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a b s t r a c t 

In the framework of a systematic study of the categorization of optical forces in generalized Lorenz–Mie 

theory, the present paper is devoted to the categorization of forces exerted on quadrupoles and, more 

importantly, to their explicit expressions in terms of beam shape coefficients (and of Mie coefficients) 

which allow one to calculate any kind of forces of the categorization in terms of the essential quanti- 

ties involved in them. Three levels of categorization are presented. The first level, known since decades, 

distinguishes between mixing forces and recoil forces. The second level distinguishes between gradient 

and non-gradient forces. Although these non-gradient forces are usually denoted as scattering forces, we 

argue that a third level may be introduced in which the so-called scattering forces are actually decom- 

posed in scattering forces and non-standard forces, this last distinction having been found necessary in 

previous studies devoted to electric dipoles, including Rayleigh scattering, and to magnetodielectric small 

particles. 
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. Introduction 

The present paper is embedded in the framework defined by 

he generalized Lorenz–Mie theory (GLMT) which is an analytical 

nd rigorous theory describing the interaction between an electro- 

agnetic arbitrary shaped beam and a homogeneous spherical par- 

icle characterized by its diameter and its complex refractive index, 

.g. [1,2] and references therein dating back to 1982 [3] . Although 

he primary motivation of the theory concerned the field of opti- 

al particle sizing and characterization, e.g. [4,5] , there has been 

n early effort concerning the evaluation of optical forces in the 

LMT framework, with a review in Gouesbet [6] , as soon as 1985 

7] . In GLMT, optical forces are expressed in terms of beam shape 

oefficients denoted g m 

n,T M 

and g m 

n,T E 
( T M standing for “Transverse 

agnetic”, T E for “Transverse Electric”, with n ranging from 1 to 

nfinity, and −n ≤ m ≤ + n ) which encode the structure of the il-

uminating beam and of the Mie coefficients a n and b n which en- 

ode the structure of the illuminated scatterer. As we shall see, al- 

hough the use of the subscripts T M and T E may seem superfluous 

other notations have been introduced without using these com- 

lementary subscripts), they will be of great value to emphasize 
∗ Corresponding author. 
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he structures of the different kinds of optical forces exhibited by 

he three-level categorization discussed in the present paper. Basic 

xpressions published in 1988 [8] and valid for arbitrary shaped 

eams [9] , will form the starting blocks of the present work, and 

lready introduce the first level of categorization between mixing 

nd recoil forces (although this last terminology was not used in 

he original papers). The issue of optical forces has been discussed 

s well by Barton et al. [10] , relying on the previous effort s in

LMT, in a theory that the authors called Arbitrary Beam Theory 

ABM), although GLMT is an ABM as well, both approaches being 

owever strictly equivalent as discussed in Gouesbet and Gréhan 

11] , pp. 46–47. 

The GLMT formalism ( stricto sensu , i.e. in the case of ho- 

ogeneous spherical particles) is valid as well to the cases of 

ultilayered particles when the expressions of the BSCs are 

nchanged, requiring only to modify the expressions of the 

ie coefficients [12,13] , and to other kinds of particles leading 

o expressions which are formally identical to the ones of the 

LMT stricto sensu , namely assemblies of spheres and aggregates 

14–16] and spheres with an eccentrically located spherical inclu- 

ion [17–19] , Wang et al. [20] . Examples of optical force studies 

ay concern (to cite a few, recent ones) optical tweezers [21,22] , 

tretching and deforming [23] , transporting and sorting [24] , 

inding [25] , and pushing and pulling [26] . Many more examples 

ay be found in Gouesbet [27 , 28] . 

https://doi.org/10.1016/j.jqsrt.2023.108487
http://www.ScienceDirect.com
http://www.elsevier.com/locate/jqsrt
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jqsrt.2023.108487&domain=pdf
mailto:gouesbet@coria.fr
https://doi.org/10.1016/j.jqsrt.2023.108487
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After Arthur Ashkin’s work, it has been traditional to think of 

he optical forces in terms of a partition between gradient and 

cattering forces which is the second-level categorization. However, 

lthough it may look strange for a theory completed in 1987 and 

988, GLMT studies aiming to a categorization of optical forces in 

erms of gradient and scattering forces had to wait for a long time 

efore a first occurrence. As far as we know, such a first occurrence 

ould be due to Lock [29] , in the course of a study devoted to the

alculation of radiation trapping forces in optical tweezers using 

LMT with illuminating Gaussian beams. In this study, Gaussian 

eams were discussed in the weak confinement limit and scatter- 

ng forces were defined as being proportional to the Poynting vec- 

or. It was then found that, indeed, GLMT performed well to dis- 

inguish between gradient and scattering forces. However, the use 

f a weak confinement limit prevented the author to uncover that 

here exist as well non-gradient (non-conservative) forces which 

re not proportional to the Poynting vector and therefore do not 

eserve the name of scattering forces. Such forces which are both 

on-gradient (non-conservative) forces and non-scattering forces 

in the sense that they are not proportional to the Poynting vec- 

or) have been explicitly observed in the GLMT framework within a 

tudy devoted to the interaction between Bessel beams and dipoles 

30] . At this time, they have been called axicon forces and have 

een later renamed non-standard forces when it has been recog- 

ized that their existence was not restricted to the case of beams 

xhibiting axicon angles. The case of Gaussian beams outside of 

he limited case of a weak confinement limit has been discussed 

n Gouesbet and Ambrosio [31] .The categorization of non-gradient 

non-conservative) forces in terms of scattering and non-standard 

orces constitutes the third-level categorization to be discussed in 

he present paper where it is a central theme. 

A systematic study of the categorization of the optical forces in 

he GLMT is very recent. It started in 2020 in the case of lossless

ieletric particles in the Rayleigh regime [30] and has been pur- 

ued up to applications to non-dark axisymmetric on-axis beams 

f the second kind and to dark axisymmetric on-axis beams [31] , 

n which we only retained the first electric Mie coefficient a 1 , fol- 

owed by a study of optical forces exerted on magnetodielectric 

articles [32] , in which the first Mie coefficients, both electric for 

 1 and magnetic for b 1 , are retained. An accurate understanding of 

he situation required several papers which were briefly reviewed 

n Section 10 of [31] . One of the results of this effort has been the

unexpected) exhibition of the third-level categorization of non- 

radient (non-conservative) optical forces in terms of scattering 

nd non-standard forces, made more explicit by several compar- 

sons between the GLMT expressions restricted to dipoles and the 

ipole theory of forces (possibly in the Rayleigh limit of the dipole 

heory of forces), both numerically in the case of Bessel beams 

33,34] , and formally in the case of arbitrary shaped beam illumi- 

ation [35–37] . The present paper considers an extension of the 

LMT formulation to the categorization of optical forces exerted 

n quadrupoles in which the second electric and magnetic coef- 

cients a 2 and b 2 are retained as well, and therefore pursues the 

ork devoted to the application of GLMT to optical forces. A sub- 

equent paper will consider the cases of optical forces for arbitrary 

ized particles [38] and will close the series. 

But it is important, for a refined understanding of the optical 

orce categorization, to compare dipoles and quadrupoles which, 

lthough providing strong similarities, exhibit as well significant 

ifferences which may be missed if the case of arbitrary sized par- 

icles was considered straight away. Let us indeed introduce a def- 

nition according to which we define N -forces as subforces ob- 

ained from the general expressions of forces by extracting in the 

ummations the terms involving the Mie coefficients a N and b N , 

nd their products with Mie coefficients of order (N + 1) . Then, 

he main difference is that, in the case of dipoles dealing with 
2 
 -forces, the definition of non-standard forces relies on a physi- 

al property (being non-conservative forces which are not propor- 

ional to Poynting vector) while, in the case of 2-forces, the defi- 

ition of non-standard forces relies on a structural property which 

s shared by 1-forces for the case of dipoles but never shared by 

cattering forces, as will be discussed in the bulk of the paper. 

imilarities and differences are also well exhibited in Section 7 in 

hich, as a similarity, we observe that the classification of mix- 

ng forces is valid both for 1-forces and 2-forces ( Section 7.1 ), in

ontrast with the fact that we have to distinguish between type-1 

ecoil forces for 1-forces ( Section 7.2 ) and type-1 recoil forces for 

-forces ( Section 7.3 ). 

As a consequence of the previous discussion, the paper is orga- 

ized as follows. Section 2 recalls a background on optical forces 

hich will display the first-level categorization in terms of mix- 

ng and recoil forces as already displayed in the GLMT framework 

early four decades ago and which will serve to derive the ex- 

ressions of 1-forces and 2-forces (in terms of BSCs and of Mie 

oefficients) required for the study of quadrupoles. A background 

oncerning the Poynting vector in the GLMT framework will be as 

ell recalled. Section 3 displays the expressions of 1-forces while 

ection 4 will provide their interpretation. Section 5 displays the 

xpressions of 2-forces while Section 6 will provide their interpre- 

ation. Section 7 is a summary and a discussion of the results gen- 

rated by the 3-level categorization and by a 2-level decomposition 

to be introduced in the sequel). Section 8 is a conclusion. Two 

ppendices will refer to gradient 2-forces exhibited in Eq. (24) of 

heng et al. [39] . 

. Background 

.1. Optical forces 

The present paper is carried out in the framework of GLMT 

ith usual notations, e.g. [8,32] . In the longitudinal direction O p z, 

he radiation pressure cross-section component C pr,z is then ex- 

ressed by the relation (e.g. Eq. (3.146) in Gouesbet and Gréhan 

2] ): 

 pr,z = 

∫ π

0 

∫ 2 π

0 

1 

2 

Re (E i ϕ H 

s ∗
θ + E s ϕ H 

i ∗
θ − E i θ H 

s ∗
ϕ 

−E s θ H 

i ∗
ϕ ) r 

2 cos θ sin θ d θd ϕ 

−
∫ π

0 

∫ 2 π

0 

(I s θ + I s ϕ ) r 
2 cos θ sin θ d θd ϕ (1) 

n which the integrations are performed on the surface of a sphere 

, centered at O P , and of radius r p � λ (with λ the wavelength), E 

nd H denote the electric and magnetic fields respectively, the su- 

erscripts i and s denote incident and scattered fields respectively, 

nd (r, θ, ϕ) are usual spherical coordinates attached to the Carte- 

ian coordinates (x, y, z) . Also I s 
θ

and I s ϕ denote scattered intensities 

iven by Eqs. (3.107)–(3.111) in Gouesbet and Gréhan [2] . They cor- 

espond to the usual scattered intensities of the Lorenz–Mie theory 

ut generalized to the case of GLMT. 

Cross-sections may be viewed as forces expressed in square me- 

ers and will be conveniently called forces in the sequel (for the 

elationship between forces in square meters and forces in new- 

ons, see Eq. (226) in Appendix B ). With this vocabulary, the first 

orce in the r.h.s. represents the forward momentum removed from 

he beam, now called a mixing force, and the second force repre- 

ents minus the forward momentum given by the scatterer to the 

cattered wave, now called the recoil force. Eq. (1) therefore ex- 

resses a first categorization of optical forces in terms of mixing 

nd recoil forces, a partition already introduced in 1985 in Goues- 

et et al. [7] , although we here use a different language to express 

t. Such a categorization occurs as well for transverse forces, see 
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ection 3.12.3 of Gouesbet and Gréhan [2] . Eq. (1) may be rewrit- 

en as (Eq. (3.147) in Gouesbet and Gréhan [2] ): 

 pr,z = cos θ C ext − cos θ C sca (2) 

n which cos θ indicates integrations weighted by cos θ , C ext is the 

xtinction cross-section (Eq. (3.142) in Gouesbet and Gréhan [2] ), 

nd C sca is the scattering cross-section (Eq. (3.137) in Gouesbet and 

réhan [2] ). The forces cos θ C ext and cos θ C sca of Eq. (2) may be 

valuated in terms of BSCs according to Eqs. (3.158) and (3.155) in 

ouesbet and Gréhan [2] , to which the reader is kindly requested 

o refer. Once they are inserted in Eq. (2) , we obtain C pr,z in terms

f BSCs and Mie coefficients according to (Eq. (3.159) in Gouesbet 

nd Gréhan [2] ): 

 pr,z = 

λ2 

π

∞ ∑ 

n =1 

+ n ∑ 

p= −n 

{
1 

(n + 1) 2 
(n + 1 + | p| )! 

(n − | p| )! 
(3)

Re [(a n + a ∗n+1 − 2a n a 
∗
n+1 )g p 

n , TM 

g p ∗
n+1 , TM 

+(b n + b ∗n +1 − 2 b n b 
∗
n +1 ) g 

p 
n,T E 

g p∗
n +1 ,T E 

] 

+ p 
2 n + 1 

n 

2 (n + 1) 2 
(n + | p| )! 

(n − | p| )! 
Re [i(2a n b 

∗
n − a n − b 

∗
n )g p 

n , TM 

g p ∗
n , TE 

] 

}
Similarly, the transverse forces components along x and y 

ay be decomposed into mixing and recoil forces according to 

Eqs. (3.162) and (3.163) in Gouesbet and Gréhan [2] ): 

 pr,x = sin θ cos ϕ C ext − sin θ cos ϕ C sca (4) 

 pr,y = sin θ sin ϕ C ext − sin θ sin ϕ C sca (5) 

For the subterms in Eqs. (4) and (5) , the reader is kindly 

equested to refer to Gouesbet and Gréhan [2] , Eq. (3.180) for 

in θ cos ϕ C ext (with the subscript in the rightmost summation 

orrected from m = p − 1 to m = p − 1 � = 0 as in Eq. (158) of

ouesbet et al. [8] ), Eq. (3.174) for sin θ cos ϕ C sca , to be com- 

lemented by Eqs. (3.177) and (3.178), with the rightmost sub- 

cript of Eq. (3.178) corrected from T E to T M, as in Eq. (156)

f Gouesbet et al. [8] , and (3.167), (3.168). As a whole, C pr,x is

rovided by Eqs. (3.181) and (3.182) in Gouesbet and Gréhan 

2] . Establishing the expression for C pr,y is fully similar. It is 

ound that sin θ sin ϕ C sca and sin θ sin ϕ C ext are deduced from 

in θ cos ϕ C sca and sin θ cos ϕ C ext respectively, by changing Re to 

m . The final expression for C pr,y is therefore identical to the one 

f C pr,x but with Re replaced by Im as well. 

Optical forces expressed in square meters may be denoted F . 

hen, the first-level categorization expresses the forces F as a sum 

f mixing forces with a subscript “ext” and of recoil forces with a 

ubscript “sca ” according to: 

 = F ext + F sca (6) 

n which: 

 ext = 

( 

F ext,x 

F ext,y 

F ext,z 

) 

= 

⎛ 

⎝ 

sin θ cos ϕ C ext 

sin θ sin ϕ C ext 

cos θC ext 

⎞ 

⎠ (7) 

 sca = 

( 

F sca,x 

F sca,y 

F sca,z 

) 

= −

⎛ 

⎝ 

sin θ cos ϕ C sca 

sin θ sin ϕ C sca 

cos θC sca 

⎞ 

⎠ (8) 

The minus sign in the r.h.s. of Eq. (8) is the consequence of 

he minus signs in Eqs. (2) , (4), (5) . The word “force” will be

onveniently used to discuss forces in the vectorial sense or, by 

etonymy, to discuss force components, without any risk of am- 

iguity due to the contexts. For the recoil forces, the components 

ill be discussed modulo the minus sign in the r.h.s. of Eq. (8) .

lso, it must be noted that the forces in GLMT have been obtained 
3 
y using a radiative balance of momentum rather than by using 

he more abstract Maxwell stress tensor, although both approaches 

re equivalent, as checked and stated for example in Gouesbet and 

réhan [11] , p.66. 

.2. Poynting vector 

The study of optical force categorizations (for 1-forces) relies 

n the Poynting vector which has been used to the introduction of 

cattering forces (as proportional to Poynting vector components) 

nd, a contrario, to the introduction of non-standard forces (which 

re not proportional to Poynting vector components), in the case 

f small dipolar particles, e.g. [32] . For the expression of Poynt- 

ng vector components versus BSCs in the GLMT framework, see 

40,41] . The reader is kindly requested to refer to these references 

or expressions which are not repeated here. A particular attention 

s to be paid to the Poynting vector components evaluated at the 

rigin O P of the coordinate system. These components, with P used 

s a subscript, read as Gouesbet [30] , Gouesbet et al. [32] , Goues- 

et and Ambrosio [42] , Gouesbet [43] : 

 S x ] P = Re { i[g 0 1 , TM 

(g −1 ∗
1 , TE − g 1 ∗1 , TE ) + g 0 1 , TE (g 1 ∗1 , TM 

− g −1 ∗
1 , TM 

)] } (9)

 S y ] P = Re { [g 0 1 , TE (g 1 ∗1 , TM 

+ g −1 ∗
1 , TM 

) − g 0 1 , TM 

(g −1 ∗
1 , TE + g 1 ∗1 , TE )] } (10)

 S z ] P = 2 Re [i(g −1 
1 , TM 

g −1 ∗
1 , TE − g 1 1 , TM 

g 1 ∗1 , TE )] (11) 

. Expressions versus BSCs of the 1-forces 

Among the 1-forces, those which have been required for dealing 

ith dipoles only involve Mie coefficients with subscripts 1, i.e. a 1 , 

 1 , and the product a 1 b 1 [32,37] . Other 1-forces, which have not 

een used when dealing with dipolar forces but which are nec- 

ssary for dealing with quadrupoles, are discussed as well in this 

ection. They are derived from the general expressions discussed 

n Section 2.1 . 

.1. Longitudinal 1-forces 

The mixing 1-forces, denoted as cos θC 1 ext , are given by 

qs. (15) –(17) of Gouesbet et al. [32] . They are conveniently re- 

eated below to train the reader to deal with a change of nota- 

ions useful in the more general context considered in this paper. 

e then have: 

os θC 1 ext = 

3 λ2 

2 π
Re (a 1 Z 

1 
E + b 1 Z 

1 
H ) (12) 

n which: 

 

1 
E = g −1 

1 ,T M 

(g −1 ∗
2 ,T M 

+ ig −1 ∗
1 ,T E ) + g 1 1 ,T M 

(g 1 ∗2 ,T M 

− ig 1 ∗1 ,T E ) + 

1 

3 

g 0 1 ,T M 

g 0 ∗2 ,T M 

(13) 

 

1 
H = g −1 

1 ,T E (g −1 ∗
2 ,T E − ig −1 ∗

1 ,T M 

) + g 1 1 ,T E (g 1 ∗2 ,T E + ig 1 ∗1 ,T M 

) + 

1 

3 

g 0 1 ,T E g 
0 ∗
2 ,T E 

(14) 

n which Z 1 E and Z 1 H were denoted G E and G H respectively in Goues- 

et et al. [32] . The superscript 1 refers to 1 -forces (the super- 

cript 2 will be later used for 2-forces). The subscripts E and H de- 

ote electric forces and magnetic forces respectively. Magnetoelec- 

ric forces will be denoted by using the subscript EH. Such mag- 

etoelectric forces occur for the recoil 1-forces which are found to 

ead as: 

os θC 1 sca = 

3 λ2 

Re (ia 1 b 

∗
1 Z 

11 
EH + a 1 a 

∗
2 Z 

12 
E + b 1 b 

∗
2 Z 

12 
H ) (15)
π
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n which: 

 

11 
EH = g −1 

1 ,T M 

g −1 ∗
1 ,T E − g 1 1 ,T M 

g 1 ∗1 ,T E (16) 

 

12 
E = g −1 

1 ,T M 

g −1 ∗
2 ,T M 

+ g 1 1 ,T M 

g 1 ∗2 ,T M 

+ 

1 

3 

g 0 1 ,T M 

g 0 ∗2 ,T M 

(17) 

 

12 
H = g −1 

1 ,T E g 
−1 ∗
2 ,T E + g 1 1 ,T E g 

1 ∗
2 ,T E + 

1 

3 

g 0 1 ,T E g 
0 ∗
2 ,T E (18) 

The forces associated with Z 12 
E 

weighted by the product a 1 a 
∗
2 

nd Z 12 
H weighted by the product b 1 b 

∗
2 are new, i.e. they did not

ccur in the paper related to the dipole theory of forces, see 

q. (22) in [32] to be compared with Eq. (15) above. 

.2. Transverse x -component of 1-forces 

The x -component of the mixing 1-forces is given by Eqs. (24) –

26) of Gouesbet et al. [32] which is here to be understood with 

 change of notations in which H 1 is changed to X 1 
E 

and H 2 to

 

1 
H (most of the time, changes of notations between [32] and the 

resent paper are easy to deal with). The x -component of the re- 

oil 1-forces is found to generalize Eq. (27) of Gouesbet et al. [32] ,

nd reads as: 

in θ cos ϕ C 1 sca = 

3 λ2 

2 π
Re (ia 1 b 

∗
1 X 

11 
EH + a 1 a 

∗
2 X 

12 
E + b 1 b 

∗
2 X 

12 
H ) (19)

n which: 

 

11 
EH = g 0 ∗1 ,T E (g −1 

1 ,T M 

− g 1 1 ,T M 

) + g 0 1 ,T M 

(g −1 ∗
1 ,T E − g 1 ∗1 ,T E ) (20) 

 

12 
E = 

1 

3 

g 0 ∗2 ,T M 

(g 1 1 ,T M 

+ g −1 
1 ,T M 

) − g 0 1 ,T M 

(g 1 ∗2 ,T M 

+ g −1 ∗
2 ,T M 

) 

− 4(g 1 1 ,T M 

g 2 ∗2 ,T M 

+ g −2 ∗
2 ,T M 

g −1 
1 ,T M 

) (21) 

 

12 
H = 

1 

3 

g 0 ∗2 ,T E (g 1 1 ,T E + g −1 
1 ,T E ) − g 0 1 ,T E (g 1 ∗2 ,T E + g −1 ∗

2 ,T E ) 

− 4(g 1 1 ,T E g 
2 ∗
2 ,T E + g −2 ∗

2 ,T E g 
−1 
1 ,T E ) (22) 

The force associated with ia 1 b 
∗
1 X 

11 
EH is a dipolar force already in- 

roduced in Gouesbet et al. [32] while the a 1 a 
∗
2 
- and b 1 b 

∗
2 
-forces

re new. 

.3. Transverse y -component of 1-forces 

The y -component of the mixing 1-forces is given in Eqs. (38) –

40) of Gouesbet et al. [32] , which is here to be understood with

 change of notations in which H 

′ 
1 

is changed to Y 1 
E 

and H 

′ 
2 

to Y 1 
H 

.

he corresponding y -component of the recoil 1-forces is found to 

ead as: 

in θ sin ϕ C 1 sca = 

3 λ2 

2 π
Im (ia 1 b 

∗
1 Y 

11 
EH + a 1 a 

∗
2 Y 

12 
E + b 1 b 

∗
2 Y 

12 
H ) (23)

n which: 

 

11 
EH = g 0 ∗1 ,T E (g −1 

1 ,T M 

+ g 1 1 ,T M 

) − g 0 1 ,T M 

(g −1 ∗
1 ,T E + g 1 ∗1 ,T E ) (24) 

 

12 
E = 

1 

3 

g 0 ∗2 ,T M 

(g −1 
1 ,T M 

− g 1 1 ,T M 

) − g 0 1 ,T M 

(g 1 ∗2 ,T M 

− g −1 ∗
2 ,T M 

) 

− 4(g 1 1 ,T M 

g 2 ∗2 ,T M 

− g −2 ∗
2 ,T M 

g −1 
1 ,T M 

) (25) 

 

12 
H = 

1 

3 

g 0 ∗2 ,T E (g −1 
1 ,T E − g 1 1 ,T E ) − g 0 1 ,T E (g 1 ∗2 ,T E − g −1 ∗

2 ,T E ) 

− 4(g 1 1 ,T E g 
2 ∗
2 ,T E − g −2 ∗

2 ,T E g 
−1 
1 ,T E ) (26) 

The force associated with ia 1 b 
∗
1 
Y 11 

EH 
has already been introduced 

n Gouesbet et al. [32] while forces associated with a 1 a 
∗
2 Y 

12 
E and 

 1 b 
∗Y 12 are new. 

2 H 

4

. Interpretation of 1 forces 

We have to distinguish between dipolar forces which have al- 

eady been interpreted in Gouesbet et al. [32] , whose interpre- 

ations will be recalled without any demonstration and the new 

orces which require new demonstrations (and which will be called 

on-dipolar forces). 

.1. Interpretation of dipolar 1-forces 

.1.1. z-component 

Concerning cos θC 1 ext of Eq. (12) , it is the sum of electric forces 

nd of magnetic forces, both of them being separable in two sub- 

orces, so that we have to face four kinds of forces, given by 

qs. (18) –(21) of [32] , denoted respectively (with a new obvious 

light change of notations) cos θC 1 ,I 
ext,E 

, cos θC 1 ,R 
ext,E 

, cos θC 1 ,I 
ext,H 

and 

os θC 1 ,R 
ext,H 

, in which the superscripts I and R are related to the 

maginary and real parts respectively of the BSC-dependent terms 

in the present case, the imaginary and real parts of the BSC- 

ependent terms correspond as well to the imaginary and real 

arts respectively of the Mie coefficients, but this will not be 

lways the case). It has been demonstrated that cos θC 1 ,I 
ext,E 

and 

os θC 1 ,I 
ext,H 

are mixing gradient electric and magnetic forces re- 

pectively, proportional respectively to [ ∂ z | E | 2 ] P and [ ∂ z | H | 2 ] P , see 

qs. (56) and (58) of [32] . They may then conveniently be renamed 

os θC 1 ,IG 
ext,E 

and cos θC 1 ,IG 
ext,H 

, in which the superscript G stands for 

gradient”. 

It has been demonstrated as well that cos θC 1 ,R 
ext,E 

is the sum of a 

ixing scattering electric force and of a mixing non-standard elec- 

ric force, reading as respectively, see Eqs. (66) and (67) in Goues- 

et et al. [32] : 

os θC 1 ,RS 
ext,E 

= 

3 λ2 

2 π
Re (a 1 ) Re [i(g −1 

1 , TM 

g −1 ∗
1 , TE − g 1 1 , TM 

g 1 ∗1 , TE )] (27) 

os θC 1 ,RNS 
ext,E 

= 

3 λ2 

2 π
Re (a 1 ) Re [g −1 

1 , TM 

g −1 ∗
2 , TM 

+ g 1 1 , TM 

g 1 ∗2 , TM 

+ 

1 

3 

g 0 1 , TM 

g 0 ∗2 , TM 

] 

(28) 

n which the superscripts S and NS stand for “scattering” and 

non-standard” respectively. This introduces the definition of non- 

tandard forces for 1-forces: the scattering force cos θC 1 ,RS 
ext,E 

is a 

on-gradient (non-conservative) force which is proportional to the 

orresponding component of the Poynting vector, see Eq. (11) , 

hile the non-standard force cos θC 1 ,RNS 
ext,E 

is a non-gradient (non- 

onservative) force which is not proportional to the correspond- 

ng component of the Poynting vector. Similarly, cos θC 1 ,R 
ext,H 

has 

een found to be the sum of a mixing scattering magnetic 

orce cos θC 1 ,RS 
ext,H 

and of a mixing non-standard magnetic force 

os θC 1 ,RNS 
ext,H 

, see Eqs. (68) and (69) of [32] . For further use, it is use-

ul to express cos θC 1 ,RS 
ext,H 

which reads as: 

os θC 1 ,RS 
ext,H 

= 

3 λ2 

2 π
Re (b 1 ) Re [i(g 1 1 , TE g 

1 ∗
1 , TM 

− g −1 
1 , TE g 

−1 ∗
1 , TM 

)] (29) 

.1.2. x -component 

Similarly, sin θ cos ϕ C 1 ext in Eq. (4) may be decomposed into 

our terms sin θ cos ϕ C 1 ,I 
ext,E 

, sin θ cos ϕ C 1 ,R 
ext,E 

, sin θ cos ϕ C 1 ,I 
ext,H 

and 

in θ cos ϕ C 1 ,R 
ext,H 

, see Eqs. (32) , (33), (35) and (36) of [32] . It has

hen been demonstrated that sin θ cos ϕ C 1 ,I 
ext,E 

and sin θ cos ϕ C 1 ,I 
ext,H 

renamed sin θ cos ϕ C 1 ,IG 
ext,E 

and sin θ cos ϕ C 1 ,IG 
ext,H 

) are mixing gradi- 

nt electric forces and mixing gradient magnetic forces respec- 

ively, proportional to [ ∂ x | E | 2 ] P and [ ∂ x | H | 2 ] P , respectively, see 

qs. (59) and (60) of [32] . Also, it has been demonstrated that 
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in θ cos ϕ C 1 ,R 
ext,E 

is the sum of a mixing scattering electric force and 

f a mixing non-standard electric force, reading as ( Eqs. (70) and 

71) of [32] ): 

in θ cos ϕ C 1 ,RS 
ext,E 

= 

3 λ2 

4 π
Re (a 1 ) Re { i[g 0 1 , TM 

(g −1 ∗
1 , TE − g 1 ∗1 , TE ) 

+ g 0 ∗1 ,T E (g −1 
1 ,T M 

− g 1 1 ,T M 

)] } (30) 

in θ cos ϕ C 1 ,RNS 
ext,E 

= 

λ2 

4 π
Re (a 1 ) Re [g 0 ∗2 , TM 

(g 1 1 , TM 

+ g −1 
1 , TM 

) (31) 

−3 g 0 1 ,T M 

(g 1 ∗2 ,T M 

+ g −1 ∗
2 ,T M 

) − 12(g 1 1 ,T M 

g 2 ∗2 ,T M 

+ g −1 
1 ,T M 

g −2 ∗
2 ,T M 

)] 

= 

3 λ2 

4 π
Re (a 1 ) Re (X 

12 
E ) 

n which, for the interpretation of sin θ cos ϕ C 1 ,RS 
ext,E 

as a scattering 

orce, we may compare Eqs. (30) and (9) . Similarly, sin θ cos ϕ C 1 ,R 
ext,H 

as been found to be the sum of a mixing scattering mag- 

etic force and of a mixing non-standard magnetic force, see 

qs. (72) and (73) of [32] . 

.1.3. y -component 

Similarly, sin θ sin ϕ C 1 ext , see Eq. (38) of [32] , may be decom- 

osed into four terms denoted sin θ sin ϕ C 1 ,I 
ext,E 

, sin θ sin ϕ C 1 ,R 
ext,E 

, 

in θ sin ϕ C 1 ,I 
ext,H 

and sin θ sin ϕ C 1 ,R 
ext,H 

, see Eqs. (47) , (46) and (50), 

49) , respectively, of [32] . It has then been demonstrated that 

in θ sin ϕ C 1 ,R 
ext,E 

and sin θ sin ϕ C 1 ,R 
ext,H 

(renamed sin θ sin ϕ C 1 ,RG 
ext,E 

and 

in θ sin ϕ C 1 ,RG 
ext,H 

) are mixing gradient electric forces and mixing gra- 

ient magnetic forces respectively, proportional to [ ∂ y | E | 2 ] P and 

 ∂ y | H | 2 ] P , see Eqs. (61) and (62) of [32] . Meanwhile, sin θ sin ϕ C 1 ,I 
ext,E 

as been found to be the sum of a mixing scattering electric force 

nd of a mixing non-standard electric force, reading as respectively 

 Eqs. (74) and (75) of [32] ): 

in θ sin ϕ C 1 ,IS 
ext,E 

= 

3 λ2 

4 π
Re (a 1 ) Re [g 0 ∗1TE (g 1 1 , TM 

+ g −1 
1 , TM 

) 

− g 0 1 ,T M 

(g 1 ∗1 ,T E + g −1 ∗
1 ,T E )] (32) 

in θ sin ϕ C 1 ,INS 
ext,E 

= 

λ2 

4 π
Re (a 1 ) Im [g 0 ∗2 , TM 

(g −1 
1 , TM 

− g 1 1 , TM 

) (33) 

−3 g 0 1 ,T M 

(g 1 ∗2 ,T M 

− g −1 ∗
2 ,T M 

) − 12(g 1 1 ,T M 

g 2 ∗2 ,T M 

−g −1 
1 ,T M 

g −2 ∗
2 ,T M 

)] 

= 

3 λ2 

4 π
Re (a 1 ) Im (Y 

12 
E ) 

n which, for the interpretation of the scattering force 

in θ sin ϕ C 1 ,IS 
ext,E 

, we may compare Eqs. (32) and (10) . Further- 

ore, sin θ sin ϕ C 1 ,I 
ext,H 

has similarly been found to be the sum of 

 mixing scattering magnetic force and of a mixing non-standard 

agnetic force, see Eqs. (76) and (77) of [32] . 

.1.4. Magnetoelectric dipolar 1-forces 

The dipolar 1-forces considered up to now were mixing purely 

lectric or purely magnetic forces. We now have to consider the 

rst force of Eq. (15) which is again a dipolar force (i.e. a force

nvolved in the GLMT limit of the dipole theory of forces as dis- 

ussed in Ambrosio et al. [37] ). It is the z-component of a re-

oil magnetoelectric force given by Eq. (22) of [32] , which may 

e decomposed into two subforces denoted as cos θC 1 ,R 
sca,EH 

and 

os θC 1 ,I 
sca,EH 

which are given in Eqs. (79) and (80) of subsection 
5 
4.4) of [32] in which they are interpreted. In particular, we have: 

os θC 1 ,R 
sca,EH 

= 

−3 λ2 

π
Re (a 1 b 

∗
1 ) Re [i(g 1 1 , TM 

g 1 ∗1 , TE − g −1 
1 , TM 

g −1 ∗
1 , TE )] (34) 

= 

3 λ2 

π
Re (a 1 b 

∗
1 ) Re (iZ 

11 
EH ) 

It was concluded by a direct argument that cos θC 1 ,R 
sca,EH 

renamed cos θC 1 ,RS 
sca,EH 

) is a scattering force. Furthermore, from 

qs. (34) , (27) and (29) , we obtain: 

os θC 1 ,RS 
sca,EH 

= 2 

Re (a 1 b 

∗
1 ) 

Re (a 1 ) 
cos θC 1 ,RS 

ext,E 
= 2 

Re (a 1 b 

∗
1 ) 

Re (b 1 ) 
cos θC 1 ,RS 

ext,H 
(35) 

hich expresses cos θC 1 ,RS 
sca,EH 

in terms of mixing scattering pure 

lectric and magnetic forces, and confirms that cos θC 1 ,RS 
sca,EH 

is in- 

eed a scattering force. In contrast, it was argued that cos θC 1 ,I 
sca,EH 

which is not a scattering force and which is not a gradient force) 

s a recoil non-standard force, to be renamed cos θC 1 ,INS 
sca,EH 

(see com- 

lementary discussion, between Eqs. (80) and (81) of [32] ). From 

q. (80) in Gouesbet et al. [32] , it is observed that this recoil non-

tandard force only contains BSCs associated with n = 1 , without 

ny coupling between (n = 1) - and (n = 2) - partial waves (i.e. in-

olving only BSCs of the form g m 

1 ,X 
) and without any coupling be- 

ween (n = 1) - and (n = 2) -Mie coefficients (i.e. involving only Mie

oefficients a 1 and b 1 ). This force is both non-standard and mag- 

etoelectric, with therefore is a noticeable property. Similar com- 

ents would apply as well to the x - and y -components of recoil

on-standard magnetoelectric forces discussed below. 

Similarly, from the x -component of the recoil force of Eq. (19) , 

e may extract a dipolar recoil magnetoelectric force, again with- 

ut any coupling between n = 1 and n = 2 partial waves, denoted 

in θ cos ϕ C 1 sca,EH , and given by Eq. (27) of [32] . This force may 

e decomposed into two subforces denoted as sin θ cos ϕ C 1 ,R 
sca,EH 

nd sin θ cos ϕ C 1 ,I 
sca,EH 

which are respectively given by Eqs. (82) and 

83) of [32] , and interpreted in subsection (4.4) of [32] , in which

t is found that sin θ cos ϕ C 1 ,R 
sca,EH 

, to be renamed sin θ cos ϕ C 1 ,RS 
sca,EH 

, 

s a scattering force while, arguing as for cos θC 1 ,I 
sca,EH 

, we have that 

in θ cos ϕ C 1 ,I 
sca,EH 

, renamed sin θ cos ϕ C 1 ,INS 
sca,EH 

is a recoil non-standard 

magnetoelectric) force, again without any coupling involving n = 1 

nd n = 2 partial waves. Furthermore, similarly to Eq. (35) , we 

emonstrate that: 

in θ cos ϕ C 1 ,RS 
sca,EH 

= 2 

Re (a 1 b 

∗
1 ) 

Re (a 1 ) 
sin θ cos ϕ C 1 ,RS 

ext,E 

= 2 

Re (a 1 b 

∗
1 ) 

Re (b 1 ) 
sin θ cos ϕ C 1 ,RS 

ext,H 
(36) 

hich confirms that sin θ cos ϕ C 1 ,RS 
sca,EH 

is a scattering force which is 

xpressed in terms of mixing scattering pure electric and magnetic 

orces. 

Similarly, from the y -component of the recoil force of Eq. (23) , 

e extract a non-coupling recoil magnetoelectric force given 

y Eq. (41) of [32] which may be decomposed into two sub- 

orces denoted sin θ sin ϕ C 1 ,R 
sca,EH 

proportional to Re (iY 

11 
EH 

) and 

in θ sin ϕ C 1 ,I 
sca,EH 

proportional to Im (iY 

11 
EH 

) . We here have to take 

nto account for a change of notation which, using Re (iz) = 

Im (z) and Im (iz) = Re (z) , shows that sin θ sin ϕ C 1 ,R 
sca,EH 

and 

in θ sin ϕ C 1 ,I 
sca,EH 

, due to a change of location of the imaginary 

nit “i ”, actually correspond to Eqs. (86) and (85) – i.e. not 

ith (85) and (86) – of [32] . In subsection 4.4 of [32] , it is

hen concluded that sin θ sin ϕ C 1 ,I 
sca,EH 

is a scattering force (re- 

amed sin θ sin ϕ C 1 ,IS 
sca,EH 

), while arguing as for the z- and x - 

omponents, sin θ sin ϕ C 1 ,R 
sca,EH 

(renamed sin θ sin ϕ C 1 ,RNS 
sca,EH 

) denotes 
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4 kπ
 non-coupling recoil non-standard force. Note that the interpre- 

ations of these x - and y -components require to interchange the 

uperscripts R and I which is the consequence of the change from 

e to Im in the general expressions for the x - and y -forces as men-

ioned in Section 2.1 . Similarly as for Eqs. (35) and (36) , we then

emonstrate that: 

in θ sin ϕ C 1 ,IS 
sca,EH 

= 2 

Re (a 1 b 

∗
1 ) 

Re (a 1 ) 
sin θ sin ϕ C 1 ,IS 

ext,E 

= 2 

Re (a 1 b 

∗
1 ) 

Re (b 1 ) 
sin θ sin ϕ C 1 ,IS 

ext,H 
(37) 

onfirming that sin θ sin ϕ C 1 ,IS 
sca,EH 

is a scattering force, which fur- 

hermore can be expressed in terms of mixing scattering pure elec- 

ric and magnetic forces. 

.2. Interpretation of non-dipolar 1-forces 

.2.1. z-component 

We now have to discuss non-dipolar 1-forces, that is to say 

orces which are not required to match the dipole theory of forces, 

nce again see [32] where they have not been implemented. These 

ew forces, not yet interpreted, are all recoil forces with a cou- 

ling between (n = 1) and (n = 2) partial waves, these couplings 

eing associated with products a 1 a 
∗
2 and b 1 b 

∗
2 of Mie coefficients. 

e again begin with a z-component. From the second and third 

orces of Eq. (15) , we have: 

os θC 1 sca,E = 

3 λ2 

π
Re (a 1 a 

∗
2 Z 

12 
E ) (38) 

os θC 1 sca,H = 

3 λ2 

π
Re (b 1 b 

∗
2 Z 

12 
H ) (39) 

n which we recall that Z 12 
E and Z 12 

H are given in Eqs. (17) and (18) .

The electric recoil force cos θC 1 
sca,E 

may be decomposed into 

wo subforces denoted cos θC 1 ,R 
sca,E 

and cos θC 1 ,I 
sca,E 

, which, using 

q. (17) read as: 

os θC 1 ,R 
sca,E 

= 

3 λ2 

π
Re (a 1 a 

∗
2 ) Re (Z 

12 
E ) (40) 

= 

3 λ2 

π
Re (a 1 a 

∗
2 ) Re (g −1 

1 , TM 

g −1 ∗
2 , TM 

+ g 1 1 ,T M 

g 1 ∗2 ,T M 

+ 

1 

3 

g 0 1 ,T M 

g 0 ∗2 ,T M 

) 

os θC 1 ,I 
sca,E 

= 

−3 λ2 

π
Im (a 1 a 

∗
2 ) Im (Z 

12 
E ) (41) 

= 

−3 λ2 

π
Im (a 1 a 

∗
2 ) Im (g −1 

1 , TM 

g −1 ∗
2 , TM 

+ g 1 1 ,T M 

g 1 ∗2 ,T M 

+ 

1 

3 

g 0 1 ,T M 

g 0 ∗2 ,T M 

) 

From Eq. (28) , we see that cos θC 1 ,R 
sca,E 

is a non-standard force 

ccording to: 

os θC 1 ,R 
sca,E 

= cos θC 1 ,RNS 
sca,E 

= 

2 Re (a 1 a 
∗
2 ) 

Re (a 1 ) 
cos θC 1 ,RNS 

ext,E 
(42) 

howing that we have a recoil non-standard electric force which 

ay be expressed in terms of a mixing non-standard electric force. 

For cos θC 1 ,I 
sca,E 

, we first establish, from Eqs. (13) and (17) that: 

 

12 
E = Z 1 E − i (g −1 

1 ,T M 

g −1 ∗
1 ,T E − g 1 1 ,T M 

g 1 ∗1 ,T E ) (43) 

We may then decompose cos θC 1 ,I 
sca,E 

into two subforces denoted 

os θC 1 ,Iα
sca,E 

and cos θC 
1 ,Iβ
sca,E 

, reading as: 

os θC 1 ,Iα
sca,E 

= 

−3 λ2 

Im (a 1 a 
∗
2 ) Im (Z 

1 
E ) (44) 
π

6 
os θC 
1 ,Iβ
sca,E 

= 

3 λ2 

π
Im (a 1 a 

∗
2 ) Im [i(g −1 

1 , TM 

g −1 ∗
1 , TE − g 1 1 , TM 

g 1 ∗1 , TE )] (45) 

Let us consider Eq. (44) . Im (Z 1 E ) occurs in Eqs. (18) and (56) of

32] for cos θC 1 ,I 
ext,E 

and [ ∂ z | E | 2 ] P respectively (notwithstanding an 

asy change of notations). We then find that cos θC 1 ,Iα
sca,E 

is a recoil 

radient electric force, which may be expressed versus a mixing 

radient electric force, according to: 

os θC 1 ,Iα
sca,E 

= cos θC 1 ,IG 
sca,E 

= 

2 Im (a 1 a 
∗
2 ) 

Im (a 1 ) 
cos θC 1 ,I 

ext,E 

= 

3 λ2 

4 kηπ
Im (a 1 a 

∗
2 )[ ∂ z | E | 2 ] P (46) 

We now consider cos θC 
1 ,Iβ
sca,E 

. The Im [] in Eq. (45) may be ex- 

ressed in terms of cos θC 1 ,I 
sca,EH 

by Eq. (80) of [32] , showing that it 

s a recoil non-standard electric force which may be expressed in 

erms of a recoil non-standard magneto-electric force according to: 

os θC 
1 ,Iβ
sca,E 

= cos θC 1 ,INS 
sca,E 

= 

−Im (a 1 a 
∗
2 ) 

Im (a 1 b 

∗
1 
) 

cos θC 1 ,INS 
sca,EH 

(47) 

Similarly, cos θC 1 
sca,H 

may be decomposed into two subforces de- 

oted cos θC 1 ,R 
sca,H 

and cos θC 1 ,I 
sca,H 

, reading as: 

os θC 1 ,R 
sca,H 

= 

3 λ2 

π
Re (b 1 b 

∗
2 ) Re (Z 

12 
H ) (48) 

= 

3 λ2 

π
Re (b 1 b 

∗
2 ) Re (g −1 

1 , TE g 
−1 ∗
2 , TE + g 1 1 , TE g 

1 ∗
2 , TE + 

1 

3 

g 0 1 , TE g 
0 ∗
2 , TE )

os θC 1 ,I 
sca,H 

= 

−3 λ2 

π
Im (b 1 b 

∗
2 ) Im (Z 

12 
H ) (49) 

= 

−3 λ2 

π
Im (b 1 b 

∗
2 ) Im (g −1 

1 , TE g 
−1 ∗
2 , TE 

+ g 1 1 ,T E g 
1 ∗
2 ,T E + 

1 

3 

g 0 1 ,T E g 
0 ∗
2 ,T E ) 

Proceeding similarly as for the electric force cos θC 1 sca,E (or, more 

apidly, invoking a duality between electric and magnetic forces), 

t is then found that cos θC 1 ,R 
sca,H 

is a recoil non-standard magnetic 

orce which may be expressed in terms of a mixing non-standard 

agnetic force according to: 

os θC 1 ,R 
sca,H 

= cos θC 1 ,RNS 
sca,H 

= 

2 Re (b 1 b 

∗
2 ) 

Re (b 1 ) 
cos θC 1 ,RNS 

ext,H 
(50) 

hile cos θC 1 ,I 
sca,H 

may be decomposed in two subforces denoted 

os θC 1 ,Iα
sca,H 

and cos θC 
1 ,Iβ
sca,H 

, which, using the magnetic counterpart of 

q. (43) , read as: 

os θC 1 ,Iα
sca,H 

= 

−3 λ2 

π
Im (b 1 b 

∗
2 ) Im (Z 

1 
H ) (51) 

os θC 
1 ,Iβ
sca,H 

= 

−3 λ2 

π
Im (b 1 b 

∗
2 ) Im [i(g −1 

1 , TE g 
−1 ∗
1 , TM 

− g 1 1 , TE g 
1 ∗
1 , TM 

)] (52) 

Similarly as for the electric case, it is then found that cos θC 1 ,Iα
sca,H 

s a recoil gradient magnetic force, which may be expressed versus 

 mixing gradient magnetic force, according to: 

os θC 1 ,Iα
sca,H 

= cos θC 1 ,IG 
sca,H 

= 

2 Im (b 1 b 

∗
2 ) 

Im (b 1 ) 
cos θC 1 ,IG 

ext,H 

= 

3 λ2 η
Im (b 1 b 

∗
2 )[ ∂ z | H | 2 ] P (53) 
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hile cos θC 
1 ,Iβ
sca,H 

is a recoil non-standard magnetic force, which 

ay be expressed versus a recoil non-standard magnetoelectric 

orce, reading as: 

os θC 
1 ,Iβ
sca,H 

= cos θC 1 ,INS 
sca,H 

= 

Im (b 1 b 

∗
2 ) 

Im (a 1 b 

∗
1 
) 

cos θC 1 ,INS 
sca,EH 

(54) 

.2.2. x -component 

From the second and third forces of Eq. (19) , we have to deal

ith: 

in θ cos ϕ C 1 sca,E = 

3 λ2 

2 π
Re (a 1 a 

∗
2 X 

12 
E ) (55) 

in θ cos ϕ C 1 sca,H = 

3 λ2 

2 π
Re (b 1 b 

∗
2 X 

12 
H ) (56) 

We begin with sin θ cos ϕ C 1 
sca,E 

which may decomposed into 

wo subforces denoted sin θ cos ϕ C 1 ,R 
sca,E 

and sin θ cos ϕ C 1 ,I 
sca,E 

, reading 

s: 

in θ cos ϕ C 1 ,R 
sca,E 

= 

3 λ2 

2 π
Re (a 1 a 

∗
2 ) Re (X 

12 
E ) (57) 

in θ cos ϕ C 1 ,I 
sca,E 

= 

−3 λ2 

2 π
Im (a 1 a 

∗
2 ) Im (X 

12 
E ) (58) 

Using Eq. (31) , we obtain: 

in θ cos ϕ C 1 ,R 
sca,E 

= sin θ cos ϕ C 1 ,RNS 
sca,E 

= 2 

Re (a 1 a 
∗
2 ) 

Re (a 1 ) 
sin θ cos ϕ C 1 ,RNS 

ext,E 

(59) 

howing that sin θ cos ϕ C 1 ,R 
sca,E 

is a recoil non-standard electric force 

hich may be expressed in terms of a mixing non-standard elec- 

ric force. 

For sin θ cos ϕ C 1 ,I 
sca,E 

, we observe that X 12 
E of Eq. (21) may be ex- 

ressed in terms of X 1 
E 

of Eq. (25) of [32] (in which it was denoted

s H 1 ), according to: 

 

12 
E = 

1 

3 

X 

1 
E − i [ g 0 1 ,T M 

(g −1 ∗
1 ,T E − g 1 ∗1 ,T E ) + g 0 ∗1 ,T E (g −1 

1 ,T M 

− g 1 1 ,T M 

)] (60)

Therefore, sin θ cos ϕ C 1 ,I 
sca,E 

may be decomposed in two subforces 

enoted sin θ cos ϕ C 1 ,Iα
sca,E 

and sin θ cos ϕ C 
1 ,Iβ
sca,E 

, reading as: 

in θ cos ϕ C 1 ,Iα
sca,E 

= 

−λ2 

2 π
Im (a 1 a 

∗
2 ) Im (X 

1 
E ) (61) 

in θ cos ϕ C 
1 ,Iβ
sca,E 

= 

3 λ2 

2 π
Im (a 1 a 

∗
2 ) Im { i[g 0 1 , TM 

(g −1 ∗
1 , TE − g 1 ∗1 , TE ) 

+ g 0 ∗1 ,T E (g −1 
1 ,T M 

− g 1 1 ,T M 

)] } (62) 

The quantity Im (X 

1 
E 
) is available as well from Eqs. (32) , (59) of

32] , leading to the fact that sin θ cos ϕ C 1 ,Iα
sca,E 

is a recoil gradient 

lectric force which may be expressed versus a mixing gradient 

lectric force according to: 

in θ cos ϕ C 1 ,Iα
sca,E 

= sin θ cos ϕ C 1 ,IG 
sca,E 

(63) 

= 2 

Im (a 1 a 
∗
2 ) 

Im (a 1 ) 
sin θ cos ϕ C 1 ,IG 

ext,E 

= 

3 λ2 

4 kηπ
Im (a 1 a 

∗
2 )[ ∂ x | E | 2 ] P 

Next, from Eqs. (20) , (62) can be rewritten as: 

in θ cos ϕ C 
1 ,Iβ
sca,E 

= 

3 λ2 

Im (a 1 a 
∗
2 ) Im (iX 

11 
EH ) (64) 
2 π

7 
hich, using Eq. (83) of [32] , leads to: 

in θ cos ϕ C 
1 ,Iβ
sca,E 

= sin θ cos ϕ C 1 ,INS 
sca,E 

= 

−Im (a 1 a 
∗
2 ) 

Im (a 1 b 

∗
1 
) 

sin θ cos ϕ C 1 ,INS 
sca,EH 

(65) 

howing that it is a recoil non-standard electric force which maybe 

xpressed in terms of a recoil non-standard magnetoelectric force. 

Proceeding similarly as for the corresponding magnetic force 

in θ cos ϕ C 1 
sca,H 

of Eq. (56) , we use a decomposition into two sub- 

orces denoted as sin θ cos ϕ C 1 ,R 
sca,H 

and sin θ cos ϕ C 1 ,I 
sca,H 

in the usual 

ay. Then, using Eq. (73) of [32] , we establish that sin θ cos ϕ C 1 ,R 
sca,H 

, 

enamed sin θ cos ϕ C 1 ,RNS 
sca,H 

, is a recoil non-standard magnetic force 

hich may be expressed versus a mixing non-standard magnetic 

orce according to: 

in θ cos ϕ C 1 ,R 
sca,H 

= sin θ cos ϕ C 1 ,RNS 
sca,H 

= 2 

Re (b 1 b 

∗
2 ) 

Re (b 1 ) 
sin θ cos ϕ C 1 ,RNS 

ext,H 

(66) 

Expressing X 12 
H of Eq. (22) versus X 1 H of Eq. (26) of [32] (where 

t is denoted H 2 ), it is found that sin θ cos ϕ C 1 ,I 
sca,H 

may be 

ecomposed into two subforces, denoted sin θ cos ϕ C 1 ,Iα
sca,H 

and 

in θ cos ϕ C 
1 ,Iβ
sca,H 

, reading as: 

in θ cos ϕ C 1 ,Iα
sca,H 

= 

−λ2 

2 π
Im (b 1 b 

∗
2 ) Im (X 

1 
H ) (67) 

in θ cos ϕ C 
1 ,Iβ
sca,H 

= 

3 λ2 

2 π
Im (b 1 b 

∗
2 ) Im { i[g 0 1 , TE (g 1 ∗1 , TM 

− g −1 ∗
1 , TM 

) 

+ g 0 ∗1 ,T M 

(g 1 1 ,T E − g −1 
1 ,T E )] } (68) 

From Eqs. (35) , (60) of [32] , we conclude that sin θ cos ϕ C 1 ,Iα
sca,H 

is 

 recoil gradient magnetic force which may be expressed versus a 

ixing gradient magnetic force according to: 

in θ cos ϕ C 1 ,Iα
sca,H 

= sin θ cos ϕ C 1 ,IG 
sca,H 

(69) 

= 2 

Im (b 1 b 

∗
2 ) 

Im (b 1 ) 
sin θ cos ϕ C 1 ,IG 

ext,H 

= 

3 λ2 η

4 kπ
Im (b 1 b 

∗
2 )[ ∂ x | H | 2 ] P 

hile, using Eq. (83) of [32] and Eqs. (20) , (68) shows that 

in θ cos ϕ C 
1 ,Iβ
sca,H 

is a recoil non-standard magnetic force which may 

e expressed versus a recoil non-standard magnetoelectric force 

ccording to: 

in θ cos ϕ C 
1 ,Iβ
sca,H 

= sin θ cos ϕ C 1 ,INS 
sca,H 

= 

Im (b 1 b 

∗
2 ) 

Im (a 1 b 

∗
1 
) 

sin θ cos ϕ C 1 ,INS 
sca,EH 

(70) 

.2.3. y -component 

The y -component is treated quite similarly as the x -component 

o that we shall omit the details of the demonstrations. They 

an be “copied” by the reader from the case of the x -component 

taking into account, once again, the interchange of the super- 

cripts R and I arising between x - and y -components). From 

q. (23) , we have to deal with two new subforces denoted 

s sin θ sin ϕ C 1 sca,E and sin θ sin ϕ C 1 sca,H . The recoil electric force 

in θ sin ϕ C 1 
sca,E 

may decomposed again into two subforces de- 

oted as sin θ sin ϕ C 1 ,R 
sca,E 

and sin θ sin ϕ C 1 ,I 
sca,E 

. It is then found, from 

q. (33) , that sin θ sin ϕ C 1 ,I 
sca,E 

, to be renamed sin θ sin ϕ C 1 ,INS 
sca,E 

, is a 
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ecoil non-standard electric force which may be expressed in terms 

f a mixing non-standard electric force according to: 

in θ sin ϕ C 1 ,I 
sca,E 

= sin θ sin ϕ C 1 ,INS 
sca,E 

= 2 

Re (a 1 a 
∗
2 ) 

Re (a 1 ) 
sin θ sin ϕ C 1 ,INS 

ext,E 

(71) 

Next, sin θ sin ϕ C 1 ,R 
sca,E 

may be decomposed into two subforces 

enoted as sin θ sin ϕ C 1 ,Rα
sca,E 

and sin θ sin ϕ C 
1 ,Rβ
sca,E 

. We afterward show 

hat sin θ sin ϕ C 1 ,Rα
sca,E 

is a recoil gradient electric force which may be 

xpressed versus a mixing gradient electric force, according to: 

in θ sin ϕ C 1 ,Rα
sca,E 

= sin θ sin ϕ C 1 ,RG 
sca,E 

(72) 

= 2 

Im (a 1 a 
∗
2 ) 

Im (a 1 ) 
sin θ sin ϕ C 1 ,R 

ext,E 

= 

3 λ2 

4 kηπ
Im (a 1 a 

∗
2 )[ ∂ y | E | 2 ] P 

hile sin θ sin ϕ C 
1 ,Rβ
sca,E 

is a recoil non-standard electric force which 

ay be expressed versus a recoil non-standard magnetoelectric 

orce, according to: 

in θ sin ϕ C 
1 ,Rβ
sca,E 

= sin θ sin ϕ C 1 ,RNS 
sca,E 

= 

−Im (a 1 a 
∗
2 ) 

Im (a 1 b 

∗
1 
) 

sin θ sin ϕ C 1 ,RNS 
sca,EH 

(73) 

Similarly, sin θ sin ϕ C 1 
sca,H 

may be decomposed into two sub- 

orces denoted as sin θ sin ϕ C 1 ,R 
sca,H 

and sin θ sin ϕ C 1 ,I 
sca,H 

. We then es- 

ablish, using Eq. (77) of [32] , that sin θ sin ϕ C 1 ,I 
sca,H 

, to be renamed 

in θ sin ϕ C 1 ,INS 
sca,H 

, is a recoil non-standard magnetic force which may 

e expressed versus a mixing non-standard magnetic force accord- 

ng to: 

in θ sin ϕ C 1 ,I 
sca,H 

= sin θ sin ϕ C 1 ,INS 
sca,H 

= 2 

Re (b 1 b 

∗
2 ) 

Re (b 1 ) 
sin θ sin ϕ C 1 ,INS 

ext,H 

(74) 

nd we establish, using Eq. (40) of [32] and Eq. (26) , that 

in θ sin ϕ C 1 ,R 
sca,H 

may be decomposed into two subforces denoted 

s sin θ sin ϕ C 1 ,Rα
sca,H 

and sin θ sin ϕ C 
1 ,Rβ
sca,H 

. From Eqs. (49) and (62) of 

32] , we then have that sin θ sin ϕ C 1 ,Rα
sca,H 

is a recoil gradient mag- 

etic force which may be expressed versus a mixing gradient mag- 

etic force according to: 

in θ sin ϕ C 1 ,Rα
sca,H 

= sin θ sin ϕ C 1 ,RG 
sca,H 

= 2 

Im (b 1 b 

∗
2 ) 

Im (b 1 ) 
sin θ sin ϕ C 1 ,RG 

ext,H 

= 

3 λ2 η

4 kπ
Im (b 1 b 

∗
2 )[ ∂ y | H | 2 ] P (75) 

hile from Eq. (86) of [32] and Eq. (24) , the recoil magnetic force

in θ sin ϕ C 
1 ,Rβ
sca,H 

is a non-standard force which may be expressed 

ersus a recoil non-standard magnetoelectric force according to: 

in θ sin ϕ C 
1 ,Rβ
sca,H 

= sin θ sin ϕ C 1 ,RNS 
sca,H 

= 

Im (b 1 b 

∗
2 ) 

Im (a 1 b 

∗
1 
) 

sin θ sin ϕ C 1 ,RNS 
sca,EH 

(76) 

. Expressions versus BSCs of the 2-forces 

All expressions for the 2-forces are derived from the general ex- 

ressions discussed in Section 2.1 , similarly as for 1-forces. 
8

.1. Longitudinal 2-forces 

From Eq. (3.158) of [2] , the longitudinal mixing 2-force is found 

o read as: 

os θC 2 ext = 

λ2 

π
Re (a 2 Z 

2 
E + b 2 Z 

2 
H ) (77) 

n which: 

 

2 
E = 

1 

2 

g 0 ∗1 ,T M 

g 0 2 ,T M 

+ 

1 

3 

g 0 2 ,T M 

g 0 ∗3 ,T M 

+ 

3 

2 

(g −1 ∗
1 ,T M 

g −1 
2 ,T M 

+ g 1 ∗1 ,T M 

g 1 2 ,T M 

) (78) 

+ 

8 

3 

(g −1 
2 ,T M 

g −1 ∗
3 ,T M 

+ g 1 2 ,T M 

g 1 ∗3 ,T M 

) + 

40 

3 

(g −2 
2 ,T M 

g −2 ∗
3 ,T M 

+ g 2 2 ,T M 

g 2 ∗3 ,T M 

) 

+ i [ 
5 

6 

(g −1 
2 ,T M 

g −1 ∗
2 ,T E − g 1 2 ,T M 

g 1 ∗2 ,T E ) + 

20 

3 

(g −2 
2 ,T M 

g −2 ∗
2 ,T E − g 2 2 ,T M 

g 2 ∗2 ,T E )] 

Z 2 H = 

1 

2 

g 0 ∗1 ,T E g 
0 
2 ,T E + 

1 

3 

g 0 2 ,T E g 
0 ∗
3 ,T E + 

3 

2 

(g −1 ∗
1 ,T E g 

−1 
2 ,T E + g 1 ∗1 ,T E g 

1 
2 ,T E ) (79) 

+ 

8 

3 

(g −1 
2 ,T E g 

−1 ∗
3 ,T E + g 1 2 ,T E g 

1 ∗
3 ,T E ) + 

40 

3 

(g −2 
2 ,T E g 

−2 ∗
3 ,T E + g 2 2 ,T E g 

2 ∗
3 ,T E ) 

+ i [ 
5 

6 

(g 1 ∗2 ,T M 

g 1 2 ,T E − g −1 ∗
2 ,T M 

g −1 
2 ,T E ) + 

20 

3 

(g 2 ∗2 ,T M 

g 2 2 ,T E − g −2 ∗
2 ,T M 

g −2 
2 ,T E )] 

Eq. (77) may be compared with Eq. (12) , the difference by a 

actor 3 / 2 being due to a difference in prefactors involved in the 

efinitions of the Z M 

N -terms. Let us note that Z 2 H and Z 2 E are related

y an interchange of the subscripts T M and T E, and by another 

ne concerning the sign of the “i -term”. Such subscript symmetries 

etween electric and magnetic forces may be recurrently observed, 

lthough we shall not mention it any more. Let us note as well that 

he expression for Z 2 
E 

(and for Z 2 
H 

, and for many other expressions) 

an be written in a compact form as Gouesbet et al. [38] : 

 Z N E ] N=2 = 

[ 

1 

N 

2 

N−1 ∑ 

p= −N+1 

(N + | p | )! 

(N − 1 − | p | )! 
g p∗

N−1 ,T M 

g p 
N,T M 

(80) 

+ 

1 

(N + 1) 2 

+ N ∑ 

p= −N 

(N + 1 + | p | )! 

(N − | p | )! 
g p 

N,T M 

g p∗
N+1 ,T M 

− (2 N + 1) i 

N 

2 (N + 1) 2 

+ N ∑ 

p= −N 

p 
(N + | p | )! 

(N − | p | )! 
g p 

N,T M 

g p∗
N,T E 

] 

N=2 

When dealing with arbitrary sized particles, compact forms 

uch as in Eq. (80) are compulsory. In the present paper, expanded 

orms such as in Eq. (78) are preferred because they better exhibit 

he internal structure of the equations. It must furthermore be re- 

arked that the general form of Eq. (80) is not valid for N = 1 be-

ause it would generate BSCs g 0 
0 ,T M 

which do not exist. This is a 

upplementary reason to distinguish 1-forces and N-forces ( N > 1 ) 

s done in the present paper with the consequence that the forth- 

oming paper for arbitrary sized particles will focus only on N > 1 .

et us note that indeed we could force Eq. (80) to remain valid 

hatever N by multiplying it by a prefactor (1 − δN−1 , 0 ) but such 

 procedure would nevertheless insist on the peculiar character of 

he case N = 1 . 

From Eq.(3.155) of [2] , the longitudinal recoil 2-force is found 

o read as: 

os θC 2 sca = 

−2 λ2 

π
Re (ia 2 b 

∗
2 Z 

22 
EH + a 2 a 

∗
3 Z 

23 
E + b 2 b 

∗
3 Z 

23 
H ) (81)

n which: 

 

22 
EH = 

5 

6 

(g 1 2 ,T M 

g 1 ∗2 ,T E − g −1 
2 ,T M 

g −1 ∗
2 ,T E ) (82) 

+ 

20 

3 

(g 2 2 ,T M 

g 2 ∗2 ,T E − g −2 
2 ,T M 

g −2 ∗
2 ,T E ) 

 

23 
E = −1 

g 0 2 ,T M 

g 0 ∗3 ,T M 

(83) 

3 
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−8 

3 

(g 1 2 ,T M 

g 1 ∗3 ,T M 

+ g −1 
2 ,T M 

g −1 ∗
3 ,T M 

) 

−40 

3 

(g 2 2 ,T M 

g 2 ∗3 ,T M 

+ g −2 
2 ,T M 

g −2 ∗
3 ,T M 

) 

 

23 
H = −1 

3 

g 0 2 ,T E g 
0 ∗
3 ,T E (84) 

−8 

3 

(g 1 2 ,T E g 
1 ∗
3 ,T E + g −1 

2 ,T E g 
−1 ∗
3 ,T E ) 

−40 

3 

(g 2 2 ,T E g 
2 ∗
3 ,T E + g −2 

2 ,T E g 
−2 ∗
3 ,T E ) 

.2. Transverse x -component of 2-forces 

From Eq.(3.180) of [2] , with the subscript of the rightmost sum- 

ation changed from m = p − 1 to m = p − 1 � = 0 , the transverse

 -component of the mixing 2-force is found to read as: 

in θ cos ϕ C 2 ext = 

λ2 

2 π
Re (a 2 X 

2 
E + b 2 X 

2 
H ) (85) 

n which it is convenient to express X 2 E and X 2 H as a summation of

hree terms according to: 

 

2 
E = X 

α2 
E + X 

β2 
E 

+ iX 

γ 2 
E 

(86) 

 

2 
H = X 

α2 
H + X 

β2 
H 

+ iX 

γ 2 
H 

(87) 

ith: 

 

α2 
E = 

1 

2 

g 0 2 ,T M 

(g 1 ∗1 ,T M 

+ g −1 ∗
1 ,T M 

) + 

2 

3 

g 0 ∗3 ,T M 

(g 1 2 ,T M 

+ g −1 
2 ,T M 

) (88) 

+ 

8 

3 

(g 1 ∗3 ,T M 

g 2 2 ,T M 

+ g −1 ∗
3 ,T M 

g −2 
2 ,T M 

) 

 

α2 
H = 

1 

2 

g 0 2 ,T E (g 1 ∗1 ,T E + g −1 ∗
1 ,T E ) + 

2 

3 

g 0 ∗3 ,T E (g 1 2 ,T E + g −1 
2 ,T E ) (89) 

+ 

8 

3 

(g 1 ∗3 ,T E g 
2 
2 ,T E + g −1 ∗

3 ,T E g 
−2 
2 ,T E ) 

 

β2 
E 

= 

−3 

2 

g 0 ∗1 ,T M 

(g −1 
2 ,T M 

+ g 1 2 ,T M 

) − 4 

3 

g 0 2 ,T M 

(g −1 ∗
3 ,T M 

+ g 1 ∗3 ,T M 

) (90)

−6(g 1 ∗1 ,T M 

g 2 2 ,T M 

+ g −1 ∗
1 ,T M 

g −2 
2 ,T M 

) − 40 

3 

(g 1 2 ,T M 

g 2 ∗3 ,T M 

+ g −1 
2 ,T M 

g −2 ∗
3 ,T M 

)

−80(g 2 2 ,T M 

g 3 ∗3 ,T M 

+ g −3 ∗
3 ,T M 

g −2 
2 ,T M 

) 

 

β2 
H 

= 

−3 

2 

g 0 ∗1 ,T E (g −1 
2 ,T E + g 1 2 ,T E ) −

4 

3 

g 0 2 ,T E (g −1 ∗
3 ,T E + g 1 ∗3 ,T E ) (91) 

−6(g 1 ∗1 ,T E g 
2 
2 ,T E + g −1 ∗

1 ,T E g 
−2 
2 ,T E ) −

40 

3 

(g 1 2 ,T E g 
2 ∗
3 ,T E + g −1 

2 ,T E g 
−2 ∗
3 ,T E ) 

−80(g 2 2 ,T E g 
3 ∗
3 ,T E + g −3 ∗

3 ,T E g 
−2 
2 ,T E ) 

 

γ 2 
E 

= 

5 

6 

g 0 2 ,T M 

(g −1 ∗
2 ,T E − g 1 ∗2 ,T E ) + 

5 

6 

g 0 ∗2 ,T E (g −1 
2 ,T M 

− g 1 2 ,T M 

) (92) 

+ 

10 

3 

(g −2 
2 ,T M 

g −1 ∗
2 ,T E + g −2 ∗

2 ,T E g 
−1 
2 ,T M 

− g 1 2 ,T M 

g 2 ∗2 ,T E − g 1 ∗2 ,T E g 
2 
2 ,T M 

) 

 

γ 2 
H 

= 

5 

6 

g 0 ∗2 ,T M 

(g 1 2 ,T E − g −1 
2 ,T E ) + 

5 

6 

g 0 2 ,T E (g 1 ∗2 ,T M 

− g −1 ∗
2 ,T M 

) (93) 

+ 

10 

3 

(g 1 ∗2 ,T M 

g 2 2 ,T E + g 1 2 ,T E g 
2 ∗
2 ,T M 

− g −2 ∗
2 ,T M 

g −1 
2 ,T E − g −2 

2 ,T E g 
−1 ∗
2 ,T M 

) 

hile, from Eq.(3.174) of [2] , the transverse x -component of the 

ecoil 2-force is found to read as: 

in θ cos ϕ C 2 sca = 

λ2 

Re (ia 2 b 

∗
2 X 

22 
EH + a 2 a 

∗
3 X 

23 
E + b 2 b 

∗
3 X 

23 
H ) (94)
π

9 
n which: 

 

22 
EH = 

5 

6 

[ g 0 ∗2 ,T E (g −1 
2 ,T M 

− g 1 2 ,T M 

) + g 0 2 ,T M 

(g −1 ∗
2 ,T E − g 1 ∗2 ,T E )] (95) 

+ 

10 

3 

(g −2 ∗
2 ,T E g 

−1 
2 ,T M 

− g 2 ∗2 ,T E g 
1 
2 ,T M 

+ g −2 
2 ,T M 

g −1 ∗
2 ,T E − g 2 2 ,T M 

g 1 ∗2 ,T E ) 

 

23 
E = 

2 

3 

g 0 ∗3 ,T M 

(g 1 2 ,T M 

+ g −1 
2 ,T M 

) − 4 

3 

g 0 2 ,T M 

(g 1 ∗3 ,T M 

+ g −1 ∗
3 ,T M 

) (96) 

+ 

8 

3 

(g 2 2 ,T M 

g 1 ∗3 ,T M 

+ g −2 
2 ,T M 

g −1 ∗
3 ,T M 

) − 40 

3 

(g 1 2 ,T M 

g 2 ∗3 ,T M 

+ g −1 
2 ,T M 

g −2 ∗
3 ,T M 

) − 80(g 2 2 ,T M 

g 3 ∗3 ,T M 

+ g −2 
2 ,T M 

g −3 ∗
3 ,T M 

) 

 

23 
H = 

2 

3 

g 0 ∗3 ,T E (g 1 2 ,T E + g −1 
2 ,T E ) −

4 

3 

g 0 2 ,T E (g 1 ∗3 ,T E + g −1 ∗
3 ,T E ) (97) 

+ 

8 

3 

(g 2 2 ,T E g 
1 ∗
3 ,T E + g −2 

2 ,T E g 
−1 ∗
3 ,T E ) −

40 

3 

(g 1 2 ,T E g 
2 ∗
3 ,T E + g −1 

2 ,T E g 
−2 ∗
3 ,T E ) 

−80(g 2 2 ,T E g 
3 ∗
3 ,T E + g −2 

2 ,T E g 
−3 ∗
3 ,T E ) 

.3. Transverse y -component of 2-forces 

Similarly, the transverse y -component of the mixing 2-force is 

ound to read as: 

in θ sin ϕ C 2 ext = 

λ2 

2 π
Im (a 2 Y 

2 
E + b 2 Y 

2 
H ) (98) 

 

2 
E = Y α2 

E + Y 
β2 

E 
+ iY 

γ 2 
E 

(99) 

 

2 
H = Y α2 

H + Y 
β2 

H 
+ iY 

γ 2 
H 

(100) 

ith: 

 

α2 
E = 

1 

2 

g 0 2 ,T M 

(g 1 ∗1 ,T M 

− g −1 ∗
1 ,T M 

) + 

2 

3 

g 0 ∗3 ,T M 

(g −1 
2 ,T M 

− g 1 2 ,T M 

) (101) 

+ 

8 

3 

(g −1 ∗
3 ,T M 

g −2 
2 ,T M 

− g 1 ∗3 ,T M 

g 2 2 ,T M 

) 

 

α2 
H = 

1 

2 

g 0 2 ,T E (g 1 ∗1 ,T E − g −1 ∗
1 ,T E ) + 

2 

3 

g 0 ∗3 ,T E (g −1 
2 ,T E − g 1 2 ,T E ) (102) 

+ 

8 

3 

(g −2 
2 ,T E g 

−1 ∗
3 ,T E − g 1 ∗3 ,T E g 

2 
2 ,T E ) 

 

β2 
E 

= 

−3 

2 

g 0 ∗1 ,T M 

(g −1 
2 ,T M 

− g 1 2 ,T M 

) − 4 

3 

g 0 2 ,T M 

(g 1 ∗3 ,T M 

− g −1 ∗
3 ,T M 

) (103)

−6(g −1 ∗
1 ,T M 

g −2 
2 ,T M 

− g 1 ∗1 ,T M 

g 2 2 ,T M 

) − 40 

3 

(g 1 2 ,T M 

g 2 ∗3 ,T M 

− g −1 
2 ,T M 

g −2 ∗
3 ,T M 

)

−80(g 2 2 ,T M 

g 3 ∗3 ,T M 

− g −3 ∗
3 ,T M 

g −2 
2 ,T M 

) 

 

β2 
H 

= 

−3 

2 

g 0 ∗1 ,T E (g −1 
2 ,T E − g 1 2 ,T E ) −

4 

3 

g 0 2 ,T E (g 1 ∗3 ,T E − g −1 ∗
3 ,T E ) (104) 

−6(g −1 ∗
1 ,T E g 

−2 
2 ,T E − g 1 ∗1 ,T E g 

2 
2 ,T E ) −

40 

3 

(g 1 2 ,T E g 
2 ∗
3 ,T E − g −1 

2 ,T E g 
−2 ∗
3 ,T E ) 

−80(g 2 2 ,T E g 
3 ∗
3 ,T E − g −3 ∗

3 ,T E g 
−2 
2 ,T E ) 

 

γ 2 
E 

= 

5 

6 

[ g 0 ∗2 ,T E (g −1 
2 ,T M 

+ g 1 2 ,T M 

) − g 0 2 ,T M 

(g −1 ∗
2 ,T E + g 1 ∗2 ,T E )] (105) 

+ 

10 

3 

(g 1 ∗2 ,T E g 
2 
2 ,T M 

+ g −2 
2 ,T M 

g −1 ∗
2 ,T E − g −2 ∗

2 ,T E g 
−1 
2 ,T M 

− g 2 ∗2 ,T E g 
1 
2 ,T M 

) 

 

γ 2 
H 

= 

5 

[ g 0 2 ,T E (g −1 ∗
2 ,T M 

+ g 1 ∗2 ,T M 

) − g 0 ∗2 ,T M 

(g −1 
2 ,T E + g 1 2 ,T E )] (106) 
6 
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P

p

c
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−10 

3 

(g 1 ∗2 ,T M 

g 2 2 ,T E + g −2 
2 ,T E g 

−1 ∗
2 ,T M 

− g −2 ∗
2 ,T M 

g −1 
2 ,T E − g 2 ∗2 ,T M 

g 1 2 ,T E ) 

hile the transverse y -component of the recoil 2-force is found to 

ead as: 

in θ sin ϕ C 2 sca = 

λ2 

π
Im (ia 2 b 

∗
2 Y 

22 
EH + a 2 a 

∗
3 Y 

23 
E + b 2 b 

∗
3 Y 

23 
H ) (107)

n which: 

 

22 
EH = 

5 

6 

[ g 0 ∗2 ,T E (g −1 
2 ,T M 

+ g 1 2 ,T M 

) − g 0 2 ,T M 

(g −1 ∗
2 ,T E + g 1 ∗2 ,T E )] (108) 

+ 

10 

3 

(g −2 
2 ,T M 

g −1 ∗
2 ,T E + g 2 2 ,T M 

g 1 ∗2 ,T E − g −2 ∗
2 ,T E g 

−1 
2 ,T M 

− g 2 ∗2 ,T E g 
1 
2 ,T M 

) 

 

23 
E = 

2 

3 

g 0 ∗3 ,T M 

(g −1 
2 ,T M 

− g 1 2 ,T M 

) + 

4 

3 

g 0 2 ,T M 

(g −1 ∗
3 ,T M 

− g 1 ∗3 ,T M 

) (109)

+ 

8 

3 

(g −2 
2 ,T M 

g −1 ∗
3 ,T M 

− g 2 2 ,T M 

g 1 ∗3 ,T M 

) + 

40 

3 

(g −1 
2 ,T M 

g −2 ∗
3 ,T M 

− g 1 2 ,T M 

g 2 ∗3 ,T M 

)

+80(g −2 
2 ,T M 

g −3 ∗
3 ,T M 

− g 2 2 ,T M 

g 3 ∗3 ,T M 

) 

 

23 
H = 

2 

3 

g 0 ∗3 ,T E (g −1 
2 ,T E − g 1 2 ,T E ) + 

4 

3 

g 0 2 ,T E (g −1 ∗
3 ,T E − g 1 ∗3 ,T E ) (110) 

+ 

8 

3 

(g −2 
2 ,T E g 

−1 ∗
3 ,T E − g 2 2 ,T E g 

1 ∗
3 ,T E ) + 

40 

3 

(g −1 
2 ,T E g 

−2 ∗
3 ,T E − g 1 2 ,T E g 

2 ∗
3 ,T E ) 

+80(g −2 
2 ,T E g 

−3 ∗
3 ,T E − g 2 2 ,T E g 

3 ∗
3 ,T E ) 

. Interpretation of 2 forces 

In the case of 1-forces, we distinguished between dipolar and 

on-dipolar forces, motivated by the fact that GLMT restricted to 1- 

orces exhibits more kinds of forces than the ones strictly required 

or its agreement with the dipole theory of forces, e.g. [35,36] . 

or the sake of coherency, we shall therefore distinguish between 

uadrupolar forces and non-quadrupolar forces. Then, similarly as 

or dipolar and non-dipolar forces, by definition, quadrupolar 2- 

orces are then associated with Mie coefficients a 2 , b 2 and with 

roducts a 2 b 
∗
2 

of Mie coefficients, while the non-quadrupolar forces 

re associated with products a 2 a 
∗
3 

and b 2 b 
∗
3 
. 

.1. Interpretation of quadrupolar 2-forces 

.1.1. z-component 

Eq. (77) is the sum of electric and magnetic forces, which are 

eparable into two subforces, so that we have to face four kinds of 

orces, reading as: 

os θC 2 ,I 
ext,E 

= 

−λ2 

π
Im (a 2 ) Im (Z 

2 
E ) (111) 

os θC 2 ,R 
ext,E 

= 

λ2 

π
Re (a 2 ) Re (Z 

2 
E ) (112) 

o be complemented respectively by magnetic forces cos θC 2 ,I 
ext,H 

nd cos θC 2 ,R 
ext,H 

, with a 2 changed to b 2 , and Z 2 
E 

to Z 2 
H 

. 

In the same way that cos θC 1 ,I 
ext,E 

and cos θC 1 ,I 
ext,H 

are gradient 

orces, we shall show in Section 6.1.4 that cos θC 2 ,I 
ext,E 

and cos θC 2 ,I 
ext,H 

re gradient forces as well. Let us next consider cos θC 2 ,R 
ext,E 

and re- 

all that cos θC 1 ,R 
ext,E 

is the sum of a scattering force and of a non-

tandard force according to Eqs. (27) and (28) . The term Z 1 E of 

q. (13) may be decomposed as: 

 

1 
E = Z 1 ,S 

E 
+ Z 1 ,NS 

E 
(113) 

n which: 

 

1 ,S 
E 

= i (g −1 
1 ,T M 

g −1 ∗
1 ,T E − g 1 1 ,T M 

g 1 ∗1 ,T E ) (114) 
10 
 

1 ,NS 
E 

= g −1 
1 ,T M 

g −1 ∗
2 ,T M 

+ g 1 1 ,T M 

g 1 ∗2 ,T M 

+ 

1 

3 

g 0 1 ,T M 

g 0 ∗2 ,T M 

(115) 

hich served as arguments in Eqs. (27) and (28) for cos θC 1 ,RS 
ext,E 

and 

os θC 1 ,RNS 
ext,E 

respectively. 

We then observe structural differences between Z 1 ,S 
E 

and Z 1 ,NS 
E 

s follows: Z 1 ,S 
E 

(i) exhibits a sum of products of BSCs multiplied 

y “i ” (ii) exhibits superscripts −1 , +1 for 1 -forces with (iii) all

ubscripts equal to +1 and (iv) couplings between T M- and T E- 

aves exhibited in the products of BSCs. By contrast, Z 1 ,NS 
E 

(i) does 

ot exhibit explicitly any multiplication by “i ”, (ii) exhibits three 

uperscripts −1 , 0, +1 for 1-forces, (iii) with subscripts displaying a 

oupling between partial waves of orders 1 and 2 and (iv) without 

ny coupling between partial waves of different modes. 

Similarly, Z 2 
E 

may be decomposed into: 

 

2 
E = Z 2 ,S 

E 
+ Z 2 ,NS 

E 
(116) 

n which: 

 

2 ,S 
E 

= i [ 
5 

6 

(g −1 
2 ,T M 

g −1 ∗
2 ,T E − g 1 2 ,T M 

g 1 ∗2 ,T E ) + 

20 

3 

(g −2 
2 ,T M 

g −2 ∗
2 ,T E − g 2 2 ,T M 

g 2 ∗2 ,T E )] 

(117) 

Z 2 ,NS 
E 

= 

1 

2 
g 0 ∗1 ,T M 

g 0 2 ,T M 

+ 

1 

3 
g 0 2 ,T M 

g 0 ∗3 ,T M 

+ 

3 

2 
(g −1 ∗

1 ,T M 

g −1 
2 ,T M 

+ g 1 ∗1 ,T M 

g 1 2 ,T M 

) 

+ 

8 

3 
(g −1 

2 ,T M 

g −1 ∗
3 ,T M 

+ g 1 2 ,T M 

g 1 ∗3 ,T M 

) + 

40 

3 
(g −2 

2 ,T M 

g −2 ∗
3 ,T M 

+ g 2 2 ,T M 

g 2 ∗3 ,T M 

) 

(118) 

nd the structural distinction between Z 1 ,S 
E 

and Z 1 ,NS 
E 

propagates 

o a similar structural distinction between Z 2 ,S 
E 

and Z 2 ,NS 
E 

. Indeed, 

 

2 ,S 
E 

(i) exhibits a sum of products of BSCs multiplied by “i ” (ii) 

xhibits superscripts −2 , −1 , +1 , +2 for 2 -forces with (iii) all sub-

cripts equal to +2 and (iv) couplings between T M- and T E-waves 

xhibited in the products of BSCs. By contrast, Z 2 ,NS 
E 

(i) does not 

xhibit explicitly any multiplication by “i ”, (ii) exhibits five super- 

cripts −2 , −1 , 0, +1 , +2 for 2-forces, (iii) with subscripts display-

ng a coupling between partial waves of orders 1 and 2, and 2 and 

 and (iv) without any coupling between partial waves of different 

odes. 

We then decompose cos θC 2 ,R 
ext,E 

into a sum of scattering and 

on-standard forces according to: 

os θC 2 ,RS 
ext,E 

= 

λ2 

π
Re (a 2 ) Re (Z 

2 , S 
E 

) (119) 

os θC 2 ,RNS 
ext,E 

= 

λ2 

π
Re (a 2 ) Re (Z 

2 , NS 
E 

) (120) 

We recall that, for 1-forces, the distinction between the scat- 

ering force cos θC 1 ,RS 
ext,E 

and the non-standard force cos θC 1 ,RNS 
ext,E 

, 

hich are both non-gradient (non-conservative) forces, relies on 

he fact that the scattering force is proportional to the correspond- 

ng Poynting vector component while the non-standard force is 

 non-gradient (non-conservative) force which is not a scattering 

orce. More specifically, for 1-force dipoles (which are located at 

he origin of coordinates), the Poynting vector component was to 

e taken as well at the location of the particle, i.e. of the dipole, a

act which is underlined by the use of the subscript P in Eqs. (9) –

11) . A related fact is that both the involved component of the 

oynting vector and the associated scattering force rely only on 

artial wave of order n = 1 , e.g. Eq. (27) . 

Up to now however, it has not been possible for 2-forces to dis- 

riminate between scattering and non-standard forces using argu- 

ents related to the physical meaning of them, as it happened for 
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V

-forces in which scattering forces were directly related by pro- 

ortionality to the Poynting vector, in contrast with non-standard 

orces. Therefore, the discrimination between scattering forces and 

on-standard forces for the 2 -forces relies on (i) the fact that 

t already exists in the case of 1 -forces, where it is the conse- 

uence of precise and accurate definitions of scattering and non- 

tandard forces, and (ii) on structural differences between scatter- 

ng and non-standard forces in 2-forces which were already ob- 

erved in the case of 1-forces and propagate to the case of 2-forces. 

he validity of the distinction between scattering and non-standard 

orces will be reinforced in Section 7 where we shall observe that 

his distinction indeed shows a deep coherency in the optical force 

artition. Another issue is that the non-standard 1-forces provide 

 contribution to spin-curl forces, e.g. [44–48] in the context of 

ipole theory of forces and [33–36] , Gouesbet and Ambrosio [31] , 

ouesbet et al. [32] , Ambrosio et al. [37] , Gouesbet and Ambrosio 

49] in a GLMT context. It is likely that the non-standard forces of 

-forces ( N > 1 ) might receive a more or less analogous physical

nterpretation, still to be revealed, an issue which is postponed to 

uture works. 

Similarly, we decompose cos θC 2 ,R 
ext,H 

, see comment after 

q. (112) , into a summation of scattering and non-standard forces 

ccording to: 

os θC 2 ,RS 
ext,H 

= 

λ2 

π
Re (b 2 ) Re (Z 

2 , S 
H 

) (121) 

os θC 2 ,RNS 
ext,H 

= 

λ2 

π
Re (b 2 ) Re (Z 

2 , NS 
H 

) (122) 

ccording to: 

Z 2 H = Z 2 ,S 
H 

+ Z 2 ,NS 
H 

(123) 

n which: 

 

2 ,S 
H 

= i [ 
5 

6 

(g 1 ∗2 ,T M 

g 1 2 ,T E − g −1 ∗
2 ,T M 

g −1 
2 ,T E ) + 

20 

3 

(g 2 ∗2 ,T M 

g 2 2 ,T E − g −2 ∗
2 ,T M 

g −2 
2 ,T E )] 

(124) 

Z 2 ,NS 
H 

= 

1 

2 

g 0 ∗1 ,T E g 
0 
2 ,T E + 

1 

3 

g 0 2 ,T E g 
0 ∗
3 ,T E + 

3 

2 

(g −1 ∗
1 ,T E g 

−1 
2 ,T E + g 1 ∗1 ,T E g 

1 
2 ,T E ) (125) 

+ 

8 

3 

(g −1 
2 ,T E g 

−1 ∗
3 ,T E + g 1 2 ,T E g 

1 ∗
3 ,T E ) + 

40 

3 

(g −2 
2 ,T E g 

−2 ∗
3 ,T E + g 2 2 ,T E g 

2 ∗
3 ,T E ) 

.1.2. x -component 

Comments done for the z-component could be transferred to 

he cases of x - and y -components, but will be omitted for the sake

f conciseness. From Eq. (85) , we then have to deal with four kinds

f forces reading as: 

in θ cos ϕ C 2 ,I 
ext,E 

= 

−λ2 

2 π
Im (a 2 ) Im (X 

2 
E ) (126) 

in θ cos ϕ C 2 ,R 
ext,E 

= 

λ2 

2 π
Re (a 2 ) Re (X 

2 
E ) (127) 

nd similarly for magnetic forces sin θ cos ϕ C 2 ,I 
ext,H 

and 

in θ cos ϕ C 2 ,R 
ext,H 

, with a 2 changed to b 2 , and X 2 
E 

to X 2 
H 

. Similarly

s for the z-component, and for similar reasons, sin θ cos ϕ C 2 ,I 
ext,E 

nd sin θ cos ϕ C 2 ,I 
ext,H 

will be found to be gradient forces (see 

ection 6.1.4 ). Conversely, similarly as for the z-component, and 

or similar reasons, sin θ cos ϕ C 2 ,R 
ext,E 

and sin θ cos ϕ C 2 ,R 
ext,H 

may be 

ecomposed into a sum of scattering and non-standard forces 

ccording to: 

in θ cos ϕ C 2 ,R 
ext,E 

= sin θ cos ϕ C 2 ,RS 
ext,E 

+ sin θ cos ϕ C 2 ,RNS 
ext,E 

(128) 
11 
in θ cos ϕ C 2 ,R 
ext,H 

= sin θ cos ϕ C 2 ,RS 
ext,H 

+ sin θ cos ϕ C 2 ,RNS 
ext,H 

(129) 

n which: 

in θ cos ϕ C 2 ,RS 
ext,E 

= 

λ2 

2 π
Re (a 2 ) Re (iX 

γ 2 
E 

) (130) 

in θ cos ϕ C 2 ,RNS 
ext,E 

= 

λ2 

2 π
Re (a 2 ) Re (X 

α2 
E + X 

β2 
E 

) (131) 

nd similarly for the magnetic forces sin θ cos ϕ C 2 ,RS 
ext,H 

and 

in θ cos ϕ C 2 ,RNS 
ext,H 

, with a 2 changed to b 2 , and X E to X H . The distinc-

ion between scattering and non-standard forces relies on an argu- 

entation similar to the one used for the z-component. In particu- 

ar, we let the reader appreciate the structural differences between 

cattering and non-standard forces. 

.1.3. y -component 

Similarly, we use Eq. (98) to distinguish four kinds of forces ac- 

ording to: 

in θ sin ϕ C 2 ,I 
ext,E 

= 

λ2 

2 π
Re (a 2 ) Im (Y 

2 
E ) (132) 

in θ sin ϕ C 2 ,R 
ext,E 

= 

λ2 

2 π
Im (a 2 ) Re (Y 

2 
E ) (133) 

nd similarly for magnetic forces sin θ sin ϕ C 2 ,I 
ext,H 

and 

in θ sin ϕ C 2 ,R 
ext,H 

, with a 2 changed to b 2 , and Y 2 
E 

to Y 2 
H 

. The in-

erpretation of these forces run quite similarly as for the previous 

omponents, particularly as for the x -component with, however, 

n interchange between the roles of the superscript I and R. There- 

ore, sin θ sin ϕ C 2 ,R 
ext,E 

and sin θ sin ϕ C 2 ,R 
ext,H 

must be gradient forces, 

ee again Section 6.1.4 , while sin θ sin ϕ C 2 ,I 
ext,E 

and sin θ sin ϕ C 2 ,I 
ext,H 

re the sum of scattering forces and of non-standard forces 

ccording to: 

in θ sin ϕ C 2 ,I 
ext,E 

= sin θ sin ϕ C 2 ,IS 
ext,E 

+ sin θ sin ϕ C 2 ,INS 
ext,E 

(134) 

in θ sin ϕ C 2 ,I 
ext,H 

= sin θ sin ϕ C 2 ,IS 
ext,H 

+ sin θ sin ϕ C 2 ,INS 
ext,H 

(135) 

n which: 

in θ sin ϕ C 2 ,IS 
ext,E 

= 

λ2 

2 π
Re (a 2 ) Im (iY 

γ 2 
E 

) (136) 

in θ sin ϕ C 2 ,INS 
ext,E 

= 

λ2 

2 π
Re (a 2 ) Im (Y 

α2 
E + Y 

β2 
E 

) (137) 

nd similarly for magnetic forces sin θ sin ϕ C 2 ,IS 
ext,H 

and 

in θ sin ϕ C 2 ,INS 
ext,H 

, with a 2 changed to b 2 , and Y E to Y H . Once

ore, we let the reader appreciate the structural differences 

etween scattering and non-standard forces. 

.1.4. Gradient mixing forces 

From the three previous subsections above, we have to con- 

ider three electric forces, namely cos θC 2 ,I 
ext,E 

, sin θ cos ϕ C 2 ,I 
ext,E 

, 

in θ sin ϕ C 2 ,R 
ext,E 

, and three magnetic forces, namely cos θC 2 ,I 
ext,H 

, 

in θ cos ϕ C 2 ,I 
ext,H 

, sin θ sin ϕ C 2 ,R 
ext,H 

. It is the great merit of Zheng et al. 

39] to have demonstrated that these forces are indeed mixing 

radient forces. For this, they rely on an arXiv paper by Jiang 

t al. [50] , see as well [51] . In these works, the optical forces are

educed by using the Maxwell stress tensor, leading to the first 

ategorization in terms of mixing/recoil forces omitting however 

o mention that such a categorization was already available nearly 

our decades ago [7–9] , Gouesbet et al. [1] . Other similar omis- 

ions seem to have been the motivation for a criticism by Nieto- 

esperinas [52] . Nevertheless, the expressions by Zheng et al., and 
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d

a  

d

y Jiang et al., of the gradient mixing forces obtained by coupling 

eld multiple derivatives and an angular spectrum decomposition, 

epresent a genuine advance in the field of optical forces. Further- 

ore, the agreement between their results and ours is a corrob- 

ration of the validity of our results concerning mixing gradient 

orces. They also obtained expressions for recoil gradient forces but 

ailed to see that recoil gradient forces may be readily expressed in 

erms of mixing gradient forces with simple formulas. Such sim- 

le expressions are given in the present paper for 1-forces and 2- 

orces and will be generalized in Gouesbet et al. [38] to the case of

-forces, whatever N. 

The mixing gradient electric forces cos θC 2 ,I 
ext,E 

, sin θ cos ϕ C 2 ,I 
ext,E 

nd sin θ sin ϕ C 2 ,R 
ext,E 

above may indeed be shown to be equivalent 

o the corresponding forces expressed in Eq. (24) of Zheng et al. 

39] . However, rather than using the traditional BSCs of GLMT, 

heng et al. introduced so-called partial wave expansion coeffi- 

ients (PWECs). The translation between PWECs and BSCs is pro- 

ided in Appendix A . The translation between the electric forces 

f the present section and those of Eq. (24) in Zheng et al. [39] is

rovided in Appendix B . 

.1.5. Magnetoelectric quadrupolar 2-forces 

These forces are associated with the product a 2 b 
∗
2 of Mie coef- 

cients, and occur in the first forces of Eqs. (81) , (94) and (107) .

eginning with Eq. (81) , we isolate its first force which may be 

ecomposed into two subforces according to: 

os θC 2 , 22 
sca = 

−2 λ2 

π
Re (ia 2 b 

∗
2 Z 

22 
EH ) = cos θC 

2 , R 
sca , EH 

+ cos θC 

2 , I 
sca , EH 

(138) 

n which: 

os θC 2 ,R 
sca,EH 

= 

−2 λ2 

π
Re (a 2 b 

∗
2 ) Re (iZ 

22 
EH ) (139) 

= 

−2 λ2 

π
Re (a 2 b 

∗
2 ) Re 

{ 

i[ 
5 

6 

(g 1 2 , TM 

g 1 ∗2 , TE − g −1 
2 , TM 

g −1 ∗
2 , TE ) 

+ 

20 

3 

(g 2 2 ,T M 

g 2 ∗2 ,T E − g −2 
2 ,T M 

g −2 ∗
2 ,T E )] 

} 

os θC 2 ,I 
sca,EH 

= 

2 λ2 

π
Im (a 2 b 

∗
2 ) Im (iZ 

22 
EH ) (140) 

= 

2 λ2 

π
Im (a 2 b 

∗
2 ) Im 

{ 

i[ 
5 

6 

(g 1 2 , TM 

g 1 ∗2 , TE − g −1 
2 , TM 

g −1 ∗
2 , TE ) 

+ 

20 

3 

(g 2 2 ,T M 

g 2 ∗2 ,T E − g −2 
2 ,T M 

g −2 ∗
2 ,T E )] 

} 

Comparing Eqs. (139) , (82) and (119), (117), (121), (124) , we ob- 

ain: 

os θC 2 ,R 
sca,EH 

= cos θC 2 ,RS 
sca,EH 

(141) 

= 2 

Re (a 2 b 

∗
2 ) 

Re (a 2 ) 
cos θC 2 ,RS 

ext,E 
= 2 

Re (a 2 b 

∗
2 ) 

Re (b 2 ) 
cos θC 2 ,RS 

ext,H 

o that cos θC 2 ,R 
sca,EH 

is a recoil scattering magnetoelectric force 

hich may be expressed in terms of mixing scattering pure elec- 

ric and pure magnetic forces. Conversely, cos θC 2 ,I 
sca,EH 

, renamed 

os θC 2 ,INS 
sca,EH 

, is interpreted as a recoil non-standard magnetoelectric 

orce, the difference between scattering and non-standard forces 

eing related, in this recoil case, to a change from Re to Im , i.e. 

nvolving the same partial waves in both cases (which is differ- 

nt from the discrimination between scattering and non-standard 

orces in the mixing case, where mixing non-standard forces in- 

olve a coupling between different kinds of partial waves). 
12 
We now consider the first force of Eq. (94) which may be de- 

omposed into two subforces according to: 

in θ cos ϕ C 2 , 22 
sca = 

λ2 

π
Re (ia 2 b 

∗
2 X 

22 
EH ) 

= sin θ cos ϕ C 2 ,R 
sca,EH 

+ sin θ cos ϕ C 2 ,I 
sca,EH 

(142) 

n which: 

in θ cos ϕ C 2 ,R 
sca,EH 

= 

λ2 

π
Re (a 2 b 

∗
2 ) Re (iX 

22 
EH ) (143) 

in θ cos ϕ C 2 ,I 
sca,EH 

= −λ2 

π
Im (a 2 b 

∗
2 ) Im (iX 

22 
EH ) (144) 

The force sin θ cos ϕ C 2 ,R 
sca,EH 

may be compared with 

in θ cos ϕ C 2 ,RS 
ext,E 

of Eq. (130) , taking account for the fact that 

 

γ 2 
E 

of Eq. (92) is found to be equal to X 22 
EH of Eq. (95) . They may

e compared as well with sin θ cos ϕ C 2 ,RS 
ext,H 

discussed above, taking 

nto account the fact that X 
γ 2 
H 

of Eq. (93) is equal to (−X 
γ 2 ∗
E 

) . We

hen obtain: 

in θ cos ϕ C 2 ,R 
sca,EH 

= sin θ cos ϕ C 2 ,RS 
sca,EH 

(145) 

= 2 

Re (a 2 b 

∗
2 ) 

Re (a 2 ) 
sin θ cos ϕ C 2 ,RS 

ext,E 

= 2 

Re (a 2 b 

∗
2 ) 

Re (b 2 ) 
sin θ cos ϕ C 2 ,RS 

ext,H 

howing that sin θ cos ϕ C 2 ,R 
sca,EH 

is a recoil scattering magnetoelec- 

ric force, renamed sin θ cos ϕ C 2 ,RS 
sca,EH 

, while, similarly as previously, 

in θ cos ϕ C 2 ,I 
sca,EH 

, renamed sin θ cos ϕ C 2 ,INS 
sca,EH 

, denotes a recoil non- 

tandard magnetoelectric force. 

We now consider the first force of Eq. (107) which may again 

e decomposed into two subforces according to: 

in θ sin ϕ C 2 , 22 
sca = 

λ2 

π
Im (ia 2 b 

∗
2 Y 

22 
EH ) 

= sin θ sin ϕ C 2 ,R 
sca,EH 

+ sin θ sin ϕ C 2 ,I 
sca,EH 

(146) 

n which: 

in θ sin ϕ C 2 ,R 
sca,EH 

= 

λ2 

π
Im (a 2 b 

∗
2 ) Re (iY 

22 
EH ) (147) 

in θ sin ϕ C 2 ,I 
sca,EH 

= 

λ2 

π
Re (a 2 b 

∗
2 ) Im (iY 

22 
EH ) (148) 

Working similarly as for the previous component, we then read- 

ly establish that (with an interchange between the superscripts R 

nd I to be noted): 

in θ sin ϕ C 2 ,I 
sca,EH 

= sin θ sin ϕ C 2 ,IS 
sca,EH 

(149) 

= 2 

Re (a 2 b 

∗
2 ) 

Re (a 2 ) 
sin θ sin ϕ C 2 ,IS 

ext,E 

= 2 

Re (a 2 b 

∗
2 ) 

Re (b 2 ) 
sin θ sin ϕ C 2 ,IS 

ext,H 

eaning that sin θ sin ϕ C 2 ,I 
sca,EH 

denotes a recoil scattering mag- 

etoelectric force which may be expressed in terms of mixing 

cattering pure electric and magnetic forces while, conversely, 

in θ sin ϕ C 2 ,R 
sca,EH 

, renamed sin θ sin ϕ C 2 ,RNS 
sca,EH 

, denotes a recoil non- 

tandard magnetoelectric force. 

.2. Interpretation of non-quadrupolar 2-forces. General 

ecomposition 

These forces are associated with Mie coefficient products a 2 a 
∗
3 

nd b 2 b 
∗
3 of Eqs. (81) , (94) and (107) , (in the same way that non-

ipolar 1-forces were associated to the products a 1 a 
∗ and b 1 b 

∗ ). 

2 2 
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�

a

�

 

a

Z

Z

c

b

o  

u  

I

o

a

c

fter a now classical decomposition, the corresponding forces gen- 

rate six kinds of forces reading as: 

os θC 2 sca,E = 

−2 λ2 

π
Re (a 2 a 

∗
3 Z 

23 
E ) (150) 

os θC 2 sca,H = 

−2 λ2 

π
Re (b 2 b 

∗
3 Z 

23 
H ) (151) 

in θ cos ϕ C 2 sca,E = 

λ2 

π
Re (a 2 a 

∗
3 X 

23 
E ) (152) 

in θ cos ϕ C 2 sca,H = 

λ2 

π
Re (b 2 b 

∗
3 X 

23 
H ) (153) 

in θ sin ϕ C 2 sca,E = 

λ2 

π
Im (a 2 a 

∗
3 Y 

23 
E ) (154) 

in θ sin ϕ C 2 sca,H = 

λ2 

π
Im (b 2 b 

∗
3 Y 

23 
H ) (155) 

Each of these forces may be further decomposed in two sub- 

orces according to: 

os θC 2 sca = cos θC 2 ,R 
sca,E 

+ cos θC 2 ,I 
sca,E 

(156) 

n which: 

os θC 2 ,R 
sca,E 

= 

−2 λ2 

π
Re (a 2 a 

∗
3 ) Re (Z 

23 
E ) (157) 

os θC 2 ,I 
sca,E 

= 

2 λ2 

π
Im (a 2 a 

∗
3 ) Im (Z 

23 
E ) (158) 

nd: 

os θC 2 sca ,H = cos θC 2 ,R 
sca ,H 

+ cos θC 2 ,I 
sca ,H 

(159) 

n which: 

os θC 2 ,R 
sca,H 

= 

−2 λ2 

π
Re (b 2 b 

∗
3 ) Re (Z 

23 
H ) (160) 

os θC 2 ,I 
sca,H 

= 

2 λ2 

π
Im (b 2 b 

∗
3 ) Im (Z 

23 
H ) (161) 

nd: 

in θ cos ϕ C 2 sca,E = sin θ cos ϕ C 2 ,R 
sca,E 

+ sin θ cos ϕ C 2 ,I 
sca,E 

(162) 

n which: 

in θ cos ϕ C 2 ,R 
sca,E 

= 

λ2 

π
Re (a 2 a 

∗
3 ) Re (X 

23 
E ) (163) 

in θ cos ϕ C 2 ,I 
sca,E 

= 

−λ2 

π
Im (a 2 a 

∗
3 ) Im (X 

23 
E ) (164) 

nd: 

in θ cos ϕ C 2 sca = sin θ cos ϕ C 2 ,R 
sca,H 

+ sin θ cos ϕ C 2 ,I 
sca,H 

(165) 

n which: 

in θ cos ϕ C 2 ,R 
sca,H 

= 

λ2 

π
Re (b 2 b 

∗
3 ) Re (X 

23 
H ) (166) 

in θ cos ϕ C 2 ,I 
sca,H 

= 

−λ2 

π
Im (b 2 b 

∗
3 ) Im (X 

23 
H ) (167) 
13 
nd: 

in θ sin ϕ C 2 sca,E = sin θ sin ϕ C 2 ,R 
sca,E 

+ sin θ sin ϕ C 2 ,I 
sca,E 

(168) 

n which: 

in θ sin ϕ C 2 ,R 
sca,E 

= 

λ2 

π
Im (a 2 a 

∗
3 ) Re (Y 

23 
E ) (169) 

in θ sin ϕ C 2 ,I 
sca,E 

= 

λ2 

π
Re (a 2 a 

∗
3 ) Im (Y 

23 
E ) (170) 

nd: 

in θ sin ϕ C 2 sca,H = sin θ sin ϕ C 2 ,R 
sca,H 

+ sin θ sin ϕ C 2 ,I 
sca,H 

(171) 

n which: 

in θ sin ϕ C 2 ,R 
sca,H 

= 

λ2 

π
Im (b 2 b 

∗
3 ) Re (Y 

23 
H ) (172) 

in θ sin ϕ C 2 ,I 
sca,H 

= 

λ2 

π
Re (b 2 b 

∗
3 ) Im (Y 

23 
H ) (173) 

We shall now demonstrate that, among the twelve kinds 

f forces so exhibited, six of them generate recoil gradient 

orces (although supplemented by recoil non-standard forces), 

amely cos θC 2 ,I 
sca,E 

, cos θC 2 ,I 
sca,H 

, sin θ cos ϕ C 2 ,I 
sca,E 

, sin θ cos ϕ C 2 ,I 
sca,H 

, 

in θ sin ϕ C 2 ,R 
sca,E 

, and sin θ sin ϕ C 2 ,R 
sca,H 

, while six of them 

re pure recoil non-standard forces, namely cos θC 2 ,R 
sca,E 

, 

os θC 2 ,R 
sca,H 

, sin θ cos ϕ C 2 ,R 
sca,E 

, sin θ cos ϕ C 2 ,R 
sca,H 

, sin θ sin ϕ C 2 ,I 
sca,E 

and 

in θ sin ϕ C 2 ,I 
sca,H 

. 

.3. Interpretation of non-quadrupolar 2-forces. Recoil gradient forces 

Let us begin with Eq. (158) for cos θC 2 ,I 
sca,E 

. Let us introduce: 

Z 23 
E = 

5 i 

6 

(g −1 
2 ,T M 

g −1 ∗
2 ,T E − g 1 2 ,T M 

g 1 ∗2 ,T E ) (174) 

+ 

20 i 

3 

(g −2 
2 ,T M 

g −2 ∗
2 ,T E − g 2 2 ,T M 

g 2 ∗2 ,T E ) 

nd: 

Z 12 
E = i (g −1 

1 ,T M 

g −1 ∗
1 ,T E − g 1 1 ,T M 

g 1 ∗1 ,T E ) (175) 

Then using the expression of Eq. (78) for Z 2 
E 

, of Eq. (17) for Z 12 
E 

,

nd of Eq. (174) above, we may rewrite Z 23 
E 

as: 

 

23 
E = �Z 23 

E − Z 2 E + 

3 

2 

Z 12 ∗
E (176) 

Also, from Eqs. (175) and (13) , we have: 

 

12 
E = Z 1 E − �Z 12 

E (177) 

Inserting Eq. (176) into Eq. (158) , we obtain: 

os θC 2 ,I 
sca,E 

= 

2 λ2 

π
Im (a 2 a 

∗
3 ) Im (�Z 

23 
E ) (178) 

−2 λ2 

π
Im (a 2 a 

∗
3 ) Im (Z 

2 
E ) 

−3 λ2 

π
Im (a 2 a 

∗
3 ) Im (Z 

12 
E ) 

Now, Im (�Z 23 
E 

) may be expressed using Eq. (174) , Im (Z 2 
E 
) may 

e expressed using Eq. (111) , Im (Z 12 
E ) may be expressed in terms 

f Im (Z 1 E ) and Im (�Z 12 
E ) using Eq. (177) , Im (Z 1 E ) may be expressed

sing Eq. (18) of [32] , and Im (�Z 12 
E 

) of Eq. (175) using Eq. (45) .

t is then found that cos θC 2 ,I 
sca,E 

may be written as the summation 

f two subforces denoted as cos θC 2 ,Iα
sca,E 

and cos θC 
2 ,Iβ
sca,E 

reading as, 

fter rearranging: 

os θC 2 ,Iα
sca,E 

= 2 Im (a 2 a 
∗
3 )[ 

cos θC 

2 , I 
ext , E 

Im (a ) 
+ 

cos θC 

1 , I 
ext , E 

Im (a ) 
] (179) 
2 1 
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os θC 
2 ,Iβ
sca,E 

= 

λ2 

π
Im (a 2 a 

∗
3 ) Im 

{
i[3(g −1 

1 , TM 

g −1 ∗
1 , TE − g 1 1 , TM 

g 1 ∗1 , TE ) (180) 

+ 

λ2 

π
Im (a 2 a 

∗
3 ) Im [ 

5i 

3 

(g −1 
2 , TM 

g −1 ∗
2 , TE − g 1 2 , TM 

g 1 ∗2 , TE ) 

+ 

40 i 

3 

(g −2 
2 ,T M 

g −2 ∗
2 ,T E − g 2 2 ,T M 

g 2 ∗2 ,T E )] 

}

We have demonstrated that cos θC 1 ,I 
ext,E 

and cos θC 2 ,I 
ext,E 

are mix- 

ng gradient electric forces. Therefore, cos θC 2 ,Iα
sca,E 

= cos θC 2 ,IG 
sca,E 

is a 

ecoil gradient electric force which may be expressed in terms of 

ixing gradient electric forces. Next, using Eqs. (16) for Z 11 
EH and 

174) for �Z 23 
E 

, Eq. (180) may be rewritten as: 

os θC 
2 ,Iβ
sca,E 

= 

λ2 

π
Im (a 2 a 

∗
3 ) Im (3iZ 

11 
EH + 2�Z 

23 
E ) (181) 

hich, by virtue of Eq. (80) of [32] in which Im (iZ 11 
EH 

) is ex-

ressed in terms of a recoil non-standard magnetoelectric force, 

os θC 1 ,INS 
sca,EH 

, is classified as being a recoil non-standard force as 

ell (it may be renamed cos θC 2 ,INS 
sca,E 

), although of the electric kind 

ather than of a magnetoelectric kind. We now recall that, for N = 

 , it has been found that cos θC 1 ,INS 
sca,E 

is proportional to cos θC 1 ,INS 
sca,EH 

, 

ee Eq. (47) . Comparing Eqs. (181) for cos θC 2 ,INS 
sca,E 

and (140) for 

os θC 2 ,INS 
sca,EH 

, it is found that this proportionality property does not 

ropagate from N = 1 to N = 2 . 

For cos θC 2 ,I 
sca,H 

of Eq. (161) , we introduce: 

Z 23 
H = 

5 i 

6 

(g 1 2 ,T M 

g 1 ∗2 ,T E − g −1 
2 ,T M 

g −1 ∗
2 ,T E ) + 

20 i 

3 

(g 2 2 ,T M 

g 2 ∗2 ,T E − g −2 
2 ,T M 

g −2 ∗
2 ,T E ) 

(182) 

Then, using Eqs. (79) for Z 2 H , (18) for Z 12 
H and (182) above, we

nd that Z 23 
H 

of Eq. (84) satisfies: 

 

23 
H = −�Z 23 ∗

H − Z 2 H + 

3 

2 

Z 12 ∗
H (183) 

Inserting Eq. (183) into Eq. (161) , we obtain: 

os θC 2 ,I 
sca,H 

= 

2 λ2 

π
Im (b 2 b 

∗
3 ) Im (�Z 

23 
H ) (184) 

−2 λ2 

π
Im (b 2 b 

∗
3 ) Im (Z 

2 
H ) 

−3 λ2 

π
Im (b 2 b 

∗
3 ) Im (Z 

12 
H ) 

hich, similarly as for the corresponding electric force, may be de- 

omposed into two subforces denoted cos θC 2 ,Iα
sca,H 

and cos θC 
2 ,Iβ
sca,H 

hich, after rearranging, read as: 

os θC 2 ,Iα
sca,H 

= 2 Im (b 2 b 

∗
3 )[ 

cos θC 

2 , I 
ext , H 

Im (b 2 ) 
+ 

cos θC 

1 , I 
ext , H 

Im (b 1 ) 
] (185) 

os θC 
2 ,Iβ
sca,H 

= 

λ2 

π
Im (b 2 b 

∗
3 ) Im (2�Z 

23 
H − 3iZ 

11 
EH ) (186) 

Eqs. (185) and (186) indicate (i) that cos θC 2 ,Iα
sca,H 

(renamed 

os θC 2 ,IG 
sca,H 

) is a recoil gradient magnetic force which may be ex- 

ressed in terms of mixing gradient magnetic forces and (ii) that 

os θC 
2 ,Iβ
sca,H 

(renamed cos θC 2 ,INS 
sca,H 

) is a recoil non-standard magnetic 

orce, similarly as for the corresponding electric force. Also, al- 

hough cos θC 1 ,INS 
sca,H 

is proportional to cos θC 1 ,INS 
sca,EH 

, see Eq. (54) , it is 

ound that this proportionality property does not propagate from 

 = 1 to N = 2 . 

Calculations for the other cases are similar, and we shall 

e content to present the results, omitting many details which 

re parallel to the ones for the z-components above. Then, 
14 
in θ cos ϕ C 2 ,I 
sca,E 

may be decomposed in two subforces denoted ac- 

ording to sin θ cos ϕ C 2 ,Iα
sca,E 

and sin θ cos ϕ C 
2 ,Iβ
sca,E 

, reading as: 

in θ cos ϕ C 2 ,Iα
sca,E 

= 2 Im (a 2 a 
∗
3 )[ 

sin θ cos ϕ C 

2 , I 
ext , E 

Im (a 2 ) 
+ 

sin θ cos ϕ C 

1 , I 
ext , E 

Im (a 1 ) 
] 

(187) 

in θ cos ϕ C 
2 ,Iβ
sca,E 

= 

λ2 

π
Im (a 2 a 

∗
3 ) Im [i( 

3 

2 

X 

11 
EH + X 

γ 2 
E 

)] (188) 

ith sin θ cos ϕ C 2 ,Iα
sca,E 

(renamed sin θ cos ϕ C 2 ,IG 
sca,E 

) being a recoil gra- 

ient electric force and sin θ cos ϕ C 
2 ,Iβ
sca,E 

(renamed sin θ cos ϕ C 2 ,INS 
sca,E 

) 

eing a recoil non-standard electric force. Again, there is a 

roportionality relation for N = 1 between sin θ cos ϕ C 1 ,INS 
sca,E 

and 

in θ cos ϕ C 1 ,INS 
sca,EH 

, see Eq. (65) , but upon inspection it is found that 

his relation does not propagate from N = 1 to N = 2 . 

Similarly, sin θ cos ϕ C 2 ,I 
sca,H 

may be decomposed in two subforces 

enoted sin θ cos ϕ C 2 ,Iα
sca,H 

and sin θ cos ϕ C 
2 ,Iβ
sca,H 

, reading as: 

in θ cos ϕ C 2 ,Iα
sca,H 

= 2 Im (b 2 b 

∗
3 )[ 

sin θ cos ϕ C 

2 , I 
ext , H 

Im (b 2 ) 
+ 

sin θ cos ϕ C 

1 , I 
ext , H 

Im (b 1 ) 
]

(189) 

in θ cos ϕ C 
2 ,Iβ
sca,H 

= 

λ2 

π
Im (b 2 b 

∗
3 ) Im [i(X 

γ 2 
H 

− 3 

2 

X 

11 
EH )] (190) 

ith sin θ cos ϕ C 2 ,Iα
sca,H 

(renamed sin θ cos ϕ C 2 ,IG 
sca,H 

) being a re- 

oil gradient magnetic force and sin θ cos ϕ C 
2 ,Iβ
sca,H 

(renamed 

in θ cos ϕ C 2 ,INS 
sca,H 

) being a recoil non-standard magnetic force. 

gain, there is a proportionality relation for N = 1 between 

in θ cos ϕ C 1 ,INS 
sca,H 

and sin θ cos ϕ C 1 ,INS 
sca,EH 

, see Eq. (70) , but upon in- 

pection it is found that this relation does not propagate from 

 = 1 to N = 2 . 

Next, sin θ sin ϕ C 2 ,R 
sca,E 

can be decomposed into two subforces de- 

oted sin θ sin ϕ C 2 ,Rα
sca,E 

and sin θ sin ϕ C 
2 ,Rβ
sca,E 

reading as: 

in θ sin ϕ C 2 ,Rα
sca,E 

= 2 Im (a 2 a 
∗
3 )[ 

sin θ sin ϕ C 

2 , R 
ext , E 

Im (a 2 ) 
+ 

sin θ sin ϕ C 

1 , R 
ext , E 

Im (a 1 ) 
] 

(191) 

in θ sin ϕ C 
2 ,Rβ
sca,E 

= 

−λ2 

π
Im (a 2 a 

∗
3 ) Re [i( 

3 

2 

Y 

11 
EH + Y 

γ 2 
E 

)] (192) 

ith sin θ sin ϕ C 2 ,Rα
sca,E 

(renamed sin θ sin ϕ C 2 ,RG 
sca,E 

) being a recoil gra- 

ient electric force and sin θ sin ϕ C 
2 ,Rβ
sca,E 

(renamed sin θ sin ϕ C 2 ,RNS 
sca,E 

) 

eing a recoil non-standard force electric force. Again, there is 

 proportionality relation for N = 1 between sin θ sin ϕ C 1 ,RNS 
sca,E 

and 

in θ sin ϕ C 1 ,INS 
sca,EH 

, see Eq. (73) , but which does not propagate from 

 = 1 to N = 2 . 

Next and finally, we deal with sin θ sin ϕ C 2 ,R 
sca,H 

which is decom- 

osed into two subforces reading as: 

in θ sin ϕ C 2 ,Rα
sca,H 

= 2 Im (b 2 b 

∗
3 )[ 

sin θ sin ϕ C 

2 , R 
ext , H 

Im (b 2 ) 
+ 

sin θ sin ϕ C 

1 , R 
ext , H 

Im (b 1 ) 
] 

(193) 

in θ sin ϕ C 
2 ,Rβ
sca,H 

= 

λ2 

π
Im (b 2 b 

∗
3 ) Re [i( 

3 

2 

Y 

11 
EH + Y 

γ 2 ∗
H 

)] (194) 

ith sin θ sin ϕ C 2 ,Rα
sca,H 

(renamed sin θ sin ϕ C 2 ,RG 
sca,H 

) being a re- 

oil gradient magnetic force and sin θ sin ϕ C 
2 ,Rβ
sca,H 

(renamed 
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2

in θ sin ϕ C 2 ,RNS 
sca,H 

) being a recoil non-standard magnetic force. 

gain, there is a proportionality relation for N = 1 between 

in θ sin ϕ C 1 ,RNS 
sca,H 

and sin θ sin ϕ C 1 ,RNS 
sca,EH 

, see Eq. (76) , but which does 

ot propagate to N = 2 . 

.4. Interpretation of non-quadrupolar 2-forces. Recoil non-standard 

orces 

We end the formal part of this paper with recoil non- 

tandard forces listed at the end of section 6.2, namely cos θC 2 ,R 
sca,E 

, 

os θC 2 ,R 
sca,H 

, sin θ cos ϕ C 2 ,R 
sca,E 

, sin θ cos ϕ C 2 ,R 
sca,H 

, sin θ sin ϕ C 2 ,I 
scaE 

and 

in θ sin ϕ C 2 ,I 
sca,H 

. To deal with the recoil force cos θC 2 ,R 
sca,E 

, we begin 

ith a return to the mixing force cos θC 2 ,R 
ext,E 

of Eq. (112) which may 

e separated in two subforces according to Eqs. (119) and (120) . 

hen cos θC 2 ,RNS 
ext,E 

of Eq. (120) may be decomposed again in two 

ubforces denoted as cos θC 2 ,RNS1 
ext,E 

and cos θC 2 ,RNS2 
ext,E 

reading as: 

os θC 2 ,RNS1 
ext,E 

= 

3 λ2 

2 π
Re (a 2 ) Re (Z 

12 
E ) (195) 

os θC 2 ,RNS2 
ext,E 

= 

−λ2 

π
Re (a 2 ) Re (Z 

23 
E ) (196) 

n which, from Eqs. (17) , (83) and (118) , we have used: 

 

2 ,NS 
E 

= 

3 

2 

Z 12 ∗
E − Z 23 

E (197) 

Comparing Eqs. (157) and (196) , we obtain: 

os θC 2 ,R 
sca,E 

= 2 

Re (a 2 a 
∗
3 ) 

Re (a 2 ) 
cos θC 2 ,RNS2 

ext,E 
(198) 

o that cos θC 2 ,R 
sca,E 

(renamed cos θC 2 ,RNS 
sca,E 

) is now interpreted as a 

ecoil non-standard electric force expressed versus a mixing non- 

tandard electric force, similarly as for cos θC 1 ,R 
sca,E 

of Eq. (42) . Simi- 

arly, we establish that: 

os θC 2 ,R 
sca,H 

= 2 

Re (b 2 b 

∗
3 ) 

Re (b 2 ) 
cos θC 2 ,RNS2 

ext,H 
(199) 

n which: 

os θC 2 ,RNS2 
ext,H 

= 

−λ2 

π
Re (b 2 ) Re (Z 

23 
H ) (200) 

o that cos θC 2 ,R 
sca,H 

(renamed cos θC 2 ,RNS 
sca,H 

) is now interpreted as a 

ecoil non-standard magnetic force expressed versus a mixing non- 

tandard magnetic force, similarly as for cos θC 1 ,R 
sca,H 

of Eq. (50) . 

For sin θ cos ϕ C 2 ,R 
sca,E 

of Eq. (163) , we use Eqs. (96) , (88), (90) and

21) to establish: 

 

23 
E = X 

α2 
E + X 

β2 
E 

− 3 

2 

X 

12 ∗
E (201) 

o that we obtain: 

in θ cos ϕ C 2 ,R 
sca,E 

= 

λ2 

π
Re (a 2 a 

∗
3 )[ Re (X 

α2 
E + X 

β2 
E 

) − 3 

2 

Re (X 

12 
E )] (202) 

In the r.h.s. of Eq. (202) , the first force is a non-standard force

y virtue of Eq. (131) while the second force is a non-standard 

orce as well by virtue of Eq. (71) of [32] , so that sin θ cos ϕ C 2 ,R 
sca,E 

renamed sin θ cos ϕ C 2 ,RNS 
sca,E 

) is a recoil non-standard electric force 

hich may be expressed in terms of mixing non-standard electric 

orces according to: 

in θ cos ϕ C 2 ,R 
sca,E 

= sin θ cos ϕ C 2 ,RNS 
sca,E 

(203) 

= 2 Re (a 2 a 
∗
3 ) 

[ 

sin θ cos ϕ C 

2 , RNS 
ext , E 

Re (a 2 ) 
− sin θ cos ϕ C 

1 , RNS 
ext , E 

Re (a 1 ) 

] 
15 
Similarly, we obtain: 

in θ cos ϕ C 2 ,R 
sca,H 

= sin θ cos ϕ C 2 ,RNS 
sca,H 

(204) 

= 2 Re (b 2 b 
∗
3 ) 

[ 

sin θ cos ϕ C 

2 , RNS 
ext , H 

Re (b 2 ) 
− sin θ cos ϕ C 

1 , RNS 
ext , H 

Re (b 1 ) 

] 

in θ sin ϕ C 2 ,I 
sca,E 

= sin θ sin ϕ C 2 ,INS 
sca,E 

(205) 

= 2 Re (a 2 a 
∗
3 ) 

[ 

sin θ sin ϕ C 

2 , INS 
ext , E 

Re (a 2 ) 
− sin θ sin ϕ C 

1 , INS 
ext , E 

Re (a 1 ) 

] 

in θ sin ϕ C 2 ,I 
sca,H 

= sin θ sin ϕ C 2 ,INS 
sca,H 

(206) 

= 2 Re (b 2 b 
∗
3 ) 

[ 

sin θ sin ϕ C 

2 , INS 
ext , H 

Re (b 2 ) 
− sin θ sin ϕ C 

1 , INS 
ext , H 

Re (b 1 ) 

] 

Let us note that the above relationships between recoil and 

ixing non-standard forces exhibit an internal coherency which is 

 supplementary justification for the introduction of the third-level 

ategorization. The summary of Section 7 will emphasize this co- 

erency. 

. Summary of results and classifications 

It is now convenient to summarize the classification of forces 

eveloped in the present paper, based on a three-level categoriza- 

ion and a two-level decomposition. This classification will exhibit 

he fact that there are a few differences between 1-forces and 2- 

orces as already noticed in the bulk of the paper. It is however 

xpected that the structure and properties of 2-forces will likely 

ropagate to the case of N -forces, N > 2 [38] . In this section, we

o not distinguish between dipolar and non-dipolar forces, nor be- 

ween quadrupolar and non-quadrupolar forces. Such distinctions 

ill not be emphasized for N > 2 . We shall consider (i) mixing

orces, (ii) recoil forces which are not expressed in terms of mixing 

orces (recoil forces in their own right) and (iii) recoil forces which 

re expressed in terms of mixing forces (recoil forces mixing-force 

ependent). In the case of recoil forces, we may have to distin- 

uish the cases N = 1 and N = 2 . This classification is displayed in

he best of our present knowledge and understanding, although it 

ight have possibly to be modified by further investigations. 

.1. Mixing forces 

The classification of mixing forces, valid for both N = 1 and N =
 , has been obtained as follows. 

(i) Mixing gradient electric forces cos θC N,IG 
ext,E 

, sin θ cos ϕ C N,IG 
ext,E 

, 

sin θ sin ϕ C N,RG 
ext,E 

. 

(ii) Mixing gradient magnetic forces cos θC N,IG 
ext,H 

, sin θ cos ϕ C N,IG 
ext,H 

, 

sin θ sin ϕ C N,RG 
ext,H 

. 

(iii) Mixing scattering electric forces cos θC N,RS 
ext,E 

, sin θ cos ϕ C N,RS 
ext,E 

, 

sin θ sin ϕ C N,IS 
ext,E 

. 

(iv) Mixing non-standard electric forces cos θC N,RNS 
ext,E 

, 

sin θ cos ϕ C N,RNS 
ext,E 

, sin θ sin ϕ C R,INS 
ext,E 

. 

(v) Mixing scattering magnetic forces cos θC N,RS 
ext,H 

, 

sin θ cos ϕ C N,RS 
ext,H 

, sin θ sin ϕ C N,IS 
ext,H 

. 

(vi) Mixing non-standard magnetic forces cos θC N,RNS 
ext,H 

, 
N,RNS N,INS 
sin θ cos ϕ C 
ext,H 

, sin θ sin ϕ C 
ext,H 

. 
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.2. Type-1 recoil forces, for N = 1 

Type-1 recoil forces are recoil forces that we could not express 

n terms of mixing forces. For the sake of clarity, we distinguish the 

ases N = 1 and N = 2 which do not behave exactly in the same

ay. The corresponding classification is then as follows. 

(viia) Recoil non-standard magnetoelectric forces cos θC 1 ,INS 
sca,EH 

, 

sin θ cos ϕ C 1 ,INS 
sca,EH 

, sin θ sin ϕ C 1 ,RNS 
sca,EH 

. 

viiia) Recoil non-standard electric force cos θC 1 ,INS 
sca,E 

, 

sin θ cos ϕ C 1 ,INS 
sca,E 

, sin θ sin ϕ C 1 ,RNS 
sca,E 

. These forces may be 

expressed in terms of recoil non-standard magnetoelectric 

forces of item (viia) above, see Eqs. (47) , (65) and (73) . 

(ixa) Recoil non-standard magnetic forces cos θC 1 ,INS 
sca,H 

, 

sin θ cos ϕ C 1 ,INS 
sca,H 

, sin θ sin ϕ C 1 ,RNS 
sca,H 

. These forces may be 

expressed in terms of recoil non-standard magnetoelectric 

forces of item (viia) above, see Eqs. (54) , (70) and (76) . 

.3. Type-1 recoil forces, for N = 2 

The difference between this subsection and the previous one is 

hat the properties of the forces of items (viiia) and (ixa), namely 

o be expressed in terms of recoil non-standard magnetoelectric 

orces, do not propagate from N = 1 to N = 2 . The corresponding

lassification is then as follows. 

b) Recoil non-standard magnetoelectric forces cos θC 1 ,INS 
sca,EH 

, 

sin θ cos ϕ C 1 ,INS 
sca,EH 

, sin θ sin ϕ C 1 ,RNS 
sca,EH 

. 

b) Recoil non-standard electric force cos θC 1 ,INS 
sca,E 

, sin θ cos ϕ C 1 ,INS 
sca,E 

, 

sin θ sin ϕ C 1 ,RNS 
sca,E 

. 

b) Recoil non-standard magnetic forces cos θC 1 ,INS 
sca,H 

, 

sin θ cos ϕ C 1 ,INS 
sca,H 

, sin θ sin ϕ C 1 ,RNS 
sca,H 

. 

.4. Type-2 recoil forces 

Type-2 recoil forces may be expressed in terms of mixing 

orces. The classification is then as follows. 

x) Recoil scattering magnetoelectric forces cos θC N,RS 
sca,EH 

, 

sin θ cos ϕ C N,RS 
sca,EH 

, sin θ sin ϕ C N,IS 
sca,EH 

. These forces may be ex- 

pressed in terms of mixing scattering pure electric and 

magnetic forces, see Eqs. (35) , (36), (37) for N = 1 and (141),

(145), (149) for N = 2 . 

i) Recoil non-standard electric forces cos θC N,RNS 
sca,E 

, sin θ cos ϕ C N,RNS 
sca,E 

, 

sin θ sin ϕ C N,INS 
sca,E 

. These forces may be expressed in terms of 

mixing non-standard electric forces, see Eqs. (42) , (59), (71) for 

N = 1 and (198), (203), (205) for N = 2 . 

ii) Recoil gradient electric forces cos θC N,IG 
sca,E 

, sin θ cos ϕ C N,IG 
sca,E 

, 

sin θ sin ϕ C N,RG 
sca,E 

. These forces may be expressed in terms of mix- 

ing gradient electric forces, see Eqs. (46) , (63), (72) for N = 1

and (179), (187), (191) for N = 2 . 

ii) Recoil non-standard magnetic force cos θC N,RNS 
sca,H 

, 

sin θ cos ϕ C N,RNS 
sca,H 

, sin θ sin ϕ C N,INS 
sca,H 

. These forces may be ex- 

pressed in terms of mixing non-standard magnetic forces, see 

Eqs. (50) , (66), (74) for N = 1 and (199), (204), (206) for N = 2 . 

v) Recoil gradient magnetic forces cos θC N,IG 
sca,H 

, 

sin θ cos ϕ C N,IG 
sca,H 

, sin θ sin ϕ C N,RG 
sca,H 

. These forces may be expressed 

in terms of mixing gradient magnetic forces, see Eqs. (53) , (69), 

(75) for N = 1 and (185), (189), (193) for N = 2 . 

. Conclusion 

The present paper discussed the partition of optical forces 

xerted by EM arbitrary shaped beams on quadrupoles (there- 
16
ore in particular on dipoles) in the framework of the gener- 

lized Lorenz–Mie theory. The partition first relies on a first- 

evel categorization between mixing and recoil forces already pub- 

ished nearly four decades ago in early works devoted to GLMT. A 

econd-level categorization distinguishes gradient forces and non- 

radient (non-conservative) forces. Although non-gradient (non- 

onservative) forces are usually named scattering forces, we rely 

n the existence of non-standard forces uncovered in Gouesbet 

30] (where they were called axicon forces in an inappropriate 

ay) to introduce a third-level categorization in terms of scatter- 

ng and non-standard forces. A parallel two-level decomposition 

istinguishes between (i) N -forces, N from 1 to ∞ and (ii) elec- 

ric, magnetic and magnetoelectric forces. The study of dipoles re- 

ies on the use of 1-forces while the study of quadrupoles has to 

onsider 2-forces as well. All the forces in the different partitions 

re expressed in terms of BSCs which encode the description of 

he illuminating beam in the GLMT framework (and of Mie co- 

fficients). This paper emphasizes the fact that 1-forces and 2 - 

orces, although they are sharing similar properties, are however 

ufficiently different to warrant the publication of optical forces re- 

tricted to these forces which can then be both compared in their 

imilarities and opposed in their differences, the general case for 

 > 1 being postponed to a future paper. One of the most ap- 

ealing results is that most of the recoil forces may be expressed 

n terms of mixing forces. In particular, all recoil gradient forces 

ay be expressed in terms of mixing gradient forces. Also, It is to 

e noted that the researcher who would like to avoid the third- 

evel categorization could deal with a two-level characterization 

etween mixing and recoil forces, and between gradient (conser- 

ative) and non-gradient (non-conservative) forces, the last ones 

eing obtained as a summation of scattering and non-standard 

orces. Finally, the GLMT which expresses the forces in terms of 

SCs (and of Mie coefficients) focuses the attention on the neces- 

ary and sufficient quantities involved. For instance, in the case of 

ipoles, forces are expressed in terms of partial waves of orders 1 

nd 2 while the dipole theory of forces, although equivalent, is ex- 

ressed in terms of total fields and therefore deals as well with an 

nfinite number of partial waves, from orders 3 to infinity, which 

ctually have a contribution equal to 0. 
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ppendix A. Translation between PWECs and BSCs 

Subscripts G and Z may be used respectively to denote quanti- 

ies having the same symbolic notations in “Gouesbet”-work and 

n “Zheng”-work but which are defined differently. In particular, 

e have: 

 P m 

n ( cos θ )] G = (−1) m [ P m 

n ( cos θ )] Z (207) 

n which P m 

n ( cos θ ) are the associated Legendre functions. To see 

his, we may for instance compare Eq. (5) of [39] and Eq.(2.75) 

f [2] . Next, we compare the expressions for the Vector Spherical 

ave Functions (VSWFs) by comparing Eqs. (1) and (2) , p. 266 of 

2] , or Eqs. (1) and (2) of [53] , and Eq. (3) of [39] . In doing so, we

emark that the πmn in Eq. (4) of [39] contains a “m ” which is not

resent in the definition of πm 

n used in GLMT. Taking also account 

or Eq. (207) , we then establish: 

 M 

(1) 
mn ] G = [ M 

(1) 
mn ] Z (208) 

 N 

(1) 
mn ] G = [ N 

(1) 
mn ] Z (209) 

We next compare the electric field E of Eqs. (1) and (2) in 

39] and Eqs. (6) –(8) , p. 267–268 of [2] , see also [53] . We do not

eed to deal with the magnetic field. Using the expression for 

 

pw 

n , e.g. Eq. (3.3) of [2] , the expansion coefficients a mn and b mn 

f Eqs. (7) and (8) , pp.267–268, of [2] become: 

 mn = E 0 (−1) m +1 (−1) (m −| m | ) / 2 (−i ) n 
2 n + 1 

n ( n + 1) 

( n − m )! 

( n − | m | )! 
g m 

n,T E 

(210) 

 mn = E 0 (−1) m (−1) (m −| m | ) / 2 (−i ) n +1 2 n + 1 

n ( n + 1) 

( n − m )! 

( n − | m | )! 
g m 

n,T M 

(211) 

Next, comparing the expression for E in Eq. (1) of [39] and 

q. (6) , p.267 of [2] , one has: 

 mn = −E 0 iC mn q mn (212) 

 mn = −E 0 iC mn p mn (213) 

n which C mn is given by Eq. (2) of [39] according to: 

 mn = i n [ 
(2 n + 1)(n − m )! 

n (n + 1)(n + m )! 
] 1 / 2 (214) 

Eqs. (212) –(214) then lead to: 

 mn = i (−1) n + m +1 (−1) (m −| m | ) / 2 
√ 

2 n + 1 

n ( n + 1) 

√ 

( n − m )!(n + m )! 

( n − | m | )! 
g m 

n,T E 

(215) 

p mn = (−1) n + m (−1) (m −| m | ) / 2 
√ 

2 n + 1 

n ( n + 1) 

√ 

( n − m )!(n + m )! 

( n − | m | )! 
g m 

n,T M 

(216) 

It may be interesting to separate the cases m ≥ 0 and m < 0 .

e then obtain: 

 mn = i (−1) n + m +1 

√ 

2 n + 1 

n ( n + 1) 

√ 

( n + m )! 

( n − m )! 
g m 

n,T E for m ≥ 0 (217) 

 mn = i (−1) n +1 

√ 

2 n + 1 

n ( n + 1) 

√ 

( n − m )! 

( n + m )! 
g m 

n,T E for m < 0 (218) 
17 
p mn = (−1) n + m 

√ 

2 n + 1 

n ( n + 1) 

√ 

( n + m )! 

( n − m )! 
g m 

n,T M 

for m ≥ 0 (219) 

p mn = (−1) n 

√ 

2 n + 1 

n ( n + 1) 

√ 

( n − m )! 

( n + m )! 
g m 

n,T M 

for m < 0 (220) 

ppendix B. Comparing mixing gradient forces 

According to Eq. (24) in Zheng et al. [39] , the mixing gradient 

lectric force, specified for 2-forces, here denoted as F 2 ,mix,G 
E 

, reads 

s: 

 

2 ,mix,G 
E 

= −2 πε 
| E 0 | 2 

k 2 
[ Im (a 2 ) Im (A 

∗
2 + A 1 + U 2 )] (221)

This Appendix will deal with the longitudinal component only. 

he transverse components would be studied quite similarly and, 

or the sake of saving room, this is left to the reader. Eq. (221) then

educes to: 

 

2 ,mix,G 
E,z 

= −2 πε 
| E 0 | 2 

k 2 
[ Im (a 2 ) Im (A 

∗
2z + A 1z + U 2z )] (222)

From Eqs. (9) , (10) in Zheng et al. [39] , we may evaluate

 

∗
2 z , A 1 z , and U 2 z in terms of PWECs, and PWECs may afterward 

e expressed in terms of BSCs using the translation formulae of 

ppendix A . After a bit of straightforward although tedious calcu- 

ations, this process leads to: 

 

∗
2 z = Z 23 

E , A 1 z = −3 

2 

Z 12 ∗
E , U 2 z = −Z 2 ,S 

E 
(223) 

o that, as a whole, we establish: 

 

∗
2 z + A 1 z + U 2 z = −Z 2 E (224) 

Therefore, Eq. (222) becomes: 

 

2 ,mix,G 
E,z 

= +2 πε 
| E 0 | 2 

k 2 
Im (a 2 ) Im (Z 

2 
E ) (225) 

o be compared to Eq. (111) . This is sufficient to claim that 

os θC 2 ,I 
ext,E 

is indeed a mixing gradient force. The difference in 

he prefactors is due to the fact that cross-sections are forces 

xpressed in square meters. For the relationship between cross- 

ections and genuine forces (in newtons), we may rely on 

qs. (3.106) and (3.144) of [2] , i.e. to F 2 ,I 
ext,E 

= I 0 cos θC 2 ,I 
ext,E 

/c, with

 = 1 / 
√ 

εμ, to obtain: 

 

2 ,I 
ext,E 

= −2 πε 
| E 0 | 2 

k 2 
Im (a 2 ) Im (Z 

2 
E ) (226) 

hich differs from Eq. (225) by a sign difference. This sign differ- 

nce is due to the fact that the time-harmonic convention used 

y Zheng et al. [39] is of the form exp (−iωt) in contrast with the 

ime convention in GLMT which is of the form exp (iωt) , imply- 

ng that we have to change a 2 to a ∗
2 
, i.e. Im (a 2 ) to −Im (a 2 ) .This

emonstrates that cos θC 2 ,I 
ext,E 

is indeed a gradient force. 

The same process is used to similarly deal with the other 

lectric components sin θ cos ϕ C 2 ,I 
ext,E 

and sin θ sin ϕ C 2 ,R 
ext,E 

. It may 

e used as well for the magnetic components cos θC 2 ,I 
ext,H 

, 

in θ cos ϕ C 2 ,I 
ext,H 

, sin θ sin ϕ C 2 ,R 
ext,H 

although it is more expedient to 

nvoke a duality between electric and magnetic components, as al- 

eady discussed in Gouesbet et al. [32] . 
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