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ABSTRACT

In the framework of a systematic study of the categorization of optical forces in generalized Lorenz-Mie
theory, the present paper is devoted to the categorization of forces exerted on quadrupoles and, more
importantly, to their explicit expressions in terms of beam shape coefficients (and of Mie coefficients)
which allow one to calculate any kind of forces of the categorization in terms of the essential quanti-
ties involved in them. Three levels of categorization are presented. The first level, known since decades,
distinguishes between mixing forces and recoil forces. The second level distinguishes between gradient
and non-gradient forces. Although these non-gradient forces are usually denoted as scattering forces, we
argue that a third level may be introduced in which the so-called scattering forces are actually decom-
posed in scattering forces and non-standard forces, this last distinction having been found necessary in
previous studies devoted to electric dipoles, including Rayleigh scattering, and to magnetodielectric small
particles.

Quadrupole theory

© 2023 Elsevier Ltd. All rights reserved.

1. Introduction

The present paper is embedded in the framework defined by
the generalized Lorenz-Mie theory (GLMT) which is an analytical
and rigorous theory describing the interaction between an electro-
magnetic arbitrary shaped beam and a homogeneous spherical par-
ticle characterized by its diameter and its complex refractive index,
e.g. [1,2] and references therein dating back to 1982 [3]. Although
the primary motivation of the theory concerned the field of opti-
cal particle sizing and characterization, e.g. [4,5], there has been
an early effort concerning the evaluation of optical forces in the
GLMT framework, with a review in Gouesbet [6], as soon as 1985
[7]. In GLMT, optical forces are expressed in terms of beam shape
coefficients denoted g, and gjfn (TM standing for “Transverse
Magnetic”, TE for “Transverse Electric”, with n ranging from 1 to
infinity, and —n < m < +n) which encode the structure of the il-
luminating beam and of the Mie coefficients a, and b, which en-
code the structure of the illuminated scatterer. As we shall see, al-
though the use of the subscripts TM and TE may seem superfluous
(other notations have been introduced without using these com-
plementary subscripts), they will be of great value to emphasize
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the structures of the different kinds of optical forces exhibited by
the three-level categorization discussed in the present paper. Basic
expressions published in 1988 [8] and valid for arbitrary shaped
beams [9], will form the starting blocks of the present work, and
already introduce the first level of categorization between mixing
and recoil forces (although this last terminology was not used in
the original papers). The issue of optical forces has been discussed
as well by Barton et al. [10], relying on the previous efforts in
GLMT, in a theory that the authors called Arbitrary Beam Theory
(ABM), although GLMT is an ABM as well, both approaches being
however strictly equivalent as discussed in Gouesbet and Gréhan
[11], pp. 46-47.

The GLMT formalism (stricto sensu, i.e. in the case of ho-
mogeneous spherical particles) is valid as well to the cases of
multilayered particles when the expressions of the BSCs are
unchanged, requiring only to modify the expressions of the
Mie coefficients [12,13], and to other kinds of particles leading
to expressions which are formally identical to the ones of the
GLMT stricto sensu, namely assemblies of spheres and aggregates
[14-16] and spheres with an eccentrically located spherical inclu-
sion [17-19], Wang et al. [20]. Examples of optical force studies
may concern (to cite a few, recent ones) optical tweezers [21,22],
stretching and deforming [23], transporting and sorting [24],
binding [25], and pushing and pulling [26]. Many more examples
may be found in Gouesbet [27,28].
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After Arthur Ashkin’s work, it has been traditional to think of
the optical forces in terms of a partition between gradient and
scattering forces which is the second-level categorization. However,
although it may look strange for a theory completed in 1987 and
1988, GLMT studies aiming to a categorization of optical forces in
terms of gradient and scattering forces had to wait for a long time
before a first occurrence. As far as we know, such a first occurrence
would be due to Lock [29], in the course of a study devoted to the
calculation of radiation trapping forces in optical tweezers using
GLMT with illuminating Gaussian beams. In this study, Gaussian
beams were discussed in the weak confinement limit and scatter-
ing forces were defined as being proportional to the Poynting vec-
tor. It was then found that, indeed, GLMT performed well to dis-
tinguish between gradient and scattering forces. However, the use
of a weak confinement limit prevented the author to uncover that
there exist as well non-gradient (non-conservative) forces which
are not proportional to the Poynting vector and therefore do not
deserve the name of scattering forces. Such forces which are both
non-gradient (non-conservative) forces and non-scattering forces
(in the sense that they are not proportional to the Poynting vec-
tor) have been explicitly observed in the GLMT framework within a
study devoted to the interaction between Bessel beams and dipoles
[30]. At this time, they have been called axicon forces and have
been later renamed non-standard forces when it has been recog-
nized that their existence was not restricted to the case of beams
exhibiting axicon angles. The case of Gaussian beams outside of
the limited case of a weak confinement limit has been discussed
in Gouesbet and Ambrosio [31].The categorization of non-gradient
(non-conservative) forces in terms of scattering and non-standard
forces constitutes the third-level categorization to be discussed in
the present paper where it is a central theme.

A systematic study of the categorization of the optical forces in
the GLMT is very recent. It started in 2020 in the case of lossless
dieletric particles in the Rayleigh regime [30] and has been pur-
sued up to applications to non-dark axisymmetric on-axis beams
of the second kind and to dark axisymmetric on-axis beams [31],
in which we only retained the first electric Mie coefficient a;, fol-
lowed by a study of optical forces exerted on magnetodielectric
particles [32], in which the first Mie coefficients, both electric for
a; and magnetic for by, are retained. An accurate understanding of
the situation required several papers which were briefly reviewed
in Section 10 of [31]. One of the results of this effort has been the
(unexpected) exhibition of the third-level categorization of non-
gradient (non-conservative) optical forces in terms of scattering
and non-standard forces, made more explicit by several compar-
isons between the GLMT expressions restricted to dipoles and the
dipole theory of forces (possibly in the Rayleigh limit of the dipole
theory of forces), both numerically in the case of Bessel beams
[33,34], and formally in the case of arbitrary shaped beam illumi-
nation [35-37]. The present paper considers an extension of the
GLMT formulation to the categorization of optical forces exerted
on quadrupoles in which the second electric and magnetic coef-
ficients a, and b, are retained as well, and therefore pursues the
work devoted to the application of GLMT to optical forces. A sub-
sequent paper will consider the cases of optical forces for arbitrary
sized particles [38] and will close the series.

But it is important, for a refined understanding of the optical
force categorization, to compare dipoles and quadrupoles which,
although providing strong similarities, exhibit as well significant
differences which may be missed if the case of arbitrary sized par-
ticles was considered straight away. Let us indeed introduce a def-
inition according to which we define N -forces as subforces ob-
tained from the general expressions of forces by extracting in the
summations the terms involving the Mie coefficients ay and by,
and their products with Mie coefficients of order (N + 1). Then,
the main difference is that, in the case of dipoles dealing with
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1 -forces, the definition of non-standard forces relies on a physi-
cal property (being non-conservative forces which are not propor-
tional to Poynting vector) while, in the case of 2-forces, the defi-
nition of non-standard forces relies on a structural property which
is shared by 1-forces for the case of dipoles but never shared by
scattering forces, as will be discussed in the bulk of the paper.
Similarities and differences are also well exhibited in Section 7 in
which, as a similarity, we observe that the classification of mix-
ing forces is valid both for 1-forces and 2-forces (Section 7.1), in
contrast with the fact that we have to distinguish between type-1
recoil forces for 1-forces (Section 7.2) and type-1 recoil forces for
2-forces (Section 7.3).

As a consequence of the previous discussion, the paper is orga-
nized as follows. Section 2 recalls a background on optical forces
which will display the first-level categorization in terms of mix-
ing and recoil forces as already displayed in the GLMT framework
nearly four decades ago and which will serve to derive the ex-
pressions of 1-forces and 2-forces (in terms of BSCs and of Mie
coefficients) required for the study of quadrupoles. A background
concerning the Poynting vector in the GLMT framework will be as
well recalled. Section 3 displays the expressions of 1-forces while
Section 4 will provide their interpretation. Section 5 displays the
expressions of 2-forces while Section 6 will provide their interpre-
tation. Section 7 is a summary and a discussion of the results gen-
erated by the 3-level categorization and by a 2-level decomposition
(to be introduced in the sequel). Section 8 is a conclusion. Two
appendices will refer to gradient 2-forces exhibited in Eq. (24) of
Zheng et al. [39].

2. Background
2.1. Optical forces

The present paper is carried out in the framework of GLMT
with usual notations, e.g. [8,32]. In the longitudinal direction Oz,
the radiation pressure cross-section component Cp., is then ex-
pressed by the relation (e.g. Eq. (3.146) in Gouesbet and Gréhan
[2]):

T 1 ipgs S i igs
Corz = /O fo S Re(ELH + EgHir — EjH;
—EjHi)r? cosf sin® dOdg
b 2w
—/ / (I + I)r* cos® sin6 dodg (1)
0 0

in which the integrations are performed on the surface of a sphere
S, centered at Op, and of radius rp > A (with A the wavelength), E
and H denote the electric and magnetic fields respectively, the su-
perscripts i and s denote incident and scattered fields respectively,
and (r, 0, @) are usual spherical coordinates attached to the Carte-
sian coordinates (x,y, z). Also I; and If/, denote scattered intensities
given by Egs. (3.107)-(3.111) in Gouesbet and Gréhan [2]. They cor-
respond to the usual scattered intensities of the Lorenz-Mie theory
but generalized to the case of GLMT.

Cross-sections may be viewed as forces expressed in square me-
ters and will be conveniently called forces in the sequel (for the
relationship between forces in square meters and forces in new-
tons, see Eq. (226) in Appendix B). With this vocabulary, the first
force in the r.h.s. represents the forward momentum removed from
the beam, now called a mixing force, and the second force repre-
sents minus the forward momentum given by the scatterer to the
scattered wave, now called the recoil force. Eq. (1) therefore ex-
presses a first categorization of optical forces in terms of mixing
and recoil forces, a partition already introduced in 1985 in Goues-
bet et al. [7], although we here use a different language to express
it. Such a categorization occurs as well for transverse forces, see
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Section 3.12.3 of Gouesbet and Gréhan [2]. Eq. (1) may be rewrit-
ten as (Eq. (3.147) in Gouesbet and Gréhan [2]):

Cprz = €086 Cexr — 0S8 Coq (2)

in which cos@ indicates integrations weighted by cos@, Cex is the
extinction cross-section (Eq. (3.142) in Gouesbet and Gréhan [2]),
and Cs¢q is the scattering cross-section (Eq. (3.137) in Gouesbet and
Gréhan [2]). The forces cos@ Cex and cos6 Csqof Eq. (2) may be
evaluated in terms of BSCs according to Egs. (3.158) and (3.155) in
Gouesbet and Gréhan [2], to which the reader is kindly requested
to refer. Once they are inserted in Eq. (2), we obtain Cp, in terms
of BSCs and Mie coefficients according to (Eq. (3.159) in Gouesbet
and Gréhan [2]):

MBS & 1 (n+1+]p))!
C””:nzz{<n+1>2 (= 1pD! G)

n=1p=-n

Re[(an + a1 — 2anay 4 )gg,TMgﬁil,TM
+(bn + by, — 2bnbyy )8k 1p8h 1 1]

» 2n+1 (n+|pD!
n2(n+1)? (n—|pl)!
Similarly, the transverse forces components along x and y

may be decomposed into mixing and recoil forces according to
(Egs. (3.162) and (3.163) in Gouesbet and Gréhan [2]):

Corx =sinf cos@ Cexr —SiNO cos @ Cq (4)

Re[i(2apb} — ap — b;)gﬁ,mgﬁ}gl}

Cpry = sin6@ sin@Cey — sinf sin @Cscq (5)

For the subterms in Egs. (4) and (5), the reader is kindly
requested to refer to Gouesbet and Gréhan [2], Eq. (3.180) for
sinf cosg Cexr (With the subscript in the rightmost summation
corrected from m=p-1 to m=p—-1+#0 as in Eq. (158) of
Gouesbet et al. [8]), Eq. (3.174) for sinf cos¢ Csq, to be com-
plemented by Egs. (3.177) and (3.178), with the rightmost sub-
script of Eq. (3.178) corrected from TE to TM, as in Eq. (156)
of Gouesbet et al. [8], and (3.167), (3.168). As a whole, Cprx is
provided by Egs. (3.181) and (3.182) in Gouesbet and Gréhan
[2]. Establishing the expression for Cpry is fully similar. It is
found that sin€ sing Cy and sin@ sing Ce are deduced from
sinf cos¢ Cseq and sinf cos ¢ Cexr respectively, by changing Re to
Im. The final expression for Cpy is therefore identical to the one
of Cprx but with Re replaced by Im as well.

Optical forces expressed in square meters may be denoted F.
Then, the first-level categorization expresses the forces F as a sum
of mixing forces with a subscript “ext” and of recoil forces with a
subscript “sca” according to:

F= Fext+Fsca (6)
in which:
Eoxt x sin 6 cos QCext
Fext = | Fexey | = | sin@ sin @Cex (7)
Foxt 2 €05 OCoy
Ficax sin @ cos Cscq
Fsca = | Fcay | = —| sin6 sin pCyq (8)
Fcaz €05 0Cscq

The minus sign in the rh.s. of Eq. (8) is the consequence of
the minus signs in Egs. (2), (4), (5). The word “force” will be
conveniently used to discuss forces in the vectorial sense or, by
metonymy, to discuss force components, without any risk of am-
biguity due to the contexts. For the recoil forces, the components
will be discussed modulo the minus sign in the r.h.s. of Eq. (8).
Also, it must be noted that the forces in GLMT have been obtained
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by using a radiative balance of momentum rather than by using
the more abstract Maxwell stress tensor, although both approaches
are equivalent, as checked and stated for example in Gouesbet and
Gréhan [11], p.66.

2.2. Poynting vector

The study of optical force categorizations (for 1-forces) relies
on the Poynting vector which has been used to the introduction of
scattering forces (as proportional to Poynting vector components)
and, a contrario, to the introduction of non-standard forces (which
are not proportional to Poynting vector components), in the case
of small dipolar particles, e.g. [32]. For the expression of Poynt-
ing vector components versus BSCs in the GLMT framework, see
[40,41]. The reader is kindly requested to refer to these references
for expressions which are not repeated here. A particular attention
is to be paid to the Poynting vector components evaluated at the
origin Op of the coordinate system. These components, with P used
as a subscript, read as Gouesbet [30], Gouesbet et al. [32], Goues-
bet and Ambrosio [42], Gouesbet [43]:

[Sxlp = Refi[gl 1m (g1 1t — &1%e) + €016 (81" m — 811 ]} (9)
[Sylp = Re{[g?‘TE (gkﬂv{ + g;]ﬁk\/[ - g?_TM (g;]T*E + g},*TE)]} (10)
[S2lp = 2Reli(g; Ty 1 — &1.m8i're)] (11)

3. Expressions versus BSCs of the 1-forces

Among the 1-forces, those which have been required for dealing
with dipoles only involve Mie coefficients with subscripts 1, i.e. a4,
by, and the product a;b; [32,37]. Other 1-forces, which have not
been used when dealing with dipolar forces but which are nec-
essary for dealing with quadrupoles, are discussed as well in this
section. They are derived from the general expressions discussed
in Section 2.1.

3.1. Longitudinal 1-forces

The mixing 1-forces, denoted as cosfClL,, are given by
Egs. (15)-(17) of Gouesbet et al. [32]. They are conveniently re-
peated below to train the reader to deal with a change of nota-
tions useful in the more general context considered in this paper.
We then have:

2
cosOCl, = %Re(mZé +b1Z}) (12)

in which:

— —1x s o—Tx * ., 1 *
Z; = gl,]TM(gZ.lTM + lg1,1TE) +g%.TM(g%,TM - lg},TE) + §g(1).TM 2.TM
(13)

— —1x% so— 1% * - B 1 &
Zj = gl,]TE oyl lg],lTM) + 81 76 (857 + 181Tm) + §g11).TE 2.TE
(14)

in which Z} and Z}, were denoted G and Gy respectively in Goues-
bet et al. [32]. The superscript 1 refers to 1 -forces (the super-
script 2 will be later used for 2-forces). The subscripts E and H de-
note electric forces and magnetic forces respectively. Magnetoelec-
tric forces will be denoted by using the subscript EH. Such mag-
netoelectric forces occur for the recoil 1-forces which are found to
read as:

— 322
cosOCL, = ?Re(lam’{ZélH +a1a3Z{* + byb3Z{? (15)
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in which:
Ziy = gli,lTMglilT*E — &1 1mE'TE (16)
12 _ g1 o—1x 1 s 1 »
Zg” =8 tm&1m + &1 rmatm §g(l).TM 2.TM (17)
1 1a . 1 «
Zi} = g],]rsgz}s +g}TEg5,TE + §g(1).TE 2.TE (18)

The forces associated with Zéz weighted by the product a;a3;
and Z]? weighted by the product b;b% are new, i.e. they did not
occur in the paper related to the dipole theory of forces, see
Eq. (22) in [32] to be compared with Eq. (15) above.

3.2. Transverse x-component of 1-forces

The x-component of the mixing 1-forces is given by Eqs. (24)-
(26) of Gouesbet et al. [32] which is here to be understood with
a change of notations in which H; is changed to XEl and H, to
X,L (most of the time, changes of notations between [32] and the
present paper are easy to deal with). The x -component of the re-
coil 1-forces is found to generalize Eq. (27) of Gouesbet et al. [32],
and reads as:

2
sinf cos pCl, = %Re(im b Xg + ara; X + bib3X[? (19)
in which:

Xghy = gil)TTE (gl_.1TM - g%,TM) + g?,TM (gl_,lT*E - g%TTE) (20)

1, _ . 14
X = §g(2),TM &rm+ g1.1TM) - & (& rm + gZ,lTM)

— 48} 183 m + gE,ZTgMgT_lrzw) (1)

1, ) . Lot
X2 = §g3,TE (817e +&1re) — & e (&5 + &27%)
—4(g1.7685 e + &2 7681 1k (22)

The force associated with ia; b’{XEl}_, is a dipolar force already in-
troduced in Gouesbet et al. [32] while the a;aj- and b;b%-forces
are new.

3.3. Transverse y-component of 1-forces

The y-component of the mixing 1-forces is given in Eqs. (38)-
(40) of Gouesbet et al. [32], which is here to be understood with
a change of notations in which Hj is changed to YE1 and H} to YI_}.
The corresponding y-component of the recoil 1-forces is found to
read as:

2
sinf sinpCl, = %lm(im biYH, + ajas YR + bib3 Y2 (23)
in which:

Yen = &Y7e (& ry + &1.om) — &0 rm (8115 + 8177 (24)

1 % — * —1x
Y2 = §g(2),TM(gl.!l'M — gl _gil),TM(g;,TM - g2,1TM

— 48] 1m85 M — gizﬁwgﬂm (25)
1 « — % —1x

Y2 = §g‘),TE (&1 e —81me) — 83 e (€ — &57%)
— 4(81 18577k — gigﬁl:‘gi!l'E (26)

The force associated with ia1b‘{YE1,1{ has already been introduced
in Gouesbet et al. [32] while forces associated with a;a3Y}? and
byb%Y}? are new.
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4. Interpretation of 1 forces

We have to distinguish between dipolar forces which have al-
ready been interpreted in Gouesbet et al. [32], whose interpre-
tations will be recalled without any demonstration and the new
forces which require new demonstrations (and which will be called
non-dipolar forces).

4.1. Interpretation of dipolar 1-forces

4.1.1. z-component

Concerning cos6C},, of Eq. (12), it is the sum of electric forces
and of magnetic forces, both of them being separable in two sub-
forces, so that we have to face four kinds of forces, given by
Eqs. (18)-(21) of [32], denoted respectively (with a new obvious
slight change of notations) cos6Cl ;, cosOCL ., cosOCl;, and

ext,E’ ext,E’ ex
cos@CJ;fH, in which the superscripts I and R are related to the

imaginary and real parts respectively of the BSC-dependent terms
(in the present case, the imaginary and real parts of the BSC-
dependent terms correspond as well to the imaginary and real
parts respectively of the Mie coefficients, but this will not be

always the case). It has been demonstrated that cos GCQ;JE and

cosGCel);{H are mixing gradient electric and magnetic forces re-

spectively, proportional respectively to [82|E|2]p and [82|H|2]p, see
Egs. (56) and (58) of [32]. They may then conveniently be renamed
cos6C,, and cosHC,S,, in which the superscript G stands for
“gradient”.

It has been demonstrated as well that cos 0Cy,; is the sum of a
mixing scattering electric force and of a mixing non-standard elec-
tric force, reading as respectively, see Egs. (66) and (67) in Goues-

bet et al. [32]:

3)2 .
cos GC;E‘Z- = ﬁRe(al )Re[l(gilTMgilT*E - g},TMg},*TE)] (27)

—_— 312 B e . 1 ;
cos ecgkﬁlgs:?Re(al)Re[gL]TMgz,]TM + 81 tm8m + §g(l),TMgg,TM]
(28)

in which the superscripts S and NS stand for “scattering” and
“non-standard” respectively. This introduces the definition of non-
standard forces for 1-forces: the scattering force cosfC, is a
non-gradient (non-conservative) force which is proportional to the
corresponding component of the Poynting vector, see Eq. (11),
while the non-standard force cos@C.,f° is a non-gradient (non-
conservative) force which is not proportional to the correspond-
ing component of the Poynting vector. Similarly, cos@Cel);f_H has
been found to be the sum of a mixing scattering magnetic

force cos#C.:®, and of a mixing non-standard magnetic force

cos OC,1, see Eqs. (68) and (69) of [32]. For further use, it is use-

ful to express cos §CLK, which reads as:

3)2

cos GC;;ESH = ?Re(bl)Re[i(g},TEngM - gl_,]l'Egl_,}l:lk\/l)] (29)

4.1.2. x-component

Similarly, sin® cos ¢C}

ext 1N EQ. (4) may be decomposed into
four terms sinf cosgng;(LE, sin9cos<pC;;§E, sin@coswCel);{H and
sin9cos<pC;);5H, see Egs. (32), (33), (35) and (36) of [32]. It has

D2 Y ‘1,1 T A ‘ll
then been demonstrated that sin6 cos @Cyp and sinf cos @Copti

(renamed sin® cos pCL/% and sinf cospCLlS,) are mixing gradi-
ent electric forces and mixing gradient magnetic forces respec-
tively, proportional to [x|E|*]p and [dx|H|?]p, respectively, see

Egs. (59) and (60) of [32]. Also, it has been demonstrated that
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sin 6 cos (pCel);fE is the sum of a mixing scattering electric force and
of a mixing non-standard electric force, reading as (Eqs. (70) and
(71) of [32]):

CI,RS _ 3)"2

sin® cos pC,,y = ERe(m )Re{i[g? 1y (gf,lT*E - 81"

+817e (81 1w — 811} (30)

- A2
sinf cos pCl Y = 27 Re@ )Re[gdm (81 1w + 81 1) (31)

=38} rm(&rm +g§,1ﬁv1 —12(81 rm&3'rm
+8 82 )]
3A2

= ERe(al)Re(XE)

s . . . <0 e 1.RS .
in which, for the interpretation of sin6 cos¢C,;"; as a scattering

force, we may compare Eqs. (30) and (9). Similarly, siné cos gng);fH
has been found to be the sum of a mixing scattering mag-
netic force and of a mixing non-standard magnetic force, see

Egs. (72) and (73) of [32].

4.1.3. y-component
Similarly, sin6 singCl,,, see Eq. (38) of [32], may be decom-

posed into four terms denoted sin@singCy ., sinfsingCLRk.,
sin@singC. ,, and sin@singCf,, see Eqs. (47), (46) and (50),

(49), respectively, of [32]. It has then been demonstrated that
sinfsingCl,%, and sinfsingCL, (renamed sin6 singCl, % and

sin 6 sin goCel);f?_,) are mixing gradient electric forces and mixing gra-

dient magnetic forces respectively, proportional to [ay|E|2]P and
[3y|H|?]p, see Eqs. (61) and (62) of [32]. Meanwhile, sinf sin 9Clhit ¢
has been found to be the sum of a mixing scattering electric force
and of a mixing non-standard electric force, reading as respectively
(Egs. (74) and (75) of [32]):

A 3A2 % —
sinf sinpC,0°; = 27 Re@ )Relg?%e (81 v + &1 1w)

- 1,TM(g%>.kTE +g17,11*;3)] (32)
TN _ A 0 1 1
sin® sin G, = ERe(a”Im[ngm (& v — &1.1m) (33)

-39 rm(&hrm — 5,1;;\/1) —12(8} m&'rm

& &)

3)2

= ERe(aQIm(YEZ)

in which, for the interpretation of the scattering force
sinfsingCl, we may compare Eqs. (32) and (10). Further-
more, sinf sin <pCel);{’H has similarly been found to be the sum of

a mixing scattering magnetic force and of a mixing non-standard
magnetic force, see Eqs. (76) and (77) of [32].

4.14. Magnetoelectric dipolar 1-forces

The dipolar 1-forces considered up to now were mixing purely
electric or purely magnetic forces. We now have to consider the
first force of Eq. (15) which is again a dipolar force (i.e. a force
involved in the GLMT limit of the dipole theory of forces as dis-
cussed in Ambrosio et al. [37]). It is the z-component of a re-
coil magnetoelectric force given by Eq. (22) of [32], which may
be decomposed into two subforces denoted as cos@Csléc’EEH and

1
cos chca,EH

which are given in Egs. (79) and (80) of subsection
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(4.4) of [32] in which they are interpreted. In particular, we have:

cosOCLR  — —317

sca,EH p= Re(a;b})Re[i(g] g1 — &1 1 1e)]  (34)

2
= % Re(a;b})Re(iZ,

. —~1.R
It was concluded by a direct argument that COSGCm,EH

(renamed cosOCL® ) is a scattering force. Furthermore, from
Eqgs. (34), (27) and (29), we obtain:
Re(a;b})

Re(ay)

cosOCLRS =2

Re(;hb’{)—cmS
sca,EH —

< nrlRS _
cos0C ziRe(bﬂ cos0C,;

ext,E —

(35)

: 1R
which expresses cosOCsm,EH

electric and magnetic forces, and confirms that wcsca.EH
deed a scattering force. In contrast, it was argued that wc;c*é,m
(which is not a scattering force and which is not a gradient force)
is a recoil non-standard force, to be renamed cos 9CL./\;, (see com-
plementary discussion, between Egs. (80) and (81) of [32]). From
Eq. (80) in Gouesbet et al. [32], it is observed that this recoil non-
standard force only contains BSCs associated with n = 1, without
any coupling between (n = 1)- and (n = 2)- partial waves (i.e. in-
volving only BSCs of the form gf'y) and without any coupling be-
tween (n = 1)- and (n = 2)-Mie coefficients (i.e. involving only Mie
coefficients a; and bq). This force is both non-standard and mag-
netoelectric, with therefore is a noticeable property. Similar com-
ments would apply as well to the x- and y-components of recoil
non-standard magnetoelectric forces discussed below.

Similarly, from the x-component of the recoil force of Eq. (19),
we may extract a dipolar recoil magnetoelectric force, again with-
out any coupling between n=1 and n = 2 partial waves, denoted
sin9cos<pCslca‘EH, and given by Eq. (27) of [32]. This force may
be decomposed into two subforces denoted as sin@ cosCLR

sca,EH
and sin#é cos ‘pC;dIl,EH which are respectively given by Eqs. (82) and
(83) of [32], and interpreted in subsection (4.4) of [32], in which

P : 1.R : 1,RS
it is found that sin 6 cos ©Clqpm O be renamed sin6 cos 9C; %y,

is a scattering force while, arguing as for cos GCslc"é’EH, we have that
sinf cos ‘/’Cslc}i,EH- renamed sin 6 cos wCsléé{VESH is a recoil non-standard
(magnetoelectric) force, again without any coupling involving n = 1
and n =2 partial waves. Furthermore, similarly to Eq. (35), we
demonstrate that:

in terms of mixing scattering pure

LRS s in-

- Re(ajbt)
sinf cos pCN, = Z%Sin 6 cos pC;5
Re(a;b*) ——
= 2Wsm0 cos pC.5, (36)

which confirms that sin6 cos 9C.%},, is a scattering force which is

expressed in terms of mixing scattering pure electric and magnetic
forces.

Similarly, from the y-component of the recoil force of Eq. (23),
we extract a non-coupling recoil magnetoelectric force given
by Eq. (41) of [32] which may be decomposed into two sub-
forces denoted siné sianslégEH proportional to Re(iYé}_l) and
sinf sin(pC;c’évEH proportional to lm(iYE}_l). We here have to take
into account for a change of notation which, using Re(iz) =

—Im(z) and Im(iz) = Re(z), shows that sin@sinwcslc’im and

sin6 sin(pC;c’évEH, due to a change of location of the imaginary
unit “i", actually correspond to Eqs. (86) and (85) - i.e. not
with (85) and (86) - of [32]. In subsection 4.4 of [32], it is
then concluded that sin6 siansléC’l’EH is a scattering force (re-

named sin®singCl”..), while arguing as for the z- and x-
C1.RNS

components, sinf singCLX . (renamed sin sin pCLM%,

SCa.EH ) denotes
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a non-coupling recoil non-standard force. Note that the interpre-
tations of these x- and y-components require to interchange the
superscripts R and I which is the consequence of the change from
Re to Im in the general expressions for the x- and y-forces as men-
tioned in Section 2.1. Similarly as for Egs. (35) and (36), we then
demonstrate that:

- Re(a;b}) ———
sin@ singCl.l, = ZWsm 0 sin pC 5,
Re(aib}) ——— ;s
= stme singC,,’y (37)

confirming that sin@singCL:°,, is a scattering force, which fur-

thermore can be expressed in terms of mixing scattering pure elec-
tric and magnetic forces.

4.2. Interpretation of non-dipolar 1-forces

4.2.1. z-component

We now have to discuss non-dipolar 1-forces, that is to say
forces which are not required to match the dipole theory of forces,
once again see [32] where they have not been implemented. These
new forces, not yet interpreted, are all recoil forces with a cou-
pling between (n=1) and (n = 2) partial waves, these couplings
being associated with products aya} and b;b3 of Mie coefficients.
We again begin with a z-component. From the second and third
forces of Eq. (15), we have:

1 3)\’2 12

€05 0Ciep = = —Re(@ra3Z}?) (38)
1 3)\’2 12

c0sOCqyy = - Re(b1b3Z;; (39)

in which we recall that Z}? and Z}? are given in Egs. (17) and (18).
The electric recoil force cosQCsLa,E may be decomposed into
two subforces denoted cosOCLF, and cosOCL!,, which, using

ca,E’
Eq. (17) read as:

- 2
cosOCLR, = %Re(ala’z‘)Re(ZE) (40)

3A2

- 7Re(a1a’2‘)Re(g1‘,‘TMg2‘.1T’,§,[
* l *

+g},TMg;,TM + §g(1),TM 2m)
_ _3)2
cosfCL! . = Im(a;a3)Im(Z%?) (41)

_3)‘42 % -1 —1x

o Im(a1a3)Im(g; &, 1
* 1 %

+g}TMg§,TM + §g11),TMg[2),TM)

From Eq. (28), we see that cosfCLF, is a non-standard force
according to: '

2Re(a1a5) —— 1 rns
“Rea) cosOC,y ¢

showing that we have a recoil non-standard electric force which

may be expressed in terms of a mixing non-standard electric force.
For cosOCH! . we first establish, from Egs. (13) and (17) that:

sca,E’

P =7; - i(gl_.!l'MgilTE — &1 7m&1TE) (43)

“0sOC'R  _ cos@CIRNS _
cosO0C, p = cosOC =

(42)

We may then decompose cos0C! _ into two subforces denoted

sca,E
cos6CLI% and cos 0c18 | reading as:

sca,E?
—3A2

1la
cosOC; ;=

Im(a;a%)Im(Z}) (44)
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— 3)2 .
cosBCey = ——Im(@ia3)lmli(g; g i — 8l ighoe)]  (45)

Let us consider Eq. (44). Im(Zé) occurs in Egs. (18) and (56) of

[32] for cos QCS’JE and [82|E|2]p respectively (notwithstanding an

easy change of notations). We then find that cos OC;C'(T‘E is a recoil
gradient electric force, which may be expressed versus a mixing
gradient electric force, according to:

— — 2Im(ajay) ——
1,1 1,IG 1.1
cos 0Cy, % = cosO0C, = Tal)zcos 0Co i
3A2 . 2
= Wlm(alaz)[az“ﬂ Ip (46)
We now consider cosGC;gé’?E. The Im[] in Eq. (45) may be ex-
pressed in terms of cos GCSEL_EH by Eq. (80) of [32], showing that it

is a recoil non-standard electric force which may be expressed in
terms of a recoil non-standard magneto-electric force according to:

— — —Im(a;a%) ——
1,18 1.INS __ 143 1,INS
cosOC ' = cos OCSCGYE = WCOS GCm’EH (47)

Similarly, cos AC]

cay May be decomposed into two subforces de-

noted cos6CL:X, and cosOC)! ,, reading as:
—71R 342 « 12
cosOC;yyy = ?Re(bmz)Re(ZH (48)
3)2 . 1ol ol ols 1o o
= 7Re(blb2)Re(g1,TEg2,TE + 81 1e82mE + §g1,TEg2,TE)
—7l —3A% « 12
cosOC;, y = Tlm(b1b2)lm(ZH ) (49)
—3A2
=— Im(b;b3)Im(g; 1:85 1%

* 1 %
+g},TEg;,TE + §g?,TE 27E)

Proceeding similarly as for the electric force @Cgmv £ (or, more
rapidly, invoking a duality between electric and magnetic forces),
it is then found that cos 9Cslc’§ y is a recoil non-standard magnetic
force which may be expressed in terms of a mixing non-standard

magnetic force according to:

cos OCLRNS 2Re(b]bz)cos OCLRNS

~ncACLR
cos 6C scaH — RE(bl) ext,H

sca,H —

(50)

while cosQC;C’;H may be decomposed in two subforces denoted

cosOCH andcosOClP which, using the magnetic counterpart of

sca,H sca,H’
Eq. (43), read as:
2] 1,1 _3)\-2 b,b* 1
cos Csca,H: T Im(byb3)Im(Zy) (51)

— —3A2 1 1s .
cos QCSE;I.SH i lm(b1b§)lm[1(g1']rEg1leM - gingim)]  (52)

Similarly as for the electric case, it is then found that cos GCSC*é“H

is a recoil gradient magnetic force, which may be expressed versus
a mixing gradient magnetic force, according to:

— — 2Im(byb3) —
cos OCLM, = cosOCLL, = 7;?“((1;] )2) cos0C1%
302 . 2
= iy m(bib3)[:[H["]p (53)
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while cos@Cslc'éﬁH is a recoil non-standard magnetic force, which
may be expressed versus a recoil non-standard magnetoelectric
force, reading as:

Im(b;b%)

enrliB ~nc A LINS ~ac AC1INS
cosOC; ' = cosOC 'y = mcos OCeeatn (54)

4.2.2. x-component
From the second and third forces of Eq. (19), we have to deal
with:

S 2
sinf cos pCl, ¢ = %Re(alaﬁXE) (55)
_— 322 12

sin6 cos pCicq g = 5 —Re(bib3Xyy’) (56)

We begin with siné cos ¢C!

sca.E which may decomposed into

two subforces denoted sin6 cos 9CL.~ . and sin6 cos ¢Cl;; ., reading
as:
g _ 3 # 12
sin® cos pC, p = o Re(a;aj)Re(Xg (57)
. ‘l,l _ _3A42 * 12
sind cos $Conp = S Im(a;a3)Im(Xg”) (58)
Using Eq. (31), we obtain:
- - Re(aay) ——
sin6 cos pCLR . = sinf cos pCLAY = o Re@) g eos @CLRNS
: : Re(aq) ext,
(59)

showing that sin6 cos (pC}C‘g_E is a recoil non-standard electric force
which may be expressed in terms of a mixing non-standard elec-
tric force.

For sinf cos pCl.! ., we observe that X2 of Eq. (21) may be ex-
pressed in terms of Xbl of Eq. (25) of [32] (in which it was denoted

as Hp), according to:

1 . s * (o
X = §Xgl —ilg? (& Te —&1're) + &7 (8w — &) (60)

Therefore, sinf cos ¢C_;} . may be decomposed in two subforces
denoted sinf cos pC};\% and WCSIC"II’?E. reading as:
sinf cos 1% = izlm(ala*)lm(xl) (61)

sca,E 27 2 E

__ 3).2 o o
sin@ cos (pCslc’éfL}E = ﬁlm(alaz)Im{l[g?vTM(gl_lTE - g

+8V7e (8w — &1 1) (62)

The quantity Im(X%) is available as well from Eqgs. (32), (59) of

[32], leading to the fact that sin@coswCslc'éf"E is a recoil gradient

electric force which may be expressed versus a mixing gradient
electric force according to:

sinf cos pCl% = sin6 cos pCL (63)
 Im(@13) ——— ¢
= ZWst cos pCoy
322 .
= Wlm(alaz)[ax“ﬂz]l’

Next, from Egs. (20), (62) can be rewritten as:

- 2
sinf cos pClf = %Im(alaz)lm(ixé}i (64)
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which, using Eq. (83) of [32], leads to:

—Im(a;a%) ————
sin@ cos pCL.f; = sinf cos pCLINY = ﬁsin 0 cos Ciq iy
1
(65)

showing that it is a recoil non-standard electric force which maybe
expressed in terms of a recoil non-standard magnetoelectric force.
Proceeding similarly as for the corresponding magnetic force

siné cos (pcslca,H of Eq. (56), we use a decomposition into two sub-

ey —— e ——|
forces denoted as siné cos ©Coan and sin®) cos pC;,

way. Then, using Eq. (73) of [32], we establish that sin 6 cos (pCsl'R

ca,H’
renamed sin® cos pC1-®YS, is a recoil non-standard magnetic force

which may be expressed versus a mixing non-standard magnetic
force according to:

in the usual

Re (b b)

sin6 cos C1R = sinf cos pCLRY = ziRe(b ) sin6 cos pCLRYS
, . ; :
(66)

Expressing X}? of Eq. (22) versus X} of Eq. (26) of [32] (where

it is denoted H,), it is found that sin6f cos (pCslc"le may be
decomposed into two subforces, denoted siné cos (pCS&f‘H and
sinf cos <pCslc‘fH, reading as:
sin@ cos pCL1 = _—Hlm(blb*)lm(xl) (67)
sca,H 2 2 H
—_— 3\2 . . . s
sinf cos goC;C’fH = Elm(blbz)Im{l[g?'TE(g}_TM —g
+ 8w (81 1e _g;,1TE)]} (68)
From Egs. (35), (60) of [32], we conclude that sinf cos pC;/%, is

a recoil gradient magnetic force which may be expressed versus a
mixing gradient magnetic force according to:

sinf cos pC:%; = sin6 cos pCLl, (69)
[m(b1b§)7 1,IG
= stm 0 cos pCop iy
3

2
n 2
[ 5 H
e M (b1b3 [0 HP’ ]
while, using Eq. (83) of [32] and Egs. (20), (68) shows that
sin 6 cos <PC315Z,{SH is a recoil non-standard magnetic force which may
be expressed versus a recoil non-standard magnetoelectric force

according to:

Im(bib%) —————
sin@ cos pCL./}, = sinf cos pCLINS = ﬁsin@ cos pCLNe,
1
(70)

4.2.3. y-component

The y-component is treated quite similarly as the x-component
so that we shall omit the details of the demonstrations. They
can be “copied” by the reader from the case of the x-component
(taking into account, once again, the interchange of the super-
scripts R and [ arising between x- and y-components). From
Eq. (23), we have to deal with two new subforces denoted
as sinfd singoCslwf and siné sianslca‘H. The recoil electric force

sin@ sin ¢C}

ca,
noted as sin® sinCLR . and sin@sinCl! .. It is then found, from

Eq. (33), that sinfsingCl;) ;, to be renamed sin@ sin pC['y,

¢ may decomposed again into two subforces de-

is a
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recoil non-standard electric force which may be expressed in terms
of a mixing non-standard electric force according to:

Re(ajay)

SinfsingCl = SN0 singCl¥ = 2 o tsind sin gl
> i 1 ’
(71)

Next, sinf sinCl.X;

may be decomposed into two subforces
denoted as sin@ sinC.*% and sin@sinpCL . We afterward show
that sin6 sin ‘PC51550E is a recoil gradient electric force which may be

expressed versus a mixing gradient electric force, according to:

sin@ sin@C: % = sin6 sin pCXG (72)
Im(a]az)% 1,R
= ZWsmG singC,, ¢
322 .
= Mlm(alaz)[aﬂmzlp

while sin#6 sin <pCs]c‘§€ is a recoil non-standard electric force which
may be expressed versus a recoil non-standard magnetoelectric

force, according to:

sin@ sin o S — —Im(a;a3
sin @ sin pCluy = sin® sin LS = ﬁltfz))

1,RNS
sca,E C

sin® sin 9C;, pyy
(73)

Similarly, sinf singCl,

y may be decomposed into two sub-
forces denoted as sin@ singC;\; and sinfsingCl;! ;. We then es-
tablish, using Eq. (77) of [32], that sinf sin (pCS” to be renamed

ca,H’
sin® sin goC;C'éle, is a recoil non-standard magnetic force which may

be expressed versus a mixing non-standard magnetic force accord-
ing to:

Re (b1 b;)

1,INS
Re(b;) ¢

sinf sinCL! = = sinf sin pCLINS = 2 sin@ sin pCL1"

scaH — scaH —

(74)

and we establish, using Eq. (40) of [32] and Eq. (26), that

sinf singoCslc'f_H may be decomposed into two subforces denoted

as sinf sinCL* and sinf singCLRP . From Egs. (49) and (62) of
[32], we then have that siné sin wCsléf‘;‘{ is a recoil gradient mag-
netic force which may be expressed versus a mixing gradient mag-

netic force according to:

sin@ sin LR = sin6 sin Lk = Z%Sin 6 sinpCLK,
, . : ,
3A%n .
= e Im(b;b5)[dy[H|*]p (75)

while from Eq. (86) of [32] and Eq. (24), the recoil magnetic force
sin 6 sin goC:mH is a non-standard force which may be expressed
versus a recoil non-standard magnetoelectric force according to:

CLRNS _ Im(b;b3)

sin@ sinpC;M = sin@ sinpCLRY = imarb:) CLRNS

sca,H — sin® sing sca,EH

(76)

5. Expressions versus BSCs of the 2-forces

All expressions for the 2-forces are derived from the general ex-
pressions discussed in Section 2.1, similarly as for 1-forces.
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5.1. Longitudinal 2-forces

From Eq. (3.158) of [2], the longitudinal mixing 2-force is found
to read as:

2
cosOC2, = %Re(aﬂ% +by7%) (77)

in which:

1 4. 1 3 1. .
Zg:igﬁ)’m 2,Tm+§gg.TM 3,TM+§(gl,1TMg2,TM+g%,TMg£,TM) (78)

8 — —1x% * 40 — —2x% *
+§ (g2.1TMg3,1TM + 8 rm8m) + 3 (gZ,TMg&ZTM + gzzrmg%,m)

) — —1x * 20 — —2% *
+’[g(g2,1TMg2.1TE — 85 m&e) + ?(gZ.gl'MgZ,%l'E — 8 &)

1 £ 1 % 3 — L% — *
Zh = §gD,TE 2.TE T §gg,TE 3.7E T E(gylrsgzlrs + 81 e&re)  (79)

8 — —1x * 40 — —2% *
T3 (gZ,lTEg3,lTE + 85 1683°E) + 3 (g2,2TEg3.2TE + 85 1683 TE)

.5 20

+i 5 (g?TMg%,TE - gi]ﬁwgi]m)-F? (gﬁf‘mg%,m - gizﬁwgizm)]
Eq. (77) may be compared with Eq. (12), the difference by a
factor 3/2 being due to a difference in prefactors involved in the
definitions of the Z¥-terms. Let us note that Z7 and Z? are related
by an interchange of the subscripts TM and TE, and by another
one concerning the sign of the “i-term”. Such subscript symmetries
between electric and magnetic forces may be recurrently observed,
although we shall not mention it any more. Let us note as well that
the expression for Zg (and for Zﬁ, and for many other expressions)

can be written in a compact form as Gouesbet et al. [38]:

1 & (N4l
(28 Iy_p = |:NZ Z (N—1- |p|)|gll\)l—l.TMgI[\Jl.TM (80)
p=—N+1 :

PR N < N U'ES Ea -/ IS
(N+])2 ; (Nf |p|)! N,TMSN+1,TM

=—N

. N
_ N+ *ZP(N+|p|)!gp o

NZ(N+])2 (N_ |p|)| N,TMSN,TE
N=2

p=—N

When dealing with arbitrary sized particles, compact forms
such as in Eq. (80) are compulsory. In the present paper, expanded
forms such as in Eq. (78) are preferred because they better exhibit
the internal structure of the equations. It must furthermore be re-
marked that the general form of Eq. (80) is not valid for N = 1 be-
cause it would generate BSCs gg_TM which do not exist. This is a
supplementary reason to distinguish 1-forces and N-forces (N > 1)
as done in the present paper with the consequence that the forth-
coming paper for arbitrary sized particles will focus only on N > 1.
Let us note that indeed we could force Eq. (80) to remain valid
whatever N by multiplying it by a prefactor (1 —dy_1,9) but such
a procedure would nevertheless insist on the peculiar character of
the case N =1.

From Eq.(3.155) of [2], the longitudinal recoil 2-force is found
to read as:

— 202 .
cosOC2, = = Re(ia;b3Z2 + a,a3Z% + byb3Z%) (81)
in which:
5 * — —Tx
Z% = g(g%,mg%,rf _gz,]TMgZ,]TE) (82)

20 A,
t3 (85 M85 e — &5 TMEaTE

1

253 = _§gg,TM fTM (83)
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8 N _ s
-3 (g;TMg;,TM + gz.]TMgl]TM

40 . _ 24

3 (8318 M + gz,ZTMga,ZTM

1 "
Z5p = _§gg,TE 3,TE (84)

3 1 1x —1 —T1x
-3 (gz TES3.TE + 82 1683 1E

(g% e85 TE + &, TEg3 TE

5.2. Transverse x-component of 2-forces

From Eq.(3.180) of [2], with the subscript of the rightmost sum-
mation changed from m=p—1 to m= p—1# 0, the transverse
x-component of the mixing 2-force is found to read as:

)\'2

~_Re(apX2 4+ by X3 85
o (a2 2Xi) (85)
in which it is convenient to express X52 and XEI as a summation of
three terms according to:

sinf cos pC2, =

X2 = Xg? + XP? +ix)? (86)
XE =X + X0 +ix)? (87)
with:

1 2
ng = jgg TM(g}*TM +g]_]]j;\/1) + 7ggTTM(g£,TM +g5,1TM) (88)

+5 (g3 tm&5 v + &5, TMg2 )

1 o ol 2 0s -
X4 = jg‘; e(@E + &1 7E) + *gg.TE (8.5 + &2.1e) (89)

+3 (g3 e85k + &, TEgZ TE

2 -3 « _ 4 —1x *
Xﬁ =5 Yrm (€2 m + &m) — §g(2],TM(g3,lTM +85'rm) (90)
40 " _ 2%
—6(g}’ TMg% ™ 81 TMgZ ™ (g%,rmgg,rm + gz,lTMglzTM)
—80(g5 rm&3Tm + gE,TMgE,TM)

xp - 3

4
H = Zg?TE(ngE"’gZTE) ggTE(g3TE+g3TE) (91)

—6(g17£85 16 + 81 Tega T (g2 183TE + &, TEg3 TE

—80(g5 1683 77e + g;,T*EgiTE)

2 5 —1x * 5 * —
Xy = ggg,m (&7 — &re) + gg(z),TE (&1m — &2.1m) (92)
(g2 TMgQ]T*E + gEZT*Egz v — &2.1mE 1E — &2'1685.TM)
2 5 * — &) * o
X" = égg,TM (816 — &o1e) + gg(z],TE (&3'rm — &1 (93)

10 .. . I P 2 o1k
+§ (g;TMgg,TE + g;TEg%,TM - gz,zTMgZ‘]TE - gz,ZTEgz_]TM
while, from Eq.(3.174) of [2], the transverse x -component of the
recoil 2-force is found to read as:

snfcospCl, = 2 " Re(iasbyXE + 225X + b;b3XE) (94)
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in which:
5
XE = 6[8(2)}5 (& tm — &.1m) + 85w (&7 — &1 (95)

10,
+§ (& 2TEgz ™ g% e8.Tm + 8 TMg2 -8, TMg2 )

2 4
X3 = 3gg (€ rm + &) — gg TM(g3 ™ + & 1) (96)

—1x

1 *
+3 (g% ME5TM 8 TMg3 ™ (gz,TMg%.TM
—2%

+85 185 1) — 80(85 m&3Tm +g5,2TMg§,T7v1)
2 4
X7 = 3gg e (816 + 8o 1E) — ggTE(gB e+ 851 (97)

1 ~2 51
+§(g%,rsg3frs + 87683 7F) —

—80(g3 1r&37re + gE,ZTEg;BT*E

1 * —1 52
? (gz_rfgé,rs + 8516857k

5.3. Transverse y-component of 2-forces

Similarly, the transverse y-component of the mixing 2-force is
found to read as:

sin@ sin pC2, = ; Im(a, Y2 + by Y3) (98)
Y2 = Y2 +YP? +iv)? (99)
Y3 = Y52+ Y[+ iv)? (100)
with:
1
Ybsxz = jg(Z).TM(g}TTM gl TM) + gg TM(gz ™ gz TM) (101)
8 ~1x 5— *
T3 (gB,TMgz,ZTM - g%,TMg%TM)
1
Yi? = jgg.TE(g}TTE g + é’g 16 (&2 rE — &.1E) (102)
8 —1x *
T3 (gz_ZTEg3,]TE — 8Ye85 18)
V= D@ - B - aBuEine -Gk (103)
e = 5 8m v —821m) — 382m 83 M ~ 83 Tm

40 . 1 2
—6(g1 TMg2 v — ETMES M) — (g;TMg%,TM - g2,1TMg3,2TM

—80(g3 13 M — 83, TMgZ ™

2_ 30 o Sl
Y£ = Tg?;f (gz}E S1e) — 82 16 (837 — & TE (104)
—6(g, Yr & 7 — &\reo.1e) — ?(g%,rsg%fm 816837
—80(83 1e83'1e — &3 188275
5
YEy2 =6 8577 (g§,1TM +81m) — & 1m (gilT*E +8re)] (105)

—1x

10 .. ) L
t3 (&' e5.mm + gZ,TMgZ TE 7

1 * 1
— & 1ES2 M — g%,TEgZ,TM)

5
Yﬁ,/z = g[gg,m (gi]ﬁw + g;ﬂnw) - gngM (gilTE +81e)] (106)
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10, . e e .
-3 (8 Tm83.1E + g2,2TEg2,]TM - gz,zTMgleE - g%,TMg;TE)

while the transverse y-component of the recoil 2-force is found to
read as:

2
sind sin pC2, = %Im(iazb’gYEa + aaiYE + byb3YE) (107)
in which:
5
Yéi = g[gngE (&2rm + &.1m) — 82 1m (&2 + &re)] (108)
10 — ~1x * —2% 5— %
) (gz,zﬂvlgz,lrf + 85 TME>TE — gZ,TEgZ,lTM — 851685 M)
Y2 = 2 (85— Bhra) + 288 1aa (85 s — Erar) (109)
f3 383tm 82 rm — 82.7m) + 382.1m 83 7m — 83Tm
8 — —1x 5 40 — —2x *
T3 (82 7u&31v — So.rmE¥ M) + 3 (gz,lTMg3,TM — & m83'm)
+80(g£2TMg§,3T>7VI — & mE3Tm)
2 £ — 4 — 1% *
YP = §gg.TE(g2.]TE _gé,TE) + §gg.TE(g3.]TE _g}»,TE) (110)
8 —~ —1x * 40 — —2x *
+§(gz,2nsg3,lrs — & 1e837e) + 3 (gz,lrsg3,2TE — & 1685E)

+80 (gizTngT*E — &5 1e837E)

6. Interpretation of 2 forces

In the case of 1-forces, we distinguished between dipolar and
non-dipolar forces, motivated by the fact that GLMT restricted to 1-
forces exhibits more kinds of forces than the ones strictly required
for its agreement with the dipole theory of forces, e.g. [35,36].
For the sake of coherency, we shall therefore distinguish between
quadrupolar forces and non-quadrupolar forces. Then, similarly as
for dipolar and non-dipolar forces, by definition, quadrupolar 2-
forces are then associated with Mie coefficients a,, b, and with
products a,b% of Mie coefficients, while the non-quadrupolar forces
are associated with products ayaj and by b3.

6.1. Interpretation of quadrupolar 2-forces

6.1.1. z-component

Eq. (77) is the sum of electric and magnetic forces, which are
separable into two subforces, so that we have to face four kinds of
forces, reading as:

- 12

cosOCA! = %lm(az)lm(zﬁ) (111)
2

cosOCZR,. = %Re(az)Re(Zﬁ) (112)

to be complemented respectively by magnetic forces cos8C2!

ext,H
and cos6C3R

. With @y changed to by, and ZZ to Z7.

In the same way that cosfCly . and cosfC,y; , are gradient
forces, we shall show in Section 6.1.4 that cos6CZ/ ; and cos OC%!

ext,H
cos 2R

are gradient forces as well. Let us next consider wp and re-
call that cos QCS,fE is the sum of a scattering force and of a non-

standard force according to Eqs. (27) and (28). The term Zg of
Eq. (13) may be decomposed as:

7L =72+ 7™ (113)
in which:
7S = i(g7 Tm&1 e — &1.rm81're) (114)

10
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1 1
Zg'NS = g1.1TMg2,1ﬁv1 + 81 tn&m + §g?.TM 2 TM (115)
which served as arguments in Eqs. (27) and (28) for cos GCg)gfjg and
cos OCLA° respectively.

We then observe structural differences between Z;*s and Zg.’NS

as follows: Z;*S (i) exhibits a sum of products of BSCs multiplied
by “i” (ii) exhibits superscripts —1, +1 for 1 -forces with (iii) all
subscripts equal to +1 and (iv) couplings between TM- and TE-
waves exhibited in the products of BSCs. By contrast, Z3"*° (i) does
not exhibit explicitly any multiplication by “i”, (ii) exhibits three
superscripts —1, 0, +1 for 1-forces, (iii) with subscripts displaying a
coupling between partial waves of orders 1 and 2 and (iv) without
any coupling between partial waves of different modes.
Similarly, Zg may be decomposed into:

2=7°+ 72" (116)

in which:

.5 — —1x * 20 —~ —2% *
zp® =il % (g2,1TMg2,1TE — 8 mEhE) + 5 (gz,zTMgz.ZTE — & m&re)]
6 3
(117)

— —1x

1, 1 . L3 - *
7N = 581 tmE2 M T §gg,TM 37M T §(g1,TMgz,lrM + &1l m)
s . . Lo 40 L, .
+§ (gz,lmgg.lm +g;,TMg;TM) + ?(gZAZTMg?,.ZTM +g%,TMg%.TM)
(118)

and the structural distinction between Z}* and Z}® propagates
to a similar structural distinction between Zﬁ‘s and ZE’NS. Indeed,

Z2® (i) exhibits a sum of products of BSCs multiplied by “i" (ii)
exhibits superscripts —2, —1, +1, +2 for 2 -forces with (iii) all sub-
scripts equal to +2 and (iv) couplings between TM- and TE-waves
exhibited in the products of BSCs. By contrast, Z&"° (i) does not
exhibit explicitly any multiplication by “i”, (ii) exhibits five super-
scripts —2, —1, 0, +1, +2 for 2-forces, (iii) with subscripts display-
ing a coupling between partial waves of orders 1 and 2, and 2 and
3 and (iv) without any coupling between partial waves of different
modes.

We then decompose cos@C>R

ext,E
non-standard forces according to:

into a sum of scattering and

2

cosOCo = %Re(az)Re(Zé’s) (119)
)\'2

cos OCLRE = ?Re(az)Re(Zﬁ'Ns) (120)

We recall that, for 1-forces, the distinction between the scat-
tering force cosfCy,<; and the non-standard force cosfC.y",
which are both non-gradient (non-conservative) forces, relies on
the fact that the scattering force is proportional to the correspond-
ing Poynting vector component while the non-standard force is
a non-gradient (non-conservative) force which is not a scattering
force. More specifically, for 1-force dipoles (which are located at
the origin of coordinates), the Poynting vector component was to
be taken as well at the location of the particle, i.e. of the dipole, a
fact which is underlined by the use of the subscript P in Eqgs. (9)-
(11). A related fact is that both the involved component of the
Poynting vector and the associated scattering force rely only on
partial wave of order n =1, e.g. Eq. (27).

Up to now however, it has not been possible for 2-forces to dis-
criminate between scattering and non-standard forces using argu-
ments related to the physical meaning of them, as it happened for
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1-forces in which scattering forces were directly related by pro-
portionality to the Poynting vector, in contrast with non-standard
forces. Therefore, the discrimination between scattering forces and
non-standard forces for the 2 -forces relies on (i) the fact that
it already exists in the case of 1 -forces, where it is the conse-
quence of precise and accurate definitions of scattering and non-
standard forces, and (ii) on structural differences between scatter-
ing and non-standard forces in 2-forces which were already ob-
served in the case of 1-forces and propagate to the case of 2-forces.
The validity of the distinction between scattering and non-standard
forces will be reinforced in Section 7 where we shall observe that
this distinction indeed shows a deep coherency in the optical force
partition. Another issue is that the non-standard 1-forces provide
a contribution to spin-curl forces, e.g. [44-48] in the context of
dipole theory of forces and [33-36], Gouesbet and Ambrosio [31],
Gouesbet et al. [32], Ambrosio et al. [37], Gouesbet and Ambrosio
[49] in a GLMT context. It is likely that the non-standard forces of
N-forces (N > 1) might receive a more or less analogous physical
interpretation, still to be revealed, an issue which is postponed to
future works.

Similarly, we decompose meéfH, see comment after
Eqg. (112), into a summation of scattering and non-standard forces
according to:

2
cosOCLR, = %Re(bz)Re(zgs) (121)
cos GCRNS — ’ERe(b YRe (ZZN5) (122)
extH — 2 H
according to:
i =72+ 72" (123)

in which:

D * ~1x o— 20 * —2% G—
zy = l[g(g;.TMg;,TE — 8 TwSarE) + §(g%,TMg§,TE - gz_ZTMgz,TE)]
(124)

1, 1 3, .

N = ng,TE 2.TE+§gg,TE 3.TE+§(g1,lTEg2,TE +81're8h.1e) (125)
40
?(

—1 —2 —2%
& 1e83TE T 25 1683°7E)

8 ~1x *
T3 (gZ.TEg3.1TE + 85 1683°E) +

6.1.2. x-component

Comments done for the z-component could be transferred to
the cases of x- and y-components, but will be omitted for the sake
of conciseness. From Eq. (85), we then have to deal with four kinds
of forces reading as:

. 32
sinf cos pC2 , = %Im(az)lm(X@ (126)
- )\2

sinf cos pCof ;. = ERe(az)Re(Xﬁ) (127)
and similarly for magnetic forces sinfcosgCy, and

s a——
siné cos pCyy py,

as for the z-component, and for similar reasons, sin@ cos@C2!

ext,E
and sinf cosgoCez);iH will be found to be gradient forces (see
Section 6.1.4). Conversely, similarly as for the z-component, and
for similar reasons, siné cos ‘/’Ciéf_s .and sinf cos gng;(fH may be
decomposed into a sum of scattering and non-standard forces

according to:

with a; changed to by, and X2 to X2. Similarly

2.R

' - 2.RNS
sinf cospC . = C

- 285 | S0 cos o
sinf cos pCpy, + sin6 cos pCo 'y

(128)

1
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sinf cos pCoyyy = sin0 cos pCogy + sin 6 cos pCogyy (129)
in which:

sinf cos pC4f = %Re(az)Re(ngz) (130)
sin® cos pC2RYS — %Re(az)Re(ng +X0%) (131)
and similarly for the magnetic forces sinf cosgCZ;, and
sinf cos pC5MY, with a; changed to by, and Xg to Xy. The distinc-

tion between scattering and non-standard forces relies on an argu-
mentation similar to the one used for the z-component. In particu-
lar, we let the reader appreciate the structural differences between
scattering and non-standard forces.

6.1.3. y-component
Similarly, we use Eq. (98) to distinguish four kinds of forces ac-
cording to:

sinfsingC/ ; = ERe(az)lm(Yﬁ) (132)
sinf sin pC4R, = HIm(az)Re(Yﬁ) (133)
and similarly for magnetic forces sinfsingCZ, and
sin@ sin@CZ,, with a, changed to by, and Y2 to YZ. The in-

terpretation of these forces run quite similarly as for the previous
components, particularly as for the x-component with, however,
an interchange between the roles of the superscript I and R. There-

D 2R - ~2.R .
fore, sin€ singCy;'; and sinfsingC,;", must be gradient forces,

see again Section 6.1.4, while sinfsingCZ! . and sin®singCZl
are the sum of scattering forces and of non-standard forces

according to:

sin@ sinpCZy ; = sinf sin@Cy + sin6 sin pCy'Y (134)
sin@ sin pC%; ; = sin@ sin C%%, + sin 6 sin pCy' (135)
in which:
)\'2
IS y2
sin@ sinpC,> = ERe(az)lm(lYg ) (136)
sin@ sinpC%y = 57 Re(@)Im(Yg? + Y£%) (137)
and similarly for magnetic forces sinfsingCZS, and
sinfsinpCZ;, with a, changed to by, and Yy to Yy. Once

more, we let the reader appreciate the structural differences
between scattering and non-standard forces.

6.1.4. Gradient mixing forces
From the three previous subsections above, we have to con-

. . 2.1 : 2,1
sider three electric forces, namely cos6C,, sm@cosq)Cext’E,

and three magnetic forces, namely cosfC%!

ext,H’
sin6 cos wa);i_H, siné sin (pCez)fH. It is the great merit of Zheng et al.
[39] to have demonstrated that these forces are indeed mixing
gradient forces. For this, they rely on an arXiv paper by Jiang
et al.[50], see as well [51]. In these works, the optical forces are
deduced by using the Maxwell stress tensor, leading to the first
categorization in terms of mixing/recoil forces omitting however
to mention that such a categorization was already available nearly
four decades ago [7-9], Gouesbet et al. [1]. Other similar omis-
sions seem to have been the motivation for a criticism by Nieto-
Vesperinas [52]. Nevertheless, the expressions by Zheng et al., and

S D 2R
sin 6 sin ©Cot o
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by Jiang et al., of the gradient mixing forces obtained by coupling
field multiple derivatives and an angular spectrum decomposition,
represent a genuine advance in the field of optical forces. Further-
more, the agreement between their results and ours is a corrob-
oration of the validity of our results concerning mixing gradient
forces. They also obtained expressions for recoil gradient forces but
failed to see that recoil gradient forces may be readily expressed in
terms of mixing gradient forces with simple formulas. Such sim-
ple expressions are given in the present paper for 1-forces and 2-
forces and will be generalized in Gouesbet et al. [38] to the case of
N-forces, whatever N.

The mixing gradient electric forces cos6CZ ;, sin6 cos pC2y

ext,E
and siné sin (pCz*fE above may indeed be shown to be equivalent

to the correspo%(ding forces expressed in Eq. (24) of Zheng et al.
[39]. However, rather than using the traditional BSCs of GLMT,
Zheng et al. introduced so-called partial wave expansion coeffi-
cients (PWECs). The translation between PWECs and BSCs is pro-
vided in Appendix A. The translation between the electric forces
of the present section and those of Eq. (24) in Zheng et al. [39] is

provided in Appendix B.

6.1.5. Magnetoelectric quadrupolar 2-forces

These forces are associated with the product a,b% of Mie coef-
ficients, and occur in the first forces of Eqgs. (81), (94) and (107).
Beginning with Eq. (81), we isolate its first force which may be
decomposed into two subforces according to:

- 222 - -
cos 0Ce3* = %RE(iazbézﬁﬁ) = cosOC3] gy + OSOC, gy
(138)
in which:
- 222
cosOC2F ., = = Re(ayb3)Re(iZ22 (139)
—2)\2 .5
= == Re(a;b3)Re] il 2 (83 mighe — 2 s
20 s — —2x
+?(g%.mg%.r£ _gz,ZTMgz.ZTE)]}
cosac2! 252 b i 722
cosOC, gy = 7Im(az Im(iZg;) (140)

2
T
20 . s
+?(g%.TMg§.TE —gz.ZTMgz.ZTE)]}

Comparing Egs. (139), (82) and (119), (117), (121), (124), we ob-
tain:

.5 B e
Im(azb3)Im { i 5 (8. TmE2'TE — g2.1TMg2,]TE

cosOC2R ., = cosOCLN, (141)
Re(aybs) —— 5 ps . Re(azbs) —— ¢
= 2 Retay) %t = 2 Reqby) 0o

so that cosQCszc'gEH is a recoil scattering magnetoelectric force
which may be expressed in terms of mixing scattering pure elec-
tric and pure magnetic forces. Conversely, cosdC2! renamed

sca,EH’
cos GCSZC'g\gH, is interpreted as a recoil non-standard magnetoelectric

force, the difference between scattering and non-standard forces
being related, in this recoil case, to a change from Re to Im, i.e.
involving the same partial waves in both cases (which is differ-
ent from the discrimination between scattering and non-standard
forces in the mixing case, where mixing non-standard forces in-
volve a coupling between different kinds of partial waves).

12
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We now consider the first force of Eq. (94) which may be de-
composed into two subforces according to:

2
sinf cos pC%2 = %Re(iazbzxﬁl)

= sinf cos pCoF ,, +sinf cos pC2! (142)
in which:
- 2
sinf cos pC28 = %Re(azbﬁ)Re(ixﬁﬁ) (143)
- 2
sinf cos pC2! o\ = —%Im(azbﬁ)lm(ixﬁ) (144)

The force sinfcosgCxf, may be compared with
sin@ cos pCA%, of Eq. (130), taking account for the fact that

XE’/zof Eq. (92) is found to be equal to X22 of Eq. (95). They may
be compared as well with sinf cos pC%%, discussed above, taking

into account the fact that Xlgz of Eq. (93) is equal to (—XE”Z*). We
then obtain:

sinf cos pC28 ., = sinf cos pC2N, (145)
Re(azby) ———— ks
= Wsm 6 cos pCoyiy
Re(ab3) ———— ;s
= Wsm 0 cos pCpyy

. D e 2R . . .
showing that sin® cos ¢C;; ¢, is a recoil scattering magnetoelec-

tric force, renamed sin6 cos C%% . while, similarly as previously,
y C2INS

sin6 cos pCZ! ., renamed sinf cos pC2%, .
standard magnetoelectric force.
We now consider the first force of Eq. (107) which may again

be decomposed into two subforces according to:

denotes a recoil non-

2

sin@ sin pC222 = %lm(iazbﬁYéfl

= sinf singC2r,, +sinf sinC/ (146)
in which:
J— 2
sinf sinpCl ., = %lm(azbE)Re(iYEf{ (147)
J— 2
sinf sin pC2) o = %Re(azbg)lm(iYéﬁ (148)

Working similarly as for the previous component, we then read-
ily establish that (with an interchange between the superscripts R
and I to be noted):

sin@ sin pCZ! ., = sinf sin pC25, (149)
Re(a;b) ———— s
= Wsm 0sinpCpy
Re(a;bs) ———— s
=2 Wsm OsinpCoy
meaning that sind sin (pCSZC'évEH denotes a recoil scattering mag-

netoelectric force which may be expressed in terms of mixing
scattering pure electric and magnetic forces while, conversely,
i 2R : : 2,RNS i

sinf sin @Coy ey renam_ed sm@smgoCsm’EH, denotes a recoil non-
standard magnetoelectric force.

6.2. Interpretation of non-quadrupolar 2-forces. General
decomposition

These forces are associated with Mie coefficient products a,a;
and byb% of Egs. (81), (94) and (107), (in the same way that non-
dipolar 1-forces were associated to the products ajay and bqb3).



G. Gouesbet, V.S. De Angelis and L.A. Ambrosio

After a now classical decomposition, the corresponding forces gen-
erate six kinds of forces reading as:

_ 952

cosOCZ, ; = Re(aaiZ) (150)

~ac A2 _2)"2 23

cosOCsqy = p Re(b,b3Z;7) (151)

- A2

sin6 cos pCZ, ; = ;Re(aza’gxf) (152)

i e (2 A2 323

sin6 cos pCyy y = ;Re(b2b3XH ) (153)
)\2

sinfsinpCZ, ; = ;Im(aza’gY?) (154)
A2

sinfsinpCZ, ;= ;Im(bzb’gYEf) (155)

Each of these forces may be further decomposed in two sub-
forces according to:

€os chzm = C0s chzc{iE + cos ecszéé,E (156)
in which:
- _2)2
cosOCak . = = Re(aya})Re(Z¥) (157)
70(?2,1 2)\‘2 * 23 8
cosO0C, ;= 7Im(a2a3)lm(ZE ) (158)
and:
c0sfC2, y = cosOCZF, + cosOCZ! (159)
in which:
- _9)2
cosOCER, = = Re(b,b3)Re(Z%) (160)
Ac A2 2)\'2 * 23
cos GCsc’avH = ?Im(b2b3)lm(ZH ) (161)
and:
sin6 cos pCZ, ; = sinf cos pC=¥ . + sinf cos pC2! (162)
in which:

2
sinf cos pC2F, = %Re(aza’g)Re(XE) (163)
T 20 _)"2 * 23
sin® cos pCoy p = 7Im(a2a3)lm(XE ) (164)
and:
sinf cos pCZ, = sinf cos pC=Y,, + sinf cos pC2! (165)
in which:
<in O e (2R )“2 * 23
sinf) cos Coyyy = ;Re(b2b3)Re(XH ) (166)
P p—— N —A? " 23
sin 6 cos OColan = ?lm(bsz)Im(XH ) (167)
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and:
sinf sinCZ, ; = sinf sinpCZR, + sinfsinpCZ! (168)
in which:
sin@ sin pC2X . = ;Im(aza§)Re(Y§3) (169)
— )\2
sinf sin pCl p = ;Re(aza§)lm(Y§3) (170)
and:
sin@ sin pCZ, ; = sin@ sin 2y, + sinf sin pCx) ) (171)
in which:

)\'2
sinfsinpC2f, = ?Im(b2b§)Re(Y,2_,3) (172)
- A2
sinfsingCZ/ , = ;Re(b2b§)lm(Yﬁ3) (173)

We shall now demonstrate that, among the twelve kinds
of forces so exhibited, six of them generate recoil gradient
forces (although supplemented by recoil non-standard forces),

201 2l : 2.1 - 2.1
namely cos6C., cosGCscayH, sint cos pCy, g schosgoCsca’H,
A Z‘R A 2'R . .
mn@smgaCsca’E, and sm@smesca‘H, while six of them
are pure recoil non-standard forces, namely cosOCSZC"fE,
2.R : 2,R ; 2R Gnd a2l
cos§Cs .y, sinb cosCoyp, sinb cos@Cyy py, sinbsingCy, , and
e N |
sing sinC, 4.

6.3. Interpretation of non-quadrupolar 2-forces. Recoil gradient forces

Let us begin with Eq. (158) for cos#CZ ;. Let us introduce:

5i

AZP = 3 gilTMgE}*E — 85 mE'rE) (174)
200, o B
T3 (gz,ZTMgz,ZTE — 8 1mE5'TE)
and:
AZy = i(gl_,l'l'Mgl_,lﬁf — &1 m&1rE) (175)

Then using the expression of Eq. (78) for ZZ, of Eq. (17) for Z}2,
and of Eq. (174) above, we may rewrite Z23 as:

B NP -7+ %Zgz* (176)
Also, from Egs. (175) and (13), we have:

72 =7l — AZ}? (177)
Inserting Eq. (176) into Eq. (158), we obtain:

2l 252 * 23

cosC, p = ?lm(a2a3)[m(AZE ) (178)

2
—%lm(aza}i)lm(zﬁ)

2
—%Im(aza}i)lm(zy)

Now, Im(AZ2®) may be expressed using Eq. (174), Im(Z2) may
be expressed using Eq. (111), Im(Zéz) may be expressed in terms
of Im(Z}) and Im(AZ}?) using Eq. (177), Im(Z}) may be expressed
using Eq. (18) of [32], and Im(AZ}?) of Eq. (175) using Eq. (45).
It is then found that cos#CZ! . may be written as the summation

of two subforces denoted as cos QCSZC';"E and cos GCSZC‘é_ﬁE reading as,
after rearranging: '
- cos OC%! cosOC!!

CZ.Ia =21 * ext,E ext,E 179
Cose sca.E m(aza3)[ Im(az) Im(a]) ] ( )
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cosOC>P —

22 . 1 1s N
sca.f — ;[m(a2a§)[m{1[3(gl,lTMgl.]TE - g%,TMg},TE) (180)

A2 5i
+?lm(a2a’3‘)lm[ 3 (gill'Mgi]rE - g%.TMg%,*TE)

—g%,mg%fmn}

40i o
T3 (gZ,ZTMgZ,ZTE

We have demonstrated that cos GC;X

ing gradient electric forces. Therefore, cos QCSZC’é"‘E = Cos GCSZC'éGE is a
recoil gradient electric force which may be expressed in terms of
mixing gradient electric forces. Next, using Eqs. (16) for Zg}i and

(174) for AZZ, Eq. (180) may be rewritten as:

I 2 .
LE and cos GCMVE are mix

cosOC!P

sca.E =

A2 .

;lm(aza’g)lm(Blzﬁ:}{ +2AZ2) (181)
which, by virtue of Eq. (80) of [32] in which lm(izé}_[) is ex-
pressed in terms of a recoil non-standard magnetoelectric force,

cos§CLIS | is classified as being a recoil non-standard force as
2,INS

well (it may be renamed cos QCSCQVE ), although of the electric kind
rather than of a magnetoelectric kind. We now recall that, for N =

1, it has been found that cos6CL;' is proportional to cosC .
C2INS

see Eq. (47). Comparing Eqs. (181) for cosé SCa.E and (140) for

cos GCSZC'%SH, it is found that this proportionality property does not
propagate from N=1 to N = 2.

For cos QCSZC’AH of Eq. (161), we introduce:

5 .. 20 .
AZP = g(gimgé,ns - gz,lTMgZ,lTE) T3 (g%,TMg%.TE _gZ,ZTMgZ.ZTE)
(182)

Then, using Egs. (79) for Z2, (18) for Z}? and (182) above, we
find that Z2® of Eq. (84) satisfies:

7B = AP -7+ ;z}f* (183)
Inserting Eq. (183) into Eq. (161), we obtain:
2l _ % % 23
cosOCy, ;= pe Im(b,b3)Im(AZ) (184)
2)2
—7Im(b2b§)1m(z§)
3)2
—7lm(b2b§)lm(2}f
which, similarly as for the corresponding electric force, may be de-
composed into two subforces denoted cosGCszc’éf"H and cos@Cszc’é’gH
which, after rearranging, read as: ’
R cosfC%! cos@CL!
6C2 = 2Im(b,bj exti ext i 185
COSAC = 2Im(bybg)[—p ol 4~ (185)
72,“3_)»72 " 23 _ 9:711
cosOC = p- Im(b,b3)Im(2AZ — 3iZy, (186)
Eqs. (185) and (186) indicate (i) that cos@C.%, (renamed
cos0C21,) is a recoil gradient magnetic force which may be ex-

pressed in terms of mixing gradient magnetic forces and (ii) that
cos QCSZC"II"SH (renamed cosOCZ1'y}) is a recoil non-standard magnetic
force, similarly as for the corresponding electric force. Also, al-
though cosOC"}} is proportional to cosOCL!'y,, see Eq. (54), it is
found that this proportionality property does not propagate from
N=1toN=2.

Calculations for the other cases are similar, and we shall
be content to present the results, omitting many details which
are parallel to the ones for the z-components above. Then,
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sin 6 cos waC'C’LE may be decomposed in two subforces denoted ac-

cording to sinf cos (pCszc*éf"E and sin#é cos (pCszc'é{gE, reading as:
- sinf cospC%! . sinf cos C!!
: 2l % ext,E ext,E
sinf cos pCg)’; = 2Im(aza3)[ Ima) im@p) ]
(187)
SO e 218 A2 * 3 y2
sinf cos pCy); = ?lm(a2a3)lm[1(§XEH +XE9)] (188)

with sinf cos (pcszc:é(,)(E (renamed sin 6 cos (pCszc’ﬁ) being a recoil gra-
CZ,INS)

dignt electric force and sin# cos (pCszc‘ﬁ (renamed sﬁn@ cos Clyk
being a recoil non-standard electric force. Again, there is a
proportionality relation for N=1 between sin6 COSgoC;C‘éNES and

siné cos wCsléél\gH, see Eq. (65), but upon inspection it is found that

this relation does not propagate from N=1 to N = 2.
Similarly, sinf cos C%! , may be decomposed in two subforces

sca,H

denoted sin# cos (pCSZC"é‘f‘H and sin6 cos (pCSZC'fH, reading as:
- sin @ cos pC%! sin@ cos CL!

: 2 la s ext,H ext,H
sinf cos pCy) %y = 2Im(byb3)[ im(by) im()

(189)

0 e 218 )\,2 b « . y2 3 1
sinf cos Cy )y = ;Im( b)) Im[i(X))” - EXEH)] (190)

C2,IG

with sinf cos pC%'%, (renamed sinf cos¢C.%,) being a re-

coil gradient magnetic force and sin6 coswcfééﬂH (renamed
sinf cos C=N}) being a recoil non-standard magnetic force.

Again, there is a proportionality relation for N =1 between

sinf cos CL\y and sin6 cos pCL1'y,, see Eq. (70), but upon in-

spection it is found that this relation does not propagate from
N=1toN=2.

Next, sin 6 sin (pCfC’l’f ¢ can be decomposed into two subforces de-

: : 2,Ra
noted sin8 sinpC;

and sin@ sin goCz’Rﬁ

oo r Meading as:

sin@sinpC3R . sin@sinpClR

quc’g"é = 2Im(aza3)|[ e ext,E ) ext,E ]
(191)

SO 2RB —A? N .31 2

sinf sin gDcsca,}:" - TIm(aZa3)Re[l(§YEH + YE )] (192)

CZ.RD{

with sin@ sin pCZr C2RC) being a recoil gra-

(renamed sin@ sinpCy 7
. . 2R < h o o (2.RNS
dlgnt electrlc_force and sin#@ sin (pcsca,f“ (rgnamed sm@lsm <pCsca’E_)
being a recoil non-standard force electric force. Again, there is

a proportionality relation for N =1 between sin® sin (pCslc'g’gs and

sin@sinpCLIN  see Eq. (73), but which does not propagate from
N=1toN=2.

Next and finally, we deal with sinf sin (pCSZ'R which is decom-

ca,H
posed into two subforces reading as:

sin@sinC%R . sin@sinCL?

S an 2Ry _ " t,H tH

sin® sinpCyy 4 = 2Im(byb3)| Im(bz)ex Im(bl)ex ]

(193)

sin @ sin pC2R8 = ’Elm(bzb*)Re[i(%Y“ +Y/2)] (194)
sca,H T 3 2 EH H

with sin@ singC2t%,  (renamed sin@singC2r) being a re-

coil gradient magnetic force and sin6 sinwcfégg (renamed
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sin0 sin C=fYS) being a recoil non-standard magnetic force.

sca,H
Again, there is a proportionality relation for N=1 between
sin@ sin pC1-*YS and sin 6 sin pCL.R% see Eq. (76), but which does

not propagate to N = 2.

6.4. Interpretation of non-quadrupolar 2-forces. Recoil non-standard
forces

We end the formal part of this paper with recoil non-

standard forces listed at the end of section 6.2, namely cos QCSZC’{fE,

2.R : 2,R : 2,R ; : 2,1
cos9Csy y, sin6 cospCryp, sind cos@Cyy py, sinfsingCo, and
D) i 2. . H “ncAC2R i
sin6 singC;, . To deal with the recoil force cos OCSCQ’E, we begin

with a return to the mixing force cos 6C4X . of Eq. (112) which may

be separated in two subforces according to Eqs. (119) and (120).
Then cos0C%™S of Eq. (120) may be decomposed again in two

ext,E
subforces denoted as cos 8C%f¥! and cos 0C% 52 reading as:

ext,E ext,E

3A2

cos OCARIST — —=
2

ext.E

Re(az)Re(Z{?) (195)

_12
cos G512 = %Re(az)Re(Z?) (196)

in which, from Egs. (17), (83) and (118), we have used:
ZE,NS — %ZEZ* _ ZE?}

Comparing Eqgs. (157) and (196), we obtain:

(197)

Re(aza3)

< 2.RNS2
Re(ay) cos6C

“osOC2R _
cos 0C, 2 et E

sca,E —

(198)
so that cosOCZR, (renamed cos6CZF®) is now interpreted as a
recoil non-standard electric force expressed versus a mixing non-
standard electric force, similarly as for cos OCle'C’EE of Eq. (42). Simi-
larly, we establish that:

— Re(byb3) ——

cosOCLY, = ZTbZ;cos 6C2 (199)
in which:

_ _)2

cos OCZ R = %Re(bz)Re(ZE) (200)

so that cos GCSZC'L’fH (renamed cos QCSZC’S%S) is now interpreted as a
recoil non-standard magnetic force expressed versus a mixing non-

standard magnetic force, similarly as for cos GC;C"E y of Eq. (50).
of Eq. (163), we use Eqgs. (96), (88), (90) and

s p——
For sin cos pC.

(21) to establish:

3
ng3 _ X’(:_xZ +X£2 _ 2y«

- (201)

so that we obtain:

_— A2 3

: 2R _ * 2 B2 12

sin 6 cos ©Coar = ;Re(aza3)[Re(Xg +X£7) - iRe(XE )] (202)
In the r.h.s. of Eq. (202), the first force is a non-standard force

by virtue of Eq. (131) while the second force is a non-standard

force as well by virtue of Eq. (71) of [32], so that sin® cos pC>R

sca,E
(renamed sin 6 cos goCSzc'f'g’s) is a recoil non-standard electric force

which may be expressed in terms of mixing non-standard electric
forces according to:

sinf cos Cf . = sin6 cos pCo MY (203)
B .| sin@cosCZE  sin6 cos pCLYY
= @A) TRy Rean
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Similarly, we obtain:

sin cos Cry, = sinf cos pCory, (204)
sinf cos @C%™S  sin 6 cos CLRNS
_ 2Re(b2b’3‘) 4 ext,H 1% ext,H
Re(b;) Re(by)
sinf sinpCl, . = sinf sinpCY (205)
sin@sin@C%™  sin @ sin CLINS
_ 2Re(a2a§) (/) ext,E _ §0 ext,E
Re(ay) Re(a;)
sinf sinC%! , = sin@ sinC2: (206)
sin@ sinC%™S  sinf sinpC:NS
— 2Re(b2b’§) 4 ext,H _ % ext,H
Re(by) Re(by)

Let us note that the above relationships between recoil and
mixing non-standard forces exhibit an internal coherency which is
a supplementary justification for the introduction of the third-level
categorization. The summary of Section 7 will emphasize this co-
herency.

7. Summary of results and classifications

It is now convenient to summarize the classification of forces
developed in the present paper, based on a three-level categoriza-
tion and a two-level decomposition. This classification will exhibit
the fact that there are a few differences between 1-forces and 2-
forces as already noticed in the bulk of the paper. It is however
expected that the structure and properties of 2-forces will likely
propagate to the case of N -forces, N > 2 [38]. In this section, we
do not distinguish between dipolar and non-dipolar forces, nor be-
tween quadrupolar and non-quadrupolar forces. Such distinctions
will not be emphasized for N > 2. We shall consider (i) mixing
forces, (ii) recoil forces which are not expressed in terms of mixing
forces (recoil forces in their own right) and (iii) recoil forces which
are expressed in terms of mixing forces (recoil forces mixing-force
dependent). In the case of recoil forces, we may have to distin-
guish the cases N =1 and N = 2. This classification is displayed in
the best of our present knowledge and understanding, although it
might have possibly to be modified by further investigations.

7.1. Mixing forces

The classification of mixing forces, valid for both N=1 and N =
2, has been obtained as follows.

(i) Mixing gradient electric forces cos OCQ(:GE sinf cos ‘chalcE
(ii) Mixing gradient magnetic forces cos chf{t’% sinf) cos ‘/’Cg(tl(ii
Sin g sin RS,
(iii) Mixing scattering electric forces cos 6y, sinf cos pCoy'y.
sing sinpClS.
(iv) Mixing  non-standard  electric  forces @Cgf 2’5-
sinf cos pCoyy’, sin@ sin pCly.
(v) Mixing  scattering  magnetic  forces  cosfCo",
sin 6 cos wcg;fi,, sinf sin wCQY;{,SH~
(vi) Mixing ~ non-standard ~ magnetic ~ forces  cos ALY,
sin@ cos pCh . sin 0 sin pClY.
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7.2. Type-1 recoil forces, for N=1

Type-1 recoil forces are recoil forces that we could not express
in terms of mixing forces. For the sake of clarity, we distinguish the
cases N=1 and N =2 which do not behave exactly in the same
way. The corresponding classification is then as follows.

(viia) Recoil non-standard magnetoelectric forces cos OCJC’éNEsH.
- LINS : 1,RNS
sin6 cos pC.y gy, sinG sinCo ey

(viiia) Recoil non-standard electric force cos GC;C'CIINES,
D e ~1INS T haie.~1,RNS

sinf cosgCy,y, sin@singC;>. These forces may be

expressed in terms of recoil non-standard magnetoelectric
forces of item (viia) above, see Eqs. (47), (65) and (73).

(ixa) Recoil  non-standard  magnetic  forces  cos QC;C’%S,,
T LINS G p e o 1.RNS 1
sin6 cos ©Clpyy sin 0 sin @Cilarr- These forces may be

expressed in terms of recoil non-standard magnetoelectric
forces of item (viia) above, see Eqgs. (54), (70) and (76).

7.3. Type-1 recoil forces, for N =2

The difference between this subsection and the previous one is
that the properties of the forces of items (viiia) and (ixa), namely
to be expressed in terms of recoil non-standard magnetoelectric
forces, do not propagate from N=1 to N = 2. The corresponding
classification is then as follows.

(viib) Recoil non-standard magnetoelectric forces cos GC;C‘QNESH.
: 1,INS : : 1,RNS y
sin® cos 9C gy, SinG sinCy gy
. . 1INS & 1.INS
(viiib) Recoil non-standard electric force cos6C, ', sin6 cosCy
<A cin o 1.RNS
sin 6 sin ©Cinr -
(ixb) Recoil non-standard magnetic forces cos GCsléC’lN,f,
p 1.INS = f 1,RNS
sin6 cos pC;, Yy, sin sin pCiyr.

7.4. Type-2 recoil forces

Type-2 recoil forces may be expressed in terms of mixing
forces. The classification is then as follows.

: ——N.RS
magnetoelectric cos OCG, py

sinf cos pCl 3, sinBsingClr,. These forces may be ex-
pressed in terms of mixing scattering pure electric and
magnetic forces, see Eqs. (35), (36), (37) for N=1 and (141),
(145), (149) for N = 2.

Recoil non-standard electric forces cos OCN-ENS CNRNS

sca,E sca,E
sin@ sinCNI"S. These forces may be expressed in terms of

mixing non-standard electric forces, see Eqs. (42), (59), (71) for
N =1 and (198), (203), (205) for N = 2.

(xii) Recoil gradient electric forces cos6@ SCLE’ SCLE’
CN.RG

sin® sin pC. ;. These forces may be expressed in terms of mix-
ing gradient electric forces, see Eqs. (46), (63), (72) for N=1
and (179), (187), (191) for N = 2.

(x) Recoil  scattering forces

(xi)

sinf cos ¢

cNIC - sin cos pCNIC

(xiii) Recoil non-standard magnetic force cos QC;VJZS,
: NRNS —— ~N,INS .
sin6 cos OCati » sinf sin @Ciup- These forces may be ex-

pressed in terms of mixing non-standard magnetic forces, see

(xiv) Recoil gradient magnetic forces cosCIC
sin@ cos pC1%. sin @ sin pC-R%,. These forces may be expressed

in terms of mixing gradient magnetic forces, see Eqs. (53), (69),
(75) for N=1 and (185), (189), (193) for N = 2.

8. Conclusion

The present paper discussed the partition of optical forces
exerted by EM arbitrary shaped beams on quadrupoles (there-
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fore in particular on dipoles) in the framework of the gener-
alized Lorenz-Mie theory. The partition first relies on a first-
level categorization between mixing and recoil forces already pub-
lished nearly four decades ago in early works devoted to GLMT. A
second-level categorization distinguishes gradient forces and non-
gradient (non-conservative) forces. Although non-gradient (non-
conservative) forces are usually named scattering forces, we rely
on the existence of non-standard forces uncovered in Gouesbet
[30] (where they were called axicon forces in an inappropriate
way) to introduce a third-level categorization in terms of scatter-
ing and non-standard forces. A parallel two-level decomposition
distinguishes between (i) N-forces, N from 1 to oo and (ii) elec-
tric, magnetic and magnetoelectric forces. The study of dipoles re-
lies on the use of 1-forces while the study of quadrupoles has to
consider 2-forces as well. All the forces in the different partitions
are expressed in terms of BSCs which encode the description of
the illuminating beam in the GLMT framework (and of Mie co-
efficients). This paper emphasizes the fact that 1-forces and 2 -
forces, although they are sharing similar properties, are however
sufficiently different to warrant the publication of optical forces re-
stricted to these forces which can then be both compared in their
similarities and opposed in their differences, the general case for
N > 1 being postponed to a future paper. One of the most ap-
pealing results is that most of the recoil forces may be expressed
in terms of mixing forces. In particular, all recoil gradient forces
may be expressed in terms of mixing gradient forces. Also, It is to
be noted that the researcher who would like to avoid the third-
level categorization could deal with a two-level characterization
between mixing and recoil forces, and between gradient (conser-
vative) and non-gradient (non-conservative) forces, the last ones
being obtained as a summation of scattering and non-standard
forces. Finally, the GLMT which expresses the forces in terms of
BSCs (and of Mie coefficients) focuses the attention on the neces-
sary and sufficient quantities involved. For instance, in the case of
dipoles, forces are expressed in terms of partial waves of orders 1
and 2 while the dipole theory of forces, although equivalent, is ex-
pressed in terms of total fields and therefore deals as well with an
infinite number of partial waves, from orders 3 to infinity, which
actually have a contribution equal to 0.
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Appendix A. Translation between PWECs and BSCs

Subscripts G and Z may be used respectively to denote quanti-
ties having the same symbolic notations in “Gouesbet”-work and
in “Zheng”-work but which are defined differently. In particular,
we have:

[P (cos )], = (=1)™[Py*(cos )]z

in which PT"(cosf) are the associated Legendre functions. To see
this, we may for instance compare Eq. (5) of [39] and Eq.(2.75)
of [2]. Next, we compare the expressions for the Vector Spherical
Wave Functions (VSWFs) by comparing Eqs. (1) and (2), p. 266 of
[2], or Egs. (1) and (2) of [53], and Eq. (3) of [39]. In doing so, we
remark that the mm, in Eq. (4) of [39] contains a “m” which is not
present in the definition of )" used in GLMT. Taking also account
for Eq. (207), we then establish:

(207)

M ]e = [M{)]2 (208)
N e = NS 2 (209)

We next compare the electric field E of Eqgs. (1) and (2) in
[39] and Egs. (6)-(8), p. 267-268 of [2], see also [53]. We do not
need to deal with the magnetic field. Using the expression for
cP”, e.g. Eq. (3.3) of [2], the expansion coefficients am, and bpy

of Eqs. (7) and (8), pp.267-268, of [2] become:

2n+1 (n—m)!
nn+1) (n—|m|)!

A = Eg(=1)™ 1 (=1) M- 1mh/2 (i) SnTE

(210)
- i net 2041 (n—m)!
bmn = Eo(=1)" (1)) Sy e
11)

Next, comparing the expression for E in Eq. (1) of [39] and
Eq. (6), p.267 of [2], one has:

Amn = —EoiCnnGmn (212)
bmn = _EOiCmnpmn (213)
in which Gy is given by Eq. (2) of [39] according to:
a Cn+D@m-—m)! g,
=" 214
Conn l[n(n+1)(n+m)!] (214)
Egs. (212) -(214) then lead to:
iy 1yt | 201 V(—m)l(n+m)!
Qmn = nn+1)  (—|m)! n.TE
(215)
_ (Cqymm_qymotm [ 20T V@ —m)l(n+m)!
Prn = nm+ D (—fmpr on
(216)

It may be interesting to separate the cases m >0 and m < 0.
We then obtain:

|
S i(l)n+m+1\/n2(2 . 1) EZ * z;ig’n"_m form=0 (217)
G = i(—])n+1\/n2(2 I 1) EZ . g:gﬂm form<0  (218)
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mm | 2n+1  [(n+m)! -

Pmn = (=)™ \/n(n+l) (n_m)!g',;fm for m>0 (219)
2/ 2n+1 [(n—m)!

pmn = (=1) \/n(n+1) (n+m)!g',?_m form <0 (220)

Appendix B. Comparing mixing gradient forces

According to Eq. (24) in Zheng et al. [39], the mixing gradient
electric force, specified for 2-forces, here denoted as FE‘””’“G, reads
as:

|Eo|®
k2
This Appendix will deal with the longitudinal component only.
The transverse components would be studied quite similarly and,
for the sake of saving room, this is left to the reader. Eq. (221) then
reduces to:

=-2me

2,mix,G
l:E

[Im(az)Im(A; + A; + Uy)] (221)

|Eol*
k2

From Egs. (9), (10) in Zheng et al. [39], we may evaluate
As,, Az, and Uy, in terms of PWECs, and PWECs may afterward
be expressed in terms of BSCs using the translation formulae of
Appendix A. After a bit of straightforward although tedious calcu-
lations, this process leads to:

3

F2M6 = _2me [Im(ap)Im(A%, 4+ A, + Uz,)] (222)

A5, =78, Ay, = —izgz*, Uy, = -Z2° (223)
so that, as a whole, we establish:
Ay, + Az + Uy, = — 72 (224)
Therefore, Eq. (222) becomes:
2.mix,G |Eo|® 2
F " =+2me 12 Im(az)Im(Zg) (225)

to be compared to Eq. (111). This is sufficient to claim that
cos@CZ{E is indeed a mixing gradient force. The difference in

exi
the prefactors is due to the fact that cross-sections are forces

expressed in square meters. For the relationship between cross-
sections and genuine forces (in newtons), we may rely on
Egs. (3.106) and (3.144) of [2], i.e. to F?*’LE :IOCOSQCQZ);?E/C, with
c=1//¢1, to obtain:

|Eo|?
k2
which differs from Eq. (225) by a sign difference. This sign differ-
ence is due to the fact that the time-harmonic convention used
by Zheng et al. [39] is of the form exp(—iwt) in contrast with the
time convention in GLMT which is of the form exp(iwt), imply-
ing that we have to change a, to a3, i.e. Im(ay) to —Im(ay).This
demonstrates that cosC%! _ is indeed a gradient force.

ext,E
The same process is used to similarly deal with the other

20
FeX[VE_ 2me

Im(az)Im(Z3)

(226)

electric components sichoswCEZ);{E and siné sianf)fE. It may
be used as well for the magnetic components cosQCé;{ 0

sinf cos <pC3);£H, sinf sin wa);fH although it is more expedient to
invoke a duality between electric and magnetic components, as al-

ready discussed in Gouesbet et al. [32].
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