M.M. & VERDERESI, J.A. Three 
Cauch~-Riemann manifolds. 19 p. 

dimensional 

PERES!, L.A. On baric algebras with prescribed auto­
morphisms II. 18 p. 

KNUDSEN, C.A. 0 impasse ar,tmo-geomitrico ea evolu­
~io do conceito de n~mero na Gricia antiga. 43p. 

VELOSO, J.M.M. & VERDERESI, J.A. la oiometrie, le 
probleme d'iquivalence et le classification des 
CR-varietis homogenes en dimension 3. 30 p. 

GONCALVES, J.Z. Integral group rings whose group is 
solvable, an elementar~ proof. 11 p. 

LUCIANO, 0.0. Nebuleuses 1nfin1tesimelement fibries. 
5 p. 

ASPERTI. A.C. & DAJCZER, M. Conformall~ flat Rieman­
nian manifolds as h~persurfaces of the ligt~ 
cone. 8 p. 

BELOQUI, J.A. A quasi-transversal Hopf bifurcations. 
11 p. 

POLCINO MILIES, F.C. & qAPHAEL, D.M. A note on deri­
vations with power central values in prime 
rings. 7 p. 

POLCINO MILIES, F.C. Torsion units in group rings 
and a conjecture of H.J.Zassenhaus, 14 p. 

LOURENCO, M.L. Riemann domains ov~r (DFC) spaces. 
32 p. 

ARAGONA VALLEJO, A.J. & FERNANOES.J.C.D. The Hartogs 
extension theorem for holornorphic generalized 
f1Jnct ions. 9 p. 

CARRARA ZANETIC, V.L. Extensions of immersions in 
dimension two. 27 p. 

PERESI, L.A. The derivation alge~ra of gametic and 
z~gotic algebras for linked loci. 25 p. 

COELHO, S.P. A note on central idempotents in group 
ring. 5 p. 

PERES!, L.A. On derivations of baric algebras with 
prescribed automorphisms. 21 p. 

COELHO, F.U. A generalization of a theorem of 
Todorov on preprojectives part it ions. 18 p. 

ASPERTI, A.C. A note on the minim~] immersions of 
the two-sphere. 11 p. 

COELHO, S.P. & POLCINO MILIES, F.C. A note on cen­
tral, Idempotents in group rings II. 8 P, 



86-99 EXEL FILHO, R. Hankel matrices over right ordered 
amenable groups. 18 p. 

NOVA SERIE 

86-01 GOODAIRE, E.G. & PDLCINO MILIES, F.C. Isomorphisms 
of integral alternative loop rings. 11 p. 

86-02 WALCZAK, P.G. Foliations which admit the most mean 
curvature functions. 11 p. 

86-03 OLIVEIRA, H.E.G.G. Minimal Klein bottles with one 
end in R3 and R4. 12 p. 

86-04 MICALI, A. & VILLAMAYOR, 0.£. Homologie de 
Hochsch i ld de certaines algebras de groupes. 
11 p. 

86-05 ·OLIVEIRA, M.E.G.G. Minimal Klein bottles in R3 with 
finite total curvature. 9 p. 

86-06 CARRARA ZANETIC, V.L. Classi~ication of stable maps 
between 2-manifolds with given singular set 
image. 22p. 

87-01 

87-02 

87-03 

87-04 

87-05 

87-06 
87-07 

87-08 

87-09 

88-01 

88-02 

88-03 

88-04 
88-05 

88-06 

BRITO, F. G,B. & WALCZAK, P.G. Total curvature of or­
thogonal vector fields on three~manifolds. 4 p. 

BRITO, F.G.B. & LEITE, M.L. A remark on rotational 
h~persurfaces of Sn. 13 p. 

GONCALVES, J., RITTER, J. & SEHGAL, S. 
gro•JPS in U<ZG). 13 P ■ 

Subnormal s1Jb 

ARAGONA VALLEJO, A.J. & COLOMBEAU, J.F. The inter-
polation theorem for holomorphic generalized 
functions. 12 p. 

ALMEIDA, S.C. de & BRITO, F.G.B. Immers~d h~persur­
faces of a space form with distinct principal 
curvatures. 9 p. 

ASPERTI, A.C. Generic mini~al surfaces. 21 p. 
GOODAIRE, E.G. & POLCINO MILIES, F.C. Torsion units 

in alternative group rings. 17 p. 
MERKLE~ GOLDSCHMIDT, H.A. Algebras which are equiva­

lent to a heredltar~ algebra modulo preprojec­
. tives II. 27 p. 

REYNOL FILHO, A. P-localizat Ion of some classes of 
gro•JPS ■ 30 p. 

( 
CARLSON, J.F. & JONES, A. 

lattices ovar group 
CARLSON, J.F. & JONES, A. 

periodic modules. 6 p. 

An exponential propert~ of 
rings. 22 p. 

Wild categories of 

SALLUM, E.M. The nonwandering set of flows on a Reeb 
foliation. 13 p. 

ALMEIDA, R. Cohomologie des suites d'Ati~ah. 14 p. 
GUZZO JR., H. Alguns teoremas de caracteriza~ao ,ara 

algebras alternativas a direita. 16 p. 
HARLE, C.E. Subvariedades isopararnetricas homogeneas. 

s p. 



88-07 

88-00 

88-09 

88-10 

88-11 

89-01 

89-02 

LANGEVIN, R. Vers une classification des d i ffeomor­
phismes Horse-Smale d'une surface. 18 p. 

ARAGONA VALLEJO, A. J. & BIAGIONI, H. A. An intrin-
sic definition of the Colombeau al9ebra of gen­
eralized functions. 48 p. 

BORSARI, H.D. A Cohomological character i zation of 
redutive algebra ic groups, 20 p. 

COELHO , S.P. & POLCINO MILIES , F.C. Finite conjugac~ 
in group rings. 20 p. 

FERNANDEZ, R. Characterization of the dual of an 
Orlicz Space. 19 p. 

GONCALVES, J.Z. 8 MANDEL, A. Embedd ing the Free Group 
Ring into Formal Series. 4p. 

REYNOL F9, A •• Nilpotent spaces: some inequalities on 
nilpotenc~ degrees. 17p. 


	Sem nome



