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Algebraic K-Theory and Rings with many Units

M. Dickmann F. Miraglia

The results on the algebraic K-theory of rings with many units, presented by the second
author in the Séminaire Structures Algébriques Ordonnées of the Equipe de Logique, University
of Paris VII in January 2006, will appear as section 4 of the forthcoming paper [DM7] and so
here we shall present just a short account of the results, omitting proofs. The interested reader
may consult the aforementioned paper.

In all that follows, the word ring stands for unitary commutative ring.

_ We shall employ the theories of special groups (SG) and reduced special groups (RSG),
Introduced in [DMQ], that is our basic reference for notation and nomenclature. In particular,
the acronym SG-morphism stands for a morphism of special groups.

Let G = (G,=¢,—1) be a special group and write Dg for the representation relation in G.
Thus, if a, b,c € G, a € D¢(b, ¢) mean that a s represented by b and ¢ (see Chapter 1 of [DM2]
for details).

The K-theory of G, introduced in [DM3], is the graded Fo-algebra,

hG = (FokiGy.oorknGhooo)

constructed as follows :
¥ k,G is G written additively, that is, we fix an isomorphism
\: G — kG, with Mab) = Aa) + Ab)-
In particular, A(1) is the zero of kG and kG has exponent 2, 1.e., for a € G, Ma) = =xa); ‘
% k,G is the quotient of the graded tensor algebra (I, kG, B1IG® ®k,G,...) over Fa,

n times

by the ideal generated by {\Ma)\(ab) : @ € Deg(1, b)}. Thus, for each n > 2, knG 18 the quotient
he subgroup consisting of finite

of the n-fold tensor product kG ® ' ® kG over Fa, by t
sums of elements of the type May) - A(an), where for some 1 <1 SN~ 1 and b € G, we have
0y = a;b and a; € Dg(1, b). An element of the type May) -+ AMzn) is a generator of k.G,
% There is a graded ring morphism of degree 1, AM(=1) () : k,G — kni1G, taking 7 € k.G
to A(~1)n € kpn1G. A special group s [SMC] if for all n > 1, multiplication by A(—1) is an
injection. Any [SMC] special group is reduced ((DM3], Lemma 6.2, p. 173).
% A SG-morphism, f : G — 1, i duces a morphism of degree 0 of graded Fp-algebras
¥ 3 G — k.H,

h={f:n2 0}, where fo = Idr, and for n > 1, fa ! k,G — knH 18 the unique group
morphism whose value on generators 18 given by (e )~ Man)) = M far)) -+ A f(an)).

Our main results are :
% A model-theoretic criterion for
¥ If A is a ring with many units, the ring-
duced in [Gu], when reduced mod 2, is can
group naturally associated to A, presented in [DMF)].

To begin with, we recall

a subring to inherit the property of having many units.
theoretic analog of Milnor’s K-theory of fields, intro-

onically isomorphic t0 the K-theory of the special
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Definition 1 Let R be a ring.
a) Write R* for the group of units in R.

b) A polynomial f € R[Xy,...,X,] has local unit values relative to maximal ideals iffor
all mazimal ideals m in R, there isw € R™ such that f (@) & m. Similarly, one defines the notion
[ having local unit values relative to prime ideals in R.

¢) R is a ring with many units if for all f € R[X,, ..., X, if f has local unit values relative
to mazimal ideals, then there is j € R™ such that f(@) is a unit in R.

\
Remark 2 Since every maximal ideal is prime and all (proper) prime ideals are contained in &

maximal ideal, a ring R has many units iff for all f(Xy,.., X)) € RIXy,..., X,

f has local unit values rela- N A2 ={2,...,% ) € K"
tive to all prime ideals in R such that f(Z) is a unit in R.

Examples of rings with many units are semi-local rings, arbitrary products of rings with
many units and more generally, the ring of global sections of a sheaf of rings over a partitionable
space, whose stalks are rings with many units. In particular, the ring of global sections of a sheaf
of rings over a Boolean space, whose stalks are rings with many units, is a ring with many units
The reader can find more information, as well as the proof of these results in [DM5], where it
is also shown that, under mild assumptions, the RSGs associated to rings of this type faithfully
represent the quadratic form theory over free modules (Theorems 3.15 and 3.16, [DM5]).

We also recall the following

Definition 3 Let L be a first-order language with equality.

Let A, B be L-structures, let A = B be a map and let P(vy, ..., v,) be a formula of L in the
free variables D = (vi,..vn). For@ = (a,...,an) € A%, write £(a) for { f(ar) . .. (o)
in B™.

a) f preserves ¥ if forall@ € A, A= vla)] = B ©[f(@)]; f reflects ¥ if the reverst
implication holds.

b) If f is a L-morphism, we say that A is positively existentially closed in B along f if
[ reflects all positive ezistential L-formulas. Whenever A is g substructure of B, and f is the
inclusion, we say that A is positively existentially closed in B.

¢c) A formula in L is positive primitive (pp-formula) if it s of the form 3 ¢(v; ), where ¥
is a conjunction of atomic formulas.

Proposition 4 Let R be a ring with many units.

a) If S is a positively existentially closed subring of R, then S is q ring with many units.
b) If e is an idempotent in R, then Re
units.

¢) Let T be a ring and let T Ly Rbea map that preserves addition,
T' is positively ezistentially closed in R along f, then T' has many uni

={ae : a € R}, a ring with identity e, also has many

multiplication and 0 ' If
ts.

To establish our second main result, we

adapt to our purposes a condition introduced in [GUI
(page 29) :
Definition 5 Let A be a ring and let m > 1 be an integ

er. Recall that A* is the group of units
in A. We say that

1So f is a morphism with respect to the language of rings without identity.



o) A satisfies [H1-m] (AE [H1-m]) if for ain>2andalll <k<m, if {f1, - fu} s a family

(1’f surjective linear forms over the free A-module A", there is U € A" such that fij(v) € AT,
<j<k.

b) A satisfies [H1] if A = [H1-m)] for allm 2 1.

It is mentioned in the Examples given on page 33 of [Gu] that all semilocal rings whose
tesidue fields are infinite verify [H1] Gleneralizing this observation We have

hose residue fields

%

Proposition 6 Let m > 2 be an integer. If A is a 1ing with many units, w

il have cardinality > m, then A [H1-m).

We now wish to present a mod 2 K-theory of rings, patterned after the construction in section
3 of [Gu]. Let A bea ring. We set KoA = Z and let K, A be A* written additively, that is, we

fix an isomorphism
] . A* —» KA, such that l(ab) = la) + I(b), Va,be A"
Then, Milnor’s K-theory of A is the graded ring (Definition 3.2, p- 47, [Gul)
K.A = (Z,KIA,...,KHA,..),

obtained as the quotient of the graded tensor algebra over Z,
KiAQ... @ KiA,...)

(Z,KiA, .

n times
by the ideal generated by {I(a) ® U(b) : @ pe Aranda+b=10r 0}. Hence, for each n > 2,
K, A is the quotient of the n-fold tensor product over 7, KiA®...® KA, by the subgroup
tonsisting of sums of generators lay) ® ---9@ I(ay), such that a; + @41 = 1 0T 0, for some
l<i<n-1. As usual, we shall write the generators in K,A4 as l(a1) I(ay), omitting the

tensor operation. As a consequence of (the proof of ) Proposition 3.2.3 in [Gu] (p. 48) and

Proposition 6 we have
hose residue fields all have at least 7 elements.

Lemma 7 Let A be a 7ing with many units W
otient of the graded tensor algebra over L,

Then, K,A 1is the graded Ting obtained as the qu
(Z,KlA,.,.,KlA@... & K, i}

n times
by the graded ideal generated by {l(a)l(b) ca, b€ A anda b =1} O
e define the mod 2 K-theory of A, as the graded ring
Eahy ) map KA
bgroup {21 € K,A :n € KA}

Definition 8 If A is a ring, ¥
k*A o <k0A7k1A"

that is, for eachn 20, k,A is the quotient of K,A by the su

still denoted by I. A generator in

, via an isomorphism ;
ie,n+n=0 for all

We have koA = F, and kiA = A*/A*2 .
{ exponent 2,

knA will be written [(a1) - -I(ap). Clearly, k,A is a group ©
N € k,A.

Lemma 9 If A is aring verifying [H1-6], then for all b, @, 015+ Ja, € A" and all permutations
oof {1, ..., n}

o) In koA, l(a)l(—a) = O

b) In koA, Ua)l(-1) = U

¢) In koA, l(a)l(b) = I(b)l(a)-

) Ik, A, U(ar)--Lan) = o - - - Hasm)- ,
) Ift),...,tn € A% then in knA, l(t%al)---l(tflan) = l(al)---l(an).
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Our next order of business is to connect the mod 2 K-theory of a ring with many u.ni.ts
satisfying certain conditions with the K-theory of the special group naturally associated to it 11
[DM5).

Lemma 10 Let A be a ring with many units, whose residue fields all have at least 7 elements.
Let a, b, ay,...,a, € A*, with a € Da(1,b). Ifa; = a and aj = ab for some 1 < i #j <™
then l(ay) - --l(a,) = 0 in k,A.

Theorem 11 Let A be a ring with many units such that 2 € A* and whose residue fields

all have at least 7 elements. Then, G(A) = (G(A), =, —1) (defined in [DM5]) is a specz':l
group. Moreover, the rules oy = Idy, and «n : k,A — k,G(A), defined on generators 0y
an(l(ar) - Uan)) = May)---A@,), forn > 1, determine a graded ring isomorphism between

the mod 2 K -theory of A and the K -theory of the special group G(A).
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