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The results on the algebraic K-theory of rings with many units, presented by the second 
author in the Séminaire Structures Algébriques Ordonnées of the Equipe de Logique, University 
of Paris VII in January 2006, will appear as section 4 of the forthcoming paper [DM7} and so 
here we shall present just a short account of the results, omitting proofs. The interested reader 

may consult the aforementioned paper. 
ln all that follows, the word ring stands for un-itary commutative ring. 

. We shall cmploy the theories of special groups (SG) and reduced special groups (RSG), 

1
ntroduced in [DM2], that is our basic reference for notation and nomenclature. ln particular, 
the acronym SG-morphism stands for a morphism of special groups. 

Let G = ( G, =e, -1) be a special group and write De for the representation relation in G. 
'I'hu«, if a, b, e E G, a E Dc(b, e) mean that a is reprcsented by b ande (see Chapter 1 of [DM2J 

for details). 
The K-theory of G, introduced in [DM3], is the graded lFralgebra, 

k* C :::.: ( lF 2, ki G, ... , kn G, ... ) , 

constructed as follows : 
* k1 G is G written additively, that is, we fix an isomorphism 

,\ : G ----+ k1G, with >.(ab) = >.(a) + >.(b). 
ln particular, >,(l) is the zero of k1G and k1G has exponent 2, i.e., for a E G, >,(a) = -!,(a); 
' k,G is the quotient of the graded tensor algebra ( lF ,, k1 G, ... , ~ O G ® ·,;.: ®~, ... ) ovcr 1F 2, 

n limes 

by the ideal generated by {>.(a)>.(ab) : a E Dc(l, b)}. 'Thus, for cach n 2 2, k,.G is the quotient 
of the n-fold tensor product k

1
G ® . - . ® k1G over IF2, by the subgroup consisting of finitc 

sums of elernents of the type ), ( a
1
) - .. ), ( an), where for some 1 S i S n - l and b E G, we have 

ª'+i = a,b anda, E Da(l, b). An element of the type !,(x1) · · · >,(xn) is a generator of knG· 
' There is a graded ring morphisrn of degree 1, >,(-1) (-) , knG --> kn+1G, taking ry E. knG 
to >.(-1 )11 E kn+l G. A special group is [SMC] if for all n 2 l, multiplication by >,(-1) is an 
injection. Any [SMC] special group is reduced {[DM3], Lemma 6.2, P· 173). 
* A SG-rnorphism, f : G --> H, induces a rnorphisrn of degree O of graded IF,-algcbras 

J* : kJJ ----+ k*H, 
f, = Un , n 2 O}, where /

0 
= Jd,, and for n 2 1, Ín , knG -> k,,H is the unique group 

lllorphism whose value on generators is given by f n (,\( a,) · · · >.( an)) ~ !,(! (a,)) · · · !,(! (a,.)). 

Our maín results are : 
* A model-theoretic criterion for a subring to inherit the property o[ having many units. 
' lf A is a ring with many units, the ring-theoretic analog of Milnor's K-theory of fields, intro­ 
duced in [Gu], when reduced mod 2, is canonically isomorphic to the K-theory of the special 

group naturally associa.ted to .4., presented in [DM5j. 
To begin with, we recall 
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Definition 1 Let R be a ring. 
a) Write R* for the group of units ui R. 
b} A polynomial f E R[X1, ... , Xn] has local unit values relative to maximal ideals if [ºr 
all maximal ideais m in R, there is u E R" such that f (u) (/. m. Similarly, one defines the notiori 
f having local unit values relative to prime ideais in R. 
e) R is a ring with many units if for all f E R[X1, ... , Xnl, if f has local unii values relative 
to maximal ideais, then there is y E R" such that f (y) is a unit in R. 

Remark 2 Since every maximal ideal is prime and all (propor) prime idea.ls are contained in a 
maximal ideal, a ring R has many units iff for all J(X1, ... , Xn) E R[X1, ... , Xn], 

f has local unit values rela- :3 z = ( z1, ... , Zn ) E R" 
==> tive to all prime ideais in R such that J(z) is a unit in R. 

Examples of rings with many units are semi-local rings, arbitrary products of rings with 
many units and more generally, the ring of global sections of a sheaf of rings over a partitionable 
space, whose stalks are rings with many units. ln particular, the ring of global sections of a sheaf 
of rings over a Boolean space, whose stalks are rings with many units, is a ring with many units. 
The reader can find more information, as well as the proof of these results in [DM5], where it 
is also shown that, under mild assumptions, the RSGs associated to rings of this type faithfullY 
represent the quadratic form theory over free modules (Theorems 3.15 and 3.16, [DM5]). (; 

We also recall the following 

Definition 3 Let L be a first-order language with equality. 

Let A, B be L-siruciures, let A _!__,, B be a map and let 'P( v1, ... , vn) be a formula of L in the 
[ree variables v = ( V1, ... , Vn ). For a = ( a1, ... , an) E A", write f(a) for ( J(ai), ... , J(an)) 
in B": 

a) f preserves 'P if for all a E An, A 1= 'P[a] ==> B I= 'P[f (ã)]; J reflects <p if the reverse 
implication holds. 

b) Jf J is a Lnnorphism, we say that A is positively existentially closed in B along f i/ 
J re.fiects all positive existential L-Jormulas. Whenever A is a substructure of B, and f is th~ 
inclusion, we say that A is positively existentially closed in B. 
c) A formula in L is positive primitive (pp-formula) if it is of the [orm :3v 'P(v; I), where ip 
is a conjunction of atomic formulas. 

Proposition 4 Let R be a ring with many units. 

a) Jf S is a positively existentially closecl subring of R, then S is a ring with many units. 
b) Jf e is an idempotent in R, then Re = { ae : a E R}, a ring with identity e, olso has manY 
units. 

c) Let T be a ring and let T _!__,, R be a map that preserves addition, multiplication and O 1. 1f 
T is positively existentially closed in R along f, then T has many units. (; 

To establish our second main result, we adapt to our purposes a condition introduced in [Gu] 
(page 29) : 

Definition 5 Let A be a ring and let m ~ l be an integer. Rccall that A* is the group of units 
in A. We say that 

1So J is a morphism with respect to the language of rings without identity. 
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a) A satisfies [Hl-m] (A F [Hl-m]) i/ for all n 2'. 2 and all 1 <:; k <:; m, íf {!1, ... , h} is a family 

0
! surjectiue linear forrns over the free A-module A'1, there is v E An sucli that f,-(v) E A* 

1 S j <; k. 

1 

' 

b) A eoiisjies [Hl] if A p [Hl-m] for all m ~ l. 

_lt is ment.ioned in the Examples given on pagc 33 of [Gu] that all semilocal rings whose 
tesidue fields are infinite verify [Hl]. Generalizing this observation we have 

l'roposition 6 Lei m 2'. 2 be an integer. If A is a 1ing with rnany units, who.se residue fields 
ai/ have cardínality 2'. m, then A F [Hl-m]. O 

We now wish to present a mod 2 K-theory of rings, patterned after the construction in section 
3 of [Gu]. Let A be a ring. We set K0A = Z and let K1A bc A' writtcn additively, that is, we 

fix an isomorphism 
l: A* ---+ K

1
A, such that l(ab) = l(a) + l(b), V a, b E A*. 

Then, Milnor's K-theory of A is the gradcd ring (Definition 3.2, p. 47, [Gu]l 
ICA = (Z,K1A, ... ,KnA, ... ), 

0btained as the quotient of the graded tensor algebra over Z, 
(Z,K1A, ... ,f<1A@ ... 0K_0,, ... ) 

v" 
n tirnes 

by the ideal generatcd by {l(a) 0 l(b) : a, b E A' anda + b = 1 or O}. Hencc, for each n 2'. 2, 
k n A is the q uoti ent of th e n- fold tensor product o ver Z, K 1 A 0 ... 0 K 1 A, by the su bgrou p 
Consisting of sums of generators /(a1) 0 ... 0 l(an), such that a, + am = 1 or O, for some 
l S i <:; n - 1. As usual, we shall write the generators in KnA a.s /(01)· · · l(an), omitting the 
tensor operation. As a consequence of (the proof of) Proposition 3.2.3 in [Gu] (p. 48) and 

Proposition 6 we have 
Lemma 7 Let A be a ring with many units whose residue fields ali have at least 7 elements. 
'I'hen, K,A is the graded ring obtained as the quotient of the graded tensor algebra aver Z, 

(Z,K1A, ... ,f<1A@ ... @K0,, ... ) ...,... 
n times 

by the graded ideal generated by {l(a)l(b) : a, b E A' anda+ b ~ 1 }. 

beftnition 8 Jf A is a ring, we define the mod 2 K-theory of A, as the graded ring 
k*A == ( koA, k1A, ... , knA, ... ) =def K*A/21-CA, 

that is, for each n 2'. O, knA is the quotient of KnA by the subgroup {2ry E KnA : ry E KnA) · 

We h ave ko A = ]F 
2 

an d k
1 
A "' A•/ A• 2, via an isomorphism still denoted. by /. A generator i n 

<nA will be writLen /(a
1
) •. - l(an)- Clearly, knA is a group of exponent 2, 1.e., ry + ry = O, for ali 

'rJ E k11A. 
Lemma 9 If A is a ring verifying [Hl -6)' then for ali b' a' ai, ... ' an E A• and ali permutations 

ªof{l, ... ,n} 
a) ln k2A, l(a)l(-a) == O. 
b) ln k

2
A, l(a)l(-1) == l(a)2. 

e) In k2A, l(a)l(b) == l(b)l(a). 
d) ln kr,.A, l(a

1
) · · · l(an) == l(acr(l) · · · l(acr(n))· 

')Ift
1
, ... ,t.EA',theninknA, !(t]a1)---l(t~a,.) - l(a,)---l(an)· O 

3 



===================================:::::...-~ - 

Our next order of business is to connect the mod 2 K-theory of a ring with many uníts 
satisfying certain conditions with the K-theory of the special group naturally associated to it in 
[DM5]. 

Lemma 10 Let A be a ring with many units, whose residue fields all have at least 7 elements. 
Let a, b, a1, ... .u« E A*, with a E DA(l,b). lf ai= a and ªJ .::::= ab for some 1::; i f- j::; n, 
then l(a1) · · · l(an) = O in knA. 

Theorem 11 Let A be a ring with many units such that 2 E A* and whose residue fields 
all haue at least 7 elements. Then, G(A) = ( G(A), -, --1) (defined in [DM5]) is a special 
group. Moreover, the rules a.0 = I dw2 and O:n : knA --~ knG(A), defined on generators by 
0:n(l(ai) · · · l(an)) = >.(a1) · · · >.(an), for n 2: 11 determine a gracleel ring isomorphism between 
the mod 2 K-theory of A and ihe K-theory of the special group G(A). Ô 
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